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Part I

I N T R O D U C T I O N





1I N T R O D U C T I O N

The last two centuries have been shaped significantly by understanding and
controlling the behavior of electrons. It all began with Michael Faraday [1]
in 1821, who among the first scientists changed the view on electronic phe-
nomena. His efforts started the transition of electricity from an entertaining,
yet completely not understood artifact towards the key component of almost
all machines of our times. During his time electricity was commonly used
on the lecture stage as a popular tool to entertain an audience with, e. g.,
stunning arcs of lightning between two electrodes produced by chemically
charged batteries. Faraday was the first scientist to discover that a wire per-
forms a circular motion around a magnet if an electric current flows through
the wire. This interaction between magnetism and the moving electric charge
of an electron, which is the carrier of the current, can be seen as the first
electric motor. It utilizes electricity to perform a controlled circular motion,
and thus can be the driving force of machines. His discovery set the stage for
all kinds of machines utilizing electric currents, e. g., generators to generate
electricity out of motion, electric light sources, telephones, and wireless com-
munications like radio and television. More than a century after Faraday’s
seminal discovery, the invention of an electrically controlled switch turned
out to be especially important. Such switches are the essential building blocks
of todays technology, e. g., of computers. In a computer, switches are used to
perform for example operations on numbers, represented by ones and zeros
in the binary system. Nowadays, a world without computers appears to be
unimaginable—they are present in almost every aspect of the daily life.

Thus, it seems natural to ask the question, how electrons can be used as
a switch in a computer. An electron-switch, which is more commonly re-
ferred to as a transistor, has two different states—similar to a classical switch:
on or off. The transistor can distinguish between these two states by having
electrons flowing through itself or not. Moreover, its distinct feature is that
the flow of electrons, which is in this situation a strong signal, can be con-
trolled by applying a much smaller signal to the transistor, e. g., an electric
field. The smaller signal subsequently switches the transistor on or off. This
finding was the beginning of a completely new field called microelectronics,
where the flow of many electrons could be controlled by a small signal and,
therefore, utilized on a large scale. The first transistor was the field-effect tran-
sistor (FET) [2], which is build from three elements: a source, a drain, and a
gate terminal. The setup of these terminals is schematically shown in Fig. 1.1.
Within this setup, electrons enter the FET at the source terminal and leave
through the drain terminal, which are connected by a semiconducting ma-
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figure 1 .1: Schematic depiction of a FET. The field-effect transistor (FET) is turned
(a) on and (b) off by applying an electric field from the gate terminal, which controls
the flow of electrons (red) from the source to the drain terminal by (a) decreasing and
(b) increasing a depleted region (white) within the semiconductor (gray).

terial, such as Gallium Arsenide (GaAs). The usage of a semiconductor is
especially important, because its properties can be controlled by the previ-
ously mentioned small signal. In general [3, 4], the electronic properties of a
semiconductor are located between that of a normal conductor, where elec-
trons can transport the electric current easily, and that of an insulator, where
electrons can not transport current at all. This characteristic is used in a FET
to control the flow of electrons between the source and the drain terminals.
By applying an electric field to the semiconductor, the mobility of its elec-
trons changes significantly, which is known as the field effect [3]. The electric
field is induced by the third terminal, which is accordingly called the gate
terminal, because it functions as a gate for the electrons traveling through the
semiconductor. With increasing electric field the window in which electrons
can move decreases, until it eventually closes and no more electrons can flow
through the transistor. Thus, a FET acts as a switch turning on in case the
electrons pass through the semiconductor and off when the electrons cannot,
which is schematically shown in Fig. 1.1. Nevertheless, the exact number of
electrons on the semiconductor is irrelevant for the transistor to function.

The FET served as a starting point for further developments of transis-
tors and eventually lead to the discovery of the point-contact transistor by
Shockley, Bardeen, and Brattain, who were awarded the Nobel prize for their
achievements in 1956. By today, a single computer chip, with the size of usu-
ally a few square centimeters, consists out of more than a billion single tran-
sistors, used to perform calculations—such as those of this thesis. To achieve
this high number of transistors on the relatively small surface of a computer
chip in a industrial fashion, complex fabrication techniques have been devel-
oped. They require sophisticated machinery, which is capable of producing
semiconducting structures via an interplay of deposition and lithographic
printing techniques. Nowadays, the elements of a transistor can be as small
as tens of nanometers. Nevertheless, since all computational evolution seems
to follow Moore’s law [5], i. e., doubling the amount of electronic structure
per area every two years, the minimal size of the circuits will have reached
its natural limit, i. e., the size of atoms of a tenth of a nanometer, within
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figure 1 .2: SET and conductance oscillations. Left: A schematic picture of a single
electron transistor (SET), where a 2DEG (red) is formed in the GaAs semiconductor
below the AlGaAs insulating layer. A saddle point potential (not shown) is applied
via the confining electrodes, creating a quantum dot in the 2DEG. Right: A new phe-
nomenon surfaces via the observation of unexpected oscillations in a conductance
measurement [7] of a Si-SiO2 interface, the predecessor of the setup shown on the left.
The right figure is taken from Ref. [6].

this century. As transistors have to become smaller and smaller to keep up
with Moore’s law, their behavior undergoes an important transition. They
change from being well understood in the electric picture of the semiconduc-
tor interface described above, towards a length scale, where phenomena are
observed [6–9] that are not accounted for within this picture.

To illustrate how new physical phenomena enter into the picture of a tran-
sistor, let us first take a look at a second type of a transistor. A subsequent
development of the FET is the metal-oxide-semiconductor field-effect transis-
tor (MOSFET). Here, the location of the conduction electrons in the semicon-
ductor, which are responsible for the switching behavior of a transistor, is al-
tered by placing an additional insulating layer between the gate terminal and
the semiconductor. The MOSFET utilizes this insulating layer to form a two
dimensional electron gas (2DEG) in the semiconductor. The 2DEG, which is
located right below the insulator-semiconductor interface, restricts the move-
ment of the conduction electrons to two dimensions in parallel to the inter-
face. With the accumulation of electrons at the interface, their motion can be
more easily controlled by putting further restrictions on them from the out-
side. For example, the electrons’ movement in the 2DEG is further restricted
if a second gate terminal with a narrow gap is put [7] on top of the MOSFET,
in addition to the continuous gate terminal of the FET. The result of this al-
ternation is that the electrons can only move in one dimension along the gap.
When the size of the gap is further decreased to 70 nm, a so far unobserved
phenomenon surfaces. Scott-Thomas et al. [7] observed this as unexpected os-
cillatory behavior in a conductance measurement through the device, as it is
shown on the right-hand side of Fig. 1.2.

A setup [8] that slightly differs from the previous is shown on the left-
hand side of Fig. 1.2. The discussed oscillations have also been found for this
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Fig. 2 Sketch of the electrostatic potential energy experienced by an electron moving at the
interface between GaAs and AlGaAs in Fig. 1.

Fig. 3 Electronmicrograph of the top surface of the SET used in the experiments of
Goldhaber-Gordon et al. [6, 7]. See also Fig. 1.
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Figure 1 | Fourfold periodic nanotube spectrum. a, Schematic illustration of the device and set-up. CNT quantum dots are measured at T= 100 mK in a
standard two-terminal configuration in a cryostat modified to enable measurements in a high magnetic field at arbitrary in-plane angles ✓ to the CNT axis.
b, Typical measurement of the differential conductance dI/dVsd versus source-drain bias Vsd and gate voltage Vg for a multielectron CNT quantum dot.
c, Addition energy as a function of Vg. In b and c the characteristic filling of four-electron shells is clearly seen.

four-electron periodicity clearly observed in Fig. 1b,c reflects the
near fourfold degeneracy in the nanotube energy spectrum19,20;
one factor of two from the intrinsic spin (",#) and one factor
of two from the so-called isospin (K, K0) that stems from the
rotational symmetry of the nanotube—electrons orbit the CNT in
a clockwise or anticlockwise direction. As is generally observed19–23,
the addition energy for the second electron in each quartet (yellow
in Fig. 1c) exceeds those for one and three. This was previously
interpreted as a result of disorder-induced coupling 1KK0 of the
clockwise and anticlockwise states21,24 that splits the spectrum into
two spin-degenerate pairs of bonding/antibonding states separated
by 1KK0 . As mentioned, Kuemmeth et al. recently showed that
for the first electron in an ultraclean suspended nanotube quan-
tum dot the splitting was instead dominated by the spin–orbit
coupling. The first question we address here is whether SOI also
appears in the many-electron regime and how it may be modified
or masked by disorder.

Modelling spin–orbit coupling and disorder
Carrying out level spectroscopy with a magnetic field B applied
either parallel (Bk) or perpendicular (B?) to the nanotube axis
proves to be a powerful tool to analyse the separate contributions
fromdisorder and spin–orbit coupling. This is illustrated in Fig. 2a–
d, which shows calculated single-particle energy-level spectra
for four limiting combinations of 1KK0 and the effective spin–
orbit coupling 1SO (all limits are relevant for nanotube devices
depending on the degree of disorder and CNT structure13,14; details
of the model are provided in Supplementary Information). In
all cases a parallel field separates the four states into pairs of
increasing (K-like states) and decreasing (K0-like states) energies.
The magnitude of the shift is given by the orbital g -factor gorb
reflecting the coupling of Bk to the orbital magnetic moment
caused by motion around the CNT (ref. 25). Further, each pair
exhibits a smaller internal splitting owing to the Zeeman effect.
Figure 2b shows the disorder-induced coupling of K and K0 states
resulting in an avoided crossing at Bk = 0 and the zero-field
splitting discussed above. In the opposite limit with SOI only
(Fig. 2c), the zero-field spectrum is also split into two doublets,
but the field dependence is markedly different and no avoided
crossing appears. In the simplest picture, this behaviour originates
from coupling of the electron spin to an effective magnetic field
BSO = �(v⇥ E)/c2 experienced by the electron as it moves with
velocity v in an electric field E. Here the speed of light, c , reflects
the relativistic origin of the effect. In nanotubes, the curvature of the
graphene lattice generates an effective radial electric field, and as the
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Figure 2 | Role of spin–orbit interaction and disorder for the nanotube
energy spectrum. a–c, Calculated single-particle energy spectrum for a
quartet in the conduction band as a function of magnetic field applied
perpendicular (B?) and parallel (Bk) to the CNT axis in the limiting cases of
neither SOI nor disorder (a), disorder alone (b), SOI alone (c), and the two
combined 1KK0 > 1SO > 0. d, Depending on the CNT type, electron filling
and degree of disorder, all four situations can occur.

velocity is mainly circumferential (and opposite for K and K0) BSO
polarizes the spins along the nanotube axis and favours parallel or
antiparallel alignment of the spin and orbital magnetic momentum
depending on the sign of1SO. Thus, even in the absence of disorder,
the spectrum splits into two Kramers doublets (K #,K0 ") and
(K",K0 #) separated by 1SO. Interestingly, as a perpendicular field
does not couple K andK0the doublets do not split alongB? (Fig. 2c).
As a consequence, the g -factor, when measured in a perpendicular
magnetic field, will vary from zero when 1SO � 1KK0 (Fig. 2c) to
two in the opposite limit (Fig. 2b; ref. 26).

The final case, including both disorder and SOI, is of particular
importance for the present study, and the calculated spectrum
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g-factor and mB is the Bohr magneton. Figure 1d presents a precise
low-bias hI/hV map of the even region inside the dotted rectangle of
Fig. 1c. This clearly displays two distinct regions, which (in anticipa-
tion of our results) we associate with the singlet and triplet ground
states. The possibility of gate-tuning the singlet–triplet splitting
ET 2 ES was demonstrated previously both for lateral quantum dots18

and carbon nanotubes19, and may originate in an asymmetric coup-
ling of the molecular levels to the electrodes20. The magnetic states
cross sharply at a critical gate voltage V c

g <1:9 V.
In the singlet region, a finite-bias conductance anomaly appears

when Vb coincides with ET 2 ES; this is due to a non-equilibrium
Kondo effect involving excitations into the spin-degenerate triplet.
This effect was recently studied in a carbon-nanotube quantum dot
in the singlet state21 (see Supplementary Information). In the triplet
region, two kinds of resonance are observed: a finite-bias hI/hV
anomaly, which is interpreted as a singlet–triplet non-equilibrium
Kondo effect that disperses like ES 2 ET in the Vg–Vb plane, and a
sharp, zero-bias hI/hV peak, which is related to a partially screened
spin-1 Kondo effect22, as indicated by the narrowness of the conduc-
tance peak.

To precisely identify these spin states, and justify our analysis in the
framework of quantum criticality near the singlet–triplet crossing
point, we present a detailed magneto-transport investigation of the
even region. Owing to the high g-factor (g < 2) of C60 molecules, it is
easy to lift the degeneracy of the triplet state for a C60 quantum dot
using the Zeeman effect (see Supplementary Information). Figure 2b,
d displays the evolution of the different conductance anomalies in the
even region.

Figure 2b shows hI/hV as a function of B and Vb for a constant gate
voltage Vg chosen in the singlet region. A Zeeman-induced transition
from the singlet state j0, 0æ to the lowest-m triplet state j1, 21æ occurs

as the magnetic field is increased (Fig. 2a), and is demonstrated by
the clear level crossing in the conductance map. The splitting of the
triplet is also apparent, and the various spectroscopic lines are con-
sistent with the spin selection rules at both low and high magnetic
field, where j0, 0æ and j1, 21æ are the respective ground states.

In Fig. 2d we investigate the gate-induced singlet–triplet crossing
for constant magnetic field. In the singlet region, the Zeeman-split
triplet states are clearly seen as three parallel lines, and the transition
lines from the ground state j1, 21æ at higher gate voltage are in
agreement with the energy levels depicted in Fig. 2c, confirming
the singlet to triplet crossing inside the even Coulomb diamond.
We note the absence of a large enhancement of the zero-bias con-
ductance at the singlet–triplet crossing in Figs 1d and 2b. Such
features were, however, observed in previous experiments of vertical
semiconductor quantum dots4, where a field-induced orbital effect
can be used to make the non-degenerate triplet coincide with the
singlet state, leading to a large Kondo enhancement of the conduc-
tance that is intimately related to the existence of two screening
channels23. In carbon nanotubes5, the Zeeman effect dominates over
the orbital effect, so the transition involves the lowest-m triplet state
only and Kondo signatures arise from a single channel, as in the case
of well-balanced couplings of the two orbital states in the quantum
dot to the electrodes24. The lack of either type of singlet–triplet Kondo
effect in our data indicates that the predominant coupling is between
a single screening channel and one of the two spin states of the single-
molecule quantum dot, leading to a Kosterlitz–Thouless quantum
phase transition at the singlet–triplet crossing, as predicted by the
theory2,3. Although the peculiar magnetic response associated with
this transition is not directly accessible in our scheme, we demon-
strate that very specific characteristics of the Kosterlitz–Thouless
transition can be observed in transport. The basic factor in the
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Figure 1 | Quantum phase transition, device and conductance
characteristics. a, Quantum phase transition: a quantum state | Aæ can be
driven by a non-thermal external parameter l to another quantum state | Bæ
with a different symmetry, passing through a critical point at l 5 lc. In our
single-molecule quantum dot device, | Aæ is a singlet state and | Bæ is a triplet
state that is partially screened by one conduction electron channel,
represented by black arrows. b, Atomic-force-microscope micrograph of the

device: gold nanowire over an Al/Al2O3 gate, with a C60 molecule trapped in
the nanogap formed during the electromigration. c, Colour map over two
Coulomb diamonds of the differential conductance hI/hV (in units of 2e2/h,
where h denotes Planck’s constant) as a function of bias voltage Vb and gate
voltage Vg at T 5 35 mK and B 5 0. d, Detail of the differential conductance
in the dotted white rectangle in c, showing the singlet to triplet spin
transition.
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figure 1 .3: Experimental realizations of a quantum dot. Shown are three experi-
mental realizations of a quantum dot: A semiconductor [9], a carbon nanotube [11],
and a molecular [12] quantum dot (left to right). The figures have been taken from
Refs. [9, 11, 12], respectively.

setup and can be understood in a descriptive physical picture. To that extent,
a similarly restricted geometry, made from an AlGaAs insulator between the
metallic gate terminal and the GaAs semiconductor, is used to form the 2DEG
in the conduction band of the semiconductor. Nevertheless, additional restric-
tions are imposed in a different way as opposed to the restrictions obtained
by the gapped gate from before: By applying a negative voltage from the
gate terminal, the electrons in the 2DEG are trapped within a saddle-point
potential. This potential puts a restriction on the two remaining dimensions.
Thus, the setup in Fig. 1.2 forms a zero-dimensional electron structure, a so-
called quantum dot. Within this restricted geometry both charge and energy
are visibly quantized, i. e., single electrons as well as discrete (separated) en-
ergy levels take an important role in the physical description: Single electrons
in the semiconductor are responsible for the oscillations in the conductance
measurement in Fig. 1.2. Each oscillation coincides with a single electron be-
ing added to the restricted area of the quantum dot and allows for a new
kind of transistor, the single electron transistor (SET) [10]. Contrary to the FET,
where many electrons allowed for the construction of a switch, in the SET a
single electron turns the switch on or off.

The previously described setup was the first realization of a quantum dot,
but nowadays there are various ways to realize quantum dots [6, 13]. Other
constructions use, e. g., graphene [14], carbon nanotubes [11], or molecules [12]
to construct a confined, dot-like structure, as shown in Fig. 1.3. The limited
spatial spread constrains the possible positions for the electrons on the dot,
and forces them into strong interactions with each other—they are strongly
correlated. Therefore, the energy required to add an additional electron to
the region is the largest energy scale of the problem (compared to the other
energy scales present). This is different from, e. g., the case of a normal con-
ductor, where the exact number of electrons, or, more precisely, their individ-
ually considered Coulomb interaction with each other, is largely irrelevant to
describe the physical situation at hand. Such a quantum dot is often referred
to as an artificial atom [10] due to its close resemblance to the discrete orbital
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figure 1 .4:

Electron spin-1/2. An electron has an intrinsic de-
gree of freedom, called the spin. The spin can be de-
picted as a magnetic moment, which “spins” the elec-
tron around its spin axis in an applied magnetic field
(along spin up): anticlockwise for the spin pointing
up and clockwise for the spin pointing down.

structure in atoms.1 Nevertheless, the advantages of quantum dots are that
they offer enhanced experimental control and expose controllable “knobs”,
like the gate terminals visible in Fig. 1.3, to manipulate their parameters. This
is usually not the case for single atoms, which are very difficult to isolate, and
subsequently to control and to manipulate. Therefore, the enhanced control
makes quantum dots very attractive to current research.

Besides the importance of single electrons as possible transistors of the
future, i. e., the quantization of charge, the SET also brings other quantum
mechanical phenomena into the focus of technology. There is a fundamental
reason to utilize the magnetic moment of the quantum dot, its spin, in or-
der to keep up with the computational efforts. Electronic logic is naturally
bound to boolean operations, i. e., the above mentioned transistors used in
computer chips can only distinguish between on and off. Using the spin as
computational unit bears—on the other hand—huge potential [15] due to
its vector-like character. The smallest magnetic moment, a spin-1/2, has two
eigenstates, 1/2 and −1/2, which can be equally depicted as the magnetic
moment pointing up and down, as sketched in Fig. 1.4. In a quantum dot,
not only these two eigenstates could be utilized to perform calculations, but
rather all possible superpositions between pointing up and down would be at
the extended disposal of computational algorithms. Furthermore, spins with
higher momentum, of course, have more than two eigenstates and allow for
a larger variety of superpositions. Therefore, the manufacturing, controlling,
and measuring of spin characteristics [15] in a reliable and practical fash-
ion seems to be a very promising objective for the future of research and
motivates the increasing efforts of the scientific community to find such a
controllable spin setup on a large scale.

Strongly correlated quantum systems can also show interesting behavior
besides their imminent practical applications. Their investigation often re-
veals a better understanding and deeper insight into the complete picture.
Particularly important are transport experiments, where the dot region is
weakly coupled2 to nearby electronic reservoirs and allows charge and spin
transport processes between the dot and the reservoirs [6]. If the energy of

1 In fact, quantum dots represent a category of mesoscopic systems below the size of microns [6],
located right between the microscopic physics of atoms at the scale of angstrom and that of
macroscopic systems above micrometer.

2 Weakly coupled compared to the scale of internal interactions on the quantum dot.
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adding a single electron to the dot is accessible by the conduction electrons
of the reservoirs, transport is possible and so-called Coulomb peaks are visi-
ble in a conductance measurement. On the other hand, if this condition is not
met, the conductance is in general strongly suppressed due to the dominance
of strong interactions on the dot, called the Coulomb blockade. Contradict-
ing to this behavior, it has been observed that under special conditions of
low temperature and odd average occupancy of the dot, explained in de-
tail in the following chapter of this thesis, the conductance is nevertheless
strongly enhanced in the Coulomb blockage regime. This observation was ac-
companied by an enhanced density of states around the Fermi level in these
systems. Both features are associated with the Kondo effect [13, 16], which is a
well-known many-body effect from impurities in metals. There, the electrical
resistivity takes a minimum at a finite temperature and, moreover, increases
when the temperatures is lowered further. The Kondo effect was predicted
to appear in quantum dot setups as well [17, 18], where it was to manifest
as the before-mentioned increase of the conductance rather than an increase
of the resistivity for temperatures below a finite temperature. This predic-
tion has been confirmed later by experiments [9, 19–24]. The Kondo effect
is a spin-interaction effect between the strongly correlated spin of the dot
and the spins of the reservoirs. In a physical picture, the enhancement of
the density of states can be regarded as the formation of a bound state be-
tween the dot spin and the reservoir spins, a nontrivial many-body state, that
supports transport. This formation is often referred to as the Kondo screen-
ing cloud, schematically depicted in Fig. 1.5. The strong bond between the
spins changes the properties of the quantum dot in a drastic fashion, i. e., the
screening cloud provides a “bridge” for the otherwise not allowed current
through the quantum dot. This results in the observed enhancement of the
conductance. The finding of the Kondo effect in quantum dots triggered a huge
interest of the scientific community.

The Kondo model, which was put forward to describe the Kondo effect and
is formally introduced in the next chapter, is a relatively simple model at first
sight. It solely focuses on the spin degrees of freedom of the quantum dot and
its reservoirs in a regime where the dots’ charge degrees of freedom are fixed.
However, how to describe the Kondo effect in a controlled fashion puzzled
the scientific community for almost half a century. Eventually, it was solved
in equilibrium by a method from a category of advanced many-body tech-
niques called renormalization group (RG) methods, namely the numerical
renormalization group (NRG) method by Wilson [25]. Nevertheless, a com-
plete picture of the Kondo model out of equilibrium, where a bias voltage
between attached reservoirs drives a current though the dot, has yet to be
established. To overcome this incompleteness, the development of methods
extending from equilibrium to nonequilibrium has been put forward [26–41].
One possible extension, which is based on real-time transport theories, is the
real-time renormalization group (RTRG) method by Schoeller [42]. This method
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figure 1 .5:

Schematic depiction of the Kondo
screening cloud. The dot spin (green,
central) is screened by reservoir spins
attached from the left and right to the
quantum dot, thus forming a nontrivial
many-body state.

has been successfully applied [38] to the standard case of the Kondo model,
the spin-1/2 Kondo model, with the special focus on a consistent description
of decoherence processes out of equilibrium.

In addition to the successful application of the RTRG method to the spin-1/2

model, an important aspect for each newly developed method is to investi-
gate the possible application to a larger variety of systems. The Kondo model
is an especially well-suited model to study this aspect. In the basic configu-
ration of spin-1/2 attached to a reservoir, the localized spin is fully screened
by the formation of the above-mentioned nontrivial many-body state, the
Kondo screening cloud. The cloud is formed out of spins from the reservoir
bulk material and the impurity spin, as shown in Fig. 1.5. Having removed
the localized spin from the picture, the system exhibits only potential scat-
tering and is therefore explained by the Fermi liquid (FL) theory [43]. The FL
theory assumes a correspondence between the eigenstates of the interacting
and the noninteracting system, which is a reasonable assumption in the case
where interactions do not cause any considerable changes of the physical situ-
ation, e. g., for potential scattering. Interestingly, slight changes to this system
reveal strong deviations from the FL description [44–46]. A possible alterna-
tion would be, e. g., higher spin systems than spin-1/2 in combination with
a different number of electronic reservoirs which provide further screening
channels. At this point, it is an important question to ask, how these changes
are reflected in the RTRG method. Besides the general question regarding
the application to such a variety of regimes, an important objective is the
comparison of results obtained by the RTRG method to results obtained by
complimentary methods and well-known exact limits. We will address these
questions in the following chapters of this thesis.

Lastly, it shall be stressed that this thesis addresses the RG study of the
transport properties of different Kondo models. Rather than the application
of the model towards previously discussed transistors and quantum informa-
tion, we aim for a rigorous theoretical description of the Kondo model out of
equilibrium. Although transistors and possible computational applications
provide a strong motivation for the initial interest in the Kondo model, a
concrete application is by no means obvious or even required. Moreover, the
fundamental study of general models should not depend on justifications
regarding applications.
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This thesis is organized as follows. We will continue the introduction with
a more qualitative description of the Kondo model in Chap. 2. To that extent,
we will outline how the model can be derived from a more general impu-
rity model, the Anderson impurity model (AIM), first. This is followed by a
discussion of earlier approaches to the Kondo model, in which we focus on
pointing out its difficulties. Finally, this chapter introduces generalizations to
the Kondo model, which will be subject to the remainder of this thesis.

In Chap. 3 we will continue the introduction with a description of the
RTRG method, which is used throughout this thesis. Starting with the gen-
eral framework of a special variant of diagrammatic perturbation theory, we
will proceed with two different flow parameter schemes used to describe the
low energy properties of the Kondo model in a controlled fashion. This sets
the stage for the next part, where we discuss transport properties like the
differential conductance, the renormalization of the magnetic field and the
g-factor, and the correlation functions for different screening situations of the
Kondo model out of equilibrium.

We will start with the investigation of the nonequilibrium Kondo model
subject to multiple reservoirs, also often referred to as the multichannel Kondo
model, in Chap. 4. Despite its well-controlled perturbative expansion for a
large number of connected reservoirs, this overscreened Kondo model ex-
hibits interesting non-Fermi liquid features, which reveal themselves in criti-
cal exponents of observables. To that extent, we discuss the g-factor, the spin
relaxation rates, the magnetization, and the differential conductance. In par-
ticular, we show for the latter that a finite magnetization on the dot leads to a
coupling of the conduction channels, which results in additional features in
the differential conductance.

In Chap. 5 we will apply the renormalization group method to higher spin
systems, namely the spin-1 Kondo model out of equilibrium. We derive analytic
expressions for the dot magnetization and for the current through the dot
in the stationary state. We determine the relaxation and decoherence rates
governing the time evolution into the stationary state, where compared to the
spin-1/2 case of the previous chapter an additional decoherence rate emerges.
Furthermore, we show that any initial spin anisotropy is strongly enhanced
by renormalization effects.

Based on the analytic insights governed by the weak-coupling properties
of the nonequilibrium Kondo models in the previous chapters, Chap. 6 uses
an extension of the RTRG method to the regime of strong interactions. In par-
ticular, we study the crossover from weak to strong coupling in two fully
screened Kondo quantum dots, the spin-1/2 and the spin-1 model coupled to
one or two screening channels, respectively. In these systems the spin is com-
pletely screened by the above-mentioned many-body state formed with the
reservoir electrons. The quantum dots are subject to either a finite bias volt-
age or a finite temperature. Using the RTRG method, we calculate the static
susceptibility, dynamical spin-spin correlation functions, and the differential
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conductance. We extract the various Kondo scales and FL coefficients at low
energies and compare them with exactly-known and newly-derived FL re-
sults.

Finally, having studied all three screening setups of the Kondo model out
of equilibrium, we will give a summary, conclusion, and outlook in Chap. 7.





Part II

M O D E L A N D M E T H O D

In this part we give an introduction to the Kondo model and the
real-time renormalization group method. First, the Kondo model
is derived from the more general Anderson impurity model. We
give an overview over its properties and discuss its pitfalls. Sec-
ond, we provide an introduction to the real-time renormaliza-
tion group method, a previously developed perturbative renor-
malization group approach to the nonequilibrium properties of
the Kondo model. Two different schemes for the renormalization
group-flow to low energies are presented.





2I N T R O D U C T I O N T O T H E K O N D O M O D E L

Kondo physics first surfaced into the scientific world in 1934 via an unex-
pected experimental observations made by de Haas, de Boer, and van den
Berg [47], who measured the temperature-dependent resistance of gold wires
in their laboratory at the University of Leiden. When decreasing the temper-
ature below 4 Kelvin, they observed an unexpected increase of the resistance,
which resulted in a resistance minimum that was not accounted for by the
theoretical understanding at that time. Instead, it was expected that metals
either have no remaining resistance below a certain threshold (i. e., a super-
conductor) or that they otherwise show a remaining resistance still present
after freezing out the electron-phonon interactions, which are responsible for
the resistance at higher temperatures, as shown in Fig. 2.7. An increase of the
resistance, on the other hand, was not expected and was first explained by
Kondo [16] 30 years later in 1964. Nevertheless, already in their initial find-
ings de Haas et al. [47] pointed out that the measured gold wire was not very
clean, which provided a first indication that impurities within the metal were
responsible for the observed anomaly.

A first step towards the solution of the resistance anomaly was provided
by Anderson [48] in 1961. He introduced an effective model for impurities
in metals, the Anderson impurity model (AIM), consisting of free conduction
electrons interacting with a single impurity spin degree of freedom via s-d
hopping in combination with an onside interaction between two electrons on
the impurity. A limit of this model is the Kondo model, formally derived
via the Schrieffer-Wolff transformation [49], which considers the regime of
a fixed electron occupying the impurity and thus limiting the interaction to
spin interactions between the fixed electron and the conduction electrons only.
Details on how this transformation is applied exactly to the AIM will be given
below. Kondo [16] studied the resulting model utilizing second order pertur-
bation theory in the interaction term to go beyond potential scattering con-
tributions, providing the first explanation for the resistance minimum at low
temperatures T via the appearance of a logarithmic term ∼ ln T. Although
the logarithm was able to explain the appearance of the resistance minimum,
Kondo’s result suffered from a divergence of the resistance as T goes to zero,
known as the Kondo problem. In this region, the interaction between the impu-
rity and the conduction electrons is no longer small and perturbation theory
in the interaction does no longer apply. It required more advanced schemes
utilizing concepts beyond perturbation theory to resolve the Kondo problem.

Again Anderson [50] was among the first to pioneer the idea of scaling
by integrating out the high-energy states at the band edges, an enhanced

15
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treatment of the problem called Poor Man’s scaling (PMS). This procedure
leads to an increase of the coupling strength between the impurity and the
conduction electrons during the scaling. Nevertheless, he did not succeed to
remove the divergent part. Eventually, the problem was solved by Wilson [25]
in 1975, who developed a numerical method called the numerical renormaliza-
tion group (NRG), which combines Anderson’s idea of scaling with nonper-
turbative renormalization group ideas from high-energy physics. A physical
picture of the two well-separated situations at weak and strong coupling, cor-
responding to high and low temperatures, respectively, was provided by the
Fermi liquid (FL) picture of Nozières [43] one year before Wilson’s solution.
As the temperature is lowered, the impurity spin enters the strong-coupling
regime and forms a singlet with the nearest conduction electrons, screening
the impurity spin and effectively leaving the system as a FL with a phase
shift behind. Only one year later, Yamada [51] provided a formal connection
between the AIM and the FL picture. An extensive review of the Kondo effect
in metals can be found in Ref. [13].

More than twenty years after Kondo’s first steps [16] towards the solution
of the resistance minimum, the Kondo effect experienced a scientific revival
due to the emergence of quantum dot systems in solid state physics, e. g.,
experimentally realized in single electron transistors [9] described in the pre-
vious chapter. The close resemblance between the Kondo effect observed for
impurities embedded in metals and quantum dot systems was first pointed
out by Glazman and Raikh [17] and Ng and Lee [18] independently. They re-
alized that conductance measurements in quantum dots, showing enhanced
conductivity at very low temperatures, could be attributed to the Kondo ef-
fect as well. In contrast to impurities in metals, quantum dot systems offer
far more precise experimental control over their properties and subsequently
triggered large interest of the scientific community. Various generalizations
of the Kondo model became accessible, e. g., higher spin systems or multi-
ple electronic channels in interaction with the quantum dot, leading to very
different regimes and offering rich physics, despite the relative simple sys-
tem [52]. In addition, nonequilibrium setups with two or more electronic reser-
voirs at different chemical potentials in interaction with the quantum dot,
consequentially driving a current through the dot, opened a whole new field
of method development. Nevertheless, up to now a complete picture of the
nonequilibrium Kondo model is still missing.

This chapter provides an introduction to the Kondo model, which is the
model that will serve as a starting point for each of the remaining chapters
of this thesis. It is organized as follows: Sec. 2.1 will give a short motivation
of the AIM as model for impurities in a host metal, followed by the formal
derivation of the Kondo model via a Schrieffer-Wolff transformation of the
AIM in Sec. 2.2. The emergence of the resistance minimum as well as the
Kondo problem will be outlined in Sec. 2.3, followed by Anderson’s scaling
approach and eventually the full solution by NRG in Sec. 2.4. Finally, the
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figure 2 .1: Different regimes of the AIM. (a) is the local moment regime, i. e.,
εd � EF � εd + U, where the impurity is occupied only by a single electron and
no fluctuations are allowed. EF is the Fermi energy until which states are occupied in
the host metal. (b) shows the mixed valance regime where fluctuations of either one or
two electron occupations are accessible, i. e., EF = εd or EF = εd + U, respectively.

connection of the Kondo effect to transport properties in quantum dots as
well as to more generalized setups is established in Sec. 2.5.

2.1 anderson impurity model

Anderson proposed the Anderson impurity model (AIM) [48] to describe the
formation of a localized impurity in a host metal by the following Hamilto-
nian

HAIM = Himpurity + Hconduction + HT, (2.1)

Himpurity = ∑
σ=↑,↓

εdd†
σdσ + Ud†

↑d↑d
†
↓d↓,

Hconduction = ∑
α

∑
k,σ

εαkσc†
αkσcαkσ,

HT = ∑
α

∑
k,σ

(tαkd†
σcαkσ + H. c.).

The impurity part Himpurity consists of a single spin-degenerate d-orbital de-
gree of freedom coupled to a conduction bath of noninteracting electrons
Hconduction via a tunneling term HT. d(†)σ and c(†)αkσ are the impurity and con-
duction operators, respectively, with the spin index σ, momentum k, and a
general channel index α, where the latter can be neglected in case of the host
metal. The occupation of the impurity subspace of the Hamiltonian can be
empty, singly, or doubly occupied by electrons for tαk = 0, resulting in the
four dimensional Hilbert space constructed by

|0〉 : E0 = 0, |↓〉 , |↑〉 : E1 = εd, |2〉 : E2 = 2εd + U, (2.2)
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where εd refers to the energy of the singly occupied state. The energy differ-
ence of adding an additional electron to the dot is given by

∆i = Ei+1 − Ei : ⇒ ∆0 = εd, ∆1 = εd + U. (2.3)

From here, it is straight forward to see that if the conduction band is tuned
such that

εd � EF � εd + U, (2.4)

where EF is the Fermi energy, the impurity is locked to the single occupancy.
This results in a residual local magnetic moment and the regime is referred
to as the local moment regime, removing the zero and doubly occupied state
which are inaccessible, as shown in Fig. 2.1 (a). In contrast, if fluctuations are
accessible, the impurity is in the mixed valance regime, see Fig. 2.1 (b).

2.2 schrieffer-wolff transformation

The local moment regime of the AIM can be further utilized to construct
a spin exchange model in the case of weak tunneling interactions between
the impurity and the host conduction electrons. This has been achieved by
Schrieffer and Wolff [49] projecting the model (2.1) on its subspace spanned
by |↑〉 and |↓〉 via the projection operator

P = |↑〉 〈↑|+ |↓〉 〈↓| . (2.5)

Thus, |0〉 and |2〉 are considered as virtual intermediate state only in the
following.

Usually, a canonical transformation to the block diagonal form of the ef-
fective Hamiltonian [13, 53, 54] is used to derive an effective model from
Eq. (2.1). A more straight-forward approach can be found in Ref. [55], which
this derivation follows instead.

We consider only states close to the Fermi energy EF, which in the local
moment regime is such that it is favorable to add one electron εd < EF, but
unfavorable to add a second electron, thus paying the energy εd + U > EF.
Hence, by replacing EF by the conduction band specific chemical potential µα

and εd by the appropriate εσ = {ε↑, ε↓}, the chemical potential is limited to

max{ε↑, ε↓} � µα � min{ε↑, ε↓}+ U. (2.6)

This implies a well-separated spectrum, |E0,2 − E1| � 1, which justifies the
use of second order perturbation theory in HT via the Schrieffer-Wolff trans-
formation to obtain

Heff = PH0P + PHT
1

E− H0
HTP +O(t3), (2.7)

where H0 = Himpurity + Hconduction.
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Starting from Eq. (2.7), the far-left projector can be safely neglected, since the
terms to the right do not leave the subspace {|↑〉 , |↓〉}. Considering the first
term one obtains

H0P = ε↑ |↑〉 〈↑|+ ε↓ |↓〉 〈↓| = (ε↑ − ε↓)Sz + constant, (2.8)

where the splitting between up and down energies takes the role of a mag-
netic field h0. If the second term of Eq. (2.7) is subsequently applied to the
singly occupied system, one obtains

1
E− H0

d†
σ′cα′k′σ′ →

1
−(U + εσ′ − εα′k′σ′)

(over |2〉), (2.9)

1
E− H0

dσc†
αkσ →

1
−(−εσ + εαkσ)

(over |0〉), (2.10)

which substituted back leads to

HT
1

E− H0
HTP = ∑

αα′
∑

kk′σσ′
t∗αktα′k′

[
− 1

U + εσ′ − εα′k′σ′
c†

αkσcα′k′σ′dσd†
σ′

− 1
εαkσ − εσ

cα′k′σ′c
†
αkσd†

σ′dσ

]
P. (2.11)

This leaves the evaluation of the two combinations of the impurity operators
in HT acting on the far-right projector P. Adapting the standard notation
σ = ↑ =̂ 1 or σ = ↓ =̂− 1, as well as σ̄ = −σ, and introducing

S± = Sx ± i Sy, δσσ′ =

(
1 0

0 1

)

σσ′
, δσσ̄′ =

(
0 1

1 0

)

σσ′
, (2.12)

one identifies from the first term as

dσd†
σ′P = σσ′ |σ̄〉

〈
σ̄′
∣∣ =

(
1

2
− σSz

)
δσσ′ − Sσ̄δσσ̄′ , (2.13)

which contributes only if a double occupation is possible (i. e., opposite spins
of the impurity and the conduction creator). The second term yields

d†
σdσ′P =

∣∣σ′
〉
〈σ| =

(
1

2
+ σSz

)
δσσ′ + Sσ̄δσσ̄′ . (2.14)

Exchanging the conduction operators in the second term {c†
i , cj} = δij, which

attributes to an additional constant term as well as a sign change before the
resolvents, the effective Hamiltonian can be substituted using

σSzδσσ′ = Sz(σz)σσ′ , Sσ̄δσσ̄′ = Sx(σx)σσ′ + Sy(σy)σσ′ (2.15)
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to

Heff = h0Sz + ∑
αα′

∑
kk′σσ′

(
Kαk,α′k′1σσ′ +

1
2ν0

Jαk,α′k′S · σσσ′

)

×c†
αkσcα′k′σ′ + Hconduction,

(2.16)

Kαk,α′k′ =
1
2

t∗αktα′k′

(
1

εαkσ − εσ
− 1

U + εσ′ − εα′k′σ′

)
PHS−−→ 0,

Jαk,α′k′ = 2ν0 t∗αktα′k′

(
1

εαkσ − εσ
+

1
U + εσ′ − εα′k′σ′

)
.

The constant terms as well as the term ∝ 1 act as potential scattering terms,
which are not of interest for the remainder of this discussion. Note that
Kαk,α′k′ does vanish at the point of particle hole symmetry (PHS), εd = −U/2.
Neglecting the difference between the εσ’s in the denominator and the mean
value of the singly occupied level ε̄ = 1/2(ε↑ + ε↓) and considering only
energies close to the chemical potential εαkσ ≈ µα, one finally arrives at the
Kondo model

HKondo = h0Sz + ∑
α

∑
k,σ

εαkσc†
αkσcαkσ + HT, (2.17)

HT =
1

2ν0
∑
αα′

∑
kk′σσ′

Jα,α′S · σσσ′c
†
αkσcα′k′σ′ , (2.18)

Jα,α′ = 2ν0 t∗αtα′

(
1

µα − ε̄
+

1
U + ε̄− µα

)
,

where the momentum dependence k of the hopping tαk → tα has also been
neglected. Note that here and in the following, we always use a constant den-
sity of states ν0 in the conduction band, rendering the coupling constant Jαα′

dimensionless.
The Kondo model is the starting point of all chapters discussed in the

remainder of this thesis.

2.3 the resistance minimum and the kondo problem

Kondo [16] used the above derived model (2.17) as a staring point to explain
the measured increase of the resistivity in gold wires at very low tempera-
tures, also known as the resistance minimum, shown in Fig. 2.2. He calculated
the matrix-elements of the scattering T-matrix

T(E) = HT + HT
1

E− H0
HT + HT

1
E− H0

HT
1

E− H0
HT + . . . , (2.19)
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figure 2 .2:

Measured resistance minimum in
“dirty” gold wires by de Haas,
de Boer, and van den Berg [47],
which was first explained by the per-
turbative calculation of Kondo [16]
using the Kondo model (2.17). The
experimental figure and the table
have been taken from Ref. [47].

which is related to the resistivity in metals, with the use of perturbation the-
ory [16]. The Kondo model for a single fixed channel is given by

HKondo = H0 + HT, (2.20)

H0 = ∑
kσ

εkσc†
kσckσ, (2.21)

HT =
J

2ν0
∑

kk′σσ′
S · σσσ′c

†
kσck′σ′ . (2.22)

For convenience, we perform the sum over the spin indices explicitly and
rewrite the tunneling part HT with S± = Sx ± i Sy as

HT =
J

2ν0
∑
kk′

[
S+c†

k↓ck′↑ + S−c†
k↑ck′↓ + Sz

(
c†

k↑ck′↑ − c†
k↓ck′↓

)]
. (2.23)

Considering the second order O(J2) in the T-matrix, i. e., the second term on
the right-hand side of Eq. (2.19), leads to a third order O(J3) contribution in
the resistivity, which is sufficient to capture the emergence of the resistance
minimum. Contributions to all orders have been calculated in Ref [56], which
changes only the point of divergence of the calculation by Kondo [16] to a
finite temperature TK, see the discussion below.

We will follow Kondo’s calculation [16] of the scattering matrix-elements,
which describes the scattering of a conduction electron from the state |kσ〉 to∣∣k′σ′

〉
, only for a single scattering from |k ↑〉 →

∣∣k′ ↑
〉
, i. e., calculating

〈
k′ ↑

∣∣ T(E) |k ↑〉 =
〈
k′ ↑

∣∣HT |k ↑〉+
〈
k′ ↑

∣∣HT
1

E− H0
HT |k ↑〉+O(J3). (2.24)

In first order, only the first term proportional to Sz contributes to

〈
k′ ↑

∣∣HT |k ↑〉 =
J

2ν0
Sz. (2.25)

For the second order term scattering channels through a virtual intermediate
state do contribute, which can be accompanied by a spin flip process of the
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figure 2 .3: Two scattering diagrams describing processes involving an electron scat-
tering to (a) an unoccupied state as well as (b) a hole scattering to an occupied state.
The diagrams are read from right to left with incoming state |k ↑〉 and outgoing state∣∣k′ ↑

〉
. The evolution of the impurity spin is depicted by the horizontal line. Both pro-

cesses involve spin flips of the impurity spin. Similar diagrams can be drawn in the
case of no spin flip, i. e., Sz operators acting on the impurity spin.

impurity spin. These processes are typically [13] illustrated by diagrams with
two different contributions from (a) cqσc†

qσ and (b) c†
qσcqσ, as shown in Fig. 2.3.

All additional appearing momenta from Eq. (2.24) are fixed by conservation
laws. The former process (a) is associated with a conduction electron being
scattered to an unoccupied state resulting in 〈cqσc†

qσ〉 = 1− f (εq), where f (ε)
is the Fermi distribution function

f (ε) =
1

1 + e(ε−µ)/T
. (2.26)

In the latter process (b), first an electron from an occupied state scatters to the
final state

∣∣k′ ↑
〉
, and subsequently the hole is filled by the incoming scatterer,

leading to 〈c†
qσcqσ〉 = f (εq). As shown in Fig. 2.3, this can be accompanied

by a spin flip on the dot S±S∓ leading to a term

(S+S− − S−S+) f (εq) = [S+, S−] f (εq) = 2Sz f (εq). (2.27)

Without as spin flip, the impurity operators SzSz appear and the Fermi func-
tion f (εq) cancel out because Sz commutes with itself. Summing up all pro-
cesses, one obtains

〈
k′ ↑

∣∣HT
1

E− H0
HT |k ↑〉 =

J2

4ν2
0

∑
q

1
E + i η − εq

[
S2 − Sz + 2Sz f (εq)

]
, (2.28)

using S−S+ + S2
z = S2 − Sz and adding a finite imaginary part η to E in the

denominator to prevent divergences in the following integration. Replacing
the sum by a frequency integration over a constant density of states ν0 around
the Fermi level yields

J2

4ν2
0

∑
q

f (εq)

E + i η − εq
=

J2

4ν0

∫ D

−D
dω

f (ω)

E + i η −ω
→ J2

4ν0
ln

max{T, E− µ}
D

,
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(2.29)

where 2D is the bandwidth of the conduction band. Substitution this result
back into the resistivity, Kondo obtained an additional logarithmic contribu-
tion

R(T) = aT5 + cimpR0 − cimpR1 ln
max{T, E− µ}

D
, (2.30)

explaining the occurrence of the resistance minimum.
Despite of the success in providing an explanation to the resistance mini-

mum, Kondo’s result showed a characteristic problem. His perturbative result
leads to an infinite resistivity for T → 0 , provided the energy is close to the
chemical potential E ≈ µ. The reason for such an unphysical result, known
as the famous Kondo problem, lies in the perturbative expansion in J that is no
longer valid for T → 0. Also, from the limit of the large bandwidth D → ∞
one could conjecture that high energy processes at the band edges play an
important role to the behavior at low energies, eventually leading to the Poor
Man’s scaling approach and the requirement for renormalization group meth-
ods discussed in the following.

2.4 poor man’s scaling

With his Poor Man’s scaling (PMS) approach Anderson [50] provided a first
step into the direction of the solution of the Kondo problem via introducing
the notion of scaling. This approach is based on the idea that the high-energy
degrees of freedom can be removed in a systematic way, essential construct-
ing an effective low-energy model. In case of the Kondo model, he developed
a procedure which removes states from the band edges at ±D, where the
whole bandwidth is given by 2D. The removed states are incorporated into
an effective model with the same structure as the original Kondo model, but
with a reduced band edge D → Λ and a new effective interaction

D → Λ with Λ0 = D,

J → J(Λ) with J(Λ0) = J0,

depending on Λ. He accomplished this by using perturbation theory with
similar diagrams as those used in Kondo’s perturbative calculation, where it
is crucial that the resulting effective model has same structure as the original
Kondo model. By this calculation he derived a differential equation, often
called the scaling equation β(J),

dJ
d ln Λ

= −2J2 → J(Λ) =
1

ln(Λ/TK)
, with TK = Λ0 e−1/(2J0) . (2.31)

The PMS equation describes the change of the effective coupling constant
J(Λ) while the bandwidth Λ is reduced. In the solution of the scaling equa-
tion a universal energy scale appears, the Kondo temperature TK, which is
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figure 2 .4: Scaling analysis of the solution of the scaling equations of the anisotropic
Kondo model Eq. (2.35) after Ref. [50]. The arrows on the lines show the direction of
the flow while lowering Λ. For ferromagnetic Jz < 0 and below the isotropic line
J⊥ ≤ |Jz| (dashed lines) the problem scales to Jz = 0. For all other cases (solid lines)
the system flows away from small couplings.

invariant during scaling. As it can be seen from Eq. (2.31), the solution di-
verges if Λ approaches the Kondo temperature Λ = TK, leading away from a
weak- to a strong-coupling problem.

Using the Kondo temperature TK, the scaling limit is defined as the limit
such that

J0 → 0, D → ∞, TK = constant. (2.32)

In this limit universal features of the Kondo model are obtained [45].
By generalizing Eq. (2.31) to the anisotropic Kondo model

HT =
1

2ν0
∑

kk′σσ′

[
J⊥
(

Sxσx
σσ′ + Syσ

y
σσ′

)
+ JzSzσz

σσ′

]
c†

kσck′σ′ , (2.33)

where J⊥ 6= Jz, the scaling equations are given by

dJ⊥
d ln Λ

= −2Jz J⊥,
dJz

d ln Λ
= −2 (J⊥)

2 , (2.34)

=⇒ c2 = (Jz)
2 − (J⊥)

2 . (2.35)

Allowing now also for negative values of Jz, the flow of the ferromagnetic and
antiferromagnetic Kondo model has been analyzed [50], as shown in Fig. 2.4
for fixed values of c2. The flow of the solution (2.35) can be divided into two
categories:

free fixed point For initial ferromagnetic coupling Jz < 0 and J⊥ ≤ |Jz|
the scaling approach leads to an effectively free model with a fixed
point at J⊥ = Jz = 0.

strong coupling fixed point For all other initial couplings, the cou-
pling strength flows to a strong-coupling fixed point while lowering
Λ.
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high-temperature region is a weak coupling, perturbative
regime. The higher the temperature, the weaker the effec-
tive coupling becomes. This is a statement of asymptotic
freedom. The effective (running) coupling constant J( T),
which is obtained by summing logarithms via the renor-
malization group, is vanishing logarithmically
J(T}-1/[ln(T/To)]. For high temperatures it has the
same leading behavior as the bare coupling J, which van-
ishes as a function of the cutoff J- 1/[In(D /To )]. Ap-
plying perturbation theory, one finds that the impurity
susceptibility attains its free value X =p /T (Curie law)
up to corrections that vanish logarithmically at high tem-
peratures:

2
I

T»To ln T
k

ln ln T
1 Tk

Tk

1

1
T
Tk

3

TkW=-—
TQ

(1.5)

(1.4)
where a new scale Tk has been defined by the requirement
that the 1/[ln (T/Ti, )] term be absent. This is equivalent
to a normalization condition on Tk—the high-
temperature or perturbative scale, which is conventionally
referred to as the Kondo temperature.
While the high-temperature region is thus accessible to

perturbation theory, the system enters a strong coupling
regime at low temperature and its properties change
dramatically.
Consider the Curie law 7'=p /T. Its divergence at

T =0 indicates a net impurity spin. However, due to the
strong interaction with the electrons the impurity spin
will be quenched (screened) leading to a finite susceptibili-
ty at zero temperature. Thus let us define

2

x,'= "
77Tp

where TQ is the scale that characterizes the low-
temperature regime (see Fig. 3).
The ratio

1 I.W'~p 1——
2 Hln

+H

Hnln
1 TH4, H +'ln

H
ln H

3

(1.6}
where again a scale TH has been introduced by legislating
away the l 1/[ln(H/TH )] l term. This scale character-
izes the weakly coupled perturbatively accessible high-
field region [the expression (1.6) will be deduced later].
At low fields there will be a crossover in the properties

and Ml' will have a finite slope Q" finite) at zero field (see
Fig. 4).
Again, one defines a universal number 8", which

characterizes the crossover in magnetic field H
+0w'=,
0

Both 8" and 8' require a complete solution of the
problem for their evaluation. However, W' is more acces-
sible (to put it mildly). The reason is simple. The mag-
netic field excites from the ground state only excitations

is a universal number. It characterizes the crossover in
properties from the weak coupling, asymptotically free re-
gion which is perturbatively accessible to the strong cou-
pling regime that has to be constructed nonperturbatively.
This was achieved numerically by Wilson (1975). Below,
using an exact diagonalization of the Hamiltonian, we
shall find an analytic expression for 8'. This is the main
result of our calculations.
The crossover occurs also as a function of the magnetic

field H (W.e shall also consider H &&& so as to be in the
universal regime. ) Consider now the impurity magnetiza-
tion M'. For a free spin, at T =0,
~'=p sgn(H)

and this value will be approached asymptotically at high
fields (H ~~ Tti}
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FIG. 3. The impurity susceptibility is plotted and compared
with the free-spin susceptibility P~„,. At high temperatures P
approaches pI, logarithmically on a scale set by Tq. As the
temperature is lowered, it crosses over to a finite value at T=O,
indicative of a screened spin.
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FIG. 4. The impurity magnetization as a function of the mag-
netic field H. For large magnetic fields it approaches the free
value . //I, ——p logarithmically on a scale set by TH. As the
field, is lowered, it crosses over to yield a finite slope. (The con-
vention here is that the magnetic moment is pc.)
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figure 2 .5:

Crossover in the susceptibility from a
free impurity at temperatures above
T0 to a completely quenched, i. e.,
screened, impurity at T = 0. The fig-
ure is taken from Ref. [45].

Based on the scaling ideas combined with renormalization group (RG)
ideas from high-energy physics, transferring a problem to an easier regime
while keeping the physical results invariant,1 Wilson [25] was able to finally
provide a solution for the Kondo problem using his numerical renormaliza-
tion group (NRG) method. The NRG as the first method could determine
the low-energy properties in a controlled fashion, relating for example the
crossover-energy scale TK to the low-energy scale T0, defined in Eq. (2.50) in
the following section by the susceptibility χ(T) at zero temperature χ(T =
0) = 1/(4T0), via the Wilson number

w =
TK

T0
≈ 0.41071. (2.36)

Further insight into the strong-coupling regime has been provided by Noz-
ières [43] using Fermi liquid (FL) theory, based on the insights that at strong
coupling the impurity forms a singlet state with one of the conduction elec-
trons, “extracting” the impurity from the picture and leaving behind a Fermi
liquid. Crucial to the establishment of this screening picture were measure-
ments of the susceptibility, matching to a free impurity susceptibility (Currie
law)

χ(T)
T�T0=

1
4T

[
1− 1

ln[T/(wT0)]
− . . .

]
, (2.37)

at high temperatures, but crossing over to a finite value

χ(T)
T�T0=

1
4T0

[1− . . .] , (2.38)

which matches a FL description of the problem without impurity present,
as shown in Fig. 2.5. Also the Bethe Ansatz (BA) has been utilized [45, 58]
to gather insights into the Kondo model, e. g., concerning the universality
of the scaling equation, it was pointed out by Andrei et al. [45] that only

1 See Ref. [57] for an educational example of an exact renormalization procedure for the 1-D
Ising chain where the interacting chain can be changed to a simpler system by modifying the
interaction, eventually flowing to the noninteracting case.
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the second order terms in β(J) are universal for different scaling schemes.
Nozières’ approach has also been generalized and reformulated using the
conformal field theory (CFT) [52, 59, 60], relating the picture of FL theory to
interacting quasi-particle fermions. They are related to the original fermions
via a linear combination of left and right movers, where only the right movers
are phase shifted by a factor of π/2, effectively removing the impurity from
the picture [52].

2.5 generalizations of the “original” kondo model

There are various experimental realizations of systems subject to Kondo phys-
ics, mostly due to the close connection to a category of experimental well-
controlled systems, called quantum dots. This development lead to various
generalizations of the Kondo model, e. g., the nonequilibrium Kondo model
and multichannel Kondo model described below. Among the many experi-
mental setups, we will reference only a few of them. They solely provide an
embedding of our theoretical studies, outlined in the remainder of this thesis,
towards experiments. Nevertheless, it should be stressed that we do not aim
at a comparisons towards experimental results in the following parts of this
thesis.

2.5.1 Quantum Dots and Nonequilibrium

More than 10 years after the solution of the Kondo model by Wilson [25],
it was realized by Glazman and Raikh [17] and Ng and Lee [18] indepen-
dently that not only the resistance minimum of impurities in metals must be
attributed to the Kondo effect, but that this effect is also responsible for an
anomaly in the conductance they predicted to be measured in quantum dot
systems.

Quantum dots are very localized and isolated areas, embedded in a sur-
rounding conductive material, and characterized by the presence of only a
finite number of electrons. Adding or removing a single electron to the area
is associated with a significant change in energy of the dot. In essence, quan-
tum dots can be seen as artificial atoms resembling a discrete level structure,
provided that the electron wavelength is much larger than size of the quan-
tum dot, and finite level spacing δ. Unlike impurity systems, quantum dots
offer much more control over their properties as well as flexibility to their
surroundings. An example of crucial relevance to this thesis are nonequilib-
rium situations, where two or more leads at different chemical potentials are
in contact with the dot, driving the system out of equilibrium.

The anomaly in quantum dots, showing the close connection between those
two separate systems, reveals itself in the Coulomb blockade regime. Using the
electrical circuit analogy of a capacitor for the dot, the capacitance is given
by C = e2/U where U is the Coulomb repulsion between electrons. The
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figure 2 .6: Schematic picture of the emergence of Coulomb peaks and valleys in
a conductance measurement of a quantum dot. The electron addition energy ∆n is
tuned via an external gate voltage Vgate relative to the external bias voltage V between
two leads. The left-hand side shows conductance oscillations with conductance peaks
and valleys. (a) indicates the Coulomb blockade regime with no states available in the
voltage-window and (b) the tunneling regime, where ∆n is available.

charging energy EC required to add an additional electron to the dot is given
by EC = e2/2C = 2U. Introducing the electron addition energy

∆n = En+1 − En, (2.39)

one can schematically depict a dot in contact with two leads at different chem-
ical potentials µL > µR, as shown in Fig. 2.6. Using an external gate voltage
Vgate, the electron addition energy levels can be shifted into the applied volt-
age window µR < ∆n < µL. In this situation, sequential tunneling from
the left to the right lead is possible. If ∆n is not accessible from the leads,
no sequential transport is allowed and the conductance through the dot is
zero; this is the Coulomb blockade. By varying Vgate over a wide region, the
dot is shifted repeatedly though tunneling and blockade regions, resulting
in the characteristic Coulomb peaks and valleys in an conductance measure-
ment [23]. For a single Coulomb blockade valley, the situation is similar to
the local moment regime from Sec. 2.1 above. With only a single orbital being
zero, singly, or doubly occupied the Hamiltonian is given by

Hdot = ∑
σ=↑,↓

δnσ + EC
(
n↑ + n↓

)2
= ∑

σ=↑,↓
(δnσ + EC) + Un↑n↓. (2.40)

Identifying εσ = δnσ + EC one recovers the Anderson impurity model (AIM)
from Eq. (2.1).

As for the impurities, quantum dot setups show features attributed to the
Kondo effect below the characteristic Kondo scale TK, given for the AIM as
ln TK ∼ εd(εd + U)/U [62]. In contrast to impurities, the anomaly is not an
enhanced resistivity, but rather an enhanced conductance in the Coulomb
blockade regime up to the unitary limit G0 = 2e2/h for odd occupation num-
bers of the dot. The two analogies are sketched in Fig. 2.7. In both systems,
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figure 2 .7: Analogy between the increase of the resistivity and the conductance in
impurities and quantum dots, respectively, from Ref. [61]. In both cases, the dashed
blue lines show the expected behavior without Kondo Physics, while the solid red
lines are attributed to the Kondo effect. The right schematic picture shows the increase
of the resistivity due to the impurity and the left picture shows the increase of the
conductance up to the conductance quantum for sufficient low temperatures.

transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "ε0(ε0 # U)/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16). Following the work
in (17), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is )75 nm). The
2DEG with electron density nS! 2.6 * 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5 ,m; inner perimeter, 6.6 ,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size )200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. ε0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "ε0(ε0 # U)/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16). Following the work
in (17), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function
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versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is )75 nm). The
2DEG with electron density nS! 2.6 * 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5 ,m; inner perimeter, 6.6 ,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size )200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. ε0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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figure 2 .8: Enhanced conductance up to the unitary limit G0 = 2e2/h. The left-hand
side shows the conductance oscillating between Coulomb peaks and valleys when the
gate voltage is changed. For odd occupation numbers the conductance enhances as
the temperature is lowered. The right-hand side shows the emergence of a zero-bias
Kondo peak in the differential conductance at low temperatures. The experimental
figures have been taken from Ref. [23].

the Kondo effect enhances the scattering processes, leading to an enhanced
resistivity in the former, where in a classical picture scattering reduces the
movement of the electrons, and an assistance of the conduction electrons to
bridge the Coulomb blockade regime in the latter.

The enhancement of the conductance due to the Kondo effect has also been
confirmed by experiments [9, 23], as for example shown in Fig. 2.8 taken from
Ref. [23]. Here the quantum dot consists of an Aharonov-Bohm ring in a two-
dimensional electron gas, which is subject to an external magnetic field of
B = 0.4 T. This system shows a clear enhancement of the conductance in
the Coulomb blockade regime as well as a zero-bias peak in the differential
conductance when the temperature is lowered over the range of 500 mK to
15 mK.
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figure 2 .9: Multichannel Kondo model. (a) The underscreened (S = 1, K = 1) and
(b) the overscreened (S = 1, K = 3) Kondo model depicted as a lattice model to
explain the emergence of an effective ferromagnetic λeff < 0 or antiferromagnetic
λeff > 0 Kondo model, respectively. The impurity spin S is screened and results in
the formation of an effective spin Seff, which interacts (anti)ferromagnetic with the
remaining spin sel,1, depending on the orientation of Seff.

Although Wilson’s numerical renormalization group (NRG) method [25]
was able to provide a full solution of the Kondo model in equilibrium, until
now no complete picture of the Kondo model out of equilibrium has been
established. Nonequilibrium setups, where the quantum dot is coupled to
reservoirs with different chemical potentials driving a current through sys-
tem, are encountered naturally in experimental setups. Here, the stationary
state of the dot is a full nonequilibrium state, where the NRG method does
not apply. The NRG focuses on the ground state properties of the quantum
dot, but a finite voltage introduces exited states which equally contribute to
the current, not considered by NRG. This difficulty triggered various per-
turbative RG studies [27, 29, 32, 33], which are well controlled in the weak
coupling regime if at least one energy scale (magnetic field h0, voltage V,
temperature T) is larger than the critical crossover energy scale TK. The real-
time renormalization group (RTRG) method considered in this thesis is build
upon these ideas.

2.5.2 Multichannel Kondo Model: Underscreened and Overscreened

In addition to the challenging nonequilibrium problems in the Kondo model,
quantum dots also made more generalized screening situations attractive to
experimental studies, e. g., the higher spin and the multichannel Kondo ef-
fect [44]. For example, the two channel Kondo model of a single localized
spin was realized by Potok et al. [63], who used a GaAs/AlGaAs heterostruc-
ture on top of a two dimensional electron gas to built an artificial quantum
dot system, as described in the previous chapter. This setup contained about
25 electrons on the dot region in contact with two well separated reservoir re-
gions. They found characteristic non-Fermi liquid behavior in the differential
conductance, attributed to an overscreened Kondo model discussed below.
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To outline the particular interest of those systems, we will follow Affleck’s
description of the problem [52] using a lattice model for the system

H =
K

∑
α=1

∑
n≥0

t
(

c†
α,ncα,n+1 + H. c.

)
+ λS · c†

α,0
σ

2
cα,0, (2.41)

with hopping t between neighboring sites and (anti)ferromagnetic alignment
of neighboring spins for λ < 0 (λ > 0). Note that the impurity S is not part of
the chain and can in general be in interaction with K chains simultaneously,
which are denoted by the subscript α. In the limit λ/t → ∞ only a single
site n = 0 takes part in the interaction with the impurity S = |S| and for the
screened situation, K = 2S, the lowest energy state is a singlet between S and
n = 0.

In contrast to the exact screening of the original Kondo model below TK, the
situation changes in case of K 6= 2S, namely the two situations of (a) the un-
derscreened Kondo model for K < 2S or (b) the overscreened Kondo model
for K > 2S.

In both situations, the effective remaining spin on the dot is given by
|S− K/2|, as shown in Fig. 2.9. If subsequently the next site is also made
available by increasing the hopping probability t/λ � 1, the effective spin
Seff at site n = 0 acts as a new effective impurity spin, leading to a new
interaction λeff ∼ t2

λ > 0 between site n = 0 and n = 1

λeffSeff · sel,1. (2.42)

Of course, the impurity must be taken into account, leading to an effective
spin Seff = S + Ksel,0. In the underscreened case of (a), the effective spin Seff
will be antiparallel to the direction of sel,0, thus switching the system to an
effective ferromagnetic configuration λeff < 0. In the opposite case (b), the
spins are parallel Seff ‖ sel,0 and thus the system remains in an antiferromag-
netic configuration. The former goes to weak coupling under renormalization,
as it was argued in Sec. 2.4, which is therefore consistent with the original
antiferromagnetic λ > 0 assumption. The latter is not consistent, since both
λ and λeff go to infinity, which requires a fixed point at finite λ, the so-called
non-Fermi liquid fixed point, which exhibits interesting non-Fermi liquid be-
havior, such as a noninteger ground state degeneracy or characteristic power
laws in various observables [45].

2.6 observables in the kondo model

The observables considered throughout this thesis are the current and the
static and dynamical spin-spin correlation functions. In the case of a single
reservoir channel, the current operator is defined as change in the number of
particles in the left lead

IL ≡ −
d
dt

NL (2.43)
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with NL = ∑kσ c†
LkσcLkσ. Alternatively, one can use the right lead with IR =

dNR/dt. In case of a finite bias voltage V = µL − µR between left and right
lead2 the differential conductance is obtained as

G(T, V) =
dIL

dV
. (2.44)

For more than a single channel i = 1, . . . , K the current and hence the differ-
ential conductance of each channel for equal bias voltages are summed, see
Chap. 6, but are considered separately if the bias voltages Vi = µiL− µiR 6= Vj
differ, see Chap. 4.

Furthermore, the longitudinal spin-spin correlation function and suscepti-
bility are given by

S(t) =
1
2

〈
[Sz(t)H − 〈Sz〉st, Sz(0)H − 〈Sz〉st]+

〉
st

, (2.45)

χ(t) = i Θ(t)
〈
[Sz(t)H, Sz(0)H]−

〉
st

. (2.46)

Here the spin operators act on the impurity only. The time evolution of
Sz(t)H is given in the Heisenberg picture, Sz(t)H = ei Ht Sz e− i Ht, and the
average 〈 · 〉st refers to the stationary state at finite bias V or temperature T.
In presents of an external local magnetic field h0, the susceptibility is also
readily obtained from the magnetization M = 〈Sz〉 as

χ = −∂ M
∂ h0

. (2.47)

We investigate the correlation functions in frequency-space and thus apply
the Fourier transformation

S(Ω) =
∫ ∞

−∞
dt exp(i Ωt)S(t), (2.48)

where Ω ≡ Ω ± i δ (t ≥ 0). A similar definition holds for the susceptibility
χ(Ω) = χ′(Ω) + i χ′′(Ω). The static susceptibility of the impurity spin S can
be obtained via

χ = lim
Ω→0

χ′(Ω), (2.49)

which can be used to define the Kondo scale T0 via [13, 64]

χ(T = 0, V = 0) ≡ χ0 =
S(S + 1)

3T0
. (2.50)

Its relation to the Kondo temperature TK mentioned above in Eq. (2.36) will
be discussed further in Chap. 6. Throughout this thesis we use units such
that e = h̄ = kB = 1, but reinstate them when appropriate.

2 Throughout this thesis, without the lose of generality, the chemical potential of the left leads will
always be larger than that of the right leads, i. e., µL − µR ≥ 0.
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As discussed in the previous chapter, methods beyond the bare perturba-
tion theory used in Sec. 2.3 are required to treat the Kondo model (2.17)
at low energies in a controlled fashion. Various methods, e. g., Fermi liq-
uid (FL) theory [43], the Bethe Ansatz (BA) [58, 65–67], conformal field the-
ory (CFT) [68, 69], and the numerical renormalization group (NRG) [25, 70]
have successfully been used to study different regimes of the Kondo model
in equilibrium. While these methods work fine for equilibrium situations,
there are only a few methods suitable for the nonequilibrium Kondo model,
where a finite bias voltage drives a current through the dot. Among these
methods are scaling methods [27, 29, 35] and the flow-equation method [34].
However, both approaches are restricted to the weak-coupling regime of the
Kondo model. We will use a method from a third category of approaches
beyond a bare perturbative treatment, namely the real-time renormalization
group (RTRG) method [38, 42], which has recently been extended to the
strong-coupling regime [71].

This chapter gives a rather general overview over the two different schemes
of the RTRG method used in this thesis. Sec. 3.1 introduces the framework of
the RTRG method and sets the stage for the two schemes: The Λ-flow scheme
in Sec. 3.2 and the E-flow scheme in Sec. 3.3. The former is used to gather
analytic insights into the weak-coupling properties of the Kondo model in
Chaps. 4 and 5, while the latter is especially suitable to study the crossover
from the weak- to the strong-coupling regime of the screened Kondo model,
which is studied in Chap. 6.

3.1 general considerations

The RTRG method can be used to derive results for the transport properties
of the Kondo model and alike models, where divergencies can be resummed.
Usual quantities of interest are the electron current and the (differential) con-
ductance through the quantum dot as well as the correlation functions. Fur-
thermore, the effect of screening processes to an external magnetic field h0,
which splits the up and down energy levels of the dot, and the time evo-
lution of observables, which is closely related to the decoherence and relax-
ation rates of the system, can be studied. A detailed description of the RTRG
method has been given in Refs. [38, 42, 55], which will be summarized in the
following. In this section we will first recall the key preparation steps of the
RTRG method up to the point, where the actual renormalization procedure
has to be applied, which is then subject of the following sections.

33
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As mentioned already in the introduction, the RTRG method is built upon
a perturbative expansion of the interaction between the dot and the reser-
voirs. In order to treat the interaction term HT of the Kondo model (2.17)
systematically,1 it is convenient to rewrite the lead part of HT in a normal
ordered form and use a continuum representation of the reservoir operators
ck→ω with frequency ω. The interaction is then given by

HT =
1

2ν0
∑
11′

Jα,α′S · σσσ′c
†
1c1 =

1
2 ∑

11′
g11′ : c1c1′ :, (3.1)

where : . . . : denotes normal ordering2 and g11′ is the coupling vertex

g11′ =
1
2




(Jαα′) S · σσσ′ for η = −η′ = +,

− (Jα′α) S · σσ′σ, for η = −η′ = −.
(3.2)

In Eq. (3.1) a compact multi-index notation 1 ≡ η, ασω is used, which in-
cludes creation and annihilation operators, denoted by the index η = ±. The
sum over η, α, and σ, as well as the integral over ω are taken implicitly in the
following. Furthermore, a compact notation 1̄ ≡ −η, ασω is defined, which
changes only the sign of η, but keeps all remaining indices fixed. This com-
pact notation is used in the remainder of the thesis repeatedly, but changes
slightly between the different renormalization group schemes. It will be ex-
plicitly noted if the definition is altered.

By going to a continuum representation of the reservoir operator, one also
has to introduce a density of states

Nα(ω) = ∑
k

δ(ω− εαkσ + µα) (3.3)

for reservoir α with energy εαkσ at the chemical potential µα. To summarize,
the notation for the fermionic field operators is given by

c1 ≡ cη,ασω =





c†
ασ(ω) for η = +,

cασ(ω) for η = −,

cασ(ω) = ∑
k

δ(ω− εαkσ + µα)cαkσ.

Due to the suppression of high-energy excitations in the Kondo model, see
the Schrieffer-Wolff transformation in the previous Sec. 2.2, a cutoff D has
to be included in the reservoirs density of states, which is assumed to be

1 Note that usually the interaction term is denoted by V ≡ HT in works related to the RTRG
method [38, 39, 42] and hence the Liouvillian introduced in Eq. (3.7) is denoted by LV ≡ LT. For
consistency with the previous chapter, LT is used throughout this thesis.

2 In a normal ordered expressions : . . . : all annihilation operators are ordered to the right of the
creation operators.
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figure 3 .1: Time evolution of the density matrix (3.6). (a) The sketch depicts the
time evolution of the density matrix ρ(t) from t0 to t using the forward and backward
branches of the Keldysh contour, starting from ρ0 = ρ(t0). (b) The same time evolution
can be written using the superoperator L, which can be understood as folding the
upper and lower parts of the contour together. For convenience, the time direction
points from right to left, resembling the action of operators to the right.

reservoir- and spin-independent in the following. A flat band density of states
is used to incorporate a Lorentzian cutoff

N(ω) =
ν0D2

D2 + ω2 , (3.4)

where the reservoir bandwidth is 2D and ν0 is the constant density of states
from the previous Sec. 2.2.

The general stating point is the time evolution of the density matrix of the
full system ρ(t), which is governed by the von Neumann equation

ρ̇(t) = − i [H, ρ(t)]− . (3.5)

This equation is formally solved by

ρ(t) = e− i H(t−t0) ρ(t0) ei H(t−t0) = e− i L(t−t0) ρ(t0). (3.6)

It is assumed that for t < t0 the reservoirs and quantum dot are decoupled
and hence that the initial density matrix at t = t0 is of the form ρ(t0) =
ρS(t0)∏ ρα

res. Here ρα
res is the grand canonical density matrix of reservoir α

including the chemical potential µα and ρS(t0) denotes the initial density
matrix of the dot system.

The Liouvillian L in Eq. (3.6) is defined via L . = [H, . ]−, acting as a su-
peroperator in Liouville space. Due to the definition via the commutator,
superoperators share a common depiction via the Keldysh contour, where
left and right acting operators are related to the usual forward and back-
ward branches of the time evolution, respectively. To bridge this concept to-
wards superoperators, the forward and backward time evolution branches
are folded on top of each other to represent L, as shown in Fig. 3.1. Details
on the superoperators in Liouville space used to study the Kondo model are
given in App. A.

L can be split accordingly to the Hamiltonian (2.17) into the parts of the
dot L(0)

S . = [HS, . ]−, the reservoirs Lres . = [Hres, . ]−, and the exchange in-
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teraction LT . = [HT, . ]−. Similar to the interaction HT in Eq. (3.1) we obtain

LT =
1
2

p′Gpp′

11′ : Jp
1 Jp′

1′ :, (3.7)

where Gpp′

11′ and Jp
1 are now superoperators in Liouville space for the reservoir

operators and the coupling vertex,

Jp
1 O =





c1 O for p = +,

O c1 for p = −,
Gpp′

11′ O = δpp′





g11′ O for p = +,

−O g11′ for p = −,
(3.8)

and p = ± is the Keldysh index acting on the upper or the lower branch of
the Keldysh contour. A detailed introduction to the Keldysh formalism can
be found in Ref. [72].

The central object of the analysis is the reduced density matrix of the dot
ρS(t), which incorporates the reservoir effects by tracing out the reservoir
degrees of freedom. Instead of studying the time evolution of the density
matrix directly, one rather performs a Laplace transformation

ρS(E) =
∫ ∞

t0

dt ei E(t−t0) ρS(t)

= Trres
i

E− L(E)
ρS(t0)ρres, (3.9)

where E is the Laplace variable. In order to calculate ρS(E), one expands in
the exchange interaction,

ρS(E) = i Trres

∞

∑
n=0

(
1

E− Lres − L(0)
S

LT

)n
1

E− Lres − L(0)
S

ρS(t0)ρres, (3.10)

which, in combination with the evaluation of the reservoir parts, is eventually
evaluated using a diagrammatic representation in Liouville space.

To proceed, the trace in Eq. (3.10), or equally the expectation value with
respect to the grand canonical density matrix ρα

res of the noninteracting reser-
voirs, has to be evaluated. Since both affect the reservoir superoperators Jp

1 of
LT in Eq. (3.7) only, Wick’s theorem can be used once all Jp

1 ’s are moved to
the right of (3.10). This involves the commutation relation

Jp
1 Lres = (Lres − x1) Jp

1 , (3.11)

which yields additional energy shifts of the form xi = ηi(ωi + µαi ) in the
denominators of Eq. (3.10). The Lres can then be omitted in the denominators
due to Trres Lres = 0. Using Wick’s theorem, the expectation value can be
decomposed into a sum of contracted pairs of reservoir operators. Such a

pair contraction γ
pp′

11′ is given by

γ
pp′

11′ = Jp
1 Jp′

1′ ≡ δ11̄′ N(ω)p′ fα(ηp′ω), (3.12)



3.1 general considerations 37

where fα(ω) is the Fermi distribution function (2.26) of reservoir α. All possi-
ble combinations of contractions as well as the energy shifts in the resolvents
are evaluated using a diagrammatic representation, which was introduced by
Schoeller [42]. The rules to derive equations from the diagrammatic approach,
which follow along the lines of standard perturbation theory diagrams, will
be briefly recalled below. The n-th order of the perturbative expansion of the
reduced density matrix (3.10) after applying Wick’s theorem has the form

ρS(E) −→ i
S
(−1)Nperm

(
∏ γ

) 1

E− L(0)
S

× G
1

E + X1 − L(0)
S

G . . . G
1

E + Xn − L(0)
S

G
1

E− L(0)
S

ρS (t0) . (3.13)

From a given diagram, each element in this equation can be obtained by
transferring the diagram in accordance to Ref. [42], where:

• S = 2m is a symmetry factor for m pairs of two vertices which do not
generate new diagrams by a permutation of field operators.

• Two diagrams are considered equal if they can be transformed into each
other by only interchanging the field operators Jp

1 of a vertex.

• (−1)Nperm is a fermionic sign factor generated by the Nperm interchanges
of fermionic field operators to pair them for a contraction γ.

• γ ≡ γ
pp′

11′ is a contraction with adequate indices 11′ and pp′.

• G ≡ Gpp′

11′ is the two-point vertex (3.7) with adequate 11′ and pp′.

• 1/(E + X− L(0)
S ) is a resolvent which occurs between each two vertices,

where X = ∑i xi is the frequency argument depending on which con-
tractions i are crossed by a vertical line.

The resulting sum over all possible combinations of irreducible diagrams
defines [38, 42] the irreducible kernel Σ(E), which is given by

Σ(E)→ 1
S
(−1)Np

(
∏ γ

)
irreducible G

1

E + X1 − L(0)
S

G . . . G
1

E + Xn − L(0)
S

G.

(3.14)

Σ(E) is used to rewrite the expansion (3.13) in terms of a geometric series.
Similar to the Dyson equation for Green’s functions, the series can be re-
summed

ρS(E) =
i

E− L(0)
S

∞

∑
n=0

(
Σ(E)

1

E− L(0)
S

)n

ρS(t0)

=
i

E− Leff
S (E)

ρS(t0), (3.15)
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where the effective dot Liouvillian is given by

Leff
S (E) = L(0)

S + Σ(E). (3.16)

Here, the first term L(0)
S . = h0 [Sz, . ] describes the action of a possible applied

magnetic field h0 on the spin, whereas the second term Σ(E) incorporates all
interaction effects of the coupling to the leads.

It was realized by Schoeller and Reininghaus [38] that the number of dia-
grams for Σ(E) can be significantly reduced by a partial resummation of all
closed subdiagrams between two vertices, which are considered by replacing
the bare quantities in the resolvent by effective quantities

1

E + X− L(0)
S

→ 1
E + X− Leff

S (E + X)
, (3.17)

where X is the energy shift due to Eq. (3.11). At this point, it is convenient to
introduce the general structure of a resolvent

Π(E) =
1

E− Leff
S (E)

= ∑
j

1
E− λj(E)

Pj(E), (3.18)

where j runs over all eigenvalues λj(E) of the effective Liouvillian Leff
S (E) =

∑j λj(E)Pj(E). The corresponding projectors Pj(E) are obtained by

Pj(E) =
∣∣vj(E)

〉 〈
v̄j(E)

∣∣ , (3.19)

where
∣∣vj(E)

〉
and

〈
v̄j(E)

∣∣ are the right and left eigenoperators3 of Leff
S (E),

respectively. For the evaluations of the contractions in Σ(E), the frequency
dependence of the resolvent (3.18) has to be approximated. Because this is
done in sightly different ways in the Λ- and the E-flow scheme, we will
discuss the approximation separately in each section later.

Using the diagrammatic rules, the perturbative diagrams of the Liouvillian
and the vertex of the Kondo model are given by

Leff
S (E) = L(0)

S +
1
2

+ +O(G4), (3.20)

G12(E) =
12

+
(

1 2

− (1↔ 2)
)
+

1
2

21

+
(

1 2

+

21

− (1↔ 2)
)
+O(G4), (3.21)

3 Superoperators in Liouville space act on operators in the same way operators in Hilbert space
act on vectors.
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table 3 .1: Summary of notations and objects used in the diagrammatic represen-
tation of the Λ- and E-flow scheme. The chemical potentials in the leads µ̄i ap-
pear in the resolvents together with the Laplace variable E in the combinations
E1...n ≡ E + µ̄1 + . . . + µ̄n. Indices 1 and 2 are chosen appropriately to left and right
connections. Note that the contraction in the Λ- and E-flow scheme differ. There are
also more diagrammatic elements defined in this table than there are used up to this
point. Those remaining elements are required for the E-flow scheme introduced in
Sec. 3.3.

symbol name rule

Bare two-point vertex G(0)
12 Indices connected by

contraction are fixed to 1↔ 1̄

Effective two-point vertex
G12(E12, ω̄1, ω̄2)

E12 = E + µ̄1 + µ̄2 from
resolvent to its left

Two-point vertex G12(E12) G12(E12, ω̄1 = 0, ω̄2 = 0)
B± Bare spin vertex B± Add Ω to all E left to B±

Resolvent Π(E12 + ω̄12) E12 and ω̄12 determined by
vertical cut through
contractions

Derivative ∂
∂E Π(E12 + ω̄12) Derivative with respect to

Laplace variable E

Contraction γ
pp′
12 (ω) E-flow scheme: asymmetric

Fermi function f a(ω̄)

Contraction γ
pp′
12 (ω) E-flow scheme: asymmetric

Fermi function f a(ω̄),
integrate over ω̄

Derivative ∂
∂ω̄ γ

pp′
12 (ω, ω′) Derivative of Fermi function

f ′(ω̄)

Π(E1...n + ω̄1...n + ω̄)−
Π(E1...n + ω̄1...n)

ω̄ is the frequency of the
contraction
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where the diagrams include terms up to the third order of the vertex O(G3),
which is called third order or 2-loop interchangeable in the following. All ele-
ments occurring in the above and in the following diagrams are summarized
in Tab. 3.1. The evaluation of these diagrams is still impossible due to the
divergencies of the internal frequency integrations in the scaling limit (2.32),
where the bandwidth D → ∞.

Until this point all derived expressions have been exact. To proceed fur-
ther and calculate the effective Liouvillian Leff

S (E), the perturbative expan-
sion has to be truncated. As it has been argued in the previous chapter, the
consistent treatment of the Kondo effect requires higher-order contributions,
which precludes a simple truncation of the expansion at finite order n. One
way to account for the higher order contributions is via a renormalization
group (RG) procedure, where rather than solely truncating the series, the
reservoir degrees of freedom are removed via the introduction of a flow pa-
rameter, eventually justifying a truncation at a finite order n of the interaction
vertex O(Gn).

The two different flow parameter schemes used in this thesis are discussed
in the following Secs. 3.2 and 3.3. However, two additional generally required
quantities have to be defined first.

3.1.1 Stationary State

In this thesis, we are primarily interested in the stationary state properties of
the system. The stationary state is reached for E = i 0+, which is equivalent
to t0 → −∞. The stationary reduced density matrix is therefore given by

ρst
S = lim

E→i 0+

E
E− Leff

S (E)
ρS(t0). (3.22)

Alternatively, it has also been shown [42] that ρst
S can be obtained by solving

the kinetic equation

Leff
S (i 0+)ρst

S = 0, (3.23)

where the stationary state density matrix ρst
S is an eigenoperator of the effec-

tive Liouvillian Leff
S (E) with eigenvalue λ0(E) = 0.

3.1.2 Current Vertex and Current Kernel

Finally, to study the stationary current introduced in Eq. (2.43), one can intro-
duce a current vertex and current kernel [42] in the following way:

〈IL〉(t) = TrS Trres

(
− i LL

I

)
e− i L(t−t0) ρ(t0), LL

I . =
i
2

[
IL, .

]
+

. (3.24)
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In analogy to the interaction vertex Gpp′

11′ , defined in Eq. (3.7), the investigation

of the current requires a current vertex, which is denoted by (IL)
pp′

11′ and
defined via

LL
I =

1
2

p′
(

IL
)pp′

11′
: Jp

1 Jp′

1′ :,
(

IL
)pp′

11′
= cL

11′ p
′Gpp′

11′ (3.25)

where cL
11′ = − 1

2 (ηδαL + η′δα′L). The current vertex, averaged4 with respect
to the Keldysh indices, is given by

ĪL
11′ = ∑

p

(
IL
)pp′

11′
. (3.26)

In analogy to the effective dot Liouvillian (3.16) a current kernel ΣL(E) is
introduced [42], from which the stationary state current (2.43) follows as

〈IL〉st = − i TrS

[
ΣL(i 0+)ρst

S

]
. (3.27)

Here, the trace TrS is taken over the Liouville space of the Hilbert space of the
dot and the stationary limit defined in (3.23), is considered. Because this trace
is always taken when the current vertex and current kernel are evaluated,
only superoperators O with nonvanishing trace TrS O 6= 0 do contribute, and
thus it is always assumed implicitly

ΣL ≡ TrS ΣL, ĪL
11′ ≡ TrS ĪL

11′ . (3.28)

Lastly, it shall be stressed that the diagrams for the current kernel and
current vertex are almost identical to the diagrams for the Liouvillian (3.20)
and the interaction vertex (3.21), respectively. The only difference is that the

first interaction vertex Gpp′

11′ in each diagram has to be replaced by the current

vertex (IL)
pp′

11′ from Eq. (3.25).

3.2 Λ-flow scheme : weak coupling

Very generally, the diagrammatic expression of the kernel (3.20) can be writ-
ten in a functional form

Leff
S (E) = LS + F (γ , LS , G ; E) , (3.29)

depending on the contraction γ, the Liouvillian LS, and the two-point inter-
action vertex G. The functional F represents the rules used to evaluate the
irreducible diagrams. The reservoir degrees of freedom are removed by intro-
ducing a flow parameter Λ in the contractions γΛ and therefore successively
in the thereby renormalized vertices GΛ and the renormalized Liouvillian LΛ

S .

4 The reason why this is a useful quantity will be discussed in the discrete step of Sec. 3.2.1.
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This renormalization should keep the diagrammatic rules unchanged and
thus the functional F must not depend on Λ, which gives

Leff
S (E) = LΛ

S (E) + F (γΛ , LΛ
S (E) , GΛ (E) ; E) , (3.30)

where the additional E-dependence of LΛ
S (E) and GΛ (E) is required to

assure the invariance of (3.30). The introduced Λ-dependence is in general
arbitrary, but has to fulfill the boundary conditions for the contraction

(
γΛstart

) p p ′

11 ′
= γ

p p ′

11 ′ ,
(

γΛend
) p p ′

11 ′
= 0. (3.31)

The former condition assures that the renormalization starts from the un-
renormalized theory, where the latter is defined this way for convenience
such that the functional (3.29) vanishes at Λend. As a first necessity, the intro-
duced cutoff scheme has to provide that high-frequency divergencies are cut
off, e. g., like

(
γΛ
)pp′

11′
= γ

pp′

11′ Θ(Λ− |ω|), (3.32)

where the flow parameter at the start and the end have to be chosen such that

Λstart = ∞, Λend = 0, (3.33)

fulfill the boundary conditions (3.31).
The RG equations, which describe how the change in γΛ introduced by

Λ modifies the Liouvillian and its related quantities to remain the diagram-
matic rules F invariant, are derived by continuously changing Eq. (3.30) with
respect to Λ, i. e., taking the derivative. Before we proceed with that, it turned
out to be essential to perform a discrete step first [38].

3.2.1 Discrete Step

As the reservoirs are removed, a alone-standing eigenvalue λ can appear in
the denominator of the resolvents (3.18) in the expansion series. In case of the
stationary state (3.23) there exists an zero eigenvalue λ0 = 0 for E→ 0, which
can lead to divergencies in the expansion. It was shown in Ref. [38] that λ0
does never appear if the average over the Keldysh indices p is performed. To
that extent, the contraction is first divided in its symmetric and antisymmetric
parts

γ
pp′

11′ = (γs)
pp′

11′ + γa
11′ , (3.34)

where the two terms are given by

(γs)
pp′

11′ = p′δ11̄′
1
2

N(ω), γa
11′ = δ11̄′N(ω) f a(ηω), (3.35)
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using the symmetric and antisymmetric parts of the Fermi function f (ω) =
1
2 + f a(ω) with f a(ω) = f (ω) − 1

2 , see Eq. (2.26). As it can be seen from
Eq. (3.35), the Keldysh index p′ does only appear in combination with the
symmetric part of the contraction. Therefore, the cutoff in (3.32) has to be
introduced in such a way that for Λ→ Λend = 0 only the antisymmetric part
of the Fermi function remains.

Once the symmetric part of γ
pp′

11′ is removed, the average over the Keldysh
index p can be taken. It is therefore useful to decompose the vertex

Gpp
11′ =

Ḡ11′ + pG̃11′

2
, (3.36)

where Ḡ11′ = ∑p Gpp
11′ and G̃11′ = ∑p pGpp

11′ . The above statement that the zero
eigenvalue λ0 does not occur once ∑p is taken is equivalent to

Pλ0(E) Ḡ11′ = 0. (3.37)

Therefore, after performing the discrete step, only combinations of the anti-
symmetric contraction γa and Ḡ11′ appear in the diagrams and the symmet-
ric part is accounted for by all other quantities. Because the symmetric Fermi
function is just a constant, the frequency integrations over N(ω) and at most
one f a(ω) can be performed analytically [42]. Considering only the leading
order diagrams in Eqs. (3.20) and (3.21) with all symmetric contributions, the
discrete step yields

La
S(E) = L(0)

S − i
π2

16
DḠ12Ḡ2̄1̄ −

π

4
DḠ12G̃2̄1̄

+
π2

32
Ḡ12

(
E12 − L(0)

S

)
Ḡ2̄1̄ − i

π

4
Ḡ12

(
E12 − L(0)

S

)
G̃2̄1̄ (3.38)

and

Ḡa
12 = Ḡ12 − i

π

2
(
Ḡ13G̃3̄2 − Ḡ23G̃3̄1

)
. (3.39)

3.2.2 Continuous Step

We continue with the antisymmetric part of the contraction and recapture,
how in detail the cutoff Λ is introduced to the Fermi function f a(ω). Dif-
ferent than in Anderson’s Poor Man’s scaling (PMS), the Λ-dependence is
introduced in the contractions via a high-energy cutoff in the Fermi func-
tion f Λ(ω) given by

( f a)Λ (ω) = T ∑
n∈Z

ΘT(Λ− |ωn|)
i ωn −ω

, (3.40)

where ωn = (2n + 1)πT is a Matsubara frequency and θT(ω) is a theta func-
tion smeared by the temperature T. T also serves as a natural cutoff of the
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RG flow, which is not of interest in the weak-coupling RG. Thus, the limit
T → 0 is taken in Eq. (3.40) and one obtains for the remaining antisymmetric
contraction

(γa
11′)

Λ = δ11̄′N(ηω)T ∑
n

ΘT (Λ− |ωα
n|)

i ωα
n −ω

Tα→0−−−→ δ11̄′N(ω)
1

2π

∫ Λ

−Λ
dω′

1
i ω′ −ω

. (3.41)

Finally, applying the derivative with respect to Λ to Eqs. (3.20) and (3.21) as
well as considering the discrete step, i. e., only asymmetric contractions can
occur, the weak-coupling RG equations are

dLΛ
S (E)
dΛ

= −d
(
γa

1
)Λ

dΛ
(γa

2)
Λ ḠΛ

12(E)ΠΛ
12ḠΛ

2̄1̄(E12 + ω12)

− d
(
γa

1
)Λ

dΛ
(γa

2)
Λ (γa

3)
Λ ḠΛ

12(E)ΠΛ
12ḠΛ

2̄3(E12 + ω12)ΠΛ
13ḠΛ

3̄1̄(E13 + ω13)

(3.42)

and

dḠΛ
12(E)
dΛ

= −
{

d
(
γa

3
)Λ

dΛ
ḠΛ

13(E)ΠΛ
13ḠΛ

3̄2(E13 + ω13)− (1↔ 2)

}

− d
(
γa

3
)Λ

dΛ
(γa

4)
Λ ḠΛ

34(E)ΠΛ
34ḠΛ

12(E34 + ω34)ΠΛ
1234ḠΛ

4̄3̄(E1234 + ω1234)

+
d
(
γa

3
)Λ

dΛ
(γa

4)
Λ

{
ḠΛ

13(E)ΠΛ
13ḠΛ

24(E13 + ω13)ΠΛ
1234ḠΛ

4̄3̄(E1234 + ω1234)

− ḠΛ
34(E)ΠΛ

34ḠΛ
4̄1(E34 + ω34)ΠΛ

13ḠΛ
23̄(E13 + ω13)− (1↔ 2)

}
. (3.43)

Here and in the following translations of the RG diagrams, a short-hand
notation for the resolvent and the Laplace variable is frequently used:

ΠΛ
1...n =

1
E1...n + ω1...n − LΛ

S (E1...n + ω1...n)
(3.44)

and

E1...n = E +
n

∑
i=1

ηiµαi , ω1...n =
n

∑
i=1

ηiωi. (3.45)

Note that the sum over the multi-indices has to be taken implicitly, which
involves frequency integrations over the Fermi function. Instead of flowing
all the way from Λstart = ∞ to Λend = 0, one can equally start the flow
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from a fixed value Λ0 ∼ D, where the concrete relation is fixed later [cf.
Eq. (3.50)]. Contributions from Λ � D are negligible due to the presence of
the ultraviolet cutoff N(ω) in the reservoirs, see Eq. (3.4).

The perturbative series is only well-defined if the vertex Ḡ11′ stays small
during the whole flow. This condition requires the introduction [38] of a char-
acteristic energy scale Λc, which can be found by investigating the resolvent
ΠΛ(z) from Eq. (3.18). As mentioned above, the resummation of the subdia-
grams into the resolvent requires an additional approximation, since the ef-
fective Liouvillian acquires an additional z-dependence. One way to account
for this is to consider the poles of the resolvent

zj = λj(zj) (3.46)

and expand Eq. (3.18) around these poles5

ΠΛ(z) ≈ ∑
j 6=0

aj

z− zΛ
j

PΛ
j (zj), where aj =

1

1− dλj
dz (z

Λ
j )

. (3.47)

Note that j = 0 can not occur due to the discrete step in Sec. 3.2.1. The gain
of the approximation comes with the trade-off of having to solve Eq. (3.46)
self-consistently for the poles

zΛ
j = hΛ

j − i ΓΛ
j , where ΓΛ

j > 0, (3.48)

which are divided into their real and imaginary parts. The real part hj ≡ hΛ=0
j

will serve as a renormalized magnetic field and the imaginary part ΓΛ=0
j will

govern the decay of all observables towards the stationary state (3.23). The
resolvent behaves like 1/(i Λ) if Λ is larger than all occurring energy scales.
It does not diverge for Λ → 0, and rather becomes a constant, provided that
the characteristic energy scale is chosen such that

Λc = max
{
|E| , V, hj

}
� TK. (3.49)

This required condition is the reason why a flow to the strong-coupling
regime is not possible in the Λ-scheme, since at least one energy scale has
to be larger than the Kondo temperature TK, cutting of any flow to strong
coupling.

Induced by the energy scale Λc, the flow is further separated into two
regimes, Λ0 > Λ > Λc and Λ < Λc, where the RG equations are solved in
different ways:

Λ0 > Λ > Λc Above this scale, the cutoff rates Γ̃ j are only small correc-
tions compared to the other quantities appearing in the denominator and can

5 Note that we will use z instead of E for the Laplace variable if we consider the poles (3.46) of the
resolvent.
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be neglected. The relevant energy scale is Λ and thus, the resolvent scales
as 1/( i Λ) in the vertex RG equations. In this form, the first order of the
vertex is exactly the PMS solution from Sec. 2.4, which was obtained by An-
derson [50]. For Λ � TK its solution stays far away from divergence. Using
the PMS solution (2.31) for the vertex Jc = JΛ=Λc � 1, the Liouvillian can
be expanded around Jc . This serves as a staring point for the flow below
Λ < Λc .

In addition, this first step also yields the relation between Λ0 and the band-
width D

Λ0 =
π2

16 ln(2)
D, (3.50)

which has to be chosen in such a way to counter linear terms in D in the initial
conditions form the antisymmetric step (3.38). With this relation eliminating
the bandwidth D from the RG equations, the universal scaling limit, defined
by the PMS solution (2.31) as [cf. Eq. (2.32)]

D → ∞, J0 → 0, TK = constant, (3.51)

can be taken safely.

Λ < Λc Below the characteristic energy scale the rates are only weakly
renormalized and have the form ΓΛ

j ≈ Λc J 2
c , which can be considered as con-

stant below Λc . The rates appear in the resolvents of the vertex and, therefore,
lead to logarithmically enhanced vertex contributions of the form

JΛ ∼ Jc


1 + Jc ln

Λc∣∣∣Λ + i ΓΛ
j

∣∣∣


 ≈ Jc (1 + Jc ln Jc + . . .) . (3.52)

Thus, the next-to-leading order logarithmic correction is still a perturbative
correction Jc ln Jc � 1 and the truncation with respect to the vertex order
is still valid. Furthermore, the Liouvillian and the irreducible block can be
expanded in Jc and calculated now considering the next-to-leading order
logarithmic corrections in the resolvent.

This method has been developed and successfully applied to the spin-1/2

Kondo model in Refs. [38, 39, 42, 55] and serves as a framework for Chaps. 4

and 5.

3.3 E-flow scheme : weak to strong coupling

The E-flow scheme is an alternative way of implementing a renormalization
group scheme and has been developed by Pletyukhov and Schoeller [71].
Instead of introducing a cutoff function in the Fermi function of the contrac-
tions, as shown in Eq. (3.40), the frequency integrals occurring in the per-
turbative expansion (3.20) and (3.21) are rendered convergent by considering
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derivatives with respect to the Laplace variable E. This allows to perform the
scaling limit (2.32) already before the flow to lower energies, using universal
initial conditions from the perturbative result at high energies. For this reason,
no specific high-energy cutoff in the contractions is required and, compared
to the previous outlined Λ-flow scheme, where the flow had to be divided
into two separated steps, the procedure is more straight forward to apply.

The starting point is, as for the Λ-flow scheme, the effective Liouvillian
Leff

S (E), or equivalently the irreducible kernel Σ(E), in Eq. (3.15). The dia-
grams in Eqs. (3.20) and (3.21) consider already resummations of all closed
subdiagrams into new resolvents

Π(E + ω̄) =
1

E + ω̄− Leff
S (E + ω̄)

. (3.53)

In addition, one also considers from now on resummations of effective ver-
tices

G12(E, ω̄1, ω̄2) =

12

+
(

1 2

− (1↔ 2)
)

, (3.54)

i. e., simply replacing the bare vertices by effective vertices in the diagrams.
Note that in the E-flow scheme we will not include the frequency ω in the
multi-index 1 ≡ ηασ and rather write ω̄ = ηω explicitly. Both, vertex and
propagator, are frequency- and E-dependent due to the resummation of dia-
grams into effective quantities.

As for the Λ-flow scheme, one starts from the perturbative diagrams for the
Liouvillian (3.20) and the vertex (3.21). As mentioned above, the perturbation
series suffers from divergencies, which appear in the internal frequency in-
tegrals when the limit D → ∞ is taken. To achieve convergence, one notes
that the Laplace variable E always appears in additive combination with the
frequency ω̄ in the resolvents (3.53). Thus, the first derivative of the vertex
and the second derivative for the Liouvillian render these integrals conver-
gent. The Laplace variable subsequently serves as flow parameter, hence the
name of the E-flow scheme. If the derivative is applied to the diagrams, one
obtains

1
2

∂2

∂E2 Leff
S (E) =

1
4

+ +O(G4), (3.55)

∂

∂E
G12(E, ω̄1, ω̄2) = −

(

1 2

− (1↔ 2)
)

−
(

1 2

+

21

− (1↔ 2)
)

+
1
2

21

+
1
2

21

+O(G4). (3.56)



48 renormalization group method

Note that all elements of the diagrams are summarized in Tab. 3.1. In a sec-
ond step, the derivative is moved from the resolvent to the contractions. Be-
cause the contractions do only depend on the internal frequencies ω̄i = ηiωi,
the Laplace-derivative has to be replaced by a derivative with respect to fre-
quency ∂

∂E → ∂
∂ω̄i

. An integration by parts then yields

∂2

∂E2 Leff
S (E) =

1
2

+O(G4), (3.57)

∂

∂E
G12(E, ω̄1, ω̄2) =

−
(

1 2

− (1↔ 2)
)
− 1

2
21

+O(G4). (3.58)

In this form the scaling limit D → ∞ [cf. Eq. (2.32)] can be taken directly, since
all integrals are convergent by construction. The cross on the contraction line

indicates the derivative of (3.12) with respect to the internal frequency,
which takes the form

γ
pp′

11′ (ω, ω′) = δ11̄′δ(ω̄ + ω̄′) γp′(ω̄), (3.59)

γp′(ω̄) = p′ f (p′ω̄) = f a(ω̄) +
p′

2
, (3.60)

and the frequency-derivative thus yields

∂

∂ω̄
γp′(ω̄) = f ′(ω̄) = f a′(ω̄), (3.61)

which does not involve any Keldysh indices. To remove the Keldysh index p′

also from the contraction without any derivative [last term in Eq. (3.58)], one
has to perform a formal frequency integration by closing the integration con-
tour in the upper half of the complex plane, which removes the symmetric
part p′

2 of the contraction. The integration requires a consistent approxima-
tion of the frequency dependence of the vertex and the Liouvillian, which is
analyzed for the vertex also in a diagrammatic way via

12

−
12

=

1 2

−
2 1

+O(G3). (3.62)

This replacement is essentially an integration by parts, where the filled bubble
is

G12(E) ≡ G12(E, ω̄1 = 0, ω̄2 = 0) (3.63)

and the bubble on the contraction depicts the difference of two resolvents
with one different frequency ω̄, which is indicated by the line of the bubble

≡ Π(E1...n + ω̄1...n + ω̄)−Π(E1...n + ω̄1...n). (3.64)
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This yields the final diagrammatic representation of the RG equations of the
Liouvillian and the vertex

∂2

∂E2 Leff
S (E) =

1
2

+ +

+O(G4), (3.65)

∂

∂E
G12(E) = −

(

1 2

− (1↔ 2)
)
− 1

2
21

−
(

1 2

+

21

− (1↔ 2)
)
+O(G4). (3.66)

Eqs. (3.65) and (3.66) are the final diagrams for the RG equations [71], system-
atically truncated up to the third order, i. e., including O(G3), which have to
be solved in the upcoming part of this thesis. Note that up to third order in
the renormalized exchange coupling we can use the following approximation
of the frequency dependence of the propagator

Π(E + ω̄) ≈ ∑
j 6=0

Zj(E)
ω̄ + χj(E)

Pj(E), (3.67)

which is the equivalent of Eq. (3.47) in the Λ-flow scheme, which does not
require any fixed points. Again, j runs over all eigenvalues λj(E) of the effec-
tive Liouvillian but λ0 = 0, which has been removed by taking the average
over the Keldysh indices [cf. (3.37)]. The corresponding projectors Pj(E) are
defined in (3.18). Furthermore, we have introduced

Zj(E) =
1

1− ∂
∂E λj(E)

, χj(E) = Zj(E)
[
E− λj(E)

]
. (3.68)

To solve the RG equations (3.65) and (3.66), one requires a full set of ini-
tial boundary conditions. In order to provide these, the RG flow starts at a
high energy E = i Λ0, with Λ0 of the order of the bandwidth D, where the
RG procedure agrees with the results from perturbation theory, which can be
obtained from Sec. 3.1 [see (3.20) and (3.21)]. As it turns out [71], the initial
conditions of the Liouvillian provided by the perturbation theory are nonuni-
versal and thus not suitable to fix the Liouvillian at low energies. In the case
of the differential conductance (2.44) and the local correlation functions (2.45),
the initial values of all flowing quantities have to be fixed by an additional
initial condition provided by the unitary conductance G0 at T = V = 0 in the
stationary limit E = 0. G0 is exactly known from equilibrium methods. The
precise implementation is discussed in detail later when the E-flow scheme
is applied to the screened Kondo model in Chap. 6.
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As already mentioned, the E-flow scheme will also be applied to the corre-
lation functions defined in Eq. (2.45) of the previous chapter. We will discuss
the derivation of its RG equations, which follow along the lines of the above
discussed steps, in detail in Chap. 6.



Part III

D I F F E R E N T K O N D O S E T U P S

A detailed analysis of the three different screening situations of
the Kondo model out of equilibrium is given in this part: The
overscreened, the underscreened, and the fully screened Kondo
model. All three models are studied with different variations of
the real-time renormalization group method, introduced in the
previous part. A summary and conclusion of the obtained results
is provided separately in each chapter.





4T R A N S P O RT P R O P E RT I E S O F A M U LT I C H A N N E L
K O N D O D O T I N A M A G N E T I C F I E L D

We study the nonequilibrium transport through a multichannel Kondo quan-
tum dot in the presence of a magnetic field. We use the exact solution of the
two-loop renormalization group equation to derive analytical results for the
g-factor, the spin relaxation rates, the magnetization, and the differential con-
ductance. We show that the finite magnetization leads to a coupling between
the conduction channels which manifests itself in additional features in the
differential conductance.1

4.1 introduction

The study of a localized spin coupled via an antiferromagnetic exchange in-
teraction J to K independent electronic reservoirs has a long history in con-
densed matter physics [13]. In the simplest case of K = 1 the electron spins
completely screen the local spin at low energies and thus lead to a Fermi
liquid. In a renormalization group (RG) analysis this situation is character-
ized by the divergence of the renormalized exchange coupling J(Λ) at the
Kondo scale Λ = TK. The situation is completely changed [44] if the spin is
coupled to more than one screening channel (K > 1). Then the renormalized
exchange coupling stays finite and flows to a nontrivial fixed point [44, 74, 75]
J∗ ∼ 1/K at low energies, which manifests itself in unusual non-Fermi liquid
behavior like a noninteger ground-state degeneracy or characteristic power
laws in various observables [76, 77].

The recent developments in the ability to engineer devices on the nanoscale
lead to the experimental realization [63] of two-channel Kondo physics in a
quantum dot setup [78]. In this setup it was possible to measure the differ-
ential conductance and observe universal scaling and square-root behavior
which are characteristic for the two-channel Kondo effect. This triggered theo-
retical studies [71, 79–88] of the transport properties of multichannel systems
using conformal field theory as well as numerical and perturbative RG meth-
ods. The latter uses a perturbative expansion in the renormalized exchange
coupling which is well-controlled provided K � 1. Specifically, Mitra and
Rosch [88] calculated the differential conductance, the splitting of the Kondo
resonance in the T matrix, and the current-induced decoherence in the ab-
sence of a magnetic field. Recently the spin dynamics was studied [71] in the

1 This chapter is based on C. B. M. Hörig and D. Schuricht, Transport properties of a multichannel
Kondo dot in a magnetic field, Phys. Rev. B 85, 134413 (2012), arXiv:1202.4558 [73].
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figure 4 .1:

Sketch of the K-channel Kondo
model (4.1). The channels are
labeled by i = 1, . . . , K, each
channel is decomposed into
two leads α = L, R held at
chemical potentials µi

L/R =
±Vi/2. The spin-1/2 on the dot
is subject to a magnetic field h0.
The exchange interaction J be-
tween dot and leads present in
all channels is depicted for the
Kth channel explicitly.
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absence of a bias voltage and shown to possess pure power-law decay with
an exponent g = 4/K.

In this chapter we extend the analysis of Mitra and Rosch [88] to include
an external magnetic field. We perform a real-time renormalization group
(RTRG) analysis [42] to derive the renormalized magnetic field, the spin re-
laxation rates, the magnetization of the quantum dot, and the current. In
particular, we focus on inelastic cotunneling processes, which lead to charac-
teristic features in the differential conductance whenever one of the applied
bias voltages Vi’s equals the value of the renormalized magnetic field. We fur-
ther show that the finite magnetization on the dot leads to a coupling of the
conduction channels, which results in additional features in the differential
conductance.

4.2 model

We consider a quantum dot possessing a spin-1/2 degree of freedom, which
is coupled via an exchange interaction J to K independent electronic reser-
voirs. At low energies each reservoir constitutes one screening channel for
the local spin, thus leading to an over-screened situation for K > 1. We will
thus use the terms reservoir and channel interchangeably. Furthermore, the
spin-1/2 is subject to an external magnetic field h0. Each reservoir consists
of a left (L) and a right (R) lead, which are held at chemical potentials µi

α,
α = L, R, i = 1, . . . , K (see Fig. 4.1). Specifically we consider the system

H = ∑
iαkσ

εk c†
iαkσciαkσ + h0 Sz +

J0

2ν0
∑
iαα′

kk′σσ′

S · σσσ′c
†
iαkσciα′k′σ′ . (4.1)

Here c†
iαkσ and ciαkσ create and annihilate electrons with momentum k and

spin σ =↑, ↓ in lead α of the reservoir i, σ denotes the Pauli matrices, and S is
the spin-1/2 operator on the dot. The antiferromagnetic exchange coupling
J0 > 0 is dimensionless in our convention. We stress that the exchange term
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does not couple different reservoirs. The chemical potentials in the leads are
parametrized by µi

L/R = ±Vi/2, thus applying a bias voltage Vi to each reser-
voir. Furthermore, we introduce an ultraviolet cutoff D in each reservoir via
the density of states N(ω) = ν0D2/(D2 + ω2). In the absence of a magnetic
field the transport properties of the model (4.1) have been previously studied
in Ref. [88].

4.3 renormalization group treatment

Following Ref. [42] we have performed a two-loop RTRG analysis including
a consistent derivation of the relevant relaxation rates. This method has been
successfully applied to study transport properties of other Kondo-type quan-
tum dots in the past [39, 41, 42, 89, 90].

4.3.1 Parametrization

As introduced in Sec. 3.1, we study the Kondo model using a perturbative
renormalization group method to derive the stationary reduced density ma-
trix (3.22)

ρst
S = lim

E→i 0+

E
E− Leff

S (E)
ρS(t0), (4.2)

where E is the Laplace variable and the object of interest to be calculated in
the following are the effective Liouvillian [cf. Eq. (3.16)]

Leff
S (E) = L(0)

S + Σ(E) (4.3)

and the irreducible kernel Σ(E). All operators are superoperators in Liouville
space, which are discussed in detail in App. A.

The spin-1/2 Kondo model without rotational symmetry has been stud-
ied previously by the use of the RTRG in Ref. [38], and we will follow their
parametrization for the Liouvillian LS(E), the vertex Ḡi

11′(E), the current ver-
tex ĪiL

11′(E), and the current kernel ΣiL(E); see also Secs. 3.1 and 3.2 for a
definition of each of them. We will briefly introduce the form of the Liou-
villian and kernel and the initial interaction and current vertex, but direct
the reader to Ref. [38] for a detailed application of the Λ-flow scheme of the
RTRG to this model. Nevertheless, we will point out important differences of
our calculation in the following.

The effective Liouvillian and the current kernel throughout the whole RG
flow are parameterized by

Leff
S (E, ω) = h(E, ω)Lh − i Γa(E, ω)La − i Γc(E, ω)Lc − i Γ3z(E, ω)L3z, (4.4)

where only the Zeeman term h0Lh . = h0 [Sz, . ] is initially present, and

ΣiL(E, ω) = i Γb
iL(E, ω)Lb + i Γ1z

iL(E, ω)L1z. (4.5)
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Note that the kernel and the vertices introduced below obtain an additional
index i, which referees to the channel associated with each quantity.

The vertices for h0 6= 0 generate a more complex structure in Liouville
space during the RG flow, which can be found in Ref. [38]. To introduce
notations used in the following discussion of the results, we only give their
initial values, starting in first order of J0, here

Ḡi(1)
11′ = −J0L2 · σ, (4.6)

ĪiL(1)
11′ = − J0

4
(δαL − δα′L)

(
L1 + L3

)
· σ, (4.7)

where the term ∼ L3 can be safely omitted because of the implicit trace [cf.
Eq. (3.28)].

4.3.2 Two-Loop RTRG Analysis

The starting point is a RG equation for the renormalized exchange coupling
J(Λ) obtained by integrating out the high-energy degrees of freedom in the
reservoirs as outline in Sec. 3.2. To accomplish this the one introduces a cutoff
Λ into the Fermi function [cf. Eq. (3.40)] and integrates out the Matsubara
poles on the imaginary axis by decreasing the cutoff from its initial value
Λ0 ∼ D down to some physical energy scale.2 The RG equation for the K-
channel model (4.1) reads up to two loop

Λ
d

dΛ
J = β(J) = −2J2(1− KJ), (4.8)

which defines the reference solution J(Λ) for our analysis. The number of
electronic reservoirs K enters earliest in the third order terms. The reason
for this is that only for diagrams with more than three vertices involved two
double-contracted vertices appear, such as the fourth term of Eq. (3.21). Here
the sum over reservoir indices α is taken and, in the case of the initial vertex
(4.6), K equal terms are summed. The RG flow has the well-known [44] non-
trivial fixed point J∗ = 1/K. The scaling dimension of the leading irrelevant
operator is ∆ = β′(J∗) = 2/K, which is valid for K � 1 while the exact result
is given by [69] ∆ = 2/(K + 2). The RG equation possesses the invariant

TK = Λ0

(
e J0

J∗ − J0

)K/2
e−1/(2J0), (4.9)

which defines the Kondo temperature. With the initial condition J0 = J(Λ0),
the solution of the RG equation can be explicitly written as

J(Λ) =
J∗

1 + W(z)
, z =

(
Λ
TK

)∆
. (4.10)

2 The precise value is fixed by Eq. (3.50).
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Here W(z) denotes the Lambert W function [91] defined by z = W(z) eW(z),
which satisfies W ′(z) = W(z)/z/(1 + W(z)) for z 6= 0. The fixed point J∗ is
reached for Λ → 0 as W(0) = 0. We note that the solution (4.10) is valid for
all J0 but, of course, the derivation of (4.8) requires J0 � 1. If J0 < J∗ we
can perform the scaling limit Λ0 → ∞ and J0 → 0 while keeping the Kondo
temperature constant; see Eq. (2.32). In this limit the solution for Λ � TK
simplifies to

J(Λ) = J∗
[

1−
(

Λ
TK

)∆
]

, (4.11)

i. e., there is a characteristic power-law behavior. The physical picture of this
situation was briefly discussed in Sec. 2.5.2. Observables are calculated in
a systematic expansion around the reference solution and can be expressed
in terms of the renormalized exchange coupling Jc ≡ J(Λc) at the physical
energy scale3 (we consider T = 0)

Λc = max{V, h0}. (4.12)

In contrast to the one-channel Kondo model the existence of the attractive
fixed point J∗ = 1/K implies that this expansion is well-defined for all Λc
provided K � 1. We have calculated the effective dot Liouvillian and the cur-
rent kernel yielding the renormalized magnetic field, the spin relaxation rates,
the dot magnetization, and the current including the leading logarithmic cor-
rections. All calculations follow Ref. [42] and are very generally discussed in
Sec. 3.2, we present here only the results and discuss their properties.

4.4 identical bias voltages

First let us assume that all bias voltages are identical, i. e., Vi = V. A straight-
forward calculation yields the renormalized magnetic field

h = [1− K(Jc − J0)] h0, (4.13)

which gives for the g-factor in leading order [we consider the scaling limit
J0 → 0 from now; cf. Eq. (2.32)]

g = 2
∂h
∂h0

= 2(1− KJc)
Λc�TK= 2

(
Λc

TK

)∆
. (4.14)

The longitudinal and transverse spin relaxation rates are given by

Γ1 = π

[
h +

1
2
(
|V − h|2 + V + h

)]
KJ2

c , (4.15)

Γ2 =
π

2

[
V + h +

1
2
(
|V − h|1 + V + h

)]
KJ2

c , (4.16)

3 For the numerical evaluation we use Λc =
√

V2 + h2
0.
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figure 4 .2: Differential conductance of an individual channel for identical bias volt-
ages Vi = V and K = 10 (dashed lines) or K = 20 (solid lines) channels. We use the
normalization G∆ = ( e2

πh̄ )
3π2

16 ∆2. For zero field one finds [88] G/G∆ = 1− 2(V/TK)
∆,

i. e., G/G∆ → 1 for V → 0. Inset: Comparison of RTRG (solid line) and renormalized
perturbation theory (PT) up to O(J2

c ) (dashed line) for h0 = TK and K = 20. We note
that the broadening of the feature at V = h is not captured in perturbation theory.

with

|x|l =
2
π

x arctan
x
Γl

, l = 1, 2. (4.17)

We note that for Λc � TK the renormalization of the magnetic field (4.13) is
much stronger than in the one-channel Kondo model discussed in Ref. [38]
and in the next chapter, as the spin on the dot is coupled to more screening
channels.

Explicit formulas for the dot magnetization and the current are given in
Eq. (4.20) below for the case of different bias voltages. Simplifying to Vi = V,
we obtain the differential conductance Gi = dIi/dVi per channel, which is
plotted in Fig. 4.2. The conductance sharply increases around V = h where
inelastic cotunneling processes start to contribute. Due to the strong renor-
malization of the magnetic field the increase occurs at voltages much smaller
than the applied magnetic field h0. Close to the resonance we find

Gi =





π
4 J2

c
[
1 + 2JcL2

(
V − h

)]
for V < h,

π J2
c
[
1 + 2π JcL2

(
V − h

)]
for V > h,

(4.18)
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where we assumed |V − h| � h and defined

Ll
(

x
)
= ln

Λc√
x2 + Γ2

l

, l = 1, 2. (4.19)

We note that (4.18) is formally identical to the differential conductance in the
one-channel Kondo model [42] except for the functional form of the renor-
malized coupling (4.11). In particular, there is no explicit dependence on the
number of channels. We further note that close to the fixed point the conduc-
tance (4.18) is a quantity of order 1/K2. The logarithmic divergencies at V = h
are cut off by the transverse spin relaxation rate Γ2. Thus, as Γ2 ∼ 1/K, this
feature becomes sharper with increasing K. At small voltages V < h the con-
ductance is independently of the bias voltage given by Gi = π J2

c /4. In particu-
lar, a power-law behavior in the voltage is only found for vanishing magnetic
field [88] while (4.11) yields a power-law dependence on the magnetic field.
In the limit of a large field h � TK the linear conductance can be derived
using [91] W(z) ∼ ln z for z → ∞ to be Gi(V = 0, h) = π/16/ ln2(h/TK),
which is identical to the result in the one-channel model.

4.5 different bias voltages

In the following we relax the condition Vi = V and consider channel-depen-
dent bias voltages Vi. This introduces further energy scales which will give
rise to additional features in the dot magnetization and thus the differential
conductance. In this general setup the magnetization and current through the
ith channel are given by

M = − f1

2 f2
, Ii = f i

I + 2M f i
M (4.20)

where f1,2 denote rates appearing in the Liouvillian and f i
I,M are similar terms

in the current kernel. Explicitly these rates read

f1 =2πKJ2
c h + 4πKJ3

c hL2
(
h
)
− 2π J3

c ∑
j=1...K

(Vj − h)L2
(
Vj − h

)
, (4.21)

f2 =πKJ2
c h + 2πKJ3

c hL2
(
h
)
+

π

2
J2
c ∑

j=1...K

( ∣∣Vj − h
∣∣
2 + Vj + h

)

+ π J3
c ∑

j=1...K

( ∣∣Vj − h
∣∣
2 −Vj + h

)
L2
(
Vj − h

)
, (4.22)

f i
I =

3
4

π J2
c Vi + π J3

c ViL1
(
Vi
)
+ π J3

c (Vi − h)L2
(
Vi − h

)
, (4.23)

f i
M =− π

4
J2
c

(
|Vi − h|2 −Vi − h

)
+ π J3

c ViL1
(
Vi
)

+ π J3
c hL2

(
h
)
− π

2
J3
c |Vi − h|2 L2

(
Vi − h

)
. (4.24)
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figure 4 .3: Differential conductance Gi through channel i for h0 = 100 TK and
K = 20. The bias voltages are applied such that series of five channels have identical
voltages, i. e., Vi = aiV with a1,...,5 = 1, a6,...,10 = 1/2, a11,...,15 = 1/3, and a16,...,20 =
1/4. For h0 = 0 the conductance is similar to the black curve in Fig. 4.2, i. e., there are
no features. Inset: Same situation as in the main panel, but plotted with respect to the
respective bias voltage Vi.

The relaxation rates for the case of different bias voltages are obtained by the
straightforward generalization of Eqs. (4.15) and (4.16). In the derivation of
Eqs. (4.21)–(4.24) we have neglected all terms in order J3

c that do not contain
logarithms at either h = 0, V = 0, or V = h. Thus, when calculating the
magnetization, one has to expand consistently up to this order.

We stress that although the different channels are not directly coupled via
exchange interactions, the finite magnetization M mediates a feedback be-
tween them. Consider for example the differential conductance of channel 1,
i. e., the black curve in Fig. 4.3. The sharp increase at V = V1 = h is again due
to the onset of inelastic cotunneling processes. However, there is a second
feature at V ≈ 2h which is caused by the nontrivial voltage dependence of
the dot magnetization. This can be seen in the derivative ∂M/∂V shown in
Fig. 4.4, which directly enters the differential conductance [see (4.20)]. Simi-
larly, the conductance in channel 6 (green curve in Fig. 4.3) possesses a fea-
ture at V = 2V6 = h which is caused by the effect of the applied voltage
in channels 1 to 5 onto M, while the increase at V6 = h (i. e., V = 2h) is
due to the onset of inelastic cotunneling in channel 6. In this way the non-
equilibrium magnetization introduces additional features into the individual
conductances. We stress that such coupling effects between the channels are
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figure 4 .4: Derivative of the magnetization with respect to the voltage, i. e., ∂M/∂V.
All parameters are as in Fig. 4.3. We observe pronounced features at V = h and
V = 2h. Inset: Magnetization as a function of the bias voltage.

absent for vanishing magnetic field [88] or if all applied bias voltages are
identical (see Fig. 4.2).

As a special case of the general setup with channel-dependent bias volt-
ages we can recover the experimental situation realized by Potok et al. [63]
in a semiconductor quantum dot. This is achieved by setting the chemical
potentials to µ1

L/R = ±V/2 and µi
L/R = 0 for i = 2, . . . , K. In each of the

channels 2, . . . , K we introduce even and odd combinations of the electron
operators, (ciLkσ ± ciRkσ)/

√
2, such that the even combinations couple to the

spin on the dot with exchange interaction 2J while the odd ones decouple
completely. The resulting RG equation for J is given by (4.8) and thus pos-
sesses the fixed point J∗. The experimental setup [63] is now obtained by
specializing to K = 2. In the presence of a magnetic field the resulting dif-
ferential conductance is very similar to the case of identical bias voltages
shown in Fig. 4.2. In particular, since the second channel does not provide an
additional energy scale, there appear no features in the differential conduc-
tance beside the cotunneling peak at V = h. A possible experimental setup
to observe the additional features shown in Fig. 4.3 thus requires at least two
channels with nonzero and different bias voltages.

4.6 conclusions

To sum up, we have studied the nonequilibrium transport properties of a mul-
tichannel Kondo quantum dot in the presence of a magnetic field. We used
the solution of the two-loop RG equation to derive analytical results for the
g-factor, the spin relaxation rates, the dot magnetization, and the differential
conductance. The latter shows typical features of inelastic cotunneling. We
showed that the main difference to the previously studied [88] situation with-
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out magnetic field is the appearance of additional features in the differential
conductance, which originate in the feedback between the channels mediated
by the finite dot magnetization.
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K O N D O D O T: N O N E Q U I L I B R I U M T R A N S P O RT A N D
R E L A X AT I O N D Y N A M I C S

We study nonequilibrium transport through a spin-1 Kondo dot in a local
magnetic field. To this end we perform a two-loop renormalization group
analysis in the weak-coupling regime yielding analytic results for (i) the
renormalized magnetic field and the g-factor, (ii) the time evolution of ob-
servables and the relevant decay rates, (iii) the magnetization and anisotropy,
as well as (iv) the current and differential conductance in the stationary state.
In particular, we find that compared to a spin-1/2 Kondo dot there exist three
additional decay rates resulting in an enhanced broadening of the logarithmic
features observed in stationary quantities. Additionally, we study the effect
of anisotropic couplings between reservoir and impurity spin.1

5.1 introduction

The Kondo model consists of a localized spin-1/2 which is coupled to the
electrons in the host metal via a spin exchange interaction. The original mo-
tivation to study [13, 16] the properties of this and related models was the
observation of a resistance minimum in some metals in the 1930s. More than
two decades ago it was realized [17, 18, 92] that the Kondo model can also be
applied to describe transport experiments through quantum dots, where the
localized spin-1/2 models a minimal two-state quantum dot which is coupled
via exchange interactions to two (or more) leads held at different chemical po-
tentials. The tremendous developments in the ability to engineer nanoscale
devices also led to the experimental observation [9, 19–24] of Kondo physics
in transport experiments. This in turn triggered many theoretical studies [26–
41] of the nonequilibrium transport properties of Kondo quantum dots.

It is well known that the Kondo model with larger spin on the dot shows [13,
44, 45, 65] strong deviations from standard Fermi liquid behavior at low
temperatures. For example, at low temperatures the local spin is not fully
screened by the electrons and a residual magnetization remains. Despite the
recent observation of this underscreened Kondo effect in transport experi-
ments in single molecules [12, 93–95], the nonequilibrium transport proper-
ties of the spin-1 Kondo model have not been studied theoretically [95–101]
in the same detail as its spin-1/2 counterpart.

1 This chapter is based on C. B. M. Hörig, D. Schuricht, and S. Andergassen, Renormalization group
analysis of a spin-1 Kondo dot: Nonequilibrium transport and relaxation dynamics, Phys. Rev. B 85,
054418 (2012), arXiv: 1110.6103 [90].
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In this chapter we fill this gap by performing a two-loop renormalization
group analysis for a spin-1 Kondo dot with finite bias voltage. To this end
we apply the real-time renormalization group (RTRG) method in frequency
space [42] to derive analytic results for the renormalized magnetic field and
g-factor, decay rates and time evolution, as well as magnetization, anisotropy,
and differential conductance in the stationary state. All results are obtained
in a systematic weak-coupling expansion in the renormalized exchange cou-
pling J(Λ) � 1. The latter condition is satisfied as long as the maximum of
all occurring energy scales is much larger than the Kondo temperature TK,

Λc = max{V, h0} � TK, (5.1)

where V and h0 are the applied bias voltage and magnetic field, respectively,
and TK denotes the Kondo temperature at which the system enters the strong-
coupling regime. We find that the properties of the spin-1 Kondo model are
similar to the spin-1/2 system with the main differences (i) that the larger
local Hilbert space on the dot results in additional (quintet) decay rates be-
side the usual longitudinal and transverse spin relaxation rates, (ii) that these
rates describe the decay of the spin anisotropy T ∝ SiSj (which is trivial in
the spin-1/2 model), where Si are the components of the spin operator on
the dot, and (iii) that the existence of these additional rates yields a broad-
ening (relative to the spin-1/2 model) of logarithmic features in stationary
quantities such as the susceptibilities and the differential conductance.

This chapter is structured as follows. In the next two sections we define the
spin-1 Kondo dot and briefly review the applied RTRG method. In Sec. 5.4
we present the results for the renormalized magnetic field and g-factor, de-
cay rates and time evolution, as well as magnetization, anisotropy, and cur-
rent in the stationary state. In particular, we highlight the differences to the
spin-1/2 model studied in Ref. [38]. In Sec. 5.5 we investigate the effect of
anisotropic exchange couplings. Our calculations mainly follow the analysis
of the spin-1/2 Kondo model [38]; we discuss the required modification for
the study of the spin-1 system in the appendices.

5.2 spin-1 kondo dot

In this chapter we consider a spin-1 Kondo dot, i. e., a quantum dot whose
internal degree of freedom is given by a spin S = 1, which is attached to
two electronic reservoirs via a spin exchange interaction J. This setup is rel-
evant for recent transport experiments on C60 molecules [12, 93] and cobalt
complexes [94]. The spin-1 Kondo model can be regarded as a direct gen-
eralization of a spin-1/2 Kondo dot studied previously in Ref. [38], which
itself is related to the single-orbital Anderson model by a Schrieffer-Wolff
transformation, as derived in Sec. 2.2.
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J

figure 5 .1:

Sketch of the spin-1 Kondo
model (5.2). The spin-1 on the
quantum dot is coupled via
exchange interactions J to the
electron spins in the two reser-
voirs at different chemical po-
tential µL/R = ±V/2.

Specifically, the Hamiltonian of the spin-1 Kondo dot is given by [see
Fig. 5.1 and cf. Eq. (2.17)]

H = ∑
αkσ

(εk − µα) c†
αkσcαkσ + h0 Sz +

J0

2ν0
∑

αα′kk′σσ′
S · σσσ′c

†
αkσcα′k′σ′ . (5.2)

Here c†
αkσ and cαkσ create and annihilate electrons with momentum k and

spin σ =↑, ↓ in lead α = L, R, and σ denotes the Pauli matrices. The chemical
potentials in the leads are given by µL/R = ±V/2 thus applying a finite bias
voltage V = µL − µR to the dot. Furthermore we introduce an ultraviolet
cutoff D via the density of states

N(ω) =
ν0D2

D2 + ω2 (5.3)

and note that the exchange coupling J0 is dimensionless in our convention.
The spin on the dot is subject to an external magnetic field h0 applied along
the z-direction. If we use its direction as the quantization axis, the compo-
nents of the spin-1 operator on the dot are explicitly given by

S = h̄





1√
2




0 1 0

1 0 1

0 1 0


 ,

1√
2




0 − i 0

i 0 − i

0 i 0


 ,




1 0 0

0 0 0

0 0 −1








. (5.4)

The impurity spin on the dot is coupled via an antiferromagnetic exchange
interaction J0 > 0 to the electron spins in the two reservoirs.2 We consider
zero temperature and h0, V ≥ 0.

5.3 renormalization group analysis

As is well known for Kondo models such as (5.2) perturbation theory in the
exchange coupling J0 leads to logarithmic divergencies, such as in Kondo’s
calculation outlined in Sec. 2.3. In order to tackle this problem we use the

2 We note that the situation of reservoir-dependent exchange couplings Jαβ follows as a straight-
forward generalization as long as the condition J2

LR = JLL JRR is satisfied.
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RTRG [42] method, which is particularly suited to derive analytic results for
the spin decay rates, the renormalized magnetic field, the dot magnetization,
and the differential conductance out of equilibrium. Our calculations follow
the analysis of the spin-1/2 Kondo model performed in Ref. [38]; a brief
summary of the Λ-flow scheme of the RTRG method was given in Sec. 3.2.
To set up the notations and discuss the essential modifications required we
will repeat the key quantities of Sec. 3.1 in the flowing.

We start with the time evolution of the density matrix of the full system
ρ(t), which is governed by the von Neumann equation (3.5)

ρ̇(t) = − i [H, ρ(t)]− . (5.5)

This equation is formally solved by

ρ(t) = e− i H(t−t0) ρ(t0) ei H(t−t0) = e− i L(t−t0) ρ(t0), (5.6)

where the Liouvillian L is defined via L . = [H, . ]−. We assume that for
t < t0 the reservoirs and quantum dot are decoupled and hence that the
initial density matrix at t = t0 is of the form ρ(t0) = ρS(t0)ρ

L
resρR

res. Here ρα
res

is the grand canonical density matrix of reservoir α including the chemical
potential µα and ρS(t0) denotes the initial density matrix of the dot system.
The central object of our analysis is the Laplace-transformed reduced density
matrix of the dot ρS(E) [cf. Eq. (3.9)], which is obtained by tracing out the
reservoir degrees of freedom, as shown in Sec. 3.1. Resumming the resulting
series one obtains [42]

ρS(E) =
i

E− Leff
S (E)

ρS(t0), (5.7)

where the effective dot Liouvillian is given by

Leff
S (E) = L(0)

S + Σ(E). (5.8)

Here the first term L(0)
S . = h0 [Sz, . ] describes the action of the applied mag-

netic field on the spin, whereas the second term Σ(E) incorporates all inter-
action effects of the coupling to the leads. From Leff

S (E) we obtain the renor-
malized magnetic field, the decay rates, and the reduced density matrix of
the dot (and thus the dot magnetization), which are presented in Secs. 5.4.1,
5.4.2, and 5.4.3, respectively. A similar analysis can be performed for the cur-
rent kernel, defined in Sec. 3.1.2, yielding the current and differential conduc-
tance through the system (see Sec. 5.4.4).
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5.3.1 Parametrization

The effective Liouvillian of the dot, where only a rotational invariance around
the z-direction is considered due to a finite magnetic field h0, is parametrized
during the flow3 by

Leff
S (E, ω) = h(E, ω)Lh + g(E, ω)Lg − i Γt(E, ω)Lt − i Γq(E, ω)Lq

− i Γd(E, ω)Ld − i Γe(E, ω)Le − i Γ3z(E, ω)L3z, (5.9)

where the superoperator basis is given in App. A.3. The parameterization
(5.9) is conveniently chosen in such a way that the limit of vanishing magnetic
field is obtained readily, which is discussed in detail in Sec. 5.4.2. The current
kernel is given by

ΣL(E, ω) = i Γs
L(E, ω)Ls + i Γ f

L(E, ω)L f + i Γ1z
L (E, ω)L1z. (5.10)

As for the spin-1/2 multichannel Kondo model discussed before in Chap. 4,
the vertices develop a more complicated structure, which is not of importance
for the following discussing. Their initial values are given by

Ḡ(1)
11′ = −

J0

4

(
K1 + K2

)
· σ, (5.11)

ĪL(1)
11′ = − J0

6
(δαL − δα′L)

(
K3 + K4 +

1
2

K5 +
1
2

K6
)
· σ, (5.12)

where the vector basis is given in App. A.3. For the current vertex (5.12) only
the term ∼ K4 contributes [cf. Eq. (3.28)].

The RTRG method allows one to calculate the effective dot Liouvillian and
current kernel, as well as other observables (see, e. g., Ref. [39]) in a con-
trolled weak-coupling expansion in the renormalized exchange couplings J.
For Kondo-type models this is done [38, 41, 42] by first deriving and solving
the Poor Man’s scaling (PMS) equations (cf. Sec. 2.4). In the second step one
then expands all quantities of interest in the effective coupling J(Λ) while
staying in the weak-coupling regime J � 1.

In a more physical picture, the renormalization group (RG) procedure re-
duces the effective bandwidth by integrating out the high-energy degrees of
freedom. To accomplish this the initial bandwidth D is replaced by an effec-
tive bandwidth Λ which flows from Λ0 ∼ D to the physical scale Λc which
in turn is determined by the restriction to the weak-coupling regime. The RG
equations describing the flow of the interaction vertices and effective Liouvil-
lian are obtained from the generic RG equations (3.42) and (3.43) derived in
Ref. [38] by specifying to the spin-1 case (see App. B for details). In particular,

3 Note that there is an ambiguity in the notation between functions of the Laplace variable E and
frequency ω, e. g., h(E, ω), Γj(E, ω) and the notation of real and imaginary parts of the fixed
points discussed below, e. g., z = h − i Γ, which is kept to stress their close connection and to
conform with earlier works.
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the renormalization of the exchange coupling in leading order is governed by
the PMS equation

dJ
dΛ

= − 2
Λ

J2, (5.13)

which is identical to the spin-1/2 model. The solution reads

J(Λ) =
1

2 ln Λ
TK

, TK = Λ0 e−1/(2J0), (5.14)

where the Kondo temperature is defined as the scale at which the effective
coupling constant diverges. The scaling limit (2.32) is obtained by taking
Λ0 → ∞ and J0 → 0 while keeping TK constant. Below we will always per-
form the scaling limit unless stated otherwise [e. g., in (5.18)].

As the PMS coupling diverges at Λ = TK, the weak-coupling condition
J(Λ)� 1 can be translated into a condition for the physical cut-off scale

Λc = max{|E| , V, h0}, (5.15)

which has to satisfy Λc � TK. As E → 0 for stationary quantities we thus
recover the condition (5.1). In this regime a perturbative expansion of the
Liouvillian and the current kernel in Jc = J(Λc) is well-defined. Hereby
the precise value of Λc is irrelevant [38, 39, 42] as changes Λc → Λ′c with
Λ′c/Λc ∼ 1 only lead to higher-order corrections in Jc which will not be an-
alyzed. The explicit calculation of the Liouvillian and current kernel follows
along the lines of Ref. [38] with all necessary modification required for the
spin-1 Kondo model discussed in App. B.2. In the following we present the
results for the renormalized magnetic field and g-factor, decay rates and time
evolution, magnetization and anisotropy, as well as the differential conduc-
tance through the system, where we in particular focus on the differences to
the spin-1/2 model.

5.4 results

The systematic weak-coupling expansions for the effective dot Liouvillian
Leff

S (E) and the current kernel ΣI(E) involve terms of the order J3
c ln, where

ln denotes terms of the form ln[i Λc/(E + ∆ + i Γi)] with some physical scale
∆ = V, h0, V ± h0 and Γi ∼ J2

c ∆ the decay rates (see Sec. 5.4.2). From the
dot Liouvillian one can derive the renormalized magnetic field as well as the
decay rates by determining the poles of the resolvent 1/[z − Leff

S (z)]. If we
use the spectral decomposition Leff

S (z) = ∑i λi(z) Pi(z), where λi(z) and Pi(z)
denote the eigenvalues and corresponding projectors introduced in Eq. (3.19),
respectively, they are determined by solving [38, 42]

zi = λi(zi) (5.16)
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where the real parts of zi yield oscillation frequencies in the time evolution
of observables and thus the renormalized magnetic field, while the imagi-
nary parts lead to exponential decay and thus determine the decay rates (see
App. B.1 for details). Furthermore, the stationary reduced density matrix ρst

S
is obtained by solving

Leff
S (i 0+) ρst

S = 0, (5.17)

thus yielding the stationary dot magnetization and anisotropy (see Sec. 5.4.3).
Finally the current through the system is derived from ρst

S and the current
kernel.

5.4.1 Renormalized Magnetic Field and g-Factor

The renormalized magnetic field h, which emerges from the externally ap-
plied magnetic field h0 due to screening processes from the electrons in
the leads, is determined by the real parts of the poles zi derived from the
self-consistency equations (5.16). We present explicit relations for the zi’s in
Eqs. (B.1)–(B.6). To first order in the exchange coupling we find

h(1) =
[
1− (Jc − J0)

]
h0, (5.18)

which is identical [38, 40, 102] to the renormalization of the magnetic field in
the spin-1/2 Kondo model. Differences in the models manifest themselves in
the logarithmic corrections to (5.18), which yield

h = h(1) − J2
c
2

hL−
(
h
)
+

J2
c
4
(
V − h

)
L−
(
V − h

)
. (5.19)

In the derivation of (5.19) we have neglected all terms in order J2
c that do

not contain logarithms at either h = 0 or h = V, performed the scaling
limit J0 → 0, and further replaced h0 → h (which only leads to higher-order
corrections). In addition, we have introduced the short-hand notation

L−(x) = ln
Λc√

x2 + (Γ1
t − Γ2

q)
2
+ ln

Λc√
x2 + (Γ1

q − Γ2
q)

2
, (5.20)

where the appearing decay rates Γ1
t , Γ1

q, and Γ2
q will be discussed in detail in

the next section (see Fig. 5.3). Here we already note that at resonance V = h
they satisfy Γ1

t 6= Γ2
q and Γ1

q 6= Γ2
q, i. e., (5.20) is well defined.

From the renormalized magnetic field (5.19) we can directly obtain the g-
factor

g = 2
dh
dh0

= 2(1− Jc)− J2
cL−(h)−

J2
c
2
L−(V − h), (5.21)

which is plotted in Fig. 5.2. Compared to its bare value the g-factor is reduced
due to the screening of the spin on the dot by the electron spins in the leads.
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figure 5 .2: The g-factor g = 2dh/dh0 for the spin-1 (solid line) and the spin-1/2

(dashed line, see Ref. [38]) model for V = 100 TK, where Jc = J(Λc) is given in
Eq. (5.14) with Λc = max{V, h}. We observe a logarithmic feature at h = V which is
less pronounced in the spin-1 model.

We further observe two logarithmic features at h = 0 and h = V. Due to
the reduction of the renormalized magnetic field compared to h0 the latter
appears at h0 > V; however, up to logarithmic corrections in order J2

c the
position equals the spin-1/2 situation. Differences show up in the line shapes
close to h = 0 and h = V, where the spin-1 result clearly shows a larger
broadening. The reason is that in the spin-1 case both broadenings Γ1

q and Γ1
t

(which satisfy Γ1
q > Γ1

t ) appear in the logarithms, while in the spin-1/2 case
one finds [38] Γ1

t = Γ1
q. Away from these positions, however, the g-factors are

identical.

5.4.2 Decay Rates and Time Evolution

In this section we investigate the imaginary parts of the poles zi obtained by
solving (5.16). As we will show they lead to an exponential decay in the time
evolution of observables and thus constitute the decay rates of the system.
As the local Hilbert space as well as the corresponding Liouville space of
the spin-1 dot has a larger dimension than its spin-1/2 analog, we expect
the appearance of additional decay rates in the spin-1 case. In the following
we first analyze these rates in the case of vanishing magnetic field and then
consider the case of a finite field.

5.4.2.1 No Magnetic Field h0 = 0

For vanishing magnetic field h0 = 0 the model is fully spin isotropic. Thus
the local Liouville space of the dot can be decomposed into irreducible rep-
resentations of SU(2). For a spin-1/2 system these are a singlet and a triplet
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(according to 1
2 ⊗ 1

2 = 0⊕ 1), while for the spin-1 system one finds a singlet,
triplet, and quintet (1⊗ 1 = 0⊕ 1⊕ 2). Therefore the effective dot Liouvillian
of the spin-1 model (5.2) decomposes as

Leff
S (E) = − i Γs(E)Ls − i Γt(E)Lt − i Γq(E)Lq, (5.22)

where the superoperators Ls, Lt, and Lq project onto the respective subspaces
(see App. A.3). In leading order the coefficients in (5.22) read Γs(E) = 0,
Γt(E) = π J2

c V, and Γq(E) = 3π J2
c V. As there is no dependence on the Laplace

variable E the self-consistency equations (5.16) are trivially solved by zi =
− i Γi (i = s, t, q) with

Γs = 0, Γt = π J2
c V, Γq = 3π J2

c V. (5.23)

Obviously, the corresponding subspaces in Liouville space are 1-dimensional
(Γs), 3-dimensional (Γt), and 5-dimensional (Γq). The difference to the spin-1/2

model [38] is the appearance of the additional rate Γq. Similarly the decay
rates in a general spin-S Kondo dot in the absence of a magnetic field are
given by

Γj =
π

2
j(j + 1)J2

c V for j = 0, 1, . . . , 2S. (5.24)

In order to interpret the result (5.23) we investigate the time evolution of
the reduced density matrix, which is given by the inverse Laplace transform
of (3.9)

ρS(t) =
i

2π

∫ ∞+i 0+

−∞+i 0+

dE e− i Et

E− Leff
S (E)

ρS(0). (5.25)

The initial density matrix is assumed to be of the form ρ(t0 = 0) = ρS(0)ρL
resρR

res
with

ρS(0) =




ρ11 ρ10 ρ1−1

ρ01 ρ00 ρ0−1

ρ−11 ρ−10 ρ−1−1


 . (5.26)

We perform the integral in (5.25) by using the decomposition (5.22) for the
Liouvillian. In leading order this yields

ρS(t) =
[

Ls + e−Γtt Lt + e−Γqt Lq
]

ρS(0). (5.27)

We note that the time evolution is governed by purely exponential decays.
This is due to the absence of a E-dependence of Leff

S in leading order; in
general the branch cuts of Leff

S due to logarithmic terms will lead to additional
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power-law corrections [89]. The time evolution of the spin operator is now
readily obtained from (5.27)

〈S(t)〉 ∝ e−Γtt , e. g.,

〈Sz(t)〉 =
(
ρ11 − ρ−1−1

)
e−Γtt . (5.28)

Thus the magnetization decays only with the triplet rate Γt, which is identi-
cal [89] to the spin-1/2 model. However, in the spin-1 model one can construct
a second nontrivial operator on the dot, namely the anisotropy operator [103]
(or spherical quadrupole4 tensor) with components

T2±2 =
1
2
[SxSx − SySy ± i (SxSy + SySx)] , (5.29)

T2±1 = ∓1
2
[SxSz + SzSx ± i (SySz + SzSy)] , (5.30)

T20 =

√
3
2

SzSz −
√

2
3

1. (5.31)

Physically T20 measures the anisotropy along the z-direction. 〈T20〉 > 0 shows
a tendency to align the impurity spin along the z-axis, while 〈T20〉 < 0 indi-
cates an alignment in the xy-plane. We further note that in the spin-1/2 case
one finds T20 ∝ 1, i. e., the anisotropy operator is trivial. From (5.27) we can
easily infer the time evolution of T

〈T(t)〉 ∝ e−Γqt , e. g.,

〈T20(t)〉 =
1√
6
(ρ11 − 2ρ00 + ρ−1−1) e−Γqt . (5.32)

Thus the situation in the absence of a magnetic field is quite simple: The
magnetization decays with the triplet rate Γt, whereas the quintet rate Γq
governs the time evolution of the anisotropy operator. In the next section we
consider how this changes if the spin rotational invariance is broken by the
application of a finite magnetic field.

5.4.2.2 Finite Magnetic Field h0 > 0

The breaking of the spin rotational invariance results in a decomposition of
the triplet and quintet subspaces in the local Liouville space of the dot. Hence
the dot Liouvillian no longer takes the simple form (5.22), but rather has to
be parametrized as given in Eq. (5.9), and the system possesses more than
two decay rates. Specifically we find that the rates (5.23) split up as

Γt → Γ0
t , Γ1

t , Γq → Γ0
q, Γ1

q, Γ2
q. (5.33)

4 T is related [103] to the traceless quadrupole tensor Qij introduced in Refs. [104, 105] to study
the transport through spin valves.
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figure 5 .3: The decay rates (5.33) for V = 104 TK, where Jc = J(Λc) is given in
Eq. (5.14) with Λc = max{V, h}. We observe the splitting of the triplet and quintet
rate into five rates, of which two (Γ0

t and Γ0
q) merge for h ≥ V. Inset: For h0 � V there

are two rates governing the decay along and perpendicular to the z-direction.

Compared to the spin-1/2 model discussed in Chap. 4, where at finite mag-
netic field two different rates (the longitudinal and transverse spin relaxation
rates usually denoted by Γ1 and Γ2, respectively) exist, we find five decay
rates in the spin-1 system. As each rate corresponds to a relaxation or de-
coherence time, the time evolution toward the stationary state will be more
complex in the spin-1 model (see below).

In the small-field limit h0 � V the splitting of the rates is explicitly given
by

Γ0
t = π J2

c V + π J2
c h, Γ1

t = π J2
c V +

π

2
J2
c h, (5.34)

and

Γ0
q = 3π J2

c V + 3π J2
c h, Γ1

q = 3π J2
c V +

5
2

π J2
c h, (5.35)

Γ2
q = 3π J2

c V + π J2
c h. (5.36)

We note that the magnetic-field dependence of the triplet rates (5.34) is identi-
cal5 to the spin-1/2 model [38] with the identifications Γ0

t → Γ1 and Γ1
t → Γ2.

For arbitrary magnetic fields the rates have been obtained by numerically
solving the self-consistency equations (B.12)–(B.14); the result is shown in

5 The spin-1/2 relaxation rates can also be obtained by setting K = 1 in Eqs. (4.15) and (4.16).
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Fig. 5.3. We observe in particular that two of the rates (Γ0
t and Γ0

q) merge
at h = V. We note that (5.20) is well defined at resonance as Γ1

t 6= Γ2
q and

Γ1
q 6= Γ2

q.
The time evolution of the reduced density matrix follows from (5.25) using

the spectral decomposition Leff
S (z) = ∑i λi(z)Pi(z) of the dot Liouvillian. If

we further approximate this by expanding around the poles of the resolvent,
Leff

S (z) ≈ ∑i λi(zi)Pi(zi), and use Eq. (5.16), we obtain

ρS(t) = ∑
i

e− i zit Pi(zi) ρS(t = 0). (5.37)

Here the real parts of the zi yield oscillations with the oscillation frequency
determined by the renormalized magnetic field, while the imaginary parts
correspond to the decay rates (5.33) [see Eqs. (B.1)–(B.6)]. The first pole z1 = 0
yields a stationary contribution, i. e., P1(0) is the projector onto the stationary
density matrix ρst

S . From (5.37) we obtain for example

〈T2±2(t)〉 = e±2 i ht e−Γ2
qt ρ∓1±1. (5.38)

Corrections to (5.37) can be calculated along the lines of Refs. [89, 106, 107].
We expect additional terms oscillating with the frequencies V, h ± V, and
2h±V, as well as power-law corrections to the exponential decays.

A better understanding of the time evolution and the relevant decay rates
can be obtained by studying the large-field limit, h0 � V. In this regime we
find only two effective rates which are related to the five original ones by (see
inset in Fig. 5.3)

Γ1
t , Γ2

q → Γ⊥ = 2π J2
c h, (5.39)

Γ0
t , Γ0

q, Γ1
q → Γz = 4π J2

c h. (5.40)

[We note that although Γ1
t → Γ2

q the logarithmic terms in Eq. (5.19) are well
defined as we are off resonance.] The time evolution of the magnetization is
now given by

〈Sz(t)〉 = −
(
1− e−Γzt)+ e−Γzt(ρ11 − ρ−1−1

)
, (5.41)

〈S±(t)〉 = e± i ht
√

2

(
e−Γ⊥t + e−Γzt)(ρ∓10 + ρ0±1

)
, (5.42)

with S± = Sx ± i Sy and the initial density matrix of the dot given by (5.26),
while the anisotropy operator relaxes as

〈T20(t)〉 =
1√
6

(
1− e−Γzt)+ e−Γzt

√
6

(
ρ11 − 2ρ00 + ρ−1−1

)
, (5.43)

〈T2±1(t)〉 =
e± i ht

2
√

2

(
e−Γ⊥t + e−Γzt)(ρ∓10 − ρ0±1

)
, (5.44)

〈T2±2(t)〉 = e±2 i ht e−Γ⊥t ρ∓1±1. (5.45)
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We observe that the decay of the expectation values of the diagonal opera-
tors Sz and T20 is purely governed by the rate Γz, while 〈T2±2(t)〉 decays
purely with Γ⊥. Thus we conclude that Γz corresponds to the longitudinal
spin relaxation rate of the spin-1/2 system (usually denoted by Γ1), while Γ⊥
corresponds to the transverse one (usually denoted by Γ2). Comparing the
explicit values (5.39) and (5.40) with the spin-1/2 result [38] shows6 that both
rates Γ⊥ and Γz are twice as large as their spin-1/2 counterparts (i. e., their
ratio is identical in the spin-1/2 and spin-1 model). We stress, however, that
the time evolution in the spin-1 model is more complex, e. g., in the decay of
〈S±(t)〉 and 〈T2±1(t)〉 both rates Γz and Γ⊥ appear.

5.4.3 Magnetization and Anisotropy

In this section we analyze the stationary values of magnetization and aniso-
tropy before turning to the differential conductance in the next section. The
stationary density matrix of the dot is obtained by solving (5.17). Introducing
the observables magnetization and anisotropy by

M = 〈Sz〉st, A = 〈T20〉st, (5.46)

the stationary density matrix can be written as

ρst
S =

1
3

1 +
M
2

Sz + A T20. (5.47)

The knowledge of the effective dot Liouvillian enables us to derive analytic re-
sults for the magnetization and anisotropy including the leading logarithmic
corrections, which are given by

M =
4 f1 f2

( f1)2 + 3( f2)2 , A =
1√
6

4( f1)
2

( f1)2 + 3( f2)2 , (5.48)

with

f1 = 2π J2
c h + 2π J3

c hL1
(
h
)
− π J3

c (V − h)L1
(
V − h

)
,

f2 = − π

4
J2
c

(
2V + 6h + |V − h|1

)
− π J3

c hL1
(
h
)

− π

4
J3
c

[
|V − h|1 − 2(V − h)

]
L1
(
V − h

)
,

as well as

L1
(

x
)
= ln

Λc√
x2 + (Γ1

t )
2
+ ln

Λc√
x2 + (Γ1

q)
2

, (5.49)

|x|1 =
2
π

x

(
arctan

x
Γ1

t
+ arctan

x
Γ1

q

)
. (5.50)

6 The spin-1/2 relaxation rates can also be obtained by setting K = 1 in Eqs. (4.15) and (4.16).
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figure 5 .4: The relative magnetization M/Mmin for the spin-1 (solid line) and the
spin-1/2 (dashed line) [38] model for V = 104 TK, where Jc = J(Λc) is given in
Eq. (5.14) with Λc = max{V, h}. Inset: Anisotropy A for the spin-1 model.

In the derivation of (5.48) we have neglected all terms in order J3
c that do

not contain logarithms at either h = 0, V = 0, or h = V. We note that the
decay rates Γ1

t and Γ1
q cut-off the logarithmic divergencies present in bare

perturbation theory. As we will see below these two rates also appear in the
logarithmic corrections to the differential conductance.

Specifically we find that for large magnetic fields h > V the spin is com-
pletely aligned along the field, i. e., M = −1 and A = 1/

√
6. Close to the

resonance, i. e., at h < V, V − h � h, we find by expanding (5.48) up to
O(J ln)

M = −1 +
1
4

V − h
h

+
Jc

4
V − h

h
L1
(
V − h

)
, (5.51)

A =
1√
6

[
1− 3

4
V − h

h
− 3Jc

4
V − h

h
L1
(
V − h

)]
. (5.52)

Similarly in the limit of small magnetic fields, h� V, we obtain

M = − 8h
3V
[
1 + Jc L1

(
h
)]

, (5.53)

A =
16

3
√

6
h2

V2

[
1 + 2Jc L1

(
h
)]

. (5.54)

The magnetization (together with the spin-1/2 result) and anisotropy are
shown in Fig. 5.4.
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figure 5 .5: Left axis: The susceptibility χ = − ∂M
∂h0

for the spin-1 (solid lines) and
spin-1/2 (dashed lines) [38] models for V = 100 TK, where Jc = J(Λc) is given in
Eq. (5.14) with Λc = max{V, h}. Right axis: χ/χ(0), where χ(0) is the result in O(J0

c ),
i. e., without logarithmic corrections. We note that the logarithmic corrections at h = 0
and h = V are less pronounced in the spin-1 model.

The corresponding magnetic susceptibility is readily obtained from M. At
resonance and for small fields we find

χh=V = −∂M
∂h0

∣∣∣∣
h→V−

=
1

4V
[
1 + Jc L1

(
V − h

)]
, (5.55)

χh=0 = −∂M
∂h0

∣∣∣∣
h→0

=
8

3V
[
1 + Jc L1

(
h
)]

. (5.56)

Except for the logarithmic broadening the susceptibility at h = V is identical
to the spin-1/2 case [38], whereas in the limit h → 0 they differ by a relative
factor 8/3. We note that the same factor also appears in the susceptibility of
an isolated spin S at finite temperature. In Fig. 5.5 we plot the susceptibility
for the spin-1 model as well as the spin-1/2 system [38]. In order to enhance
the visibility of the logarithmic terms we further plot χ/χ(0), where χ(0) is
the result in O(J0

c ). In comparison to the spin-1/2 model the logarithmic
corrections at h → 0 and h ≈ V are broadened as they contain two decay
rates [see (5.49)] of which one is larger than the rate appearing in the spin-1/2

susceptibility. We expect this to be a generic feature of the spin-S Kondo dot;
i. e., the logarithmic corrections will be most pronounced in the S = 1/2
model and become more and more broadened in the large-S limit.
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5.4.4 Differential Conductance

Finally, we discuss the current and conductance through the system, defined
in Sec. 2.6. We define the current as the change of the electron number in
the left reservoir Eq. (2.43), IL = − d

dt NL
res. Because the number of electrons

on the dot is fixed, the current in the right reservoir is accordingly given by
IR = −IL. Thus we will omit the superscript in the following, I ≡ IL. Within
the RTRG formalism the stationary current is given by Eq. (3.27)

I ≡ 〈I〉st = − i TrS ΣI(i 0+)ρst
S , (5.57)

where the current kernel ΣI(E) can be derived in complete analogy to the
effective dot Liouvillian, as discussed in Sec. 3.1.2. We calculate ΣI up to order
J3
c ln; thus together with the knowledge of ρst

S up to this order we are able
to derive analytic results for current and conductance including the leading
logarithmic corrections. The current is explicitly given by

I = f I
1 + M f I

M +
1√
6

A f I
A. (5.58)

where M and A are given by (5.48) and

f I
1 = 2π J2

c V +
4
3

π J3
c

[
(V − h)L1

(
V − h

)
+ VL0

(
V
)]

, (5.59)

f I
M =

π

4
J2
c
(
2V + 2h− |V − h|1

)
+

π

4
J3
c

[
4VL0

(
V
)

+4hL1
(
h
)
− |V − h|1 L1

(
V − h

)]
,

(5.60)

f I
A = π J3

c

[
(V − h)L1

(
V − h

)
− 2VL0

(
V
)]

, (5.61)

with the logarithmic terms given by Eq. (5.49) and

L0
(

x
)
= ln

Λc√
x2 + (Γ0

t )
2
+ ln

Λc√
x2 + (Γ0

q)2
. (5.62)

Fig. 5.6 shows the differential conductance as a function of the applied bias
voltage V derived from Eq. (5.58).

We find for small bias voltage V � h that there are no logarithmic cor-
rections and the current is governed solely by elastic cotunneling processes,

I = π J2
c V, G =

dI
dV

= π J2
c . (5.63)

This is four times the result in the spin-1/2 model due to the additionally
available transport channels.7

7 In the spin-S dot the elastic cotunneling current will be given by I = π
6 (2S + 1)S(S + 1)J2

c V.
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figure 5 .6: The differential conductance G = dI
dV in the spin-1 (solid line) and

spin-1/2 (dashed line) [38] model for h0 = 100 TK, where Jc = J(Λc) is given in
Eq. (5.14) with Λc = max{V, h}. We observe that the linear conductance G(V → 0)
in the spin-1 model takes four times the value of the one in the spin-1/2 model [see
Eq. (5.63)] and that the onset of inelastic cotunneling processes at V = h is sharper in
the spin-1/2 model.

On the other hand, close to the resonance V ≈ h we observe a jump in the
differential conductance which is due to the onset of inelastic cotunneling
processes (see also the previous chapter and Refs. [95, 97, 99, 100]). Explicitly
we find

G
G0

=





2π2 J2
c + 2π2 J3

cL1
(
V − h

)
for V < h,

9
2 π2 J2

c +
9
2 π2 J3

cL1
(
V − h

)
for V > h,

(5.64)

where we assumed |V − h| � h in both cases, and G0 = e2/(2πh̄) is the
conductance quantum per spin channel. Furthermore, from (5.64) we deduce
the height of the jump at V = h

∆G
G0

=
5
2

π2 J2
c
[
1 + Jc L1

(
V − h

)]
. (5.65)

We note that the analog prefactor in the spin-1/2 model equals [38] 3/2. The
physical origin of this jump is the onset of inelastic cotunneling processes: For
finite magnetic field the spin states on the dot are separated by the energy
h. Thus for V < h only elastic cotunneling processes are possible in which
electrons are transferred from the left to the right lead via virtual states on



80 renormalization group analysis of a spin-1 kondo dot

the dot without flipping its spin state. Hence the initial and final state of the
dot have the same energy. For V > h, however, also inelastic cotunneling pro-
cesses will contribute in which the spin on the dot is flipped (thus requiring
the energy h). In analogy to the susceptibility we observe that the logarithmic
corrections are less pronounced in the spin-1 model.

Finally we would like to add that the current noise in the spin-1/2 and
spin-1 models are qualitatively similar, i. e., differences appear only in the
decay rates broadening the logarithmic corrections [S. Y. Müller (private com-
munication).].

5.5 anisotropic model

So far we have restricted ourselves to the case of isotropic exchange couplings.
Dropping this restriction we have to study the spin-1 Kondo model (5.2) with
the generalized exchange interaction (2.35)

1
2 ∑

αα′kk′
σσ′

[
J⊥0
(

Sxσx
σσ′ + Syσ

y
σσ′

)
+ Jz

0 Szσz
σσ′

]
c†

αkσcα′k′σ′ . (5.66)

As explained in detail in Refs. [38, 42] and summarized in Sec. 3.2 the RTRG
method integrates out the reservoir degrees of freedom in a two-step pro-
cedure. In the first step one removes the symmetric part of the Fermi func-
tion in the reservoir contractions in a single (discrete, see Sec. 3.2.1) RG step,
which yields a well-defined perturbative expansion in J0 and 1/D, where D
denotes the bandwidth. For the anisotropic spin-1/2 Kondo model this step
only yields negligible perturbative corrections to the Liouvillian and current
kernel. In the second (continuous, see Sec. 3.2.2) step one then resums the
logarithmic divergencies by integrating out infinitesimal energy shells in the
remaining asymmetric part of the reservoir contractions. This yields the PMS
equations (5.13) as well as similar RG equations for the Liouvillian and the
current kernel.

However, the situation is completely different for the anisotropic spin-1
Kondo model (5.66). The presence of a finite anisotropy

c2 =
(

Jz)2 −
(

J⊥
)2 (5.67)

produces the term [see Eq. (74) in Ref. [38] or Eq. (3.38)]

−π

4
DḠ12G̃2̄1̄ = −πc2DL∆ (5.68)

in the Liouvillian. Here L∆ denotes the superoperator corresponding to the
square of the local spin, L∆ . = [SzSz, . ]. We note that for spin-1/2 this opera-
tor vanishes since SzSz = h̄2/4; thus the term (5.68) does not appear.

Since Eq. (5.68) contains the initial bandwidth D � h0, V, it will completely
dominate the physics of the system. We distinguish two cases: (i) For c2 > 0
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the term (5.68) is negative, thus locking the dot in one of the fully polarized
states with M = ±1 and A = 1/

√
6. As the energy spacing to the other

states on the dot is proportional to D only elastic cotunneling processes are
possible and the current is given by I = π(Jz

0)
2V. (ii) For c2 < 0 the term (5.68)

is positive and the dot magnetization takes the value M = 0. Perturbation
theory in the exchange couplings then yields I = 0.

This behavior was previously observed in the anisotropic spin-1 Kondo
model at equilibrium via a PMS analysis [108, 109] as well as an numerical
renormalization group (NRG) calculation [110]. In fact, the term SzSz was
shown to be a relevant perturbation on the grounds of general symmetry
considerations [108, 111].

5.6 conclusions

In conclusion, we have studied nonequilibrium transport through a quan-
tum dot modeled by a spin-1 Kondo model in a magnetic field. We obtained
analytic results for the renormalized magnetic field and g-factor, the mag-
netization, and anisotropy as well as the differential conductance. The latter
shows nonmonotonic behavior as a function of the bias voltage with a pro-
nounced jump at V = h due to the onset of inelastic cotunneling processes. In
particular, this jump is strongly enhanced by logarithmic corrections as was
previously observed in transport experiments on carbon nanotube quantum
dots [97].

The transport properties of the spin-1/2 Kondo dot have been studied pre-
viously using the same formalism [38]. The main difference in the spin-1
model is the appearance of three additional decay rates which govern the re-
laxation of the spin anisotropy ∝ SzSz on the dot, a quantity which becomes
constant in the spin-1/2 model discussed in the previous chapter. Hence the
relaxation dynamics of the magnetization and current turn out to be much
richer in the spin-1 model. Furthermore the decay rates appear as cut-off
parameters in the logarithmic terms of the perturbative expansions. As a con-
sequence, the presence of additional rates leads to an enhanced broadening
of the logarithmic corrections of stationary quantities such as the susceptibil-
ity (see Fig. 5.5) and the differential conductance (see Fig. 5.6), which are thus
less pronounced than in the spin-1/2 model.

Finally we note that as our approach is based on an expansion in the renor-
malized exchange coupling it is not possible to derive reliable results in the
low-energy regime Λc = max{V, h} < TK where the differences between the
fully screened spin-1/2 model and the underscreened spin-1 model are most
pronounced. As the underscreened Kondo model can be mapped to an effec-
tive ferromagnetic Kondo model (see discussion in Sec. 2.5.2 and Fig. 2.4), a
perturbative study of the transport properties in this regime might be pos-
sible using a Majorana diagrammatic theory as recently performed for the
investigation of magnetotransport [112].





6T R A N S P O RT P R O P E RT I E S O F F U L LY S C R E E N E D K O N D O
M O D E L S

We study the nonequilibrium transport properties of fully (exactly) screened
Kondo quantum dots subject to a finite bias voltage or a finite temperature.
First, we calculate the Fermi liquid coefficients of the conductance for models
with arbitrary spin, i. e., its leading behavior for small bias voltages or tem-
peratures. Second, we determine the low-temperature behavior of the static
susceptibility from the exactly known Bethe Ansatz results for the magneti-
zation. Third, we study the crossover from strong to weak coupling in the
spin-1/2 and the spin-1 models coupled to one or two screening channels, re-
spectively. Using a real-time renormalization group method we calculate the
static and dynamical spin-spin correlation functions for the spin-1/2 model
as well as the linear and differential conductance and the static susceptibil-
ity for the spin-1 model. We define various Kondo scales and discuss their
relations. We assess the validity of the renormalization-group treatment by
comparing with known results for the temperature dependence of the linear
conductance and static susceptibility as well as the Fermi liquid behavior at
low energies.1

6.1 introduction

The Kondo effect [13] can be regarded as a paradigm for correlated many-
body phenomena in quantum impurities. In the basic setup a localized spin
is screened collectively by the spins of itinerant electrons in the surrounding
bulk material. The thus-formed nontrivial many-body state requires the ap-
plication of sophisticated many-body methods for its theoretical description.
By the mid-1980s the developments of such methods, including perturba-
tive [50] and numerical [25, 64] renormalization group (RG) techniques, Fermi
liquid (FL) theory [43, 51, 114, 115], and the Bethe Ansatz (BA) [45, 65, 116],
had uncovered the essential physics behind the formation of the Kondo sin-
glet, in particular the dynamical generation of a new, nonperturbative energy
scale termed the Kondo temperature TK. Yet the Kondo problem experienced
a revival after it was realized [17, 18, 92] that it can also be applied to de-
scribe transport experiments through quantum dots in the presence of strong
Coulomb repulsions, a regime which became experimentally accessible [9, 19–
24] around the turn of the millennium.

1 This chapter is based on C. B. M. Hörig, C. Mora, and D. Schuricht, Transport properties of fully
screened Kondo models, Phys. Rev. B 89, 165411 (2014), arXiv: 1402.0479 [113].
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This in turn triggered much interest in the theoretical investigation of the
transport properties of quantum dots in the Kondo regime. There are essen-
tially two different parameter regimes. In the first, at high energies compared
to the Kondo temperature, e. g., when the applied bias voltage V and/or tem-
perature T is much larger than TK, the Kondo singlet has not yet formed.
The nonequilibrium transport properties can be studied perturbatively in
the coupling between the dot and the leads for example using perturba-
tive [29, 32, 35, 38, 41, 42, 117] and functional [118–121] RG methods or flow-
equation techniques [33, 34]. In the second regime, when all external energies
are much lower than the Kondo temperature, T, V, . . . � TK, the Kondo sin-
glet is fully developed. The spin degree of freedom is frozen out and the dot
influences the transport properties merely as a potential scatterer. This allows
the application of FL theory, which in particular yields an expansion of the
conductance through the dot for small temperatures and voltages encoded in
the FL coefficients cT and cV , respectively [122–128].

The study of the crossover regime is naturally much more difficult. If the
system is driven from the strong-coupling to the weak-coupling regime by
increasing the temperature, one can resort to standard nonperturbative tech-
niques in equilibrium, in particular the Bethe Ansatz (BA) and the numerical
renormalization group (NRG) method. Both methods are well developed and
exact up to numerical approximations, while the latter can also be applied
very flexibly to different physical setups governed by Kondo correlations. In
contrast, if the driving is done by increasing the applied bias voltage, the sit-
uation is much less understood. To overcome this, Pletyukhov and Schoeller
[71] developed a real-time renormalization group (RTRG) scheme, called E-
flow, since the Laplace variable E is used as flow parameter, which takes into
account the generation of the spin relaxation rate and its feedback into the
RG flow of the exchange coupling. This allowed the calculation of the dif-
ferential conductance in the full crossover regime, which was found to be in
excellent agreement with perturbative results at weak coupling, the exactly
known FL relations, the temperature-driven crossover behavior obtained via
the NRG method as well as recent experimental data [129, 130].

Another approach based on a slave-boson representation of the Keldysh
field integral was recently put forward by Smirnov and Grifoni [131]. They
obtained good agreement with both the NRG and RTRG results for the tem-
perature and voltage dependence of the differential conductance, respectively.
In contrast to the E-flow scheme of the RTRG method, it has already been pos-
sible to extend the analysis to finite magnetic fields [132]. Both approaches
have been applied so far to the spin-1/2 Kondo dot or the corresponding
single-impurity Anderson model (2.1).

In this chapter we go beyond this and investigate the transport properties
of Kondo quantum dots with higher spin S. We consider fully screened mod-
els where the dot spin is coupled to N = 2S screening channels (see Sec. 2.5.2).
We first apply FL theory to derive the differential conductance at small tem-
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peratures and bias voltages and in particular the FL coefficient cV . Second,
we determine the low-temperature behavior of the static susceptibility from
the exactly known Bethe Ansatz results for the magnetization [46, 133]. We
then treat the out-of-equilibrium properties of the spin-1/2 and spin-1 mod-
els using the E-flow scheme of the RTRG approach. We first generalize it to
the calculation of the static and dynamical correlation functions of the spin
localized on the dot. We extend the previous analysis [71] of the differential
conductance to the spin-1 model. The knowledge of the static spin suscepti-
bility in particular allows us to probe the FL behavior in the RTRG framework
quantitatively, i. e., we extract absolute values for the coefficients cT and cV
which we compare with our FL results.

This chapter is organized as follows: In Sec. 6.2 we define the model and
correlation functions. Following this we derive the FL coefficient cV for gen-
eral fully screened Kondo dots in Sec. 6.3. Similarly, in Sec. 6.4 we determine
the low-temperature behavior of the static susceptibility from the exactly
known Bethe Ansatz results for the magnetization. In Sec. 6.5 we review the
E-flow scheme of the RTRG method and generalize it to the calculation of
the dynamical correlation functions. Readers who are mainly interested in
the results can skip Sec. 6.5 and directly proceed to Sec. 6.6, where we dis-
cuss the static susceptibility and dynamical correlation functions. We define
the Kondo scale T0 which is used in Sec. 6.7 to extract the FL coefficients
and check them against the results of Sec. 6.3. We conclude and discuss our
results in Sec. 6.8. Some technical details are presented in the appendices.

6.2 fully screened kondo dots

In this chapter we investigate the transport properties of fully screened Kondo
quantum dots. Hereby the dot consists of a spin S which is coupled via ex-
change interactions to 4S electronic leads (see Fig. 6.1 for a sketch for S = 1/2
and S = 1, respectively). Each pair of leads provides one screening channel,
i. e., there are N = 2S screening channels in total. Thus the considered mod-
els are fully (or exactly) screened at sufficiently low energies. Specifically we
consider the unified Hamiltonian derived in Eq. (2.17)

H = ∑
iαkσ

εk c†
iαkσciαkσ +

J0

2ν0
∑
iαα′

kk′σσ′

S · σσσ′c
†
iαkσciα′k′σ′ . (6.1)

Here S denotes the spin operator on the dot which is in the spin-S representa-
tion of SU(2). c†

iαkσ and ciαkσ create and annihilate electrons with momentum
k and spin σ =↑, ↓ in cannel i = 1, . . . , N of lead α = L, R, where N = 2S, and
σ denotes the vector of Pauli matrices. For the leads we assume flat bands of
bandwidth 2D with the density of states N(ω) = ν0D2/(D2 + ω2). We note
that the exchange interaction preserves the channel index i and that the ex-
change coupling J0 is dimensionless in our convention. The system is subject
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figure 6 .1:

Schematic picture of fully (ex-
actly) screened Kondo models.
(a) Spin-1/2 dot coupled to
one screening channel (N =
2S = 1) which is divided in
two leads held at chemical po-
tentials µL/R = ±V/2.
(b) Spin-1 dot coupled to two
screening channels (N = 2).
The left (right) leads of these
channels are both held at µL =
V/2 (µR = −V/2). We note
that the exchange interaction
does not mix the screening
channels.

S=1/2

-V/2V/2
J0J0

-V/2

-V/2

V/2

V/2
S=1

(a)

(b) J0 J0

J0 J0

to a finite bias voltage V with left leads held at µL = V/2 and right leads at
µR = −V/2. Alternatively, the leads may be at finite temperature T. We use
units such that e = h̄ = kB = 1, but reinstate them when appropriate.

In Sec. 6.3 we will consider the low-energy behavior of the model (6.1) and
in particular its conductance for arbitrary spin, while in Secs. 6.5–6.7 we will
analyze the full crossover from low to high energies for the spin-1/2 and
spin-1 models sketched in Fig. 6.1.

The observables we consider in this work are the current IL [cf. Eq. (2.43)]
and the static and dynamical spin-spin correlation functions χ(t) and S(t),
respectively, which are defined in Sec. 2.6. We investigate the correlation
functions (2.45) and (2.46) in frequency-space and thus apply the Fourier
transformation

S(Ω) =
∫ ∞

−∞
dt exp(i Ωt)S(t), (6.2)

where Ω ≡ Ω ± i δ (t ≥ 0). A similar definition holds for the susceptibility
χ(Ω) = χ′(Ω) + i χ′′(Ω). The static susceptibility of the impurity spin χ =
limΩ→0 χ′(Ω) can be used to define the Kondo scale T0 via [13, 64]

χ(T = 0, V = 0) ≡ χ0 =
S(S + 1)

3T0
. (6.3)

Its relation to the Kondo temperature TK mentioned above and formally de-
fined in Eq. (6.50) will be discussed in detail below.

In the following section we will first derive the FL coefficients of the con-
ductance in the low-energy regime. Following this we determine the low-
temperature behavior of the susceptibility in Sec. 6.4. In Sec. 6.5 we then
present details of our calculations using the RTRG technique in the E-flow
scheme. The results of the latter are discussed in Secs. 6.6 and 6.7.
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6.3 fermi liquid approach

6.3.1 Effective Hamiltonian

Current algebras and the language of conformal field theory give a conve-
nient platform to discuss low-energy physics in quantum impurity models.2

For the Kondo model, Affleck and Ludwig [59, 60], Affleck [135] have shown
that the impurity spin is absorbed by the conduction electron spin current in
the infrared, i. e., at strong coupling. This absorption causes a rearrangement
of the spin sector (conformal towers) and the quasiparticles that emerge after
mending the spin with the charge and possibly flavor sectors are not neces-
sarily fermionic objects. Since then the conformal field theory approach was
successfully applied to describe non-Fermi liquid features in overscreened
versions of the Kondo model [59, 60, 135].

The situation is, however, much simpler for fully screened models, i. e.,
when the number of screening channels N is twice the spin of the impurity S,
N = 2S. In this case, which we study in this chapter, the elementary quasipar-
ticles at strong coupling are fermions with a phase shift of π/2 with respect
to the original electrons. In our symmetric source-drain geometry (i. e., J0
does not depend on the lead index α = L, R), the unperturbed Hamiltonian
at strong coupling reads [124]

H0 = ∑
ikσ

εk

(
b†

ikσbikσ + a†
ikσaikσ

)
. (6.4)

The operators bikσ and aikσ are, respectively, even and odd combinations of
the original electrons, ciLkσ ± ciRkσ. Only the even modes bikσ carry the π/2
phase shift. The odd modes are decoupled from the dot variables and they
are not involved in the Kondo screening.

The low-energy behavior is a FL. It is controlled by the leading irrelevant
operator, irrespective of the spin size on the dot [69],

HLIO = −λ : J(0) · J(0) :, (6.5)

involving only the spin current at the impurity site, x = 0,

J(0) =
1
2 ∑

iσσ′
b†

iσ(0)σσ,σ′biσ′(0) (6.6)

with biσ(x) = ∑k bikσ ei k·x. The notation : . . . : corresponds to normal order-
ing where all divergencies stemming from bringing the two spin currents
close to each other are subtracted. λ is a coupling constant of order ∼ 1/TK.

2 Sec. 6.3 is based on Fermi liquid calculations performed by C. Mora and is included here for
completeness. Further details on this method may be found in Ref. [134].
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Following a standard point-splitting procedure [69, 134, 136], we obtain the
Hamiltonian corrections HLIO = Hel + Hint to the fixed point Eq. (6.4), with

Hel = −
α1

2πν1
∑

i,{kl},σ
(εk1 + εk2) : b†

ik1σbik2σ : (6.7)

and

Hint =
φ1

3πν2
1

∑
i<j,{kl},σ

: b†
ik1σbjk2σb†

jk3σbik4σ : +
φ1

πν2
1

∑
i,{kl}

: b†
ik1↑bik2↑b

†
ik3↓bik4↓ :

+
φ1

3πν2
1

∑
i 6=j,{kl}

(
2 : b†

ik1↑bjk2↑b
†
jk3↓bik4↓ : + : b†

ik1↑bik2↑b
†
jk3↓bjk4↓ :

)
(6.8)

where α1 = φ1 = (3λ/2)πν2
1 and ν1 = 1/(2πh̄vF) is the density of states for

one-dimensional chiral fermions. The four terms in Hint describe two-electron
scattering processes caused by the impurity. In the first term, the interacting
electrons belong to the same spin species but to different channels while, in
the second term, opposite spin electrons interact within the same channel.
In the third and fourth terms, both spins and channels differ, and they are
exchanged after scattering in the former but not in the latter.

The effect of the leading irrelevant operator HLIO on observables can be
separated into three types of corrections: (i) the elastic scattering due to Hel,
(ii) the Hartree contributions deduced from Hint, which can be seen [134]
as elastic processes since the energy of the incoming electron is conserved;
and (iii) apart from Hartree diagrams, all other diagrams derived from Hint
describe inelastic processes in which the incoming electron changes its energy
by exciting an electron-hole pair. The types (i) and (ii) can be gathered in the
total phase-shift

δiσ(ε, δnj,σ′) = δ0 + α1ε− φ1δni,σ̄ +
φ1

3 ∑
j 6=i

(
δnj,σ − δnj,σ̄

)
(6.9)

accumulated by a lead electron that is elastically scattered by the impurity. ε
is the energy of the electron measured with respect to some reference energy
ε0 = 0. δni,σ is the total density of spin σ electrons in channel i with respect
to the zero temperature Fermi sea with Fermi energy ε0. The identity α1 = φ1
is sufficient to ensure the invariance of the phase shift Eq. (6.9) on a shift
of ε0. The form of the Hamiltonian Eqs. (6.7) and (6.8) and the phase shift
Eq. (6.9) were first anticipated by Nozières and Blandin [44] on the basis of a
phenomenological FL approach.

Below, in Sec. 6.3.2 and Sec. 6.3.3, we compute the mean current by adapt-
ing the formalism developed in Refs. [124, 137]; see also Ref. [138].
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6.3.2 Current Calculation, Elastic Part

Instead of using the definition Eq. (2.43), we start from an alternative expres-
sion for the current, discussed in App. C.1,

Î =
1

2ν1h ∑
i,σ

[
a†

iσ(x)biσ(x)− a†
iσ(−x)Sbiσ(−x) + H. c.

]
(6.10)

where we use the symmetrized current Î = ( ÎL + ÎR)/2 and h = 2πh̄ = 2π.
The choice of x < 0 is arbitrary due to current conservation. In the simplest
approach, the S matrix contains solely the phase shift π/2. It is, however, pos-
sible to simplify the problem by including the types (i) and (ii) contributions
directly in S = e2 i δ with δ given by Eq. (6.9).

In the absence of type (iii) contributions, the fields bikσ and aikσ are free
(noninteracting) with occupations controlled by the left and right lead chem-
ical potentials µL/R = ±V/2, see App. C.1. The calculation of the mean cur-
rent is straightforward and takes a Landauer-Büttiker form [139]

Iel =
2N
h

∫ +∞

−∞
dε T(ε)[ fL(ε)− fR(ε)], (6.11)

with the transmission T(ε) = sin2[δ(ε)]. fL/R(ε) are the Fermi functions for
the left and right leads. In this configuration, the phase shift is obtained from
Eq. (6.9),

δ(ε) =
π

2
+ α1ε, (6.12)

since δnj,σ = 0 when ε0 = 0 is chosen in the middle of the lead chemical
potentials. Expanding the elastic current Eq. (6.11) up to second order in α1,
we obtain reinstating the electrical charge e,

Iel =
4Se2V

h

[
1− α2

1

(
(πT)2

3
+

(eV)2

12

)]
, (6.13)

and the linear conductance,

Gel =
4Se2

h

[
1− α2

1

(
(πT)2

3
+

(eV)2

4

)]
. (6.14)

6.3.3 Current Calculation, Inelastic Part

We use the Keldysh framework [140] in order to compute the type (iii) contri-
butions to the current. Quite generally, the mean current reads

I =
〈

Tc Î(t) e− i
∫
C dt′Hint(t′)

〉
, (6.15)
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figure 6 .2:

Second-order diagrams describing the in-
elastic processes, or type (iii), in the mean
current calculation. The open circles repre-
sent a current vertex while filled black dots
correspond to interaction vertices. The four
diagrams correspond to the four terms in
Eq. (6.8) with interaction vertices propor-
tional to φ1/3, φ1, 2φ1/3, and φ1/3.
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where the Keldysh contour C runs along the forward time direction on the
branch p = + followed by a backward evolution on the branch p = −, and
Tc is the corresponding time ordering operator. Evolution and mean values
are determined by the free Hamiltonian H0, Eq. (6.4), in which all elastic
processes have been incorporated. The calculation proceeds as follows: we
expand the current Eq. (6.15) up to second order in Hint and compute the re-
sulting mean values in Keldysh space. The zeroth order reproduces the elastic
current derived in Eq. (6.13). The first order vanishes and the second-order
diagrams are shown in Fig. 6.2, corresponding to the four terms in Eq. (6.8).
The calculation is the same for all diagrams, with a result proportional to

2(πT)2

3
+

5(eV)2

12
, (6.16)

but with different weight factors depending on spin and channel summations.
The diagrams in Fig. 6.2 describe the sum of uncorrelated processes [141] in
which one or two electrons are incoherently transmitted from one lead to the
other [142].

Summing all terms, we obtain the current I = Iel + δIinel with

δIinel = −
2Ne2V

h
φ2

1 WN

[
2(πT)2

3
+

5(eV)2

12

]
(6.17)

and the numerical factor

WN = 1 + (N − 1)
(

1
3

)2
+ (N − 1)

[(
1
3

)2
+

(
2
3

)2
]

=
1 + 2N

3
(6.18)

where N = 2S denotes the number of screening channels. With φ1 = α1, the
final result for the linear conductance takes the form

G(T, V) = G0

[
1− c′T

(
T
T0

)2
− c′V

(
eV
T0

)2
]

, (6.19)
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with the unitary conductance

G(0, 0) ≡ G0 =
2e2N

h
=

4e2S
h

, (6.20)

i. e., each of the N channels contributes one conductance quantum 2e2/h, and
the coefficients

c′T
α2

1T2
0
= π2 5 + 8S

9
,

c′V
α2

1T2
0
=

4 + 10S
6

. (6.21)

The Kondo scale T0 used in Eq. (6.19) was defined via the static susceptibility
in Eq. (6.3). In the ratio of the FL coefficients the scale T0, which is hard to
determine experimentally, drops out and we find

c′V
c′T

=
3

2π2
4 + 10S
5 + 8S

, (6.22)

which reproduces the known result [122–128] c′V/c′T = 3/(2π2) for S = 1/2.
The relation between the FL parameter α1 and the Kondo temperature T0

can be made quantitative by computing the static susceptibility within the FL
approach. We consider the zero-temperature situation with a weak magnetic
field B splitting the chemical potential for the two spin species, µσ = σB/2.
The relative densities are then calculated to be δni,σ = σB/2 and the phase
shifts, from Eq. (6.9),

δiσ(ε) =
π

2
+ α1ε + φ1σB

(
1
2
+

N − 1
3

)
(6.23)

determine the spin populations on the dot through the Friedel sum rule. The
dot magnetization is thus given by M = 1/(2π)∑iσ σδiσ(σB/2) and we ob-
tain for the static susceptibility

χ =
4α1

3π
S(S + 1). (6.24)

Comparing this expression with Eq. (6.3), we find the relation α1 = π/(4T0)
and, from Eq. (6.21), the FL parameters

c′T =
π4

144
(5 + 8S), (6.25)

and

c′V =
π2

96
(4 + 10S), (6.26)

in agreement with Refs. [143, 144] for the value of c′T . The result [Eq. (6.22)]
and thus for c′V was, to the best of our knowledge, not obtained previously.
We would like to add that recently Hanl et al. [145] applied FL theory to de-
rive the coefficients characterizing the magnetic-field dependence of the con-
ductance and the curvature of the equilibrium Kondo resonance, respectively,
for fully screened models, and compared them to numerical RG calculations.
This work thus complements our derivation of the voltage dependence c′V .
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6.4 low-temperature behavior of the static susceptibility

The aim of this section is the derivation of the coefficient a′T in the FL expan-
sion

χ = χ0

[
1− a′T

(
T
T0

)2
]

. (6.27)

We note that this coefficient cannot be calculated by use of the FL approach
of Sec. 6.3 since the next-to-leading order perturbation [146, 147] around the
fixed-point Hamiltonian would be required. However, we can use the low-
temperature behavior of the dot magnetization in an external magnetic field B
as our starting point, which has been derived using the Bethe Ansatz (BA) [46,
133]. For small fields the magnetization is given by

M =
1√
π

∞

∑
k=0

(−1)k

k!(2k + 1)
Γ(k + 1

2 )

Γ
(

N(k + 1
2 )
)
(

N(k + 1
2 )

e

)N(k+ 1
2 ) ( B

TH

)2k+1
,

(6.28)

where, as usual, N = 2S. The relation between the energy scale TH and the
Kondo temperature T0 defined via Eq. (6.3) is easily obtained using χ =
∂M/∂B|B=0 to be

T0

TH
=

Γ(S)
3

( e
S

)S
S(S + 1). (6.29)

To determine the second derivative of the susceptibility with respect to the
temperature we start with the thermodynamic relation

∂2χ

∂T2 =
1
T

∂2C
∂B2 , (6.30)

where the specific heat is linear at low temperatures C = γT with [148]
γ = π2S/(3T0). Thus the Wilson ratio is given by [13, 44, 143, 144]

R =
4π2

3
χ

γ
=

2(N + 2)
3

, (6.31)

where we have set gµB/kB = 1. As can be shown in the FL approach the
Wilson ratio is independent of the magnetic field (see App. C.2), hence we
obtain

∂2γ

∂B2 =
2π2

N + 2
∂2χ

∂B2 . (6.32)

In total we thus have

a′T = − T2
0

2χ0

∂2χ

∂T2

∣∣∣∣
T=0

= − T2
0

2χ0

2π2

N + 2
∂3M
∂B3

∣∣∣∣
B=0

. (6.33)
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Straightforward evaluation then gives

a′T =
π2S2(S + 1)

18
Γ(S)3

Γ(3S)
33S, (6.34)

which for S = 1/2 simplifies to a′T =
√

3π3/8 [149].3 The result Eq. (6.34) for
S = 1 is found to be consistent with recent numerical RG data [A. Weichsel-
baum, private communication.]. Unfortunately, since the Bethe Ansatz is not
applicable in the presence of a finite bias voltage, it is not possible to derive
the similarly defined coefficient a′V for the dependence of the susceptibility
on small voltages.

After the investigation of the systems properties at small temperatures or
voltages we now turn to the treatment of the crossover regime using the
RTRG technique.

6.5 renormalization group treatment

In this section we will present details of the calculation of the nonequilib-
rium transport properties of the fully screened Kondo model (6.1). We will
begin by reviewing the E-flow scheme [71] of the real-time renormalization
group (RTRG) technique [42], which was developed to study the differential
conductance of the spin-1/2 model in the full crossover regime from weak
to strong coupling and has been successfully applied to describe transport
measurements [129, 130] in quantum dots. We then extend this to the calcu-
lation of the dynamical spin-spin correlation functions as well as the static
susceptibility. The resulting RG equations, presented in Sec. 6.5.5, are solved
numerically to obtain the results of Secs. 6.6 and 6.7.

We stress that the RTRG treatment presented here is restricted to fully
screened models with S = 1/2 or S = 1 sketched in Fig. 6.1. While we always
consider N = 2S we will keep the notations N and S simultaneously to clarify
the origin of the different terms. Furthermore, we stress that the derivations
below are based on a weak-coupling expansion in the renormalized exchange
coupling between the spin on the dot and the electron spins in the leads.
Thus weak-coupling results are intrinsically incorporated. An advantage of
this expansion is that higher orders can be included in a systematic way,
thus offering an internal consistency check when comparing observables in
different orders of truncation. We focus on the scaling limit (2.32) of vanishing
initial exchange interaction (J0 → 0) and diverging bandwidth (D → ∞) such
that the Kondo scale TK defined below is kept constant, since in this limit
universal behavior is expected.

3 We note that our result differs by a factor 1/2 from Eq. (6.79) in Ref. [13]. Our result is consistent
with the low-temperature behavior of the susceptibility obtained from NRG calculations [150,
151].
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6.5.1 General Formalism

For completeness we recall here the main steps in the E-flow scheme of the
RTRG technique, for a more detailed presentation we refer to Sec. 3.3 and the
original reference [71]. The central object of our study is the reduced density
matrix of the dot denoted by ρS, which is obtained from the full density
matrix of the system by tracing out the electronic degrees of freedom in the
leads. After a Laplace transformation,

ρS(E) =
∫ ∞

t0

dt ei E(t−t0) ρ(t) (6.35)

its evolution is governed by the effective Liouvillian Leff
S (E) via4

ρS(E) =
i

E− Leff
S (E)

ρ(t0), (6.36)

where ρ(t0) denotes the initial density matrix of the dot at time t0 and the
leads are assumed to be initially in grand canonical distributions incorporat-
ing the chemical potentials µL/R = ±V/2 or the temperature T. The station-
ary state ρst

S is reached for E = i 0+, which is equivalent to t0 → −∞. The
stationary reduced density matrix is therefore given by

ρst
S = lim

E→i 0+

E
E− Leff

S (E)
ρ0. (6.37)

In the following we will consider the stationary state only. Due to the absence
of a magnetic field its nonvanishing elements are simply given by ρ↑↑ =
ρ↓↓ = 1/2 for the spin-1/2 model and ρ11 = ρ00 = ρ−1−1 = 1/3 for the
spin-1 model, respectively.

By expanding in the exchange interaction and performing the trace over
the reservoir (i. e., lead) degrees of freedom one can derive [42] a series ex-
pansion for the effective Liouvillian, which consists of two-point interaction
vertices G12(E, ω̄1, ω̄2) and propagators Π(E + ω̄). The multi-index notation
1 ≡ ηiασ incorporates the channel and lead index i and α, the spin σ and
η = ± refers to the creation and annihilation operators of lead electrons. The
frequency variable ω describes the energy of the electrons in the reservoir
contractions. For convenience we define 1̄ ≡ −ηiασ, where the minus acts on
η only, as well as ω̄ = ηω. Both, vertex and propagator, are E-dependent due
to the resummation of diagrams into effective quantities [see discussion lead-
ing to Eqs. (3.65) and (3.66)]. Up to third order in the renormalized exchange
coupling we can use the approximations discussed in Sec. 3.3

G12(E) ≡ G12(E, ω̄1 = 0, ω̄2 = 0) (6.38)

4 We note that in previous works [38, 39, 42, 90] the reduced density matrix and effective Liouvil-
lian were denoted by ρS(E) and Leff

S (E), respectively, while Ref. [71] use ρ(E) and L(E) instead.
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and

Π(E + ω̄) =
1

E + ω̄− Leff
S (E + ω̄)

≈∑
j

Zj(E)
ω̄ + χj(E)

Pj(E). (6.39)

Here j runs over all eigenvalues λj(E) of the effective Liouvillian and Pj(E)
are the corresponding projectors, Leff

S (E) = ∑j λj(E)Pj(E). Furthermore, we
have introduced Zj(E) = 1/[1 − ∂

∂E λj(E)] and χj(E) = Zj(E)[E − λj(E)].
Physically the eigenvalues λj(E) of the Liouvillian correspond to the relax-
ation rates of the spin on the dot [38, 90], i. e., λj(E) = i Γj(E). In the absence
of an external magnetic field there is only one relaxation rate in the spin-1/2

model and two in the spin-1 model, as it was discussed in detail in Sec. 5.4.2.
Since in the latter only the triplet rate contributes in the following, we will
consider only one rate Γ for both models in the following.

In analogy to the effective dot Liouvillian one can introduce [42] a current
kernel ΣL(E) from which the current (2.43) follows as

I ≡ 〈 ÎL〉 = − i TrS

[
ΣL(i 0+)ρst

S

]
. (6.40)

Here the trace is taken over the Liouville space of the Hilbert space of the dot.
In analogy to the interaction vertex G12 the treatment of the current requires
a current vertex which we denote by I12.

The main goal of this chapter is the computation of the local spin-spin
correlation functions S(Ω) and χ(Ω). In order to treat both on equal footing
we introduce [39] the auxiliary functions

C±AB(Ω) =
∫ 0

−∞
dt e− i Ωt〈[A(0)H, B(t)H]±〉st, (6.41)

where A and B are in principle two arbitrary operators with the correspond-
ing superoperators in Liouville space given by

A =
i
2
[A, ·]+ , B± = i [B, ·]± . (6.42)

For the case at hand we have A = B = Sz and

S(Ω) = Re C+
SzSz(Ω), χ(Ω) = i C−SzSz(Ω). (6.43)

Again by expanding in the interaction part of the Liouvillian and resumming
the resulting diagrams into irreducible kernels ΣA and Σ±B we obtain

C±AB(Ω) = − i TrS

[
ΣA(Ω)

1
Ω− L(Ω)

Σ±B (i 0+, Ω)ρst
S

]
. (6.44)

Due to the simple structure of the spin operators on the dot the first kernel
is given by its initial value, ΣA(Ω) = A, while the second one will acquire a
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dependence on E during the RG flow. In Sec. 6.5.4 we will present a detailed
derivation of the RG equations for5 Σ±B (E, Ω).

We note that while the investigation of more general correlation functions
like the finite-frequency current noise [36, 117, 152–154] is, in principle, pos-
sible within the RTRG formalism [155], the analysis of the strong-coupling
regime using the E-flow scheme will be considerably more complicated than
the one of the spin-spin correlations worked out below.6

6.5.2 Parametrization in Liouville Space

Before deriving the RG equations we parametrize the various quantities intro-
duced above using a suitable basis in Liouville space as discussed in App. C.3.
Specifically, the Liouvillian is recast using a function Γ(E), where the interac-
tion vertex is represented by the functions J12(E) and K12(E), the current
kernel by ΓL(E), the current vertex by IL

12(E) and the correlation kernels
Σ±B (E, Ω) by Γ±(E, Ω).

With these quantities the observables of interest can be expressed as

I = i π
2e2

h
lim

E→i 0+

1
E

ΓL(E), (6.45)

for the stationary current and

G =
h

2e2 lim
E→i 0+

E
i

∂

∂V
I(E) = π

∂

∂V
ΓL(i 0+) (6.46)

for the differential conductance. Similarly, the auxiliary correlation functions
read

C+
SzSz(Ω) =

2 i
3

S(S + 1)
Ω + i Γ(Ω)

, (6.47)

C−SzSz(Ω) =
1
2

Γ−(i 0+, Ω)

Ω + i Γ(Ω)
, (6.48)

from which the spin-spin correlation function S(Ω) and dynamical suscep-
tibility χ(Ω) can be easily obtained via Eq. (6.43). We note that Γ+(i 0+, Ω)
does not appear in Eq. (6.48).

6.5.3 E-Flow Scheme

As is well known, the perturbative treatment of the Kondo model leads to
logarithmic divergencies which makes a more careful RG approach necessary.

5 We explicitly add the flow parameter E as the first variable and drop the second variable ξ = i 0+

of Σ±B introduced in Ref. [39] since this limit is always implicitly taken.
6 We note that for general correlation functions a third kernel, ΣAB, appears [39]. For the spin-spin

correlations on the dot this is, however, not the case.
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In the E-flow scheme [71] the RG procedure is set up such that all integrals,
which originate from performing the reservoir contractions using Wick’s the-
orem, are UV convergent in the limit D → ∞. This is accomplished by taking
the derivative of the full diagrammatic series with respect to the Laplace vari-
able E, which serves as the natural flow parameter (hence the name). For the
Liouvillian this requires taking the second derivative while for the vertex one
derivative is sufficient to ensure UV-convergence. This yields self-consistent
RG equations which are truncated systematically in orders of the interaction
vertex up the third order, i. e., including O(G3). At T = V = 0 the Laplace
variable can be written as E = i Λ. The RG flow starts at high energy E = i Λ0,
with Λ0 of the order of the bandwidth D, where the RG procedure agrees
with perturbation theory. The initial values of all flowing quantities are fixed
by the unitary conductance at low energies as we elaborate on in Sec. 6.5.6.

For example, at T = V = Ω = 0 the RG equation for the interaction vertex
G12 leads to (see App. C.3 for the parametrization)

Z
d J̃
dΛ

= − 1
Λ + Γ

2 J̃2(1− NJ̃), (6.49)

where J̃ = ZJ, J ≡ J(E) is the effective coupling constant, and Z = 1/(1+ dΓ
dΛ )

is the Z-factor. The RG equation (6.49) possesses the scaling invariant

TK = (Λ + Γ)
(

NJ̃
1− NJ̃

)N/2

exp
(
− 1

2 J̃

)
(6.50)

which defines a dynamically generated energy scale—the Kondo tempera-
ture. This definition of the Kondo temperature is natural when studying
the model using scaling equations like Eq. (6.49); of course, it is only de-
fined up to a multiplicative prefactor. The standard Poor Man’s scaling (PMS)
form (2.4) of the Kondo temperature TK is obtained by neglecting the relax-
ation rate Γ in Eq. (6.50). However, we note that there exist other definitions
frequently used in the literature which are more natural from an experimen-
tal point of view or when using other theoretical approaches, e. g., via the
static susceptibility in Eq. (6.3). In Sec. 6.7 we will discuss these other defini-
tions as well as the relations between them and collect the results in Tab. 6.2.

We note the similarity of the RG equation (6.49) for J̃ with the scaling equa-
tion for the multichannel Kondo model [44, 73, 88]. In particular, Eq. (6.49)
possesses a fixed point at J̃ = 1/N = 1/(2S). However, as we discuss at the
end of Sec. 6.5.6 this fixed point is not reached since, starting in the weak-
coupling regime J̃ � 1, the relaxation rate Γ cuts off the flow at the maximal
value of J̃ corresponding to the unitary conductance (see Fig. 6.3).

The RG equation for the Liouvillian translates into an equation governing
the flow of the effective relaxation rate Γ(E),

d2Γ
dΛ2 = − 4N

Λ + Γ
J2. (6.51)
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We note that Γ stays finite during the whole procedure; see the inset of Fig. 6.3.
Therefore the Liouvillian remains analytic around the origin E = 0 which
results in FL behavior discussed below.

6.5.4 E-Flow Scheme for Correlation Functions

After this brief overview of the E-flow scheme we now turn to the calculation
of the correlation kernel. The starting point is its perturbation series, which
has the diagrammatic representation [39]

Σ±B (E, Ω) = B± +
1
2 B±

+
B±

+
B±

+O(G4). (6.52)

All symbols and elements occurring here and in the following are summarised
in Tab. 3.1; furthermore, see Refs. [42, 71] for a more detailed discussion of
the notation. To achieve convergent integrals in Eq. (6.52), we take the deriva-
tive with respect to E. Afterwards, we replace the bare perturbative vertices
by the effective vertices given by

G12(E, ω1, ω2) =
1 2

+

(

1 2

− (1↔ 2)

)
+O(G3). (6.53)

This yields the effective diagrams for the correlation kernel

∂

∂E
Σ±B (E, Ω) =

1
2 B±

+
1
2 B±

+
1
2 B±

+
1
2 B±

+O(G4), (6.54)

where we have introduced the connected spin vertex B±12(E, ω1, ω2) satisfying

B±12(E, ω1, ω2) ≡
B±

=
B±

1 2

− (1↔ 2) +O(G3). (6.55)

Furthermore, the bare spin vertex is not renormalized in second order,

B±(E) = B± +O(G2). (6.56)

We note that the integrals in Eq. (6.55) are UV convergent. Therefore taking
derivatives with respect to E is not necessary and the vertex B±12 does not
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flow. The next step is to move the derivatives from the resolvent line to the
contractions which is done via integration by parts

∂

∂E
Σ±B (E, Ω) = −1

2 B±
− 1

2 B±

− 1
2 B±

+O(G4). (6.57)

Next we integrate out the frequency dependence of the effective vertex and
thus obtain only vertices with zero frequency (depicted in the diagram by
filled double dots). This integration introduces terms of the form Π(E1...n +
ω̄1...n + ω̄) − Π(E1...n + ω̄1...n), which are denoted by bubbles on the corre-
sponding contraction. Thus we find

∂

∂E
Σ±B (E, Ω) = −1

2 B±
− 1

2 B±

− 1
2 B±

− 1
2 B±

− 1
2 B±

− 1
2 B±

− 1
2 B±

+O(G4). (6.58)

As shown in App. C.4 the last four diagrams have the same form as the
second and third ones. Thus everything can be rewritten as

∂

∂E
Σ±B (E, Ω) = −1

2 B±
−

B±

−
B±

+O(G4). (6.59)

With the rules [42, 71] for translating the diagrammatic representation into
ordinary expressions, which are summarized in Tab. 3.1, we obtain

∂

∂E
Σ±B (E, Ω) = −1

2

∫∫
dω̄1 dω̄2 f ′(ω̄1) f a(ω̄2)G12(E + Ω)

×Π(E12 + Ω + ω̄12)B±Π(E12 + ω̄12)G2̄1̄(E12)

−
∫∫∫

dω̄1 dω̄2 dω̄3 f ′(ω̄1) f a(ω̄2) f a(ω̄3)
{

G12(E + Ω)

×
[
Π(E12 + Ω + ω̄12)−Π(E12 + Ω + ω̄2)

]
G2̄3(E12 + Ω)

×Π(E13 + Ω + ω̄13)B±Π(E13 + ω̄13)G3̄1̄(E13)

+ G12(E + Ω)Π(E12 + Ω + ω̄12)B±Π(E12 + ω̄12)G2̄3(E12)

×
[
Π(E13 + ω̄13)−Π(E13 + ω̄3)

]
G3̄1̄(E13)

}
, (6.60)
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where we have dropped terms of O(G4) and the Fermi function is given by
f (ω) = 1/(1 + eω/T) and its asymmetric part by f a(ω) = f (ω) − 1/2. As
compared to the Liouvillian the diagrams for the correlation kernel contain
one additional resolvent due to the presence of the spin vertex B±. This im-
plies that the expressions are less UV divergent and that a single derivative
is sufficient to render them convergent.

6.5.5 RG Equation

As next step we employ the parametrization given in App. C.3 to derive
explicit RG equations. With the introduced notations we can summarize the
RG equations for the correlation kernel Γ−(E, Ω) and the variation of the
current kernel δΓL(E) for both S = 1/2 and S = 1 as

∂

∂E
Γ−(E, Ω) = −4π

3
S(S + 1)NJ12(E + Ω)K21(E)F(a)

12 (E, E + Ω)

+
2π

3
S(S + 1)NJ12(E + Ω)

{
2J23(E12)K31(E)F(b)

12,13(E, E + Ω)

+J23(E12 + Ω)K31(E)F(b)
13,12(E + Ω, E)

}

+
2π

3
S(S + 1)NJ21(E + Ω)

{
2J32(E21)K13(E)F(b)

21,31(E, E + Ω)

+J32(E21 + Ω)K13(E)F(b)
31,21(E + Ω, E)

}
(6.61)

and

π
∂

∂E
δΓL(E) = −π2S(S+ 1)NIL

12(E)
{

K21(E)
[
δµ12 + i Z12δΓ(E12)

]
F(1)

12 (E)

− J23(E12)K31(E)
[

F(2)
12,13(E)δµ12 + F(2)

13,12(E)δµ13

]

− J31(E12)K23(E)
[

F(2)
12,32(E)δµ12 + F(2)

32,12(E)δµ32

]}
, (6.62)

where we write the number of channels N = 2S explicitly and thus the in-
dex 1 ≡ α contains the lead index only. Furthermore, we use the short-hand
notations Z12 = Z(E12), χ12 = χ(E12), Z̄ = Z(Ē), and χ̄ = χ(Ē), where
χ(E) = Z(E)[E + i Γ(E)], E12 = E + µ12, and µ12 = µα1 − µα2 , while δµ12 de-
notes the infinitesimal variation of the chemical potentials in the leads. The
occurring integrals are given by

F(a)
12 (E, Ē) = Z12Z̄12

∫∫
dωdω′

f ′(ω) f a(ω′)
(ω + ω′ + χ12)(ω + ω′ + χ̄12)

, (6.63)

F(b)
12,34(E, Ē) = Z12Z̄12

∫∫
dωdω′

F34(E, ω) f ′(ω) f a(ω′)
(ω + ω′ + χ12)(ω + ω′ + χ̄12)

, (6.64)
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and

F(1)
12 (E) = Z12

∫∫
dωdω′

f ′(ω) f ′(ω′)
ω + ω′ + χ12

, (6.65)

F(2)
12,34(E) = Z12

∫∫
dωdω′

F34(E, ω) f ′(ω) f ′(ω′)
ω + ω′ + χ12

, (6.66)

F34(E, ω) = Z34

∫
dω′′ f a(ω′′)

[
1

ω + ω′′ + χ34
− 1

ω′′ + χ34

]
, (6.67)

where we evaluate Eqs. (6.63) and (6.64) in the App. C.4. We note that the RG
equations (6.61) and (6.62) are valid for arbitrary temperature T, bias voltages
V, and external frequencies Ω.

In order to obtain a closed set of RG equations, Eqs. (6.61) and (6.62) have to
be supplemented by equations governing the flow of the remaining quantities
J12(E), K12(E), IL

12(E), Γ(E), and δΓ(E). For the spin-1/2 model these were
derived in detail in Refs. [71, 156]. The only difference in the spin-1 case is
the appearance of additional factors N if the trace over vertex indices is taken
[similar to the explicit prefactor N in Eqs. (6.61) and (6.62), see also discussion
in Sec. 4.3].

The RG equations presented above were derived in a full two-loop or third-
order treatment, i. e., on the right-hand side all terms containing up to three
vertices G were kept. This implies that, on integration, the effective Liouvil-
lian and kernels are obtained consistently, including all logarithmic terms
cubic in the effective coupling ∼ J3 ln ∆, where ∆ contains combinations of
the energy scales. Cubic terms without logarithms are, however, not captured
by the two-loop treatment.

For later comparison we also derived the RG equations in second order.
They are obtained from the third-order treatment by dropping all terms con-
taining three vertices in the derivation. For example, the RG equation for the
effective coupling and the corresponding Kondo temperature become

dJ
dΛ

= − 2J2

Λ + Γ
, T(2)

K = (Λ + Γ)(NJ)N exp
(
− 1

2J

)
, (6.68)

while the Z-factor is given by Z = 1/(1 + 2NJ). Unless explicitly stated oth-
erwise all results present below were obtained in third order, in particular all
data shown in the figures except for the inset of Fig. 6.8.
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6.5.6 Initial Conditions

Finally, we describe the procedure to solve the RG equations. For T = V =
Ω = 0 we substitute E = i Λ in Eqs. (6.61) and (6.62) and obtain with Eq. (6.46)
for the conductance

d
dΛ

Γ− = − i
Λ + Γ

4πS(S + 1)N
3

Z2 JK, (6.69)

d
dΛ

G = − 1
Λ + Γ

2π2S(S + 1)NJIK. (6.70)

With J̃ = ZJ, J̃I = ZJI = J̃(1− NJ̃), Z = (1− NJ̃)2, and K = 2 J̃2, and using
Eq. (6.49) this yields

Γ− =
8π

3
S(S + 1)NJ̃2

(
1− 2

3
NJ̃
)

, (6.71)

G = π2S(S + 1)NJ̃2. (6.72)

Following Ref. [71] the initial conditions are fixed as follows: We calculate
the current kernel, conductance, etc., in perturbation theory in J0 at the scale
Λ0 (see App. C.5 for the initial conditions for Γ−). Next we fix the numerical
values of J0 and Λ0 such that at the end of the flow Λ = 0 we recover the
unitary conductance (6.20),

G(T = V = 0)
∣∣∣
Λ=0

=
2e2N

h
=

4e2S
h
≡ G0. (6.73)

We recall that we consider fully screened models with S = 1/2 or S = 1 only.
With J0 and Λ0 fixed in this way the scaling invariant Kondo temperature
(6.50) or (6.68) as well as all the remaining initial conditions, e. g., for the
rate Γ, are fixed by perturbation theory. The outlined procedure also fixes the
renormalized exchange coupling J̃ at E = 0 via [G in Eq. (6.72) is measured
in units of the conductance quantum 2e2/h]

J̃(E = 0) =
1

π
√

S(S + 1)
. (6.74)

We stress that we require only one condition, namely Eq. (6.73), to fix the
initial values of the RG flow. In particular, the initial condition for Γ− is then
fixed by Eq. (6.71), thus relating the conductance and the susceptibility.

We solve the RG equations starting from E = 0 to E = i Λ0 with T =
V = Ω = 0 held fixed. At E = i Λ0 we switch on T or V (the extension
to simultaneously finite T and V is worked out in Ref. [156]) which is for
the temperature a negligible effect since Λ0 � T. The voltage V, on the
other hand, appears as shift in the variables [cf. Eq. (3.45)] and therefore the
initial conditions at all these values is needed. We incorporate the finite volt-
age by evolving J(E), K(E), and Γ(E) in Eq. (6.61) to finite nV at E = i Λ0
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figure 6 .3: RG flow of the renormalized exchange coupling J̃ governed by the scaling
equation (6.49). The maximum given by Eq. (6.74) is reached at Λ = 0. In contrast to
the PMS result the coupling does not diverge. Inset: RG flow of the effective relaxation
rate Γ. We note that Γ remains finite for Λ→ 0.

parallel to the real axis, i. e., having E = nV + i Λ0 afterwards.7 Here n is
the order of parallel branches used throughout the solution of the RG equa-
tions (6.61) and (6.62), and n can, of course, be truncated once convergence is
obtained (usually n = −5, . . . , 5 is sufficient). In a similar fashion the external
frequency evolution to E = Ω + i Λ0 is incorporated. Now with the energy
scales T, V, and Ω at their physical values, we can solve the full RG equa-
tions, e.g. Eq. (6.61) for the correlation function, back to E = 0 to obtain the
observables in the stationary state.

As an example, the RG flow of J̃(E = i Λ) is shown in Fig. 6.3. At sufficient
high energies Λ � TK the system is in the perturbative regime J̃ � 1 where
a well-controlled, systematic and analytic solution is possible [38, 39, 41, 90].
When lowering the energy scale Λ the renormalized coupling J̃ increases.
However, around Λ ∼ TK this increase is cut off by the finite relaxation rate Γ
(see inset of Fig. 6.3). In contrast to the PMS situation the coupling does not
diverge but reaches a maximum as Λ→ 0 which is fixed by the requirement
of unitary conductance (6.74). In fact, for both models J̃ < 1 but, since J̃ ∼ 0.3
in the crossover regime Λ ∼ TK, it is a priori not clear whether the truncated
RG equations yield reliable results. Thus it is essential to have benchmarks
for the crossover and strong-coupling regime. Furthermore, one can compare
different orders of truncation to gain insight into the reliability. We will come

7 This procedure has also been successfully incorporated for the spin-1/2 Kondo model at finite
T and V recently [156].
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back to this when discussing our results in Sec. 6.8 below. As a side remark
we note that the fixed point J̃ = 1/(2S) of Eq. (6.49) is not reached.

6.6 spin-spin correlation functions

In this section we present our results on the spin-spin correlation functions
of both the spin-1/2 and the spin-1 model. We first discuss the static spin
susceptibility, which we use to define a second Kondo scale T0, and then the
dynamical correlations. In the next section we discuss the conductance with
a particular focus on the FL coefficients.

6.6.1 Static Spin Susceptibility

The static spin susceptibility is, according to Eqs. (2.49), (6.43), and (6.48),
given by

χ = lim
Ω→0

χ′(Ω) =
1
2

Re Γ−(i 0+, 0)
Re Γ(i 0+)

. (6.75)

The function Γ−(i 0+, 0) is obtained by solving the RG equation (6.61) from
the previous section numerically, while the rate Γ(i 0+) follows from the RG
equation for the Liouvillian given in Ref. [71] [for T = V = 0 it is given
by Eq. (6.51)]. We focus on the temperature dependence at zero bias volt-
age, χ(T) ≡ χ(T, V = 0), and the voltage dependence at zero temperature,
χ(V) ≡ χ(T = 0, V). The static susceptibility can be used to define the Kondo
scale T0 via Eq. (6.3), which is the definition usually adopted in numerical
RG calculations [13, 64]. Its relation to the Kondo temperature TK defined in
Eqs. (6.50) and (6.68) is given in Tab. 6.2 in the next section.

Our result for the temperature dependence at V = 0 for the spin-1/2 model
is shown in Fig. 6.4, where we have rescaled the temperature using the Kondo
scale T0. We compare our data to the exactly known result [65] obtained by
use of the Bethe Ansatz as well as the asymptotic results at low and high
temperatures given by [13, 149]

χ(T)
T�T0= χ(0)

[
1−
√

3π3

8

(
T
T0

)2
+O

(
T
T0

)4
]

, (6.76)

and

χ(T)
T�T0=

1
4T

[
1− 1

ln[T/(wT0)]
− 1

2
ln
[
ln[T/(wT0)]

]

ln2[T/(wT0)]

+O
(

1
ln3[T/(wT0)]

)]
, (6.77)
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figure 6 .4: Static spin-susceptibility χ(T)T for the spin-1/2 model and V = 0. We
compare to the exact result from Bethe Ansatz [data are taken from Tab. 3 of Ref. [65]]
and asymptotic results Eqs. (6.76) and (6.77), respectively. There is no fit parameter
in the RTRG result. The dashed line at χ(T)T = 0.25 shows the susceptibility of the
asymptotically free impurity.

respectively.8 Here w = 0.41071 . . . denotes the Wilson number, which is de-
fined by the requirement that the term proportional to 1/ ln2[T/(wT0)] in
Eq. (6.77) vanishes [25, 45, 157]. The combination wT0 is also frequently used
as Kondo scale in the literature.

We first observe that our result shows reasonable agreement with the low-
temperature behavior (6.76); below we analyze this in more detail. In contrast,
at high temperatures we observe clear deviations. While the asymptotic value
χ(T) → 1/(4T) is of course reproduced (as it is in the perturbative RTRG
analysis [38]), the logarithmic corrections ∝ 1/ ln[T/(wT0)] ∼ 1/ ln(T/TK)
are not correctly captured. The reason for this is that the susceptibility is
given by the ratio of the kernel Σ−B and the Liouvillian L; see Eq. (6.75). Since
both start in O(J2) the derivation of the contribution ∝ 1/ ln(T/TK) to the
susceptibility would require a consistent calculation of Γ−(E, Ω) and Γ(E),
including all terms in O(J3). For this a full three-loop calculation including
all terms with up to four vertices is necessary, which is, however, beyond the
scope of this work.

In Fig. 6.5 we plot the static susceptibility for the spin-1/2 and spin-1 model.
We observe that, when plotted against the rescaled parameters T/TS,0 and

8 We note that our result differs by a factor 1/2 from Eq. (6.79) in Ref. [13]. Our result is consistent
with the low-temperature behavior of the susceptibility obtained from NRG calculations [150,
151].
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figure 6 .5: Static spin susceptibility χS of the S = 1/2 (blue) and S = 1 (red)
models. The solid lines show the temperature dependence at V = 0, χS(T), while the
dashed lines show the voltage dependence at T = 0, χS(V). All curves are normalized
to χS(0), and both temperature T and voltage V are rescaled with T0,S defined in
Eq. (6.3). Inset: Comparison of χS(T)/χ∗S for S = 1/2 and S = 1. The approach to the
free spin susceptibility χ∗S = S(S + 1)/(3T) is slower in the spin-1 model.

V/TS,0, where TS,0 is defined via Eq. (6.3), χS(V) > χS(T), i. e., thermal fluc-
tuations lead to a stronger suppression of the systems susceptibility to an
external magnetic field then a finite bias voltage. Asymptotically, the suscep-
tibility reaches the one of a free spin, χ∗S = S(S + 1)/(3T), in particular, we
find for the relative factor χ1/2/χ1 = 3/8 for T � T0 or V � T0. This factor
also frequently appears in the RG equations discussed in Sec. 6.5.

Finally, let us analyze the behavior at low temperatures or small bias volt-
ages in more detail. Specifically, we consider the coefficients a′T and a′V in the
expansion [c.f. Eq. (6.27)],

χ = χ0

[
1− a′T

(
T
T0

)2
− a′V

(
eV
T0

)2
]

. (6.78)

We have extracted the coefficients from our RTRG calculation in second and
third order; the results are shown in Tab. 6.1. We observe that the value for
a′T obtained from the RTRG treatment shows a significant deviation from the
exact result and a rather strong dependence on the order of truncation of
the RG equations. In contrast, for the ratio a′V/a′T we do not observe such a
drastic dependence on the truncation. Thus we would consider the result for
a′V/a′T to be more reliable (see the discussion for the FL coefficients of the
conductance in Sec. 6.7).
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table 6 .1: Values of the coefficients a′T and a′V/a′T extracted from the numerically
obtained RTRG results in second and third order. The exact BA values for a′T are
given by Eq. (6.34); the relative errors are stated in brackets.

model method a′T a′V/a′T

S = 1/2 BA 6.71 –

RTRG 2nd 4.89 (27%) 0.14

RTRG 3rd 13.64 (103%) 0.11

S = 1 BA 14.80 –

RTRG 2nd 7.38 (50%) 0.11

RTRG 3rd 28.70 (94%) 0.10

6.6.2 Dynamical Correlation Functions

From Eqs. (6.43), (6.47), and (6.48) we obtain the dynamical correlation func-
tion

S(Ω) =
1
2

Re Γ(Ω)

Ω2 + Re Γ(Ω)2 (6.79)

as well as the imaginary part of the spin susceptibility,

χ′′(Ω) =
1
2

Ω Re Γ−(i 0+, Ω)

Ω2 + Re Γ(Ω)2 . (6.80)

We note that in deriving these expressions we have omitted terms of the
form ∼ Γ(Ω)Γ−(i 0+, Ω), which contribute only to higher-order corrections
and cannot be treated consistently. Furthermore, we have neglected the term
Im Γ(Ω) in the denominator since it is much smaller than Ω, |Im Γ(Ω)| � Ω.
We note that Eqs. (6.79) and (6.80) are rather similar to the corresponding
expressions [39] in the weak-coupling regime; however, here we calculate
Γ(Ω) and Γ−(i 0+, Ω) in the whole crossover regime.

The dynamical correlation function and the imaginary part of the spin sus-
ceptibility for the spin-1/2 model are shown in Figs. 6.6 and 6.7. The behavior
agrees very well with the results obtained by Fritsch and Kehrein [40, 158]
using the flow-equation method. We find in the low-frequency limit

S(Ω→ 0) =
1

2Γ
, (6.81)

which holds for both S = 1/2 and S = 1. Here Γ is the physical spin relax-
ation rate obtained from solving Eq. (6.51) and taking E → i 0+. We show Γ
in the respective insets. For example, in the perturbative regime T, T0 � V
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figure 6 .6: The spin-spin correlation function S(Ω) and the imaginary part of the
spin susceptibility χ′′(Ω) for the spin-1/2 model and V = 0. We observe the maxi-
mum of χ′′(Ω) at Ω ≈ Γ and S(Ω = 0) = 1/(2Γ), where Γ(T, V = 0) is shown in the
inset.

it is simply given by [31, 38, 90] Γ = π J2V [cf. Eq. (5.34)] with the renor-
malized exchange coupling J = 1/[2 ln(V/TK)]. Physically the relaxation
rate governs the real-time dynamics of the spin on the dot and the current
through it [89]. The low-frequency behavior (6.81) also agrees with results ob-
tained by mapping the spin-spin correlation function of the spin-1/2 model
to the one-particle Green function in an effective description in terms of Ma-
jorana fermions [159, 160]. For large frequencies we recover the perturbative
result [39, 158] S(Ω) ∝ 1/[Ω ln2(Ω/TK)].

Similarly, the spin relaxation rate determines the maximum of the suscep-
tibility, which is located at Ω ≈ Γ. In agreement with Ref. [158], we find that
this maximum is at lower values of Ω for the voltage-dependent susceptibil-
ity as compared to the temperature-dependent one since the rate is larger in
the latter case.

Finally, we note that in equilibrium (V = 0) the correlation function and
the dynamical susceptibility are related to each other via the fluctuation-
dissipation theorem [161, 162] χ′′(Ω)/S(Ω) = tanh[Ω/(2T)]. Our results
obtained by numerically solving the RG equations do not fully respect this
relation, which seems to be due to inconsistently treated higher-order correc-
tions in the derivations. For very large frequencies, however, one recovers the
weak-coupling result [39], including the fluctuation-dissipation relation.
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figure 6 .7: The spin-spin correlation function S(Ω) and the imaginary part of the
spin susceptibility χ′′(Ω) for the spin-1/2 model and T = 0. We observe that the
maximum of χ′′(Ω) appears at lower frequencies as compared to the temperature-
dependent susceptibility shown in Fig. 6.6, which was also observed in Ref. [158].
Γ(T = 0, V) is shown in the inset.

6.7 differential conductance

In this section we discuss our results for the conductance of the spin-1 model.
We focus on the temperature dependence of the linear conductance, G(T) ≡
G(T, V = 0), and the voltage dependence of the differential conductance at
zero temperature, G(V) ≡ G(T = 0, V). The corresponding analysis for the
spin-1/2 case was performed previously in Ref. [71]. In principle, it is also
possible to extend the study to the full temperature and voltage dependence
which is, however, considerably more involved (see Ref. [156] for the spin-1/2

case).
In Fig. 6.8 we show the linear and differential conductance for the spin-1

model. The Kondo scale T∗K used to rescale the temperature and voltage, re-
spectively, is defined by

G(T = T∗K, V = 0) =
G0

2
, (6.82)

where G0 = G(0, 0) denotes the unitary conductance introduced in Eq. (6.73).
Similarly, we can define another scale by

G(T = 0, V = T∗∗K ) =
G0

2
. (6.83)
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figure 6 .8: Linear and differential conductance G(T) and G(V) for S = 1 scaled
to the Kondo scale T∗K defined in Eq. (6.82). The dashed lines are a guide to the eye
to extract the relation G(V = T∗K) ≈ 0.574 G0. Inset: Second-order (crosses) and third-
order (solid lines) RTRG results for G(T) as a function of T/T∗K and G(V) as a function
of V/T∗∗K . The results are almost independent of the truncation.

In contrast to the scales T0 and TK defined in Eqs. (6.3), (6.50), and (6.68),
respectively, which are convenient for theoretical purposes, the scales T∗K and
T∗∗K are easier accessible in experiments. We stress that the notations used in
the literature are not unique (e. g., in Ref. [127] the scale T∗K is denoted by TK

while Ref. [163] uses Texpt
K ). In the inset of Fig. 6.8 we observe that both G(T)

and G(V) are almost independent of the order of truncation when rescaled
against the corresponding Kondo temperatures T∗K and T∗∗K , respectively.

In total we have thus four ways to define a Kondo scale which we collect in
Tab. 6.2. The scales differ by numerical prefactors which themselves depend
on the order of truncation of the RG equations (see discussion at the end of
Sec. 6.5.5). We note that while the scale TK obviously depends on the trunca-
tion, the ratios of the (in principle) observable scales T∗K/T0 and T∗K/T∗∗K also
depend on it, i. e., the truncated RTRG equations are not able to yield reliable
results for these quantities. For example, for the spin-1/2 model we find in
second and third order T∗K/T0 = 1.15 and T∗K/T0 = 0.52, respectively, while
recent numerical RG calculations [150, 163] give T∗K/T0 ≈ 1.04 in the Kondo
limit of the single-impurity Anderson model.

In Fig. 6.8 we also observe that, when T and V are rescaled against the
same scale, one finds G(T) < G(V), which was also obtained in the spin-1/2

case. This finding is also supported by the fact that c′V/c′T < 1 (see below)
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table 6 .2: Definitions of the Kondo scales TK, T0, T∗K and T∗∗K used in this chapter
and the numerical relations between them as extracted from the RTRG analysis in
second and third order, respectively. We note that the numerical values depend on
the order of truncation of the RG equations. We stress that the notations used in the
literature are not unique.

scale order S = 1/2 S = 1 definition

TK Second – – Scaling invariant (6.68)

Third – – Scaling invariant (6.50)

T0 Second 9.17 TK 56.07 TK S(S + 1)/3χ(T = 0)

Third 3.99 TK 12.64 TK Eq. (6.3)

T∗K Second 10.58 TK 98.98 TK G(T = T∗K) = G0/2

Third 2.07 TK 10.29 TK Eq. (6.82)

T∗∗K Second 10.13 TK 98.43 TK G(V = T∗∗K ) = G0/2

Third 3.32 TK 14.94 TK Eq. (6.83)

independently of the used truncation of the RG equations. Furthermore, we
can extract the differential conductance at V = T∗K and find in third order

G(V = T∗K) ≈ 0.574 G0 (6.84)

in the spin-1 model, while for S = 1/2 the result G(V = T∗K) ≈ 2/3 G0 was
observed [71, 129, 131]. We note, however, that the numerical value in (6.84)
strongly depends on the considered order of truncation.

In Fig. 6.9 we compare our results for the linear conductance with the corre-
sponding ones obtained using numerical RG [164, 165]. For both the spin-1/2

and spin-1 models we observe satisfactory agreement; the deviations at large
temperatures originate from the fact that we directly treat the Kondo model
(6.1) while Refs. [164, 165] analyzed the corresponding Anderson models,
whose high-temperature physics deviates from the universal behavior of the
Kondo model.

Beside the relations between the various Kondo scales we can also extract
the FL coefficients from our RTRG calculation and in particular compare them
with the results from FL theory derived in Sec. 6.3. Using the scale T∗K as our
energy unit we fit the RTRG results at low energies against (see Fig. 6.10 for
the spin-1 model)

G(T, V) = G0

[
1− c∗T

(
T

T∗K

)2
− c∗V

(
eV
T∗K

)2
]

. (6.85)
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figure 6 .9: Comparison of the linear conductance G(T) for the fully screened Kondo
model with S = 1/2 and S = 1, between the RTRG (solid lines) and NRG [164]
(dashed lines).

We stress again that the notations used in the literature are not unique (e. g.,
in Ref. [127] cT,V is used instead of c∗T,V). The FL coefficients calculated in
Sec. 6.3 are then obtained via

c′T
c∗T

=
c′V
c∗V

=

(
T0

T∗K

)2
. (6.86)

We present our results in Tab. 6.3 together with the errors compared to the
exact values are given by Eqs. (6.25) and (6.22), respectively.

We observe that the value for c′T obtained by numerically solving the
second-order RG equations is in reasonable agreement with the FL results,
i. e., the deviation is less than 20%. In contrast, when increasing the order
of truncation the deviation increases considerably. Thus higher-order correc-
tions do not improve the results for c′T . In contrast, for the ratio c′V/c′T we do
not observe such a drastic dependence on the truncation. This is similar to
the susceptibility discussed above, where the ratio a′V/a′T also depends only
weakly on the order of truncation.

The deviations can presumably be attributed to the fact that the FL co-
efficients are obtained in the RTRG treatment by expanding in J̃(0) which
takes the values J̃(0) ≈ 0.37 and J̃(0) ≈ 0.23 for S = 1/2 and S = 1, re-
spectively [see Eq. (6.74)]. For the coefficient c′T [or the entering Kondo scales,
see Eq. (6.86)] this expansion seems to be not reliable. Another aspect may
lie in the fact that the RTRG method considers the RG flow of the effective
quantities in the model (6.1), i. e., the form, structure, and symmetries of the



6.8 conclusion and discussion 113

figure 6 .10: Linear and differential conductance G(T) and G(V) for the spin-1
model plotted in the form G0−G(T,V)

G0
/( T,eV

T∗K
)2 such that the FL coefficients c∗T and c∗V

can be readily determined by a quadratic fit (dashed line). Similarly, for the spin-1/2

model we obtain c∗T = 4.86 and c∗V = 1.02 in agreement with Ref. [71, 156].

Hamiltonian at low and high energies are the same. In contrast, as shown in
Sec. 6.3.1 (see also Refs. [146, 147]) the effective Hamiltonian describing the
FL fixed point has a completely different structure.

Furthermore, we note that the ratio c′V/c′T can also be derived analytically
within the RTRG formalism. For the spin-1/2 model this was done in Ref. [71]
with the result c′V/c′T = 3/(2π2) in prefect agreement with Eq. (6.22). Follow-
ing the same steps in the spin-1 case we obtain the same result, i. e., the
RTRG method does not capture the nontrivial spin dependence of the FL
coefficients.

Finally, we add that the weak-coupling solution J̃∼J∼1/ ln(max{T, V}/TK)
together with Eq. (6.72) directly results in the perturbative result [38, 90] for
the differential conductance, G ∼ 1/ ln2(T/TK) and G ∼ 1/ ln2(V/TK) for
T � TK and V � TK, respectively.

6.8 conclusion and discussion

In this chapter we have studied the transport properties of fully screened
Kondo quantum dots where the number of screening channels equals twice
the spin on the dot. In the first part we employed FL theory to calculate the
conductance at low temperatures and small bias voltages. In particular, we
derived the FL coefficient for the voltage dependence of the conductance for
models with arbitrary spin and found a nontrivial spin dependence of the
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table 6 .3: Values of the FL coefficients c′T and c′V/c′T extracted from the numeri-
cally obtained RTRG results in second and third order. The exact values are given by
Eqs. (6.25) and (6.22); the relative errors are stated in brackets.

model method c′T c′V/c′T

S = 1/2 FL theory 6.088 0.152

RTRG 2nd 5.02 (18%) 0.34 (122%)

RTRG 3rd 18.04 (196%) 0.21 (38%)

S = 1 FL theory 8.794 0.164

RTRG 2nd 7.40 (16%) 0.25 (52%)

RTRG 3rd 31.77 (261%) 0.18 (9%)

ratio c′V/c′T , see Eq. (6.22). We also determined the low-temperature behavior
of the static susceptibility from the Bethe Ansatz solution for the dot magne-
tization with the main result given by Eq. (6.34).

In the second part we generalized the recently developed [71] E-flow scheme
of the RTRG technique to study correlation functions and performed a two-
loop analysis of the fully screened spin-1/2 and spin-1 Kondo models. In
particular, this method allows us to study the crossover from strong to weak
coupling also in the nonequilibrium setup with a finite bias voltage. The
starting point of the method in terms of an expansion in the renormalized
exchange coupling offers an internal consistency check when comparing ob-
servables in different orders of truncation of this expansion. In the following
we will briefly recall our main results and then turn to the comparison with
other methods.

We calculated the static spin susceptibility for both models and found that
thermal fluctuations lead to a more pronounced suppression of the suscepti-
bility than a finite bias voltage, i. e., χ(T) < χ(V) (see Fig. 6.5). We studied
the behavior at low temperatures or small voltages and extracted the corre-
sponding coefficients a′T and a′V , see Tab. 6.1. For the dynamical spin-spin cor-
relation functions we found good agreement with previous results obtained
using the flow-equation method [40, 158].

In addition, we analyzed the temperature and voltage dependence of the
linear and differential conductance. We observed that G(T) < G(V) provided
T and V are rescaled against the same energy scale (see Fig. 6.8). We used the
susceptibility and conductance to define various Kondo scales and discussed
their relations; the results are summarized in Tab. 6.2. We also extracted the
FL coefficients c′T and c′V and compared them to the known results from FL
theory (see Tab. 6.3).
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Now let us turn to a summary of comparisons with other methods:
(i) The E-flow scheme of the RTRG method by construction correctly re-

produces all perturbative results for high temperatures or large bias voltages.
The failure to obtain the leading logarithmic corrections to the static suscepti-
bility originates in the third-order truncation used here and can be cured by
incorporating higher orders. The same is true for the fluctuation-dissipation
theorem. (ii) The RTRG method reproduces the quadratic behavior of the sus-
ceptibility and conductance for small temperatures or voltages. (iii) For the
spin-1/2 model one can analytically derive [71] the correct ratio of the FL
coefficients c′V/c′T = 3/(2π2) in all orders of the truncation. (iv) As shown in
Fig. 6.9, the temperature dependence of the linear conductance agrees well
with numerical RG calculations.

However, there are some points which our RG treatment was not able to
capture: (a) The ratios of the observable Kondo scales like T∗K/T0 cannot be
determined reliably. In fact, they strongly depend on the truncation of the
RG procedure. (b) Similarly, there is a strong dependence on the truncation
for the of FL coefficients a′T and c′T . (c) The nontrivial spin dependence of the
ratio c′V/c′T is not captured.

To put this into perspective we recall that the starting point of the RG pro-
cedure is a perturbative expansion in the renormalized exchange coupling. In
the low-energy regime this is, however, not particularly small, i. e., J̃(0) ≈ 0.37
and J̃(0) ≈ 0.23 for S = 1/2 and S = 1, respectively. In light of this it is even
somewhat surprising that the RTRG method correctly reproduces nontrivial
aspects of the FL behavior like point (iii) above. With the perturbative start-
ing point in mind one may hope that going beyond the third-order truncation
will improve points (a) and (b). This would, however, require much more in-
volved calculations.

In this context we stress that the truncation of the RG equations also offers
an internal consistency check when comparing the results of different orders
of truncation. Using this check we conclude that the absolute values of the
FL coefficients a′T and c′T in the low-temperature regime are not reliable, as
are the ratios of the Kondo scales like T∗K/T∗∗K . On the other hand there are
several quantities that do not show a strong dependence on the truncation
order: (i) The linear and differential conductance as shown in the inset of
Fig. 6.8. (ii) The qualitative results χ(T) < χ(V) and G(T) < G(V) provided
T and V are rescaled against the same energy scale. (iii) The ratios a′V/a′T
and c′V/c′T . We would thus expect these results to be reliable. For example,
for the voltage dependence of the susceptibility at small voltages, χ(V)/χ0 =
1− a′V(eV/T0)

2, we estimate the coefficients to be a′V ≈ 0.8 for S = 1/2 and
a′V ≈ 1.4 for S = 1, respectively.

An important aspect may also lie in the fact that the RTRG method con-
siders the RG flow of the effective quantities in the model (6.1), i. e., the
form, structure, and symmetries of the Hamiltonian at low and high en-
ergies are the same. In contrast, the effective Hamiltonian describing the
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FL fixed point has a completely different structure, which cannot be repre-
sented by the Kondo model (6.1). Thus correctly connecting the high- and
low-energy regimes within the RTRG framework seems quite intricate. One
has to keep in mind, however, that currently there is no method available
that masters this task in the presence of a bias voltage. From the equilib-
rium situation it is known that ultimately nonperturbative methods like NRG
or Bethe Ansatz are required. A generalization of these methods to the full
nonequilibrium setup is still an open challenge, although there have been
recent advances in the scattering state NRG [37, 166–168] and attempts to
apply [66, 108, 169, 170] the Bethe Ansatz method in the presence of a finite
bias voltage.

To conclude, we have analyzed the nonequilibrium transport properties
of fully screened Kondo quantum dots. We employed FL theory to treat the
low-energy regime as well as the E-flow scheme of the RTRG method to study
the crossover from strong to weak coupling. Given the perturbative starting
point of the latter approach the applicability in the strong-coupling regime is
not guaranteed a priori and therefore should always be checked against alter-
native methods. On the other hand, in the weak-coupling regime the RTRG
method allows a systematic analysis of a wide range of observables in Kondo
quantum dots like the nonequilibrium transport properties [38, 41, 73, 90], the
dynamical correlation functions [39, 155], and the relaxation dynamics [89].
Furthermore, it is possible to treat other problems like the transport proper-
ties, relaxation dynamics, and adiabatic response of the interacting resonant
level model [106, 107, 171] and the time evolution in the ohmic spin-boson
model [172–175].



Part IV

C O N C L U S I O N A N D O U T L O O K

Summary, conclusion, and outlook of this thesis. We summarize
the results obtained in the previous three chapters for the over-
screened, the underscreened, and the fully screened Kondo model.
An overall conclusion is drawn from our results towards the ap-
plicability of the real-time renormalization group method to the
discussed models. Finally, further possible developments to this
nonequilibrium method are discussed and other complementary
methods are summarized in the outlook.
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In this thesis we have analyzed different setups of the Kondo model, an ef-
fective low-energy model for a fixed impurity spin of a dot in interaction
with surrounding reservoir spins. In particular, the overscreened, the under-
screened, and the fully screened Kondo model have been studied. While
the equilibrium properties of these models have been extensively looked at
by various methods [25, 45, 68], the nonequilibrium properties are less ex-
plored [32, 158]. To fill this gap, we used the recently developed real-time
renormalization group (RTRG) [42] method in the weak-coupling regime and
its extension [71] to the crossover regime, from weak coupling to strong cou-
pling. We subsequently characterized the properties of the three systems by
analyzing their physical observables and, in parts, their time evolution.

After we gave an introduction to the Kondo model and the Kondo effect in
Chap. 2, we provided a brief overview of the two different renormalization
group (RG) flow schemes of the RTRG method in Chap. 3. These two chapters
set the stage for the subsequent investigation of the above-mentioned setups
with the assistance of the RTRG method.

We started our analysis with the overscreened setup of a localized spin-1/2

subject to K screening channels in Chap. 4. This setup is well controlled for
all energy scales, i. e., for a magnetic field and an applied bias voltage smaller
than the Kondo temperature TK, as the flow of the coupling constant has a
weak-coupling fixed point at J∗ ∼ 1/K and does not diverge, provided K � 1.
As a first step, we recovered the expected non-Fermi liquid (FL) behavior for
observables like the g-factor and the conductance within the RTRG scheme.
Furthermore, the main result of this chapter was the emergence of additional
cotunneling features that are visible in the differential conductance in the case
of different bias voltages for individual reservoirs. We found that this effect
is mediated by the magnetization of the localized spin and indirectly cou-
ples initially decoupled reservoir channels with each other. With this result
at hand, we concluded that these features could be visible in subsequent ex-
periments, which would require a magnetic field and different bias voltages
for a larger number of reservoirs K � 1 and thus extend the experiment of
Ref. [63] for K = 2. Overall, we found that the RTRG method was well-suited
to describe the overscreened Kondo model out of equilibrium. Moreover, we
observed the essential features of the non-FL physics and provided new re-
sults for a more generalized setup of different bias voltages.

In Chap. 5 we proceeded with the investigation of the weak-coupling prop-
erties of the nonequilibrium Kondo model by applying the RTRG method
to the larger impurity spin of size S = 1. We set up a convenient basis in

119



120 conclusion and outlook

the enlarged Hilbert space of the impurity in the presence of a broken ro-
tational symmetry by an external magnetic field. That provided, additional
decoherence rates emerged that governed the time evolution of the magneti-
zation and the nontrivial anisotropy ∝ SzSz. We showed their splitting and
recombination by increasing the magnetic field and provided a physical in-
terpretation of spin-sector and magnetic field-directed decoherence rates, re-
spectively, to their behavior. We also found that the appearance of additional
decoherence rates was visible in the enhanced broadening of cotunneling fea-
tures in the g-factor, the susceptibility, and the differential conductance. In
addition, we showed how all features of the Kondo physics were dominated
by allowing for anisotropic couplings J⊥ 6= Jz of the impurity to the environ-
ment, which was directly visible in the RTRG formalism. Nevertheless, we
shall stress that the RTRG method by design was not capable to show the
emergence of the ferromagnetic Kondo model at low energies [44, 45, 65],
due to its restriction to the weak-coupling regime, which prevented a flow
to this limit. To summarize, we gathered valuable insights into the analytic
properties of the spin-1 Kondo model, especially with respect to the time
evolution. Furthermore, we observed enhanced broadening of observables
besides the similarities one would expect between the S = 1/2 and the S = 1
Kondo model for a bias voltage or a magnetic field larger than the Kondo
temperature TK, below which screening processes dominate.

Finally, Chap. 6 was devoted to the application of the RTRG method, and its
recent progress made for the nonequilibrium strong-coupling extension [71].
We applied this method to the static and dynamic spin-spin-correlation func-
tions for the spin-1/2 Kondo model, as well as the differential conductance
and static susceptibility for the spin-1 model, coupled to one and two screen-
ing channels, respectively. The derived conductance and susceptibility showed
increased suppression induced by thermal fluctuations over suppression in-
duced by an applied bias voltage, which was consistently found for differ-
ent truncation orders of the RG flow. Moreover, the results obtained for the
conductance and the frequency dependent spin-spin correlation function re-
produced the perturbative results at high temperatures and high voltages,
and were found to be in good qualitative agreement with results obtained by
the numerical renormalization group (NRG) method and the flow-equation
method, respectively, over the whole energy range. However, we found that
the logarithmic corrections in the static susceptibility were not correctly cap-
tured and would have required to go beyond the third-order truncation,
which was outside the scope of this thesis. Since both discussed models are
exactly screened Kondo models, where the impurity spin degree of freedom
is frozen out at low energies, a comparison of our results to the quadratic FL
coefficients, which were derived for arbitrary spin by the FL approach, was
possible. Our results showed that the quadratic form was indeed captured
by the RTRG method. Nevertheless, we found a strong dependence of the
coefficients, as well as of the various Kondo scales, on the truncation order.
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It was stressed that these results should not be regarded as a failure of the
RTRG method. After all, the RG procedure, which is used to derive inde-
pendent observables over a wide range of regimes by a single approach, is
based a perturbative expansion in the renormalized exchange coupling. In
the low-energy regime, however, the exchange coupling is not particularly
small. Under these considerations, it was rather unexpected that the method
correctly captured a wide range of qualitative behaviors. Moreover, the ratios
of the FL coefficients for the conductance and the susceptibility showed only
a weak dependence on the truncation order. This allowed us to give an es-
timate of the FL coefficient a′V of the susceptibility at small voltages, which
had not been obtained analytically yet.

In conclusion, we successfully applied the RTRG method to three different
Kondo setups, which allowed us to study a wide range of different observ-
ables over an extended set of parameters under the assistance of a single
many-body framework. The perturbative foundation of the RTRG method
gives us the opportunity to gather new analytic insights for higher spin
Kondo systems, on the one hand, and provides for a qualitative compari-
son of obtained results to various other methods and analytic results, on the
other hand. Regarding the reliability of our obtained results in the strong-
coupling regime, the application of the RTRG method is by construction not
guaranteed a priori and requires complementary methods to be checked and
compared against.

The RTRG method is still a relatively new approach to the nonequilib-
rium description of the Kondo model. By employing and generalizing this
approach we were able to provide a broad physical picture for the models
studied within this thesis. Nevertheless, there are many different interesting
situations in and beyond the Kondo model which have yet to be studied out
of equilibrium. In particular, the description of a finite magnetic field, which
was included in the weak-coupling approach of the RTRG method, is still
missing within the E-flow scheme extension to strong coupling. A problem
of this desirable extension is, however, how missing boundary conditions for
the magnetic field can be conclusively accounted for within the RG scheme.
Another important addition to the E-flow scheme is the incorporation of fi-
nite temperature and voltage on equal footing, which has been worked out by
Ref. [156]. It is also unclear, if and how the RTRG method could be extended
to more exotic situations, e. g., anisotropic couplings between left and right
reservoirs for higher underscreened spin systems S > 1/2, in which case
a nonmonotonic differential conductance is expected [176] due to multiple
Kondo scales.

Furthermore, progress made by the extension of other established methods
to the nonequilibrium Kondo model shall be mentioned; the time-dependent
density matrix renormalization group (DMRG) [177–182], the nonequilibrium
functional renormalization group (FRG) [120, 183], the iterative summation
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of real-time path integrals (ISPI) [184] methods1, the scattering state NRG
extension [37, 166–168], nonequilibrium Green’s function methods [128, 186–
188], the frequency-dependent perturbative RG method [29–32, 97, 117, 119,
154, 189], the flow-equation method [33, 34, 40, 158], the Keldysh effective-
action theory [131, 132], the field-theoretical RG approach [35], and the real-
time quantum Monte Carlo (QMC) method [190, 191] offer alternative paths
towards a complementary picture of the Kondo model in the presence of a
finite bias voltage. Also, there have been attempts to solve the Kondo model
out of equilibrium exactly by the Bethe Ansatz method [66, 67, 169, 170] and
by the use of time-dependent density functional theory (DFT) [192–194].

1 A comprehensive comparison of the time-dependent DMRG, the FRG, and the ISPI method can
be found in Ref. [185].
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AS U P E R O P E R AT O R S O F T H E K O N D O M O D E L

The basis for the local Liouville space of the dot can be built up by the super-
operators L+ and L− defined by

L+A = SA, L−A = −AS, (A.1)

according to the left and right acting spin S on an operator A. An explicit
representation is given by

L+ = S⊗ 1, L− = −ζ 1⊗ S, (A.2)

where ζ = (1,−1, 1) and the canonical ordered basis for the Liouville space
of the dot for S = 1/2 is given by

{|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}, (A.3)

and S = 1 by

{|11〉 , |10〉 , |1−1〉 , |01〉 , |00〉 , |0−1〉 , |−11〉 , |−10〉 , |−1−1〉}. (A.4)

In general the action of a superoperator O on an arbitrary operator B (acting
itself in the Hilbert space) can be written in a matrix notation as

(OB)ss′ = Oss′ ,s̄s̄′Bs̄s̄′ . (A.5)

With this, the initial Liouvillian and vertex are given by

L(0)
S = h0

(
L+z + L−z) (A.6)

and

Gpp
11′ =

1
2





(
Ji
αα′
)

0 Lpiσi
σσ′ for η = −η′ = +,

−
(

Ji
α′α
)

0 Lpiσi
σ′σ for η = −η′ = −,

(A.7)

following only state η = −η′ = + and η = −η′ = − can be obtained via
Gpp

11′ = −Gpp
1′1.
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a.1 symmetries .

The effective dot Liouvillian obeys the same symmetries as the Hamiltonian:
Hermiticity relation, spin-conservation, and probability conservation

H = H† ⇔
(

Leff
S (E)

)c
= −Leff

S (−z∗), (A.8)

s− s 6= s̄− s̄′ ⇒
(

Leff
S

)
ss′ ,s̄s̄′

= 0, (A.9)

TrS

(
ρS(t)− ρS(t0)

)
= 0⇔ TrS Leff

S (E) = 0. (A.10)

Here the c-transform is defined by

(Ac)ss′ ,s̄s̄′ = A∗s′s,s̄′ s̄, (A.11)

and the trace over the system states is given by
(
TrS L

)
s̄s̄′ = ∑

s
Lss,s̄s̄′ . (A.12)

a.2 superoperator basis for spin-1/2

For spin-1/2 one defines the following scalar superorperators

La =
3
4

1 + L+ · L−, Lb =
1
4

1− L+ · L−, (A.13)

Lc =
1
2

1 + 2Lz+Lz−, Lh = L+z + L−z, (A.14)

and vector superoperators

L1 =
1
2
(L+ − L−)− i L+ × L−, (A.15)

L2 = −1
2
(L+ + L−), (A.16)

L3 =
1
2
(L+ − L−) + i L+ × L−. (A.17)

The scalars and vectors fulfill the symmetries

Tr Lj = 0 for j = a, c, h, Tr Lj = 0 for j = 2, 3. (A.18)

For vanishing magnetic field Lc and Lh are not required, but if rotational in-
variance of the Hamiltonian is broken by a magnetic field, e. g., in z-direction,
more superoperators are required. For a full set of superoperators, see Ref. [38].
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a.3 superoperator basis for spin-1

For spin-1 a significantly larger algebra of superoperators is required [90, 195].
For the case of vanishing magnetic field it consists of three scalar superoper-
ators Ls, Lt and Lq and six vector superoperators K j, j = 1, . . . , 6 in a closed
algebraic form, which are defined by

Ls = −1
3

1 +
1
3
(L+ · L−)2, (A.19)

Lt = 1− 1
2

L+ · L− − 1
2
(L+ · L−)2, (A.20)

Lq =
1
3

1 +
1
2

L+ · L− +
1
6
(L+ · L−)2, (A.21)

where s denotes singlet, t denotes triplet, and q denotes quintet. The six vector
superoperators with a closed algebra are given by

K1 = L+ + L− + iL× × L×, (A.22)

K2 = L+ + L− − iL× × L×, (A.23)

K3 = L+ − L− + 2L× − (L× × L×)× L×, (A.24)

K4 = L+ − L− − 2L× + L× × (L× × L×), (A.25)

K5 = L+ − L− + L× +
3
2
(L× × L×)× L× − 1

2
L× × (L× × L×), (A.26)

K6 = L+ − L− − L× +
1
2
(L× × L×)× L× − 3

2
L× × (L× × L×), (A.27)

where L× = i L+ × L−. The scalars and vectors fulfill the symmetries

TrS Lj = 0 for j = t, q, TrS K j = 0 for j 6= 4, (A.28)

where the trace is taken over the dot space. The original Lp, with p = ±, are
expressed in this new basis by

Lp =
1
4

(
K1 + K2

)
+

p
6

(
K3 + K4

)
+

p
12

(
K5 + K6

)
. (A.29)

For broken spin rotational symmetry by a magnetic field h0 along the
z-direction, the scalar superoperator basis of the Liouvillian has to be ex-
tended to allow for up to 16 linear independent basis scalar superoperators
K j

m ∈ R9×9 , the maximal required number of operators allowed by symmetry
relations Eqs. (A.8)–(A.10). To that extent, an ordered basis in the Liouville
space of the dot is chosen as

{|11〉 , |00〉 , |−1−1〉 , |10〉 , |0−1〉 , |01〉 , |−10〉 , |1−1〉 , |−11〉}, (A.30)

where the relations (A.9) lead to a decomposition of Leff
S into:
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3 × 3 block with |s − s ′ | = 0 K j
3 for j = 2, 4, 6, 8, 10, 12.

4 × 4 block with |s − s ′ | = 1 K j
4 for j = 1 . . . 8.

2 × 2 block with |s − s ′ | = 2 K j
2 for j = 1, 2.

The restrictions (A.8) and (A.10) then yield further relations between the ma-
trix elements in these blocks, see Ref. [195] for a detailed discussion as well as
the concrete representation of all K j

m. The superscript j of the basis is chosen
in such a way that the c-transformation yields (K j

m)
c = (−1)jK j

m. As it turns
out, it is convenient to define three additional compact scalar superoperators
for the Liouvillian during the flow up to third order

Ld = K2
3 + K6

3 + K8
3 − K12

3 + 3K2
4, (A.31)

Le = 5K2
3 + 8K4

3 + 5K6
3 − 3K8

3 + 3K12
3 + 6K2

4, (A.32)

Lg = K1
4 − K5

4 + 4K2
2, (A.33)

and one for the current kernel

L f = K2
3 + K4

3 + K6
3. (A.34)

For the anisotropic spin-1 Kondo model, a import term is

L∆ = K3
4. (A.35)
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K O N D O D O T: N O N E Q U I L I B R I U M T R A N S P O RT A N D
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b.1 poles of the resolvent

The poles of the resolvent 1/[z− Leff
S (z)] can be parametrized by

z1 = 0, (B.1)

z2 = −z∗2 ≡ − i Γ0
t , (B.2)

z3 = −z∗3 ≡ − i Γ0
q, (B.3)

z4/6 = −z∗6/4 ≡ ±h− i Γ1
t , (B.4)

z5/7 = −z∗7/5 ≡ ±h− i Γ1
q, (B.5)

z8/9 = −z∗9/8 ≡ ±2h− i Γ2
q, (B.6)

where the real parts are related to the renormalized magnetic field h dis-
cussed in Sec. 5.4.1 while the imaginary parts yield the decay rates discussed
in Sec. 5.4.2.

b.2 evaluation of renormalization group equations

The derivation of the Liouvillian and current kernel for the spin-1 Kondo
model starts with the results (184)–(187) of Ref. [38]. For the explicit evalu-
ation we decompose the effective dot Liouvillian as Leff

S (z) = ∑i λi(z)Pi(z),
where λi(z) denote the eigenvalues and the corresponding projectors Pi(z)’s
are determined by the right and left eigenvectors [42]. The decomposition
yields for the resolvents appearing in the perturbative expansions

1
z− Leff

S (z)
= ∑

i

1
z− λi(z)

Pi(z) ≈∑
i

1
z− zi

Pi(zi), (B.7)

where we have expanded the eigenvalues and eigenvectors around the poles
z = zi. Eqs. (184)–(187) of Ref. [38] can now be evaluated by inserting (B.7)
and performing the necessary algebra in Liouville space. For example in
O(J2

c ) logarithmic terms of the form

G
9

∑
i=1

(
z− zi

)
ln

Λc

− i(z− zi)
Pi(zi)G (B.8)

appear, where G ∝ Jc schematically denotes the superoperator correspond-
ing to the exchange interaction. We proceed by evaluating each term in (B.8)

129
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separately. The first term with i = 1 vanishes [38, 42] due to P1(z1)G = 0.
This implies in particular that all remaining logarithmic terms are cutoff by a
finite decay rate [see (B.2)–(B.6)] and thus the perturbative expansion of Leff

S
is well defined as long as Jc � 1. The terms with i = 8, 9 can be calculated
straightforwardly. The remaining terms are evaluated using the following ap-
proximation (which is not necessary in the spin-1/2 model): Introducing the
short-hand notation

Hi(z) =
(
z− zi

)
ln

i Λc

z− zi
, (B.9)

we have to calculate for i = 2, 3 (the remaining pairs i = 4, 5 and i = 6, 7 can
be treated in the same way)

G
{
H2(z)P2(z2) +H3(z)P3(z3)

}
G

=
1
2

G
{
H2(z)

[
P2(z2) + P3(z2)

]
+H3(z)

[
P2(z3) + P3(z3)

]}
G

+
1
2

G
{
H2(z)

[
P2(z2)− P3(z2)

]
−H3(z)

[
P2(z3)− P3(z3)

]}
G

=
1
2
[
H2(z) +H3(z)

]
G 13×3 G

+
1
2
[
H2(z)−H3(z)

]
G
[
P2(z2)− P3(z2)

]
G + O(J3

c ),

(B.10)

where we have used G[P2(z) + P3(z)]G = G ∑3
i=1 Pi(z)G = G13×3 G with

13×3 denoting the projector onto the 3× 3 subspace with |s − s′| = 0, and
Pi(z3) = Pi(z2) + O(Jc). Now the first term in (B.10) yields the logarithmic
corrections in O(J2

c ), e. g., the real parts of the analog terms with i = 4, 5 and
i = 6, 7 yield the logarithmic corrections to the renormalized magnetic field
(5.19).

On the other hand, the second term in (B.10) does not lead to logarithmic
corrections in O(J2

c ) as

H2(z)−H3(z) ∝ ln
Γ0

t
Γ0

q
= O(1). (B.11)

The approximation (B.10) is the main technical modification required for the
treatment of the spin-1 Kondo model. The possibility to neglect the contri-
butions from (B.11) is essential to derive the analytic results presented in
the main text. The approximation (B.10) obviously yields the combination
H2(z) +H3(z) (similar for the other pairs i = 4, 5 and i = 6, 7). We note,
however, that the direct relations between the functions Hi(z) (and thus the
rates Γi) and the projectors Pi(zi) are lost.

We stress again that our calculations rely on (B.11). Thus if (B.10) were to
contain H1(z) (as may be the case in the calculation of two-point correlation
functions) the terms of the form (B.11) become divergent and the approxima-
tion (B.10) is no longer applicable.
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Finally we note that the imaginary part of (B.10) [originating from the imag-
inary part of Hi(z)] does not contain any logarithmic corrections. Thus the
logarithmic corrections to the imaginary part of Leff

S (z), which yield the loga-
rithmic corrections to the decay rates and stationary quantities, only appear
in O(G3). They can be evaluated by using a relation similar to (B.10).

b.3 self-consistency equations for decay rates

From the poles zi of the resolvent [see (B.2)–(B.6)] we obtain the following
self-consistency equations for the decay rates (see Fig. 5.3):

Γ0
t/q = 2C1 ∓

√
(C1 + C2)(C1 − C2), (B.12)

Γ1
t/q = C3 +

1
2

C4 + C5 ∓
1
2

√
(C5 + 2C3)2 − 3(C2)2, (B.13)

Γ2
q = 4C3 + C4, (B.14)

where the right-hand side of (B.12) has to be evaluated at z = z2/3, the right-
hand side of (B.13) at z = z4/5, and the right-hand side of (B.14) at z = z8,
and the appearing expressions read

C1(z) =
π

8
J2
c

(
2 |z− h|1 + 2 |z + h|1 + |z− h + V|1

+ |z + h + V|1 + |z− h−V|1 + |z + h−V|1
)

,

C2 = 2π J2
c h,

C3(z) =
π

4
J2
c

(
2 |z− 2h|2 + |z + V − 2h|2 + |z−V − 2h|2

)
,

C4(z) =
π

4
J2
c

(
2 |z− h|1 + |z + V − h|1 + |z−V − h|1

)
,

C5(z) =
π

4
J2
c

(
2 |z|0 + |z + V|0 + |z−V|0

)
.

The absolute values are broadened by the decay rates and explicitly given by
(5.50) as well as

|x|0 =
2
π

x

(
arctan

x
Γ0

t
+ arctan

x
Γ0

q

)
, (B.15)

|x|2 =
2
π

x arctan
x
Γ2

q
. (B.16)
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c.1 alternative expression for the current

We discuss1 an expression for the current, alternative to Eq. (2.43), that is
more adapted to the FL approach. In addition, we prefer to work in a sym-
metric/antisymmetric basis, instead of the left/right basis, to take advantage
of the symmetric setup.

The operators aikσ = (ciLkσ − ciRkσ)/
√

2 are odd combinations of the orig-
inal left and right electrons for the channel i and spin σ, and they are decou-
pled from the dot variables from the outset. The operators bikσ derive from
the even combination b̃ikσ = (ciLkσ + ciRkσ)/

√
2, with an additional phase

shift δ0 = π/2, namely (omitting i and σ indices for clarity)

b̃(x) ≡∑
k

ei kx b̃k =





e2 i δ0 b(x) x > 0,

b(x) x < 0,
(C.1)

where the Fourier expansion b(x) ≡ ∑k ei kx bk defines the operators bikσ. The
screening of the dot spin implies that the field b̃(x) becomes discontinuous at
x = 0 at low energies while b(x) is a continuous field even at x = 0. Note that
the x-axis is obtained by unfolding the outgoing part of wave functions into
the half-space of positive x, while negative x correspond to incoming states.

We introduce a general expression for the current operator,

Î(y) =
1
2 i ∑

i,σ

(
ψ†

iσ(y)∂yψiσ(y)−
[
∂yψ†

iσ(y)
]
ψiσ(y)

)
, (C.2)

where y is the position on a one-dimensional line where y < 0 is the left
lead, y > 0 is the right lead and the dot is placed at y = 0. Hence, for y < 0,
ÎL = Î(y) and ÎR = Î(−y). The field operator ψiσ(y) can be related to the
operators ciL/Rkσ, for example, for y < 0,

ψiσ(y) = ∑
k

(
ei(kF+k)y− e− i(kF+k)y

)
ciLkσ, (C.3)

ensuring that electrons are fully backscattered in the lead when the cou-
pling to the dot is absent. The y- and x-axes physically differ, as the y one-
dimensional line runs across the dot while the x-line is reflected at the dot.

1 This section of the appendix is based on calculations performed by C. Mora and is included here
for completeness. Further details on this method may be found in Ref. [134].
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The expression Eq. (6.10) for the current operator is obtained by expanding
the field operator ψ in Eq. (C.2) onto the relevant fields a and b, and by tak-
ing the symmetrized combination of the left current at y < 0 with the right
current at −y.

In contrast to the fields b̃ikσ, the fields bikσ are free at the Kondo fixed point.
Their populations are fixed by the left and right chemical potentials, namely

〈b†
k bk′〉 =

δk,k′

2

[
fL(εk) + fR(εk)

]
, (C.4a)

〈a†
k ak′〉 =

δk,k′

2

[
fL(εk) + fR(εk)

]
, (C.4b)

〈a†
k bk′〉 = 〈b†

k ak′〉 =
δk,k′

2

[
fL(εk)− fR(εk)

]
, (C.4c)

fL/R(ε) = f (ε− µL/R), (C.4d)

where f (ε) is the Fermi function.

c.2 wilson ratio at finite magnetic field

In this appendix2 we show that the Wilson ratio (6.31) is independent of the
applied magnetic field B. We start with the spin-1/2 case. The arguments
that follow are based on a simple observation: the ground state of the Kondo
model is a FL for all values of the magnetic field. In particular, a FL de-
scription requires T, V � TK but in no way B � TK. A straightforward
consequence is that the Korringa-Shiba formula, which indicates that energy
dissipation is caused by elementary FL particle-hole excitations, holds at ar-
bitrary magnetic field. This prediction has been confirmed by numerical RG
calculations [102].

Using a FL description, we can write the phase shift for bulk electrons as
(σ =↑ / ↓, σ̄ =↓ / ↑)

δσ(ε, nσ̄) = δ0
σ + α1,σ(ε− εσ)− φ1,σ ∑

ε′

[
nσ̄(ε

′)− n0,σ̄(ε
′)
]
, (C.5)

where n0,σ̄(ε) = Θ(ε σ̄ − ε) are the zero-temperature Fermi distributions for
spin σ̄. εσ denotes the Fermi energy for the spin species σ, i. e., at finite mag-
netic field εσ = εF + σB/2. The zero-energy phase shifts δ0

σ are related to
the spin-dependent occupations on the dot through the Friedel sum rule,
δ0

σ = π〈d†
σdσ〉. In Eq. (C.5), the phase shift of an incoming bulk electron

depends on its energy ε and on the energy distribution nσ̄(ε) of the bulk
electrons with opposite spin. The expansion Eq. (C.5) defines a priori four pa-
rameters, α1,σ and φ1,σ. These parameters, and the reference phase shifts δ0

σ,
change with the Fermi energies εσ or, more precisely—and this is the key to

2 This section of the appendix is based on calculations performed by C. Mora and is included here
for completeness. Further details on this method may be found in Ref. [134].
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the FL invariance—they depend only on the energy difference ε↑ − ε↓ which
in our case is the magnetic field B.

Therefore, the ground state of the model is unchanged upon adding elec-
trons in a narrow slice of energies between εσ and εσ + δε (with infinitesimal
δε) for both spin species. This invariance reads in Eq. (C.5) as follows:

δσ(εσ + δε, n1
σ̄) = δ0

σ = δ0
σ + α1,σδε− φ1,σ ∑

ε′

[
n1

σ̄(ε
′)− n0,σ̄(ε

′)
]
, (C.6)

where n1
σ̄(ε
′) = Θ(ε σ̄ + δε− ε). Performing the energy summation in Eq. (C.6),

one finds the identities α1,σ = φ1,σ for σ =↑ / ↓. A third identity is obtained
by noting that changing the magnetic field B redistributes electrons from spin-
down to spin-up but does not change3 the sum of phase shifts taken at the
Fermi energies εσ, hence α1,↑ + φ1,↑ = α1,↓ + φ1,↓. From these three relations,
we conclude that the four coefficients are in fact equal,

α1,↑ = φ1,↑ = α1,↓ = φ1,↓ (C.7)

and the low-energy model can be parametrised by a single coupling constant
α1(B) which depends on the magnetic field.

Equipped with our low-energy FL model, we compute the impurity spe-
cific heat,

Ci(B) =
πT
3
[
α1,↑(B) + α1,↓(B)

]
=

2πT
3

α1(B), (C.8)

and the spin susceptibility,

χi(B) =
∂M
∂B

(B) =
α1,↑ + φ1,↑ + α1,↓ + φ1,↓

4π
=

α1(B)
π

. (C.9)

Hence, using Eq. (C.7), we have

1
T

Ci(B) =
2π2

3
χi(B), (C.10)

and the Wilson ratio is found to be independent of the magnetic field. The
same arguments can be reproduced for arbitrary S with the same conclusion
that the Wilson ratio is the same for all magnetic field. One finds, in particular,

Ci(B) =
2NπT

3
α1(B), χi(B) =

4α1(B)
3π

S(S + 1). (C.11)

With 2S = N, one obtains the generalized expression

1
T

Ci(B) =
2π2N

4S(S + 1)
χi(B) =

2π2

N + 2
χi(B) (C.12)

and, hence, the Wilson ratio (6.31).

3 The reason is the Friedel sum rule with a frozen occupancy of 1 on the dot.
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c.3 parametrization in liouville space

c.3.1 Spin-1/2

In the spin-1/2 model a convenient basis in Liouville space was given in
Refs. [38, 39]. It consists of two scalar superoperators La and Lb as well as
three vector superoperators, L1, L2, and L3. In the absence of a magnetic field,
conservation laws then yield a convenient parametrization for the Liouvillian,
current kernel, and vertices as

Leff
S (E) = − i Γ(E)La, (C.13)

G12(E) = −J12(E)L2 · σ + i
π

2
K12(E)L3 · σ, (C.14)

ΣLE) = i ΓL(E)Lb, (C.15)

IL
12(E) = −1

4
IL
12(E)L1 · σ, (C.16)

where the vertices are given for η1 = −η2 = +. The vertices for η1 = −η2 = −
are obtained via the relations J12(E) = −J21(−E∗)∗, K12(E) = −K21(−E∗)∗,
and IL

12(E) = −IL
21(−E∗)∗. Furthermore, we assume symmetric couplings to

the leads, i. e., for V = 0 we can drop the lead indices from the vertices and
parametrize J12(E) = J(E) and so on. For the correlation kernels we use [39]

Σ+
B (E, Ω) = B+ + Γ+(E, Ω)L3z, (C.17)

Σ−B (E, Ω) = B− + Γ−(E, Ω)L3z, (C.18)

with B+ = i(L1z + L3z) and B− = −2 i L2z. We note that a term proportional
to L2z occurs in both kernels, but, due to the trace to be taken in Eq. (6.44)
together with ρ↑↑ = ρ↓↓ = 1/2, it does not contribute to the correlation
functions. Furthermore, we neglect Γ+(E, Ω) throughout this work since it is
only generated in higher orders.

c.3.2 Spin-1

For spin-1 a significantly larger algebra of superoperators is required [90],
which is given for the general case of finite magnetic field in App. A. For the
case of vanishing magnetic field discussed in the E-flow scheme, it consists
of three scalar superoperators Ls, Lt and Lq and six vector superoperators K j,
j = 1, . . . , 6 in a closed algebraic form.

Applying the algebra we find that the RG equations for the differential
conductance and the correlation functions decouple into triplet and quintet
sector. Up to the third order in the interaction vertex both depend solely on
the triplet sector spanned by Lt, K2, and K3, while mixtures between the two
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sectors are generated only in higher orders, which we do not consider in this
work. Therefore it is sufficient to consider

Leff
S (E) = − i Γ(E)Lt, (C.19)

G12(E) =
1
4

J12(E)K2 · σ + i
π

6
K12(E)K3 · σ, (C.20)

ΣL(E) = i ΓL(E)Ls, (C.21)

IL
12(E) = − 1

12
IL
12(E)K4 · σ, (C.22)

Σ+
B (E, Ω) = B+ + Γ+(E, Ω)K3z, (C.23)

Σ−B (E, Ω) = B− +
1
8

Γ−(E, Ω)K3z, (C.24)

where B+ = i
3 (K

3z + K4z) + i
6 (K

5z + K6z) and B− = i
2 (K

1z + K2z). Similarly
to L2z above, here terms proportional to K2z do not contribute to the cor-
relation functions. We note that in order to keep the notation between the
spin-1/2 and spin-1 case as consistent as possible we have used the same
notations as in Eqs. (C.13)–(C.18).

c.4 correlation integral

In this appendix we further analyze the integrals (6.63)–(6.67). The Fermi
function is given by f (ω) = f a(ω) + 1/2 where the asymmetric part reads

f a(ω) = −T ∑
n∈Z

1
ω− i ωn

, (C.25)

with ωn = 2πT(n + 1/2) denoting the Matusbara frequencies. Furthermore,
we will use the polygamma function

ψ(z) = −
∞

∑
n=0

1
n + z

. (C.26)

c.4.1 Rewriting Integrals:

We first show that

B±
=

B±
+

B±
. (C.27)
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With f a(ω) f ′(ω′)→ f ′(ω) f a(ω′) we obtain for the first diagram on the right-
hand side by integrating by parts twice

∫∫
dωdω′

F34(E, ω) f a(ω) f ′(ω′)
(ω + ω′ + χ12)(ω + ω′ + χ̄12)

=
∫∫

dωdω′
[

f ′(ω)F34(E, ω) + f a(ω)
d

dω
F34(E, ω)

]

× f a(ω′)
(ω + ω′ + χ12)(ω + ω′ + χ̄12)

. (C.28)

Now the second diagram exactly cancels the last term in Eq. (C.28),

∫
dω′′

Z34 f ′(ω′′)
ω + ω′′ + χ34

=
∫

dω′′
Z34 f a(ω′′)

(ω + ω′′ + χ34)2 = − d
dω
F34(E, ω)

such that Eq. (C.27) and thus Eq. (6.59) follow.

c.4.2 Integrals in Static Case:

For Ē→ E we recover the integrals obtained for the Liouvillian

F(a)
12 (E, E) = Z12F(1)

12 , (C.29)

F(b)
12,34(E, E) = Z12F(2)

12,34. (C.30)

c.4.3 Integrals at Zero Temperature:

We obtain in the zero-temperature limit

F(a)
12 (E, Ē) =

Z12Z̄12

χ12 − χ̄12
ln

χ12

χ̄12
, (C.31)

F(b)
12,34(E, Ē) ∝ F34(E, 0) = 0. (C.32)

c.4.4 Integrals at Finite Temperature:

Introducing the notations γ = χ12/(2π i T) and γ̄ = χ34/(2π i T) we obtain
after a straightforward calculation,

F(a)
12 (E, Ē) =

Z12Z̄12

χ12 − χ̄12

[
ψ(γ12 + 1)− ψ(γ̄12 + 1)

+ γψ′(γ12 + 1)− γ̄12ψ′(γ̄12 + 1)
]
, (C.33)
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F(b)
12,34(E, Ē) = −Z12Z34Z̄12

2π i T
1

γ̄12 − γ12

×
∞

∑
k=0

d
dk

[
ψ(k + γ̄12 + 1)− ψ(k + γ12 + 1)

]

×
[
ψ(k + γ34 + 1)− ψ(γ34 +

1
2 )
]
. (C.34)

We note that the sum in Eq. (C.34) is convergent. We evaluate the first k0
terms explicitly and approximate the remaining sum by an integral

∞

∑
k=k0

d
dk

[
ψ(k + γ̄12 + 1)− ψ(k + γ12 + 1)

][
ψ(k + γ34 + 1)− ψ(γ34 +

1
2 )
]

≈ −
[
ψ(k0 + γ̄12 +

1
2 )−ψ(k0 +γ12 +

1
2 )
][

ψ(k0 +γ34 +
1
2 )−ψ(γ34 +

1
2 )
]
.

(C.35)

The value of k0 is determined such that the introduced error ε is sufficiently
small. At V = 0 it can be roughly estimated to be

ε ∼ 1
a2 , a = min

{∣∣∣∣k0 + γ +
1
2

∣∣∣∣ ,
∣∣∣∣k0 + γ̄ +

1
2

∣∣∣∣
}

.

c.5 perturbation theory for the correlation kernel

In order to fix the initial conditions for the RG flow at high energies we
evaluate the perturbative series for the correlation kernel at T = V = Ω = 0.
To leading order the relevant diagram is given by

Σ±B (E, Ω) = B± +
1
2 B±

+O(G3). (C.36)

The bare interaction vertex for the Kondo model is given by

Ĝpp′(0)
11′ = δpp′

1
2

J(0)αα′L
p · σσσ′ (C.37)

where p, p′ are the Keldysh indices. The reservoir contraction can be split into
symmetric γs and antisymmetric parts γa with respect to the Fermi function
where γ = pγs + γa with γs(ω) = 1

2 N(ω), γa(ω) = − 1
2 N(ω) sign(ω), and

the density of states N(ω). Inserting the contractions yields

Σ±B (E, 0)−B± =
1
2

G(0)
11′B±Gpp(0)

1̄′ 1̄

γ
p
1 γ

p
1′

(E11′ + ω̄11′ + i 0)2

= Ĝ(0)
11′B±Ĝ(0)

1′1

∫∫
dωdω′

γs(ω)γs(ω′) + γa(ω)γa(ω′)
(Ê11′ + ω + ω′ + i 0)2

+ Ĝ(0)
11′B±G̃(0)

1′1

∫∫
dωdω′

2γs(ω)γa(ω′)
(Ê11′ + ω + ω′ + i 0)2

, (C.38)
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where Ĝ(0)
11′ = ∑p Ĝpp(0)

11′ and G̃(0)
11′ = ∑p pĜpp(0)

11′ . Only the second part will
contribute to Γ−(E, 0). Thus for large bandwidth D the integral involving
one symmetric and one antisymmetric contraction is given by (z = E + i 0)

∫
dωdω′

ρ(ω)ρ(ω′) sign(ω)

(ω + ω′ + z)2
∼= − i π +O

(
1
D

)
. (C.39)

For S = 1/2 the bare vertices are explicitly given by

Ĝ(0)
11′ = −J(0)αα′ L̂

2
σσ′ ,

G̃(0)
11′ =

1
2

J(0)αα′

(
L̂1

σσ′ + L̂3
σσ′

)
,

thus we obtain in leading order in the exchange coupling

Γ−(0)(E, 0) =
π

2
J(0)αα′ J

(0)
α′α. (C.40)

Similarly, for S = 1, we obtain using

Ĝ(0)
11′ =

1
4

J(0)αα′

(
K̂1

σσ′ + K̂2
σσ′
)

,

G̃(0)
11′ =

1
6

J(0)αα′

(
K̂3

σσ′ + K̂4
σσ′
)
+

1
12

J(0)αα′

(
K̂5

σσ′ + K̂6
σσ′

)

the result (N = 2)

Γ−(0)(E, 0) =
4π

3
NJ(0)αα′ J

(0)
α′α. (C.41)



S A M E N VAT T I N G

De laatste jaren zijn er grote stappen gemaakt in het fabriceren van materialen
op zeer kleine schaal.4 Deze technologische vooruitgang heeft ervoor gezorgd
dat een groot aantal interessante fenomenen op de nanoschaal kunnen wor-
den bestudeerd. De grootte van een systeem is daarbij erg belangrijk voor het
correct beschrijven van de fysica. Zo gedragen atomen op de Ångströmschaal
zich anders dan sytemen van enkele millimeters groot. Op beide schalen zijn
immers andere fysische processen belangrijk, zoals de wisselwerking tussen
elektronen. Voor een groot aantal elektronen is het namelijk voldoende om
de interactie tussen alle afzonderlijke elektronen te middelen. Als we daaren-
tegen slechts een paar elektronen bekijken zijn alle wisselwerkingen tussen
de individuele elektronen belangrijk. Voor elektronen, die zich in de hele
ruimte kunnen voortbewegen, is het beschrijven van deze sterke interacties
moeilijk. Deze beschrijving kan echter aanzienlijk worden versimpeld als het
gebied waarin de elektronen kunnen bewegen wordt beperkt. Deze bewe-
gingsvrijheid van de elektronen kan zelfs zodanig worden beperkt dat de
elektronen zijn gebonden aan een puntcontact. Op dit zogenaamde kwantum-
punt is er ruimte voor slechts een klein aantal elektronen, waardoor het veel
energie kost om een extra elektron aan het systeem toe te voegen. Kwantum-
punten kunnen bijvoorbeeld worden gemaakt in halfgeleidende heterostruc-
turen, grafeen, koolstofnanobuizen of in moleculen. In tegenstelling tot de
eigenschappen van atomen zijn de eigenschappen van kwantumpunten ex-
perimenteel te manipuleren. Daarom bieden kwantumpunten een uitstekend
alternatief voor experimenten op de zeer kleine schaal.

De aanwezigheid van sterke interacties op de nanoschaal is zichtbaar in
verschillende fenomenen. Een van de bekendste effecten is het zogenaamde
Kondo-effect, een effect dat wordt veroorzaakt door het gemeenschappelijke
gedrag van elektronen. Dit verschijnsel is voor het eerst waargenomen bij
zeer lage temperaturen in een systeem van gouden draden die rijk zijn aan
onzuiverheden [47]. In eerste instantie leidde het verlagen van temperaturen
tot een lagere soortelijke weestand. Onder een bepaalde kritische waarde voor
de temperatuur neemt echter de soortelijke weerstand toe bij een afname van
de temperatuur. Met andere woorden, er is dus een temperatuur waarbij de
weerstand van de gouden draad minimaal is. Deze minimale weerstand wordt
veroorzaakt door de interactie tussen de elektronen van het metaal en de
onzuiverheden. Het was voor vele jaren onbekend wat de exacte oorzaak
was voor dit onverwachte gedrag bij lage temperaturen. In 1964 was Kondo

4 The translation of this summary to Dutch was provided by C. B. M. Hörig’s fellow PhD can-
didates A.-W. de Leeuw and J. Everts at the Institute for Theoretical Physics (ITP) at Utrecht
University.
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[16] de eerste fysicus die met een verklaring kwam voor dit minimum in
de soortelijke weerstand. Hij bestudeerde een specifiek model waarin hij een
lokaal magnetisch moment beschouwde en alleen de spin van de elektronen
in rekening bracht. Andere effecten worden in dit Kondomodel verwaarloosd,
zoals veranderingen in de lading door wisselwerking tussen de onzuiverheid
en de elektronen.

Het Kondomodel bestaat uit een spin-1/2-onzuiverheid die gekoppeld is aan
een reservoir van elektronen met spin-1/2. Dit reservoir heeft een linker- en
een rechterkant, die beide verschillende chemische potentialen hebben. Ook
loopt er een stroom door het systeem doordat er een voorspanning van het re-
servoir naar de kwantumpunt is aangelegd. Verder kan er geen lading tussen
de reservoirs worden uitgewisseld en is het aantal deeltjes op de kwantum-
punt constant. De enige manier waarop de onzuiverheid en de reservoirs
kunnen wisselwerken is via de spin-spininteractie. Deze interactie wordt ver-
oorzaakt door de koppeling tussen het reservoir en de onzuiverheid. Een
elektron uit het reservoir beweegt naar de spin-1/2-onzuiverheid en beide
wisselwerken met elkaar. Hierna beweegt het elektron terug naar dezelfde
kant van het reservoir, of het beweegt naar de andere kant. Dit is een pro-
ces dat bijdraagt aan de netto stroom tussen het linker- en rechterreservoir.
In de literatuur is dit het meest voorkomende Kondomodel. Er zijn echter
verschillende andere varianten bekend, waarbij bijvoorbeeld de spin van de
onzuiverheid of het aantal gekoppelde reservoirs wordt aangepast.

Interacties kunnen in rekening worden gebracht door storingsrekening in
de interactiesterkte. In het Kondomodel zijn de interacties sterk en dus kun-
nen deze technieken niet zomaar worden gebruikt. Het systeem kan echter
wel worden beschreven met behulp van geavanceerdere technieken die meer
mogelijkheden bieden dan storingsrekening, zoals renormalizatiegroep me-
thoden. Het Kondo-effect is ook waargenomen in kwantumpunten. Een intu-
ïtief argument hiervoor is dat de elektronen van het reservoir niet door de
vastgepinde elektronen van de kwantumpunt kunnen bewegen. Dit is anders
voor een oneven aantal elektronen op de punt: dan is er transport mogelijk
via het Kondo-effect. Door de spininteractie tussen het hoogstgelegen elek-
tron en de elektronen van het reservoir wordt een speciale toestand van elek-
tronen gevormd, die de zogenaamde Kondo afschermwolk heet. Deze vergroot
de stroom door het kwantumpunt en kan leiden tot een geleiding die op-
loopt tot het geleidingskwantum. Het Kondomodel kan bovendien in en uit
evenwicht zijn. In evenwicht zijn de chemische potentialen van alle reservoirs
gelijk en is er een exacte oplossing bekend [25]. Het systeem is uit evenwicht
als er stroom door de punt loopt ten gevolge van een eindige voorspanning.
In dit geval kan het model niet meer worden opgelost met behulp van de
standaardmethoden, en moeten niet-perturbatieve renormalizatiegroep (RG)
methoden worden gebruikt. Een bekend voorbeeld is de renormalizatiegroep
in reëele tijd (RTRG), geïntroduceerd door Schoeller [42] in 2009. In dit proef-
schrift gebruiken we RTRG om drie verschillende types van het Kondomodel
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te bekijken. Achtereenvolgens bestuderen we het sterk afgeschermde, nauwe-
lijks afgeschermde en volledig afgeschermde Kondomodel.

In Hoofdstuk 4 onderzoeken we het sterk afgeschermde Kondomodel. Dit mo-
del wordt ook wel het multikanaal Kondomodel genoemd, omdat een groot
aantal reservoirs zijn gekoppeld aan een spin-1/2-onzuiverheid. De sterke
afscherming van de onzuiverheid wordt veroorzaakt doordat ieder reservoir
hieraan bijdraagt. De elektronen zijn gebonden aan hun eigen reservoir en
kunnen niet naar een ander reservoir bewegen. Het voordeel van dit model
is dat het zelfs voor een groot aantal reservoirs goed te hanteren is. Ondanks
dat de reservoirs van elkaar gescheiden zijn, kan de koppeling aan de meer-
dere reservoirs zichtbaar zijn. Dit komt doordat alle reservoirs op dezelfde
manier, namelijk via de magnetisatie van de onzuiverheidsspin, met de on-
zuiverheid wisselwerken. Dit effect van de afzonderlijke reservoirs is echter
alleen zichtbaar als er een lokaal magneetveld op de onzuiverheid wordt aan-
gelegd, en als er verschillende spanningen in de reservoirs zijn.

In Hoofdstuk 5 bestuderen we het nauwelijks afgeschermde Kondomodel. In
dit model is een spin-1-onzuiverheid op de kwantumpunt gekoppeld aan een
enkel reservoir, waarbij deze de spin slechts voor de helft kan afschermen.
Hierdoor blijft er voor lage temperaturen en spanningen een spin-1/2-deeltje
over dat niet wordt afgeschermd. Met uitzondering van hele kleine systemen
kunnen we het op dezelfde manier beschrijven als het spin-1/2 Kondomodel.
Wel zijn er in dit geval tijdschalen waarop de coherentie van de waarneem-
bare grootheden verdwijnt. Twee belangrijke waarneembare grootheden zijn
de magnetisatie van de spin en de anisotropie van de onzuiverheid. In het
Kondomodel met een spin-1/2-onzuiverheid is de anisotropie triviaal. Maar
in het nauwelijks afgeschermde Kondomodel is er in de z-richting een mag-
netisch veld aangelegd en maakt de anisotropie het mogelijk voor de spins
om ook in de xy- of z-richting te bewegen.

Tot slot bekijken we in Hoofdstuk 6 het volledig afgeschermde Kondomodel.
Bij lage temperaturen en spanningen is er sprake van volledige afscherming
van de onzuiverheid als het aantal reservoirs gelijk is aan tweemaal de lengte
van de spin. In deze configuratie is de onzuiverheid effectief afwezig en is
de fysica bekend. Voor grotere temperaturen of spanningen is de onzuiver-
heid echter niet volledig afgeschermd. In dit geval kan het systeem op een
soortgelijke manier worden beschreven als in de twee voorgaande situaties.
Deze overgang tussen volledige en niet-volledige afscherming is over het alge-
meen moeilijk te beschrijven. Ook is het op voorhand niet precies duidelijk in
hoeverre bestaande methodes kunnen worden toegepast. Wij bestuderen dit
overgangsgebied door middel van RTRG, en we vergelijken onze resultaten
met andere methodes.

Het Kondomodel uit evenwicht wordt nog niet volledig begrepen. Hier-
door blijft het een uitdaging voor veel natuurkundigen die werkzaam zijn
in het vakgebied van sterk gecorreleerde vaste stoffen. Doordat systemen die
worden beschreven met het Kondomodel moeilijk experimenteel te realiseren
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zijn, is de experimentele motivatie voor de beschrijving van het Kondomodel
gering. Voor de fundamentele wetenschap blijft het echter interessant om de
processen van het complete model in kaart te bregen. Het toepassen van de
RTRG methoden geeft ons hierbij meer inzicht in de fysica van het Kondom-
odel.
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— Douglas Adams [196]

A C K N O W L E D G M E N T S

This thesis could not have been written without the support from various
people to whom I am deeply thankful. The last four years of my time as a PhD
candidate have given me numerous opportunities to meet interesting people
from all over the world, to explore the scientific freedom and burden of a
life in academia, and to experience the shorter and longer stays in Germany,
Japan, and the Netherlands.

First of all, let me thank my PhD advisor Dirk Schuricht who, despite build-
ing a scientific career and a family at the same time, always had time for me.
I have benefited greatly from his knowledge and insights into the broad field
of strongly correlated physics provided by his illustrative and comprehen-
sive explanations. His encouragements to broaden my horizon beyond my
personal research and outside of physics have pushed me more often than
only once forward.

I also want to thank Cristiane Morais Smith for welcoming me at Utrecht
University, the Netherlands, and formally supervising this PhD thesis.

I am greatly indebted to Herbert Schoeller, the relentless fighter of non-
equilibrium Kondo physics and “father” of the RTRG method. This thesis
would not have been possible without his detailed elaborations in notes and
lectures on the RTRG method. I also have benefited greatly from enlightening
discussions with him.

My research visit at the University of Tokyo, Japan, would not have been
possible without the assistance of Ryotaro Arita and his group. I thank him
for introducing me to the ab initio parts of condensed matter physics and
for continuously encouraging my helpless steps in the Japanese language.
Funding by the Japanese Society for the Promotion of Science was also ac-
knowledged.

Last, but not least, let me thank the people who have accompanied my way.
Representing for the many people at RWTH Aachen University, Germany, let
me thank my colleagues Dante, Frank, Katharina, Stefan, Stephan, Severin,
Uwe, and Volker for many pleasant discussions at the office and during lunch
breaks. Leaving a familiar place is never easy.

At Utrecht University, my office mates Andreas and Jogundas are to thank
for a warm and friendly welcome to the Netherlands. Utrecht would not have
become a second home for me without their help. At the IFT, Joost, Olga, and

145



146 acknowledgments

Wanda have been always helpful with urgent matters of technical assistance
and coffee-card supply. Among my fellow PhD candidates, thanks goes to
Anton, Arie-Willem, Benedetta, Bram, Carolin, Dražen, Jules, Jeffrey, Mathijs,
Marco, Niklas, Sandeep, Simonas, Thomas, and Vivian for keeping me com-
pany during this last year. Also, especial thanks to Arie-Willem and Jeffrey
for helping me with the Dutch translation of the title and the Samenvatting
of this thesis.

My parents Bernd and Brigitta is to thank for their support, trust, and
understanding during all these years. They have provided me with a solid
foundation in life for which I am grateful.

Most of all I have to thank my wife Kerstin for always being at my side.
Thank you!



C U R R I C U L U M V I TA E

I was born in Leverkusen, Germany, on the 28th of September 1985. I grew
up and attended secondary school at the Lise-Meitner-Gymnasium in Lev-
erkusen, which I finished in 2005. During this time, I also attended a math-
ematics lecture at Köln University in the program Schüler an die Universität.
Following my interest in mathematics and science I pursued an academic
education with the diploma degree course in physics at RTWH Aachen Uni-
versity in 2005, from which I graduated with my diploma thesis in theoretical
condensed matter physics under the supervision of Sabine Andergassen and
Dirk Schuricht in the beginning of 2011. Having been offered a position as
PhD candidate by Dirk Schuricht shortly afterwards, I started the work con-
tributing to this thesis in Aachen and followed him, after a short three month
research stay at the University of Tokyo, Japan, to Utrecht University, the
Netherlands, in the beginning of 2014. This thesis shows the results from
these last four years.

147





B I B L I O G R A P H Y

[1] J. Hamilton, A Life of Discovery, Michael Faraday, Giant of the Scientific
Revolution (Random House, 2002).

[2] L. J. Edgar, “Method and apparatus for controlling electric currents,”
US Patent 1745175 (A) (1930).

[3] C. Kittel, Introduction to Solid State Physics (John Wiley & Sons, 2005).

[4] N. W. Ashcroft and N. D. Mermin, Solid state physics, Science: Physics
(Saunders College, 1976).

[5] G. E. Moore, Electronics 38, 114 (1965).

[6] M. A. Kastner, Rev. Mod. Phys. 64, 849 (1992).

[7] J. Scott-Thomas, S. Field, M. A. Kastner, H. Smith, and D. Antoniadis,
Phys. Rev. Lett. 62, 583 (1989).

[8] U. Meirav, M. A. Kastner, and S. Wind, Phys. Rev. Lett. 65, 771 (1990).

[9] D. Goldhaber-Gordon, H. Shtrikman, D. Mahalu, D. Abusch-Magder,
U. Meirav, and M. A. Kastner, Nature 391, 156 (1998).

[10] M. A. Kastner, Ann. Phys. 9, 885 (2000).

[11] T. S. Jespersen, K. Grove-Rasmussen, J. Paaske, K. Muraki, T. Fujisawa,
J. Nygård, and K. Flensberg, Nat Phys 7, 348 (2011).

[12] N. Roch, S. Florens, V. Bouchiat, W. Wernsdorfer, and F. Balestro, Na-
ture 453, 633 (2008).

[13] A. C. Hewson, The Kondo Problem to Heavy Fermions (Cambridge Uni-
versity Press, Cambridge, UK, 1993).

[14] B. Trauzettel, D. V. Bulaev, D. Loss, and G. Burkard, Nat Phys 3, 192

(2007).

[15] D. Loss and D. P. DiVincenzo, Phys. Rev. A 57, 120 (1998).

[16] J. Kondo, Prog. Theor. Phys. 32, 37 (1964).

[17] L. I. Glazman and M. E. Raikh, JETP Letters 47, 452 (1988).

[18] T. K. Ng and P. A. Lee, Phys. Rev. Lett. 61, 1768 (1988).

[19] S. M. Cronenwett, Science 281, 540 (1998).

[20] J. Schmid, J. Weis, K. Eberl, and K. von Klitzing, Physica B: Condensed
Matter 256-258, 182 (1998).

149

http://books.google.de/books?id=EEOCpSVu2wQC&dq=intitle:A+Life+of+Discovery+Michael+Faraday+Giant+of+the+Scientific&hl=&cd=1&source=gbs_api
http://www.google.com/patents/US1745175
http://www.google.com/patents/US1745175
http://books.google.de/books?id=OsAinwEACAAJ&dq=intitle:Introduction+to+Solid+State+Physics+inauthor:kittel&hl=&cd=1&source=gbs_api
http://books.google.de/books?id=FRZRAAAAMAAJ
http://dx.doi.org/10.1109/jproc.1998.658762
http://dx.doi.org/10.1103/RevModPhys.64.849
http://dx.doi.org/ 10.1103/PhysRevLett.62.583
http://dx.doi.org/10.1103/PhysRevLett.65.771
http://dx.doi.org/ 10.1038/34373
http://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&SrcAuth=mekentosj&SrcApp=Papers&DestLinkType=FullRecord&DestApp=WOS&KeyUT=000165750600008
http://dx.doi.org/ 10.1038/nphys1880
http://dx.doi.org/ 10.1038/nature06930
http://dx.doi.org/ 10.1038/nature06930
http://ebooks.cambridge.org/ebook.jsf?bid=CBO9780511470752
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1143/PTP.32.37
http://www.jetpletters.ac.ru/ps/1095/article_16538.pdf
http://dx.doi.org/10.1103/PhysRevLett.61.1768
http://dx.doi.org/10.1126/science.281.5376.540
http://dx.doi.org/ 10.1016/S0921-4526(98)00533-X
http://dx.doi.org/ 10.1016/S0921-4526(98)00533-X


150 bibliography

[21] D. Goldhaber-Gordon, J. Göres, M. A. Kastner, H. Shtrikman, D. Ma-
halu, and U. Meirav, Phys. Rev. Lett. 81, 5225 (1998).

[22] F. Simmel, R. Blick, J. Kotthaus, W. Wegscheider, and M. Bichler, Phys.
Rev. Lett. 83, 804 (1999).

[23] W. G. van der Wiel, S. De Franceschi, T. Fujisawa, J. M. Elzerman,
S. Tarucha, and L. P. Kouwenhoven, Science 289, 2105 (2000).

[24] J. Nygård, D. H. Cobden, and P. E. Lindelof, Nature 408, 342 (2000).

[25] K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).

[26] H. Schoeller and J. König, Phys. Rev. Lett. 84, 3686 (2000).

[27] A. Rosch, J. Kroha, and P. Wölfle, Phys. Rev. Lett. 87, 156802 (2001).

[28] O. Parcollet and C. Hooley, Phys. Rev. B 66, 085315 (2002).

[29] A. Rosch, J. Paaske, J. Kroha, and P. Wölfle, Phys. Rev. Lett. 90, 076804

(2003).

[30] J. Paaske, A. Rosch, and P. Wölfle, Phys. Rev. B 69, 155330 (2004).

[31] J. Paaske, A. Rosch, J. Kroha, and P. Wölfle, Phys. Rev. B 70, 155301

(2004).

[32] A. Rosch, J. Paaske, J. Kroha, and P. Wölfle, J. Phys. Soc. Jpn. 74, 118

(2005).

[33] S. Kehrein, Phys. Rev. Lett. 95, 056602 (2005).

[34] S. Kehrein, The Flow Equation Approach to Many-Particle Systems,
Springer Tracts in Modern Physics, Vol. 217 (Springer Berlin Heidel-
berg, Berlin, 2006).

[35] B. Doyon and N. Andrei, Phys. Rev. B 73, 245326 (2006).

[36] T. Korb, F. Reininghaus, H. Schoeller, and J. König, Phys. Rev. B 76,
165316 (2007).

[37] F. B. Anders, Phys. Rev. Lett. 101, 066804 (2008).

[38] H. Schoeller and F. Reininghaus, Phys. Rev. B 80, 045117 (2009); Phys.
Rev. B 80, 209901(E) (2009).

[39] D. Schuricht and H. Schoeller, Phys. Rev. B 80, 075120 (2009).

[40] P. Fritsch and S. Kehrein, Phys. Rev. B 81, 035113 (2010).

[41] M. Pletyukhov and D. Schuricht, Phys. Rev. B 84, 041309 (2011).

[42] H. Schoeller, Eur. Phys. J. Special Topics 168, 179 (2009).

[43] P. Nozières, Journal of Low Temperature Physics 17, 31 (1974).

[44] P. Nozières and A. Blandin, 41, 193 (1980).

http://dx.doi.org/ 10.1103/PhysRevLett.81.5225
http://dx.doi.org/ 10.1103/PhysRevLett.83.804
http://dx.doi.org/ 10.1103/PhysRevLett.83.804
http://dx.doi.org/10.1126/science.289.5487.2105
http://dx.doi.org/10.1038/35042545
http://dx.doi.org/10.1103/RevModPhys.47.773
http://dx.doi.org/10.1103/PhysRevLett.84.3686
http://dx.doi.org/10.1103/PhysRevLett.87.156802
http://dx.doi.org/10.1103/PhysRevB.66.085315
http://dx.doi.org/ 10.1103/PhysRevLett.90.076804
http://dx.doi.org/ 10.1103/PhysRevLett.90.076804
http://dx.doi.org/10.1103/PhysRevB.69.155330
http://dx.doi.org/ 10.1103/PhysRevB.70.155301
http://dx.doi.org/ 10.1103/PhysRevB.70.155301
http://dx.doi.org/ 10.1143/JPSJ.74.118
http://dx.doi.org/ 10.1143/JPSJ.74.118
http://dx.doi.org/10.1103/PhysRevLett.95.056602
http://dx.doi.org/10.1007/3-540-34068-8
http://dx.doi.org/10.1103/PhysRevB.73.245326
http://dx.doi.org/10.1103/PhysRevB.76.165316
http://dx.doi.org/10.1103/PhysRevB.76.165316
http://dx.doi.org/10.1103/PhysRevLett.101.066804
http://dx.doi.org/10.1103/PhysRevB.80.045117
http://dx.doi.org/10.1103/PhysRevB.80.209901
http://dx.doi.org/10.1103/PhysRevB.80.209901
http://dx.doi.org/10.1103/PhysRevB.80.075120
http://dx.doi.org/10.1103/PhysRevB.81.035113
http://dx.doi.org/10.1103/PhysRevB.84.041309
http://dx.doi.org/10.1140/epjst/e2009-00962-3
http://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&SrcAuth=mekentosj&SrcApp=Papers&DestLinkType=FullRecord&DestApp=WOS&KeyUT=A1974V040800004
http://dx.doi.org/10.1051/jphys:01980004103019300


bibliography 151

[45] N. Andrei, K. Furuya, and J. Lowenstein, Rev. Mod. Phys. 55, 331

(1983).

[46] A. M. Tsvelick and P. B. Wiegmann, J Stat Phys 38, 125 (1985).

[47] W. J. de Haas, J. de Boer, and G. J. van den Berg, Physica 1, 1115 (1934).

[48] P. W. Anderson, Phys. Rev. 124, 41 (1961).

[49] J. Schrieffer and P. Wolff, Phys. Rev. 149, 491 (1966).

[50] P. W. Anderson, J. Phys. C: Solid State Phys. 3, 2436 (1970).

[51] K. Yamada, Prog. Theor. Phys. 54, 316 (1975).

[52] I. Affleck, Acta Physica Polonica B 26, 1869 (1995).

[53] H. Bruus and K. Flensberg, Many-Body Quantum Theory in Condensed
Matter Physics, An Introduction (Oxford University Press, 2004).

[54] P. Coleman, in Lectures On The Physics Of Highly Correlated Electron Sys-
tems VI: Sixth Training Course in the Physics of Correlated Electron Systems
and High-Tc Superconductors (AIP, 2002) pp. 79–160.

[55] F. Reininghaus, Decoherence Effects in Nonequilibrium Transport Through
Mesoscopic Systems, Ph.D. thesis, Aachen (2010).

[56] A. A. Abrikosov, Physics 2, 5 (1965).

[57] H. J. Maris and L. P. Kadanoff, Am. J. Phys 46, 653 (1978).

[58] N. Andrei, Phys. Rev. Lett. 45, 379 (1980).

[59] I. Affleck and A. W. Ludwig, Nuclear Physics B 352, 849 (1991).

[60] I. Affleck and A. W. Ludwig, Nuclear Physics B 360, 641 (1991).

[61] L. P. Kouwenhoven and L. I. Glazman, Physics World 14, 33 (2001).

[62] F. Haldane, Phys. Rev. Lett. 40, 416 (1978).

[63] R. M. Potok, I. G. Rau, H. Shtrikman, Y. Oreg, and D. Goldhaber-
Gordon, Nature 446, 167 (2007).

[64] R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys. 80, 395 (2008).

[65] A. M. Tsvelick and P. B. Wiegmann, Advances in Physics 32, 453 (1983).

[66] R. Konik, H. Saleur, and A. W. Ludwig, Phys. Rev. Lett. 87, 236801

(2001).

[67] R. Konik, H. Saleur, and A. W. Ludwig, Phys. Rev. B 66, 125304 (2002).

[68] A. W. Ludwig and I. Affleck, Phys. Rev. Lett. 67, 3160 (1991).

[69] I. Affleck and A. W. Ludwig, Phys. Rev. B 48, 7297 (1993).

[70] T. A. Costi, A. C. Hewson, and V. Zlatic, J. Phys.: Condens. Matter 6,
2519 (1994).

http://dx.doi.org/10.1103/RevModPhys.55.331
http://dx.doi.org/10.1103/RevModPhys.55.331
http://dx.doi.org/10.1007/BF01017853
http://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&SrcAuth=mekentosj&SrcApp=Papers&DestLinkType=FullRecord&DestApp=WOS&KeyUT=000201401800130
http://dx.doi.org/10.1103/PhysRev.124.41
http://dx.doi.org/10.1103/PhysRev.149.491
http://dx.doi.org/10.1088/0022-3719/3/12/008
http://ptp.oxfordjournals.org/content/54/2/316.short
http://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&SrcAuth=mekentosj&SrcApp=Papers&DestLinkType=FullRecord&DestApp=WOS&KeyUT=A1995TV20000005
http://books.google.nl/books?id=CS8anwEACAAJ&dq=inauthor:bruus+inauthor:flensberg&hl=&cd=1&source=gbs_api
http://books.google.nl/books?id=CS8anwEACAAJ&dq=inauthor:bruus+inauthor:flensberg&hl=&cd=1&source=gbs_api
http://dx.doi.org/10.1063/1.1509142
http://dx.doi.org/10.1063/1.1509142
http://dx.doi.org/10.1063/1.1509142
http://www.physik.rwth-aachen.de/institute/theorie-a/veroeffentlichungen/
http://www.hri.res.in/~debsadhukhan/HRI%20web/pdf/teachning%20renormalization%20group.pdf
http://dx.doi.org/10.1103/PhysRevLett.45.379
http://www.sciencedirect.com/science/article/pii/055032139190109B
http://www.sciencedirect.com/science/article/pii/055032139190419X
http://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&SrcAuth=mekentosj&SrcApp=Papers&DestLinkType=FullRecord&DestApp=WOS&KeyUT=000167053100026
http://dx.doi.org/10.1103/PhysRevLett.40.416
http://dx.doi.org/ 10.1038/nature05556
http://dx.doi.org/10.1103/RevModPhys.80.395
http://dx.doi.org/10.1080/00018738300101581
http://dx.doi.org/10.1103/PhysRevLett.87.236801
http://dx.doi.org/10.1103/PhysRevLett.87.236801
http://dx.doi.org/10.1103/PhysRevB.66.125304
http://dx.doi.org/10.1103/PhysRevLett.67.3160
http://dx.doi.org/10.1103/PhysRevB.48.7297
http://dx.doi.org/10.1088/0953-8984/6/13/013
http://dx.doi.org/10.1088/0953-8984/6/13/013


152 bibliography

[71] M. Pletyukhov and H. Schoeller, Phys. Rev. Lett. 108, 260601 (2012).

[72] H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and Optics of
Semiconductors (Springer, 2007).

[73] C. B. M. Hörig and D. Schuricht, Phys. Rev. B 85, 134413 (2012).

[74] J. Gan, N. Andrei, and P. Coleman, Phys. Rev. Lett. 70, 686 (1993).

[75] J. Gan, J. Phys.: Condens. Matter 6, 4547 (1994).

[76] N. Andrei and C. Destri, Phys. Rev. Lett. 52, 364 (1984).

[77] I. Affleck and A. W. Ludwig, Phys. Rev. Lett. 67, 161 (1991).

[78] Y. Oreg and D. Goldhaber-Gordon, Phys. Rev. Lett. 90, 136602 (2003).

[79] A. I. Tóth, L. Borda, J. von Delft, and G. Zarand, Phys. Rev. B 76, 155318

(2007).
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