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Introduction

Although a rigorous formulation of the problem with which this doctoral
thesis is concerned will be possible only after the central ideas of Tannaka
duality theory have been at least briefly discussed, I can nevertheless start
with some comments about the general context where such a problem takes
its appropriate place. Roughly speaking, my study aims at a better under-
standing of the relationship that exists between a given Lie groupoid and
the corresponding category of representations. First of all, for the benefit of
non-specialists, I want to explain the reasons of my interest in the theory
of Lie groupoids (a precise definition of the notion of Lie groupoid can be
found in §1 of this thesis) by drawing attention to the principal applications
that justify the importance of this theory; in the second place, I intend to
undertake a critical examination of the concept of representation in order to
convince the reader of the naturalness of the notions I will introduce below.

From Lie groups to Lie groupoids

Groupoids make their appearance in diverse mathematical contexts. As the
name ‘groupoid’ suggests, this notion generalizes that of group. In order to
explain how and to make the definition more plausible, it is best to start
with some examples.

The reader is certainly familiar with the notion of fundamental group of
a topological space. The construction of this group presupposes the choice of
a base point, and any two such choices give rise to the same group provided
there exists a path connecting the base points (for this reason one usually
assumes that the space is path connected). However, instead of considering
only paths starting and ending at the same point, one might more generally
allow paths with arbitrary endpoints; two such paths can still be composed
as long as the one starts where the other ends. One obtains a well-defined as-
sociative partial operation on the set of homotopy classes of paths with fixed
endpoints, for which the (classes of) constant paths are both left and right
neutral elements. Observe that each path has a two-sided inverse, namely the
path itself with reverse orientation.

In geometry, groups are usually groups of transformations—or symme-
tries—of some object or space. If g is an element of a group G acting on a

vii
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space X and x is a point of X, one may think of the pair (g, x) as an arrow
going from x to g · x; again, two such arrows can be composed in an obvious
way, by means of the group operation of G, provided one starts where the
other ends. Composition of arrows is an associative partial operation on the
set G×X, which encodes both the multiplication law of the group G and
the G-action on X.

In the representation theory of groups, the linear group GL(V ) associated
with a finite dimensional vector space V plays a fundamental role. If a vector
bundle E over a space X is given instead of a single vector space V , one can
consider the set GL(E) of all triples (x, x′, λ) consisting of two points of X
and a linear isomorphism λ : Ex

∼→ Ex′ between the fibres over these points.
As in the examples above, an element (x, x′, λ) of this set can be viewed as
an arrow going from x to x′; such an arrow can be composed with another
one as long as the latter has the form (x′, x′′, λ′). Arrows of the form (x, x, id)
are both left and right neutral elements for the resulting associative partial
operation, and each arrow admits a two-sided inverse.

By abstraction from these and similar examples, one is led to consider
small categories where every arrow is invertible. Such categories are referred
to as groupoids. More explicitly, a groupoid consists of a space X of “base
points” (also called objects), a set G of “arrows”, endowed with source and
target projections s , t : G → X, and an associative partial composition law
Gs×tG → G (defined for all pairs of arrows (g′, g) with the property that the
source of g′ equals the target of g), such that in correspondence with each
point x of X there is a (necessarily unique) “neutral” or “unit” arrow, often
itself denoted by x, and every arrow is invertible.

The notion of Lie groupoid generalizes that of Lie group. Much the same
as a Lie group is a group endowed with a smooth manifold structure compat-
ible with the multiplication law and with the operation of taking the inverse,
a Lie groupoid is a groupoid where the sets X and G are endowed with a
smooth manifold structure that makes the various maps which arise from the
groupoid structure smooth. For instance, in each of the examples above one
obtains a Lie groupoid when the space X of base points is a smooth manifold,
G is a Lie group acting smoothly on X and E is a smooth vector bundle over
X; these Lie groupoids are respectively called the fundamental groupoid of
the manifold X, the translation groupoid associated with the smooth action
of G on X and the linear groupoid associated with the smooth vector bun-
dle E. There is also a more general notion of C∞-structured groupoid, about
which we shall spend a few words later on in the course of this introduction,
which we introduce in our thesis in order to describe certain groupoids that
arise naturally in the study of Tannaka duality theory.

In the course of the second half of the twentieth century the notion of
groupoid turned out to be very useful in many branches of mathematics,
although this notion had in fact already been in the air since the earliest ac-
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complishments of quantum mechanics—think, for example, of Heisenberg’s
formalism of matrices—or, more back in time, since the first investigations
into classification problems in geometry. Nowadays, the theory of Lie group-
oids constitutes the preferred language for the geometrical study of foliations
[27]; the same theory has applications to noncommutative geometry [8, 5] and
quantization deformation theory [21], as well as to symplectic and Poisson
geometry [36, 9, 15]. Another source of examples comes from the study of
orbifolds [25]; this subject is connected with the theory of stacks, which origi-
nated in algebraic geometry from Grothendieck’s suggestion to use groupoids
as the right notion to understand moduli spaces.

When trying to extend representation theory from Lie groups to Lie group-
oids, one is first of all confronted with the problem of defining a suitable
notion of representation for the latter. As far as we are concerned, we would
like to generalize the familiar notion of (finite dimensional) Lie group repre-
sentation, by which one generally means a homomorphism G → GL(V ) of
a Lie group G into the group of automorphisms of some finite dimensional
vector space V , so that as many constructions and results as possible can be
adapted to Lie groupoids without essential changes; in particular, we would
like to carry over Tannaka duality theory (see the next subsection) to the
realm of Lie groupoids.

The notion of Lie group representation recalled above has an obvious
naive extension to the groupoid setting. Namely, a representation of a Lie
groupoid G can be defined as a Lie groupoid homomorphism G → GL(E)
(smooth functor) into the linear groupoid associated with some smooth vector
bundle E over the manifold of objects of G. Any such representation assigns
each arrow x → x′ of G a linear isomorphism Ex

∼→ Ex′ in such a way
that composition of arrows is respected. In our dissertation we will use the
term ‘classical representation’ to refer to this notion. Unfortunately, classical
representations prove to be completely inadequate for the above-mentioned
purpose of carrying forward Tannaka duality to Lie groupoids; we shall say
something more about this matter later.

The preceding consideration leads us to introduce a different notion of
representation for Lie groupoids. In doing this, however, we adhere to the
point of view that the latter should be as close as possible to the notion
of classical representation—in particular the new theory should extend the
theory of classical representations—and that moreover in the case of groups
one should recover the usual notion of representation recalled above.

Historical perspective on Tannaka duality

It has been known for a long time, and precisely since the pioneer work
of Pontryagin and van Kampen in the 1930’s, that a commutative locally
compact group can be identified with its own bidual. Recall that if G is such
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a group then its dual is the group formed by all the characters on G, that
is to say the continuous homomorphisms of G into the multiplicative group
of complex numbers of absolute value one, the group operation being given
by pointwise multiplication of complex functions; one may regard the latter
group as a topological group—in fact, a locally compact one—by taking the
topology of uniform convergence on compact subsets. There is a canonical
pairing between G and this dual, given by pointwise evaluation of characters
at elements of G, which induces a continuous homomorphism of G into its
own bidual. Then one can prove that the latter correspondence is actually
an isomorphism of topological groups; see for instance Dixmier (1969) [13],
Rudin (1962) [31], or the book by Chevalley (1946) [6].

When one tries to generalize this duality result to non-Abelian locally
compact groups, such as for instance Lie groups, it becomes evident that the
whole ring of representations must be considered because characters are no
longer sufficient to recapture the group. However, it is still an open problem
to formulate and prove a general duality theorem for noncommutative Lie
groups: even the case of simple algebraic groups is not well understood, de-
spite the enormous accumulating knowledge on their irreducible representa-
tions. The situation is quite the opposite when the group is compact, because
the dual object G∨ of a compact group G is discrete and so belongs to the
realm of algebra: in this case, there is a good duality theory due to H. Peter,
H. Weyl and T. Tannaka, which we now proceed to recall.

The early duality theorems of Tannaka (1939) [34] and Krein (1949) [20]
concentrate on the problem of reconstructing a compact group from the
ring of isomorphism classes of its representations. Owing to the ideas of
Grothendieck [32], these results can nowadays be formulated within an ele-
gant categorical framework. Although we do not intend to enter into details
now, these ideas are implicit in what we are about to say.

1. One starts by considering the category R0(G) of all continuous finite
dimensional representations of the compact group G: the objects of R0(G)
are the pairs (V, %) consisting of a finite dimensional real vector space V and
a continuous homomorphism % : G → GL(V ); the morphisms are precisely
the G-equivariant linear maps.

2. There is an obvious functor ω of the category R0(G) into that of finite
dimensional real vector spaces, namely the forgetful functor (V, %) 7→ V .
The natural endomorphisms of ω form a topological algebra End(ω), when
one endows End(ω) with the coarsest topology making each map λ 7→ λ(R)
continuous as R ranges over all objects of R0(G).

3. The subset T (G) of this algebra, formed by the elements compatible
with the tensor product operation on representations, in other words the
natural endomorphisms λ of ω such that λ(R⊗R′) = λ(R)⊗ λ(R′) and
λ(1) = id , proves to be a compact group.

4. (Tannaka) The canonical map π : G → End(ω), defined by setting
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π(g)(R) = %(g) for each object R = (V, %) of R0(G), establishes an iso-
morphism of topological groups between G and T (G).

What is new in this thesis

We are now ready to give a short summary of the original contributions of
the present study.

Within the realm of Lie groupoids, proper groupoids play the same role
as compact groups; for example, all isotropy groups of a proper Lie groupoid
are compact (the isotropy group at a base point x consists of all arrows g
with s(g) = t(g) = x). The main result of our research is a Tannaka duality
theorem for proper Lie groupoids, which takes the following form.

To begin with, we construct, for each smooth manifold X, a category
whose objects we call smooth fields over X; our notion of smooth field is the
analogue, in the smooth and finite dimensional setting in which we are inter-
ested, of the familiar notion of continuous Hilbert field introduced by Dixmier
and Douady in the early 1960’s [14] (see also Bos [2] or Kališnik [19] for more
recent work related to continuous Hilbert fields). The category of smooth
fields is a proper enlargement of the category of smooth vector bundles. Like
for vector bundles, one can define a notion of Lie groupoid representation on
a smooth field in a completely standard way. Given a Lie groupoid G, such
representations and their obvious morphisms form a category that is related
to the category of smooth fields over the base manifold M of G by means of
a forgetful functor of the former into the latter category. To this functor one
can assign, by generalizing the construction explained above in the case of
groups, a groupoid over M , to which we shall refer as the Tannakian groupoid
associated with G, to be denoted by T (G), endowed with a natural candidate
for a smooth structure on the space of arrows (C∞-structured groupoid). As
for groups, there is a canonical homomorphism π of G into T (G) that turns
out to be compatible with this C∞-structure.

Our Tannaka duality theorem for proper Lie groupoids reads as follows:

Theorem Let G be a proper Lie groupoid. The C∞-structure on the
space of arrows of the Tannakian groupoid T (G) is a genuine manifold
structure so that T (G) is a Lie groupoid. The canonical homomorphism
π is a Lie groupoid isomorphism G ∼= T (G).

The main point here is to prove the surjectivity of the homomorphism π; the
fact that π is injective is a direct application of a theorem of N.T. Zung.

Actually, the reasonings leading to our duality theorem also hold, for the
most part, for the representations of a proper Lie groupoid on vector bundles.
Since from the very beginning of our research we were equally interested in
studying such representations, we found it convenient to provide a general
theoretical framework where the diverse approaches to the representation
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theory of Lie groupoids could take their appropriate place, so as to state our
results in a uniform language. The outcome of such demand was the theory
of ‘smooth tensor stacks’. Smooth vector bundles and smooth fields are two
examples of smooth tensor stacks. Each smooth tensor stack gives rise to
a corresponding notion of representation for Lie groupoids; then, for each
Lie groupoid one obtains, by the same general procedure outlined above, a
corresponding Tannakian groupoid, which will depend very much, in general,
on the initial choice of a smooth tensor stack (for example, Tannaka duality
fails in the context of representations on vector bundles).

Our remaining contributions are mainly concerned with the study of
Tannakian groupoids arising from representations of proper Lie groupoids
on vector bundles. Since in this case the reconstructed groupoid may not be
isomorphic to the original one, the problem of whether the aforesaid standard
C∞-structure on the space of arrows of the Tannakian groupoid turns the
latter groupoid into a Lie groupoid becomes considerably more interesting
and difficult than in the case of representations on smooth fields. Our prin-
cipal result in this direction is that the answer to the indicated question is
affirmative for all proper regular groupoids. In connection with this result we
prove invariance of the solvability of the problem under Morita equivalence.
Finally, we provide examples of classically reflexive proper Lie groupoids, i.e.
proper Lie groupoids for which the groupoid reconstructed from the repre-
sentations on vector bundles is isomorphic to the original one; however, our
list is very short: failure of reflexivity is the rule rather than the exception
when one deals with representations on vector bundles.

Outline chapter by chapter

In order to help the reader find their own way through the dissertation, we
give here a detailed account of how the material is organized.

∗ ∗ ∗

In Chapter I we recall basic notions and facts concerning Lie groupoids.
The initial section is mainly about definitions, notation and conventions

to be followed in the sequel.
The second section contains relatively more interesting material: after

briefly recalling the familiar notion of a representation of a Lie groupoid on
a vector bundle (classical representation), we supply a concrete example,1
which motivates our introducing the notion of representation on a smooth
field in Chapter IV, showing that it is in general impossible to distinguish
two Lie groupoids from one another just on the basis of knowledge of the

1We discovered this counterexample independently, though it turned out later that the
same had already been around for some time [23].
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corresponding categories of representations on vector bundles; more precisely,
we shall explicitly construct a principal T 2-bundle over the circle (where
T k denotes the k-torus), together with a homomorphism onto the trivial
T 1-bundle over the circle, such that the obvious pull-back of representations
along this homomorphism yields an isomorphism between the categories of
classical representations of these two bundles of Lie groups.

In Section 3 we review the notion of a (normalized) Haar system on a Lie
groupoid; this is the analogue, for Lie groupoids, of the notion of (probability)
Haar measure on a group. Like probability Haar measures, normalized Haar
systems can be used to obtain invariant functions, metrics etc. by means
of the usual averaging technique. The possibility of constructing equivariant
maps lies at the heart of our proof that the homomorphism π mentioned
above is surjective for every proper Lie groupoid.

Section 4 introduces the reader to a relatively recent result obtained by
N.T. Zung about the local structure of proper Lie groupoids; this general re-
sult was first conjectured by A. Weinstein in his famous paper about the lo-
cal linearizability of proper regular groupoids [37] (where the result is proved
precisely under the additional assumption of regularity). Zung’s local lin-
earizability theorem states that each proper Lie groupoid G is, locally in the
vicinity of any given G-invariant point of its base manifold, isomorphic to
the translation groupoid associated with the induced linear action of the iso-
tropy group of G at the point itself on the respective tangent space. As a
consequence of this, every proper Lie groupoid is locally Morita equivalent
to the translation groupoid associated with some compact Lie group action.
The local linearizability of proper Lie groupoids accounts for the injectivity
of the homomorphism π.

Finally, in Section 5, we prove a statement relating the global structure up
to Morita equivalence of a proper Lie groupoid and the existence of globally
faithful representations: precisely, we show that a proper Lie groupoid admits
a globally faithful representation on a smooth vector bundle if and only if it is
Morita equivalent to the translation groupoid of a compact Lie group action.
Although this result is not elsewhere used in our work, we present a proof of it
here because we believe that the same technique, applied to representations
on smooth fields, may be used to obtain nontrivial information about the
global structure of arbitrary proper Lie groupoids (since every such groupoid
trivially admits globally faithful representations on smooth fields).

∗ ∗ ∗

Chapter II is mainly concerned with the background notions needed in order
to formulate precisely the reconstruction problem in full generality. The for-
mal categorical framework within which this problem is most conveniently
stated in the language of tensor categories and tensor functors.

Section 6 introduces the pivotal notion of a tensor category: this will
be, for us, an additive k-linear category C (k = real or complex numbers)
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endowed with a bilinear bifunctor (A,B) 7→ A⊗B : C × C → C called a
tensor product, a distinguished object 1 called the tensor unit and various
natural isomorphisms called ACU constraints which, roughly speaking, make
the product ⊗ associative and commutative with neutral element 1. The
notion of rigid tensor category is also briefly recalled: this is a tensor category
with the property that each object R admits a dual, that is an object R′ for
which there exist morphisms R′ ⊗R → 1 and 1 → R⊗R′ compatible with
one another in an obvious sense; the category of finite dimensional vector
spaces—or, more generally, smooth vector bundles over a manifold—is an
example.

In Section 7 we review the notions of a tensor functor (morphism of
tensor categories) and a tensor preserving natural transformation (morphism
of tensor functors): one obtains a tensor functor by attaching, to an ordinary
functor F , (natural) isomorphisms F (A)⊗ F (B) ∼= F (A⊗B) and 1 ∼= F (1),
called tensor functor constraints, compatible with the ACU constraints of the
two tensor categories involved; a tensor preserving natural transformation of
tensor functors is simply an ordinary natural transformation λ such that
λ(A⊗B) = λ(A)⊗ λ(B) and λ(1) = id up to the obvious identifications
provided by the tensor functor constraints. If an object R admits a dual R′

in the above sense, then λ(R) is an isomorphism for any tensor preserving
λ (a tensor preserving functor will preserve duals whenever they exist). A
fundamental example of tensor functor is the pull-back of smooth vector
bundles along a smooth mapping of manifolds.

Section 8 hints at the relationship between real and complex theory: to
mention one example, in the case of groups one can either consider linear
representations on real vector spaces and then take the group of all tensor
preserving natural automorphisms of the standard forgetful functor or, alter-
natively, consider linear representations on complex vector spaces and then
take the group of all self-conjugate tensor preserving natural automorphisms;
these two groups, of course, will turn out to be the same. We indicate how
these comments may be generalized to the abstract categorical setting we
have just outlined to the reader.

Section 9 is devoted to a concise exposition, without any ambition to
completeness, of the algebraic geometer’s point of view on Tannaka duality.
In fact, many fundamental aspects of the algebraic theory are omitted here;
we refer more demanding readers to Saavedra (1972) [32], Deligne and Milne
(1982) [12] and Deligne (1990) [11]. We thought it necessary to include this
exposition with the intent of providing adequate grounds for understanding
certain questions reaised in Chapter V.

Contrary to the rest of the chapter, Section 10 is entirely based on our
own work. In this section we prove a key technical lemma which we exploit
later on, in Section 20, to establish the surjectivity of the envelope homo-
morphism π (see above) for all proper Lie groupoids; this lemma reduces the
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latter problem to that of checking that a certain extendability condition for
morphisms of representations is satisfied. The proof of our result makes use of
the classical Tannaka duality theorem for compact (Lie) groups, though for
the rest it is purely algebraic and it does not reproduce any known argument.

∗ ∗ ∗

In Chapter III, we introduce our abstract systematization of representation
theory. Our ideas took shape gradually, during the attempt to make the treat-
ment of various inequivalent approaches to the representation theory of Lie
groupoids uniform. A collateral benefit of this abstraction effort was a gain
in simplicity and formal elegance, along with a general better understanding
of the mathematical features of the theory itself.

We begin with the description of a certain categorical structure, that we
shall call fibred tensor category, which permits to make sense of the notion of
‘Lie groupoid action’ in a natural way. Smooth vector bundles and smooth
fields provide examples of such a structure. A fibred tensor category C may
be defined as a correspondence that assigns a tensor category C(X) to each
smooth manifold X and a tensor functor f ∗ : C(X)→ C(Y ) to each smooth
mapping f : Y → X, along with a coherent system of tensor preserving
natural isomorphisms (g ◦ f)∗ ∼= f ∗ ◦ g∗ and id∗ ∼= Id . Most notions needed
in representation theory can be defined purely in terms of the fibred tensor
category structure, provided this enjoys some additional properties which we
now proceed to summarize.

In Section 11, we make from the outset the assumption that C is a
prestack, in other words that the obvious presheaf U 7→ HomC(U)(E|U , F |U)
is a sheaf on X for all objects E, F of the category C(X). We also require
C to be smooth, that is to say, roughly speaking, that for each X there is an
isomorphism of complex algebras End(1X) ' C∞(X), where 1X denotes the
tensor unit in C(X).

Let C∞
X denote the sheaf of smooth functions on X. For each smooth

prestack C one can associate to every object E of the category C(X) a sheaf
of C∞

X -modules, ΓE, to be called the sheaf of smooth sections of E. The
latter operation yields a functor of C(X) into the category of sheaves of
C∞
X -modules. One has a natural transformation ΓE ⊗C∞X

ΓE ′ → Γ(E ⊗ E ′),
which need not be an isomorphism, and an isomorphism C∞

X ' Γ(1X) of
C∞
X -modules, that behave much as usual tensor functor constraints do. The

compatibility of the operation E 7→ ΓE with the pullback along a smooth
map f : Y → X is measured by a canonical natural morphism of sheaves of
C∞
Y -modules f ∗(ΓE) → Γ(f ∗E). For each point x of X, there is a functor

which assigns, to every object E of the category C(X), a complex vector
space Ex to be referred to as the fibre of E at x; a local smooth section
ζ ∈ ΓE(U), defined over an open neighbourhood U of x, will determine a
vector ζ(x) ∈ Ex to be referred to as the value of ζ at x.
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In order to show that Morita equivalences have the usual property of
inducing a categorical equivalence between the categories of representations,
we further need to impose the condition that C is a stack. This condition,
examined in Section 12, means that when one is given an open cover {Ui} of
a (paracompact) manifold M , along with a family of objects Ei ∈ Ob C(Ui)
and a cocycle of isomorphisms θij : Ei|Ui∩Uj

∼→ Ej|Ui∩Uj
, there must be some

object E in C(M) which admits a family of isomorphisms E|Ui

∼→ Ei ∈ C(Ui)
compatible with {θij}. Naively speaking, one can glue objects in C together.
When C is a smooth stack, the category C(M) will essentially contain the
category of all smooth vector bundles over M as a full subcategory.

In Section 13, we lay down the foundations of the representation theory
of Lie groupoids relative to a type T, for an arbitrary smooth stack of tensor
categories T. A representation of type T of a Lie groupoid G is a pair (E, %)
consisting of an object E of the category T(M) (where M is the base of
G) and an arrow % : s∗E → t∗E in the category T(G) (where s , t : G →
M are the source resp. target map of G) such that u∗% = idE (where u :
M → G denotes the unit section) and m∗% = p1

∗% ◦ p2
∗% (where m, p1, p2 :

Gs×tG → G respectively denote multiplication, first and second projection).
With the obvious notion of morphism, representations of type T of a Lie
groupoid G form a category RT(G). This category inherits an additive linear
tensor structure from the base category T(M), making the forgetful functor
(E, %) 7→ E a strict linear tensor functor of RT(G) into T(M). The latter
functor will be denoted by ωT(G) and will be called the standard fibre functor
of type T associated with G.

Each homomorphism of Lie groupoids φ : G → H induces a linear tensor
functor φ∗ : RT(H) → RT(G) that we call the pullback along φ. One has
tensor preserving natural isomorphisms (ψ ◦ φ)∗ ∼= φ∗ ◦ ψ∗. In Section 14 we
show that for every Morita equivalence φ : G → H the pullback functor φ∗ is
an equivalence of tensor categories.

∗ ∗ ∗

Chapter IV is the core of our dissertation. This is the place where we describe
the general duality theory for Lie groupoids in the abstract framework of
Chapters II–III and where we prove our most important results, culminating
in the above-mentioned reconstruction theorem for proper Lie groupoids.

Section 15 contains a detailed description of in what type of Lie groupoid
representations one should be interested, from our point of view, when dealing
with duality theory of Lie groupoids. Namely, we say that a type T is a stack
of smooth fields if it meets a number of extra requirements, called ‘axioms’,
which we now proceed to summarize.

Our first axiom says that the canonical morphisms ΓE ⊗C∞X
ΓE ′ →

Γ(E ⊗ E ′) and f ∗(ΓE)→ Γ(f ∗E) (cfr. the summary of Ch. III, §11) are sur-
jective; this axiom conveys information about the smooth sections of E ⊗ E ′
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and f ∗E and it implies that the fibre at x of an object E is spanned, as a
vector space, by the values ζ(x) as ζ ranges over all germs of local smooth
sections of E at x.

Next, recall that any arrow a : E → E ′ in T(X) induces a morphism
of sheaves of C∞

X -modules Γa : ΓE → ΓE ′ and a bundle of linear maps
{ax : Ex → E ′

x}; these are mutually compatible, in an obvious sense. Our
second and third axioms completely characterize the arrows in T(X) in terms
of their effect on smooth sections and the bundles of linear maps they induce;
namely, an arrow a : E → E ′ vanishes if and only if ax vanishes for all x,
and every pair formed by a morphism of C∞

X -modules α : ΓE → ΓE ′ and a
compatible bundle of linear maps {λx : Ex → E ′

x} gives rise to a (unique)
arrow a : E → E ′ such that α = Γa or, equivalently, λx = ax for all x.

Then there is an axiom requiring the existence of local Hermitian metrics
on the objects of T(X). A Hermitian metric on E is an arrow E ⊗ E∗ → 1
inducing a positive definite Hermitian sesquilinear form on each fibre Ex; the
axiom says that for any paracompactM , each object of T(M) admits Hermit-
ian metrics. This assumption has many useful consequences: for example, it
implies various continuity principles for smooth sections and a fundamental
extension property for arrows.

The remaining two axioms impose various finiteness conditions on T:
roughly speaking, finite dimensionality of the fibres of an arbitrary object E
and local finiteness of the sheaf of modules ΓE. More precisely, one axiom
canonically identifies T(?), as a tensor category, with the category of finite
dimensional vector spaces—where ? denotes the one-point manifold—so that,
for instance, the functor E 7→ Ex becomes a tensor functor of T(X) into the
category of such spaces; the other axiom requires the existence, for each
point x, of an open neighbourhood U such that ΓE(U) is spanned, as a
C∞(U)-module, by a finite set of sections of E over U .

In Section 16, we introduce our fundamental example of a stack of smooth
fields (which is to play a role in our reconstruction theorem for proper Lie
groupoids in §20), to which we refer as the type E∞ of smooth Euclidean
fields. The notion of smooth Euclidean field over a manifold X generalizes
that of smooth vector bundle over X in that the dimension of the fibres
is allowed to vary discontinuously over X or, in other words, the sheaf of
smooth sections is no longer a locally free C∞

X -module. Our theory of smooth
Euclidean fields may be regarded as the counterpart, in the smooth setting,
of the well-established theory of continuous Hilbert fields [14].

In Section 17 we prove various results about the equivariant extension of
morphisms of Lie groupoid representations whose type is a stack of smooth
fields; in combination with the technical lemma of §10, these extension re-
sults allow one to establish the surjectivity of the envelope homomorphism π
associated with representations on an arbitrary stack of smooth fields. The
proofs are based on the usual averaging technique—which makes sense for
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any proper Lie groupoid because of the existence of normalized Haar sys-
tems—and, of course, on the axioms for stacks of smooth fields.

In Sections 18–19, we delve into the formalism of fibre functors with val-
ues in an arbitrary stack of smooth fields. A fibre functor, with values in a
stack of smooth fields F, is a faithful linear tensor functor ω of some addi-
tive tensor category C into F(M), for some fixed paracompact manifold M
to be referred to as the base of ω. This notion is obtained by abstracting
the fundamental features, which allow one to make sense of the construc-
tion of the Tannakian groupoid, from the concrete example provided by the
standard forgetful functor associated with the representations of type F of a
Lie groupoid over M . To any fibre functor ω with base M , one can assign
a groupoid T (ω) over M to which we refer as the Tannakian groupoid as-
sociated with ω constructed, like in the case of groups, by taking all tensor
preserving natural automorphisms of ω. The set of arrows of T (ω) comes
naturally equipped with a topology and a smooth functional structure that
is a sheaf R∞ of algebras of continuous real valued functions on T (ω) closed
under composition with arbitrary smooth functions Rd → R; the notion of
smooth functional structure is analogous to that of C∞-ring, cfr [28, 29].

In Section 20, we reap the fruits of all our previous work and prove sev-
eral statements of fundamental importance about the Tannakian groupoid
T (G) associated with the standard forgetful functor ω(G) on the category of
representations of an arbitrary proper Lie groupoid G. (We are still dealing
with a situation where the type is an arbitrary stack of smooth fields.) Recall
that there is a canonical homomorphism π : G → T (G) defined by setting
π(g)(E, %) = %(g), which, as previously mentioned, turns out to be surjective
for proper G; the proof of this theorem is based on the results of Sections 10
and 17. Moreover, when G is proper, the Tannakian groupoid T (G) becomes
a topological groupoid and π a homomorphism of topological groupoids: then
we show that injectivity of π implies that π is an isomorphism of topological
groupoids and that this in turn implies that the above-mentioned functional
structure on T (G) is actually a Lie groupoid structure for which π becomes
an isomorphism of Lie groupoids. Accordingly, we say that a Lie groupoid G is
reflexive—relative to a certain type—if π induces a homeomorphism between
the spaces of arrows of G and T (G). Our main theorem, which concludes the
section, states that every proper Lie groupoid is reflexive relative to the type
E∞ of smooth Euclidean fields. The injectivity of π for this particular type
of representations is an easy consequence of Zung’s local linearizabilty result
for proper Lie groupoids.

∗ ∗ ∗

Besides establishing a Tannaka duality theory for proper Lie groupoids, the
work described above also leads to results concerning the classical theory of
representations of Lie groupoids on vector bundles. Chapter V concentrates
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on what can be said about the latter case exclusively from the abstract stand-
point of the theory of fibre functors outlined in §§18–19. The main objects
of study here are certain fibre functors, which will be referred to as classi-
cal fibre functors, enjoying formal properties analogous to those possessed
by the standard forgetful functor associated with the category of classical
representations of a Lie groupoid.

The distinctive features of classical fibre functors are the rigidity of the do-
main tensor category C and the type being equal to the stack of smooth vector
bundles. Section 21 collects some general remarks about such fibre functors
and some basic definitions. For any classical fibre functor ω, the Tannakian
groupoid T (ω) proves to be a C∞-structured groupoid over the base M of
ω; this means that all structure maps of T (ω) are morphisms of functionally
structured spaces with respect to the C∞-functional structure R∞ on T (ω)
introduced in §18. One can define, for every C∞-structured groupoid T , an
obvious notion of C∞-representation on a smooth vector bundle; such rep-
resentations form a tensor category R∞(T ). Every object R of the domain
category C of a classical fibre functor ω determines a C∞-representation evR,
which we call evaluation at R, of the Tannakian groupoid T (ω) on the vector
bundle ω(R). The operation R 7→ evR provides a tensor functor of C into the
category of C∞-representations of T (ω), the evaluation functor associated
with ω.

Section 22 is preliminary to Section 23. It is devoted to a discussion of
the technical notion of a tame submanifold which we introduce in order to
define representative charts in the subsequent section. All the reader needs to
know about tame submanifolds is that these are particular submanifolds of
Lie groupoids with the property that whenever a Lie groupoid homomorph-
ism establishes a bijective correspondence between two of them, the induced
bijection is actually a diffeomorphism and that Morita equivalences preserve
tame submanifolds.

The fact that T (ω) is a C∞-structured groupoid for every classical ω
poses the question of whether T (ω) is actually a Lie groupoid. In Section 23
we start tackling this issue by providing a necessary and sufficient criterion,
which proves to be convenient enough to use in practice, for the answer to
the latter question being positive for a given ω. This criterion is expressed in
terms of the notion of a representative chart, that is a pair (Ω, R) consisting
of an open subset Ω of T (ω) and an object R of the domain category C of
ω such that the evaluation representation at R induces a homeomorphism
between Ω and a tame submanifold of the linear groupoid GL(ωR); then
T (ω) is a Lie groupoid if, and only if, representative charts cover T (ω) and
(Ω, R⊕ S) is a representative chart for every representative chart (Ω, R) and
for every object S of C.

Section 24 introduces a notion of morphism for (classical) fibre functors.
Roughly speaking, a morphism of ω into ω′, over a smooth mapping f :
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M → M ′ of the base manifolds, is a tensor functor of C ′ into C compatible
with the pullback of vector bundles along f ; every morphism ω → ω′ over f
induces a homomorphism of C∞-structured groupoids T (ω) → T (ω′) over
f .

Section 25 is devoted to the study of weak equivalences of (classical) fibre
functors: we define them as those morphisms over a surjective submersion
which have the property of being a categorical equivalence. As an application
of the criterion of §23, we show that if ω is weakly equivalent to ω′, then
T (ω) is a Lie groupoid if and only if T (ω′) is; when this is the case, the Lie
groupoids T (ω) and T (ω′) turn out to be Morita equivalent.

∗ ∗ ∗

In Chapter VI, we apply the general abstract theory of the preceding chapter
to the motivating example provided by the standard forgetful functor on the
category of classical representations of a proper Lie groupoid G. The Tannak-
ian groupoid associated with the latter classical fibre functor will be denoted
by T ∞(G); in fact, this construction can be extended to a functor - 7→ T ∞(-)
of the category of Lie groupoids into the category of C∞-structured groupoids
so that the envelope homomorphism π(-) becomes a natural transformation
(-) → T ∞(-). We will focus our attention on the following two problems:
in the first place, we want to understand whether the Tannakian groupoid
T ∞(G) is a Lie groupoid, let us say for G proper; secondly, we are inter-
ested in examples of classically reflexive Lie groupoids, that is to say Lie
groupoids G for which the envelope homomorphism π is an isomorphism of
topological groupoids between G and T ∞(G) (recall that, under the assump-
tion of properness, it is sufficient that π is injective).

In Section 26, we collect what we know about the first of the two above-
mentioned problems in the general case of an arbitrary proper Lie groupoid.
Namely, we show that the condition, in the criterion for smoothness of §23,
that (Ω, R⊕ S) should be a representative chart for every representative
chart (Ω, R) and object S, is always satisfied by the standard forgetful functor
on the category of classical representations of a proper Lie groupoid G so
that T ∞(G) is a (proper) Lie groupoid if and only if one can find enough
representative charts; if this is the case, then the envelope map π is a full
submersion of Lie groupoids whose associated pullback functor π∗ establishes
an isomorphism of the corresponding categories of classical representations
inverse to the evaluation functor of §21.

Section 27 prosecutes the study initiated in the previous section by pro-
viding a proof of the fact that T ∞(G) is a Lie groupoid for every proper
regular groupoid G. We conjecture that the same statement holds true for
every proper G, that is even without the regularity assumption.

Section 28 contains a list of examples of classically reflexive (proper) Lie
groupoids; since, as §2 exemplifies, most Lie groupoids fail to be classically
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reflexive, this list cannot be very long. To begin with, translation groupoids
associated with compact Lie group actions are evidently classically reflexive.
Next, we observe that any étale Lie groupoid whose source map is proper
is necessarily classically reflexive because, for such groupoids, one can make
sense of the regular representation. Finally, orbifold groupoids—by which we
mean proper effective groupoids—are classically reflexive because the stan-
dard action on the tangent bundle of the base manifold yields a globally
faithful classical representation.

Some possible applications

The study of classical fibre functors in Chapter V was originally motivated
by the example treated in Chapter VI, namely the standard forgetful functor
associated with the category of classical representations of a Lie groupoid.
However, examples of classical fibre functors can also be found by looking
into different directions.

To begin with, one could consider representations of Lie algebroids [27,
10, 16]. Recall that a representation of a Lie algebroid g over a manifold M is
a pair (E,∇) consisting of a vector bundle E over M and a flat g-connection
∇ on E, that is, a bilinear map Γ(g)× Γ(E) → Γ(E) (global sections),
C∞(M)-linear in the first argument, Leibnitz in the second and with vanish-
ing curvature. Such representations naturally form a tensor category.

Another example of the same sort is provided by the singular foliations
introduced by I. Androulidakis and G. Skandalis [1]. Here one is given a
locally finite sheaf F of modules of vector fields over a manifold M , closed
under the Lie bracket; this is to be thought of as inducing a ‘singular’ foliation
of M , in that F is no longer necessarily locally free and so the dimension
of the leaves may jump. Again, one can consider pairs (E,∇) formed by a
vector bundle E over M and a morphism of sheaves ∇ : F ⊗ ΓE → ΓE
enjoying formal properties analogous to those defining a flat connection.

In his paper about the local linearizability of proper Lie groupoids [38],
N.T. Zung poses the question of whether a space, which is locally isomorphic
to the orbit space of a compact Lie group action, is necessarily the orbit space
M/G associated with a proper Lie groupoid G over a manifold M . Of course,
this question is not stated very precisely; its rigorous formulation, as far as we
can see, should be given in the following terms. Let us call a C∞-structured
space (X,F∞) a generalized orbifold if the space X is Hausdorff, paracom-
pact and locally isomorphic, as a functionally structured space, to an orbit
space associated with some linear compact Lie group action—in other words,
locally isomorphic to a space of the form (V/G,C∞

V/G) for some representation
G → GL(V ) of a compact Lie group G on a finite dimensional vector space
V . The theory of functionally structured spaces suggests the right notion of
smooth map of generalized orbifolds and hence the right notion of isomorph-
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ism. Zung’s theorem implies that the orbit space (M/G,C∞
M/G) of a proper

Lie groupoid G over a manifold M is a generalized orbifold: then the question
is whether an arbitrary generalized orbifold is actually of this precise form.

Classical fibre functors make their natural appearance in connection
with any given generalized orbifold X. (Conventionally, we will refer to the
C∞-structure of X, when necessary, by means of the notation C∞

X .) Let
V∞(X) denote the category of locally free sheaves of C∞

X -modules (of lo-
cally finite rank), endowed with the standard linear tensor structure; one
may refer to the objects of this category as vector bundles over X. Choose a
locally finite cover {Ui} of X by open subsets Ui such that for each i there
is an isomorphism Vi/Gi ≈ Ui; we regard the maps φi : Vi → Ui as fixed
once and for all, and we assume, for simplicity, that the Vi all have the same
dimension. Letting M be the disjoint union

∐
Vi, one has an obvious classical

fibre functor ωX
M = ωX

{Vi,φi} over M sending each object E of the category
V∞(X) to the smooth vector bundle ⊕iφi∗E over M .

The Tannakian groupoid T ∞(X) = T (ωX
M) is a C∞-structured groupoid

with the property that the obvious map φ : M → X induces an isomorph-
ism of functionally structured spaces between M/T ∞(X) and X; thus, the
study of this groupoid might be relevant to the above-mentioned problem.
Similarly, the study of the Tannakian groupoids associated with the other
examples might lead to interesting information about the underlying geomet-
rical objects, at least when the situation involves some kind of properness. In
this connection, it is natural to hope for a general result relating the domain
category of a classical fibre functor with the category of C∞-representations
of the corresponding Tannakian groupoid, for example via the standard eval-
uation functor described in §21.

A well-known conjecture, which has been raising some interest recently [17,
19], states that every proper étale Lie groupoid is Morita equivalent to the
translation groupoid associated with some compact Lie group action or,
equivalently, that every such groupoid admits a globally faithful classical
representation (cfr. Ch. I, §5). This conjecture is related to the question of
whether proper étale Lie groupoids are classically reflexive (we have already
observed that the answer is affirmative in the effective case, see Ch. VI, §28).
It is known that for each groupoid G of this kind, there exist a proper effec-
tive Lie groupoid G̃ and a submersive epimorphism G → G̃; the kernel of this
homomorphism is necessarily a bundle of finite groups B embedded into G,
hence, one gets an exact sequence of Lie groupoids 1 → B ↪→ G → G̃ → 1
where B and G̃ are both classically reflexive. These considerations strongly
suggest that one should investigate how the property of reflexivity behaves
with respect to Lie groupoid extensions.



Chapter I

Lie Groupoids and their Classical
Representations

The present chapter is essentially introductory: we regard all the material
thereof as well-known. Our purpose is, first of all, to fix some notational
conventions and some standard terminology concerning Lie groupoids; this
is done in §1. Next, in §2, we provide a detailed discussion of a concrete
example which is to serve as motivation for the approach we will adopt in
Chapters III–IV. In §§3–4 we treat the two fundamental pillars on to which
our main result holds: Haar systems and Zung’s linearizability theorem; we
decided to include a presentation of these topics here because we found it
difficult to provide adequate references for them. The chapter ends with a
digression on the problem of representing a proper Lie groupoid as a global
quotient arising from a smooth compact Lie group action.

§1 Generalities about Lie Groupoids

The term groupoid refers to a small category where every arrow is invertible.
A Lie groupoid can be approximately described as an internal groupoid in
the category of smooth manifolds. To construct a Lie groupoid G one has to
give a pair of manifolds of class C∞ G(0) and G(1), respectively called manifold
of objects and manifold of arrows, and a list of smooth maps called structure
maps. The basic items in this list are the source map s : G(1) → G(0) and the
target map t : G(1) → G(0); these have to meet the requirement that the fibred
product G(2) = G(1)

s×tG(1) exists in the category of C∞-manifolds. Then one
has to give a composition map c : G(2) → G(1), a unit map u : G(0) → G(1) and
an inverse map i : G(1) → G(1), for which the familiar algebraic laws must be
satisfied.

Terminology and Notation: The points x = s(g) and x′ = t(g) are resp.
called the source and the target of the arrow g. We let G(x, x′) denote the
set of all the arrows whose source is x and whose target is x′; we shall use

1
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the abbreviation G|x for the isotropy or vertex group G(x, x). Notationally,
we will often identify a point x ∈ G(0) and the corresponding unit arrow
u(x) ∈ G(1). It is costumary to write g′ · g or g′g for the composition c(g′, g)
and g−1 for the inverse i(g).

Our description of the notion of Lie groupoid is still incomplete. It turns
out that a couple of additional requirements are needed in order to get a
reasonable definition.

Recall that a manifold M is said to be paracompact if it is Hausdorff
and there exists an ascending sequence of open subsets with compact closure
· · · ⊂ Ui ⊂ U i ⊂ Ui+1 ⊂ · · · such that M =

∞
∪
i=0

Ui. A Hausdorff manifold is
paracompact if and only if it possesses a countable basis of open subsets. Any
open cover of a paracompact manifold admits a locally finite refinement. Any
paracompact manifold admits partitions of unity of class C∞ (subordinated
to an open cover; cf. for instance Lang [22]).

In order to make the fibred product G(1)
s×tG(1) meaningful as a manifold

and for other purposes related to our studies, we shall include the following
additional conditions in the definition of Lie groupoid:

1. The source map s : G(1) → G(0) is a submersion with Hausdorff fibres;

2. The manifold G(0) is paracompact.

Note that we do not require that the manifold of arrows G(1) is Hausdorff or
paracompact; actually, this manifold is neither Hausdorff nor second count-
able in many examples of interest. The definition here differs from that in
Moerdijk and Mrčun [27] in that we additionally require that the manifold
G(0) is paracompact. The first condition implies at once that the domain of the
composition map is a submanifold of the Cartesian product G(1) × G(1) and
that the target map is a submersion with Hausdorff fibres; thus, the source
fibres G(x, -) = s−1(x) and the target fibres G(-, x′) = t−1(x′) are closed
Hausdorff submanifolds of G(1). A Lie groupoid G is said to be Hausdorff if
the manifold G(1) is Hausdorff.

Some more Terminology: The manifold G(0) is usually called the base of
the groupoid G; one also says that G is a groupoid over the manifold G(0). We
shall often use the notation Gx = G(x, -) = s−1(x) for the fibre of the source
map over a point x ∈ G(0). More generally, we shall write

(1) G(S, S ′) =
{
g ∈ G(1) : s(g) ∈ S & t(g) ∈ S ′

}
, G|S = G(S, S)

and GS = G(S, -) = G(S,G(0)) = s−1(S) for all subsets S, S ′ ⊂ G(0).
A homomorphism of Lie groupoids is a smooth functor. More precisely,

a homomorphism ϕ : G → H consists of two smooth maps ϕ(0) : G(0) → H(0)

and ϕ(1) : G(1) → H(1), compatible with the groupoid structure in the sense
that s ◦ ϕ(1) = ϕ(0) ◦ s , t ◦ ϕ(1) = ϕ(0) ◦ t and ϕ(1)(g′ · g) = ϕ(1)(g′) · ϕ(1)(g).
Lie groupoids and their homomorphisms form a category.
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There is also a notion of topological groupoid: this is just an internal
groupoid in the category of topological spaces and continuous mappings. In
the continuous case the definition is much simpler and one need not worry
about the domain of definition of the composition map. With the obvious
notion of homomorphism, topological groupoids constitute a category.

2 Example Every smooth manifold M can be regarded as a Lie groupoid
by taking M itself as the manifold of arrows and the identity map id : M →
M as the unit section. Alternatively, one can form the pair groupoid over
M ; this is the Lie groupoid whose manifold of arrows is M ×M and whose
source and target map are the two projections.

3 Example Any Lie group G can be regarded as a Lie groupoid over the
one-point manifold by taking G itself as the manifold of arrows.

4 Example: linear groupoids If E is a real or complex smooth vector
bundle (of locally finite rank) over a manifold M , one can form the linear
groupoid GL(E) associated with E. This is defined as the groupoid over M
whose arrows x → x′ are the linear isomorphisms Ex

∼→ Ex′ between the
fibres of E over the points x and x′. There is an obvious smooth structure
turning GL(E) into a Lie groupoid.

5 Example: action groupoids Let G be a Lie group acting smoothly (from
the left) on a manifold M . Then one can define the action (or translation)
groupoid GnM as the Lie groupoid over M whose manifold of arrows is the
Cartesian product G×M , whose source and target map are respectively the
projection onto the second factor (g, x) 7→ x and the action (g, x) 7→ gx and
whose composition law is the operation

(6) (g′, x′)(g, x) = (g′g, x).

There is a similar construction M oG associated with right actions.

Let G be a Lie groupoid and let x be a point of its base manifold G(0).
The orbit of G (or G-orbit) through x is the subset

(7) Gx def
= G · x def

= t
(
Gx

)
= {x′ ∈ G(0)|∃g : x→ x′}.

Note that the isotropy group G|x acts from the the right on the manifold Gx;
this action is clearly free and transitive along the fibres of the restriction of
the target map t to Gx. The following result holds (see [27] p. 115):

8 Theorem Let G be a Lie groupoid and let x, x′ ∈ G(0). Then

1. G(x, x′) is a closed submanifold of G(1);

2. G|x is a Lie group;

3. the G-orbit through x is an immersed submanifold of G(0);
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4. the target map t : Gx → Gx proves to be a principal G|x-bundle.

It is worthwhile spending a couple of words about the manifold structure that
is asserted to exist on the G-orbit through x. The set Gx can obviously be
identified with the homogeneous space Gx/(G|x). Now, it can be proved that
there exists a (possibly non-Hausdorff) manifold structure on this quotient
space, such that the quotient map turns out to be a principal bundle.

We say that a Lie (or topological) groupoid G is proper if G is Hausdorff and
the combined source–target map (s , t) : G(1) → G(0) × G(0) is proper (in the
familiar sense: the inverse image of a compact subset is compact).

The manifold of arrows G(1) of a proper Lie groupoid G is always para-
compact. Indeed, by the definition of Lie groupoid, the base M of G is
a paracompact manifold and therefore there exists an invading sequence
· · · ⊂ Ui ⊂ U i ⊂ Ui+1 ⊂ · · · ⊂ M of pre-compact open subsets; the in-
verse images Γi = G|Ui

= (s , t)−1(Ui × Ui) form an analogous sequence inside
the (Hausdorff) manifold G(1).

Let x0 be a point of M . We know the orbit S = Gx0 is an immersed
submanifold of M (precisely, there exists a unique manifold structure on S
such that t : Gx0 → S is a principal right G|x0-bundle and the inclusion
S ↪→ M an immersion). Now, it follows from the properness of G that S is
actually a submanifold of M . To see this, fix a point s0 ∈ S. Since there
exists a local equivariant chart G(x0,W ) ≈ W × G|x0 where W is both an
open neighborhood of s0 in S and a submanifold of M , it will be enough
to prove the existence of an open ball B ⊂ M at s0 such that S ∩B ⊂ W .
To do this, take a sequence of open balls Bi shrinking to s0: the decreasing
sequence Σi = G(x0, Bi)− G(x0,W ) of closed subsets of the manifold G(x0, -)
is contained in the compact subset G(x0, B1) and therefore, since

⋂
Σi = ∅,

there exists some i such that G(x0, Bi) ⊂ G(x0,W ).

§2 Classical Representations

In this section we introduce the costumary notion of representation of a
Lie groupoid on a smooth vector bundle and we explain, by means of a
counterexample, why this notion is inadequate for the purpose of building a
possible Tannaka duality theory for proper Lie groupoids.

Let G be a Lie groupoid and let M be its base. We let R∞(G;C) denote
the category of all C-linear classical representations of G. The objects of this
category are the pairs (E, %) consisting of a smooth complex vector bundle
E (of locally finite rank) over M and a Lie groupoid homomorphism

G
(s,t)

��

% // GL(E)

(s,t)

��
M ×M id×id //M ×M ;

(1)
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the arrows, let us say those a : (E, %)→ (F, ς), are the morphisms of vector
bundles a : E → F such that the square

Ex

ax

��

%(g) // Ex′

ax′

��
Fx

ς(g) // Fx′

(2)

commutes for all x, x′ ∈ M and g ∈ G(x, x′). There is an entirely analogous
notion of R-linear classical representation of G, where real vector bundles
are used instead of complex ones. One obtains a corresponding category
R∞(G;R). Insofar as a particular choice of coefficients is not relevant to the
subject matter of a discussion, we shall write simply R∞(G) and suppress
any further reference to coefficients.

Lie groupoids cannot always be distinguished from one another just on the
basis of knowledge of the respective categories of classical representations;
this consideration motivates our approach to Tannaka duality as described
in Chapter IV. We are going to substantiate our assertion by means of a
counterexample which we discovered independently in 2005: only recently
A. Henriques pointed out to us that the same counterexample was already
known in the context of orbispace theory, see Lück and Oliver (2001) [23].

Recall that a Lie bundle (also known as bundle of Lie groups) is a Lie
groupoid whose source and target map coincide.

Fix a Lie group H and choose an automorphism χ ∈ Aut(H). There is
a general procedure—completely analogous to the construction of Möbius
bands, Klein bottles et similia—by means of which one can obtain a locally
trivial Lie bundle G = GH;χ → S1 with fibre H over the unit circle. Put
G(1) = (R×H)/ ∼ where ∼ is the equivalence relation

(3) (t, h) ∼ (t′, h′) ⇔ t′ − t = ` ∈ Z and h′ = χ`(h).

The bundle fibration G(1) → S1 (= source map of G = target map of G) is
defined as the unique map that makes the square

R×H //

quot. proj.
��

R

t7→e2πit

��
G(1) //____ S1

(4)

commute. In terms of representatives of elements of G(1), the composition law
c : G(1) ×S1 G(1) → G(1) can be defined by setting

(5) [t′, h′] · [t, h] = [t′, h′ · χk(h)],

where k = t′ − t ∈ Z and the square bracket notation indicates that we are
taking equivalence classes. This operation turns G → S1 into a bundle of
groups over the circle, with fibre H.
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Consider the open cover of S1 determined by the local exponential
parametrizations (0, 1)

∼→ U and (−1
2
, 1

2
)

∼→ V . One has two correspond-
ing mutually compatible trivializing charts for G(1) over S1, namely

(6) τU : G(1)|U
∼→ U ×H and τV : G(1)|V

∼→ V ×H:

the former sends g ∈ G(1)|U to the pair (e2πit, h) with [t, h] = g and 0 < t < 1,
the latter sends g ∈ G(1)|V to the pair (e2πit, h) with [t, h] = g and−1

2
< t < 1

2
.

These charts determine the differentiable structure. Notice, by the way, that
the transition map between them, namely

(7) τU ◦ τV −1 : (U ∩ V )×H ∼→ (U ∩ V )×H,

is given by the identity overW ×H and by (w′, h) 7→ (w′, χ(h)) overW ′ ×H,
if one lets (0, 1

2
)

∼→ W and (1
2
, 1)

∼→ W ′ denote the two connected components
of the intersection U ∩ V .

We start by studying the complex classical representations of the Lie
bundle GH;χ, which are technically easier to handle. The analogous result for
real representations will be deduced as a corollary.

Fix a classical representation (E, %) ∈ ObR∞(G;C) on a smooth complex
vector bundle E of rank ` over S1. Since U and V are contractible open
subsets of S1, the vector bundle E will be trivial over each of them i.e. there
will exist smooth vector bundle isomorphisms

(8) E|U
∼→ U × C` and E|V

∼→ V × C`.

These will form a trivializing atlas for E over S1, whose unique transition
mapping will be given by, let us say,

(9) Q : W → GL(`;C) and Q′ : W ′ → GL(`;C).

Accordingly, the Lie bundle GL(E) over S1 (that is, by abuse of notation,
the restriction of the linear groupoid GL(E) to the diagonal S1 ↪→ S1 × S1)
will be described by trivializing charts of the following form

(10) GL(E)|U
∼→ U ×GL(`;C) and GL(E)|V

∼→ V ×GL(`;C),

whose transition map (U ∩ V )×GL(`;C)
∼→ (U ∩ V )×GL(`;C) will send

w ∈ W to A 7→ Q(w)AQ(w)−1 and w′ ∈ W ′ to A 7→ Q′(w′)AQ′(w′)−1.
In this situation one can write down corresponding local expressions for

%, namely %U(u, h) =
(
u,AU(u, h)

)
over U and %V (v, h) =

(
v, AV (v, h)

)
over

V with AU : U ×H → GL(`;C) a smooth family of representations of H
etc., which make the following squares

G(1)|U
%|U //

τU≈
��

GL(E)|U
≈U

��

G(1)|V
%|V //

τV≈
��

GL(E)|V
≈V

��
U ×H %U //___ U ×GL(`;C) V ×H %V //___ V ×GL(`;C)

(11)
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commute. If we take their restrictions to W , W ′ respectively, we obtain

W ×H %V //___ W ×GL(`;C) W ′ ×H
%V //___ W ′ ×GL(`;C)

G(1)|W
%|W //

τU≈
��

τV≈

OO

GL(E)|W
≈U

��

≈V

OO

G(1)|W ′
%|W ′ //

τU≈
��

τV≈

OO

GL(E)|W ′

≈U

��

≈V

OO

W ×H %U //___ W ×GL(`;C) W ′ ×H
%U //___ W ′ ×GL(`;C)

(12)

and hence, making use of the explicit expression (7) for the transition map
τU ◦ τV −1, we are led to the following relations: for all h ∈ H

(13)

{
AU(w, h) = Q(w)AV (w, h)Q(w)−1 for all w ∈ W

AU
(
w′, χ(h)

)
= Q′(w′)AV (w′, h)Q′(w′)−1 for all w′ ∈ W ′.

From now on, we assume that H is compact. We also fix two points
w0 ∈ W and w′0 ∈ W ′. There is a continuous path γU : [0, 1]→ U from w0 to
w′0. This gives a continuous map

(14) [0, 1]×H γU×id−−−→ U ×H AU−−→ GL(`;C)

which is clearly a homotopy of representations of H connecting AU(w0, -) to
AU(w′0, -). Then, as remarked in Note 30, there will be an invertible matrix
R ∈ GL(`;C) such that

(15) AU(w0, -) = RAU(w′0, -)R
−1.

A second path γV : [0, 1] → V connecting w0 to w′0 will analogously yield a
matrix S ∈ GL(`;C) such that

(16) AV (w0, -) = SAV (w′0, -)S
−1.

Making the appropriate substitutions in (13), we finally find an invertible
matrix P ∈ GL(`;C) such that

(17) AU
(
w0, χ(h)

)
= PAU(w0, h)P

−1 for all h ∈ H.

Next, we further specialize down to the case where H is abelian and
connected. Motivated by Eq. (17), we focus our attention on those matrix
representations A : H → GL(`;C) such that

(18) ∃P ∈ GL(`;C) for which A(χ(h)) = PA(h)P−1.

By Schur’s Lemma, every irreducible matrix representation of an Abelian Lie
group must be one-dimensional (cf. for instance Bröcker and tom Dieck p. 69)
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and therefore, because of the compactness of H, necessarily a character i.e. a
Lie group homomorphism ofH into the 1-torus T1. Since every representation
of a compact Lie group is a direct sum of irreducible ones (ibid. p. 68), it is
no loss of generality to assume Eq. (18) to be of the following form

(19)

(α1 ◦ χ)(h) · · · 0
... . . . ...
0 · · · (α` ◦ χ)(h)

 = P

α1(h) · · · 0
... . . . ...
0 · · · α`(h)

P−1,

where α1, . . . , α` : H → T1 are characters of H.
The two complex diagonal matrices occurring in Eq. (19) must have the

same characteristic polynomial p(h,X) ∈ C[X]. Thus, if we put

(20) βj = αj ◦ χ : H → T1 and Fij =
{
h ∈ H : αi(h) = βj(h)

}
,

we can in particular express H as a finite union F11 ∪ · · · ∪ F1` of closed
subsets. Now, it follows by a standard inductive argument that one of them,
let us say F11, must have nonempty interior; therefore, the two characters
α1 and β1 coincide on all of H, because a homomorphism of connected Lie
groups is determined by its differential at the neutral element (ibid. p. 24).
Cancelling the two corresponding linear factors in p(h,X) we obtain

(21)
(
X − β2(h)

)
· · ·

(
X − β`(h)

)
=

(
X − α2(h)

)
· · ·

(
X − α`(h)

)
.

Then, arguing by induction on the degree of the polynomial, we conclude
that there is a permutation σ on ` letters such that αi = βσ(i) = ασ(i) ◦ χ for
all i = 1, . . . , `.

Now, consider for instance α1. Write σ as a product of disjoint cycles and
consider the cycle

(
1, σ(1), . . . , σr(1)

)
where r = 0 and σr+1(1) = 1. Then we

have α1 = ασ(1) ◦ χ =
(
ασ(σ(1)) ◦ χ

)
◦ χ = ασ2(1) ◦ χ2 = · · · = ασr(1) ◦ χr =(

ασ(σr(1)) ◦ χ
)
◦ χr = ασr+1(1) ◦ χr+1 = α1 ◦ χr+1. Therefore α1 is an example

of a character α : H → T1 with the special property

(22) ∃r = 0 such that α = α ◦ χr+1.

Finally, let us take H = T2 = T1 × T1 to be the 2-torus. Fix an arbitrary
` ∈ Z, and consider the map

(23) χ` : T2 → T2 defined by the rule (s, t) 7→ (s, s`t).

This is an automorphism of the Lie group T2, with inverse χ−`.
Any 2-character α : T2 → T1 can be written as the product α(s, t) =

µ(s)ν(t) of the two 1-characters µ(s) = α(s, 1) and ν(t) = α(1, t). If we
assume that α enjoys the property (22) then we get µ(s)ν(t) = α(s, t) =
α
(
s, s`(r+1)t

)
= µ(s)ν(s)`(r+1)ν(t) and therefore ν(s)`(r+1) = 1 for all s ∈ T1.

Now, if ` 6= 0 then ν must be trivial, because r + 1 > 0. It follows that

(24) α(s, t) = µ(s)

does not depend on t.
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25 Proposition Fix any integer 0 6= ` ∈ Z and let GT2;χ`
→ S1 be

the locally trivial Lie bundle with fibre T2 over the circle, constructed as
explained above by using χ` ∈ Aut(T2) as twisting automorphism.

Then there exists an embedding of Lie bundles over the circle

S1 × T1 � � ϕ //

��

GT2;χ`

��
S1 × S1 id×id // S1 × S1

(26)

with the property that every classical representation (E, %) in R∞(GT2;χ`
)

pulls back to a trivial representation (E, % ◦ ϕ) of S1 × T1.

Proof Define the embedding ϕ as follows. Given (x, z) ∈ S1 × T1, send it
to the equivalence class [t, (1, z)], no matter what t you choose as long as
e2πit = x. With respect to either of the two charts τU and τV of Eq. (6), the
local expression of this embedding is simply (x, z) 7→ (x; 1, z).

Now, let (E, %) be a C-linear representation of G and let w0 ∈ W be
the point we selected in the course of the discussion above. In the chart
τU the isotropy group G|w0 and the torus T2 are identified by the induced
Lie group isomorphism G|w0 ≈ T2. The subgroups ϕ({w0} × T1) ⊂ G|w0 and
{1} × T1 ⊂ T2 correspond to one another under this isomorphism; moreover,
the homomorphism %w0 : G|w0 → GL(Ew0) is given the matrix representation
A = AU(w0, -) : T2 → GL(`;C) of Eq. (18). Therefore, since from Eq. (24)
we know that {1} × T1 is contained in KerA, we conclude that the image
ϕ({w0} × T1) is contained in Ker %w0 . By the standard homotopy argument
of Note 30 we finally get ϕ({x}×T1) ⊂ Ker %x for all x ∈ S1. This completes
the proof in the C-linear case.

Finally, let R = (E, %) be any R-linear classical representation of G. It will
be enough to take the complexification R⊗ C = (E ⊗ C, %⊗ C) and observe
that Ker %x = Ker %x ⊗ C = Ker (%⊗ C)x for all x. q.e.d.

Consider the map R× T2 → S1 × T1 given by (t; z, z′) 7→ (e2πit, z). This
induces an epimorphism of Lie bundles over S1

ψ : GT2;χ`
−→ T1

(
T1 def

= S1 × T1
)

(27)

whose kernel is precisely the image of the embedding ϕ of the preceding
proposition. The latter map yields an identification of forgetful functors

R∞(T1)

forg. func.
��

ψ∗

'
// R∞(GT2;χ`

)

forg. func.
��

V∞(S1) V∞(S1)

(28)
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defined as ψ∗(E, %) def
= (E,ψ ◦ %). One easily recognizes that the functor ψ∗

is an isomorphism of categories. Indeed, its inverse ψ∗ can be constructed
explicitly by means of the familiar universal property of the quotient (which
in the present case follows immediately from Proposition 25), namely

GT2;χ`

ψ

��

% // GL(E)

T1

ψ∗%

99ssssss

(29)

for every (E, %) ∈ ObR∞(GT2;χ`
), so that (E,ψ∗%) is an object of R∞(T1)

(one obviously sets ψ∗(a) = a for all morphisms a).
The existence of the identification of categories (28) shows in a very con-

vincing way that, in general, a category of classical representations does not
provide enough information to recover the Lie groupoid from which it origi-
nates; this is true independently of the recipe one might invent for a possible
reconstruction theory. Note also that this failure already occurs under cir-
cumstances where the Lie groupoid is a very reasonable one (compact, abelian
and connected). Of course, what we are saying does not exclude the possi-
bility that in some special cases the reconstruction may be feasible; we shall
give a few elementary examples of this sort later on in §28.

30 Note (Compare also Bröcker and tom Dieck [4] p. 84) Let G be
a Lie group and let %t : G → GL(V ) be a family of representations %t
depending continuously on g ∈ G and t ∈ [0, 1], in other words, a homotopy
of representations. We claim that if G is compact, the representations %0

and %1 are isomorphic—i.e. there exists some A ∈ GL(V ) which conjugates
%0 into %1. To begin with, let G∨ denote the set of isomorphism classes of
irreducible G-modules. For each γ ∈ G∨, select a representative Vγ. Then for
every t ∈ [0, 1] one can decompose the G-module Vt = (V, %t) into a direct
sum Vt ≈ ⊕

γ∈G∨
ntγVγ in which the integer ntγ = multiplicity of Vγ in Vt =∫

χtχγ, where χγ is the character of Vγ and χt =
∑
γ∈G∨

ntγχγ is the character

of Vt, depends continuously on t and is therefore constant. This proves the
claim.

More generally, one has that if ft : G → H is any homotopy of homo-
morphisms of a compact Lie group G into a Lie group H then f0 and f1

are conjugate: see Conner and Floyd (1964) [7] Lemma 38.1. Their result is
a consequence of the following theorem of Montgomery and Zippin (1955)
(which can be found in [30] p. 216):

Theorem Let G be a Lie group and F a compact subgroup of G. Then
there exists an open set O in G, F ⊂ O, with the property that if H is a
compact subgroup of G and H ⊂ O, then there is a g in G such that

g−1Hg ⊂ F .
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Moreover given any neighborhood W of e, O can be so chosen that for
every H ⊂ O the desired g can be selected in W .

Compare Bredon (1972) [3] II.5.6.

§3 Normalized Haar Systems

Normalized Haar systems on proper Lie groupoids are the analogue of Haar
probability measures on compact Lie groups. In the present section we review
the basic definitions and give some details about the construction of Haar
systems on proper Lie groupoids; an exposition of this material can also be
found in Crainic [10]. Let G be a Lie groupoid over a manifold M .

1 Definition A positive Haar system on G is a family of positive Radon
measures {µx} (x ∈M), each one with support concentrated in the respective
source fibre Gx = G(x, -) = s−1(x), satisfying the following conditions:

i)
∫
ϕ dµx > 0 for all nonnegative ϕ ∈ C∞

c (Gx), ϕ 6= 0;

ii) for every ϕ ∈ C∞
c (G(1);C), the function Φ : M → C defined by

(2) Φ(x)
def
=

∫
Gx

ϕ|Gx dµx

is of class C∞;

iii) right invariance: for arbitrary g ∈ G(x, x′) and ϕ ∈ C∞
c (Gx),

(3)
∫
Gx′

ϕ ◦ τ g dµx
′
=

∫
Gx

ϕ dµx

where τ g : G(x′, -)→ G(x, -) denotes right translation h 7→ hg.

In this definition the term ‘positive’ refers to the first condition whereas the
term ‘smooth’ is occasionally used to emphasize the second condition.

The existence of positive (smooth) Haar systems on a Lie groupoid G can
be established if G is proper. (Recall that G is proper if it is Hausdorff and the
map (s , t) : G → M ×M is proper in the usual sense.) One way to do this
is the following. One starts by fixing a Riemann metric on the vector bundle
g→ M , where g is the Lie algebroid of G (cfr. Crainic [10] or Moerdijk and
Mrčun [27], Chapter 6; note the use of paracompactness). Right translations
determine isomorphisms T G(x, -) ≈ t∗g|G(x,-) for all x ∈ M . These can be
used to induce, on the source fibres G(x, -), Riemann metrics whose associated
volume forms provide the desired system of measures.

Positive Haar systems are not entirely adequate for our purposes. We will
find the following notion more useful:
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4 Definition A normalized Haar system on G is a family of positive Radon
measures {µx} (x ∈ M), each with support concentrated in the respective
source fibre G(x, -), with the following properties: (a) all smooth functions
on G(x, -) are integrable with respect to µx, that is to say

(5) C∞(
G(x, -);C

)
⊂ L1(µx;C);

(b) Conditions ii) and iii) of the preceding definition hold for an arbitrary
smooth function ϕ on G(1), respectively G(x, -); (c) the following normality
condition is satisfied:

i ′)
∫

dµx = 1, for all x ∈M .

Every proper Lie groupoid admits normalized (smooth) Haar systems.
For such a groupoid G, one can prove this by using a cut-off function, namely
a positive, smooth function c on the base M , such that the source map s
restricts to a proper map on supp (c ◦ t) and

∫
(c ◦ t) dνx = 1 for all x ∈M ,

where {νx} is a fixed positive (smooth) Haar system on G. The system of
positive measures µx = (c ◦ t)νx has the desired properties.

Observe that if E ∈ ObV∞(M) is a smooth vector bundle of locally finite
rank over the base of G and ψ : G → E is a smooth mapping such that for
each x ∈ M the fibre G(x, -) is mapped into the vector space Ex, then the
integral

(6) Ψ(x)
def
=

∫
ψx dµx

makes sense and defines a smooth section of E. This follows easily from the
properties listed in Definition 4, by working in local coordinates.

§4 The Local Linearizability Theorem

Let G be a Lie groupoid and let M be its base manifold. We say that a
submanifold N of M is a slice at the point z ∈ N if the orbit immersion
Gz ↪→ M is transversal to N at z. A submanifold S of M will be called a
slice if it is a slice at all of its points. The following remark will be used very
often: Let N be a submanifold of M and let g ∈ GN ≡ s−1(N); then N is
a slice at z = s(g) if and only if the intersection GN ∩ t−1(z′), z′ = t(g) is
transversal at g. Indeed, from the equalities

Tg GN = Tz N ⊕ Tg Gz and Tg t−1(z′) = Tz Gz′ ⊕W = Tz Gz ⊕W ,

where W is a linear subspace of Tg Gz, it follows immediately that

(1) Tg GN + Tg t−1(z′) =
(
Tz N + Tz Gz

)
⊕ Tg Gz.
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By virtue of this fact, one obtains that for each submanifold N of M , the
subset of all points at which N is a slice is an open subset of N . In order to
ascertain it, fix a point z belonging to this subset. Since the intersection of
GN with the fibre t−1(z) must be transversal at u(z) ∈ G(z, z), there will be
a neighbourhood ΓN of u(z) in GN such that for all g ∈ ΓN the intersection
GN ∩ t−1(t g) is transversal at g. Now, if S is an open neighbourhood of z in
N such that u(S) ⊂ ΓN , one has that S is a slice.

Let R, S be mutually transversal submanifolds of a manifold N : then
R ∩ S is a submanifold of N , of dimension r + s− n.

Next, let p : Y → X be a submersion, let S be any submanifold of Y and
fix s0 ∈ S. Put x0 = p(s0). Then S intersects the fibre p−1(x0) transversally
at s0 if and only if the restriction p|S : S → X is submersive at that point;
from this, it immediately follows that when the intersection S ∩ p−1(x0) is
transversal at s0, there exists a neighbourhood A of s0 in S such that at all
points a ∈ A the intersection S ∩ p−1(x), x = p(a) is also transversal. In order
to check the previous claim, it is not restrictive to assume that Y = X × Z
is a Cartesian product and that p = pr is the projection onto the first factor.
Setting s0 = (x0, z0), one obtains for the tangent spaces the picture

(2) Ts0 S + Tz0 Z ⊂ Ts0 (X × Z) = Tx0 X ⊕ Tz0 Z
pr∗−−→ Tx0 X,

from which it is evident that Ts0 S contains a linear subspace W such that
pr ∗(W ) = Tx0 X if and only if the inclusion (2) is an equality.

3 Note If a submanifold S of M is a slice then the intersection
s−1(S) ∩ t−1(S) is transversal and the restriction G|S is a Lie groupoid over
S. Indeed, let us fix g ∈ G(z, z′) with z, z′ ∈ S. Since

(4) Tg s−1(S) + Tg t−1(z′) ⊂ Tg s−1(S) + Tg t−1(S),

one immediately obtains the transversality at g of the intersection writ-
ten above. The target map t will induce a submersion of s−1(S) onto an
open subset of M and this submersion will in turn induce a submersion of
s−1(S) ∩ t−1(S) onto S.

5 Note Let S be a slice; then G · S is an open subset of M . To verify
this it will be enough to show that given any point z ∈ S there exists a
neighbourhood U of z in M such that s−1(S) ∩ t−1(u) 6= ∅ for all u ∈ U . This
is true because the intersection s−1(S) ∩ t−1(z) is nonempty and transversal.
Then U ⊂ G · S, from which the inclusion G · z ⊂ G · U ⊂ G · S finally
follows.

Theorem (N.T. Zung) Let G be a proper Lie groupoid and let X be
its base manifold. Let x0 ∈ X be a point which is not moved by the
tautological action of G on its own base.
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Then there exists a continuous linear representation G → GL(V ) of
the isotropy group G ≡ G|x0 on a finite dimensional vector space V , such
that for some open neighbourhood U of x0 one can find an isomorphism
of Lie groupoids G|U ≈ Gn V which makes x0 correspond to 0.

Proof See Zung’s paper [38]. q.e.d.

We want to give a careful proof of the statement that any proper Lie
groupoid is locally Morita equivalent to the translation groupoid associated
with a (linear) compact Lie group action; this will of course follow from
Zung’s theorem. The latter statement is a key ingredient in the proof of
our « main reconstruction theorem », Theorem 20.28. Let us begin with a
technical observation about slices.

Let S, T be two slices in M . Let g0 ∈ G(S, T ); put s0 ≡ s(g0) ∈ S and
t0 ≡ t(g0) ∈ T . To fix ideas, suppose dimS 5 dimT . Then we claim that
there exists a smooth section τ : B → G(1) to the target map of G, defined
over some open neighbourhood B of t0 in T , such that τ(t0) = g0 and the
composite map s ◦ τ induces a submersion of B onto an open neighbourhood
of s0 in S. To begin with, let us notice—in general—that if one is given
a couple of smooth submersions Y p←− X

q−→ Z with dimY = dimZ then
for each point x ∈ X there exists a smooth p-section π : U → X, defined
over some open neighbourhood U of p(x), such that π(p(x)) = x and the
composite q ◦ π : U → N is a submersion onto an open neighbourhood of
q(x) in Z; this is seen by means of an obvious argument based on elementary
linear algebra: there exists a complementary subspace F to KerTx p in TxX
such that F + KerTx q = TxX. Now, the intersection

(6) X ≡ s−1(S) ∩ t−1(T ) ⊂ G(1)

is transversal, because for all g ∈ G(s, t) with s ∈ S and t ∈ T , s−1(S) will
intersect t−1(t) and hence a fortiori t−1(T ) transversally at g (since S is a
slice). Moreover, the source map s : G → M restricts to a submersion of
X onto S, for—since T is a slice—the submanifold t−1(T ) is transversal to
every s-fibre it intersects and therefore the restriction s : t−1(T ) → M is a
submersion. Symmetrically, the induced mapping t |X : X → T will be sub-
mersive. Thus we can apply the foregoing general remark about submersions
to get a smooth target section τ with the desired properties.

7 Corollary Let G be a proper Lie groupoid over a manifold M .
Then for each point x0 ∈ M there exist a finite dimensional linear

representation G→ GL(V ) of a compact Lie group G, and a G-invariant
open neighbourhood U of x0 in M along with a Morita equivalence ι :
Gn V ↪→ G|U , such that ι(0) : V ↪→ U is an embedding of manifolds
mapping 0 to x0.
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Proof By properness, we can find a slice S ⊂ M such that S ∩ G · x0 =
{x0}. Then G|S is a proper Lie groupoid for which the point x0 is invariant.
By Zung’s theorem, we can assume that there exists an isomorphism of Lie
groupoids Gn V ≈ G|S, 0 7→ x0, for some linear compact Lie group action
G → GL(V ). We contend that Gn V ≈ G|S ↪→ G|U , where U is the open
subset G · S ⊂ M , is the Morita equivalence ι we are looking for. It will be
sufficient to prove that the surjective mapping V ×U G|U → U , (v, g) 7→ t(g)
is a submersion. This clearly follows from the preceding observation about
slices when we take T ≡ U . q.e.d.

We conclude this section with some remarks relating the groupoids G|S
and G|T induced on two different slices S and T . Suppose dimS 5 dimT .
Let s0 ∈ S and t0 ∈ T be two points lying on the same G-orbit. Then

i) for some open neighbourhoods B ⊂ T of t0 and A ⊂ S of s0 there
exists a Morita equivalence G|B � G|A mapping t0 to s0 and inducing
a submersion of B onto A;

ii) for some open neighbourhood A ⊂ S of s0 there exists an embedding
of Lie groupoids G|A ↪→ G|T mapping s0 to t0 and inducing a slice
embedding A ↪→ T (ie an embedding whose image is a slice);

iii) if in particular dimS = dimT then the Lie groupoids G|S and G|T are
locally isomorphic about the points s0 and t0.

Let us verify the assertion i). Choose any g0 ∈ G(s0, t0). By the technical
observations preceding Corollary 7, we can find a smooth target section τ :
B → G(1) so that s ◦ τ is a submersion onto an open neighbourhood A ⊂ S
of s0. The latter map can be lifted to

(8) G|B → GA, h 7→ τ(t h)−1 · h · τ(s h);

this formula sets up the required Morita equivalence. In an entirely analogous
manner assertion ii) can be proved by considering a suitable smooth source
section σ : A → G(1) such that t ◦ σ is a slice embedding of A into T and
then by lifting this embedding to one of Lie groupoids

(9) G|A ↪→ G|T , g 7→ σ(t g) · g · σ(s g)−1.

10 Note Let σ : U → G(1) be a local bisection. Suppose S ⊂ U is a
slice. Then T ≡ t

(
σ(S)

)
is also a slice; moreover, there exists a Lie groupoid

isomorphism G|S
≈−→ G|T which lifts the map t ◦ σ.

Let us prove that T is a slice. Put V = t
(
σ(U)

)
. Fix a point s0 ∈ S and

let t0 ≡ t(σ(s0)). Then

(11) t
(
σ(G · s0 ∩ U)

)
= G · t0 ∩ V
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and therefore, since t ◦ σ is a diffeomorphism of U onto V , the orbit G · s0

intersects the submanifold S transversally at s0 if and only if G · t0 intersects
T transversally at t0; our claim follows. Next, observe that t ◦ σ is certainly
a diffeomorphism of S onto T , which can be lifted—via σ, as in (9)—to a Lie
groupoid isomorphism with the expected properties.

§5 Global Quotients

The material presented in this section is not directly relevant to the problem
discussed in the thesis; if the reader wishes to do so, he may go directly to
the next chapter. As before, we lay no claim to originality.

1 Lemma Let H be a proper Lie groupoid, acting without isotropy on
its own base F (i.e. all isotropy groups of H are assumed to be trivial).

Then the orbit space F/H has a unique manifold structure such that
the quotient map q : F → F/H is a submersion.

Proof The mapping (s , t) : H → F × F is an injective immersion. Indeed,
for a fixed h ∈ H(f, f ′), f, f ′ ∈ F , the tangent map

(2) ThH
Th (s,t)−−−−−→ T(f,f ′) (F × F ) ∼= Tf F ⊕ Tf ′ F

equals the linear map Th s ⊕ Th t ; therefore

(3) KerTh (s , t) = KerTh s ∩KerTh t = ThH(f, f ′) = 0

(cfr. for example [27], proof of Thm. 5.4, p. 117; by the triviality of the
isotropy groups of H, the latter tangent space must be zero).

Moreover, because of properness, (s , t) : H → F × F is also a closed map,
hence in fact an embedding of smooth manifolds.

It follows that the equivalence relation R = Im (s , t) = {(f, f ′)|∃h : f →
f ′ in H} is a submanifold of F × F ; the projection onto the second factor
clearly restricts to a submersion of R onto F . Therefore, by Godement’s
Theorem (see [33], p. 92), there is a manifold structure on the quotient space
F/R = F/H, making the quotient map q : F → F/H a submersion. q.e.d.

This lemma applies when a proper Lie groupoid G with base M acts freely
from the left on a manifold F along some smooth mapping p : F → M . By
definition, this means that the corresponding action groupoid H ≡ G n F
has trivial isotropy groups. In order to conclude that there exists a smooth
manifold structure on the quotient space F/G, for which the projection F →
F/G is submersive, one needs to check that the groupoid G n F is also proper.
So, let C ⊂ F × F be any compact subset and put C1 = pr 1(C) ⊂ F ; since
F is a Hausdorff manifold, the inverse image (sH, tH)−1(C) will be a closed
subset of the manifold G × F and hence of the compact set

(4) (sG, tG)
−1

(
(p× p)(C)

)
× C1 ⊂ G × F ,
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where p× p denotes the smooth map (f, f ′) 7→ (p(f), p(f ′)).
Now, suppose that a Lie group K acts smoothly on F from the right, in

such a way that p : F → M turns out to be a principal K-bundle. Assume
that this action commutes with the given left action of G. Then there is a
well-defined induced right action of K on the quotient manifold F/G. This
is in fact a smooth action because of an elementary property of submersions
(see e.g. p. 127 below): the action map F/G ×K → F/G has to be smooth
because upon composing it with the submersion F ×K → F/G ×K one
obtains a smooth map, namely F ×K → F → F/G.

The next result should probably be regarded as folklore. Its statement,
along with the key idea for the proof presented here, was suggested to me by
I. Moerdijk as early as the beginning of 2006.

5 Theorem Suppose a proper Lie groupoid G admits a global faithful
representation on a smooth vector bundle.

Then G is Morita equivalent to the translation groupoid associated
with a compact, connected Lie group action.

Proof Let % : G ↪→ GL(E) be a faithful representation on a—let us say,
real—smooth vector bundle E over the base M of G. By properness of G,
we can find a %-invariant metric1 on E, which we fix once and for all. Then
let F = Fr(E)

p−→ M be the orthonormal frame bundle of E (relative to
the chosen invariant metric): recall that the fibre Fx above x is the space
of all linear isometries f : Rd

∼→ Ex, where d is the rank of Ex. The total
space F of this fibre bundle is a paracompact Hausdorff manifold; moreover,
the fibration p is a principal bundle for the canonical right action of the
orthogonal group K = O(d) on F (defined by fk = f ◦ k). Since % acts on
E by isometries, the Lie groupoid G will act on the manifold F from the
left—via the representation %, that is by the rule gf = %(g) ◦ f—along the
bundle map p. Clearly, the two actions commute.

Next, let the “double action groupoid” G n F oK be the Lie groupoid
over the manifold F that is obtained as follows. Its manifold of arrows is
(G n F )×K, viz. the submanifold of the Cartesian product (G × F )×K
consisting of all triples (g, f, k) with s(g) = p(f). The source map sends the
arrow (g, f, k) to f and the target map to gfk. The composition of arrows is
defined to be (g′, f ′, k′) · (g, f, k) = (g′g, f, kk′). Then the identity arrow at f
is (p(f), f, id) and the inverse must be given by (g, f, k)−1 = (g−1, gfk, k−1).
All these structure maps are obviously smooth.

Now, we claim that there are Morita equivalences

(6) G p̃←−−−− G n F oK
q̃−−−−→ F/G oK

1This can be proved in a standard way, very much like in the case of groups, by using
Haar systems as a substitute for Haar measures. Cfr. Proposition 17.17.
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from the double action groupoid. This will show that G is Morita equivalent
to the action groupoid F/G oK, as contended. Perhaps it is good to spend
a couple of words to state the formulas for right action groupoids; these are
obtained by regarding a given right action of a Lie group H on a manifold X
as a left action of the opposite group. Thus (x, h) 7→ x, resp. 7→ x · h is the
source, resp. target map, and (x′, h′) · (x, h) = (x, hh′) is the composition.

We start with the construction of the equivalence to the left

(7) p̃ : G n F oK −→ G.

As the notation p̃ suggests, this equivalence is to be given by the surjective
submersion p : F →M on base manifolds; as to arrows, we put p̃(g, f, k) = g.
It is immediate to check that p̃ defines a Lie groupoid homomorphism of
G n F oK onto G. All one needs to do now in order to show that p̃ is a
Morita equivalence is to solve, within the category of smooth manifolds, the
universal problem stated in the left-hand diagram below:

X

(f,f ′)

&&

##G
G

G
G

G g

##

X

(f,f ′)

&&

##G
G

G
G

G (q◦f,k)

%%
G n F oK

p̃ //

��

G

��

G n F oK
q̃ //

��

F/G oK

��
F × F p×p //M ×M F × F q×q // F/G × F/G.

(8)

It will be enough to notice that the map X → K, x 7→ κ(x), which assigns
the linear isometry κ(x) = f ′(x)−1 ◦ %(g(x)) ◦ f(x) to each x, is of class
C∞. Then we can define the dashed arrow in the aforesaid diagram to be
x 7→ (g(x), f(x), κ(x)). This is clearly the unique possible solution.

We turn our attention now to the other equivalence

(9) q̃ : G n F oK −→ F/G oK.

This is given by q on objects and by q̃(g, f, k) = (q(f), k) on arrows. Clearly,
the map q̃ so defined is a homomorphism of Lie groupoids. Since the base
mapping q : F → F/G is known to be a surjective submersion by Lemma 1,
in order to show that q̃ is a Morita equivalence it will be enough to solve the
right-hand universal problem of (8). We observe that from the properness
of G and the faithfulness of % it follows—see for instance Corollary 23.10
below—that the image %(G) ⊂ GL(E) is a submanifold; moreover, it can
be shown—cfr. Lemma 26.3, for example—that % : G ≈−→ %(G) is actually a
diffeomorphism. Now, the map X → GL(E), x 7→ γ(x), that sends x to the
isometry γ(x) = f ′(x) ◦ k(x) ◦ f(x)−1, is clearly smooth and factors through
the submanifold %(G). Then we may use the fact that % is a diffeomorphism
of G onto %(G) and define the dashed arrow as x 7→

(
%−1(γ(x)), f(x), k(x)

)
;

this is of course a smooth correspondence. q.e.d.



Chapter II

The Language of Tensor
Categories

With the exception of §10, the present chapter offers an introduction to the
categorical setting of the modern theory of Tannaka duality originating from
the ideas of A. Grothendieck and N. Saavedra Rivano; cfr [32, 12, 11, 18].

In Section 10 we prove a key technical lemma which will be used in the
proof of our reconstruction theorem in §20; since this lemma deals with a
fairly abstract categorical situation, we thought it was more appropriate to
include it in this chapter.

§6 Tensor Categories

A tensor structure on a category C consists of the following data:

(1) a bifunctor ⊗ : C × C −→ C, a distinguished object 1 ∈ Ob(C)

and a list of natural isomorphisms, called ACU constraints:

αR,S,T : R⊗ (S ⊗ T )
∼→ (R⊗ S)⊗ T ,

γR,S : R⊗ S ∼→ S ⊗R,

λR : R
∼→ 1⊗R and ρR : R

∼→ R⊗ 1

(2)

satisfying MacLane’s coherence conditions (cfr for example MacLane (1971),
pp. 157 ff. and especially p. 180 for a detailed exposition). A tensor category
is a category endowed with a tensor structure. In the terminology of [24], the
present notion corresponds to that of “symmetric monoidal category”. The
natural isomorphism α resp. γ is called the associativity resp. commutativity
constraint; λ and ρ are the tensor unit constraints.

In order to state MacLane’s Coherence Theorem for tensor categories, it
will be convenient to introduce the concepts of « canonical multi-functor» and

19
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« canonical transformation ». These will constitute respectively the objects
and the morphisms of a category Can(C).

A multi-functor on C is a functor Φ : CI → C for some finite set I. The
cardinality |I| = Card I will be called the « -ariety » of Φ.

The canonical multi-functors are, roughly speaking, those obtained as
formal iterates of ⊗, possibly involving 1. The adjective ‘formal’ here means
that a ‘canonical multi-functor’ is not just a certain type of multi-functor,
in that one should regard the particular inductive construction, by which
a canonical multi-functor is obtained, as part of the defining data; we do
not want to go into details here: the interested reader may consult [24]. The
recursive rules for generating canonical multi-functors are listed below:

i) the unique 0-ary canonical multi-functor is 1 : C∅ = {?} → C, ? 7→ 1;

ii) the “identity”: C{?} → C is canonical;

iii) if Φ : CI → C and Ψ : CJ → C are canonical then so is Φ⊗Ψ : CItJ → C
where I t J indicates disjoint union;

iv) if I σ−→ J is a bijection of finite sets and Φ : CI → C is canonical then
Φσ : CJ → CI → C is also canonical.

Canonical multi-functors are the objects of Can(C). As to canonical natural
transformations, they are recursively generated as follows:

a) the identity id : Φ→ Φ is canonical; if η : Φ→ Φ′, with Φ,Φ′ : CI → C,
and θ : Ψ→ Ψ′, with Ψ,Ψ′ : CJ → C, are canonical transformations of
canonical multi-functors, then so is η ⊗ θ : Φ⊗Ψ → Φ′ ⊗Ψ′ (natural
transformations of multi-functors CItJ → C); if I σ−→ J is a bijection of
sets then θσ : Φσ → Ψσ is also canonical;

b) αΦ,Ψ,X :
[
Φ⊗ (Ψ⊗ X)

]
σ ∼→

[
(Φ⊗Ψ)⊗ X

]
τ and its inverse αΦ,Ψ,X

−1 are
canonical transformations, where σ, τ are the bijections I t (J tK)→
I t J tK ← (I t J) tK;

c) γΦ,Ψ : Φ⊗Ψ
∼→ [Ψ⊗ Φ]σ (along with its inverse) is canonical, where

I t J σ←− J t I is the obvious bijection;

d) λΦ : Φ
∼→ (1⊗ Φ)σ and ρΦ : Φ

∼→ (Φ⊗ 1)τ (along with their inverses)
are canonical, where ∅ t I σ−→ I

τ←− I t∅ are the obvious bijections.

It is clear that all canonical transformations are isomorphisms.
MacLane’s Coherence Theorem for « symmetric monoidal categories »

(« tensor categories » in our terminology) can now be stated as follows:

Theorem The category Can(C) is a preorder. That is to say, for any
canonical multi-functors Φ and Ψ there is at most one canonical natural
transformation Φ→ Ψ.

Proof See [MacLane], xi.1 p. 253. q.e.d.
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This theorem says that any diagram of canonical multi-functors and
canonical natural transformations one can possibly construct will commute.
When one is given such a diagram, let us say of multi-functors CI → C, one
may choose an identification {1, . . . , i} ∼→ I and denote a generic object of
CI by (R1, . . . , Ri), R1, . . . , Ri ∈ Ob(C). Evaluating the given diagram at

this i-tuple of objects—so that Φ
θ−→ Ψ becomes Φ(R1, . . . , Ri)

θ(R1,...,Ri)−−−−−−→
Ψ(R1, . . . , Ri), for instance—one obtains a commutative diagram in C.

3 Note (See also Saavedra, 1.3.3.1) Let (C,⊗, 1) be a tensor category.
Then EndC(1) is a commutative ring. To see this, observe that the tensor unit
constraint 1 ∼= 1⊗ 1 establishes a canonical isomorphism of rings between
End(1) and End(1⊗ 1). Now, if e, e′ ∈ End(1) then ee′ ∼= (1⊗ e)(e′ ⊗ 1) =
e′ ⊗ e = (e′ ⊗ 1)(1⊗ e) ∼= e′e in this isomorphism and hence ee′ = e′e. Note
that this proof only uses the coherence identity λ1 = ρ1 for the tensor unit
constraints; the commutativity constraint plays no role.

Rigid tensor categories

A tensor category (C,⊗) is said to be closed, whenever one can exhibit a
bifunctor hom : Cop × C −→ C, called ‘internal hom’ and denoted by

(X, Y ) 7→ Y X ≡ hom(X, Y ),

along with natural transformations (in the variable Y )

ηXY : Y → (Y ⊗X)X and εXY : Y X ⊗X → Y ,

satisfying the triangular identities for an adjunction

C
(
X ⊗ T , Y

) ∼→ C
(
X, hom(T, Y )

)
(in the variables (X, Y ) ∈ Cop × C)

between the functors « -⊗ T » and « hom(T, -) » and making

Y X′ ⊗X
id⊗a
��

Y a⊗id // Y X ⊗X
ε

��

(Y ⊗X)X
(id⊗a)id // (Y ⊗X ′)X

Y X′ ⊗X ′ ε // Y Y

η

OO

η // (Y ⊗X ′)X
′

ida

OO
(4)

commute for every arrow a : X → X ′.
Suppose now that an ‘internal hom’ bifunctor and natural transformations

η, ε with these properties have been fixed. Then there is an obvious arrow

(5) δS,TX,Y : XS ⊗ Y T → (X ⊗ Y )S⊗T ,

namely the unique solution d to the equation

ε ◦ (d⊗ id) = (ε⊗ ε)◦ ∼=,
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where ∼= is the unique canonical isomorphism. Because of (4), the arrow δ
must be natural in all variables. By the same reason, the solution

(6) ιX : X → X∨∨

(where we put X∨ ≡ hom(X, 1), to be called the dual of X) to the equation

ε ◦ (ιX ⊗ id) = ε◦ ∼=

is natural in X.
A different choice of internal hom bifunctor and natural transformations

η and ε will yield the same natural arrows δ and ι up to isomorphism: thus it
makes sense to call a closed tensor category rigid when these natural arrows
are isomorphisms.

One can also formulate this notion in terms of duals, since for a rigid
tensor category one has the identification

(7) hom(X, Y ) ≈ X∨ ⊗ Y ,

cf. Deligne (1990), [11] 2.1.2.
Let (C,⊗) be a rigid tensor category. The contravariant functor

X 7→ X∨, f 7→ tf

is an equivalence between C and its opposite category Cop (because it is
involutive, ie its composite with itself is naturally isomorphic to the identity,
since rigidity implies that (6) is a natural isomorphism).

This gives in particular a bijection between the hom-sets

f 7→ tf : HomC(X,Y )
∼→ HomC(Y

∨, X∨).

One also has an “internal” isomorphism

Y X ∼→ X∨Y ∨ ,

namely the composite

Y X ≈←− X∨ ⊗ Y id⊗ιY−−−−→ X∨ ⊗ Y ∨∨ ≈−→ Y ∨∨ ⊗X∨ ≈−→ X∨Y ∨ .

For every object of C there is an arrow XX ∼→ X∨ ⊗X ε−→ 1. If we apply
the functor HomC(1, ·) to this, we obtain the trace map

(8) TrX : EndC(X)→ EndC(1).

The rank of X is defined as TrX(1X). There are the formulas

TrX⊗X′(f ⊗ f ′) = TrX(f)TrX′(f
′),

Tr1(f) = f.
(9)
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A tensor category (C,⊗) is said to be additive if the category C is endowed
with an additive structure such that the bifunctor ⊗ is biadditive, that is
additive in each variable separately. Moreover, if the hom-sets C(A,B) are
endowed with a real (or complex) vector space structure in such a way that
composition of arrows and the bifunctor ⊗ are bilinear, then we say that
(C,⊗) is a linear tensor category.

10 Example Let VecC be the category of vector spaces over C of finite
dimension. Then this is an abelian rigid tensor category, and all the preceding
definitions have their usual meaning.

11 Example Let M be a smooth manifold. Let C = V∞(M ;C) be the
category of smooth complex vector bundles of locally finite rank over M .
The direct sum operation (E,F ) 7→ E ⊕ F makes it into an additive C-
linear category, although in general not an abelian one, since a map of vector
bundles over M need not have a kernel, for instance. We shall identify the
category of finite dimensional vector spaces over C with V∞(?;C) where ? is
the one-point manifold.

The category V∞(M ;C) is endowed with a canonical rigid tensor struc-
ture, obtained from the rigid tensor structure of VecC by means of the general
procedure described in Lang 2001 [22] p. 58, as follows. Recall that a multi-
functor

Φ : VecC × · · · × VecC
n times

−→ VecC

(where case n = 0 corresponds to the choice of an object Φ(·) ∈ Ob(VecC),
and we allow Φ to be contravariant in some variables), such that the induced
mappings

L(V1,W1)× · · · × L(Vn,Wn)→ L(Φ(V1, . . . , Vn),Φ(W1, . . . ,Wn))

are of class C∞, determines a corresponding multi-functor

Φ : V∞(M ;C)× · · · × V∞(M ;C) −→ V∞(M ;C)

with the same variance and satisfying the following properties:

i) for every x ∈M , the fiber above x is

(12) Φ(E1, . . . , En)x = {x} × Φ(E1x, . . . , Enx)
≈ Φ(E1x, . . . , Enx);

ii) for arbitrary morphisms of vector bundles ai : Ei → Fi, i = 1, . . . , n,
Φ(a1, . . . , an)x corresponds to Φ(a1x, . . . , anx) up to the canonical iden-
tifications (12);
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iii) If the vector bundles Ei ≈M ×Ei are trivial, then these trivializations
≈i determine a trivialization

Φ(E1, . . . , En) ≈M × Φ(E1, . . . ,En)

in a canonical way; in particular, in the case n = 0, Φ(-) ≈ M × Φ(-)
(the standard notation is then Φ(-) = Φ(-)).

A natural transformation λ : Φ → Ψ of multi-functors with the same vari-
ance induces a natural transformation λ : Φ → Ψ, such that λ(E1, . . . , En)x
corresponds to λ(E1x, . . . , Enx) up to the identifications (12). Observe that
λ ◦ µ = λ ◦ µ and id = id .

We can apply these constructions to the multifunctors and natural trans-
formations which define the rigid tensor structure of VecC, in order to obtain
a similar structure on V∞(M ;C).

§7 Tensor Functors

Let C, D be tensor categories. A tensor functor : C −→ D consists of the
data (F, τ, υ), where

F : C −→ D
is a functor, τ is a natural isomorphism of bifunctors

τR,S : F (R)⊗ F (S)
∼→ F (R⊗ S)

such that the diagrams

FR⊗ (FS ⊗ FT )

α

��

id⊗τ // FR⊗ F (S ⊗ T ) τ // F (R⊗ (S ⊗ T ))

F (α)

��
(FR⊗ FS)⊗ FT τ⊗id // F (R⊗ S)⊗ FT τ // F ((R⊗ S)⊗ T )

and
F (R)⊗ F (S)

τ

��

γ // F (S)⊗ F (R)

τ

��
F (R⊗ S)

F (γ) // F (S ⊗R)

commute, and
υ : 1

∼→ F (1)

is an isomorphism in D such that

F (R)
F (λ) //

λ
��

F (1⊗R) F (R)
F (ρ) //

ρ

��

F (R⊗ 1)

1⊗ F (R)
υ⊗id // F1⊗ F (R)

τ

OO

F (R)⊗ 1
id⊗υ // F (R)⊗ F1

τ

OO
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commute. (Commutativity of one square implies commutativity of the other,
because of the symmetry of the monoidal structure.)

Now suppose that C and D are closed tensor categories. Let F : C −→ D
be a tensor functor. (We shall usually omit writing down the full triple of
data.) Then there is a canonical arrow

pRS : F (SR)→ FSFR,

namely the unique solution p to the problem

F (SR)⊗ FR
τ

��

p⊗id // FSFR ⊗ FR
ε

��
F (SR ⊗R)

F (ε) // FS.

This arrow is natural in the variables R,S. A rigid functor is a tensor func-
tor between closed tensor categories such that this natural arrow is an iso-
morphism. If C and D are both rigid, then a tensor functor F : C −→ D is
automatically rigid.

1 Example Let f : M → N be a C∞-mapping of smooth manifolds.
This map induces the base change or pullback functor

f ∗ : V∞(N) −→ V∞(M).

Recall that for x ∈M the fiber (f ∗F )x coincides with {x} × Ff(x), since f ∗F
is by construction a subset of M × F . For every functor of several variables Φ
as in the last example of Section 6, we have a canonical natural isomorphism

(2) f ∗Φ(E1, . . . , En) ≈ Φ(f ∗E1, . . . , f
∗En).

It follows at once from the existence of these canonical natural isomorphisms
that f ∗ can be regarded as a tensor functor (with respect to the standard
tensor structure described in the last example of the preceding section). It
is also clear from (2) that this tensor functor is rigid. (Of course, rigidity
of the pullback functor follows also indirectly from rigidity of the categories
V∞(M),V∞(N).)

3 Definition Let λ : F → G be a natural transformation of tensor functors.
λ is said to be tensor-preserving, or a morphism of tensor functors, whenever
the diagrams

FR⊗ FS
τ
��

λ(R)⊗λ(S) // GR⊗GS
τ
��

1

υ

��

id // 1

υ

��
F (R⊗ S)

λ(R⊗S) // G(R⊗ S) F1
λ(1) // G1

commute. The collection of all such λ’s will be denoted by Hom⊗(F,G).
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§8 Complex Tensor Categories

An anti-involution on a C-linear tensor category C = (C,⊗) is an anti-linear
tensor functor

(1) ∗ : C → C, R 7→ R∗

for which there exists a tensor preserving natural isomorphism

(2) ιR : R∗∗ ∼→ R with ι(R∗) = ι(R)∗.

By fixing one such isomorphism, one obtains a mathematical structure which
we call complex tensor category. A morphism of complex tensor categories,
or complex tensor functor, is obtained by attaching, to an ordinary C-linear
tensor functor F , a tensor preserving natural isomorphism

(3) ξR : F (R)∗
∼→ F (R∗)

such that the following diagram commutes

F (R)∗∗
∼=∗ //

∼= ''OOOOOOO
F (R∗)∗

∼= // F (R∗∗)

F ∼=wwooooooo

FR.
(4)

5 Example: the category of vector spaces If V is a complex vector space,
we let V ∗ denote the space obtained by retaining the additive structure of
V but changing the scalar multiplication into zv∗ = (zv)∗; the star here
indicates that a vector of V is to be regarded as one of V ∗. Since any linear
map f : V → W will map V ∗ linearly into W ∗, we can also regard f as
a linear map f ∗ : V ∗ → W ∗. Moreover, the unique linear map of V ∗ ⊗W ∗

into (V ⊗W )∗ sending v∗ ⊗ w∗ 7→ (v ⊗ w)∗ is an isomorphism, and complex
conjugation sets up a linear bijection between C and C

∗. This turns vector
spaces into a complex tensor category with V ∗∗ = V .

6 Example: the category of vector bundles over a manifold By using the
procedure described in Example 6.11 one can transport the complex tensor
structure of the preceding example to the category V∞(M ;C) of smooth
complex vector bundles (of locally finite rank) over a manifold M .

Consider a complex tensor category (C,⊗, ∗). By a sesquilinear form on
an object R ∈ Ob(C) we mean any arrow b : R⊗R∗ → 1. A sesquilinear
form b on the object R will be said to be Hermitian when the sesquilinear
form b̃ on R, defined as the composite

(7) R⊗R∗ ∼= R∗∗ ⊗R∗ ∼= (R⊗R∗)∗
b∗−−→ 1∗ ∼= 1,
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coincides with b itself, i.e. b̃ = b. Note that one always has the equality ˜̃b = b.
Clearly, in the examples above one recovers the familiar notions.

Suppose now that our complex tensor category is rigid. Then for each
object R we can find another object R′, along with arrows eR : R′ ⊗R → 1
and dR : 1→ R⊗R′, such that the following compositions are identities:

(8)
R ∼= 1⊗R dR⊗R−−−−→ R⊗R′ ⊗R R⊗eR

−−−−→ R⊗ 1 ∼= R

R′ ∼= R′ ⊗ 1
R′⊗dR

−−−−−→ R′ ⊗R⊗R′ eR⊗R′−−−−−→ 1⊗R′ ∼= R′.

We make the assumption that for each object R we have selected one such
triple (R∨, eR, dR). Then for each R we obtain a well-defined isomorphism
qR : R∨∗ ∼→ (R∗)∨, namely the unique arrow q such that

(9) R∨∗ ⊗R∗ q⊗R∗−−−→ R∗∨ ⊗R∗ eR∗

−−→ 1 equals

R∨∗ ⊗R∗ ∼= (R∨ ⊗R)∗
(eR)∗−−−→ 1∗ ∼= 1.

We say that a sesquilinear form b on R is nondegenerate, when the arrows
b- : R→ R∗∨ and b- : R∗ → R∨, defined as the unique solutions to

(10) R⊗R∗ b-⊗R∗−−−−→ R∗∨ ⊗R∗ eR∗

−−→ 1 equals b and

b equals R⊗R∗ R⊗b-−−−→ R⊗R∨ ∼= R∨ ⊗R eR

−−→ 1,

are isomorphisms. If b is Hermitian then b- is an isomorphism if and only if
so is b-. Indeed, the diagrams

R∗

b-

��

(b̃-)
∗

// R∗∨∗ R∗∗

∼=
��

(b̃)
-∗

// R∨∗

qR≈
��

R∨
∼= // R∨∗∗

≈ (qR)
∗

OO

R
b- // R∗∨

(11)

commute for an arbitrary sesquilinear form b on R.

Let (C,⊗, ∗) be a complex tensor category. By a descent datum on an
object R ∈ Ob(C) we mean an isomorphism µ : R

∼→ R∗ such that the

composition R
µ
≈ R∗ µ∗

≈ R∗∗ ∼= R equals idR. We let R C denote the category
whose objects are the pairs (R, µ) consisting of an object R of C and a descent
datum µ on R and whose morphisms a : (R, µ)→ (R′, µ′) are the morphisms
a : R → R′ such that µ′ · a = a∗ · µ. Note that R C is naturally an R-linear
category; moreover, there is an obvious induced tensor structure, which turns
R C into an R-linear tensor category.

As an example of this construction, observe that one has an obvious equiv-
alence of real tensor categories between VecR and R(VecC): in one direction,
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to any real vector space V one can assign the pair (C⊗ V , z ⊗ v 7→ z ⊗ v);
conversely, any descent datum µ : U

∼→ U∗ on a complex vector space U
determines the real subspace Uµ ⊂ U of µ-invariant vectors. More generally,
one has analogous equivalences of real tensor categories between V∞(M ;R)
and R

(
V∞(M ;C)

)
, R∞(M ;R) and R

(
R∞(M ;C)

)
and so on.

Notice that any complex tensor functor F : C → D will induce a linear
tensor functor RF : R C → RD. By using the fact that the isomorphism
R⊕R∗ ≈ (R⊕R∗)∗ is a descent datum on R⊕R∗ for each R, one can
easily show that setting λ̂(R, µ) = λ(R) defines a bijection

(12) Hom⊗,∗(F,G)
∼→ Hom⊗(RF ,RG), λ 7→ λ̂

between the self-conjugate tensor preserving transformations F → G and
the tensor preserving transformations RF → RG, for any complex tensor
functors F,G : C → D.

§9 Review of Groups and Tannaka Duality

Throughout the present section, k is a fixed field. We let Veck denote the
category of finite dimensional vector spaces over k; this is a rigid abelian
linear tensor category with End(1) = k. All k-algebras are understood to be
commutative.

Let G = SpecA be an affine group scheme over k, ie a group object
in the category Sch(k) of (affine) schemes over k (schemes endowed with
a morphism G → Spec k, in other words with A a k-algebra). This means
that we have morphisms of schemes: “multiplication” G×k G → G, “unit
element” Spec k → G, “inverse” G → G (over k), satisfying the usual group
laws; equivalently, one is given morphisms of k-algebras ∆ : A → A⊗k A,
ε : A→ k and σ : A→ A (the comultiplication, counit and coinverse maps)
such that the following axioms hold: coassociativity, coidentity

A

∆
��

∆ // A⊗ A
id⊗∆
��

A

≈ ##F
FF

FF
FF

FF
∆ // A⊗ A

ε⊗id
��

A⊗ A ∆⊗id // A⊗ A⊗ A k ⊗ A

and coinverse
A

ε

��

∆ // A⊗ A
(σ,id)

��
k

� � // A.

If A is a finitely generated k-algebra, we say that G is algebraic or that it is
an algebraic group. One defines a coalgebra over k to be a vector space C over
k endowed with linear maps ∆ : C → C ⊗k C and ε : C → k satisfying the
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coassociativity and coidentity axioms. A (right) comodule over a coalgebra C
is a vector space V over k together with a linear map ρ : V → V ⊗ C such
that the following diagrams commute

V

ρ

��

ρ // V ⊗ C
ρ⊗∆

��

V

≈ ##G
GG

GG
GG

GG
ρ // V ⊗ C

id⊗ε
��

V ⊗ C ρ⊗id // V ⊗ C ⊗ C V ⊗ k
For example, ∆ defines a C-comodule structure on C itself.

An affine group scheme G = SpecA can be regarded as a functor G :
k-alg −→ groups of k-algebras with values into groups (cf. also Waterhouse
1979 [35]):

G(R) = Homk-alg(A,R), for every k-algebra R,

so in particular, when R = k,

G(k) = Homk-alg(A, k)

= HomSch(k)(Spec k,G)

is the set of closed k-rational points of G. The group structure on G(R) is
obtained as follows: for s, t ∈ G(R), the product s · t, the neutral element
and the inverse s−1 are respectively defined as

A
∆−→ A⊗k A

s⊗kt−−→ R⊗k R
mult.−−−→ R,

A
ε−→ k

unit−−→ R,

A
σ−→ A

s−→ R.

Let C be a rigid abelian k-linear tensor category, and let ω : C −→ Veck
be an exact faithful k-linear tensor functor. Then one can define a functor

Aut⊗(ω) : k-alg −→ groups,

as follows. For R a k-algebra, there is a canonical tensor functor φR : Veck −→
ModR, V 7→ V ⊗k R into the category of R-modules (this is an abelian tensor
category with End(1) = R, but in general it will not be rigid because not all
R-modules will be reflexive). If F,G : C −→ Veck are tensor functors, then
we can define Hom⊗(F,G) to be the functor of k-algebras

Hom⊗(F,G)(R) = Hom⊗(φR ◦ F, φR ◦G).

Thus Aut⊗(ω)(R) consists of families (λX), X ∈ Ob(C) where λX is an R-
linear automorphism of ω(X)⊗k R such that λX1⊗X2 = λX1 ⊗ λX2 , λ1 is the
identity mapping of R, and

ω(X)⊗R
ω(a)⊗id

��

λX // ω(X)⊗R
ω(a)⊗id
��

ω(Y )⊗R λY // ω(Y )⊗R
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commutes for every arrow a : X → Y in C. In the special case where C =
R(G; k) for some affine group scheme G over k, and ω is the forgetful functor
R(G; k) −→ Veck, it is clear that every element of G(R) defines an element
of Aut⊗(ω)(R). One has the following result

1 Proposition The natural transformation G→ Aut⊗(ω) (of functors
of k-algebras with values into groups) is an isomorphism.

2 Theorem Let C be a rigid abelian tensor category such that End(1) =
k, and let ω : C −→ Veck be an exact faithful k-linear tensor functor. Then

i) the functor Aut⊗(ω) of k-algebras is representable by an affine group
scheme G;

ii) ω defines an equivalence of tensor categories

C −→ R(G; k).

3 Definition A neutral Tannakian category over k is a rigid abelian k-
linear tensor category C for which there exists an exact faithful k-linear tensor
functor ω : C −→ Veck. Any such functor is said to be a fibre functor for C.

§10 A Technical Lemma on Compact Groups

Throughout the present section, let Vec denote the complex tensor category
of complex vector spaces of finite dimension (see Note 8.5).

Let C be an arbitrary additive complex tensor category. Let F : C → Vec
be a complex tensor functor. Moreover, let H be a topological group. Suppose
we are given a homomorphism of monoids

(1) π : H → End⊗,∗(F ).

We shall say that π is continuous if for every object R ∈ Ob(C) the induced
representation

(2) πR : H → End
(
F (R)

)
defined by h 7→ πR(h) ≡ π(h)(R) is continuous.

3 Proposition (Technical Lemma.) Let C, F and H be as above.
Suppose in addition that H is a compact Lie group. Finally, let π : H →
End⊗,∗(F ) be a continuous homomorphism.

Assume the following condition holds:
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(*) for any couple of objects R,S ∈ Ob(C) and for each homomorphism
A : F (R)→ F (S) of the corresponding H-modules—in other words,
for each C-linear map A such that the diagram

F (R)

A
��

πR(h) // F (R)

A
��

F (S)
πS(h) // F (S)

(4)

commutes ∀h ∈ H—there is an arrow R
a−→ S such that A = F (a).

Then π is surjective; in particular, End⊗,∗(F ) = Aut⊗,∗(F ) is necessarily
a group.

Proof Put K def
= Kerπ ⊂ H. This is a closed normal subgroup, because

it coincides with the intersection
⋂

Ker πX over all objects X of C. On the
quotient G def

= H/K there is a unique (compact) Lie group structure such that
the quotient homomorphism H � G is a Lie group homomorphism. Every
πX can indifferently be thought of as a continuos representation of H or a
continuous representation of G, and every linear map A : F (X)→ F (Y ) is a
morphism of G-modules if and only if it is a morphism of H-modules. Being
continuous, every πX is also smooth.

We claim there exists an object R of C such that the corresponding πR is
faithful as a representation of G. This can be seen in a completely standard
way, cf. for instance Bröcker and tom Dieck (1985), pp. 136–137; nonetheless,
in the present more abstract situation it will be useful to have a look at the
argument in detail anyway. The ‘Noetherian’ property of the compact Lie
group G allows us to find X1, . . . , X` ∈ Ob(C) with the property that

(5) Ker πX1 ∩ · · · ∩Ker πX`
= {e}

as representations of G, where e denotes the neutral element. Then, setting
R

def
= X1 ⊕ · · · ⊕X`, the representation πR will be faithful because of the

existence of an isomorphism of G-modules

(6) F (X1 ⊕ · · · ⊕X`) ≈ F (X1)⊕ · · · ⊕ F (X`).

(The existence of such isomorphisms follows from the remark that a natural
transformation of additive functors is additive: for instance, when ` = 2,

FX

F iX
��

π(h)(X) // FX

F iX
��

FX ⊕ FY
≈
��

⇒

πX(h)⊕πY (h) // FX ⊕ FY
≈
��

F (X ⊕ Y )
π(h)(X⊕Y ) // F (X ⊕ Y ) F (X ⊕ Y )

πX⊕Y (h) // F (X ⊕ Y )

FY

F iY

OO

π(h)(Y ) // FY

F iY

OO
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shows that the canonical isomorphism F (X)⊕ F (Y ) ≈ F (X ⊕ Y ) is also an
isomorphism of H-modules or, equivalently, G-modules.)

It follows that the G-module F (R) is a tensor generator for the complex
tensor category R(G;C) of continuous finite dimensional complex G-modules.
Indeed, every irreducible such G-module V embeds as a submodule of some
tensor power F (R)⊗k ⊗ (F (R)∗)⊗` (see for instance Bröcker and tom Dieck,
1985); since by assumption each π(h) is a self-conjugate tensor preserving
natural transformation, this tensor power will be naturally isomorphic to
F

(
R⊗k ⊗ (R∗)⊗`

)
as aG-module and hence, as a consequence of the existence

of the G-module isomorphisms (6), for each object V of R(G;C) there will
be some object X of C such that V embeds into F (X) as a submodule.

Next, consider an arbitrary natural transformation λ ∈ End(F ). Let X be
an object of C and let V ⊂ FX be a submodule. The choice of a complement
to V in FX determines a module endomorphism P : FX → V ↪→ FX which,
by condition (*), comes from some endomorphism X

p−→ X ∈ C. Therefore

FX

P
��

λ(X) // FX

P
��

FX
λ(X) // FX

(7)

commutes and, consequently, λ(X) maps V into itself. I will usually omit
X from the notation and simply write λV : V → V for the linear map that
λ(X) induces on V by restriction.

Given any other submodule W ⊂ FY and any module homomorphism
B : V → W , the diagram

V

B
��

λV // V

B
��

W
λW //W

(8)

is necessarily commutative. To prove this, extend the given homomorphism
B : V → W to a homomorphism B′ : FX → FY (for instance, by choosing
a complement to V in FX and then by taking the composite map FX →
V

B−→ W ↪→ FY ) and then argue as before, by invoking the assumption (*).
Next, we define an isomorphism of complex algebras

(9) θ : End(F )
∼→ End(ωG)

so that the following diagram commutes

H

pr

��

π // End(F )

θ
��

G
πG // End(ωG),

(10)
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where ωG : R(G;C) → Vec is the standard forgetful functor (which to any
G-module associates the underlying complex vector space) and πG(g) is the
natural transformation % 7→ πG(g)(%) ≡ %(g). Given a module V , there exists
an object X of C together with an embedding V ↪→ FX, so we may define
θ(λ)(V ) to be the restriction of λ(X) to V (this makes sense in view of the
above remarks). Of course, it is necessary to check that θ is well-defined.

Suppose we are given two objects X,Y ∈ Ob(C), along with G-module
embeddings of V into FX, FY respectively. Since it is always possible to
embed everything equivariantly into F (X ⊕ Y ) and since doing this does not
affect the induced λV ’s, it will be no loss of generality to assume that X = Y .
Let W,W ′ ⊂ FX be the submodules corresponding to the two different
embeddings of V into FX. Then by our remark (8) there is a commutative
diagram

V
≈ //W

λW //

≈
��

W

≈
��

≈−1
// V

V
≈ //W ′ λW ′ //W ′ ≈−1

// V ,

(11)

which shows that the two different embeddings precisely determine the same
linear endomorphism of V .

Clearly, (8) implies that θ(λ) ∈ End(ωG). For µ ∈ End(ωG) and X ∈ C,
put µF (X) = µ(FX); then µF ∈ End(F ) and θ(µF ) = µ, because of the
existence of embeddings V ↪→ FX and because of naturality of µ: hence θ
is surjective. The latter map is also injective since λ(X) = θ(λ)(FX). It is
straightforward to check that the diagram (10) commutes.

Now, to conclude the proof, it will be enough to show that θ induces a
bijection between End⊗,∗(F ) and End⊗,∗(ωG) = T (G), because then from
(10) we get at once the following commutative square

H

pr

��

π // End⊗,∗(F )

θ≈
��

G
πG // T (G),

(12)

where the map on the bottom is a bijection (by the classical Tannaka duality
theorem for compact groups), whence surjectivity of π is evident.

For instance, suppose λ ∈ End⊗(F ) and let V and W be G-modules
that admit equivariant embeddings V ↪→ FX and W ↪→ FY for some
X, Y ∈ Ob(C). Since we are dealing with finite dimensional spaces, V ⊗W ↪→
FX ⊗ FY ∼= F (X ⊗ Y ) will be also an embedding of G-modules. Then, by
the definition of θ and the assumption that λ is tensor preserving, we see
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that the diagram

F (X ⊗ Y )
λ(X⊗Y ) // F (X ⊗ Y )

V ⊗W
?�

OO

λV ⊗λW // V ⊗W
?�

OO
(13)

must commute. This shows that θ(λ)(V ⊗W ) = θ(λ)(V )⊗ θ(λ)(W ). The
reverse direction is straightforward. q.e.d.

The argument that we used above in order to find the tensor generator
R admits the following generalization to the non-compact case. Let C and F
be as in the statement of the preceding proposition.

14 Proposition Let G be a Lie group. Suppose that

(15) π : G −→ Aut(F )

is a faithful continuous homomorphism—in other words, a continuous
homomorphism such that for each g 6= e ∈ G there exists an object X in
C with πX(g) 6= idFX .

Then there exists an object R ∈ Ob(C) for which Ker πR is a discrete
subgroup of G or, equivalently, for which the continuous representation

(16) πR : G→ GL(FR)

is faithful—i.e. injective—on some open neighbourhood of e.

Proof Let X be an arbitrary object of C. Then K def
= KerπX is a closed Lie

subgroup of G. The connected component Ke of e in K is also a closed Lie
subgroup of G; in particular, the inclusion map Ke ↪→ G is an embedding of
Lie groups (that is, a Lie subgroup and an embedding of manifolds). So, if Y
is another object, the continuous representation πY : G → GL(FY ) induces
by restriction a continuous representation of Ke.

The kernel D def
= Ke ∩Ker πY is a closed Lie subgroup—in particular, a

closed submanifold—of Ke again. Thus, either dimD < dimKe or D = Ke,
because Ke is connected. Since π is faithful, when dimKe > 0 we can always
find some object Y such that D $ Ke.

Then it follows that for each X ∈ Ob(C) one can always find another
object Y such that the submanifold Ker πX⊕Y has dimension strictly smaller
than the dimension of Ker πX , unless dim Ker πX = 0. Hence an inductive
argument using additivity of the category C will yield an object R such that
dim KerπR = 0 i.e. Ker πR is discrete, as contended. q.e.d.



Chapter III

Representation Theory Revisited

In the present chapter we introduce our language of smooth stacks of (addi-
tive, real or complex) tensor categories, or briefly smooth (real or complex)
tensor stacks. We propose this language as the general foundational frame-
work for the theory of representations of Lie groupoids.

Some general conventions. We use the expressions ‘smooth’ and ‘of class
C∞’ as synonyms. The capital letters X, Y and Z stand for manifolds of
class C∞, the corresponding lower-case letters x, x′, . . . , y, etc. denote points
on these manifolds. C∞

X indicates the sheaf of smooth functions on X (we
usually omit the subscript). Sheaves of C∞

X -modules will also be referred to
as sheaves of modules over X. For practical purposes, we need to consider
manifolds which are possibly neither Hausdorff nor paracompact.

§11 The Language of Fibred Tensor
Categories

Fibred tensor categories. Fibred tensor categories will be denoted by means
of capital Gothic type variables. Of course, as in §8, we have to distinguish
between the notions of real and complex fibred tensor category. We do the
complex version; the real case is entirely analogous.

A fibred complex tensor category T assigns, to each smooth manifold X,
an additive complex tensor category

(1) T(X) =
(
T(X),⊗X , 1X ,∗X

)
or

(
T(X),⊗, 1,∗

)
for short—omitting subscripts when they are clear from

the context—and, to each smooth mappingX f−→ Y , a complex tensor functor

(2) f ∗ : T(Y ) −→ T(X)

called « pull-back along f ». Moreover, for each pair of composable smooth
maps X f−→ Y

g−→ Z and for each manifold X, any fibred complex tensor

35
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category provides self-conjugate tensor preserving natural isomorphisms

(3)

{
δ : f ∗ ◦ g∗ ∼→ (g ◦ f)∗

ε : Id
∼→ idX

∗.

These are altogether required to make the following diagrams commute

f ∗g∗h∗

δ·h∗
��

f∗δ // f ∗(hg)∗

δ

��

idX
∗f ∗

δ

��

f ∗

f∗ε

��vvvvvvvvvv

vvvvvvvvvv

ε·f∗oo

(gf)∗h∗ δ // (hgf)∗ f ∗ f ∗idY
∗ .δoo

(4)

This is all of the mathematical data we need to introduce in order to speak
about smooth tensor stacks and, later on, representations of Lie groupoids.
All the required concepts can—and will—be defined in terms of the given
categorical structure T, i.e. canonically. We now explain how.

Smooth tensor prestacks

Throughout the present subsection we let P denote a fibred complex tensor
category, fixed once and for all.

Notation. For iU : U ↪→ X the inclusion of an open subset, we shall
put E|U = iU

∗E and a|U = iU
∗a for any object E and morphism a of the

category P(X). (More generally, we shall adopt this abbreviation for the
inclusion iS : S ↪→ X of any submanifold.)

For any pair of objects E,F ∈ Ob P(X), we let HomP
X(E,F ) denote the

presheaf of complex vector spaces over X defined by

(5) U 7→ HomP(U)(E|U , F |U),

with the obvious restriction maps a 7→ j∗a corresponding to the inclusions
j : V ↪→ U of open subsets. (To be precise, restriction along j sends a
to the unique morphism E|V → F |V which corresponds to j∗a up to the
canonical isomorphisms j∗(E|U) ∼= E|V and j∗(F |U) ∼= F |V of (3).) Now,
the requirement that P be a prestack means exactly that any such presheaf
is in fact a sheaf; in particular, it entails that one can glue any family of
compatible local morphisms over X. Two special cases will be of particular
interest to us: the sheaf ΓE = HomP

X(1, E), to be referred to as the sheaf of
smooth sections of E ∈ Ob P(X), and the sheaf E∨ = HomP

X(E, 1), to be
referred to as the sheaf dual of E. For any open subset U , the elements of
ΓE(U) will be of course referred to as the smooth sections of E over U ; it is
perhaps useful to point out that it makes sense, for smooth sections over U ,
to take linear combinations with complex coefficients, because ΓE(U) has a
canonical vector space structure.
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Since a morphism a : E → F in P(X) yields a morphism Γa : ΓE → ΓF

of sheaves of complex vector spaces over X (by composing 1|U → E|U
a|U−−→

F |U), we obtain a canonical functor

(6) Γ = ΓX : P(X) −→ {sheaves of CX-modules} ,

where CX denotes the constant sheaf over X of value C. (Note that a sheaf of
complex vector spaces over a topological space X is exactly the same thing
as a sheaf of CX-modules.)

This functor is certainly linear. Moreover, there is an evident way to make
it a pseudo-tensor functor of the tensor category

(
P(X),⊗X , 1X

)
into the

category of sheaves of CX-modules (with the standard tensor structure). In
detail, a natural transformation τE,F : ΓXE ⊗CX

ΓXF → ΓX(E ⊗ F ) arises,
in the obvious manner, from the local pairings

(7)
ΓE(U) × ΓF (U) −→ Γ(E ⊗ F )(U)

(1|U
a−→E|U , 1|U

b−→F |U) 7→ 1|U ∼= 1|U⊗1|U
a⊗b−−→ E|U⊗F |U ∼= (E⊗F )|U

(which are bilinear with respect to locally constant coefficients), and a morph-
ism υ : CX → ΓX1 can be easily defined as follows

(8)

8>><>>:
locally constant complex
valued functions on U

9>>=>>; −→ Γ1(U)

t : U → C 7→ t · 1U : 1|U → 1|U
(where 1U = id : 1|U → 1|U is the “unity constant section”); the operation
of multiplication by t in (7) and (8) is well-defined because t is a complex
constant, at least locally. It is easy to check that these morphisms of sheaves
make all the diagrams in the definition of a tensor functor commute.

Note that for X = ?, where ? is the one-point manifold, one has the
standard identification {sheaves of C?-modules} = {complex vector spaces}
of complex tensor categories. One may therefore regard, for X = ?, the
functor (6) as a linear pseudo-tensor functor

(9) P(?) −→ {complex vector spaces}.

It will be convenient to have a short notation for this; making the above
identification of categories explicit, we put, for all objects E ∈ Ob P(?),

(10) E∗ = (Γ?E)(?)

(so this is a complex vector space), and do the same for morphisms. Now,
as a part of the definition of the general notion of smooth tensor stack, we
ask that the following condition be satisfied: the morphism of sheaves (8) is
an isomorphisms for X = ?. Let us record an immediate consequence of this
requirement: there is a canonical isomorphism of complex vector spaces

(11) C
∼→ 1∗.



38 CHAPTER III. REPRESENTATION THEORY REVISITED

12 Note When dealing with the case of fibred complex tensor categories,
one also has a natural morphism of sheaves of modules over X

(13) (ΓXE)∗ −→ ΓX(E∗)

defined by means of the anti-involution and the obvious related canonical
isomorphisms. Since ζ∗∗ = ζ (up to canonical isomorphism), it follows at
once that (13) is a natural isomorphism for an arbitrary complex tensor
prestack; in fact, (13) is an isomorphism of pseudotensor functors viz. it is
compatible—in the sense of §7—with the natural transformations (7) and (8).
Because of these considerations, we will not need to worry about complex
structure in our subsequent discussion of “axioms” in §15.

Notation. (Fibres of an object) Besides the fundamental notion of « sheaf
of smooth sections » we are now able to introduce a second one, that of « fibre
at a point ». Namely, given an object E ∈ Ob P(X), we define the fibre of E
at x to be the finite dimensional complex vector space Ex = (x∗E)∗; we use
the same name for the point x and for the (smooth) mapping ?→ X, ? 7→ x,
so that x∗ is just the ordinary notation (2) for the pull-back, x∗E belongs
to P(?) and we can apply our notation (10). Similarly, whenever a : E → F
is a morphism in P(X), we let ax : Ex → Fx denote the linear map (x∗a)∗.
Since - 7→ (-)x is by construction the composite of two complex pseudo-tensor
functors, it may itself be regarded as a complex pseudo-tensor functor. If in
particular we apply this to a local smooth section ζ ∈ ΓE(U) and make use
of the canonical identification (11), we get, for u in U , a linear map

(14) C
∼→ (1?)∗ ∼= (u∗ 1|U)∗

(u∗ζ)∗−−−→ (u∗E|U)∗ ∼= (u∗E)∗ = Eu,

which corresponds to a vector ζ(u) ∈ Eu (the image of the unity 1 ∈ C) to
be called the value of ζ at u. One has the intuitive formula

(15) au · ζ(u) = [Γa(U)ζ](u).

Notice also that the vectors ζ(u)⊗ η(u) and (ζ ⊗ η)(u) correspond to one
another in the canonical linear map Eu ⊗ Fu → (E ⊗ F )u (we may state this
loosely by saying they are equal).

We have not explained yet what we mean when we say that a tensor
prestack is « smooth ». This was not necessary before because all we have
said so far does not depend on that specific property. However, from this
precise moment we begin to develop systematically concepts which, even in
order to be defined, presuppose the smoothness of the tensor prestack, so it
becomes necessary to fill the gap.

Consider the tensor unit 1 ∈ Ob P(X) and let x be any point. There is
a canonical isomorphism C ∼= 1x analogous to (11), namely the composite
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C ∼= (1?)∗ ∼= (x∗1)∗ = 1x. This identification allows us to define a canonical
homomorphism of complex algebras

(16) EndP(X)(1) −→ {functionsX → C} , e 7→ ẽ

by putting ẽ(x) = the complex constant such that the linear map “scalar
multiplication by ẽ(x)” (of C into itself) corresponds to ex : 1x → 1x under
the linear isomorphism C ∼= 1x. We shall say that the tensor prestack P is
smooth if the homomorphism (16) determines a one-to-one correspondence
onto the subalgebra of smooth functions on X

(17) EndP(X)(1) ∼= C∞(X).

A first consequence of the smoothness of P is the possibility to endow
each space HomP(X)(E,F ) with a C∞(X)-module structure, canonical and
compatible with the already defined operation of multiplication by locally
constant functions. Indeed, the natural action

(18)
EndP(X)(1) × HomP(X)(E,F ) −→ HomP(X)(E,F ),

(e, a) 7→ E ∼= 1⊗E
e⊗a−−→ 1⊗F ∼= F

turns HomP(X)(E,F ) into a left EndP(X)(1)-module, hence we can use the
identification of C-algebras (17) to make HomP(X)(E,F ) a C∞(X)-module;
in short, the module multiplication can be written as (ẽ, a) 7→ e⊗ a.

Accordingly, HomP
X(E,F )(U) = HomP(U)(E|U , F |U) inherits a canonical

structure of C∞(U)-module, for each open subset, and one verifies at once
that this makes HomP

X(E,F ) a sheaf of C∞
X -modules. Of course, the remark

applies in particular to any sheaf of ‘smooth’ sections ΓXE, partly justifying
the terminology; moreover, one readily sees that any morphism a : E → F
in the category P(X) induces a morphism ΓXa : ΓXE → ΓXF of sheaves of
C∞
X -modules. So we get a C∞(X)-linear functor

(19) P(X) −→ {sheaves of C∞
X -modules} ,

still denoted by ΓX . (Notice that both categories have Hom-sets enriched with
a C∞(X)-module structure1. The C∞(X)-linearity of the functor amounts
by definition to the C∞(X)-linearity of all the maps

HomP(X)(E,F ) → HomC∞X
(ΓXE,ΓXF ), a 7→ ΓXa. )

If one also takes into account the tensor structure then the process of
« upgrading » the functor (6) can be pursued further by observing that the
operations described in (7), (8) may now be used to define morphisms of
sheaves of C∞

X -modules

(20)

{
τ : ΓXE ⊗C∞X

ΓXF → ΓX(E ⊗ F ),
υ : C∞

X → ΓX1;

1Such that the composition of morphisms is C∞(X)-bilinear.
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the morphism τ = τE,F is natural in the variables E,F and, along with υ,
makes (19) a pseudo-tensor functor of the tensor category P(X) into the
tensor category of sheaves of C∞

X -modules. This is closer than (6) to being
a tensor functor, in that the morphism υ is evidently an isomorphism of
sheaves of C∞

X -modules.
Consider next a smooth mapping of manifolds f : X → Y . Suppose that

U ⊂ X and V ⊂ Y are open subsets with f(U) ⊂ V , and let fU denote the
induced mapping of U into V . For any object F of the category P(Y ), we
obtain a correspondence of local smooth sections

(21) (ΓY F )(V ) −→ ΓX(f ∗F )(U), η 7→ η ◦ f

by putting η ◦ f equal by definition to the composite

(22) 1|U ∼= (f ∗1)|U ∼= f ∗U(1|V )
f∗U (η)
−−−→ f ∗U(F |V ) ∼= (f ∗F )|U .

One easily verifies that for U fixed and V variable, the maps (21) form an
inductive system indexed over the inclusions of neighbourhoods V ⊃ V ′ ⊃
f(U), and that eventually they induce a morphism of sheaves of C∞

X -modules

(23) f ∗(ΓY F ) −→ ΓX(f ∗F ),

where f ∗(ΓY F ) is the ordinary pull-back in the sense of sheaves of modules
over smooth manifolds. It is also clear that the morphism (23) is natural
in F , and also a morphism of pseudo-tensor functors (in other words, it is
tensor preserving). To conclude, let us give some motivation for the notation
« η ◦ f ». There is an obvious canonical isomorphism of vector spaces

(24) (f ∗F )x = (x∗f ∗F )∗ ∼= (f(x)∗F )∗ = Ff(x).

Now, we have the two vectors η(f(x)) ∈ Ff(x) and (η ◦ f)(x) ∈ (f ∗F )x,
and you can easily check that they correspond to one another in the above
isomorphism. We can state this loosely as

(25) (η ◦ f)(x) = η(f(x)).

The last expression evidently justifies our notation.

§12 Smooth Tensor Stacks

It will be convenient to regard the open coverings of a manifold X as smooth
mappings onto X. This can be made precise as follows. Borrowing some
standard terminology from algebraic geometers, we shall say that a smooth
mapping p : X ′ → X is flat, if it is surjective and it restricts to an open
embedding pU ′ : U ′ ↪→ X on each connected component U ′ of X ′; we may
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think of p as codifying a certain open covering of X, indexed by the set of
connected components of X ′. A refinement of X ′ p−→ X will be obtained by
composing p backwards with another flat mapping X ′′ p′−→ X ′. The funda-
mental property of flat mappings is that they can be pulled back, preserving
flatness, along any smooth map: precisely, for any Y f−→ X the pull-back

(1) Y ×X X ′ =
{
(y, x′) : f(y) = p(x′)

}
will make sense in the category of C∞-manifolds and the first projection
pr 1 : Y ×X X ′ → Y will be a flat mapping. Particularly relevant is the case
where f is also a flat mapping, leading to the “standard” common refinement
for f and p.

Some standard abbreviations. For any flat mapping p : X ′ → X, let

(2) X ′′ = X ′ ×X X ′ =
{
(x′1, x

′
2) : p(x′1) = p(x′2)

}
,

with the two projections p1, p2 : X ′′ → X ′; and the triple fibred product

(3) X ′′′ = X ′ ×X X ′ ×X X ′ =
{
(x′1, x

′
2, x

′
3) : p(x′1) = p(x′2) = p(x′3)

}
with its projections p12, p23, p13 : X ′′′ → X ′′ resp. given by (x′1, x

′
2, x

′
3) 7→

(x′1, x
′
2) and so forth.

A descent datum for a smooth complex tensor prestack P, relative to
the flat mapping p : X ′ → X, will be a pair (E ′, θ) consisting of an object
E ′ ∈ P(X ′) and an isomorphism θ : p1

∗E ′ ∼→ p2
∗E ′ in P(X ′′), such that

p13
∗(θ) = p12

∗(θ) ◦ p23
∗(θ) up to the canonical isos. A morphism of descent

data, let us say of (E ′, θ) into (F ′, ξ), will be a morphism a′ : E ′ → F ′ in
P(X ′) compatible with θ and ξ in the sense that p2

∗(a′) ◦ θ = ξ ◦ p1
∗(a′).

Descent data of type P and relative to X ′ p−→ X (and their morphisms) form
a category DesP(X ′/X). There is an obvious functor

(4) P(X) −→ DesP(X ′/X), E 7→ (p∗E, φE), a 7→ p∗a

defined by letting φE be the canonical isomorphism p1
∗(p∗E) ∼= (p ◦ p1)

∗E =
(p ◦ p2)

∗E ∼= p2
∗(p∗E). Whenever the functor (4) is an equivalence of cat-

egories for every flat mapping of manifolds p : X ′ → X, one says that the
prestack P is a stack.

5 Note Depending on one’s purposes, the condition that the functors (4)
be equivalences of categories for all flat mappings X ′ → X can be weakened
to some extent. For example, one could ask it to be satisfied just for all flat
X ′ → X over a Hausdorff, paracompact X. In fact, the latter condition will
prove to be sufficient for all our purposes: no relevant aspect of the theory
seems to depend on the stronger requirement. We propose to use the term
« parastack » for the weaker notion; we will often be sloppy and use ‘stack’
as a synonym to ‘parastack’.
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Locally trivial objects

Let S be any smooth tensor prestack. An object E ∈ Ob S(X) will be
called trivial if there exists some V ∈ Ob S(?) for which one can find an
isomorphism E

α
≈ cX

∗V in S(X), where cX : X → ? denotes the collapse
map. Any such pair (V, α) will be said to constitute a trivialization of E.

For an arbitrary manifold X, let V S(X) denote the full subcategory
of S(X) formed by the locally trivial objects of locally finite rank; more
explicitly, E ∈ Ob S(X) will be an object of V S(X) provided one can cover
X with open subsets U such that E|U trivializes in S(U) by means of a
trivialization of the form (1⊕ · · · ⊕ 1, α) or, equivalently, such that in S(U)
there exists an isomorphism E|U ≈ 1U ⊕ · · · ⊕ 1U . It follows at once from the
bilinearity of ⊗, the triviality of 1 and the linearity of f ∗ that the operation
X 7→ V S(X) determines a fibred (additive, complex) tensor subcategory of
S. Hence X 7→ V S(X) inherits a fibred tensor structure from S. It is easy
to see that one gets in fact a smooth tensor prestack V S; moreover, it is
obvious that V S is a parastack resp. a stack if such is S.

The complex tensor category V S(X) very closely relates to that of smooth
complex vector bundles over X. Let us make this precise. Clearly, every
object E ∈ V S(X) yields a smooth complex vector bundle over X: just put
Ẽ = {(x, e) : x ∈ X, e ∈ Ex}, with the local trivializing charts obtained
from local trivializations E|U

α
≈ 1U ⊕ · · · ⊕ 1U , α = (α1, . . . , αd) by setting

(u, e) =
(
u;α1,u(e), . . . , αd,u(e)

)
∈ U × Cd. Since any morphism a : E → E ′ in

V S(X) can be locally described in terms of “matrix expressions” with smooth
coefficients, setting ã · (x, e) = (x, ax · e) defines a morphism of smooth vector
bundles ã : Ẽ → Ẽ ′. It is an exercise to show that the assignment E 7→ Ẽ
defines a faithful complex tensor functor of V S(X) into smooth complex
vector bundles. Under extremely mild hypotheses, this functor will actually
prove to be an equivalence of complex tensor categories; this will happen, for
example, when S is a parastack and X is paracompact, or when S is stack.

In conclusion, we see that for S a smooth tensor (para-)stack (and X a
reasonable manifold), the category S(X) will essentially include—as a full
tensor subcategory—all smooth vector bundles over X. One arrives at the
same results, alternatively, by considering the functor ΓX and the category
of locally free sheaves of C∞

X -modules of locally finite rank. This last remark
can be summarized in the diagram

V S(X)
� u

ΓX
((PPPPPP

- 7→ (̃-)
'

// V∞(X)
I i

ΓX
vvnnnnnn

{sheaves of C∞
X -modules}

(6)

(commutative up to canonical natural isomorphism). The smooth tensor
stack V∞ is therefore, in a very precise sense, the “smallest” possible.
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§13 Foundations of Representation Theory

We develop our theory of representations relative to a « type ». This can be
any smooth complex tensor parastack S, in the sense of Note 12.5. Once a
type S has been fixed, one can associate to any Lie groupoid a mathematical
object called « fibre functor ».

This is done as follows. Let G be a Lie groupoid, let us say, with base M .
We are going to construct a category RS(G), along with a functor ωS(G) of
RS(G) into S(M) that we shall call the « standard fibre functor » of G (of
type S). An object of the category R(G) = RS(G) (every time we like we
can omit writing the type S, as this is fixed) is defined to be a pair (E, %)
with E an object of S(M) and % a morphism in S(G)

(1) % : s∗E → t∗E

(where s , t : G → M denote the source, resp. target map of G), such that
the appropriate conditions for % to be an action—in other words, for it to be
compatible with the groupoid structure—are satisfied, namely:

i) pu∗%q = idE, where u : M → G denotes the unit section. (Here and in
the sequel we adopt the device of putting corners around a morphism
to indicate the morphism—which one, will always be clear from the
context—that corresponds to it up to some canonical identifications;
for instance, the last equality, spelled out explicitly, means that the
diagram

u∗s∗E

∼=
can.

""D
DD

DD
DD

u∗% // u∗t∗E
∼=

can.}}zz
zz

zz
z

E

(2)

commutes, where we use the identifications u∗s∗E ∼= (s ◦ u)∗E =
idM

∗E ∼= E etc. provided by the fibred tensor structure constraints
associated with S);

ii) if we let G(2) = Gs×tG denote the manifold of composable arrows of
G, c : G(2) → G, (g′, g) 7→ g′g the composition of arrows and p0, p1 :
G(2) → G the two projections (g′, g) 7→ g′, 7→ g onto the first and
second factor respectively, we have the identity pc∗%q = pp∗0%q · pp∗1%q;
that is to say, according to our convention, we have the commutativity
of the following diagram in the category S(G(2)):

c∗s∗E
jjjjjjjj

c∗% // c∗t∗E
TTTT TTTT

p1
∗s∗E

p1
∗%

''OOOOOOOOOOOOO
p0
∗t∗E
77

p0
∗%

ooooooooooooo

p1
∗t∗E p0

∗s∗E

(3)
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(which involves the canonical identifications c∗s∗E ∼= (s ◦ c)∗E =
(s ◦ p1)

∗E ∼= p1
∗s∗E etc. provided by the structure constraints of S).

We shall also write « c∗% = p∗0% · p∗1% (mod ∼=) ».

This concludes the description of the objects of RS(G); we shall call them
representations of G, or G-actions (of type S). As morphisms of G-actions
a : (E, %)→ (E ′, %′) we take all those morphisms a : E → E ′ in S(M) which
make the following square commutative

s∗E

s∗a
��

% // t∗E

t∗a
��

s∗E ′ %′ // t∗E ′ .

(4)

We endow the category RS(G) with the linear structure of S(M). Then the
forgetful functor

(5) ωS(G) : RS(G) −→ S(M), (E, %) 7→ E

is linear and faithful. We call it the standard fibre functor of G (of type S).
Observe that the linear category RS(G) is additive. Indeed, fix any objects

R0, R1 ∈ R(G), let us say Ri = (Ei, %i), and choose a representative E0
i0
↪→

E0 ⊕ E1
i1←↩ E1 for the direct sum in S(M). Then, since the linear functors

s∗, t∗ have to preserve direct sums (cf. MacLane (1998), p. 197), there will
be a unique ‘universal’ isomorphism in S(G)

s∗(E0 ⊕ E1) = s∗E0 ⊕ s∗E1
%0⊕ %1−−−−−→ t∗E0 ⊕ t∗E1 = t∗(E0 ⊕ E1).

One checks that the pair R0 ⊕R1 = (E0 ⊕ E1, %0 ⊕ %1) is a G-action, that
R0

i0
↪→ R0 ⊕R1

i1←↩ R1 are morphisms of G-actions, and that they yield a
direct sum in R(G). The process to obtain a null representation is entirely
analogous, starting from a null object in S(M).

6 Lemma For an arbitrary G-action (E, %) ∈ RS(G), the morphism
% : s∗E → t∗E is necessarily an isomorphism in S(G).

Proof Let C be any category. Define two arrows a, a′ to be ‘equivalent’,
and write a ∼ a′, if they are isomorphic as objects of the arrow category
Ar(C) (in other words, if there exist isomorphisms between their domains
and codomains which transform the one arrow into the other). Then the
following assertions hold: a) for any functor F : C → D, a ∼ a′ implies
Fa ∼ Fa′; b) the existence of a natural iso F

∼→ G implies Fa ∼ Ga for
every a; c) if a ∼ a′ and a is left (resp. right) invertible, then the same is
true of a′; d) ba ∼ id implies that a is left invertible and b right invertible.
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Let i : G → G, g 7→ g−1 be the inverse, and consider the two maps
(i , id), (id , i) : G → G(2) given by g 7→ (g−1, g), 7→ (g, g−1) respectively. Then
one has the following equivalences of arrows in the category S(G)

id s∗E = s∗idE
a)∼ s∗u∗%

b)∼ (u ◦ s)∗% = [c ◦ (i , id)]∗%
b)∼ (i , id)∗c∗%

a)∼ (i , id)∗pc∗%q
(3)
= (i , id)∗(pp∗0%q · pp∗1%q)

= (i , id)∗pp∗0%q · (i , id)∗pp∗1%q,

hence (i , id)∗pp∗1%q is left invertible in S(G), by d). Since this is in turn
equivalent to (i , id)∗p1

∗% ∼ [p1 ◦ (i , id)]∗% = idG
∗% ∼ %, % itself will be left

invertible in S(G), by c). An analogous reasoning will establish the right
invertibility of %. It follows that % is invertible. q.e.d.

Next, we discuss the standard tensor structure on the category R(G). This
structure makes R(G) an additive linear tensor category. The standard fibre
functor ω = ω(G) turns out to be a strict tensor functor of R(G) into S(M),
in the sense that the identities ω(R⊗ S) = ω(R)⊗ ω(S) and ω(1) = 1 hold,
so that they can be taken respectively as the natural constraints τ and υ in
the definition of tensor functor.

We start with the construction of the bifunctor ⊗ : R(G)× R(G)→ R(G).
For two arbitrary representations R,S ∈ R(G), let us say R = (E, %) and
S = (F, σ), we put R⊗ S = (E ⊗ F , p% ⊗ σq), where—following the usual
convention—p%⊗ σq stands for the composite morphism

(7) s∗(E ⊗ F ) ∼= s∗E ⊗ s∗F
%⊗σ−−−−→ t∗E ⊗ t∗F ∼= t∗(E ⊗ F ).

It is easy to recognize that the pair R⊗ S is itself a G-action, i.e. an object
of the category R(G); moreover, if (E, %)

a−→ (E ′, %′) and (F, σ)
b−→ (F ′, σ′) are

morphisms in R(G) then so is a⊗ b : R⊗ S → R′ ⊗ S ′.
We define the tensor unit of R(G) to be the pair (1M , pidq), where 1M

the tensor unit of S(M) and pidq is the composite canonical isomorphism

(8) s∗1M ∼= 1G ∼= t∗1M .

The ACU natural constraints α, γ,λ, ρ for the tensor structure of the base
category S(M) will provide analogous constraints for the tensor product
we just introduced on R(G). (For example, consider three representations
R,S, T ∈ R(G) and let E,F,G ∈ S(M) be the respective supports; then the
isomorphism αE,F,G : E ⊗ (F ⊗G)

∼→ (E ⊗ F )⊗G is also an isomorphism
αR,S,T : R⊗ (S ⊗ T )

∼→ (R⊗ S)⊗ T in R(G).) A fortiori, the coherence
diagrams for such ‘inherited’ constraints will commute.

§14 Homomorphisms and Morita Invariance

We now proceed to study the operation of taking the inverse image of a
representation along a homomorphism of Lie groupoids. Then we concentrate
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on the special case of Morita equivalences; in order to give a satisfactory
treatment of these, it will be necessary to analyze natural transformations of
Lie groupoid homomorphisms first.

Let ϕ : G → H be a homomorphism of Lie groupoids and let M f−→ N be
the smooth map induced by ϕ on the base manifolds.

Suppose (F, σ) ∈ RS(H). Consider the morphism—which we also denote
by ϕ∗σ, slightly abusing notation—defined as follows:

(1) sG
∗(f ∗F ) ∼= ϕ∗sH

∗F
ϕ∗σ−−−→ ϕ∗tH

∗F ∼= tG
∗(f ∗F );

the equalities f ◦ sG = sH ◦ ϕ etc. account, of course, for the existence of the
canonical isomorphisms occurring in (1). It is straightforward to check that
the pair (f ∗F , ϕ∗σ) constitutes an object of the category RS(G) and that
if (F, σ)

b−→ (F ′, σ′) is a morphism of H-actions then f ∗b is a morphism of
(f ∗F , ϕ∗σ) into (f ∗F ′, ϕ∗σ′) in RS(G). Hence we get a functor

(2) ϕ∗ : RS(H) −→ RS(G),

which we agree to call the inverse image or pull-back (of representations)
along ϕ.

It is fairly easy to check that the constraints

(3)

{
υ : 1M

∼→ f ∗1N

τF,F ′ : f ∗F ⊗ f ∗F ′ ∼→ f ∗(F ⊗ F ′),

associated with the tensor functor f ∗, can also function as isomorphisms of
G-actions, υ : 1

∼→ ϕ∗(1) and τS,S′ : ϕ∗(S)⊗ ϕ∗(S ′) ∼→ ϕ∗(S ⊗ S ′), for all
S, S ′ ∈ R(H) with, let us say, S = (F, σ) and S ′ = (F ′, σ′). A fortiori,
these isomorphisms are natural and they provide appropriate tensor functor
constraints for ϕ∗, thus making ϕ∗ a tensor functor of the tensor category
R(H) into the tensor category R(G).

Let G ϕ−→ H ψ−→ K be two composable homomorphisms of Lie groupoids
and let X ϕ0−→ Y

ψ0−→ Z denote the respective maps on bases. Note that for an
arbitrary action T = (G, τ) ∈ R(K) the canonical isomorphism ϕ0

∗ψ0
∗G ∼=

(ψ0 ◦ ϕ0)
∗G = (ψ ◦ ϕ)0

∗G is actually a morphism ϕ∗(ψ∗T )
∼→ (ψ ◦ ϕ)∗T in

the category R(G). Hence we get an isomorphism of tensor functors

(4) ϕ∗ ◦ ψ∗
∼=−→ (ψ ◦ ϕ)∗.

It is worthwhile remarking that ϕ∗ fits in the following diagram

RS(H)

ωS(H)
��

ϕ∗ // RS(G)
ωS(G)
��

S(N)
f∗ // S(M),

(5)
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whose commutativity is to be interpreted as an equality of composite tensor
functors—thus, involving also the constraints.

The notion from Lie groupoid theory we want to dualize next is that
of natural transformation; this comes about especially when one considers
Morita equivalences, as we shall see soon. Recall that a transformation τ :
ϕ0 → ϕ1 (between two Lie groupoid homomorphisms ϕ0, ϕ1 : G → H) is a
smooth mapping τ of the base manifold M of G into the manifold of arrows
of H, such that τ(x) : f0(x)→ f1(x) ∀x ∈M and the familiar diagram

f0(x)

ϕ0(g)
��

τ(x) // f1(x)

ϕ1(g)
��

f0(x
′)

τ(x′) // f1(x
′)

(6)

is commutative for all g ∈ G(1), g : x → x′. Suppose an action S = (F, σ) ∈
RS(H) is given. Then one can apply τ ∗ to the isomorphism σ : s∗F

≈−→ t∗F

to obtain an isomorphism f ∗0F
≈−→ f ∗1F in the category S(M)

(7) f ∗0F
∼= τ ∗s∗F

τ∗σ−−→ τ ∗t∗F ∼= f ∗1F ,

which may be denoted by the symbol σ ◦ τ . (Here one uses the identities
f0 = sH ◦ τ and f1 = tH ◦ τ .) By expressing (6) as an identity between
suitable smooth maps, one can check that σ ◦ τ is actually an isomorphism
of G-actions between ϕ∗0S and ϕ∗1S: in detail, consider the maps (τ ◦ t , ϕ0)
and (ϕ1, τ ◦ s), of G(1) (manifold of arrows) into H(2) ≡ Hs×tH (mani-
fold of composable arrows), respectively given by g 7→ (τ(t g), ϕ0(g)) and
g 7→ (ϕ1(g), τ(s g)); the commutativity of (6) implies that upon compos-
ing these maps with multiplication c : H(2) → H one gets the same result,
c ◦ (τ ◦ t , ϕ0) = c ◦ (ϕ1, τ ◦ s); from the latter identity it is easy to see that
(7) is a morphism in RS(G). Then the rule (F, σ) 7→ σ ◦ τ defines a nat-
ural isomorphism—in fact, a tensor preserving one—between the functors
ϕ∗0, ϕ

∗
1 : RS(H)→ RS(G); we will use the notation

(8) τ ∗ : ϕ∗0
∼−→ ϕ∗1, τ ∗ ∈ Iso⊗(ϕ∗0, ϕ

∗
1).

We are now ready to discuss Morita equivalences. Recall that a homo-
morphism ϕ : G → H is said to be a Morita equivalence in case

G
(s,t)
��

ϕ //H
(s,t)
��

M ×M f×f // N ×N

(9)

is a pullback diagram in the category of C∞ manifolds and the mapping

(10) t ◦ pr 2 : M f×sH → N ,
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which, loosely speaking, sends f(x)
h−→ y to y, is a surjective submersion.

Our main goal in this section is to show that the pull-back functor ϕ∗ :
R(H) → R(G) associated with a Morita equivalence ϕ is an equivalence of
tensor categories.2 Clearly, it will be enough to show that ϕ∗ is a categorical
equivalence (in the familiar sense): this means that we have to look for a
functor ϕ! : R(G)→ R(H) such that natural isomorphisms ϕ! ◦ ϕ∗ ' IdR(H)

and ϕ∗ ◦ ϕ! ' IdR(G) exist.
Notice that the condition that the map (10) should be a surjective sub-

mersion will of course be satisfied when f itself is a surjective submersion.
As a first step, we show how the task of constructing a quasi-inverse for the
pullback functor ϕ∗ associated with an arbitrary Morita equivalence ϕ may
be reduced to the special case where f is precisely a surjective submersion.
To this end, consider the weak pullback (see [27], pp. 123–132)

P
χ

��

ψ // G
ϕ

��
H Id //

τ &.

H.

(11)

Let P be the base manifold of the Lie groupoid P . It is well-known (ibid.
p. 130) that the Lie groupoid homomorphisms ψ and χ are Morita equiva-
lences with the property that the respective base maps ψ(0) : P → M and
χ(0) : P → N are surjective submersions. Now, if we succeed in proving that
ψ∗ and χ∗ are categorical equivalences then, since by (4) and (8) above we
have a natural isomorphism (actually, a tensor preserving one)

(12) χ∗
≈−→ (ϕ ◦ ψ)∗

∼=←− ψ∗ ◦ ϕ∗,

the same will be true of ϕ∗.
From now on we will work under the hypothesis that the given Morita

equivalence ϕ (9) determines a surjective submersion f : M � N on base
manifolds. This being the case, there exists an open cover N = ∪

i∈I
Vi of the

manifold N by open subsets Vi such that for each of them one can find a
smooth section si : Vi ↪→M to f . We fix such a cover and such sections once
and for all.

Let an arbitrary object R = (E, %) ∈ RS(G) be given. For each i ∈ I one
can take the pull-back Ei ≡ si

∗E ∈ S(Vi). Fix a couple of indices i, j ∈ I.
Then, since (9) is a pull-back diagram, for each y ∈ Vi ∩ Vj there is exactly
one arrow g(y) : si(y) → sj(y) such that ϕ(g(y)) = y. More precisely, let
y 7→ g(y) = gij(y) be the smooth mapping defined as the unique solution to

2Recall that a tensor functor Φ : C → D is said to be a tensor equivalence in case there
exists a tensor functor Ψ : D → C along with tensor preserving natural isomorphisms
Ψ ◦ Φ ' IdC and Φ ◦Ψ ' IdD.
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the following universal problem (in the C∞ category)

Vij

(si,sj)

''

gij

%%J
J

J
J

J
J u|Vij

##
G

(s,t)

��

ϕ //H
(s,t)
��

M ×M f×f // N ×N ,

(13)

where u : N → H denotes the unit section and Vij ≡ Vi ∩ Vj. Then, putting
Ei|j = Ei|Vi∩Vj

and Ej|i = Ej|Vi∩Vj
, one may pull the action % back along the

map gij so as to get an isomorphism θij : Ei|j
∼→ Ej|i in the category S(Vij):

(14) Ei|j ∼= (s ◦ gij)∗E ∼= gij
∗s∗E

gij
∗%−−−−→ gij

∗t∗E ∼= (t ◦ gij)∗E ∼= Ej|i
or, as an identity up to canonical isomorphisms,

θij = gij
∗%.

(
mod ∼=

)
(15)

(Note that the fact that % is an isomorphism in the category S(G), that
is to say Lemma 13.6, is used in an essential way.) Next, from the obvious
remark that for an arbitrary third index k ∈ I one has gik(y) = gjk(y)gij(y)
∀y ∈ Vijk ≡ Vi ∩ Vj ∩ Vk (or better gik|j = c ◦ (gjk|i, gij|k), where gik|j denotes
the restriction of gik to Vijk etc.), and from the multiplicative axiom (13.3)
for %, it follows that the system of isomorphisms {θij} constitutes a “cocycle”
or “descent datum” for the family {Ei}i∈I ∈ S

(∐
i∈I
Vi

)
, relative to the flat

mapping
∐
i∈I
Vi → N . Since N is a paracompact manifold and S is a smooth

parastack, there exists some object ϕ!E of S(N) along with isomorphisms
θi : (ϕ!E)|i ≡ (ϕ!E)|Vi

≈−→ Ei in S(Vi), compatible with {θij} in the sense
that, modulo the identification (ϕ!E)i|Vij

∼= (ϕ!E)j|Vij
, one has the identity

θj|i = θj|Vij
= θij · θi|Vij

= θij · θi|j.
(
mod ∼=

)
(16)

For simplicity, let us put F ≡ ϕ!E. Our next step will be to define a
morphism σ = ϕ!% : sH

∗F → tH
∗F , which is to provide the H-action on F .

For each pair Vi, Vi′ we introduce the abbreviation Hi,i′ ≡ H(Vi, Vi′); we also
write Hij,i′j′ ≡ H(Vij, Vi′j′). Then the subsets Hi,i′ ⊂ H(1) form an open cover
of the manifold H(1). Now, let gi,i′ : Hi,i′ → G be the smooth map obtained
by solving the following universal problem

Hi,i′

(s,t)

��

gi,i′

&&N
NNNNNN inclusion

##
Vi × Vi′

si×si′
--

G
(s,t)

��

ϕ //H
(s,t)

��
M ×M f×f // N ×N .

(17)
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We can use this map to define a morphism σi,i′ : (sH
∗F )|i,i′ → (tH

∗F )|i,i′ in
the category S(Hi,i′), as follows:

(18) (sH
∗F )|i,i′ ∼= (sH|i,i′)∗(F |i)

(sH|i,i′ )∗θi−−−−−−−→ (sH|i,i′)∗Ei
∼= gi,i′

∗sG
∗E

gi,i′
∗%

−−−−→ gi,i′
∗tG

∗E

∼= (tH|i,i′)∗Ei′
(tH|i,i′ )∗θi

−1

−−−−−−−−→ (tH|i,i′)∗(F |i′) ∼= (tH
∗F )|i,i′

or, in the form of an identity modulo canonical identifications,

σi,i′ = (tH|i,i′)∗θi−1 · gi,i′∗% · (sH|i,i′)∗θi.
(
mod ∼=

)
(19)

Starting from the equality of mappings

(20) gi,i′|j,j′ = (gj′i′ ◦ tH|ij,i′j′) gj,j′|i,i′ (gji ◦ sH|ij,i′j′)

(note that gj′i′ = iG ◦ gi′j′ where iG is the inverse map of G) and the “mod
∼=” identities (15), (16) and (19), one can check that σi,i′|j,j′ = σj,j′|i,i′ in
S(Hij,i′j′); hence the morphisms σi,i′ glue together into a unique morphism
σ = ϕ!% of S(H(1)), with the property that σ|i,i′ = σi,i′ .

Next, suppose we are given a morphism a : R → R′ in RS(G), where
R′ = (E ′, %′), let us say. Then we can obtain a morphism ϕ!a : ϕ!R → ϕ!R

′,
where ϕ!R = (ϕ!E,ϕ!%) etc., by first letting bi = si

∗a and the observing that

(21) θ′ij · bi|j = bj|i · θij in S(Vij)

(because of the definition of θij = θRij and θ′ij = θR
′

ij and because a is a
G-equivariant morphism). In this way we get a functor of RS(G) into RS(H).

The construction of the isomorphisms ϕ∗ ◦ ϕ! ' IdR(G) and ϕ! ◦ ϕ∗ '
IdR(H) is left as an exercise, to be done along the same lines.



Chapter IV

General Tannaka Theory

In the preceding chapter we laid down the foundations of Representation
Theory in the abstract setting of smooth tensor stacks. The assumptions on
the type S were quite mild there, nothing more than just smoothness and
the property of being a stack. However, in order to get our reconstruction
theory to work effectively, we need to impose further restrictions on the type
S. We will call a smooth tensor stack a stack of smooth fields when it meets
such additional requirements.

The additional properties which characterize stacks of smooth fields are
introduced in §15. The stack of smooth vector bundles is an example. In the
subsequent section we provide another fundamental example, the stack of
smooth (Euclidean) fields, which will play a major role in the achievement of
our Tannaka duality theorem for proper Lie groupoids in §20. This stack is a
nontrivial extension of the stack of smooth vector bundles, but its definition
is as simple.

§15 Stacks of Smooth Fields

The expression « stack of smooth fields » will be employed to indicate a
smooth (real or complex) tensor stack1 for which the axiomatic conditions
listed below are satisfied. When dealing specifically with stacks of smooth
fields we shall prefer them to be represented by the letter F, which is more
suggestive than the usual S.

The axioms

Our first axiom is about the tensor product and pull-back operations.
Roughly speaking, it states that the sections of a tensor product or a pull-back
are exactly what one would expect them to be on the basis of the standard

1In accordance with the philosophy of Note 12.5, we use the word ‘stack’ but we really
mean ‘parastack’.
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definition of tensor product and pull-back of sheaves of C∞-modules; how-
ever, for such sections the relation of equality may be coarser, in the sense
that more sections may be regarded as being identical.

1 Axiom I (tensor product & pull-back) The canonical natural morph-
isms (11.20) and (11.23){

ΓE ⊗C∞X
ΓE ′ → Γ(E ⊗ E ′)

f ∗(ΓY F )→ ΓX(f ∗F )

are surjective (= epimorphisms of sheaves).

Thus, every local smooth section of E ⊗ E ′ will possess, in the vicinity of each
point, an expression as a finite linear combination, with smooth coefficients,
of sections of the form ζ ⊗ ζ ′. Similarly, given any partial smooth section of
f ∗F , it will be possible to express it locally as a finite linear combination,
with coefficients in C∞

X , of sections of the form η ◦ f .
Suppose E ∈ F(X). Let us go back for a moment to the map ΓE(U) →

Ex, ζ 7→ ζ(x) we defined in §11 (for each open neighbourhood U of the point
x). These maps are evidently compatible with the restriction to a smaller
open neighbourhood of x, hence on passing to the inductive limit they will
determine a linear map

(2) (ΓE)x → Ex, ζ 7→ ζ(x)

of the stalk of ΓE at x into the fibre of E at the same point. We call this
map the evaluation (of germs) at x. Notice, by the way, that the identity

(3) (αζ)(x) = α(x)ζ(x)

holds for all germs of smooth sections ζ ∈ (ΓE)x and of smooth functions
α ∈ C∞

X,x. It follows from Axiom i (pull-back) that for any stack of smooth
fields, the evaluation of germs at a point is a surjective linear map. Indeed,
the stalk (ΓE)x coincides, as a vector space, with the space of global sections
of x∗(ΓE) (recall that (ΓE)x = lim−→

U3x
ΓE(U) = x−1(ΓE)(?), actually as a

C∞
X,x-module), and the fibre Ex is defined as the space of global sections of

Γ(x∗E); it is immediate to recognize that the evaluation of germs is just the
map of global sections induced by (11.23).

The second axiom says that a difference between any two morphisms can
be detected by looking at the linear maps they induce on the fibres.

4 Axiom II (vanishing) Let a : E → E ′ be a morphism in F(X).
Suppose that ax : Ex → E ′

x is zero ∀x ∈ X. Then a = 0.
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As a first, immediate consequence, an arbitrary section ζ ∈ ΓE(U) will
vanish if and only if all its values ζ(u) will be zero as u ranges over U : thus,
one sees that smooth sections are characterized by their values; intuitively,
one can think of the elements of ΓE(U) as sections—in the usual sense—of
the ‘bundle’ of fibres {Eu}.

Furthermore, by combining Axioms ii and i, it follows that the functor
ΓX : F(X) → {sheaves of C∞

X -modules} is faithful. This is an easy conse-
quence of the surjectivity of the evaluation of germs at a point; the argument
we propose now will also be preparatory to the next axiom.

For each morphism a : E → F in F(X), consider the ‘bundle’ of linear
maps {ax : Ex → Fx} and the morphism α = Γa : ΓE → ΓF of sheaves
of C∞

X -modules. We start by asking what relation there is between these
data. The link between the two is obviously provided by the above canonical
evaluation maps of the stalks onto the fibres (ΓE)x � Ex: it is clear that the
stalk homomorphism αx and the linear map ax have to be compatible, in the
sense that the following square should commute

(ΓE)x

eval.
����

αx // (ΓF )x

eval.
����

Ex
ax // Fx.

(5)

In general, we shall say that a morphism of sheaves of modules α : ΓE → ΓF
and a ‘bundle’ of linear maps {ax : Ex → Fx} are compatible, whenever the
diagram (5) commutes for all x ∈ X. Notice that, in view of the preceding
axioms, compatibility implies that the morphism of sheaves and the bundle of
linear maps determine each other unambiguously. (Indeed, in one direction,
the morphism α clearly determines the maps ax through the commutativity
of (5). Conversely, the commutativity of (5) for all x entails that for any
smooth section ζ ∈ ΓE(U) one has the formula [α(U)ζ](x) = ax

(
ζ(x)

)
, and

therefore, if α and β are both compatible with {ax}, it follows by Axiom ii
that α(U)ζ = β(U)ζ for all ζ and hence that α = β.) In particular, from
Γa = Γb it will follow that ax = bx for all x and therefore that a = b.

Let us call a morphism of sheaves of modules α : ΓE → ΓF representable,
if it admits a compatible bundle of linear maps {ax : Ex → Fx}. Our next
axiom, which complements the preceding one by providing a general criterion
for the existence of morphisms in F(X), states that the collection of such
morphisms is “as big as possible”:

6 Axiom III (morphisms) For every representable α : ΓE → ΓF , there
exists a morphism a : E → F in F(X) such that Γa = α.

This axiom will not be used anyhere in the present section. It will play
a role only in §17, where it is needed in order to construct morphisms of
representations by means of fibrewise integration.
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We cannot yet deduce, from the axioms we have introduced so far, certain
very intuitive properties that are surely reasonable for a “smooth section”; for
instance, if a section—or, more generally, a morphism—vanishes over a dense
open subset of its domain of definition, it would be natural to expect it to be
zero everywhere. Analogously, if the value of a section is non zero at a point
then it should be non zero at all nearby points. The next axiom yields such
properties, among many other consequences.

We shall say that a Hermitian—or, in the real case, symmetric—form
φ : E ⊗ E∗ → 1 in F(X) is a Hilbert metric on E, when for every point x the
induced form φx on the fibre Ex

(7) Ex ⊗ Ex∗
can.−−→ (E ⊗ E∗)x

φx−−→ 1x ∼= C

is a Hilbert metric (in the familiar sense, viz. positive definite).

8 Axiom IV (metrics) Any object E ∈ Ob F(X) supports local metrics;
that is to say, the open subsets U such that one can find a Hilbert metric
on E|U cover X.

In general, one can only assume local metrics to exist, think e.g. of smooth
vector bundles; however, as for vector bundles, global metrics can be con-
structed from local ones as soon as smooth partitions of unity are available
on the manifold X (e.g. when X is paracompact).

Let E ∈ Ob F(X) and let φ be a Hilbert metric on E. By a φ-orthonormal
frame for E about a point x of X we mean a list of sections ζ1, . . . , ζd ∈
ΓE(U), defined over a neighbourhood of x, such that for all u in U the
vectors ζ1(u), . . . , ζd(u) are orthonormal in Eu (with respect to φu) and

(9) Span
{
ζ1(x), . . . , ζd(x)

}
= Ex.

Orthonormal frames for E exist about each point x for which the fibre Ex is
finite dimensional. Indeed, over some neighbourhood N of x we can first of
all find local smooth sections ζ1, . . . , ζd with the property that the vectors
ζ1(x), . . . , ζd(x) form a basis of the space Ex (Axiom i). Since for all n ∈ N
the vectors ζ1(n), . . . , ζd(n) are linearly dependent if and only if there is
a d-tuple of complex numbers (z1, . . . , zd) with |z1|2 + · · ·+ |zd|2 = 1 and
d∑
i=1

ziζi(n) = 0, the continuous function

N × S2d−1 → R, (n; s1, t1, . . . , sd, td) 7→
∣∣∣∣ d∑̀

=1

(s` + it`)ζ`(n)

∣∣∣∣
must have a minimum c > 0 at n = x, hence a lower bound c

2
on a suitable

neighbourhood U of x so that the ζi(u) must be linearly independent for all
u ∈ U . At this point it is enough to apply the Gram–Schmidt process in
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order to obtain an orthonormal frame about x. This elementary observation
(existence of orthonormal frames) will prove to be very useful. Let us start
to illustrate its importance with some basic applications.

Consider an embedding e : E ′ ↪→ E in the category F(X), that is to say,
a morphism such that the linear map ex : E ′

x ↪→ Ex is injective for all x.2
Suppose there exists a global metric φ on the object E; also assume that
E ′ ∈ ObV F(X) is locally trivial of (locally) finite rank. Then e admits a
co-section, i.e. there exists a morphism p : E → E ′ with p ◦ e = id (so e is
a section in the categorical sense). To prove this, note first of all that the
metric φ will induce a metric φ′ on E ′ ↪→ E. Fix any point x ∈ X. Since E ′

x

is finite dimensional, there exists a φ′-orthonormal frame for E ′ about x, let
us say ζ ′1, . . . , ζ ′d ∈ ΓE ′(U). Put ζi = Γe(U)ζ ′i ∈ ΓE(U), let φU be the metric
induced on E|U , and consider

(10) ζ i : E|U ∼= E|U ⊗ 1U ∼= E|U ⊗ 1|U ∗
E|U⊗ζ

∗
i−−−−→ E|U ⊗ E|U ∗

φU−→ 1U .

Define pU : E|U → E ′|U as the composite of E|U
ζ1⊕ ···⊕ ζd

−−−−−−→ 1⊕ · · · ⊕ 1 and

1⊕ · · · ⊕ 1
ζ′1⊕ ···⊕ ζ′d−−−−−−→ E ′|U . Note that (pU)u : Eu → E ′

u is the orthogonal
projection, with respect to φu, onto E ′

u ↪→ Eu: it follows by Axiom ii that
pU does not actually depend on U or the other choices involved, so that we
get a well-defined morphism p : E → E ′, by the prestack property; moreover,
we have p ◦ e = id for similar reasons.

Another application: let E ∈ Ob F(X), and suppose that the dimension
of the fibres is (finite and) locally constant over X; then E ∈ ObV F(X)
i.e. E is locally trivial, of locally finite rank. Indeed, fix an arbitrary point
x. By Axiom iv, there exists an open neighbourhood U of x such that E|U
supports a metric φU . Since Ex is finite dimensional, it is no loss of generality
to assume that a φU -orthonormal system ζ1, . . . , ζd ∈ ΓE(U) can be found;
one can also assume dimEu = d constant over U . Take e def

= ζ1 ⊕ · · · ⊕ ζd :
E ′ def

= 1⊕ · · · ⊕ 1 ↪→ E|U and p : E|U → E ′ as above. It is immediate to see
that e and p are fibrewise inverse to one another.

11 Lemma Let X be a paracompact manifold and let S
iS
↪→ X be a

closed submanifold. Let F be a stack of smooth fields.
Let E,F ∈ Ob F(X), and suppose that E ′ = E|S belongs to V F(S),

i.e. is locally free, of locally finite rank.
Then every morphism a′ : E ′ → F ′ in F(S) can be extended to a

morphism a : E → F in F(X), i.e. a′ = a|S for such an a.

2It follows immediately from Axiom ii that an embedding is a monomorphism. The
converse need not be true because the functor E 7→ Ex doesn’t have any exactness prop-
erties. For example, let a be a smooth function on R such that a(t) = 0 if and only if
t = 0. Then a, regarded as an element of End(1), is both mono and epi in F(R) while
a0 = 0 : C→ C is neither injective nor surjective.
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Proof Fix a point s ∈ S. Then there exists an open neighbourhood A of s
in S such that over A we can find a trivialization (d summands)

(12) E ′|A ≈ 1A ⊕ · · · ⊕ 1A.

Let ζ ′1, . . . , ζ ′d ∈ ΓE ′(A) be the sections corresponding to this trivialization
(so for instance ζ ′1 is the composite 1S|A ∼= 1A

1st
↪→ 1A ⊕ · · · ⊕ 1A ≈ E ′|A).

Also, let U be any open subset of X such that U ∩ S = A.
Now, by Axiom i (pull-back case), taking smaller U and A about s if

necessary, it is no loss of generality to assume that there exist local sections
ζ1, . . . , ζd ∈ ΓE(U) with ζ ′k = ζk ◦ iS, k = 1, . . . , d. To see this, observe that
locally about s each ζ ′k is a finite linear combination

∑
j

αj,k(ζj,k ◦ iS) with

ζj,k ∈ ΓE(U) and αj,k ∈ C∞(A), by the cited axiom; hence if U is chosen
conveniently, let us say say so that there exists a diffeomorphism of U onto
a product A× Rn, the coefficients αj,k will extend to some smooth functions
α̃j,k ∈ C∞(U) and ζk =

∑
j

α̃j,kζj,k will meet our requirements.

We have already observed (11.24) that there is a canonical isomorphism
of vector spaces (i∗SE)s

∼= Ei(s) which makes (ζk ◦ iS)(s) correspond to ζk(x),
where we put x = iS(s). Hence the values ζk(x), k = 1, . . . , d are linearly
independent in the fibre Ex, because the same is true of the values ζ ′k(s),
k = 1, . . . , d in E ′

s (the trivializing isomorphism (12) above yields a linear
isomorphism (E ′)s ≈ C

d which, as one can easily check, makes ζ ′k(s) cor-
respond to the k-th standard basis vector of Cd). This implies that if U is
small enough then the morphism ζ = ζ1 ⊕ · · · ⊕ ζd : 1U ⊕ · · · ⊕ 1U → E|U is
an embedding and admits a cosection p : E|U → 1U ⊕ · · · ⊕ 1U , by Axiom iv
(existence of local metrics).

Next, set η′k = Γa′(A)ζ ′k ∈ ΓF ′(A). As remarked earlier in the proof, it
is no loss of generality to assume that there exist partial sections η1, . . . , ηd
in ΓF (U) with η′k = ηk ◦ iS. Again, these sections can be combined into a
morphism η : 1U ⊕ · · · ⊕ 1U → F |U (d-fold direct sum).

Finally, we can take the composite

E|U
p−→ 1U ⊕ · · · ⊕ 1U︸ ︷︷ ︸

d summands

η−→ F |U .

It is immediate to check that the restriction of this morphism to the sub-
manifold A ↪→ U coincides with a′|A, up to the canonical identifications
(E|U)|A ∼= E ′|A and (F |U)|A ∼= F ′|A. Let us summarize briefly what we
have done so far: starting from an arbitray point s ∈ S, we have found an
open neighbourhood U = U s of x = iS(s) in X, along with a morphism
as : E|U → F |U whose restriction to A = U ∩ S agrees with a′|A. This means
that we have solved our problem locally.

To conclude the proof, consider the open cover of X formed by the open
subsets {U s : s ∈ S} and the complement U = {XS. (Here we use, of
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course, the closedness of S.) Since X is a paracompact manifold, we can find
a smooth partition of unity {θi : i ∈ I} ∪ {θ} subordinated to this open
cover. Then—by the prestack property—the sum a

def
=

∑
i∈I
θia

si corresponds

to a well-defined morphism E → F in F(X), clearly extending a′. q.e.d.

The last two axioms impose various finiteness requirements, both on the
fibres and on the sheaf of smooth sections of an object.

To begin with, there is a stock of conditions we shall impose on F in
order that the category F(?) may be equivalent, as a tensor category, to the
category of vector spaces of finite dimension. We gather these conditions into
what we call the “dimension axiom”:

13 Axiom V (dimension) It is required of the canonical pseudo-tensor
functor (11.9) : F(?)→ {vector spaces} that

a) it is fully faithful;

b) it factors through the subcategory whose objects are the finite dimen-
sional vector spaces, in other words E∗ (11.10) is finite dimensional
for all E ∈ F(?);

c) it is a genuine tensor functor, i.e. (11.7) and (11.8) become iso-
morphisms of sheaves for X = ?.

In particular, for each object V ∈ F(?) there exists a trivialization of V ,
i.e. an isomorphism V ≈ 1⊕ · · · ⊕ 1 (finite direct sum). The number of copies
of 1 in any such decomposition determines the dimension of an object.

Moreover, it follows from this axiom, and precisely from c), that the
functor ‘fibre at x’, E 7→ Ex is a complex tensor functor. (In general, it is
only a complex pseudo-tensor functor, see §11.)

An object E of F(X) is locally finite, if ΓE is a locally finitely generated
C∞
X -module. In other words, E is locally finite if the manifold X admits

a cover by open subsets U such that there exist local sections ζ1, . . . , ζd ∈
ΓE(U) with the property

(14) ΓE|U = C∞
U {ζ1, . . . , ζd}.

(The expression on the right-hand side has a clear meaning as a presheaf of
sections over U ; since it is always possible to assume U paracompact, this
presheaf is in fact a sheaf, as one can easily see by means of partitions of
unity.) The condition on U amounts to the existence of an epimorphism of
sheaves of modules

(15) C∞
U ⊕ · · · ⊕ C∞

U︸ ︷︷ ︸
d summands

� ΓE|U .
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16 Axiom VI (local finiteness) Let X be a smooth manifold. Every
object E ∈ Ob F(X) is locally finite.

The present axiom, like Axiom iii above, will play a role in the proof of
the ‘Averaging Lemma’ only, in §17.

§16 Smooth Euclidean Fields

Our next goal in this section is to elaborate a concrete model for the axioms
we just proposed. Of course, in order to be useful, such a model ought to
contain much more than just vector bundles: in fact, we intend to exploit
it later on, in §20, to prove a general reconstruction theorem for proper Lie
groupoids. We first introduce a somewhat weaker notion which, however, is
of some interest on its own.

1 Definition By a smooth Hilbert field we mean an object H consisting
of (a) a family {Hx} of Hilbert spaces, indexed over the set of points of a
manifold X, and (b) a sheaf ΓH of C∞

X -modules of local sections of {Hx},
subject to the following conditions:

i)
{
ζ(x) : ζ ∈ (ΓH )x

}
, where (ΓH )x indicates the stalk at x, is a dense

linear subspace of Hx;

ii) for each open subset U , and for all sections ζ, ζ ′ ∈ ΓH (U), the function
〈ζ, ζ ′〉 on U defined by u 7→

〈
ζ(u), ζ ′(u)

〉
turns out to be smooth.

We refer to the manifold X as the base of H ; we can also say that H is a
smooth Hilbert field over X.

Some explanations are perhaps in order. By a « local section of {Hx} » we
mean here an element of the product

∏
x∈U

Hx of all the spaces over some open

subset U of X. The definition establishes in particular that for each open
subset U the set of sections ΓH (U) is a submodule of the C∞(U)-module
of all the sections of {Hx} over U . ΓH will be called the sheaf of smooth
sections of H and the elements of ΓH (U) will be accordingly referred to as
the smooth sections of H over U . This terminology, overlapping with that
of §11, has been introduced intentionally and will be justified soon.

Next, we need a suitable notion of morphism. There are various possibil-
ities here. We choose the notion which seems to fit our purposes better: a
bundle of bounded linear maps inducing a morphism of sheaves of modules.
Precisely, let E and F be smooth Hilbert fields over X. A morphism of E
into F is a family of bounded linear maps {ax : Ex → Fx}, indexed over
the set of points of X, such that for each open subset U ⊂ X and for all
ζ ∈ ΓE (U) the section over U given by u 7→ au · ζ(u) belongs to ΓF (U).

Smooth Hilbert fields over X and their morphisms form a category which
will be denoted by H∞(X). We want to turn the operation X 7→ H∞(X) into
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a fibred (complex) tensor category H∞, in the sense of §11. This fibred tensor
category will prove to be a smooth tensor parastack (but not a stack: this
is the reason why we work with the weaker notion of parastack) satisfying
some of the axioms, although—of course—not all of them: for this reason,
H∞ constitutes a source of interesting examples.

Let us start with the definition of the tensor structure on the category
H∞(X) of smooth Hilbert fields.

We shall concern ourselves with the tensor product of Hilbert fields in a
moment; before doing that however we review the tensor product of Hilbert
spaces. Let V be a complex vector space. We denote by V ∗ the space ob-
tained by retaining the additive structure of V while changing the scalar
multiplication into zv∗ = (zv)∗; the star here indicates that a vector of V is
to be regarded as one of V ∗. If φ : E ⊗ E∗ → C and ψ : F ⊗ F ∗ → C are
sesquilinear forms then we can combine them into a sesquilinear form on the
tensor product E ⊗ F

(2) (E ⊗ F )⊗ (E ⊗ F )∗ ∼= (E ⊗ E∗)⊗ (F ⊗ F ∗)
φ⊗ψ−−−→ C⊗ C ∼= C.

If we compute this form on the generators of E ⊗ F we get

(3) 〈e⊗ f, e′ ⊗ f ′〉 = 〈e, e′〉 〈f, f ′〉.

Suppose now that both φ and ψ are Hilbert space inner products. Then
this formula shows that the form (2) is Hermitian. Moreover, if we express

an arbitrary element w of E ⊗ F as a linear combination
k∑
i=1

∑̀
j=1

ai,jei ⊗ fj

with e1, . . . , ek, resp. f1, . . . , f` orthonormal in E, resp. F , we see from (3)
that ai,j = 〈w, ei ⊗ fj〉 = 0 for all i, j implies w = 0. Hence the form is
non degenerate. The same expression can be used to show that the form is
positive definite:

〈w,w〉 =
∑
i,i′

∑
j,j′

ai,j ai′,j′ δ
j,j′

i,i′ =
∑
i,j

|ai,j|2 = 0.

The space E ⊗ F can be completed with respect to the pre-Hilbert inner
product (2) to a Hilbert space called the « Hilbert tensor product » of E
and F . We agree that from now on, when E and F are Hilbert spaces, the
symbol E ⊗ F will denote the Hilbert tensor product of E and F . It is equally
easy to see that if a : E → E ′ and b : F → F ′ are bounded linear maps of
Hilbert spaces then their tensor product extends by continuity to a bounded
linear map of E ⊗ F into E ′ ⊗ F ′ that we still denote by a⊗ b. Moreover,
the canonical isomorphisms of vector spaces u⊗ (v ⊗ w) 7→ (u⊗ v)⊗ w etc.
extend by continuity to unitary isomorphisms E ⊗ (F ⊗G)

∼→ (E ⊗ F )⊗G
etc. of Hilbert spaces.

Suppose now that E and F are Hilbert fields over X. Consider the bundle
of tensor products {Ex ⊗ Fx}. For arbitrary local sections ζ ∈ ΓE (U) and
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η ∈ ΓF (U), we let ζ ⊗ η denote the section of {Ex ⊗ Fx} given by u 7→
ζ(u)⊗ η(u). The law

(4) U 7→ C∞(U)
{
ζ ⊗ η : ζ ∈ ΓE (U), η ∈ ΓF (U)

}
defines a sub-presheaf of the sheaf of local sections of {Ex ⊗ Fx}. (We use
expressions of the form C∞(U){· · · } to indicate the C∞(U)-module spanned
by a collection of sections over U .) Let E ⊗F denote the Hilbert field over X
consisting of the bundle {Ex ⊗ Fx} and the sheaf (of sections of this bundle)
generated by the presheaf (4), in other words, the smallest subsheaf of the
sheaf of local sections of {Ex ⊗ Fx} containing (4). We call E ⊗F the tensor
product of E and F . Observe that for all morphisms E

α−→ E ′ and F
β−→ F ′

of Hilbert fields over X, the bundle of bounded linear maps {ax ⊗ bx} yields
a morphism α⊗ β of E ⊗F into E ′ ⊗F ′.

Another operation which applies to Hilbert spaces is conjugation. This
operation sends a Hilbert space E to the conjugate vector space E∗ endowed
with the Hermitian product 〈v∗, w∗〉 = 〈w, v〉. We now carry conjugation of
Hilbert spaces over to a functorial construction on Hilbert fields. Let E be
a Hilbert field over X. We get the conjugate field E ∗ by taking the bundle
{Ex∗} of conjugate spaces, along with the local smooth sections of E regarded
as local sections of {Ex∗}. If α = {ax} : E → F is a morphism of Hilbert
fields over X then, since a linear map ax : Ex → Fx also maps Ex∗ linearly
into Fx

∗, we get a morphism α∗ = {ax∗} : E ∗ → F ∗. Observe that the
correspondence α 7→ α∗ is anti-linear. Note also that E ∗∗ = E .

The rest of the construction (tensor unit, the various constraints . . . ) is
completely obvious. One obtains a complex tensor category, that is easily
recognized to be additive as a C-linear category. It remains to construct the
complex tensor functor f ∗ : H∞(Y )→ H∞(X) associated with a smooth map
f : X → Y , and to define the constraints (11.3).

Let H be a Hilbert field over Y . The pull-back of H along f , denoted
by f ∗H , is the Hilbert field over X whose description is as follows: the
underlying bundle of Hilbert spaces, indexed by the points of X, is

{
Hf(x)

}
;

the sheaf of smooth sections is generated—as a subsheaf of the sheaf of all
local sections of the bundle

{
Hf(x)

}
—by the presheaf

(5) U 7→ C∞
X (U)

{
η ◦ f : η ∈ ΓH (V ), V ⊃ f(U)

}
.

Since this is a presheaf of C∞
X -modules (of sections), it follows that Γ(f ∗H )

is a sheaf of C∞
X -modules (of sections). Moreover, it is clear that for any

morphism β : H → H ′ of Hilbert fields over Y , the family of bounded
linear maps {bf(x)} defines a morphism f ∗β : f ∗H → f ∗H ′ of Hilbert fields
over X.

Observe that f ∗H ⊗ f ∗H ′ and f ∗(H ⊗H ′) are exactly the same
smooth Hilbert field over X, essentially because (η ⊗ η′) ◦ f = (η ◦ f) ⊗
(η′ ◦ f); also C∞

X = f ∗C∞
Y . These identities can function as tensor functor
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constraints. Similarly f ∗(H ∗) = (f ∗H )∗ can be taken as a constraint, so we
get a complex tensor functor f ∗ : H∞(Y )→ H∞(X).

Since the identities f ∗(g∗H ) = (g ◦ f)∗H and idX
∗H = H hold, the

operation X 7→ H∞(X) is a “strict” fibred complex tensor category.
Note that the ‘sheaf of sections’—defined abstractly only in terms of the

prestack structure of H∞, as explained in §11—turns out to be precisely the
‘sheaf of smooth sections’ which we introduced in the above definition as one
of the two constituent data of a smooth Hilbert field. However, note that the
fibre Hx (in the sense of §11) will be in general only a dense subspace of the
Hilbert space Hx (this is the reason why we use two distinct notations); of
course, Hx = Hx whenever Hx is finite dimensional.

Let E∞(X) be the full subcategory of H∞(X) consisting of all objects E
whose sheaf of sections is locally finitely generated over X, in the sense of
Axiom vi. E∞(X) is a complex tensor subcategory i.e. it is closed under ⊗,
∗ and it contains the tensor unit: indeed, ΓE ⊗C∞ ΓE ′, which is a locally
finitely generated sheaf of modules over X because such are ΓE and ΓE ′,
surjects (as a sheaf) onto Γ(E ⊗ E ′), by Axiom i, so the latter will be locally
finite too, as contended. Moreover, the pull-back functor f ∗ : H∞(Y ) →
H∞(X) carries E∞(Y ) into E∞(X). We obtain a smooth substack E∞ ⊂ H∞

of additive complex tensor categories; it is clear that E∞ satisfies Axioms
i–vi.

The objects of the subcategory E∞(X) ⊂ H∞(X) will be referred to as
smooth Euclidean fields over X.

§17 Construction of Equivariant Maps

Let F denote an arbitrary stack of smooth fields, to be regarded as fixed
throughout the present section.

The next lemma is to be used in combination with Lemma 15.11.

1 Lemma Let G be a (locally) transitive Lie groupoid, and let X be
its base manifold. Consider any representation (E, ρ) ∈ RF(G). Then
E ∈ V F(X) i.e. E is a locally trivial object of F(X).

Proof Local transitivity means that the mapping (s , t) : G → X ×X is a
submersion. Fix a point x ∈ X. Since (x, x) lies in the image of the map
(s , t), the latter admits a local smooth section U × U → G over some open
neighbourhood of (x, x). Let us consider the ‘restriction’ g : U → G of this
section to U ≡ U × {x}: g will be a smooth map for which the identities
s(g(u)) = u and t(g(u)) = x hold for all u ∈ U .

Let ? x−→ X denote the map ? 7→ x. We have already noticed that, by
the ‘dimension’ Axiom (15.13), there is an isomorphism x∗E ≈ 1⊕ · · · ⊕ 1
(a trivialization) in F(?). Now, it will be enough to pull ρ back to U along
the smooth map g and observe that there is a factorization of the map t ◦ g
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as the collapse c : U → ? followed by x : ? → X in order to conclude that
there is also a trivialization E|U ≈ 1U ⊕ · · · ⊕ 1U in F(U). Indeed, since ρ is
an isomorphism, one can form the following long invertible chain

E|U = i∗UE = (s ◦ g)∗E ∼= g∗s∗E
g∗ρ−−→ g∗t∗E ∼= (t ◦ g)∗E =

= (x ◦ c)∗E ∼= c∗(x∗E) ≈ c∗(1⊕ · · · ⊕ 1) = 1U ⊕ · · · ⊕ 1U

(recall that the pull-back c∗ preserves direct sums). q.e.d.

Let i : S ↪→ X be an invariant immersed submanifold, viz. one whose
image i(S) is an invariant subset under the ‘tautological’ action of G on its
own base. The pull-back of G along i makes sense and proves to be a Lie
subgroupoid3 ι : G|S ↪→ G of G. (Observe that G|S = GS = s−1

G (S).) In the
special case of an orbit immersion, G|S will be a transitive Lie groupoid over
S. Then the lemma says that for any (E, ρ) ∈ ObR(G) the pull-back i∗SE is
a locally trivial object of F(S), because the transitive Lie groupoid R(G|S)
acts on i∗SE via ι∗Sρ. In particular, when the orbit S ↪→ X is a submanifold,
we can also write E|S = i∗SE ∈ V F(S).

2 Note The notion of Lie groupoid representation we have been working
with so far is completely intrinsic. We were able to prove all results by means
of purely formal arguments, involving only manipulations of commutative
diagrams. For the purposes of the present section, however, we have to change
our point of view.

Let G be a Lie groupoid. Consider a representation (E, ρ) ∈ ObR(G),
s∗E

ρ−→ t∗E. Each arrow g determines a linear map ρ(g) : Es(g) → Et(g)

defined via the commutativity of the diagram

[g∗s∗E]∗

[g∗ρ]∗
��

[∼=]∗ // [s(g)∗E]∗
def. Es(g)

ρ(g)
���
�
�

[g∗t∗E]∗
[∼=]∗ // [t(g)∗E]∗

def. Et(g)

(3)

where the notation (11.10) is used. It is routine to check that the cocycle
conditions (13.2) and (13.3) in the definition of representation imply that
the correspondence g 7→ ρ(g) is multiplicative i.e. that ρ(g′g) = ρ(g′) ◦ ρ(g)
and ρ(x) = id for each point of the base manifold X.

Next, consider any arrow g0. Also, let ζ ∈ ΓE(U) be a section defined
over a neighbourhood of s(g0) in X. Recall that according to (11.21) ζ will
determine the section ζ ◦ s ∈ ΓG(s

∗E)(GU), defined over the open subset
GU = s−1(U) of the manifold of arrows G(1); the morphism of sheaves of
modules Γρ can be evaluated at ζ ◦ s : [Γρ (GU)](ζ ◦ s) ∈ Γ(t∗E)(GU). Axiom

3In general, a « Lie subgroupoid » is a Lie groupoid homomorphism (ϕ, f) such that
both ϕ and f are injective immersions.
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(15.1) implies that there exists an open neighbourhood Γ ⊂ GU of g0 over
which [Γρ (GU)](ζ ◦ s) can be expressed as a finite linear combination, with
coefficients in C∞(Γ), of sections of the form ζ ′i ◦ t with ζ ′i, i = 1, · · · , d
defined over t(Γ). Explicitly,

(4)
[
Γρ (Γ)

]
(ζ ◦ s|Γ) =

d∑
i=1

ri (ζ
′
i ◦ t)|Γ

with r1, . . . , rd ∈ C∞(Γ) and ζ ′1, . . . , ζ
′
d ∈ (ΓE)(t(Γ)). This equality can be

evaluated at g ∈ Γ in the abstract sense of (11.14), also taking (3) into
account, to get a more intuitive expression

(5) ρ(g) · ζ(s g) =
d∑
i=1

ri(g) ζ
′
i(t g).

To summarize: any G-action (E, ρ) determines an operation g 7→ ρ(g)

which assigns a linear isomorphism Ex
ρ(g)−−→ Ex′ to each arrow x

g−→ x′ in such
a way that the composition of arrows is respected; moreover, the operation
enjoys a ‘smoothness property’ whose technical formulation is synthesized in
Equation (5). Conversely, it is yet another exercise to recognize that such
data determine an action of G on E, by Axiom (15.6). Therefore we see that
for the representations whose type is a stack of smooth fields the intrinsic
definition of §13 is equivalent to a more concrete definition involving an
operation g 7→ ρ(g) and a ‘smoothness condition’ expressed pointwise.

Let G be a Lie groupoid over a manifold X. Consider any representation
(E, ρ) ∈ ObR(G). Fix an arbitrary point x0 ∈ X. Using the remarks of the
preceding note, the fact that the fibre E0

def
= Ex0 is a finite dimensional vector

space, by Axiom (15.13), and the fact that the evaluation map (15.2)

(ΓE)0 → E0, ζ 7→ ζ(x0)

is surjective, one sees at once that the operation

(6) ρ0 : G0 → GL(E0), g 7→ ρ(g)

is a smooth representation of the Lie group G = G0 (= the isotropy group at
x0) on the finite dimensional vector space E0.

Now, suppose we are given a G-equivariant linear map A : E0 → F0,
for some other G-action (F, σ). Let S ↪→ X be the orbit through x0; just to
fix ideas, assume it is a submanifold. The theory of Morita equivalences of
§14 says that there exists a unique morphism A′ : (E|S, ρ|S) → (F |S, σ|S)
in R(G|S) such that (A′)0 = A, up to the standard canonical identifications.
Actually, for any point z ∈ S and any arrow g ∈ G(x0, z) one has

(7) (A′)z = σ(g) · A · ρ(g)−1 : Ez → Fz.
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Set E ′ = E|S. As remarked earlier, since the groupoid G|S is transitive it
follows that the object E ′ is locally trivial, by Lemma 1. If the submanifold
S ↪→ X is in addition closed then, since base manifolds of Lie groupoids
are always paracompact, Lemma 15.11 will yield a morphism a : E → F
extending A′ and hence, a fortiori, A.

The averaging operator

We are now ready to describe an « averaging technique » which is of central
importance in our work—as the reader will see. We explain in detail how,
starting from any (right-invariant) Haar system µ = {µx} on a proper Lie
groupoid G over a manifold M , one can construct, for each pair of represen-
tations R = (E, ρ), S = (F, σ) ∈ R(G) (of type F), a linear operator

(8) Avµ : HomF(M)(E,F )→ HomR(G)(R,S)

called the « averaging operator (of type F) » associated with µ, with the
property that Avµ(a) = a whenever a already belongs to the subspace
HomR(G)(R,S) ⊂ HomF(M)(E,F ). This construction will be compatible with
the restriction to an invariant submanifold of the base: namely, if N ⊂M is
any such submanifold then, letting ν denote the Haar system induced by µ
on the subgroupoid G|N = GN ιN

↪→ G (what we are saying makes sense because
N is invariant), the following diagram will commute

HomF(M)(E,F )

i∗N
��

Avµ // HomR(G)(R,S)

ι∗N
��

HomF(N)(E|N , F |N)
Avν // HomR(G|N )(ι

∗
NR, ι

∗
NS).

(9)

Thus, in particular, if a restricts to an invariant morphism over N then
Avµ(a)|N = a|N . Since µ will be fixed throughout the present discussion, we
abbreviate Avµ(a) into ã from now on.

We start from a very simple remark, valid even without assuming G to be
proper. Suppose that ζ ∈ ΓE(U) and η1, . . . , ηn ∈ ΓF (U) are sections over
some open subset of M , and moreover that η1, . . . , ηn are local generators for
ΓF over U ; then for each g0 ∈ GU = s−1(U) there exists an open neighbour-
hood g0 ∈ Γ ⊂ GU , along with smooth functions φ1, . . . , φn ∈ C∞(Γ), such
that the identity

(10) σ(g)−1 · at(g) · ρ(g) · ζ(s g) =
n∑
j=1

φj(g)ηj(s g)

holds in the fibre Fs(g) for all g ∈ Γ. To see this, recall that, according to
Note 2, there are an open neighbourhood Γ of g0 in GU and local smooth
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sections ζ ′1, . . . , ζ ′m of E over U ′ = t(Γ), such that ρ(g)ζ(s g) =
m∑
i=1

ri(g)ζ
′
i(t g)

for some smooth functions r1, . . . , rm ∈ C∞(Γ). For i = 1, . . . ,m, put
η′i = Γa(U ′)(ζ ′i) ∈ ΓF (U ′). Since Γ−1 is a neighbourhood of g−1

0 we can
assume—again by Note 2, using the hypothesis that the ηj’s are genera-
tors—Γ to be so small that for each i = 1, . . . ,m there exist smooth func-

tions s1,i, . . . , sn,i ∈ C∞(Γ−1) with σ(g−1)η′i(t g) =
n∑
j=1

sj,i(g
−1)ηj(s g) ∀g ∈ Γ.

Hence for all g ∈ Γ we get

σ(g)−1 · at(g) · ρ(g) · ζ(s g) = σ(g−1) · at(g) ·
m∑
i=1

ri(g)ζ
′
i(t g) =

=
m∑
i=1

ri(g)σ(g−1)η′i(t g) =
n∑
j=1

[
m∑
i=1

ri(g)sj,i(g
−1)

]
ηj(s g),

which is (10) with φj(g) =
m∑
i=1

ri(g)sj,i(g
−1), j = 1, . . . , n.

Let α = Γa ∈ HomC∞(ΓE,ΓF ). We can use the last remark to obtain
a morphism α̃ : ΓE → ΓF of sheaves of modules over M , in the following
way. Let ζ be a local smooth section of E, defined over an open subset
U ⊂ M so small that there exists a system η1, . . . , ηn of local generators for
F over U (such a system can always be found locally, because F satisfies
Axiom (15.16)). For each g0 ∈ GU = s−1(U), select an open neighbourhood
Γ(g0), along with smooth functions φg01 , . . . , φg0n ∈ C∞(

Γ(g0)
)
, as in (10).

Since the manifold of arrows of G, and—consequently—its open submanifold
GU , is paracompact (we are assuming G proper now; cf. §1), there will be a
smooth partition of unity {θi}, i ∈ I on GU subordinated to the open cover
{Γ(g)}, g ∈ GU . Then we put

(11) α̃(U)ζ =
n∑
j=1

Φjηj, where Φj(u) =

∫
Gu

∑
i∈I
θi(g)φ

i
j(g) dµu(g)

(note that the integrand
∑
i∈I
θiφ

i
j is a smooth function on GU and hence Φj ∈

C∞(U), j = 1, . . . , n). Of course, many arbitrary choices are involved here,
so one has to make sure that this definition is not ambiguous (however, as
soon as (11) is known to be independent of all these choices, it will certainly
define a morphism of sheaves of modules over M). One can do this, in two
steps, by introducing independently a certain bundle of linear maps {λx :
Ex → Fx} over M first and then checking that [α̃(U)ζ](u) = λu

(
ζ(u)

)
for all

u ∈ U . Since the right-hand term in the last equality will not depend on any
choice, Axiom (15.4) will imply at once that α̃(U)ζ is a well-defined section
of F over U . The same equality will furthermore yield the conclusion that
α̃ ∈ HomC∞M

(ΓE,ΓF ) is equal to Γã for a unique ã ∈ HomF(M)(E,F ), by
Axiom (15.6). It should be clear how to proceed now, but let us carry out
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the details anyway, for completeness. If we look at (10) with s(g) = x fixed,
we immediately recognize that the map

(12) Gx → Fx, g 7→ σ(g)−1 · at(g) · ρ(g) · ζ(x),

of the manifold Gx = s−1(x) into the finite dimensional vector space Fx, is
of class C∞ and hence continuous. Since for each v ∈ Ex there is some local
section ζ of E about x such that v = ζ(x), by Axiom (15.1), we can write
down the integral

(13) aµ(x) · v def
=

∫
Gx

σ(g)−1 · at(g) · ρ(g) · v dµx(g)

for each v ∈ Ex. Clearly v 7→ aµ(x) · v defines a linear map of Ex into Fx, so
we get our bundle of linear maps

{
aµ(x) : Ex → Fx

}
. It remains to check,

for an arbitrary u ∈ U , the equality [α̃(U)ζ](u) = aµ(u) · ζ(u) with α̃(U)ζ
given by (11). The computation is straightforward:

[α̃(U)ζ](u) =
n∑
j=1

Φj(u)ηj(u) =
n∑
j=1

∫
Gu

∑
i∈I
θi(g)φ

i
j(g) dµu(g) ηj(u)

=

∫
Gu

∑
i∈I
θi(g)

n∑
j=1

φij(g)ηj(s g) dµu(g)

=

∫
Gu

∑
i∈I
θi(g)

[
σ(g)−1 · at(g) · ρ(g) · ζ(s g)

]
dµu(g)

= aµ(u) · ζ(u).

In conclusion, we define Avµ(a) as the unique morphism ã : E → F ∈
F(M) such that Γã = (̃Γa). The linearity of a 7→ Avµ(a) follows now from
(13), the relation [α̃(U)ζ](u) = aµ(u) · ζ(u) and the faithfulness of a 7→ Γa.
It remains to show that Avµ(a) belongs to HomR(G)(R,S) and that Avµ(a)
equals a when a already belongs to HomR(G)(R,S); although the calculation
is completely standard, we review it because of its importance. In order to
prove that ã ≡ Avµ(a) is a morphism of G-actions, it will be enough (by
Axiom 15.4) to check the identity ãt(g) ◦ %(g) = σ(g) ◦ ãs(g) or equivalently,
letting x = s(g) and x′ = t(g), the identity aµ(x′) ◦ %(g) = σ(g) ◦ aµ(x) for
each arrow g; the corresponding computation reads as follows:

aµ(x′) ◦ %(g) =

∫
G(x′,-)

σ(g′)−1at(g′)%(g
′)%(g) dµx

′
(g′) by (13)

=

∫
G(x,-)

σ(g)σ(h)−1at(h)%(h) dµx(h) by right-invariance

= σ(g) ◦ aµ(x) by (13) again.
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Next, whenever a is an element of HomR(G)(R,S), the computation

aµ(x) =

∫
G(x,-)

σ(g)−1at(g)%(g) dµx(g) by (13)

=

∫
G(x,-)

ax dµx(g) because a ∈ HomR(G)(R,S)

= ax because µ is normalized

proves the identity ã = a.

Applications

For the reader’s convenience and for future reference, it will be useful to
collect the conclusions of the previous subsection into a single statement. As
ever, F will denote an arbitrary stack of smooth fields, for example the stack
of smooth vector bundles or the stack of smooth Euclidean fields.

14 Proposition (Averaging Lemma) Let G be a proper Lie groupoid
over a manifold M , and let µ be a right-invariant Haar system on G.

Then for any given G-actions R = (E, %) and S = (F, σ) of type F,
each morphism a : E → F in the category F(M) determines a (unique)
morphism ã = Avµ(a) : R → S ∈ RF(G) through the requirement that
for each x ∈M the map ãx : Ex → Fx should be given by the formula

ãx(v) =

∫
Gx

σ(g)−1 · at(g) · %(g) · v dµx(g).
(
∀v ∈ Ex

)
(15)

In particular, ã = a for all G-equivariant a.

We will now derive a series of useful corollaries, which enter as key ingredients
in many proofs throughout §20.

16 Corollary (Isotropy Extension Lemma) Let G be a proper Lie
groupoid over a manifold M , and let x0 ∈M be any point.

Let R = (E, %) and S = (F, σ) be G-actions of type F and put E0 ≡
Ex0 and F0 ≡ Fx0 . Moreover, let A : E0 → F0 be a G-equivariant linear
map, where G ≡ G0 denotes the isotropy group of G at x0.

Then there exists a morphism a : R → S in RF(G) such that a0 ≡
ax0 = A.

Proof Apply Lemma 15.11 and then the Averaging Lemma to the morphism
AS : (E|S, %|S) → (F |S, σ|S) ∈ RF(G|S) (7), where S = G · x0. The corollary
will follow from the formula (15) written at x = x0. q.e.d.
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17 Corollary (Existence of Invariant Metrics) Let G be a proper Lie
groupoid over a manifold M . Let R = (E, %) ∈ R(G) be a representation.
Then there exists a metric m : R⊗R∗ → 1 in R(G).

Proof Choose any metric φ : E ⊗ E∗ → 1 in F(M) (such metrics exist
because F satisfies Axiom 15.8 and M is paracompact); also fix any right-
invariant Haar system µ on G. By applying the averaging operator we obtain
a morphism φ̃ = Avµ(φ) : R⊗R∗ → 1 in R(G). We contend that φ̃ is an
invariant metric on R. It suffices to prove that for each x ∈ M the induced
form φ̃x : Ex ⊗ Ex∗ → C is a Hilbert metric (i.e. Hermitian and positive
definite). Formula (15) reads

φ̃x(v, w) =

∫
Gx

〈
%(g)v, %(g)w

〉
φ dµx(g),

(
∀v, w ∈ Ex

)
(18)

whence our claim is evident. q.e.d.

Let R = (E, %) be any G-action. By a G-invariant section of E, defined
over an invariant submanifold N of the base M of G, we mean any section
ζ ∈ Γ(N ;E|N) which is at the same time a morphism 1→ R|N in R(G|N).

19 Corollary (Invariant Sections) Let S be a closed invariant submani-
fold of the base M of a proper Lie groupoid G. Let R = (E, %) ∈ R(G) be
a representation.

Then each G-invariant section ξ of E over S can be extended to a
global G-invariant section; in other words, there exists some G-invariant
Ξ ∈ Γ(M ;E) such that Ξ|S = ξ.

Proof Apply Lemma 15.11 and the Averaging Lemma. q.e.d.

In general, we shall say that a partial function ϕ : S → C, defined on
an arbitrary subset S ⊂ M , is smooth when for each x ∈ M one can find
an open neighbourhood B of x in M and a smooth function B → C that
restricts to ϕ over B ∩ S.

20 Corollary (Invariant Functions) Let S be any invariant subset of
the base manifold M of a proper Lie groupoid G. Suppose ϕ : S → R

is a smooth invariant function (i.e. ϕ(g · s) = ϕ(s) for all g). Then there
exists a smooth invariant function Φ : M → R extending ϕ outside S.

Proof Apply the Averaging Lemma to any smooth function extending ϕ
outside S (such an extension can be obtained by means of a partition of
unity over M , because of the smoothness of ϕ). q.e.d.
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§18 Fibre Functors

Let F be a stack of complex smooth fields, to be regarded as fixed once and
for all. Let M be a paracompact smooth manifold.

1 Definition By a fibre functor (of type F) over M , or with base M , we
mean a faithful complex tensor functor

(2) ω : C −→ F(M),

of some additive complex tensor category C, with values into F(M). We do
not assume C to be rigid.

When a fibre functor ω is assigned over M , one can construct a groupoid
T (ω) having the points of M as objects. Under reasonable assumptions, it
is possible to make T (ω) a topological groupoid over the (topological) space
M ; the choice of a topology is dictated by the idea that the objects of C
should give rise to « continuous representations » of T (ω) and that, vice
versa, continuity of these representations should be enough to characterize
the topological structure. An improvement of the same idea leads one to
study a certain functional structure on T (ω), in the sense of Bredon (1972),
p. 297, and the important related problem of determining sufficient conditions
for this functional structure to be compatible with the groupoid operations.
Another fundamental issue here is to understand whether one gets in fact a
manifold structure4 making T (ω) a Lie groupoid over M ; if this proves to be
the case, we say that the fibre functor ω is smooth.

Some notation is needed first of all. Let x be a point of M . If x also
denotes the (smooth) map ? → M , ? 7→ x, one can consider the complex
tensor functor ‘fibre at x’ which was introduced in §11

(3) F(M)→ {vector spaces}, E 7→ Ex
def
= (x∗E)∗.

Let ωx be the composite complex tensor functor

(4) C ω−→ F(M)
(-)x−−→ {vector spaces}, R 7→ ωx(R)

def
=

(
ω(R)

)
x.

Define the complex, resp. real, Tannakian groupoid of ω in the following way:
for x, x′ ∈M , put

(5)

{
T (ω;C)(x, x′)

def
= Iso⊗(ωx,ωx′)

T (ω;R)(x, x′)
def
= Iso⊗,∗(ωx,ωx′).

(Recall that the right-hand side of the second equal sign denotes the set of
all the self-conjugate tensor preserving natural isomorphisms ωx

∼→ ωx′ , that
4A manifold can be defined as a topological space endowed with a functional structure

locally looking like the structure of smooth real valued functions on some Rd.
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is to say, the subset of Iso⊗(ωx,ωx′) consisting of those λ which make the
following square commutative for each object R ∈ Ob(C):

ωx(R)∗

can. ∼=
��

λ(R)∗ // ωx′(R)∗

can. ∼=
��

ωx(R
∗)

λ(R∗) // ωx′(R
∗).)

(6)

Setting (λ′λ)(R) = λ′(R) ◦ λ(R) and x(R) = id , one obtains two groupoids
over the set of points of M , with inverse given by λ−1(R) = λ(R)−1. We
may also express (5) in short by writing T (ω;C) = Aut⊗(ω) and T (ω;R) =
Aut⊗,∗(ω).

Let us investigate the relationship between the complex tannakian group-
oid T (ω;C) and its subgroupoid T (ω;R) first. As a convenient notational
device, we omit writing ω when we simply refer to the set of arrows of the
tannakian groupoid; thus for instance T (C) is the set of arrows of the group-
oid T (ω;C). We define a map T (C)→ T (C), λ 7→ λ, which we call complex
conjugation, by setting λ(R) = λ(R∗)∗; more precisely, λ(R) is defined by
imposing the commutativity of

ωx(R
∗)∗

λ(R∗)∗

��

∼= // ωx(R
∗∗)

ωx(∼=) // ωx(R)

λ(R)
���
�
�

ωx′(R
∗)∗

∼= // ωx′(R
∗∗)

ωx′ (
∼=) // ωx′(R).

(7)

It is straightforward to check that λ ∈ Hom⊗(ωx,ωx′) implies λ ∈
Hom⊗(ωx,ωx′) and that λ 7→ λ is a groupoid homomorphism of T (ω;C)
into itself, identical on objects; this endomorphism is moreover involutive
viz. λ = λ. Then we can characterize the arrows belonging to the subgroup-
oid T (ω;R) as the fixed points of the involution λ 7→ λ:

(8) T (R) = {λ ∈ T (C) : λ = λ}.

Next, we endow the set T = T (C) or T (R) with a topology. In order to
do this, we need to introduce the notion of « metric » in F(M). Let E be
an object of F(M). A metric on E, or supported by E, is a Hermitian form
φ : E ⊗ E∗ → 1 in F(M) such that for all x ∈ M the induced Hermitian
form φx on the fibre Ex

(9) Ex ⊗ Ex∗ ∼= (E ⊗ E∗)x
φx−→ 1x ∼= C

is positive definite (and hence turns Ex into a complex Hilbert space of finite
dimension).

We start by defining a collection R of complex valued functions on T ,
which we may call the « representative functions ». (Whenever we need to
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distinguish between T (C) and T (R), we can write R(C) or R(R) as the case
may be.)

Choose an object R ∈ Ob(C), and let φ be a metric on the object ω(R)
of F(M). Also fix a pair of global smooth sections ζ, ζ ′ ∈ Γ(ωR)(M). You
get a complex function

(10) rR,φ,ζ,ζ′ : T → C, λ 7→
〈
λ(R) · ζ(s λ), ζ ′(t λ)

〉
φ

≡ φt(λ)

(
λ(R) · ζ(s λ), ζ ′(t λ)

)
.

Then put

(11) R =
{
rR,φ,ζ,ζ′ : R ∈ Ob(C), φ metric on ω(R) in F(M),

ζ, ζ ′ ∈ Γ(ωR)(M)
}
.

We endow T with the coarsest topology making all the functions in R contin-
uous. From now on in our discussion T (C) and T (R) will always be regarded
as topological spaces, with this topology. Observe that T (R) turns out to
be a subspace of T (C); more explicitly, the topology on T (R) induced by
R(R) coincides with the topology induced from T (C) along the inclusion
T (R) ⊂ T (C).

We now want to establish a few fundamental algebraic properties of the
collection R of complex valued functions on T . We are going to show that
R is a complex algebra of functions, and moreover that R(R) is closed under
taking the complex conjugate. Both assertions are immediate consequences
of the following identities:

i) For all smooth functions a ∈ C∞(M),

(12) (a ◦ s)rR,φ,ζ,ζ′ = rR,φ,aζ,ζ′ and (a ◦ t)rR,φ,ζ,ζ′ = rR,φ,ζ,aζ′ ;

in particular, if c ∈ C is constant, rR,φ,cζ,ζ′ = c rR,φ,ζ,ζ′ = rR,φ,ζ,cζ′ .

ii) If we let τ denote the metric on ω(1) corresponding to the trivial metric
1⊗ 1∗ ∼= 1⊗ 1 ∼= 1 on the object 1 of F(M), and 1 ∈ Γ(ω1)(M)
correspond to the “unity section” of 1 ∈ F(M) under the iso υ : 1

∼→
ω(1), then

(13) ‘unity constant function’ = r1,τ,1,1.

iii) For any choice of a direct sum R ↪→ R⊕ S ←↩ S in C,

(14) rR,φ,ζ,ζ′ + rS,ψ,η,η′ = rR⊕S,φ⊕ψ,ζ⊕η,ζ′⊕η′ ,

where ζ ⊕ η ∈ Γ(ω(R⊕ S))(M) etc. are obtained by setting ω(R) ⊕
ω(S) = ω(R⊕ S).
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iv) Allowing the obvious (canonical) identifications,

(15) rR,φ,ζ,ζ′rS,ψ,η,η′ = rR⊗S,φ⊗ψ,ζ⊗η,ζ′⊗η′ .

(For instance, ζ ⊗ η here denotes really the global section of ω(R⊗ S)
corresponding to the “true” ζ ⊗ η in the iso τR,S : ω(R)⊗ ω(S)

∼→
ω(R⊗ S).)

v) Allowing again some loose notation,

(16) rR,φ,ζ,ζ′ = rR∗,φ∗,ζ∗,ζ′∗ ◦ “λ 7→ λ”.

In particular, since the complex conjugation “λ 7→ λ” restricts to the
identity on T (R), it follows that rR,φ,ζ,ζ′ = rR∗,φ∗,ζ∗,ζ′∗ in R(R).

Notice that from the fact that R(R) is closed under complex conjugation
it follows immediately that the real and imaginary parts of any function in
R(R) will belong to R(R) as well. Thus, if we let R[R] ⊂ R(R) denote the
subset of all the real valued functions, we can express R(R) = C⊗ R[R] as
the complexification of a real functional algebra.

For the rest of the section—and for the purposes of the present thesis—we
will only be interested in studying the real tannakian groupoid T (ω;R). So
from now on we forget about T (ω;C) and simply write T (ω) for T (ω;R).
There is one further piece of structure we want to consider on T (ω), besides
the topology.

Let the sheaf of continuous (real valued) functions on an arbitrary to-
pological space T be denoted by C 0

T . Then recall that according to Bredon
(1972), a “functionally structured space” is a topological space T , endowed
with a sheaf of real algebras of continuous functions on T—in other words,
a subsheaf of algebras of C 0

T . A morphism of such “functionally structured
spaces” is then defined as a continuous mapping such that the pullback of
continuous functions along the mapping is compatible with the functional
structures. For more details, we refer the reader to loc. cit., p. 297. We adopt
this point of view in order to obtain a natural surrogate on T (R) of the no-
tion of « smooth function », drawing on the intuition that the representative
functions should be regarded as the prototype « smooth functions ».

It is obvious that if we start from the idea that the (real) representative
functions are “smooth” then so we have to regard any function obtained by
composing them with a smooth function f : Rd → R. Define R∞ to be the
sheaf, of continuous real valued functions on the space T = T (R), generated
by the presheaf

(17) Ω 7→
{
f(r1|Ω, . . . , rd|Ω) : f : Rd → R of class C∞,

r1, . . . , rd ∈ R[R]
}
.

In other words, R∞ is the smallest subsheaf of C 0
T containing (17) as a sub-

presheaf. The expression f(r1|Ω, . . . , rd|Ω) denotes of course the function λ 7→
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f
(
r1(λ), . . . , rd(λ)

)
, λ ∈ Ω. Since (17) is evidently a presheaf of R-algebras

of continuous functions on T , R∞ will be a sheaf of such algebras and hence
the pair (T ,R∞) will constitute a functionally structured space.

Of course, we would like to say that the functional structure R∞ on T
is compatible with the groupoid structure of T (ω). This means that the
structure maps of T (ω) should be all morphisms of functionally structured
spaces, the base M being regarded as such a space by means of its own sheaf
of smooth real valued functions; in particular, the structure maps should
be all continuous. What we are saying is not very precise, of course, unless
we turn the space of composable arrows itself into a functionally structured
space. Let us begin by observing that if (X,F ) and (Y,G ) are any function-
ally structured spaces then so is their Cartesian product endowed with the
sheaf F ⊗ G locally generated by the functions (ϕ⊗ ψ)(x, y) = ϕ(x)ψ(y).
Then one can repeat the foregoing procedure to obtain, on X × Y , a sheaf
(F ⊗ G )∞ of class C∞, i.e. closed under composition with arbitrary smooth
functions as in (17). Any subspace S ⊂ X × Y may be finally regarded
as a functionally structured space by endowing it with the induced sheaf
(F ⊗ G )∞|S

def
= iS

∗[(F ⊗ G )∞], where iS denotes the inclusion mapping of
S into X × Y . (Recall that if f : S → T is any continuous mapping into a
functionally structured space (T,T ) then f ∗T is the functional sheaf on S
associated with the presheaf

U 7→ lim−→
V⊃f(U)

T (V ).
)

Notice that in case X and Y are smooth manifolds and S ⊂ X × Y is a
submanifold, one recovers the correct functional structures: (C∞

X ⊗ C∞
Y )∞ =

C∞
X×Y and C∞

X×Y |S = C∞
S . It is therefore perfectly reasonable to endow the

space of composable arrows T (2) = T s×tT with the functional structure
R(2),∞ def

= (R∞ ⊗R∞)∞|T (2) and to call the composition map c : T (2) → T
“smooth” whenever it is a morphism of such functionally structured space
into (T ,R∞).

Later on we will show that T (ω) is actually a functionally structured
groupoid in the two cases of major interest for us, namely when ω is the
standard fibre functor ω(G) associated with a proper Lie groupoid (§20) or
when ω is a « classical » fibre functor (§21). However, we can already very
easily check the “smoothness” (in particular, the continuity) of some of the
structure maps:
(a) The source map s : T → M . First of all observe that for an arbitrary
a ∈ C∞(M) we have a ◦ s ∈ R, by (12) and (13). Let U ⊂ M be open.
For each u ∈ U there exists fu ∈ C∞(M) with supp fu ⊂ U and fu(u) =
1. Since fu ◦ s ∈ R, the subset (fu ◦ s)−1(C6=0) ⊂ T must be open. Now
(fu ◦ s)−1(C6=0) = s−1

(
fu

−1(C6=0)
)
⊂ s−1(U), so s−1(U) can be expressed as

a union of open subsets of T and therefore it is open. This shows that s is
continuous; since a ◦ s ∈ R[R] whenever a is real valued, it also follows that
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s is a morphism of functionally structured spaces.
(b) The target map t : T → M . The discussion here is entirely analogous,
starting from the other identity a ◦ t = r1,τ,1,a1 ∈ R.
(c) The unit section u : M → T . This time let r = rR,φ,ζ,ζ′ ∈ R be given; we
must show that r ◦ u ∈ C∞(M). This is trivial because

(r ◦ u)(x) =
〈
x(R) · ζ(x), ζ ′(x)

〉
φ =

〈
ζ(x), ζ ′(x)

〉
φ = 〈ζ, ζ ′〉φ(x).

Finally, let us remark that, as a consequence of the existence of metrics
on any object of F(M) (because F is a stack of smooth fields and M admits
partitions of unity), the space T of arrows of T (ω) is always Hausdorff.
Indeed, let µ 6= λ ∈ T . We can assume s(µ) = x = s(λ) and t(µ) = x′ = t(λ)
otherwise we are immediately done by using the Hausdorffness of M and the
continuity of either the source or the target map. Then there existsR ∈ Ob(C)
with µ(R) 6= λ(R). Choose any metric φ on ω(R) (there is at least one): since
φx′ is in particular non-degenerate on Ex′ , there will be global—again, because
of the existence of partitions of unity—sections ζ, ζ ′ ∈ Γ(ωR)(M) with

zµ =
〈
µ(R) · ζ(x), ζ ′(x′)

〉
φ 6=

〈
λ(R) · ζ(x), ζ ′(x′)

〉
φ = zλ.

Let Dµ, Dλ ⊂ C be disjoint open disks about zµ, zλ respectively. Then, setting
r = rR,φ,ζ,ζ′ , the inverse images r−1(Dµ) and r−1(Dλ) will be disjoint open
neighbourhoods of µ and λ in T .

§19 Properness

We shall say that a metric φ on the object ω(R), R ∈ Ob(C) of F(M) is
ω-invariant, when there exists a Hermitian form m : R⊗R∗ → 1 in C such
that φ coincides with the induced Hermitian form

(1) ω(R)⊗ ω(R)∗ ∼= ω(R⊗R∗)
ω(m)−−−→ ω(1) ∼= 1.

We express this in short by writing φ = ω∗m. Note that by the faithfulness
of ω there is at most one such m.

2 Definition A fibre functor ω : C −→ F(M) will be called proper if

i) the continuous mapping (s , t) : T →M ×M is proper, and

ii) for every object R ∈ Ob(C), the object ω(R) of F(M) supports an
ω-invariant metric.

We can express the second condition more succinctly by saying that « there
are enough ω-invariant metrics ».

3 Example Let ω be the standard functor ω(G) : R(G) −→ F(M), of
type F, associated with a proper Lie groupoid G over M . Then ω is a proper
fibre functor.
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In order to see this, observe (cfr. also §20) that there is an obvious homo-
morphism of groupoids

(4) π : G −→ T (G) def
= T (ω(G)),

identical on the base, called the « F-envelope homomorphism » of G and de-
fined by setting π(g)(R) = %(g) for each object R = (E, %) of R(G); the
notation %(g) was introduced in §17. The mapping π(1) : G(1) → T (1) is con-
tinuous. Indeed, if we fix any representative function r = rR,φ,ζ,ζ′ ∈ R, let us
say with R = (E, %), and a small open subset Γ ⊂ G on which we have, for
% acting on ζ, the sort of expression

%(g) · ζ(s g) =
∑̀
i=1

ri(g)ζ
′
i(t g), ri ∈ C∞(Γ)

we derived in §17, then for all g ∈ Γ we obtain

(r ◦ π)(g) =
〈
π(g)(R) · ζ(s g), ζ ′(t g)

〉
φ =

∑̀
i=1

ri(g)
(
〈ζ ′i, ζ〉φ ◦ t

)
(g).

Therefore, we conclude that r ◦ π ∈ C∞(G) and hence, in particular, that
r ◦ π is continuous. Note that in fact this argument shows that the map π
is a morphism of functionally structured spaces, of (G,C∞

G ) into (T ,R∞).
We will prove in §20 that the envelope mapping π is also surjective; the
properness of (s , t) : T → M ×M is now a trivial consequence of this fact
and the properness of (s , t) : G →M ×M . The existence of enough invariant
metrics was established in §17 as a corollary to the Averaging Lemma.

Back to general notions, it turns out that in order to characterize the
topology of T the ω-invariant metrics are (for ω proper) as good as the
generic, ‘not necessarily invariant’ ones. More exactly, let R ′ ⊂ R be the
set of all the representative functions rR,φ,ζ,ζ′ with φ = ω∗m an ω-invariant
metric on ω(R). Note that R ′ is a subalgebra of R, closed under complex
conjugation; this follows from the identities proved above, by observing that
ω∗m⊗ ω∗n = ω∗(m⊗ n) and so on. Then we claim that

5 Lemma The topology on T is also the coarsest making all the func-
tions in R ′ continuous.

Proof Recall that the topology on T was defined as the coarsest making all
the functions belonging to R continuous. We have already observed that R ′

is an algebra of continuous complex functions on T , closed under conjugation.
Moreover, it separates points, because of the existence of enough ω-invariant
metrics, cf. the argument used to prove Hausdorffness of T . Henceforth, for
every open subset Ω ⊂ T with compact closure Ω, the involutive subalgebra
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R ′
Ω
⊂ C 0(Ω;C), formed by the restrictions to Ω of elements of R ′, is sup-

norm dense in C 0(Ω) and a fortiori in RΩ = {r|Ω : r ∈ R}, as a consequence
of the Stone–Weierstrass theorem.

This remark applies in particular to Ω = T |U×U ′ where U and U ′ are open
subsets of M with compact closure. (Here is where we use the properness of
T (s,t)−−→ M ×M .) Note that the subset T |U×U ′ is also open in the space T ′

= « T (R) with the topology generated by R ′ » because T ′ (s,t)−−→ M ×M is
clearly still continuous. Since the subsets T |U×U ′ cover T , we are now reduced
to showing that the identity mappings

T |U×U ′
=−→ T ′|U×U ′

are homeomorphisms.
To simplify the notation, we reformulate our claim as follows: given a

subset Ω ⊂ T (R), open in both T and T ′ and with compact closure in T ,
show that the identity mapping Ω′ =−→ Ω is continuous (here Ω′ denotes of
course the open subset, viewed as a subspace of T ′). Notice that the topology
on Ω generated by the collection of functions RΩ = {r|Ω : r ∈ R} coincides
with the subspace topology induced from T . Then, let r ∈ R be fixed; since
Ω is compact in T , the restriction r|Ω will be, as remarked at the beginning,
a uniform limit of continuous functions on Ω′ and hence itself a continuous
function on Ω′. q.e.d.

We shall make implicit use of the lemma throughout the rest of the present
subsection.

Another easy, although important observation is that all λ ∈ T (R) will
act unitarily under any ω-invariant metric. More precisely, for any object
R ∈ Ob(C) and any ω-invariant metric φ on ω(R), the linear isomorphism
λ(R) will preserve the inner product 〈, 〉φ:

(6)
〈
λ(R) · v, λ(R) · v′

〉
φ = 〈v, v′〉φ.

We use this observation to prove the following

7 Proposition Let ω be a proper fibre functor. Then T (ω) is a
(Hausdorff, proper) topological groupoid.

Proof We must show that the inverse and composition maps of T (ω) are
continuous.

a) Continuity of the inverse map i : T → T . It must be proved that
the composite r ◦ i is continuous on T , for any r = rR,φ,ζ,ζ′ ∈ R with φ an
ω-invariant metric on ω(R). This is immediate, because

(rR,φ,ζ,ζ′ ◦ i)(λ) =
〈
λ(R)−1 · ζ(tλ), ζ ′(sλ)

〉
φ =

〈
ζ(tλ), λ(R) · ζ ′(sλ)

〉
φ

=
〈
λ(R) · ζ ′(sλ), ζ(tλ)

〉
φ = rR,φ,ζ′,ζ (λ),
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in view of (6).
b) Continuity of composition c : T s×tT → T (the domain of the map

being topologized as a subspace of the cartesian product T × T ). We make
a technical observation first.

Fix λ ∈ T , let us say λ : x → x′. Let R ∈ Ob C and let φ be
any ω-invariant metric on E = ω(R). Fix a local φ-orthonormal system
ζ ′1, . . . , ζ

′
d ∈ Γ(ωR)(U ′) for E about x′ as in (15.9); hence, in particular,

(8) Ex′ = Span {ζ ′1(x′), . . . , ζ ′d(x′)}.

Since M is paracompact, it is no loss of generality to assume that for every
i = 1, . . . , d ζ ′i is the restriction to U ′ of a global section ζi of ω(R). Let
ζ ∈ Γ(ωR)(M) be another global section. Consider an open neighbourhood
Ω of λ in T such that t(Ω) ⊂ U ′. Also let Φi ∈ C 0(Ω;C) (i = 1, . . . , d) be a
list of continuous complex functions on Ω. Then the norm function

(9) µ 7→
∣∣∣∣µ(R) · ζ(sµ)−

d∑
i=1

Φi(µ)ζ ′i(tµ)

∣∣∣∣
is certainly continuous on Ω: indeed, its square is

∣∣µ(R)ζ(sµ)
∣∣2 − 2

∑
i

<e
[
Φi(µ)

〈
µ(R)ζ(sµ), ζ ′i(tµ)

〉]
+

∣∣∣∣ d∑
i=1

Φi(µ)ζ ′i(tµ)

∣∣∣∣2
=

∣∣ζ(sµ)
∣∣2 − 2

∑
i

<e
[
Φi(µ)

〈
µ(R)ζ(sµ), ζi(tµ)

〉]
+

d∑
i=1

∣∣Φi(µ)
∣∣2

(because µ(R) is unitary (6) and the vectors ζ ′i(tµ), i = 1, . . . , d form an
orthonormal system in Et(µ)). Now, make Φi(µ) =

〈
µ(R)ζ(sµ), ζi(tµ)

〉
in

(9) and evaluate the function you get at µ = λ: the result will be zero,
because the vectors ζi(x′), i = 1, . . . , d constitute an orthonormal basis of
Ex′ . Hence, by the just observed continuity, for each ε > 0 there will be an
open neighbourhood of λ in T , let us call it Ωε(λ), over which the following
estimate holds

(10)
∣∣∣∣µ(R) · ζ(sµ)−

d∑
i=1

rR,φ,ζ,ζi(µ)ζi(tµ)

∣∣∣∣ < ε.

With this preliminary observation at hand it is easy to show continuity
of the composition of arrows. Indeed, consider an arbitrary object R ∈ Ob C,
an arbitrary ω-invariant metric φ on ω(R), and arbitrary global sections
ζ, η ∈ Γ(ωR)(M). We have to check the continuity of the function

(11) (µ′, µ) 7→ (rR,φ,ζ,η ◦ c)(µ′, µ) =
〈
µ′(R) · µ(R) · ζ(sµ), η(tµ′)

〉
φ

on the space of composable arrows T (2). Let x λ−→ x′
λ′−→ x′′ be an arbitrary pair

of composable arrows, which we regard as fixed. Choose a local φ-orthonormal
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system about x′ as before. Then, by the estimate (10) and our remark (6)
that µ′(R) is unitary, for all (µ′, µ) close enough to (λ′, λ), let us say for
µ ∈ Ωε(λ), the function (11) will differ from the function

d∑
i=1

rR,φ,ζ,ζi(µ)
〈
µ′(R) · ζi(sµ′), η(tµ′)

〉
φ =

d∑
i=1

rR,φ,ζ,ζi(µ) rR,φ,ζi,η(µ
′)

up to ε ‖η‖, where ‖η‖ is a positive bound for the norm of η in a neighbour-
hood of x′′. This proves the desired continuity, because the last function is
certainly continuous on T × T and hence on T (2). q.e.d.

§20 Reconstruction Theorems

When applying the formal apparatus of §18 to the standard fibre functor
ωF(G) associated with a Lie groupoid G, we prefer to use the alternative
notation T F(G) for the real Tannakian groupoid T

(
ωF(G);R

)
and refer to

the latter as the (real) F-envelope of G. If explicit mention of type is not
necessary, we normally just write T (G).

The F-envelope homomorphism associated with a Lie groupoid G is the
groupoid homomorphism π : G → T (G), or, more pedantically,

(1) πF(G) : G −→ T F(G)

defined by the formula π(g)(E, %)
def
= %(g). (Having a look at Note 17.2 one

more time might be useful at this point.) The study of properties of the
envelope homomorphism π(G) for proper G will constitute our main concern
in this section.

Let M/G be the topological space obtained by endowing the set of orbits
{G · x|x ∈M} with the quotient topology induced by the orbit map

(2) o : M →M/G

(the map sending a point x to the respective G-orbit o(x) = G · x). Note
that the map o is open: indeed, if U ⊂ M is an open subset then so is
o−1(o(U)) = t(s−1(U)) because t is an open map—actually, a submersion.
Furthermore, M/G is a locally compact Hausdorff space. Indeed, suppose
G(x, x′) empty. Properness of G, applied to some sequence of balls Bi ×Bi

′

shrinking to the point (x, x′), will yield open balls B,B′ ⊂ M at x, x′ such
that (s , t)−1(B ×B′) is empty, in other words, such that o(B) ∩ o(B′) = ∅,
as contended. In particular, every orbit G · x = o−1{o(x)} is a closed subset
of M .

3 Theorem Let F be any stack of smooth fields. Let G be a proper Lie
groupoid. Then the F-envelope homomorphism πF(G) : G → T F(G) is full
(i.e. surjective, as a mapping of the spaces of arrows).
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Proof To begin with, let us prove that G(x, x′) empty implies T (G)(x, x′)
empty. Put S = Gx ∪ Gx′ and let ϕ : S → C be the function which takes the
value 1 over the orbit Gx and the value 0 over the orbit Gx′; ϕ is well-defined
because Gx ∩ Gx′ = ∅. S is an invariant submanifold of M . Since S is the
union of two disjoint closed subsets of M , it is also a closed submanifold.
Moreover, ϕ is equivariant with respect to the trivial representation of G,
i.e. ϕ(g · s) = ϕ(s). Corollary 17.20 says that there is some smooth invariant
function Φ : M → C, extending ϕ, equivalently, some smooth function Φ on
M , constant along the G-orbits and with Φ(x) = 1, Φ(x′) = 0. By setting
bz

def
= Φ(z)id , one gets an endomorphism b of the trivial representation with

bx = id and bx′ = 0. Now, suppose there exists some λ ∈ T (G)(x, x′): then,
by the naturality of λ, one gets a commutative square

C

id
��

λ // C

0
��

C
λ // C

which contradicts the invertibility of λ(1).
In order to finish the proof of the theorem, it will be sufficient to prove

surjectivity of all isotropy homomorphisms induced by π, because

G|x
g -≈
��

πx // T (G)|x
π(g) -≈
��

G(x, x′)
πx,x′ // T (G)(x, x′)

commutes for all g ∈ G(x, x′). More explicitly, it will be sufficient to prove
that πx : G|x → T (G)|x is an epimorphism of groups, for every x ∈ M . This
follows immediately from Proposition 10.3 and Corollary 17.16. q.e.d.

We continue to work with an arbitrary stack of smooth fields.

4 Definition A Lie groupoid G will be said to be F-reflexive, or self-dual
relative to F, if its F-envelope homomorphism πF(G) : G → T F(G) is an
isomorphism of topological groupoids.

It turns out, for proper Lie groupoids, that the requirement that the
continuous mapping π(1) : G(1) → T (G)(1) should be open is superfluous; more
precisely, one has the following statement:

5 Theorem Let G be a proper Lie groupoid. Let F be any stack of
smooth fields. Then G is F-reflexive if and only if the homomorphism
πF(G) is faithful (i.e. injective, as a mapping of the spaces of arrows).
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Proof The assertion that injectivity implies bijectivity, or, to say the same
thing differently, that faithfulness implies full faithfulness, is an immediate
consequence of Theorem 3 above.

As to the statement that the mapping π is open, we have to show that
whenever Γ is an open subset of G(1) and g0 a point of Γ, the image π(Γ) is
a neighbourhood of π(g0) in T (G).

To fix ideas, suppose g0 ∈ G(x0, x
′
0). Let us start by observing that,

as in the proof of Proposition 10.3, it is possible to find a representation
R = (E, %) ∈ ObR(G) whose associated x0-th isotropy homomorphism %0 :
G0 → GL(E0) is injective (same notation as in Eq. (17.6)); for such an R,
the map G(x0, x

′
0) → Lis(Ex0 , Ex′0), g 7→ %(g) is also injective. We regard R

as fixed once and for all. Moreover, we choose an arbitrary Hilbert metric φ
on E. As we know from §15, there are local φ-orthonormal frames for E

(6)

{
ζ1, . . . , ζd ∈ ΓE(U) about x0 and

ζ ′1, . . . , ζ
′
d ∈ ΓE(U ′) about x′0;

their cardinality turns out to be the same because Ex0 ≈ Ex′0 . Since M is
paracompact, it is no loss of generality to assume that the ζi and the ζ ′i′ are
(restrictions of) global sections. Finally, we select any compactly supported
smooth functions a, a′ : M → C with supp a ⊂ U and supp a′ ⊂ U ′, such
that a(x) = 1⇔ x = x0 and a′(x′) = 1⇔ x′ = x′0.

Let us put, for all 1 5 i, i′ 5 d,

%i,i′ = ri,i′ ◦ π
def
= rR,φ,ζi,ζ′i′ ◦ π : G → C, [using notation (18.10)](7)

and for i = 0 and 0 5 i′ 5 d, resp. 0 5 i 5 d and i′ = 0,5

(8)

{
%0,i′ = r0,i′ ◦ π

def
= a ◦ sG =

(
a ◦ sT (G)

)
◦ π : G → C, resp.

%i,0 = ri,0 ◦ π
def
= a′ ◦ tG =

(
a′ ◦ tT (G)

)
◦ π : G → C.

Also, put zi,i′ = %i,i′(g0) ∈ C. We claim that, as a consequence of properness,
there exist open disks Di,i′ ⊂ C centred at zi,i′ such that

(9)
⋂

05i,i′5d

%i,i′
−1(Di,i′) ⊂ Γ.

Before we go into the proof of this claim, let us show how the statement that
π(Γ) is a neighbourhood of π(g0) follows from (9). Since, by Theorem 3, π is

5For i = i′ = 0 either choice will do; for d = 0 there are obvious modifications which we
leave to the reader. The only thing that really matters is that both a ◦ s and a′ ◦ t should
occur in the intersection (9) at least once.
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surjective as a mapping of G(1) into T (G)(1), we have

⋂
ri,i′

−1
(
Di,i′

)
= ππ−1

(⋂
ri,i′

−1
(
Di,i′

))
= π

(⋂
π−1ri,i′

−1
(
Di,i′

))
= π

(⋂
%i,i′

−1
(
Di,i′

))
⊂ π(Γ). (by the inclusion (9))

Now we are done, because g0 ∈ ri,i′−1
(
Di,i′

)
and ri,i′ ∈ C 0(T (G)(1);C) for all

0 5 i, i′ 5 d.
In order to prove our claim (9), let us consider, for each 0 5 i, i′ 5 d, a

decreasing sequence of open disks

(10) · · · ⊂ D`+1
i,i′ ⊂ D`

i,i′ ⊂ · · · ⊂ D0
i,i′ ⊂ C

centred at zi,i′ and whose radius δ`i,i′ tends to zero. If we make the innocuous
assumption δ0

i,i′ = 1 then it will follow from our hypotheses on the functions
a, a′ that the sets

Σ` def
=

⋂
05i,i′5d

ri,i′
−1

(
D`
i,i′

)
− Γ

(
` = 1, 2, . . .

)
(11)

are closed subsets of the compact space G(K,K ′), where K = supp a and
K ′ = supp a′. The sets Σ` form a decreasing sequence. Their intersection
∞
∩
`=1

Σ` has to be empty because of the faithfulness of g 7→ %(g) on G(x0, x
′
0)

and our hypotheses on a, a′. Hence, by compactness, there will be some `
such that Σ` = ∅. This proves the claim, and therefore, the theorem. q.e.d.

12 Note (The present remark will be used nowhere else and therefore it
may be skipped without consequences. You should read §§24–25 first, anyway.)

Observe that whenever G and H are Morita equivalent Lie groupoids, one
of them is F-reflexive if and only if the other is. Indeed, by naturality of the
envelope transformation πF(-) : Id → T F(-), one gets a commutative square
of topological groupoid homomorphisms

G
ϕMorita eq.
��

π(G) // T (G)
T (ϕ)

��
H

π(H) // T (H)

(13)

in which both ϕ and T (ϕ) are fully faithful. It follows immediately that π(G)
is fully faithful if and only if the same is true of π(H). With a bit more work,
it can be shown that π(G) is an open map if and only if π(H) is so (use the
simplifying assumption that ϕ(0) : G(0) → H(0) is a surjective submersion).
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By definition, a Lie groupoid G is F-reflexive if and only if one can solve
topologically the problem of reconstructing G from its representations of type
F (that is to say one can recover G up to isomorphism of topological groupoids
from such representations). In the case of Lie groups, a topological solution
provides a completely satisfactory answer because the smooth structure of
any Lie group is uniquely determined by the topology of the group itself.
However, in the present more general context it is not evident a priori that
the notion of reflexivity we introduced above is as strong as to settle the
smoothness problem mentioned at the beginning of §18, think e.g. of G = M
a smooth manifold. More precisely, we consider the following question: does
reflexivity of G, in the foregoing purely topological sense, actually imply that
the functionally structured space (T (G)(1),R∞) defined in §18 is a smooth
manifold and the envelope map π(1) : G(1) → T (G)(1) a diffeomorphism? The
answer proves to be affirmative, as we shall now see.

Let G be an arbitrary Lie groupoid. Choose an arrow g0 ∈ G(x0, x
′
0)

and a representation R = (E, %) of G first of all. Then choose an arbitrary
metric φ on E and global sections ζ1, . . . , ζd, resp. ζ ′1, . . . , ζ ′d, forming a local
φ-orthonormal frame for E about x0, resp. x′0, as in the proof of Theorem 5.
These data determine a smooth mapping

(14) %ζ1...,ζdζ′1,...,ζ
′
d

: G(1) −→M ×M ×M (d;C),

as follows: g 7→
(
s(g); t(g); %1,1(g), . . . , %i,i′(g), . . . , %d,d(g)

)
(the functions %i,i′ are those defined in (7); M (d;C) = End(Cd) is the space
of d× d complex matrices).

If the envelope homomorphism π(G) : G → T (G) of the Lie groupoid G
is faithful, it follows from Lemma 10.14 that for every point x of the base
manifold M of G there exists a representation (E, %) ∈ ObR(G) such that
Ker %x is a discrete subgroup of the isotropy group Gx = G|x. Consequently,
for an arbitrary arrow g0 ∈ G(x0, x

′
0) there will exist (E, %) ∈ ObR(G) such

that the map G(x0, x
′
0) → Lis(Ex0 , Ex′0), g 7→ %(g) is injective on some open

neighbourhood of g0 in G(x0, x
′
0). Then the following lemma applies:

15 Lemma Let G be a Lie groupoid. Fix an arrow g0 ∈ G(x0, x
′
0) and

let (E, %) ∈ ObR(G) be a representation. Suppose the map g 7→ %(g) :
G(x0, x

′
0) → Lis(Ex0 , Ex′0) is injective on some open neighbourhood of g0

in G(x0, x
′
0).

Then the smooth mapping %ζζ′ : G(1) → M ×M ×M (d;C) (14) is an
immersion at g0, for any choice of a metric and of related orthonormal
frames ζ = {ζ1, . . . , ζd}, ζ ′ = {ζ ′1, . . . , ζ ′d}.

Proof Let M be the base manifold of G. Fix open balls U,U ′ ⊂M , centred
at x0, x

′
0 respectively and so small that the sections ζ1, . . . , ζd, resp. ζ ′1, . . . , ζ ′d

form a local orthonormal frame for E over U , resp. U ′. Since the source map
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s of G is a submersion, one can always choose U also so small that there exists
a local trivialization Γ ≈ U ×B pr−→ U for s in a neighbourhood Γ of g0 in
G(1), where B is an open euclidean ball. It is no loss of generality to assume
t(Γ) ⊂ U ′. Then we obtain, for the restriction of the mapping %ζζ′ = %ζ1...,ζdζ′1,...,ζ

′
d

to Γ, a “coordinate expression” of the following form

(16) U ×B → U × U ′ ×M (d;C), (u, b) 7→
(
u, u′(u, b),%(u, b)

)
where %(g) ∈ M (d;C) denotes the matrix {%i,i′(g)}15i,i′5d. The differential of
the mapping (16) at, let us say, g0 = (x0, 0) readsId 0

∗ D2u
′(x0, 0)

∗ D2%(x0, 0)

(17)

and it is therefore injective if and only if such is the differential of the partial
map b 7→

(
u′(x0, b),%(x0, b)

)
: B → U ′ ×M (d;C) at the origin of B.

We are now reduced to showing that the restriction

%ζζ′ : G(x0, -) −→M ×GL(d) = {x0} ×M ×GL(d;C)

is an immersion at g0. Let G0 = G|x0 be the isotropy group at x0 and choose,
in the vicinity of g0, a local (equivariant) trivialization G(x0, S) ≈ S ×G0

for the principal G0-bundle tx0 : G(x0, -) → Gx; we can assume that S is a
submanifold of U ′ and that in this local chart g0 = (x′0, e0), where e0 stands
for the neutral element of G0. We then obtain a new coordinate expression
for the restriction of %ζζ′ to G(x0, -), namely

(18) S ×G0 → U ′ ×GL(d;C), (s, g) 7→
(
s,%(s, g)

)
.

Since its first component is the inclusion of a submanifold, this map will be
an immersion at g0 = (x′0, e0) provided the partial map g 7→ %(x′0, g) is an
immersion at e0. The latter corresponds to the diagonal of the square

G0

g0 -≈
��

% // Aut(Ex0)

ρ(g0) -≈
��

G(x0, x
′
0)

% // Lis(Ex0 , Ex′0),

so our problem reduces to proving that the homomorphism % : G0 → GL(Ex0)
is immersive. By hypothesis, this is injective in an open neighbourhood of e0
and hence our claim follows at once. q.e.d.

We are now ready to establish our previous claims about the functional
structure R∞ on the Tannakian groupoid T (G). Let G be any F-reflexive Lie
groupoid (F an arbitrary stack of smooth fields, as ever).
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Fix an arrow λ0 ∈ T (G)(1). Our first task will be to find some open
neighbourhood Ω of λ0 such that (Ω,R∞

Ω ) turns out to be isomorphic, as a
functionally structured space, to a smooth manifold (X,C∞

X ). Since we are
working under the hypothesis that G is reflexive, there is a unique g0 ∈ G(1)

such that λ0 = π(g0). By Lemma 15 and the comments preceding it, we can
find, for a conveniently chosen (E, %) ∈ ObR(G), an open neighbourhood Γ
of g0 in G(1) such that the smooth map %ζζ′ : G(1) → M ×M ×M (d;C) (14)
induces a diffeomorphism of Γ onto a submanifold X ⊂ M ×M ×M (d;C).
Notice that the same data which determine the map (14) also determine a
map of functionally structured spaces

(19) rζζ′ = rζ1...,ζdζ′1,...,ζ
′
d

: T (G)(1) −→M ×M ×M (d;C),

λ 7→
(
s(λ); t(λ); {ri,i′(λ)}15i,i′5d

)
,

where we put ri,i′ = rR,φ,ζi,ζ′i′ ∈ R (18.11). From the reflexivity of G again, it
follows that the envelope map π induces a homeomorphism between Γ and
the open subset Ω

def
= π(Γ) of T (G)(1). The following diagram

Γ

π|Γ
≈ homeo

&&NNNNNNNNNNNNNN
%ζ

ζ′ |Γ

≈ diffeo
// X ⊂M ×M ×M (d;C)

Ω
rζ

ζ′ |Ω

66nnnnnnnnnnnnnn

(20)

is clearly commutative. We contend that the map rζζ′|Ω provides the desired
isomorphism of functionally structured spaces. Explicitly, this means that an
arbitrary function f : X ′ → C belongs to C∞(X ′) if and only if its pullback
h = f ◦ rζζ′ belongs to R∞(Ω′), for each fixed pair of corresponding open
subsets Ω′ ⊂ Ω, X ′ ⊂ X. Note that since the problem is local, we can make
the simplifying assumption Ω′ = Ω, X ′ = X. Thus, suppose f ∈ C∞(X) first;
because of the local character of the problem again, it is not restrictive to
assume that f admits a smooth extension f̃ ∈ C∞(

M ×M ×M (d)
)
. Then

h coincides with the restriction to Ω of a global function h̃ = f̃ ◦ rζζ′ : T (1) =
T (G)(1) → C belonging to R∞(T (1)) because (19) is a map of functionally
structured spaces. Conversely, suppose h = f ◦ rζζ′ ∈ R∞(Ω). We know,
from Example 19.3, that the envelope map π is a morphism of functionally
structured spaces. Hence the composite h ◦ π will belong to C∞(Γ). Since
h ◦ π = f ◦ rζζ′ ◦ π = f ◦ %ζζ′ and %ζζ′|Γ is a diffeomorphism of Γ onto X, it
follows that f ∈ C∞(X), as contended.

We have therefore proved that if a Lie groupoid G is F-reflexive then the
space (T F(G)(1),R∞) is actually a (Hausdorff) smooth manifold. There is
little work left to be done by now:

21 Proposition Let F be an arbitrary stack of smooth fields and let G
be a Lie groupoid. Suppose G is F-reflexive.
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Then the Tannakian groupoid T F(G), endowed with its canonical
functional structure R∞, turns out to be a Lie groupoid; moreover, the
F-envelope homomorphism

(22) πF(G) : G ≈−−→ T F(G)

turns out to be an isomorphism of Lie groupoids.

Proof We know from the foregoing discussion that (T (1),R∞) is a smooth
manifold. Then all we have to show now, clearly, is that the envelope map
π : G(1) → T (1) is a diffeomorphism. Equivalently, we have to show that π
is an isomorphism of functionally structured spaces between (G(1),C∞

G(1)) and
(T (1),R∞). This follows immediately, locally, from the commutativity of the
triangles (20) and the previously established fact that both %ζζ′|Γ and rζζ′|Ω
are functionally structured space isomorphisms onto (X,C∞

X ). q.e.d.

Let us pause for a moment to summarize our current knowledge of the
F-envelope πF(G) : G → T F(G) of an arbitrary proper Lie groupoid G. First
of all, we know that π(G) is faithful (Thm. 3). We have also ascertained
that T (G) is a topological groupoid (Ex. 19.3 and Prop. 19.7). Moreover, it
has been established that π(G) is necessarily an isomorphism of topological
groupoids in case π(G) is faithful (Thm. 5); whenever this happens to be
true, one can completely solve the reconstruction problem for G (Prop. 21).
Now observe that faithfulness of π(G) is equivalent to the following property:
if g 6= u(x) in the isotropy group G|x then there exists a representation
(E, %) ∈ ObR(G) such that %(g) 6= id ∈ Aut(Ex). We can therefore conclude
by saying that an arbitrary proper Lie groupoid can be recovered from its
representations of type F if and only if such representations are « enough »
in the sense of the above-mentioned property.

The final part of the present section will be devoted to showing that any
proper Lie groupoid admits enough representations of type E∞ (= smooth
Euclidean fields, cfr. §16). By the foregoing remarks, this will immediately
imply the general reconstruction theorem we were striving for. Recall that
our approach via smooth Euclidean fields is motivated by the impossibility
to obtain that result by using representations of type V∞ (smooth vector
bundles), as illustrated by the examples discussed in §2.

We begin with some preliminary remarks of a purely topological nature.
Let G be a proper Lie groupoid and let M denote the base manifold of G.
Recall that a subset S ⊂ M is said to be invariant when s ∈ S implies
g · s ∈ S for all arrows g ∈ G(1). If S is an arbitrary—viz., not necessarily
invariant—subset of M , we let G · S denote the saturation of S, that is to
say the smallest invariant subset of M containing S, so that S is invariant
if and only if G · S = S; note that the saturation of an open subset is also
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open. Now let V be any open subset with compact closure: we contend that
G · V = G · V . The direction ‘⊂’ of this equality is valid even for a non-proper
Lie groupoid; it follows for instance from the existence of local bisections.
To check the opposite inclusion, one can resort to the well-known fact that
the orbit space6 of a proper Lie groupoid is Hausdorff and then use the
compactness of V ; in detail: since the image of the compact set V under the
continuous mapping o : M → M/G is a compact and hence closed subset
of the Hausdorff space M/G, the inverse image G · V = o−1

(
o

(
V

))
must

be closed as well. Next, let U be an invariant open subset of M . From the
equality we have just proved, it follows immediately that U coincides with
the union of all its open invariant subsets V , V ⊂ U . Indeed, since any
given point u0 ∈ U admits an open neighbourhood W with compact closure
contained in U , one has

u0 ∈ G ·W = V ⊂ V = G ·W = G ·W ⊂ G · U = U .

The latter remark applies to the construction of G-invariant partitions of
unity on M ; for our purposes it will be enough to illustrate a special case
of this construction. Consider an arbitrary point x0 ∈ M and let U be an
open invariant neighbourhood of x0. Choose another open neighbourhood V
of x0, invariant and with closure contained in U . The orbit G · x0 and the
set-theoretic complement {V are invariant disjoint closed subsets of M , so
Corollary 17.20 provides us with an invariant function Φ ∈ C∞(M ;R) such
that Φ(x0) = 1 and Φ = 0 outside V .

We are now ready to establish a basic extension property enjoyed by the
representations of type E∞ of proper Lie groupoids; our « main theorem »
below will be essentially a consequence of this property and of Zung’s results
on local linearizability. Our goal will be achieved by means of an obvious
cut-off technique which is of course not available when one limits oneself to
representations on vector bundles.

Since throughout the subsequent discussion the type F = E∞ is fixed, we
agree to systematically suppress any reference to type. Let G be an arbitrary
proper Lie groupoid and let M denote its base as usual. Let U ⊂ M be a
G-invariant open neighbourhood of a point x0 ∈ M , and suppose we are
given a partial representation (EU , %U) ∈ R(G|U). We know from §17 that
there is an induced Lie group representation

(23) %U,0 : G0 −→ GL(EU,0)

of the isotropy Lie group G0 = G|x0 on the vector space EU,0 = (EU)x0 . We
contend that one can construct a global representation (E , %) ∈ R(G) for
which it is possible to exhibit an isomorphism of G0-spaces E0

def
= Ex0 ≈ EU,0.

6The quotient of M associated with the equivalence x ∼ g · x. We will indicate by o
the map (of M into this quotient) which sends x to its equivalence class.
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(The G0-space structure on E0 comes from the induced representation

(24) %0 : G0 −→ GL(E0),

that on EU,0 from (23).)
To begin with, let us fix any invariant smooth function a ∈ C∞(M) with

a(x0) = 1 and supp a ⊂ U ; such functions always exist—as we saw before—in
view of the properness of G. Let V ⊂ M denote the open subset consisting
of all x such that a(x) 6= 0. One can define the following bundle {Ex} of
Euclidean spaces over M :

(25) Ex =

{
EU,x if x ∈ V
{0} otherwise.

Let ΓE be the smallest sheaf of sections of the bundle {Ex} which contains
the following presheaf

(26) W 7→
{
aζ : ζ ∈ Γ(EU)(U ∩W )

}
.

(Here of course aζ is to be understood as the appropriate “prolongation by
zero” of the indicated section; note that since M admits partitions of unity
(25) actually equals ΓE .) One verifies immediately that these data define a
smooth Euclidean field E over M . Next, introduce % by putting

(27) %(g) =

{
%U(g) for g ∈ G|V
0 otherwise.

This law must be understood as describing a bundle
{
%(g) : (s∗E )g

∼→
(t∗E )g

}
of linear isomorphisms indexed over the manifold G. The compati-

bility of this family of maps with the composition of arrows, amounting to
the equalities %(g′g) = %(g′)%(g) and %(x) = id , is clear. Now, % will be an
action of G on E provided it is a morphism s∗E → t∗E of Euclidean fields
over G: this is obvious, because for suitable functions ri ∈ C∞ one has

%(g)aζ(s g) = a(s g)%(g)ζ(s g) = a(t g)
∑̀
i=1

ri(g)ζ
′
i(t g) =

∑̀
i=1

ri(g)aζ
′
i(t g),

in view of the G-invariance of a. Hence (E , %) ∈ R(G). Finally, the identity
E0 = Ex0

def
= EU,x0 = EU,0 provides the required G0-equivariant isomorphism.

28 Theorem (General Reconstruction Theorem, Main Theorem) Each
proper Lie groupoid is E∞-reflexive.

Proof Let G be any such groupoid and fix a point x0 of its base manifold
M . We need to show the existence of a Euclidean representation (E , %) ∈
ObR(G) inducing a faithful isotropy representation %0 : G0 ↪→ GL(E0) (24)
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(we freely use the notation above). By the previously established extension
property of Euclidean representations, it will be enough to find a partial rep-
resentation (EU , %U) ∈ ObR(G|U) defined over some invariant open neigh-
bourhood U of x0 and with %U,0 : G0 ↪→ GL(EU,0) (23) injective.

It was observed in §4 that Zung’s Local Linearizability Theorem yields
the existence of (a) a smooth representation G0 → GL(V ) on some (real)
finite dimensional vector space (b) an embedding of manifolds V

i
↪→M such

that 0 7→ x0 and such that U def
= G · i(V ) is an open subset of M (c) a Morita

equivalence G0 n V
ι−→ G|U inducing V

i
↪→ U at the level of base manifolds.

Note that the isotropy of G0 n V at 0 equals G0 and that the equivalence
ι induces an automorphism ι0 ∈ Aut(G0) (which can be assumed to be the
identity, just to fix ideas).

Now let Φ : G0 ↪→ GL(E) be any faithful representation on a finite
dimensional complex vector space. One has an induced faithful representation
Φ̃ of G0 n V on V ×E (cfr. the end of §28). By the theory of §14, there
exists some representation (EU , %U) ∈ ObR(G|U) such that ι∗(EU , %U) ≈
(V ×E, Φ̃); this is precisely the one we are looking for, because %U,0 : G0 ↪→
GL(EU,0) ≈ GL(E) must coincide with Φ. q.e.d.



Chapter V

Classical Fibre Functors

In the present chapter we will again occupy ourselves with the study of the
abstract notion of fibre functor. However, we shall be exclusively interested
in fibre functors which take values in the category of smooth vector bundles
over a manifold, in other words fibre functors of the form ω : C → V∞(M) or,
equivalently, of type V∞. Moreover, since in all examples of such functors we
have in mind the tensor category C invariably turns out to be rigid, we shall
make the assumption that C is rigid even though this is not indispensable;
note that in this case End⊗(ω) = Aut⊗(ω) ie λ tensor preserving implies
λ invertible, see, for instance, [12] Prop. 1.13. We shall use the adjective
‘classical’ to refer to fibre functors of this sort.

Section 21 is devoted to the study of some general properties of classical
fibre functors. To start with, the Tannakian groupoid T (ω) associated with
a classical fibre functor ω proves to be a C∞-structured groupoid, that is
to say all the structure maps of T (ω) turn out to be morphisms of func-
tionally structured spaces; compare §18. This allows us to introduce the
category R∞(T (ω)) of C∞-representations of the C∞-structured groupoid
T (ω), along with an “evaluation” functor

ev : C −→ R∞(T (ω)).

The latter is in fact a tensor functor, by which the category C is put in
relation to R∞(T (ω)); we shall say more about this functor in §26. Finally,
we observe that a classical fibre functor ω which admits enough ω-invariant
metrics (in the sense of Definition 19.2) is proper—in other words, so is the
corresponding map (s , t) : T (ω)→M ×M .

Section 22 deals with the technical notion of tame submanifold, and is
preliminary to §§23–25. However, in order to read the latter sections a thor-
ough understanding of §22 is not really necessary: it is actually enough to
know what tame submanifolds are and the statements of Propositions 22.5,
22.11; one may skip what remains of §22 at first reading.

Section 23 provides, for the Tannakian groupoid T (ω) associated with a
classical fibre functor ω : C → V∞(M), an alternative characterization of the

89
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property of smoothness in terms of what we call representative charts. Such
charts arise from the objects of the category C, and their definition involves
tame submanifolds of linear groupoids GL(E) over the manifold M .

Sections 24–25 are devoted to morphisms of fibre functors. For each
morphism between two classical fibre functors there exists a corresponding
homomorphism between the associated Tannakian groupoids, which turns
out to be “smooth” ie a homomorphism of C∞-structured groupoids. In §25
we introduce, as a special case, the notion of weak equivalence; the alterna-
tive characterization of smoothness provided in §23 is here put to work to
show that the property of smoothness is, for classical fibre functors, invari-
ant under weak equivalence. Finally, the homomorphism associated with a
weak equivalence of smooth classical fibre functors is proved to be a Morita
equivalence.

§21 Basic Definitions and Properties

In this section we study general properties of classical fibre functors. Let us
begin by giving a precise definition:

1 Definition We shall call a fibre functor ω : C → F(M) classical if it
meets the following requirements:

i) the domain tensor category C is rigid;

ii) for every R ∈ Ob(C), ω(R) is a locally trivial object of F(M).

Observe that since the type F is a stack of smooth fields, ω(R) in ii) will
actually belong to ObV F(M) ie it will be a locally trivial object of F(M)
of locally finite rank (cfr §11). Since V F(M) is equivalent to the category
V∞(M) of smooth vector bundles of locally finite rank over M (recall that
the baseM is always paracompact), it follows that the theory of classical fibre
functors essentially reduces to just one type F = V∞. Because of this, for the
rest of the present chapter—actually, for the rest of the present work—we
shall omit any reference to type. So, for instance, we will write V∞(M) or
V∞(M) at all places where we would otherwise write F(M).

The pivotal fact of classical fibre functor theory is that for such fibre
functors one has local formulas analogous to (17.5). Namely, let ω : C →
V∞(M) be a classical fibre functor. Let an object R ∈ Ob(C) and an arrow
λ0 ∈ T ≡ T (ω)(1) be given. Choose, on E ≡ ω(R), an arbitrary Hilbert
metric φ, whose existence is guaranteed by the paracompactness of M . By
the local triviality assumption on E, it will be possible to find a local φ-
orthonormal frame ζ1′, . . . , ζd′ ∈ ΓE(U ′) about x0

′ ≡ t(λ0) such that Eu′ =
Span

{
ζ1
′(u′), . . . , ζd

′(u′)
}

for all u′ ∈ U ′. (Note that here one really needs
local triviality of E within F, in the sense of §11, and not just the hypothesis
that ΓE is locally free as a sheaf of modules over M .) Then for any given



§21. BASIC DEFINITIONS AND PROPERTIES 91

local section ζ ∈ ΓE(U), defined in a neighbourhood U of x0 ≡ s(λ0), one
gets, by letting Ω ≡ s−1(U) ∩ t−1(U ′) ⊂ T ,

λ(R) · ζ(s λ) =
d∑

i′=1

rR,φ,ζ,ζi′ ′(λ)ζi′
′(t λ), (∀λ ∈ Ω)(2)

where rR,φ,ζ,ζi′ ′ ∈ R∞(Ω) denotes—as in §18—the representative function
λ 7→

〈
λ(R) · ζ(s λ), ζi′

′(t λ)
〉
φ.

We shall immediately put this basic remark to work in the proof of the
following

3 Proposition For every classical fibre functor ω : C → V∞(M), the
Tannakian groupoid T (ω) is a C∞-structured groupoid (with respect to
the standard C∞-structure R∞ defined in §18). T (ω) is, in particular, a
topological groupoid for every classical ω.

Proof Let us take an arbitrary representative function r = rR,φ,ζ,ζ′ : T → C

on the space T ≡ T (ω)(1), as in (18.10). We shall regard r as fixed throughout
the entire proof.

To begin with, we consider the composition map T (2) = T s×tT
c−→ T . Our

goal is to show that the function r ◦ c is a global section of the sheaf R(2),∞ ≡
(R∞ ⊗R∞)∞|T (2) . (Review, if necessary, the discussion about functionally
structured groupoids in §18.) Fix any pair of composable arrows (λ0

′, λ0) ∈
T (2). There will be some φ-orthonormal frame ζ1′, . . . , ζd′ ∈ Γ(ωR)(U ′) about
x0

′ ≡ t(λ0), such that Eq. (2) above holds for all λ ∈ Ω′ ≡ t−1(U ′). Then,
for every pair (λ′, λ) belonging to the open subset Ω′′ ≡ s−1(U ′)s×tt

−1(U ′) ⊂
T (2), one gets the identity

(r ◦ c)(λ′, λ) = r(λ′ ◦ λ) =
〈
λ′(R) · λ(R) · ζ(s λ), ζ ′(t λ′)

〉
φ

=
d∑

i′=1

rR,φ,ζ,ζi′ ′(λ)rR,φ,ζi′ ′,ζ′(λ
′), by (2)

which expresses (r ◦ c)|Ω′′ in the desired form, namely as an element of
R(2),∞(Ω′′).

Next, consider the inverse map T i−→ T . Fix any λ0 ∈ T . In a neighbour-
hood U of x0 = s(λ0) it will be possible to find a trivializing φ-orthonormal
frame ζ1, . . . , ζd ∈ Γ(ωR)(U). One can write down (2) for each ζi (i =
1, . . . , d):

λ(R) · ζi(s λ) =
d∑

i′=1

rR,φ,ζi,ζ′i′ (λ)ζ ′i′(t λ). (λ ∈ Ω = s−1(U) ∩ t−1(U ′).)(4)

Letting {r′i′,i(λ) : 1 5 i′, i 5 d} denote the inverse of the matrix {rR,φ,ζi,ζ′i′ (λ) :

1 5 i′, i 5 d} for each λ (this makes sense because λ(R) is a linear iso), we
see from the standard formula involving the inverse of the determinant that
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r′i′,i ∈ R∞(Ω) for all 1 5 i′, i 5 d. If we now put a′i′ = 〈ζ, ζ ′i′〉φ ∈ C∞(U ′) for
all i′ = 1, . . . , d and ai = 〈ζi, ζ ′〉φ ∈ C∞(U) for all i = 1, . . . , d, we obtain the
following expression for (r ◦ i)|Ω

(r ◦ i)(λ) = r(λ−1) =
〈
λ(R)−1 · ζ(t λ), ζ ′(s λ)

〉
φ =

=
d∑

i′=1

a′i′(t λ)
〈
λ(R)−1 · ζ ′i′(t λ), ζ ′(s λ)

〉
φ =

=
d∑

i′=1

d∑
i=1

a′i′(t λ)r′i′,i(λ)ai(s λ),

which clearly shows membership of (r ◦ i)|Ω in R∞(Ω).
The “smoothness” of the remaining structure maps was already proved in

§18 for an arbitrary fibre functor. q.e.d.

By exploiting the categorical equivalence V (M)
≈−→ V∞(M), E 7→ Ẽ

(12.6), one can make sense of the expression GL(E) for every E ∈ ObV (M)
simply by regarding GL(E) as short for GL(Ẽ). If ω : C → V (M) is a classical
fibre functor, each object R ∈ Ob(C) will determine a homomorphism of
functionally structured groupoids

(5) evR : T (ω) −→ GL(ωR), λ 7→ λ(R)

(note that if φ is any Hilbert metric on E = ω(R), the functions qφ,ζ,ζ′ :
GL(E)(1) → C, µ 7→

〈
µ · ζ(s µ), ζ ′(t µ)

〉
φ will provide suitable local coordinate

systems for the manifold GL(E)(1)), which may be thought of as a “smooth”
representation of T (ω).

It is worthwhile mentioning the following universal property, which char-
acterizes the functional structure (and topology) we endowed the Tannakian
groupoid with. Let ω be a classical fibre functor. Then for any functionally
structured space (Z,F ), a mapping f : Z → T = T (ω)(1) is a morph-
ism of (Z,F ) into (T ,R∞) (or simply, a continuous mapping of Z into T )
if and only if such is evR ◦ f for every R ∈ Ob C. The ‘only if’ direction
is clear because of the foregoing remarks about the “smoothness” of evR.
Conversely, consider any representative function r = rR,φ,ζ,ζ′ : T → C; if
qφ,ζ,ζ′ : GL(ωR)(1) → C is the smooth function defined above then one has
r ◦ f = qφ,ζ,ζ′ ◦ evR ◦ f ∈ F (Z), because by assumption evR ◦ f is a morph-
ism of (Z,F ) into the smooth manifold GL(ωR)(1). The equivalence is now
proven.

In a manner entirely analogous to §2, one can define the complex tensor
category R∞(T (ω);C) of all “smooth” representations of the functionally
structured groupoid T (ω) on smooth complex vector bundles over the base
manifold M of ω. Precisely, any such representation will consist of a complex
vector bundle E ∈ Ob V∞(M) and a homomorphism % : T (ω) → GL(E) of
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functionally structured groupoids over M (% identical on M). Then one has
the complex tensor functor

(6) ev : C −→ R∞(T (ω);C), R 7→ (ω̃(R), evR)

(the so-called “evaluation functor”). The parallel with the situation depicted
in §9 leads us to formulate the problem of determining whether or not the
functor (6) is in general—for an arbitrary classical fibre functor—a categorical
equivalence. The answer is known to be yes, actually in the strong form of an
isomorphism of categories, for a large class of examples: see §26, Proposition
(26.21) and related comments.

We conclude this introductory section with an observation about proper
classical fibre functors (cfr. §19). We intend to show that, in the classical
case, existence of enough invariant metrics is sufficient to ensure properness
and hence that the first condition of Definition 19.2 is actually redundant for
any classical fibre functor.

Notice first of all that each Hilbert metric φ on a complex vector bundle
E ∈ Ob V∞(M) determines a subgroupoid U (E, φ) ⊂ GL(E), consisting of
all φ-unitary linear isomorphisms between the fibres of E; more explicitly,
the arrows x→ x′ in U (E, φ) are the unitary isomorphisms of (Ex, φx) onto
(Ex′ , φx′). Clearly, U (E, φ) is a proper Lie groupoid over the manifold M ,
embedded into GL(E). When there is no danger of ambiguity about the
metric, we will just suppress φ from the notation.

From our elementary remark (19.6) it follows that for any ω-invariant
Hilbert metric φ on ω(R) (R ∈ Ob C) the evaluation homomorphism evR (5)
must factor through the subgroupoid U (ωR) ↪→ GL(ωR). Hence one may
view evR as a “smooth” homomorphism

(7) evR : T (ω) −→ U (ωR), λ 7→ λ(R).

8 Proposition Let ω : C → V∞(M) be a classical fibre functor.
Suppose there are enough ω-invariant metrics (cfr §19, Definition 2). Then
ω is proper; in particular, T (ω) is a proper groupoid.

Proof Let us assign, to each object R ∈ Ob C, an ω-invariant metric φR on
ω(R) once and for all. We shall simply write U (ωR) in place of U (ω(R), φR).

Let K be an arbitrary compact subset of the base manifold M . We have
to show that T |K = (s , t)−1(K ×K) is a compact subset of the topological
space T = T (ω)(1). Consider the auxiliary space

(9) ZK
def
=

∏
R∈Ob C

U (ωR)|K

(product of topological spaces) and observe that ZK is compact because the
same is true of each factor U (ωR)|K . There is an obvious continuous injective
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map e : T |K ↪→ ZK given by λ 7→ {λ(R)}R∈Ob C. We claim that this map is
actually a topological embedding of T |K onto a closed subset of ZK : this will
entail the required compactness of T |K .

The map e is an embedding. This will be implied at once by the following
extension property of representative functions: for every r = rR,φ,ζ,ζ′ ∈ R
(18.11), there exists a continuous function h : ZK → C such that r = h ◦ e
on T |K . In order to obtain such an extension of r, note simply that on T |K
one has rR,φ,ζ,ζ′ = (qφ,ζ,ζ′ ◦ πR) ◦ e, where πR : ZK → U (ωR)|K is the R-th
projection and qφ,ζ,ζ′ is the (restriction to U (ωR)|K of) the smooth function
GL(ωR)→ C, µ 7→

〈
µ · ζ(s µ), ζ ′(t µ)

〉
φ.

The image of e is a closed subset of ZK. It is sufficient to observe that
the conditions expressing membership of µ = {µR}R∈Ob C ∈

∏
U (ωR)|K in

the image of e—namely that s(µR) = s(µS) and t(µR) = t(µS) ∀R,S ∈
Ob C, naturality of µ and its being tensor preserving and self-conjugate—are
each stated in terms of a huge number of identities which involve only the
coordinates µR = πR(µ) in a continuous way. q.e.d.

10 Note A very marginal comment about proper classical fibre functors,
improving, in the classical case, Lemma 19.5: for any proper classical ω, the
equality R = R ′ holds. In order to see this, notice first of all that if U is
any open subset of M on which E|U (E = ω(R)) trivializes then we can
find a ∈ Aut(E|U) such that φu(v, v′) = φR,u(v, au · v′) for all u ∈ U (φ
an arbitrary metric on E, φR as in the proof of the preceding proposition,
v, v′ ∈ Eu). Now, if we put ξ′U = a(U)ζ ′U where ζ ′U is the restriction to U
of ζ ′, we get rR,φ,ζ,ζ′ = rR,φR,ζ,ξ

′
U

on t−1(U) ⊂ T . We can use a partition of
unity over all such U ’s to obtain a global section ξ′ with the property that
rR,φ,ζ,ζ′ = rR,φR,ζ,ξ′ ∈ R ′.

§22 Tame Submanifolds of a Lie Groupoid

Let G be a Lie groupoid over a manifold M .

1 Definition A submanifold Σ of the manifold of arrows G(1) will be said
to be principal if it can be covered with local parametrizations (viz inverses
of local charts or, equivalently, open embeddings) of the form

(2)

{
Z × A ↪→ Σ

(z, a) 7→ τ(z) · η(a),

where Z is a submanifold of M , τ : Z → G(x, -) is, for some point x ∈ M ,
a smooth section to the target map of the groupoid, η : H ↪→ Gx is a Lie
subgroup of the x-th isotropy group Gx of G and A is an open subset of H
such that η restricts to an embedding of A into Gx.
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Note that the image Σ = τ(Z) · η(A) of a map of the form (2) is always
a submanifold of G(1) and that the same map induces a smooth isomorphism
of Z × A onto Σ. So, in particular, it makes sense to use such maps as local
parametrizations. (Details can be found in Note 6 below.)

Note also that any principal submanifold of G(1) admits an open cover
by local parametrizations of type (2) with the additional property that the
Lie group H is connected and A is an open neighbourhood in H of the
neutral element e. (Indeed, let σ ∈ Σ be a given point and choose a local
parametrization τ · η of the form (2). Suppose σ = (z, a) ∈ Z × A in this
local chart. Replacing A with a−1A and τ with τ · η(a) accomplishes the
reduction to the situation where A is a neighbourhood of e and σ = (z, e);
intersecting with the connected component of e in H finishes the job.)

3 Lemma Let ϕ : G → G ′ be a Lie groupoid homomorphism, inducing
an immersion f : M → M ′ at the level of manifolds of objects. Assume
that Σ and Σ′ are principal submanifolds of G and G ′ respectively, with
the property that ϕ maps Σ injectively into Σ′.

Then ϕ restricts to an immersion of Σ into Σ′.

Proof Fix any point σ0 ∈ Σ and let x0 ≡ s(σ0), z0 ≡ t(σ0). Choose local
parametrizations τ · η : Z × A ↪→ Σ and τ ′ · η′ : Z ′ × A′ ↪→ Σ′ of type (2)
with, let us say, σ0 = (z0, e) ∈ Z × A and ϕ(σ0) = (f(z0), e

′) ∈ Z ′ × A′,
where e, resp. e′ is the neutral element of the Lie subgroup η : H ↪→ Gx0 ,
resp. η′ : H ′ ↪→ G′

f(x0). As remarked above, the Lie groups H and H ′ can be
assumed to be connected. Let the domain of the first parametrization shrink
around the point (z0, e) until the smooth injection ϕ : Σ ↪→ Σ′ admits a local
representation relative to the chosen parametrizations, namely

Σ
ϕ // Σ′

Z × A
� ?

τ ·η
OO

ϕ̃ //____ Z ′ × A′.
� ?

τ ′·η′
OO

ϕ̃ will be a smooth injective map, of the form (z, a) 7→
(
z′(z, a), a′(z, a)

)
. Note

that z′(z, a) = f(z) so that, in particular, f maps Z into Z ′; this follows by
comparing the target of the two sides of the equality

τ ′(z′) · η′(a′) = ϕ(τ(z)) · ϕ(η(a)).

Since the restriction of f to Z is an immersion of Z into Z ′, the mapping
ϕ̃ is immersive at (z0, e) if and only if the corresponding partial map a 7→
a′(z0, a) is immersive at e ∈ A. Now, consider the following huge commutative
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diagram, where we put x′0 ≡ f(x0) and z′0 ≡ f(z0):

Gx0 Gx0

ϕ // G′
f(x0) G′

f(x0)

G(x0, z0)

τ(z0)−1·

OO

ϕ // G ′(x′0, z′0)

ϕ(τ(z0))−1·

OO

A
?�

η

OO

{z0} × A
� ?

τ ·η
OO

// {z′0} × A′
� ?

τ ′·η′
OO

A′?�

η′

OO

[the rectangle on the right commutes because ϕ(τ(z0)) = ϕ(σ0) = τ ′(f(z0)) =
τ ′(z′0)]. The commutativity of the outer rectangle entails that the bottom
map in this diagram, namely a 7→ a′(z0, a), coincides with the restriction to
A of a (necessarily unique) Lie group homomorphism ζ : H → H ′; the same
map is therefore an immersion, because a Lie group homomorphism which
is injective in a neighbourhood of e must be immersive, see eg Bröcker and
tom Dieck [4], p. 27. The proof of the existence of the homomorphism of Lie
groups ζ is deferred to Note 9 below. q.e.d.

4 Definition A submanifold Σ of the arrow manifold of a Lie groupoid G
will be said to be tame if the following conditions are satisfied:

i) the source map of G restricts to a submersion of Σ onto an open subset
of the base manifold M of G;

ii) for each point x ∈ M , the corresponding source fibre Σ(x, -) ≡
Σ ∩ G(x, -) is a principal submanifold.

Note that from the first condition it already follows that the source fibre
Σ(x, -) is a submanifold (of Σ and hence) of G(1).

5 Proposition Let ϕ : G → G ′ be a Lie groupoid homomorphism,
inducing an immersion f : M → M ′ at the level of base manifolds.
Suppose that Σ, resp. Σ′ is a tame submanifold of G, resp. G ′ and that ϕ
maps Σ injectively into Σ′.

Then ϕ restricts to an immersion of Σ into Σ′.

Proof Fix σ0 ∈ Σ, and put x0 = s(σ0). Choose local parametrizations
U ×B ↪→ Σ at σ0 ≈ (x0, 0) ∈ U ×B, and U ′ ×B′ ↪→ Σ′ at ϕ(σ0) ≈
(f(x0), 0) ∈ U ′ ×B′, locally trivializing the respective source map—which
is a submersion because of Condition i) of Definition 4—over the open sub-
sets U ⊂ M , U ′ ⊂ M ′. (Here B and B′ are open balls.) This means, for
instance, that the first parametrization makes the diagram

U ×B

pr
##G

GGGGGGGG
� � // Σ

s
����

��
��

�

U
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commute. If the domain of the first parametrization is made to be conve-
niently small around the center (x0, 0), the mapping ϕ : Σ ↪→ Σ′ will induce
a smooth and injective local expression

Σ
ϕ // Σ′

U ×B
� ?

OO

//___ U ′ ×B′
� ?

OO

of the form (x, b) 7→ (x′(x, b), b′(x, b)) = (f(x), b′(x, b)), so that, in particular,
f will map U into U ′. Since f : U → U ′ is then an immersion by assumption,
the above local expression is an immersive map at (x0, 0) if and only if the
partial map b 7→ b′(x0, b) is immersive at 0 ∈ B. At this point we can use
Lemma 3 to conclude the proof. q.e.d.

In particular, it follows that when a homomorphism ϕ of Lie groupoids
(let us say over the same manifold M and with f = id) induces a homeo-
morphism between two tame submanifolds Σ and Σ′, then it restricts in fact
to a diffeomorphism of Σ onto Σ′. This will be for us the most useful property
of tame submanifolds, and we shall make repeated application of it in the
subsequent sections. Actually, the motivation for introducing the concept of
tame submanifold was precisely to ensure this kind of automatic “differentia-
bility out of continuity”.

6 Note Let S = Gm be the m-th orbit. As a notational convention, we
shall use the letter S when we think of this orbit as a manifold, endowed
with the unique differentiable structure that turns the target map

(7) t : G(m, -)→ S

into a principal bundle with fibre the Lie group Gm (acting on the manifold
G(m, -) from the right, in the obvious way); (7) is in particular a fibre bundle,
which is in fact equivariantly locally trivial. The inclusion S ↪→ M is an
injective immersion, although not in general an embedding of manifolds. See
also Moerdijk and Mrčun (2003), [27] pp. 115–117.

To begin with, we show that the inclusion map is an embedding of the
manifold Z into S. Of course, Z is a submanifold of M and we have the
inclusion Z ⊂ Gm, but from this fact we cannot a priori conclude that
Z embeds into S, not even that the inclusion map Z ↪→ S is continuous;
the reason why we can do away with this difficulty is that over Z there
exists, by assumption, a smooth section τ to the target map G(m, -) → M .
(Incidentally, observe that any such τ : Z → G(m, -) is an embedding of
manifolds. Clearly, it will be enough to see that τ is an embedding of Z
into G. Since τ is a smooth section over Z to t : G → M , it is an injective
immersion; moreover, for any open subset U of M we have

τ(Z ∩ U) = τ(Z) ∩ t−1(U).)



98 CHAPTER V. CLASSICAL FIBRE FUNCTORS

Now, from the existence of τ it follows immediately that the inclusion t ◦ τ
of Z into S is a smooth mapping; moreover, we have that this is actually an
injective immersion, because on composing it with S ↪→ M one obtains the
embedding Z ↪→ M . It only remains to notice that if U is open in M then
Z ∩ U coincides with Z ∩W where W = t G(m,U) is open in S.

Next, we show that

8 Lemma For every z0 ∈ Z, there is a local trivialization of the principal
bundle (7), of the form

G(m,W ) ≈ W ×Gm

over an open neighbourhoodW of z0 in S, such that its unit section agrees
with τ on Z ∩W . (Recall that the unit section of such a local trivialization
is the mapping that corresponds to W ↪→ W ×Gm, w 7→ (w, 1m).)

Proof Since Z embeds as a submanifold of S, it is possible to find an open
neighbourhood W of z0 in S diffeomorphic to a product of manifolds

W ≈ (W ∩ Z)×B, z0 ≈ (z0, 0),

where B is an open euclidean ball. Moreover, it is clearly not restrictive to
assume that the principal bundle (7) can be trivialized over W . Then, after
having fixed one such trivialization, we can take the composite mapping

W ≈ (W ∩ Z)×B pr−−→ W ∩ Z τ−→ G(m,W ) ≈ W ×Gm
pr−−→ Gm,

which we denote by θ : W → Gm, and use it to produce an equivariant
change of charts and hence a new local trivialization for (7), namely

W ×Gm
∼→ W ×Gm ≈ G(m,W ), (w, g) 7→ (w, θ(w)g),

whose unit section is immediately seen to agree with τ on Z ∩W . q.e.d.

Our aim was to prove that Σ = τ(Z) · η(A) is a submanifold of G and
that τ · η is a smooth isomorphism between Z × A and Σ. Thus, fix σ0 ∈ Σ,
an let z0 = t(σ0); the latter is a point of Z. Fix also a trivializing chart for
the principal bundle (7) as in the statement of Lemma 8; then

W ×Gm ≈
diffeo. // G(m,W )

(Z ∩W )× A
� ?

embed.

OO

biject. // Σ ∩ G(m,W )
� ?

set-th. incl.

OO

commutes, where on the left we have the obvious embedding of manifolds,
and the bottom map is (z, a) 7→ τ(z) · η(a), the restriction of τ · η. (The
diagram commutes precisely because the unit section of the chart agrees
with τ over Z ∩W .) It is then clear that Σ ∩ G(m,W ) is a submanifold of
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the open neighbourhood G(m,W ) of σ0 in G(m, -), and that τ · η restricts to
a diffeomorphism of (Z ∩W )× A onto this submanifold.

Henceforth, Σ is a submanifold of G(m, -) and τ · η is a bijective local
diffeomorphism between Z × A and Σ. (Note that the statement that Z ↪→ S
is an embedding is really used here.)

9 Note Assume that a commutative rectangle

A

��

� � // H

∃!ζ
��

� � η // G

ϕ

��
A′ � � // H ′ � � η′ // G′

is given, where G, G′ are Lie groups, ϕ is a Lie group homomorphism, η :
H ↪→ G and η′ : H ′ ↪→ G′ are Lie subgroups with H connected, A ⊂ H, A′ ⊂
H ′ are open neighbourhoods of the unit elements e, e′ of H, H ′ respectively,
and A → A′ is a smooth mapping. Then there exists a unique Lie group
homomorphism ζ : H → H ′ which fits in the diagram as indicated.

Indeed, since A is an open neighbourhood of e in H and H is connected,
A generates H as a group, see Bröcker and tom Dieck (1995), [4] p. 10. So
ϕη(A) generates ϕη(H), and therefore ϕη(H) ⊂ η′(H ′) because ϕη(A) ⊂
η′(A′) ⊂ η′(H ′). Since η′ : H ′ → η′(H ′) is a bijective homomorphism of
groups, there exists a unique group-theoretic solution ζ : H → H ′ to the
problem η′ ◦ ζ = ϕ ◦ η. The restriction of ζ to A coincides with the given
smooth map A → A′, thus ζ is smooth in a neighbourhood of e; since left
translations are Lie group automorphisms, the commutativity of

H

≈ h·
��

ζ // H ′

≈ ζ(h)·
��

H
ζ // H ′

shows that ζ is smooth in the neighbourhood of any h ∈ H, and hence
globally smooth, in other words a Lie group homomorphism.

Tameness and Morita equivalence

There is still one fundamental point we need to discuss, for the treatment
of weak equivalences of classical fibre functors in Section 25 below. Namely,
suppose one is given a Morita equivalence of Lie groupoids ϕ : G → G ′
such that at the level of manifolds of objects it is given by a submersion
ϕ : M → M ′. Let Σ be a subset of the manifold of arrows of G, and assume
that every point of Σ has an open neighbourhood Γ in G with

(10) ϕ−1(Σ′) ∩ Γ ⊂ Σ,
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where we put Σ′ = ϕ(Σ); note that this is equivalent to saying that

∀γ ∈ Γ, γ ∈ Σ ⇔ ϕ(γ) ∈ Σ′.

Then one has what follows

1. Σ is a submanifold of G if and only if Σ′ is a submanifold of G ′;
2. Σ is a submanifold of G verifying Condition i) of Definition 4 if and

only if the same is true of Σ′ in G ′;
3. for every m ∈ M , the restriction ϕ : Σ(m, -)→ Σ′(ϕ(m), -) is an open

mapping between topological subspaces of the manifolds G and G ′;
4. for every m ∈ M , the fibre Σ(m, -) is a principal submanifold of G if

and only if its image ϕ(Σ(m, -)) is a principal submanifold of G ′.

Before we start with the proofs, let us show how these statements 1-4 may
be used to derive the following main result

11 Proposition Let ϕ : G −→ G ′ be a Morita equivalence of Lie
groupoids inducing a submersion at the level of base manifolds. Let Σ
be a subset of the manifold of arrows of G which satisfies condition (10)
above, and put Σ′ = ϕ(Σ). Then Σ is a tame submanifold of G if and only
if Σ′ is a tame submanifold of G ′.

Proof (⇐) Suppose m ∈M is given: we must show that Σ(m, -) is a princi-
pal submanifold of G. Because of Statement 3, ϕ(Σ(m, -)) is an open subset of
the subspace Σ′(ϕ(m), -) ⊂ G ′. Since the latter is by assumption a principal
submanifold of G ′, it follows that the open subset ϕ(Σ(m, -)) is a princi-
pal submanifold of G ′ as well, and hence, by Statement 4, that Σ(m, -) is a
principal submanifold of G.

(⇒) Fix m′ ∈M ′. According to Statement 3, we have the open covering

Σ′(m′, -) =
⋃

m∈ϕ−1(m′)

ϕ(Σ(m, -)),

and every open set belonging to this covering is a principal submanifold
of G ′, by Statement 4 and the assumption. Hence the whole submanifold
Σ′(m′, -) ⊂ G ′ is a principal submanifold of G ′. q.e.d.

Now we come to the proofs of Statements 1 to 4:
Proof of Statement 1. Recall from Note 15, (16) below that, up to
diffeomorphism, one has for the morphism ϕ a canonical decomposition

Γ

(s,t)

��

≈ // Γ′ ×B × C

��

pr // Γ′

(s′,t ′)
��

U × V ≈×≈ // U ′ ×B × V ′ × C
pr×pr // U ′ × V ′
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in a neighbourhood Γ of every point of Σ, with Γ verifying condition (10).
We have that Σ′ ∩ Γ′ is a submanifold of Γ′ if and only if (Σ′ ∩ Γ′)× A is
a submanifold of Γ′ × A, where A = B × C. Thus, since (Σ′ ∩ Γ′)× A =
pr−1(Σ′ ∩ Γ′) corresponds to

ϕ−1(Σ′ ∩ Γ′) ∩ Γ = ϕ−1(Σ′) ∩ Γ = Σ ∩ Γ

in the diffeomorphism Γ ≈ Γ′ ×B × C, this is in turn equivalent to saying
that Σ ∩ Γ is a submanifold of Γ. Thus we see that Σ is a submanifold of G
if and only if Σ′ is a submanifold of G ′.
Proof of Statement 2. From the previous diagram, we get that, up to
diffeomorphism, s : Γ → U corresponds to s ′ × pr : Γ′ ×B × C → U ′ ×B,
so it restricts to a submersion Σ ∩ Γ→ U if and only if s ′ × pr restricts to a
submersion (Σ′ ∩ Γ′)×B × C → U ′ ×B; and this is in turn true if and only
if s ′ : Σ′ ∩ Γ′ → U ′ is a submersion.
Proof of Statement 3. Fix a point σ0 ∈ Σ(m, -) and an open neighbour-
hood of that point in G. Then from Note 15 below, we have for the restriction
of ϕ to Σ a canonical local decomposition

Σ ∩ Γ

s

��

≈ // (Σ′ ∩ Γ′)×B × C
s′×id
��

pr // Σ′ ∩ Γ′

s′

��
U

≈ // U ′ ×B
pr // U ′

at σ0 = (σ′0, 0, 0), where Γ can be choosen as small as one likes around σ0,
simply by taking a smaller Γ′ = ϕ(Γ) at σ′0 = ϕ(σ0) and reducing the radius
of the open balls B, C; in particular, Γ can be chosen so small that it fits in
the previously assigned open neighbourhood of σ0 in G.

It is immediate to recognize that ϕ(Σ(m, -) ∩ Γ) = Σ′(ϕ(m), -) ∩ Γ′, where
the latter is clearly an open subset of the subspace Σ′(ϕ(m), -) of G ′. Indeed,
in the left-hand square of the preceding diagram, the s-fibre above m ∈ U ,
namely

(Σ ∩ Γ)(m, -) = Σ(m, -) ∩ Γ,

corresponds to the s ′ × pr -fibre above (ϕ(m), 0), namely

(Σ′ ∩ Γ′)(ϕ(m), -)× 0× C.

The latter is mapped by the projection pr onto

(Σ′ ∩ Γ′)(ϕ(m), -) = Σ′(ϕ(m), -) ∩ Γ′,

hence ϕ maps Σ(m, -) ∩ Γ onto Σ′(ϕ(m), -) ∩ Γ′, as contended.
Proof of Statement 4. This will be based on the following lemma:
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12 Lemma Let ϕ : G → G ′ be a fully faithful homomorphism of Lie
groupoids and let ϕ : M → M ′ be the map induced on base manifolds.
Suppose that Σ ⊂ G and Σ′ = ϕ(Σ) ⊂ G ′ are submanifolds. Suppose also
that a commutative diagram

(13) Σ

t

��

≈ // Σ′ × C
t ′×id
��

pr // Σ′

t ′

��
V

≈ // V ′ × C
pr // V ′

is given, where V ⊂M and V ′ ⊂M ′ are open subsets, C is an open ball
and the ≈’s are diffeomorphisms such that the top row coincides with ϕ
(arrows) and the bottom one with ϕ (objects). Let σ0 ∈ Σ be a point
with σ0 ≈ (σ′0, 0) ∈ Σ′ × C.

Then Σ admits a local parametrization of type (2) at σ0 if and only
if Σ′ admits such a parametrization at σ′0.

Proof Notation: let z0 = t(σ0) ∈ V and z′0 = t ′(σ′0) = ϕ(z0) ∈ V ′. Observe
that from (13) it follows that z0 corresponds to (z′0, 0) in the diffeomorphism
V ≈ V ′ × C, because σ0 corresponds to (σ′0, 0) in Σ ≈ Σ′ × C.

(⇐) Suppose that Σ′ admits a type (2) local parametrization σ′ · η′ :
Z ′ × A′ ↪→ Σ′ at σ′0 ≈ (z′0, e

′) ∈ Z ′ × A′. It is clearly no loss of generality to
assume that the whole Σ′ is the image of this local parametrization. Z ′ =
t ′(σ′(Z ′)) ⊂ t ′(Σ′) ⊂ V ′ is a submanifold, because so is Z ′ ⊂ M ′. Write
the diffeomorphism V ≈ V ′ × C as v 7→ (ϕ(v), c(v)) and let Z ⊂ V be
the submanifold corresponding to Z ′ × C. Define σ : Z → Σ as σ(z) =
(σ′(ϕ(z)), c(z)) ∈ Σ′ × C ≈ Σ, and η by

(14) G(m,m)
ϕ

≈
// G ′(m′,m′)

H ′R2

η

ddI
I

I
I

I �,
η′

99tttttttttt

so that σ is clearly a smooth t-section

t(σ(z)) ≈
(
t ′ × id

)(
σ′(ϕ(z)), c(z)

)
=

(
t ′(σ′(ϕ(z))), c(z)

)
= (ϕ(z), c(z))

≈ z

with σ(z0) ≈
(
σ′(ϕ(z0)), c(z0)

)
= (σ′0, 0) ≈ σ0, and η : H ↪→ Gm is a Lie

subgroup, where we put H = H ′. Let A = A′. It is immediate to calculate
that the image of σ · η : Z × A ↪→ G is the whole Σ: thus we have constructed
a global parametrization of Σ at σ0.

(⇒) In the other direction, suppose we are given a local parametrization
σ · η : Z × A ↪→ Σ of type (2) such that σ0 ∈ Σ corresponds to (z0, e) =
(t(σ0), e) ∈ Z × A. Clearly, Z = t(σ(Z)) ⊂ t(Σ) ⊂ V is a submanifold since
so is Z ⊂M .
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To begin with, observe that it is not restrictive to assume that the sub-
manifold Z ⊂ V corresponds to Z ′ × C under the diffeomorphism V ≈
V ′ × C, where of course Z ′ = ϕ(Z). Precisely, the diffeomorphism Σ ≈
Σ′ × C, that identifies σ0 with (σ′0, 0), allows one to choose a smaller open
neighbourhood (σ′0, 0) ∈ Σ′

0 × C0 ⊂ Σ′ × C such that Σ0 ≈ Σ′
0 × C0 is con-

tained in the domain of the local chart (σ · η)−1. From the commutativity of
the diagram

Z × A
pr

��

Σ0
? _

(σ·η)−1

open emb.
oo

t
��

≈ // Σ′
0 × C0

t ′×id
��

Z t(Σ0)? _inclusionoo ≈ // t ′(Σ′
0)× C0

it follows at once that Z0 = t(Σ0) ⊂ Z is an open subset such that V ≈
V ′ × C induces a bijection Z0 ≈ Z ′

0 × C0, where Z ′
0 = t ′(Σ′

0). Since it is
compatible with the aims of the present proof to replace C with a smaller C0

centered at 0, we can work with the smaller local parametrization obtained
by restricting σ to the open subset Z0 of Z.

Secondly, the t-section σ : Z → Σ induces, by means of the diffeomorph-
isms Z ≈ Z ′ × C and Σ ≈ Σ′ × C, a smooth mapping Z ′ × C → Σ′ × C of
the form (z′, c) 7→ (σ′(z′, c), c); indeed

(z′, c) ≈ z = t(σ(z)) ≈ (t ′ × id)
(
σ′(z′, c), c(z′, c)

)
=

(
t ′(σ′(z′, c)), c(z′, c)

)
,

hence it follows t ′(σ′(z′, c)) = z′ and c(z′, c) = c. We claim that it is no loss
of generality to assume that it actually is of the form (z′, c) 7→ (σ′(z′), c), ie
that σ′ does not really depend on the variable c. Indeed, define τ : Z → Σ
as τ(z) =

(
σ′(ϕ(z), 0), c(z)

)
∈ Σ′ × C = Σ; such a map is also a smooth

t-section

t(τ(z)) ≈ (t ′ × id)
(
σ′(ϕ(z), 0), c

)
=

(
t ′(σ′(z′, c)), c

)
= (ϕ(z), c) ≈ z

with τ(z0) =
(
σ′(z′0, 0), 0

)
= σ(z0) = σ0. Then we can apply Lemma 20 below,

the ‘Reparametrization Lemma’, to obtain a new type (2) local parametriza-
tion of Σ at σ0, for which such an assumption holds as well. Then we
can introduce a smooth t ′-section σ′ : Z ′ → Σ′ such that σ′(z′0) = σ′0,
by setting σ′(z′) = σ′(z′, 0); also, we define η′ by means of (14) and put
H ′ = H and A′ = A. Thus, from the simplifying assumption above, it follows
that σ′(ϕ(z)) = ϕ(σ(z)) for every z ∈ Z, and therefore that the image of
σ′ · η′ : Z ′ × A′ ↪→ G ′ coincides with ϕ(Im σ · η). But Imσ · η ⊂ Σ is an open
subset, and ϕ : Σ → Σ′ = ϕ(Σ) is an open mapping, whence Imσ′ · η′ is an
open subset of Σ′. This concludes the proof. q.e.d.
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15 Note Fix a point σ0 ∈ Σ. Since f is a submersion, one can choose open
neighbourhoods U and V of s(σ0) and t(σ0) in M respectively, so small that,
up to diffeomorphism, f |U becomes an open projection U ≈ U ′ ×B pr−→ U ′

(U ′ is an open subset of M ′ and B is an open ball; moreover, we shall assume
that s(σ0) corresponds to (f(s(σ0)), 0) in the diffeomorphism U ≈ U ′ ×B),
and f |V becomes an open projection V ≈ V ′ × C pr−→ V ′ (V ′ is an open subset
of M ′, and C is an open ball; also, t(σ0) corresponds to (f(t(σ0)), 0) in the
diffeomorphism V ≈ V ′ ×B). Since ϕ is a Morita equivalence, we have the
following pullback in the category of differentiable manifolds of class C∞

G(U, V )

(s,t)

��

ϕ // G ′(U ′, V ′)

(s′,t ′)

��
U × V f×f // U ′ × V ′

which has therefore, up to diffeomorphism, the following aspect

G(U, V )
≈

diffeo.
//

(s,t)

��

G ′(U ′, V ′)×B × C
(s′,t ′)×id×id

��

pr // G ′(U ′, V ′)

(s′,t ′)
��

U × V ≈×≈ // U ′ ×B × V ′ × C
pr×pr // U ′ × V ′,

where the top composite arrow coincides with ϕ and the bottom one with
f × f . Next, take an open neighbourhood Γ of σ0 in G such that the relation
(10) holds. Then the same relation is clearly also satisfied by any smaller open
neighbourhood of σ0 in G, hence it is no loss of generality to assume that Γ is
contained in G(U, V ) and that it corresponds to a product Γ′ ×B0 × C0 (with
Γ′ = ϕ(Γ) necessarily open in G ′(U ′, V ′), because ϕ : G(U, V )→ G ′(U ′, V ′) is
open as it is clear from the latter diagram, and with B0 ⊂ B, C0 ⊂ C open
balls centered at 0 of smaller radius) in the diffeomorphism

G(U, V ) ≈ G ′(U ′, V ′)×B × C.

Then, by our choice of Γ we obtain a commutative diagram

Γ
≈

diffeo.
//

(s,t)

��

Γ′ ×B0 × C0

(s′,t ′)×id×id
��

pr // Γ′

(s′,t ′)

��
U0 × V0

≈×≈ // U ′ ×B0 × V ′ × C0
pr×pr // U ′ × V ′

(16)

where the top composite arrow coincides with ϕ and the bottom one with
f × f . Finally, by pasting the following commutative diagram

U0 × V0

pr

��

≈×≈ // U ′ ×B0 × V ′ × C0

pr

��

pr×pr // U ′ × V ′

pr

��
V0

≈ // V ′ × C0
pr // V ′
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to the former one along the common edge, we obtain

Γ
≈ //

t
��

Γ′ ×B0 × C0

t ′×pr
��

pr // Γ′

t ′

��
V0

≈ // V ′ × C0
pr // V ′

(17)

and then, since property (10) holds for Γ,

Σ ∩ Γ
≈ //

t

��

(Σ′ ∩ Γ′)×B0 × C0

t ′×pr

��

pr // Σ′ ∩ Γ′

t ′

��
V0

≈ // V ′ × C0
pr // V ′.

(18)

Both in (17) and in (18), the top composite arrow coincides with the restric-
tion of ϕ and the bottom one with the restriction of f . Of course, one has
analogous diagrams with source maps replacing target maps.

19 Note Here we shall state and prove the Local Reparametrization
Lemma, which was needed in the proof of Lemma 12.

20 Lemma (Local Reparametrization) Let G ⇒ M be a Lie groupoid.
Suppose we are given: a point m ∈M , a smooth t-section τ : Z → G(m, -)
defined over a submanifold Z ⊂ M , a Lie subgroup η : H ↪→ Gm and an
open neighbourhood A of the unit e in H such that the restriction of η is
an embedding. Let Σ = τ(Z) · η(A) be the image of the mapping of type
(2) obtained from these data.

Let σ0 ≈ (z0, e) ∈ Z × A be a given point in Σ, and suppose that
σ : Z → Σ is any other smooth t-section such that σ(z0) = σ0 = τ(z0).

Then there exists a smaller open neighbourhood Z0 × A0 of the point
(z0, e) in Z × A such that

σ · η : Z0 × A0 ↪→ Σ

is still a local parametrization for Σ at σ0.

Proof If we consider the composite (τ · η)−1 ◦ σ : Z → Σ → Z × A, we
get smooth coordinate maps z 7→ (ζ(z), α(z)), characterized by the equation
σ(z) = τ(ζ(z)) · η(α(z)). Comparing the target of the sides of this equation
we get ζ(z) = z. Thus σ is completely determined by the smooth mapping
α : Z → A via the relation σ(z) = τ(z) · η(α(z)).

Now, we choose a smaller open neighbourhood A0 ⊂ A of the unit e such
that A0 · A0 ⊂ A, which exists by continuity of the multiplication of H, and
next an open neighbourhood Z0 of z0 in Z such that α(Z0) ⊂ A0; this is
possible because α(z0) = e, which follows from σ(z0) = τ(z0) = τ(z0) · η(e).
It is then clear that σ · η maps Z0 × A0 into Σ: indeed, ∀(z, a) ∈ Z0 × A0,
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σ(z) · η(a) = (τ(z) · η(α(z))) · η(a) = τ(z) · η(α(z) · a), and this is clearly an
element of τ(Z0) · η(A0 · A0) ⊂ τ(Z) · η(A) = Σ.

If again we compose (τ · η)−1 ◦ (σ · η) : Z0 × A0 → Σ → Z × A, we get
smooth coordinate maps (z, a) 7→

(
ζ(z, a), α(z, a)

)
, characterized by the rela-

tion σ(z) · η(a) = τ(ζ(z, a)) · η(α(z, a)). Taking the target yields ζ(z, a) = z,
thus we have a smooth mapping Z0 × A0 → Z × A of the form (z, a) 7→
(z, α(z, a)) characterized by the equation σ(z) · η(a) = τ(z) · η(α(z, a)). (So,
in particular, α(z, e) = α(z) and α(z0, e) = e.)

To conclude, it will be enough to observe that this mapping has invertible
differential at (z0, e) ∈ Z0 × A0, because if that is the case then the mapping
induces a local diffeomorphism of an open neighbourhood of (z0, e) in Z0 × A0

(which can be assumed to be Z0 × A0 itself, up to shrinking) onto an open
neighbourhood of (z0, e) ∈ Z × A, so that if we then compose back with τ · η
we see that σ · η is a diffeomorphism of Z0 × A0 onto an open subset of Σ.
To see the invertibility of the differential, it will be sufficient to prove that
the partial map a 7→ α(z0, a) has invertible differential at e ∈ A0. But from
the characterizing equation (setting z = z0)

α(z0, a) = η−1(τ−1(z0)σ(z0)) · a = η−1(1m) · a = a

we see at once that this differential is in fact the identity. q.e.d.

21 Note We include here a discussion of tame submanifolds in connection
with embeddings of Lie groupoids, parallel to the one concerning Morita
equivalences. Suppose one is given such an embedding, ie a Lie groupoid
homomorphism ι : G ↪→ G ′ such that the mapping ι itself and the mapping
i : M ↪→ M ′ induced on bases are embeddings of manifolds. Let Σ be a
subset of G, and put Σ′ = ι(Σ) ⊂ G ′. The following statements hold

i) Σ is a submanifold of G if and only if Σ′ is a submanifold of G ′, in which
case the restriction ι : Σ→ Σ′ is a diffeomorphism;

ii) Σ is a principal submanifold of G if and only if Σ′ is a principal sub-
manifold of G ′;

iii) in case i : M ↪→ M ′ is an open embedding, Σ is a tame submanifold of
G if and only if Σ′ is a tame submanifold of G ′.

Note that, as a special case, we get invariance of tame submanifolds under
isomorphisms of Lie groupoids.

§23 Smoothness and Representative Charts

In §21 we discussed some general properties of classical fibre functors, which
hold quite apart from the eventuality that the canonical C∞-structure on
the space of arrows of the Tannakian groupoid might prove not to be a
smooth manifold structure. On the contrary, in the present section we turn
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our attention specifically to the problem of finding effective criteria to decide
whether a given classical fibre functor is “smooth” in the sense illustrated at
the beginning of §18. Such criteria will be employed in §26; they involve the
technical notion of tame submanifold introduced in the preceding section.

To motivate our definitions (which may appear rather artificial at first
glance) let us consider a smooth classical fibre functor ω over a manifold
M . Recall that ω being smooth means by definition that the standard C∞-
structure R∞ on the space T (ω)(1) turns T (ω) into a Lie groupoid over
M ; compare §18. Consider any classical representation % : T (ω) → GL(E)
on a smooth vector bundle E; we know from Lemma 20.15 that if the map
λ 7→ %(λ) is injective in the vicinity of λ0 within the subspace T (ω)(x0, x0

′)
[x0 ≡ s(λ0), x0

′ ≡ t(λ0)] of T (ω)(1), the same map must be an immersion,
into the manifold of arrows of GL(E), of some open neighbourhood Ω ⊂ T
of λ0 and therefore it must induce, provided Ω is chosen small enough, a
diffeomorphism of Ω onto a submanifold %(Ω) of GL(E). When, in particular,
% = evR for some R ∈ Ob(C), we agree to write R(Ω) for the submanifold [of
the manifold of arrows of GL(ωR)] that corresponds to Ω, namely we put

(1) R(Ω)
def
= evR(Ω).

It is not exceedingly difficult to see that the submanifolds of GL(E) of the
form %(Ω), for all % and Ω such that % induces a diffeomorphism of Ω onto
%(Ω), are necessarily tame submanifolds of GL(E), cfr Lemma 26.3 below.
It will be convenient to have a name for the local diffeomorphisms of the
above-mentioned type:

2 Definition We shall call representative chart any pair (Ω, R) consisting
of an open subset Ω of the space of arrows of T (ω) and an object R ∈ Ob(C),
such that evR : T (ω)→ GL(ωR) restricts to a homeomorphism of Ω onto a
tame submanifold R(Ω) of the linear groupoid GL(ωR).

Note that this definition has been formulated so that it makes sense for
an arbitrary classical fibre functor ω; when ω is smooth and (Ω, R) is a
representative chart, the map λ 7→ λ(R) induces a diffeomorphism of Ω onto
the submanifold R(Ω) of GL(ωR): this justifies our definition.

Observe that if R and S are two isomorphic objects of C then (Ω, R) is
a representative chart of T (ω) if and only if the same is true of (Ω, S) (see
Note 11 below). Moreover, if (Ω, R) is a representative chart of T (ω), the
same is obviously true of (Ω′, R) for each open subset Ω′ ⊂ Ω.

We know from Lemma 10.14 that if a classical fibre functor ω is smooth
then for each λ0 there exists some R ∈ Ob(C) such that the map λ 7→ λ(R)
is injective in a neighbourhood of λ0 within the subspace T (ω)(s λ0, t λ0) of
T (ω)(1). Now, as remarked before, this implies that λ0 lies in the domain Ω
of a representative chart (Ω, R): thus we see that for any smooth classical
fibre functor, the domains of representative charts form an open covering of
the space of arrows of the corresponding Tannakian groupoid.
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Next, let us consider an arbitrary representative chart (Ω, R) of T (ω),
for a smooth ω. Let S be an arbitrary object of C. By choosing direct sum
representatives conveniently, we may suppose that ω(R⊕ S) = ωR⊕ ωS.
The evaluation map evR⊕S will yield a one-to-one correspondence between
Ω and the subspace (R⊕ S)(Ω) of GL(ωR⊕ ωS): indeed, since λ(R⊕ S) =
λ(R)⊕ λ(S) for all λ ∈ T (ω), it is clear that the map λ 7→ λ(R⊕ S) factors
through the submanifold GL(ωR)×M GL(ωS) ↪→ GL(ωR⊕ ωS) (cfr Note
16 below) as the map λ 7→

(
λ(R), λ(S)

)
(the latter is evidently injective,

because so is λ 7→ λ(R), by hypothesis). We contend that evR⊕S actually
induces a homeomorphism of Ω onto the respective image; since evR⊕S is im-
mersive (by Lemma 20.15), our contention will imply at once that (R⊕ S)(Ω)
is a submanifold of GL(ωR⊕ ωS) and that evR⊕S yields a diffeomorphism
between Ω and this submanifold. Now, let Ω′ ⊂ Ω be a given open subset; fix
any open subset Λ′ ⊂ GL(ωR) such that R(Ω) ∩ Λ′ = R(Ω′) (such Λ′ exist
because Ω and R(Ω) are homeomorphic via evR): then

(3) (R⊕ S)(Ω) ∩
(
Λ′ ×M GL(ωS)

)
= (R⊕ S)(Ω′),

which proves our contention. From the remarks that precede Definition 2 we
immediately conclude that the following property is satisfied by any smooth
classical fibre functor ω: when (Ω, R) is a representative chart of T (ω), so
must be (Ω, R⊕ S) for each object S ∈ Ob(C).

The converse holds:

4 Proposition Let ω be a classical fibre functor. Then ω is smooth if
and only if the following two conditions are satisfied:

i) the domains of representative charts cover the space of arrows of
the Tannakian groupoid T (ω), ie for each λ ∈ T (ω) there exists a
representative chart (Ω, R) with λ ∈ Ω;

ii) if (Ω, R) is a representative chart of T (ω) then the same is true of
(Ω, R⊕ S) for every object S ∈ Ob(C).

Proof We have already proved that a smooth classical fibre functor satisfies
conditions i) and ii). Vice versa, suppose these conditions are satisfied: the
crucial point now is to show that any representative chart (Ω, R) establishes
an isomorphism of functionally structured spaces between (Ω,R∞

Ω ) and the
submanifold X def

= R(Ω) ⊂ GL(ωR) (endowed with the structure C∞
X ).

Since evR : T → GL(ωR) is a morphism of functionally structured
spaces, it is clear that f ∈ C∞(X) implies f ◦ evR ∈ R∞(Ω) (cfr. the
proof of Proposition 20.21). The converse implication is less obvious: we
will make use of the special properties of tame submanifolds we derived in
the preceding section. Suppose r = rS,ψ,η,η′ ∈ R∞(Ω) and let f be the func-
tion on X such that f ◦ evR = r; we must show that f ∈ C∞(X). Since
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f = qψ,η,η′ ◦ evS ◦ evR
−1 where qψ,η,η′ is the smooth function on GL(ωS)

given by ν 7→
〈
ν · η(s ν), η′(t ν)

〉
ψ and evR

−1 : X
≈−→ Ω is the inverse map,

it will be enough to show that evS ◦ evR
−1 is a smooth mapping of X into

GL(ωS). Put E = ω(R), F = ω(S). Recall that GL(E)×M GL(F ) is the
product of GL(E) and GL(F ) in the category of Lie groupoids over M (see
Note 16 below) and that therefore it comes equipped with two projections
prE, prF that are morphisms of Lie groupoids over M . One can build the
following commutative diagram

(R⊕ S)(Ω)

≈ homeo
��

� � eR,S // GL(E)×M GL(F )

prE

��

Ω

evR⊕S

88qqqqqqqqqqqqq evR // X = R(Ω) � � submanifold // GL(E),

(5)

where eR,S is the smooth embedding whose composition with

(6) GL(E)×M GL(F ) ↪→ GL(E ⊕ F ) = GL
(
ω(R⊕ S)

)
, (µ, ν) 7→ µ⊕ ν

equals the inclusion of (R⊕ S)(Ω) into GL(ωR⊕ S). Now, (Ω, R⊕ S) is a
representative chart of T (ω) and hence (R⊕ S)(Ω) is a tame submanifold
of GL(ωR⊕ S), so we can apply Proposition 22.5 to conclude that the tran-
sition homeomorphism in (5) is in fact a diffeomorphism. This immediately
implies the desired smoothness of the transition mapping evS ◦ evR

−1 : X →
GL(F ), because of the commutativity of the following diagram:

(R⊕ S)(Ω) � � eR,S

smooth
// GL(E)×M GL(F )

prF

��

X

trans. diffeo
≈

77ppppppppppppp evR
−1

// Ω
� � evS //

evR⊕S

OO

GL(F ).

(7)

From condition i) and what we have just proved, we see that (T ,R∞)
is a smooth manifold and that each representative chart (Ω, R) induces a
diffeomorphism evR|Ω of Ω onto R(Ω). Moreover, since on the domain of any
representative chart (Ω, R) the source map of T (ω) is the composition of
evR|Ω with the restriction to R(Ω) of the source map of GL(ωR), we also
see that the source map of T (ω) is a submersion—because such remains the
source map of GL(ωR) when restricted to the tame submanifold R(Ω) ⊂
GL(ωR). Proposition 21.3 allows us to finish the proof. q.e.d.

There is yet one useful remark concerning Condition ii): under the hy-
pothesis that (Ω, R) is a representative chart, the evaluation map evR⊕S es-
tablishes, as in (3), a homeomorphism between Ω and the subset (R⊕ S)(Ω)
of the manifold GL(ωR⊕ S), wherefore the pair (Ω, R⊕ S) is a representa-
tive chart if and only if (R⊕ S)(Ω) is a tame submanifold of GL(ωR⊕ S).

The usefulness of the last proposition will become evident in the study of
weak equivalences of classical fibre functors (cfr Section 25) and in the study
of classical fibre functors associated with proper Lie groupoids (Chapter VI).
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8 Corollary Let ω : C → V∞(M) be a classical fibre functor satisfying
conditions i) and ii) of the preceding proposition.

Then there exists a unique manifold structure on the space of arrows
of the groupoid T (ω), that renders T (ω) a Lie groupoid and

evR : T (ω) −→ GL(ωR)

a smooth representation for each object R. Equivalently, the same mani-
fold structure can be characterized as the unique manifold structure for
which an arbitrary mapping f : X → T is smooth if and only if so
is evR ◦ f for all R. The correspondence R 7→

(
ω(R), evR

)
, a 7→ ω(a)

determines a faithful tensor functor ev of C into R∞(T (ω)), which makes

C
ω $$IIIIIIIII

ev // R∞(T (ω))

wwnnnnnnnnn

V∞(M)

(9)

commute as a diagram of tensor functors (where the unlabelled arrow is
the standard forgetful functor of §13).

Proof We only need to check the assertions concerning the uniqueness of
the smooth structure. Thus, suppose evR smooth ∀R. For convenience, let
T (ω)∗ denote the “unknown” manifold structure on the set T (ω). Since the
topology of T (ω)∗ is necessarily finer than that of T (ω), an open subset
of T (ω) must be in particular a tame submanifold of T (ω)∗. Therefore if
(Ω, R) is a representative chart, the homomorphism of Lie groupoids evR :
T (ω)∗ → GL(ωR) restricts to a smooth isomorphism of the open subset
Ω ⊂ T (ω)∗ onto the (tame) submanifold R(Ω) of GL(ωR). Thus, we see
that the identity map is, locally in the domains of representative charts, a
diffeomorphism between T (ω) and T (ω)∗; since representative charts cover
T (ω), we get T (ω)∗ = T (ω), as was to be proved. q.e.d.

For the sake of completeness, we also record the following refinement of
Lemma 20.15, which may be regarded as a statement about the existence of
representative charts of a special type:

10 Corollary Let G be a proper Lie groupoid over a manifold M .
Assume that (E, %) is a classical representation of G, mapping a subset
G(x, x′) injectively into Lis(Ex, Ex′).

Then there exist open balls B and B′ in M , centred at x and x′

respectively, such that the restriction

% : G(B,B′)→ GL(E)

is an embedding of manifolds.
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Proof To begin with, observe that for any given arrow g ∈ G(x, x′) and open
neighbourhood Γ of g in G there is an open ball P inside GL(E), centred at
%(g), such that %−1(P ) ⊂ Γ. To see this, we fix a sequence

· · · ⊂ Pi+1 ⊂ Pi ⊂ · · · ⊂ P1

of open balls inside GL(E), centred at %(g) and with limi radius(Pi) = 0, and
then we argue as in the proof of Theorem 20.5.

By Lemma 20.15, every g ∈ G(x, x′) admits an open neighbourhood Γg in
G such that % induces a smooth isomorphism between Γg and a submanifold
of GL(E). As observed above, one can then choose an open ball Pg ⊂ GL(E)
at %(g) such that %−1(Pg) ⊂ Γg. Now, let Γ =

⋃
%−1(Pg). We claim that %

induces a smooth isomorphism between Γ and a submanifold of GL(E). By
construction, % restricts to an immersion of Γ into GL(E). If g ∈ G(x, x′)
then

%(Γ) ∩ Pg = %
(
%−1(Pg)

)
is an open subset of the submanifold %(Γg) ⊂ GL(E), because % is a smooth
isomorphism of Γg onto %(Γg). Since the open balls Pg cover %(Γ) as g ranges
over G(x, x′), %(Γ) is a submanifold of GL(E). Moreover, since % is a local
smooth isomorphism of Γ onto %(Γ), it will be also a global diffeomorphism
provided it is globally injective over Γ: now, if %(γ′) = %(γ) then γ′, γ ∈
%−1(Pg) ⊂ Γg for some g and therefore γ′ = γ because % is injective over Γg.

Finally, one further application of the usual properness argument will
yield open balls B,B′ ⊂M at x, x′ such that G(B,B′) is contained in Γ (this
is an open neighbourhood of G(x, x′) in G). q.e.d.

Note that the preceding corollary entails in particular that the image
%(G) is a submanifold of GL(E) for every proper Lie groupoid G and faithful
classical representation (E, %) of G.

Technical notes

11 Note Suppose one is given an isomorphism E ≈ F of vector bundles
over a manifold M . Then there is an induced isomorphism of Lie groupoids
over M (ie one that restricts to the identity mapping on M)

(12) GL(E)
≈−→ GL(F ),

given, for each (x, x′) ∈ M ×M , by the bijection that makes the linear
isomorphisms α and β correspond to each other when they fit in the diagram

Ex
≈x
��

α // Ex′

≈x′
��

Fx
β // Fx′ .

(13)
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In particular, if two objects R,S ∈ Ob(C) are isomorphic, any induced
isomorphism ω(≈) : ω(R) ≈ ω(S) will in turn yield an isomorphism of the
corresponding linear groupoids GL(ωR) ≈ GL(ωS) (identical on M), such
that for each λ ∈ T (ω) the linear mappings λ(R) and λ(S) correspond to
one another—because of naturality of λ:

(ωR)x

ω(≈)x

��

ωx(R)

ωx(≈)

��

λ(R) // ωx′(R)

ωx′ (≈)

��

(ωR)x′

ω(≈)x′
��

(ωS)x ωx(S)
λ(S) // ωx′(S) (ωS)x′ .

(14)

Thus, the latter isomorphism will transform evR into evS:

GL(ωR)
OO

≈
��

T (ω)
evS ,,YYYYYYYYYYYYYY

evR 22eeeeeeeeeeeeee

GL(ωS).

(15)

It follows that if Ω ⊂ T is any open subset then R(Ω) is a tame submanifold
of GL(ωR) if and only if S(Ω) is a tame submanifold of GL(ωS) (see, for
instance, Note 22.21) and that R(Ω) and S(Ω) are homeomorphic subsets;
hence evR will induce a homeomorphism between Ω and R(Ω) if and only if
evS induces one between Ω and S(Ω).

16 Note Let G and H be two Lie groupoids over the manifold M . We
want to construct, provided this is possible, their product in the category of
Lie groupoids over M . It ought to be a Lie groupoid over M endowed with
canonical projections, satisfying the usual universal property

G

K

ψ

//

ϕ //

(ϕ,ψ) //______ G ×M H
pr1

66nnnnnnnnnnnnnn

pr2

((QQQQQQQQQQQQQQ

H.

(17)

It must be kept in mind that all the arrows in this diagram are morphisms
of Lie groupoids over M , ie they all induce the identity map id : M →M at
the base level.

The construction of the product over M can be obtained as a special case
of the so-called “strong fibred product construction” for Lie groupoids, cfr.
for example Moerdijk and Mrčun (2003), [27] p. 123.

Namely, we regard the maps

//

��

G
(s,t)

��

(viz. G
(s,t)

��

(s,t) //M ×M
(pr1,pr2)= id

��
H

(s,t) //M ×M M ×M id×id //M ×M etc.)
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as morphisms of lie groupoids over M , where M ×M is the pair groupoid,
and apply the strong fibred product construction to them:{

set of arrows =
{
(g, h) ∈ G ×H : (s , t)(g) = (s , t)(h)

}
,

set of objects =
{
(m,m′) ∈M ×M : m = m′} ∼= M .

Transversality criteria imply that this defines a Lie groupoid G ×M H over
∆(M) ∼= M whenever, for instance, one of the two maps is a submersion.
(Terminology: we say that a Lie groupoid G ⇒ M is locally transitive if the
map (s , t) : G → M ×M is a submersion. This appears to be reasonable,
since G is said to be transitive if that map is a surjective submersion.) More-
over, if the trasversality condition is satisfied, this construction gives a fibred
product with the familiar universal property.

Suppose that G ×M H makes sense, ie that the transversality condition is
satisfied. We remark that the universal property (17) is a consequence of the
universal property of the pullback. Indeed, first of all, the two projections
of the fibred product to its own factors are morphisms over M , as one sees
directly at once. Secondly, if ϕ : K → G and ψ : K → H are morphisms
over M , then the following diagram commutes (precisely by definition of
morphism over M)

K
ψ

��

(s,t)

&&M
MMMMM

ϕ // G
(s,t)

��
H

(s,t) //M ×M
and therefore there exists a unique morphism of Lie groupoids (ϕ, ψ) : K →
G ×M H such that diagram (17) commutes, so we need only verify that (ϕ, ψ)
is in fact a morphism over M . This follows at once from the commutativity
of the diagram

K

(s,t)

��

(ϕ,ψ) //

ϕ

##G
GGGGGGGGG G ×M H

(s,t)

��

pr1

zzuuuuuuuuuu

G
(s,t)

$$I
IIIIIIIII

M ×M id×id // M ×M .
Observation. By construction, the manifold of arrows of G ×M H is a

submanifold of the Cartesian product G ×H; it follows that the subsets of
the form Γ× Λ, for Γ ⊂ G and Λ ⊂ H open, form a basis for the topology
of G ×M H. (Of course, we write Γ× Λ but we mean (Γ× Λ) ∩ (G ×M H).)
Thus, one sees immediately that, when the differentiable structure is dis-
carded, the same construction yields the product in the category of topo-
logical groupoids over M .

Now, we apply this general construction to the locally transitive Lie
groupoids GL(E) associated to vector bundles E ∈ ObV∞(M). (These are
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locally transitive since if EU ≈ U × E and EV ≈ V × F are local trivializa-
tions of E, then up to diffeomorphism the map (s , t) coincides locally with
a projection

GL(E)(U, V ) ≈ U × V × Lis(E,F)
pr−→ U × V

and is in particular a submersion; note that this makes sense even when
Lis(E,F) = ∅.)

§24 Morphisms of Fibre Functors

A morphism of fibre functors, let us say one (C,ω) → (C ′,ω′), consists of a
smooth map f : M → M ′ of the respective base manifolds together with a
linear tensor functor Φ∗ : C ′ −→ C and a tensor preserving isomorphism α

C ′

ω′

��

Φ∗ // C
ω
��

V∞(M ′)
f∗ //

α )1

V∞(M),

(1)

where f ∗ = pullback along f . In place of the correct (f,Φ∗, α), our preferred
notation for morphisms of fibre functors will be the incorrect (f ∗,Φ∗), in
order to emphasize the algebraic symmetry.

Composition of morphisms is defined as

(2) (g∗,Ψ∗) · (f ∗,Φ∗) =
(
(g ◦ f)∗,Φ∗ ◦Ψ∗).

Note that if in our definition we required (1) to commute in the strict sense we
would get into trouble because (g ◦ f)∗ ∼= f ∗ ◦ g∗ are canonically isomorphic
but not really identical tensor functors.

Lemmas 9 and 11 below apply directly to (1) to yield maps

(3) Hom⊗(ωx,ωy)
Lem. 9−−−−→ Hom⊗(

ωx ◦ Φ∗,ωy ◦ Φ∗)
= Hom⊗(

x∗ ◦ ω ◦ Φ∗, y∗ ◦ ω ◦ Φ∗)
≈ (1) + Lem. 11−−−−−−−−−→ Hom⊗(

x∗ ◦ f ∗ ◦ ω′, y∗ ◦ f ∗ ◦ ω′)
∼= Lem. 11−−−−−−→ Hom⊗(

f(x)∗ ◦ ω′, f(y)∗ ◦ ω′)
= Hom⊗(

ω′
f(x),ω

′
f(y)

)
.

Moreover, since (λ ◦ µ) · Φ∗ = (λ · Φ∗) ◦ (µ · Φ∗) and id · Φ∗ = id , these can
be pieced together in a functorial way, so that they form a homomorphism
of groupoids

T (ω)

��

Φ // T (ω′)

��
M ×M f×f //M ′ ×M ′,

(4)
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which can be characterized as the unique map making

T (ω)

evΦ∗R′

��

Φ // T (ω′)

evR′

��
GL(ωΦ∗R′)

γ◦α−1
∗ // GL(ω′R′)

(5)

commute for all R′ ∈ Ob(C ′), where the morphism γ is the “projection”
GL(f ∗(ω′R′)) ∼= (f × f)∗(GL(ω′R′))→ GL(ω′R′) and the isomorphism

(6) α∗ : GL(f ∗ω′R′)
∼→ GL(ωΦ∗R′)

comes from αR′ : f ∗ω′R′ ∼→ ωΦ∗R′ according to Note 23.11. It is also
immediate from (5) that such a solution Φ is necessarily a morphism of
C∞-functionally structured spaces, so (4) proves to be a homomorphism of
C∞-functionally structured groupoids.

We shall refer to Φ as the realization of the morphism (f ∗,Φ∗). This
construction is functorial with respect to composition of morphisms of fibre
functors, and therefore defines a functor into the category of C∞-structured
groupoids, called the realization functor.

7 Proposition Let (C,ω), (C ′,ω′) be smooth classical fibre functors
and

(f ∗,Φ∗) : (C,ω)→ (C ′,ω′)

a morphism of fibre functors. Then the corresponding realization is a
homomorphism of Lie groupoids.

Proof It follows from (5) that the composite evR′ ◦ Φ is smooth for every
object R′ of C ′. The map Φ is then smooth by the “universal property” of the
Lie groupoid T (ω′). q.e.d.

Notes

8 Note In this note we recall a couple of elementary properties of tensor
functors and tensor preserving natural transformations.

9 Lemma Let F , G, S, T be tensor functors relating suitable tensor
categories. Then

1. the rule λ 7→ λ · S maps Hom⊗(F,G) into Hom⊗(F ◦ S,G ◦ S);

2. the rule λ 7→ T · λ maps Hom⊗(F,G) into Hom⊗(T ◦ F , T ◦G).
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Proof (1) The natural transformation (λ ·S)(X) = λ(SX) is a morphism of
tensor functors if such is λ, because

FSX ⊗ FSY
∼=
��

λ(SX)⊗λ(SY )// GSX ⊗GSY
∼=
��

1

∼=
��

id // 1

∼=
��

F (SX ⊗ SY )

F ∼=
��

λ(SX⊗SY ) // G(SX ⊗ SY )

G∼=
��

F1

F ∼=
��

λ(1) // G1

G∼=
��

FS(X ⊗ Y )
λ(S(X⊗Y )) // GS(X ⊗ Y ) FS1

λ(S1) // GS1.

(2) The same can be said of (T · λ)(X) = T (λ(X)), since

TFX ⊗ TFY
∼=
��

Tλ(X)⊗Tλ(Y )// TGX ⊗ TGY
∼=
��

1

∼=
��

id // 1

∼=
��

T (FX ⊗ FY )

T ∼=
��

T (λ(X)⊗λ(Y ))// T (GX ⊗GY )

T ∼=
��

T1

T ∼=
��

T (id) // T1

T ∼=
��

TF (X ⊗ Y )
Tλ(X⊗Y ) // TG(X ⊗ Y ) TF1

Tλ(1)// TG1.

q.e.d.

Let (C,⊗) and (V ,⊗) be tensor categories. Suppose that

F, F ′, G,G′ : C −→ V

are tensor functors, and that F ≈ F ′, G ≈ G′ are tensor preserving natural
isomorphisms. For every X ∈ Ob(C), there is an obvious bijective map a 7→ a′

determined by the commutativity of

FX

≈
��

a // GX

≈
��

F ′X
a′ // G′X.

(10)

Given a natural transformation λ ∈ Hom(F,G), we put λ′(X) = λ(X)′.

11 Lemma The rule which to λ associates λ′ determines a bijective
correspondence

(12) Hom⊗(F,G)
∼→ Hom⊗(F ′, G′).

Proof Obvious. q.e.d.
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§25 Weak Equivalences

1 Definition A weak equivalence1 of fibre functors, symbolically (C,ω)
≈−→

(C ′,ω′), is a morphism of fibre functors

(f ∗,Φ∗) : (C,ω)→ (C ′,ω′)

satisfying the following two conditions
1. the base mapping f : M →M ′ is a surjective submersion;
2. the functor Φ∗ is a tensor equivalence, ie there exist a tensor functor

Φ∗ : C −→ C′ and tensor preserving natural isomorphisms{
Φ∗ ◦ Φ∗ ≈ IdC
Φ∗ ◦ Φ∗ ≈ IdC′ .

In order to conclude that Φ∗ is a tensor equivalence, it suffices to know it to
be an ordinary categorical equivalence. Every quasi-inverse equivalence Φ∗ is
then necessarily a linear functor. (Details may be found in Note 10.) Weak
equivalences of fibre functors are stable under composition of morphisms of
fibre functors, as defined in Section 24.

2 Proposition Let

(f ∗,Φ∗) : (C,ω)
≈−→ (C ′,ω′)

be a weak equivalence of fibre functors. Then its realization diagram

T (ω)

��

Φ // T (ω′)

��
M ×M f×f //M ′ ×M ′

(3)

is a topological pullback, ie a pullback in the category of topological
spaces, and Φ : T (ω) � T (ω′) is a surjective open mapping.

Proof Let T be a topological space, and suppose given a problem

T

""

a

%% &&
T (ω)

evΦ∗R′

��

Φ // T (ω′)

evR′

��
GL(ωΦ∗R′)

��

γ◦α−1
∗ // GL(ω′R′)

��
M ×M f×f //M ′ ×M ′

(4)

1Note on terminology: We shall reserve the term ‘weak equivalence’ for the context
of fibre functors. When dealing with Lie groupoids, we prefer to use the term ‘Morita
equivalence’.
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stated in the category of topological spaces and continuous mappings. There
exists a unique set-theoretic solution a, because (3) is already known to be
a set-theoretic pullback (by Note 10 again). Thus, we must check that a is
continuous. Note that ∀R in C, evR ◦ a is continuous if and only if evΦ∗Φ∗R ◦ a
is continuous, because of the isomorphism Φ∗Φ∗R ≈ R, see also the comments
in Note 23.11. Therefore, if we put R′ = Φ∗R in (4), we conclude at once
that evΦ∗R′ ◦ a is continuous from the fact that the lower square of (4) is, by
definition, a topological pullback.

Next, observe that if one has a topological pullback

X

p

��

f // Y

q

��
M

g // N

(5)

along a submersive morphism g of smooth manifolds, there is the following
local decomposition up to diffeomorphism

XU

p

��

f // YV

q

��
U

g // V

XU

p

��

≈
YV × P

q×id

��

pr // YV

q

��
U

≈
V × P pr // V ,

(6)

where U ⊂ M is open and so small that, up to diffeomorphism, g|U is a
projection V × P → V = g(U) for some open ball P ; of course, XU =
p−1(U) etc. (Note that in (6), U ≈ V × P is a diffeomorphism whereas XU ≈
YV × P is a homeomorphism.) It follows that f is a ‘topological submersion’,
in particular an open mapping; in addition, if g is surjective then it is clear
that f must be also surjective. This shows that the statement that Φ is
an open mapping follows from the statement that (25.3) is a topological
pullback. q.e.d.

Suppose a topological pullback (5) along a smooth submersion is given,
and let U ⊂ M be an open subset such that g|U is, up to diffeomorphism,
a projection U ≈ V × P pr−→ V onto an open subset V ⊂ N . Let A ⊂ X be
an open subset, and put B = f(A); B ⊂ Y is open because f is an open
mapping. We shall be interested in the subspaces p(A) ⊂M and q(B) ⊂ N ;
note that g restricts to a continuous mapping of p(A) onto q(B). Assume
that A has the following property: the commutative square

A ∩ p−1(U)

p

��

f // B ∩ q−1(V )

q

��
U

g // V

(7)
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is a topological pullback. Then there is a trivialization, analogous to (6), which
shows that the smooth iso U ≈ V × P induces a correspondence between

p(A) ∩ U = p
(
A ∩ p−1(U)

)
and (

q(B) ∩ V
)
× P = q

(
B ∩ q−1(V )

)
× P .

Thus, ∀u ∈ U one has u ∈ p(A) ⇔ g(u) ∈ q(B). Note also that p restricts
to a homeomorphism of A ∩ p−1(U) onto p(A) ∩ U if and only if q restricts
to a homeomorphism of B ∩ q−1(V ) onto q(B) ∩ V . The two relevant cases
for the present discussion occur, in the first place, when A = f−1(f(A)), and
secondly, when A ⊂ p−1(U) coincides with B × P in the trivialization (6).

Fix an object R′ ∈ Ob(C ′). Then the outer rectangle of (4) is a topo-
logical pullback—note that it coincides with (3); the lower square enjoys
the same property. Consequently, the upper square, viz (24.5), must be a
topological pullback as well; moreover, since the smooth mapping γ ◦ α−1

∗ :
GL(ωΦ∗R′)→ GL(ω′R′) is a (surjective) submersion, it is a pullback of the
form (6). Hence the preceding remarks apply, and we get:

1. If (Ω′, R′) is a representative chart of (C ′,ω′) then (Φ−1(Ω′),Φ∗R′) is a
representative chart of (C,ω). Since diagram (24.5) is a topological pullback,

Φ−1(Ω′)

evΦ∗R′

��

Φ // Ω′

evR′

��
Φ∗R′(Φ−1(Ω′))

γ◦α−1
∗ // R′(Ω′)

is also a topological pullback and therefore evΦ∗R′ induces a homeomorph-
ism between Φ−1(Ω′) and its image Φ∗R′(Φ−1(Ω′)), because evR′ , on the
right, does the same. Proposition 22.11 implies that Φ∗R′(Φ−1(Ω′)) is a tame
submanifold of GL(ωΦ∗R′) if and only if R′(Ω′) is a tame submanifold of
GL(ω′R′), because γ ◦ α−1

∗ is a Morita equivalence and Ω′ = Φ(Φ−1(Ω′)).

2. Let Ω ⊂ T (ω) be an open subset and λ0 ∈ Ω. For any given object
R′ ∈ Ob(C ′), there is a smaller open neighbourhood λ0 ∈ Ω0 ⊂ Ω such that
(Ω0,Φ

∗R′) is a representative chart of (C,ω) if and only if (Φ(Ω0), R
′) is a

representative chart of (C ′,ω′). Let Λ be an open neighbourhood of λ0(Φ
∗R′)

in GL(ωΦ∗R′) such that γ ◦ α−1
∗ |Λ is, up to diffeomorphism, a projection

Λ′ × P → Λ′ = γ ◦ α−1
∗ (Λ). Making the open ball P , and thus Λ, smaller

if necessary, we find an open neighbourhood Ω0 ⊂ ev−1
Φ∗R′(Λ) ∩ Ω of λ0 such

that the homeomorphism ev−1
Φ∗R′(Λ) ≈ ev−1

R′ (Λ
′)× P of (6) produces a de-

composition

Ω0

��

Φ // Φ(Ω0)

��
Λ

γ◦α−1
∗ // Λ′

Ω0

��

≈
Φ(Ω0)× P

×id

��

pr // Φ(Ω0)

��
Λ

≈
Λ′ × P

pr // Λ′

(8)
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Therefore, if we put Σ = Φ∗R′(Ω0) ⊂ Λ and Σ′ = R′(Φ(Ω0)) ⊂ Λ′ we have
λ ∈ Σ ⇔ γ ◦ α−1

∗ λ ∈ Σ′ for all λ ∈ Λ, and Proposition 22.11 implies that Σ
is a tame submanifold of GL(ωΦ∗R′) if and only if Σ′ is a tame submanifold
of GL(ω′R′), since γ ◦ α−1

∗ is a Morita equivalence.

Clearly, these statements imply that whenever a weak equivalence of fibre
functors (C,ω)

≈−→ (C ′,ω′) is given, Condition i) of Proposition 23.4 holds for
(C,ω) if and only if it holds for (C ′,ω′). (As a consequence of the fact that
Φ is surjective and open: Fix λ′0 = Φ(λ0). If (Ω, R) is a chart at λ0, then
(Φ(Ω0),Φ∗R) is a chart at λ′0 for some open λ0 ∈ Ω0 ⊂ Ω; conversely, if
(Ω′, R′) is a chart at λ′0 then (Φ−1(Ω′),Φ∗R′) is a chart at λ0.)

On the other hand, they also imply invariance of Condition ii) of the same
proposition, p. 108, as follows. Assume the condition holds for (C ′,ω′): Let
(Ω, R) be a chart of (C,ω) and S ∈ Ob(C) an object. Choose a point λ0 ∈ Ω.
There exists a neighbourhood Ω0 ⊂ Ω of λ0 such that (Φ(Ω0),Φ∗R), and con-
sequently (Φ(Ω0),Φ∗R⊕ Φ∗S), is a chart of (C ′,ω′). Since Ω0 ⊂ Φ−1Φ(Ω0)
and Φ∗(Φ∗R⊕Φ∗S) ≈ R⊕ S, it follows that (Ω0, R⊕ S) is a chart of (C,ω).
Since λ0 was arbitrary, we conclude that Ω can be covered with open sub-
sets Ω0 such that (Ω0, R⊕ S) is a chart, and therefore that (Ω, R⊕ S) is a
chart as well. Conversely, assume Condition 2 holds for (C,ω): Let (Ω′, R′)
be a chart of (C ′,ω′) and S ′ ∈ Ob(C ′) an object. Fix a point λ′0 ∈ Ω′;
since Φ is surjective, ∃λ0 with λ′0 = Φ(λ0). Since (Φ−1(Ω′),Φ∗R′) is a chart,
(Φ−1(Ω′),Φ∗R′ ⊕ Φ∗S ′) and, consequently, (Φ−1(Ω′),Φ∗(R′ ⊕ S ′)) are charts
of (C,ω) as well. Hence there exists a neighbourhood Ω0 ⊂ Φ−1(Ω′) of λ0 such
that (Φ(Ω0), R

′ ⊕ S ′) is a chart of (C ′,ω′). As before, since λ′0 was arbitrary
it follows that (Ω′, R′ ⊕ S ′) is a chart of (C ′,ω′).

We can collect our conclusions in the following

9 Proposition Let

(f ∗,Φ∗) : (C,ω) −→ (C ′,ω′)

be a weak equivalence of fibre functors. Then (C,ω) is a smooth classical
fibre functor if and only if so is (C ′,ω′). In this case,

(f,Φ) : T (ω) −→ T (ω′)

is a Morita equivalence of Lie groupoids.

Proof That (24.4) is a pullback in the category of manifolds of class C∞

follows by the same argument used in the proof of Proposition 2, because of
the universal property of the Tannakian groupoid. q.e.d.
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Notes

10 Note List of elementary facts.
1. Any quasi-inverse equivalence Φ∗ is automatically a linear functor.

Indeed, the map

HomC(R,S)→ HomC(Φ
∗Φ∗R,Φ

∗Φ∗S), a 7→ Φ∗Φ∗a

is a linear bijection, as it is clear from the commutativity of

Φ∗Φ∗R

Φ∗Φ∗a
��

≈R // R

a

��
Φ∗Φ∗S

≈S // S,

and the functor Φ∗ is linear and, being a categorical equivalence, faithful,
hence the equality Φ∗Φ∗(αa+ βb) = αΦ∗Φ∗a+ β Φ∗Φ∗b = Φ∗(αΦ∗a+β Φ∗b)
implies the desired linearity Φ∗(αa+ βb) = αΦ∗a+ β Φ∗b.

2. The realization Φ : T (ω) −→ T (ω′) of a weak equivalence is a fully
faithful morphism of groupoids, in other words (3) is a set-theoretic pullback.
This can be seen as follows.

The tensor preserving isomorphism Φ∗ ◦ Φ∗ ≈ IdC gives, according to
Lemma 24.9 p. 115, a tensor preserving isomorphism

(11) ωx ≈ ωx ◦ Φ∗ ◦ Φ∗ ≈ ω′
f(x) ◦ Φ∗;

similarly, Φ∗ ◦ Φ∗ ≈ IdC′ yields another such isomorphism

(12) ω′
f(x) ≈ ω′

f(x) ◦ Φ∗ ◦ Φ∗.

If now we apply Lemma 24.11 p. 116 to these, we conclude at once from the
commutativity of the diagram

Hom⊗(ωx,ωy)

(11)≈
��

Φx,y // Hom⊗(
ω′
f(x),ω

′
f(y)

)
(12)≈
��sshhhhhhhhhhhhhhhhhhh

Hom⊗(
ω′
f(x)Φ∗,ω

′
f(y)Φ∗

)
// Hom⊗(

ω′
f(x)Φ∗Φ

∗,ω′
f(y)Φ∗Φ

∗)
that the diagonal arrow is a surjective and injective map, and hence that
Φx,y is bijective. (The commutativity of the two triangles follows from the
commutativity of the two squares

ωx(Φ
∗Φ∗R)

λΦ∗Φ∗R // ωy(Φ
∗Φ∗R) ω′

f(x)(R
′)

ω′
f(x)

≈
��

λR′ // ω′
f(y)(R

′)

ω′
f(y)

≈
��

ωx(R)

ωx ≈

OO

λR // ωy(R)

ωy ≈

OO

ω′
f(x)(Φ∗Φ

∗R′)
λΦ∗Φ∗R′// ω′

f(y)(Φ∗Φ
∗R′)

expressing naturality of λ, λ′ respectively.)
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13 Note Let X and Y be topological spaces, and let M and N be smooth
manifolds. Suppose

X

p

��

f // Y

q

��
M

g // N

(14)

is a pullback diagram in the category of topological spaces, where g is a
smooth mapping.

1. Given an open subset B ⊂ Y , put A = f−1(B). Then the continuous
maps in (14) restrict to a commutative diagram of topological spaces

A

p

��

f // B

q

��
p(A)

g // q(B),

(15)

which is again a topological pullback. Observe that if the restriction q|B
induces a homeomorphism of B onto q(B), then p|A induces one between A
and p(A). (This is a general property of pullbacks. Indeed, from

C
g //

p′   

id

""

D
q−1

��
A

p

��

f // B

q

��
C

g // D

and from the equalities f p′p = f and p p′p = p, it follows that p′p = id , thus
p is invertible.)

2. Given an open subset U ⊂M such that V = g(U) is open,

p−1(U)
f //

p

��

q−1(V )

q

��
U

g // V

(16)

makes sense and is clearly also a topological pullback.



Chapter VI

Study of Classical Tannaka
Theory of Lie Groupoids

In this conclusive chapter we are ideally going back to the point where we
started from, namely the theory of classical representations of Lie groupoids
expounded in §2. We will try to see what can be said about such theory
by the light of the general results of Chapters IV–V. In particular, we will
study in detail the standard classical fibre functor associated with a Lie
groupoid. Recall that in §2 we introduced the category R∞(G) of classical
representations R = (E, %) of a Lie groupoid G, along with the standard
classical fibre functor ω∞(G) defined as the forgetful functor (E, %) 7→ E of
R∞(G) into the category V∞(M) of smooth vector bundles of locally finite
rank over the base M of G. Let us give a brief review of the items we will
be interested in, so as to fix the tacit notational conventions to be followed
throughout the chapter.

Let T ∞(G) denote the Tannakian groupoid T (ω∞(G);R) associated with
the fibre functor ω∞(G). Note that it does not make any difference whether
we use real or complex coefficients in our theory, because eventually the
groupoid T ∞(G) and the other related items discussed below will be exactly
the same; in fact, all what we are going to say holds for real as well as
for complex coefficients: for simplicity, we assume real coefficients whenever
we need to write them down explicitly. Recall from §21 that the Tannakian
construction defines an operation

G 7→ T ∞(G),
{
Lie groupoids

}
−→

{
C∞-func. structured groupoids

}
;

also note that the source and target map of T ∞(G) are submersions, in the
sense that they admit local sections which are morphisms of functionally
structured spaces: this follows from the existence of such sections for G and
the fact that the envelope homomorphism π∞ (see below) is a morphism of
functionally structured spaces.

Next, observe that for each Lie groupoid homomorphism ϕ : G → H
the constructions of §24 may be applied to the equation ω∞(G) ◦ ϕ∗ =

123
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f ∗ ◦ ω∞(H) (identity of tensor functors), so as to yield a homomorphism
of C∞-functionally structured groupoids

T ∞(ϕ) : T ∞(G)→ T ∞(H).

In spite of the lack of functoriality of the operation ϕ 7→ ϕ∗, in other words
in spite of (ψ ◦ ϕ)∗ ∼= ϕ∗ ◦ ψ∗ being canonically isomorphic but not equal,
the correspondence ϕ 7→ T ∞(ϕ) actually turns out to be a functor, i.e. the
identities T ∞(ψ ◦ ϕ) = T ∞(ψ) ◦ T ∞(ϕ) and T ∞(id) = id hold.

We let π∞(G) or, when there is no ambiguity, π∞ denote the envelope
homomorphism G → T ∞(G) defined by π∞(g)(E, %) = %(g). The results
of §20 concerning envelope homomorphisms can be applied. In particular,
π∞(G) will be a morphism of C∞-functionally structured groupoids. The
correspondence G 7→ π∞(G) determines, in fact, a natural transformation
π∞(-) : (-) 7→ T ∞(-), that is to say the diagram below commutes for each
Lie groupoid homomorphism ϕ : G → H

G
ϕ

��

π∞(G) // T ∞(G)
T∞(ϕ)
��

H
π∞(H) // T ∞(H).

The main result of the present chapter, to be proved in §27, is: for G
proper and regular, the standard classical fibre functor ω∞(G) is smooth; in
fact, T ∞(G) is a proper regular Lie groupoid although, in general, not one
equivalent to G. Furthermore, in §26 we prove some partial results about the
smoothness of the standard classical fibre functor, that are valid for arbitrary
proper Lie groupoids; we also remark that the evaluation functor

ev : R∞(G) −→ R∞ (T ∞(G)) , R = (E, %) 7→ (E, evR)

is an isomorphism of tensor categories for each proper G (recall the definition
of the category R∞ (T ∞(G)) in §21). Finally, in §28 we give a few examples
of classically reflexive (proper) Lie groupoids.

§26 On the Classical Envelope of a Proper Lie
Groupoid

Let G be a Lie groupoid. Recall from §21 that to each classical representation
R = (E, %) of G one can associate a representation evR : T ∞(G) → GL(E),
given by evaluation at the object R ∈ ObR∞(G):

(1) T ∞(G)(x, x′) 3 λ 7→ λ(R) ∈ Lis(Ex, Ex′),



§26. THE CLASSICAL ENVELOPE OF A PROPER GROUPOID 125

which makes the following triangle commute

G

% %%KKKKKKKKKKK
π∞(G) // T ∞(G)

evRwwooooooooooo

GL(E),

(2)

where π∞(G) denotes the envelope homomorphism π∞(g)(E, %) = %(g).
Throughout the present section we shall be interested mainly in proper

Lie groupoids. Therefore, from now on we assume that G is a proper Lie
groupoid and we regard this assumption as made once and for all. As ever,
M will denote the base manifold of G. When we want to state a result that
is true under less restrictive assumptions on G, we shall explicitly point it
out. We are going to apply the general theory of representative charts (§23)
to the standard classical fibre functor ω∞(G).

3 Lemma Let (E, %) be a classical representation of a (not necessarily
proper) Lie groupoid G. Suppose we are given an open subset Γ of the
manifold of arrows of G, such that the image Σ = %(Γ) is a submanifold
of GL(E) and such that % restricts to an open mapping of Γ onto Σ.

Then Σ is a tame submanifold of GL(E), and the restriction of % to
Γ is a submersion of Γ onto Σ.

Moreover, when G is proper then the assumption that % should restrict
to an open mapping of Γ onto Σ is superfluous.

Proof We prove the statement in the proper case first, so without making
the assumption that % is an open map of Γ onto Σ.

We start by observing that for each x0 ∈ M the image %
(
G(x0, -)

)
is a

principal submanifold of GL(E) and the mapping

(4) G(x0, -)
%−→ %

(
G(x0, -)

)
is a submersion. In particular, the latter will be an open mapping and this
forces the open subset

(5) Σ(x0, -) = %
(
G(x0, -) ∩ Γ

)
⊂ %G(x0, -)

to be a principal submanifold of GL(E) as well.
Our argument is as follows. Fix g0 in G(x0, -) and let λ0 = %(g0). Choose

an open subset V ⊂ M containing x′0 = t(g0), small enough to ensure that
the principal bundle G(x0, -) is trivial over Z = Gx0 ∩ V , ie that a local
equivariant chart G(x0, Z) ≈ Z ×G0 can be found, where G0 denotes the
isotropy group at x0; it is no loss of generality to assume g0 ≈ (x′0, e) in
such a chart which we now use, along with the representation %, to obtain
a smooth section z 7→ (z, e) ≈ g 7→ %(g) to the target map of GL(E) over
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Z. Next, the isotropy homomorphism G0 → GL(E)0 determined by % at
x0 canonically factors through the quotient Lie group obtained by dividing
out the kernel, thus yielding a closed Lie subgroup H ↪→ GL(E)0. As usual,
this Lie subgroup and the target section above can be combined into an
embedding of manifolds of type (22.2), which fits in the following square

Z ×G0

id×pr

��

≈ // G(x0, Z)

%

��

Z ×H � � (22.2) // GL(E)

(6)

and hence simultaneously displays %G(x0, Z) as a principal submanifold of
GL(E) and, according to the initial remarks of Section 22, the mapping
% : G(x0, Z)→ %G(x0, Z) as a submersion; since the subset

(7) %G(x0, Z) = %G(x0, -) ∩ t−1(V ) ⊂ %G(x0, -)

is an open neighborhood of λ0 in %G(x0, -), we can conclude.
At this point, in order to prove that Σ is a tame submanifold of GL(E)

we need only verify that the restriction Σ→M of the source map of GL(E)
is a submersion. So, fix σ0 ∈ Σ, say σ0 = %(g0) with g0 ∈ Γ. There exists a
local smooth source section γ : U → Γ through g0 = γ(sg0), hence we can
also find a local smooth source section σ = % ◦ γ : U → Σ through σ0.

Finally, we come to the statement that % : Γ → Σ is a submersion. Fix
g0 ∈ Γ and let σ0 = %(g0). Since both Γ and Σ are tame submanifolds, there
exist local trivializations of the respective source maps around the points
g0 ≈ (x0, 0) and σ0 ≈ (x0, 0), which yield a local expression for %|Γ0

Γ0

≈
��

% // Σ0

≈
��

U ×B //___ V × C
(8)

of the form (u, b) 7→ (u, c(u, b)), where U ⊂ V are open subsets of M and
B,C are Euclidean balls. The partial map b 7→ c(x0, b) is submersive at the
origin because it is the local expression of (4).

Now we turn to the general case where G is not necessarily proper. Thus,
assume that % restricts to an open mapping of Γ onto Σ.

As explained above, for any given g0 ∈ G(x0, -) there is a submanifold
Z ⊂M contained in Gx0—although, in general, this is no longer of the form
Z = Gx0 ∩ V—such that the subset G(x0, Z) ⊂ G(x0, -) is open, the image
%G(x0, Z) is a principal submanifold of GL(E) and the induced mapping % :
G(x0, Z)→ %G(x0, Z) is submersive. On the other hand, from the assumption
that % : Γ → Σ is open it follows that the restriction % : Γ(x0, -) → Σ(x0, -)
must be open as well, because one has

(9) %
(
X(x0, -)

)
= %(X)(x0, -)
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for any subset X ⊂ G(1). Then, since Γ ∩ G(x0, Z) = Γ(x0, -) ∩ G(x0, Z) is an
open subset of Γ(x0, -), it is evident that

(10) Σ(x0, Z) = %
(
Γ ∩ G(x0, Z)

)
⊂ %G(x0, Z)

is both an open neighbourhood of λ0 in Σ(x0, -) and an open subset of the
principal submanifold %G(x0, Z) of GL(E). This means that Σ(x0, -) is a
principal submanifold of GL(E). Moreover, from what we said it is evident
that % induces a submersion of Γ(x0, -) onto Σ(x0, -).

The rest of the proof holds without modifications. q.e.d.

Note that the preceding lemma holds for real as well as for complex
coefficients—that is, for (E, %) in R∞(G,R) or in R∞(G,C).

Our main goal in the present section is to show that the standard classical
fibre functor ω∞(G) associated with a proper Lie groupoid G always satisfies
condition ii) of Proposition 23.4.

First of all, note that in order that (Ω, R) may be a representative chart
of T ∞(G), where Ω is an open subset of the space of arrows of T ∞(G) and
R = (E, %) ∈ ObR∞(G), it is sufficient that evR establishes a one-to-one
correspondence between Ω and a submanifold of GL(E). For if we set Γ =
(π∞)−1(Ω), we have %(Γ) = R(Ω) because of (2) and the surjectivity of π∞;
then Lemma 3 implies that R(Ω) is a tame submanifold of GL(E) and that
% : Γ → R(Ω) is a submersion—so, in particular, that the map evR : Ω →
R(Ω) is open and hence a homeomorphism.

Our claim about the condition ii) of Proposition 23.4 essentially follows
from a simple general remark about submersions. Namely, suppose that a
commutative triangle of the form

X

g

���
�
�

Y
f ′ ++XXXXXXXXXXXXXXX

f 33fffffffffffffff

X ′

(11)

is given, where X, X ′ and Y are smooth manifolds, f is a submersion onto X,
f ′ is a smooth mapping and all we know about g is that it is a set-theoretic
solution which fits in the triangle. Then the map g is necessarily smooth; in
particular, in case f ′ is also a surjective submersion, g is a diffeomorphism if
and only if it is a set-theoretic bijection.

To see how this may be used to prove compatibility of charts, suppose we
are given an arbitrary representative chart (Ω, R) of T ∞(G) to start with,
where let us say R = (E, %), and an arbitrary classical representation S =
(F, σ). Let Γ = (π∞)−1(Ω), so that Γ is an open submanifold of G. We have
already observed that % induces a submersion of Γ onto the submanifold R(Ω)
of GL(E); also, the homomorphism of Lie groupoids

(12) (%, σ) : G −→ GL(E)×M GL(F )
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can be restricted to Γ to yield a smooth mapping into GL(E)×M GL(F ).
We get an instance of (11) by introducing the following map

(13) s = (evR, evS) ◦ evR
−1 : R(Ω)→ GL(E)×M GL(F )

(note that evR : Ω → R(Ω) is invertible because we assume (Ω, R) to be a
representative chart), which is then a smooth section to the projection

(14) GL(E)×M GL(F )→ GL(E)

and thus, in particular, an immersion. Now, if s is indeed the embedding of a
submanifold—ie if it is an open map onto its image—then we are done, since
in that case (R,S)(Ω) = s(R(Ω)) is a submanifold of GL(E)×M GL(F ) and
(evR, evS) a bijective map onto it; equivalently, (R⊕ S)(Ω) is a submanifold
of GL(E ⊕ F ) and evR⊕S is a bijection of Ω onto it. (Cf. Section §23. As
observed above, this is enough to conclude that (Ω, R⊕ S) is a representative
chart.) For each open subset Λ of GL(E),

(15) s
(
R(Ω) ∩ Λ

)
= s(R(Ω)) ∩

(
Λ×GL(F )

)
is in fact an open subset of the subspace s(R(Ω)).

We can summarize what we have concluded so far as follows:

16 Proposition Let G be a proper Lie groupoid.
Then the standard classical fibre functor ω∞(G) is smooth if and only

if the space of arrows of the classical Tannakian groupoid T ∞(G) can
be covered with open subsets Ω such that for each of them one can find
some R = (E, %) ∈ ObR∞(G) with the property that evR establishes a
bijection between Ω and a submanifold R(Ω) of GL(E).

Moreover, in case the latter condition is satisfied then the envelope
homomorphism π∞(G) : G −→ T ∞(G) will be a surjective submersion of
Lie groupoids.

Proof The first assertion is already proven.
The second assertion follows from the (previously noticed) fact that for

each representative chart (Ω, R) the mapping % : Γ→ R(Ω) is a submersion,
where as usual R = (E, %) and we put Γ = (π∞)−1(Ω). (Remember from the
proof of Prop. 23.4 that evR establishes a diffeomorphism between Ω and the
submanifold R(Ω) of GL(E).) q.e.d.

Note that, for any proper Lie groupoid G whose associated standard clas-
sical fibre functor ω∞(G) is smooth, the preceding proposition allows us to
characterize the familiar Lie groupoid structure on the Tannakian groupoid
T ∞(G) as the unique such structure for which the envelope homomorphism
π∞(G) becomes a submersion. Indeed, assume that an unknown Lie group-
oid structure, making π∞(G) a submersion, is assigned on the Tannakian



§26. THE CLASSICAL ENVELOPE OF A PROPER GROUPOID 129

groupoid of G. Let T ∗(G) indicate the Tannakian groupoid of G endowed
with the unknown smooth structure. Now, the identity homomorphism of
the Tannakian groupoid into itself fits in the following triangle

T ∞(G)

id

���
�
�

G
π∗ ,,YYYYYYYYYYYYYYYYYYY

π∞
22eeeeeeeeeeeeeeeeeee

T ∗(G)

(17)

where π∞ = π∞(G) = π∗ are surjective submersions. It follows that the
identity id : T ∞(G) = T ∗(G) is a diffeomorphism.

Under the assumption of properness, we can also say something useful
about condition i) of Proposition 23.4:

18 Note Let G be a proper Lie groupoid. Suppose that for each identity
arrow x0 of the Tannakian groupoid T ∞(G) one can find a representative
chart for T ∞(G) about x0. Then we contend that the condition i) of Propo-
sition 23.4 is satisfied by the classical fibre functor ω∞(G).

Let an arbitrary arrow λ0 : x0 → x′0 of T ∞(G) be given. Because of
properness, we have λ0 = π∞(g0) for some arrow g0 : x0 → x′0 of G. Select
any smooth local bisection σ : U → G(1), defined over a neighbourhood U
of x0 and with σ(x0) = g0, and let U ′ = t(σ(U)). Now, let (Ω, R) be a
representative chart about x0, let us say with Ω ⊂ T ∞(G)|U and R = (E, %).
Notice that one has the following commutative square

G|U
≈ σ-
��

% // GL(E)|U
≈ (%◦σ)-
��

G(U,U ′)
% // GL(E)(U,U ′),

(19)

where σ- denotes the left translation diffeomorphism g 7→ σ(t(g)) · g and,
similarly, (% ◦ σ)- denotes the diffeomorphism µ 7→ %(σ(t µ)) · µ. Let Γ =
(π∞)−1(Ω), so Γ ⊂ G|U is an open subset. Then Γσ = σ-(Γ) is an open
neighbourhood of g0, Ωσ = (π∞ ◦ σ)-(Ω) is an open neighbourhood of λ0 and
Γσ = (π∞)−1(Ωσ). It follows that the subset

(20) R(Ωσ) = %(Γσ) = (% ◦ σ)-(%(Γ)) = (% ◦ σ)-(R(Ω))

is a submanifold of GL(E)(U,U ′). Similarly, one sees that Ωσ bijects onto
R(Ωσ) via evR. So (Ωσ, R) is a representative chart about λ0.

The next, conclusive result provides, in the special case under exam, a
positive answer to the question raised in §21 about the evaluation functor
being an equivalence of categories.
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21 Proposition Let G be any proper Lie groupoid.
Then the evaluation functor

ev : R∞(G) −→ R∞(T ∞(G)), R = (E, %) 7→ (E, evR)

is an isomorphism of categories, having the pullback along the envelope
homomorphism of G as inverse.

Proof This can be verified directly, since the envelope homomorphism of a
proper Lie groupoid is already known to be surjective. q.e.d.

§27 Smoothness of the Classical Envelope of a
Proper Regular Groupoid

We start by recalling a few basic definitions and properties. For additional
information, see Moerdijk (2003) [26].

Recall that a Lie groupoid G over a manifold M is said to be regular when
the rank of the differentiable map tx : G(x, -) → M locally keeps constant
as the variable x ranges over M ; an equivalent condition is that the anchor
map of the Lie algebroid of G, let us call it ρ : g→ TM , should have locally
constant rank (as a morphism of vector bundles over M). If G is regular
then the image of the anchor map ρ is a subbundle F of the tangent bundle
TM ; in fact, F turns out to be an integrable subbundle of TM and hence
determines a foliation F of the base manifold M , called the orbit foliation
associated with the regular groupoid G.

Recall that a leaf of a foliation F associated with an integrable subbundle
F of TM is a maximal connected immersed submanifold L of M with the
property of being everywhere tangent to F . The codimension of L in M
coincides with the codimension of F in TM . Also recall that a transversal
for F is a submanifold T of M , everywhere transversal to F and of dimension
equal to the codimension of F . There always exist complete transversals, i.e.
transversals that meet every leaf of the foliation.

Bundles of Lie groups, that is to say Lie groupoids whose source and
target map coincide, form a very special class of regular Lie groupoids. Proper
bundles of Lie groups are also called bundles of compact Lie groups.

1 Lemma Let G be a bundle of compact Lie groups over a manifold
M . Let R = (E, %) be a classical representation of G.

Then the image %(G) is a submanifold of GL(E).

Proof By a result of Weinstein [37], every bundle of compact Lie groups
is locally trivial. This means that for each x ∈ M one can find an open
neighborhood U of x in M and a compact Lie group G such that there exists
an isomorphism of Lie groupoids over U (viz. a local trivialization)

(2) G|U ≈ U ×G.
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At the expense of replacing U with a smaller open neighborhood, one can
also assume that there is a local trivialization E|U ≈ U × V , where V is
some vector space of finite dimension; as explained in Note 23.11, such a
trivialization will determine an isomorphism GL(E|U) ≈ U ×GL(V ) of Lie
groupoids over U . Then one can take the following composite homomorphism

U ×G ≈ //

��

G|U
%|U //

��

GL(E|U)
≈ //

��

U ×GL(V )
pr //

��

GL(V )

��
U × U id // U × U id // U × U id // U × U // ?× ?.

(3)

This yields a smooth family of representations of the compact Lie group G
on the vector space V , parametrized by the connected open set U . We will
denote such family by %U : U ×G→ GL(V ).

Now, it follows from the so-called ‘homotopy property of representations
of compact Lie groups’ (Note 2.30) that all the representations of the smooth
family %U are equivalent to each other; in particular, they all have the same
kernel K ⊂ G. Hence there exists a unique map %̃U making the diagram

U ×G
id×pr

��

id×%U // U ×GL(V )

U × (G/K)
f%U

66nnnnnn
(4)

commute. Note that the map %̃U must be smooth, because id × pr is a sur-
jective submersion; of course, the same map is also a faithful representation
of the bundle of compact Lie groups U × (G/K) on the trivial vector bundle
U × V . Then Corollary 23.10 implies that the image of %̃U is a submanifold
of U ×GL(V ). The latter submanifold coincides, via the diffeomorphism
GL(E)|∆U ≈ U ×GL(V ), with the intersection %(G) ∩GL(E)|U . q.e.d.

It is evident from the above proof that the kernel of the envelope homo-
morphism π∞ : G → T ∞(G) must be a (locally trivial) bundle of compact
Lie groups K, embedded into G. Thus, if U is a connected open subset of
M and R = (E, %) is a classical representation such that Ker %u = K|u at
some point u ∈ U , it follows from the aforesaid homotopy property that
Ker %|U = K|U and therefore—from the commutativity of (26.1)—that the
evaluation representation evR is faithful on T ∞(G)|U .

From the latter remark, the discussion about smoothness in the preceding
section and Lemma 1 it follows immediately that the standard classical fibre
functor ω∞(G) associated with a bundle of compact Lie groups G is smooth.
Indeed, let an arbitrary arrow λ0 ∈ T ∞(G) be fixed, let us say λ0 ∈ T ∞(G)|x0

with x0 ∈ M . Take an object R ∈ ObR∞(G) with the property that the
restriction of the evaluation representation evR to T ∞(G)|x0 is faithful (this
exists by Prop. 10.14) and then choose any connected open neighbourhood
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U of x0 in M . Then the pair
(
T ∞(G)|U , R

)
constitutes a representative chart

for ω∞(G) about λ0.
More generally, let G be a proper Lie groupoid with the property that

for each x0 ∈ M there exists an open neighbourhood U of x0 in M such
that G|U is a bundle of compact Lie groups. By adapting the above recipe
for the construction of representative charts about the arrows belonging to
the isotropy of T ∞(G) and by taking into account Note 26.18, we see that
ω∞(G) is smooth also in the present case.

We are going to generalize the latter remark to arbitrary proper regular
Lie groupoids. The shortest way to do this is to apply the theory of weak
equivalences of §25.

5 Proposition Let G be a proper regular Lie groupoid.
Then the standard classical fibre functor ω∞(G) associated with G is

smooth.
Recall that in view of Proposition 26.16 this can also be expressed by

saying that there exists a (necessarily unique) Lie groupoid structure on
the Tannakian groupoid T ∞(G) such that the envelope homomorphism
π∞(G) becomes a smooth submersion.

Proof Let M be the base of G. Select a complete transversal T for the
foliation of the manifold M determined by the orbits of G. Note that T is in
particular a slice, so the restriction G|T is a proper Lie groupoid embedded
into G (by Note 4.3). If i : T ↪→ M denotes the inclusion map then, by the
remarks at the end of §4, the embedding of Lie groupoids

G|T

��

� � inclusion // G

��
T × T � � i×i // M ×M

(6)

is a Morita equivalence. One may therefore find another (proper) Lie groupoid
K, along with Morita equivalences G|T

M.e.←−−− K M.e.−−−→ G inducing surjective
submersions at the level of base manifolds. The corresponding morphisms of
standard classical fibre functors

(7)
(
R∞(G|T ),ω∞(G|T )

) w.e.←−−
(
R∞(K),ω∞(K)

) w.e.−−→
(
R∞(G),ω∞(G)

)
are weak equivalences. Hence, by Proposition 25.9, one is reduced to showing
that ω∞(G|T ) is a smooth fibre functor.

Now, G|T is a proper Lie groupoid over T with the above-mentioned
property of being, locally, just a bundle of compact Lie groups. q.e.d.

Let ProReg denote the category of proper regular Lie groupoids. One
may summarize the conclusions of the present section as follows:
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8 Theorem The classical Tannakian correspondence G 7→ T ∞(G) in-
duces an idempotent functor

(9) T ∞(-) : ProReg −→ ProReg;

moreover, envelope homomorphisms fit together into a natural transfor-
mation

(10) π∞(-) : Id −→ T ∞(-).

Open Question. It is natural to ask whether this result can be generalized to
the whole category of proper Lie groupoids.

§28 A few Examples of Classically Reflexive
Lie Groupoids

Recall that a Lie groupoid G ⇒ X is said to be étale if the source and target
maps s , t : G → X are étale maps, that is to say local isomorphisms of
smooth manifolds. An open subset Γ ⊂ G will be said to be flat if the source
and target map restrict to open embeddings of Γ into X. A Lie groupoid G
will be said to be source-proper or, for short, s-proper when the source map
of G is a proper map.

1 Proposition Let G be a source-proper étale Lie groupoid.
Then G admits globally faithful classical representations.

Proof The regular representation (R, %) of G exists and has locally finite
rank. A couple of remarks before starting. Let X be the base of G.

For every point x of X, the s-fiber s−1(x) is a finite set. Indeed, it is
discrete, because if g ∈ s−1(x) then since s is étale there exists a flat open
neighborhood Γ ⊂ G and therefore {g} = Γ ∩ s−1(x) is a neighborhood of g
in the s-fiber. It is also compact, because of s-properness.

Put `(x) = ‖s−1(x)‖, the cardinality of this finite set. Then the fiber Rx

of the vector bundle R→ X is by definition the vector space

(2) C 0(s−1(x);R) ∼= R
`(x)

of R-valued maps. This makes sense because

3 Lemma The assignment x 7→ `(x) defines a locally constant function
on X, with values into positive integers.

Proof of the lemma. Fix x ∈ X, and say s−1(x) = {g1, . . . , g`}. For every
i = 1, . . . , `, there exists a flat open neighborhood Γi ⊂ G of gi. Choosing an
open ball B ⊂

⋂
s(Γi) at x, we can assume s : Γi

∼→ B to be an isomorphism
∀i. Moreover, it is no loss of generality to assume the open subsets Γ1, . . . ,Γ`
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to be pairwise disjoint. (As a consequence of the fact that a finite union of
open balls in any manifold—not necessarily Hausdorff—is a Hausdorff open
submanifold.) Then, ∀i = 1, . . . , ` and ∀z ∈ B, the intersection s−1(z) ∩ Γi
consists of a single point gi(z), and these points g1(z), . . . , g`(z) ∈ G are
pairwise distinct, because the Γi are pairwise disjoint. This shows `(z) =
`(x) ∀z ∈ B. To prove the converse inequality, it will suffice to prove that
∃N ⊂ B, a smaller ball at x, such that s−1(N) ⊂ Γ = Γ1 ∪ · · · ∪ Γ`. Consider
a decreasing sequence of closed balls Cn+1 ⊂ Cn ⊂ B shrinking to x, and
the corresponding decreasing sequence Σn = s−1(Cn)− Γ of closed subsets
of the compact subspace s−1(C1) ⊂ G; there ∃n such that Σn = ∅, in other
words s−1(Cn) ⊂ Γ. This concludes the proof of the lemma.

Thus, it makes sense to regard R → X as the set-theoretic support of a
R-linear vector bundle of locally finite rank. The proof of the lemma contains
also a recipe for the construction of local trivializations. Namely, let x ∈ X
be fixed, and choose an ordering s−1(x) = {g1, . . . , g`} of the corresponding
fiber; there exist an open ball B ⊂ X centered at x and disjoint flat open
neighborhoods Γ1, . . . ,Γ` ⊂ G of g1, . . . , g` such that s−1(B) = Γ1 ∪ · · · ∪ Γ`.
Then one gets a bijection R|B ≈ B × R` by setting, for z ∈ B and f ∈
C 0(s−1(z);R),

(z, f) 7→
(
z, f(g1(z)), . . . , f(g`(z))

)
.

(Cf. the notation used in the proof of the lemma.) The transition map-
pings are smooth, because locally they are given by constant permutations
(a1, . . . , a`) 7→

(
aτ(1), . . . , aτ(`)

)
.

The R-linear isomorphism

%(g) ∈ Lis(Rx, Ry),

associated with g ∈ G(x, y), is defined by ‘translation’

f 7→ %(g)(f) ≡ f(- g).

The resulting functorial map % : G −→ GL(R) is clearly faithful; it is also
smooth, because in any trivializing local charts it looks like a locally constant
permutation. q.e.d.

If G is any étale Lie groupoid with base manifold X, there is a morphism
of Lie groupoids Ef : G −→ ΓX, where ΓX is the étale Lie groupoid (with
base X) of germs of smooth isomorphisms U ∼→ V between open subsets of
X. It sends g ∈ G to the germ of the local smooth isomorphism associated
with a flat open neighborhood of g. An effective Lie groupoid is an étale Lie
groupoid such that Ef is faithful, in other words such that every g ∈ G is
uniquely determined by its ‘local action’ on the base manifold X. (Some of
the simplest étale groupoids, such as for instance the trivial ones X ×K, K
a discrete group, are not effective at all!)
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The class of effective Lie groupoids is stable under weak equivalence
among étale Lie groupoids. (Cf. Moerdijk and Mrčun (2003), [27] p. 137.)

The following conditions on a Lie groupoid G are equivalent:

1. G is weakly equivalent to a proper effective groupoid;

2. G is weakly equivalent to the Lie groupoid associated with an orbifold.

(Cf. ibid. p. 143.) The relevance of this theorem in the present context is
that it tells that if one wants to study orbifolds through their associated Lie
groupoid and Tannakian duality, it is sufficient to prove the duality result
for proper effective groupoids.

Any étale Lie groupoid G ⇒ X has a canonical representation on the
tangent bundle TX → X, which associates to g ∈ G(x, y) the invertible R-
linear map TxX → TyX of tangent spaces given by the tangent map at x of
the germ of local smooth isomorphisms Ef(g). In general, this representation
need not be faithful. However

4 Proposition If G is a proper effective Lie groupoid with base X, the
canonical representation on the tangent bundle TX is faithful.1

Proof If G ⇒ X is a proper étale Lie groupoid and x ∈ X, there exist
a neighborhood U ⊂ X of x and a smooth action of the isotropy group
Gx = G|x on U , such that the Lie groupoid G|U ⇒ U is isomorphic to the
action groupoid Gx n U . I need to recall part of the proof. (Cf. Moerdijk
and Mrčun (2003), [27] p. 142.) Let Gx = {1, . . . , `}. There are a connected
open neighborhood W ⊂ X of x and s-sections σ1, . . . , σ` : W → G with
σi(x) = i ∈ Gx ∀i, such that the maps fi = t ◦ σi send W diffeomorphically
onto itself and satisfy fi ◦ fj = fij for all i, j ∈ Gx.

Since G is also effective, the group homomorphism i 7→ fi, of Gx into
the group Aut(W ;x) of smooth automorphisms of W that fix the point x,
is injective. Now, if M is a connected manifold and H ⊂ Aut(M) is a finite
group of smooth automorphisms ofM , the group homomorphism which maps
f ∈ Hx = {f ∈ H|f(x) = x} to the tangent map Tx f ∈ Aut(TxM) is
injective ∀x ∈ M . (Ibid. p. 36.) In the case M = W and H = {fi|i ∈ Gx} =
Hx, this says precisely that the canonical representation of G on the tangent
bundle TX restricts to a faithful representation Gx ↪→ Aut(TxX). q.e.d.

Another simple example is offered by action groupoids associated with com-
pact Lie group actions.

Precisely, let K be a compact Lie group acting smoothly on a manifold
X, say from the left. We denote by K nX the Lie groupoid over X whose

1This was pointed out to me by I. Moerdijk.
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manifold of arrows is the Cartesian product K ×X, with the second pro-
jection (k, x) 7→ x as source map, the action K ×X → X as range map
and

(k′, k · x) · (k, x) = (k′k, x)

as composition of arrows.
If V is a faithful K-module (in other words a faithful representation %

of the compact Lie group K on a vector space V ), then we get a faithful
representation of the groupoid K nX on the trivial vector bundle X × V ,
defined by

(k, x) 7→
(
x, k · x, %(k)

)
.
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SAMENVATTING

Uit klassieke Tannaka–Krein dualiteitstheorie volgt dat een compacte groep
gereconstrueerd kan worden uit een discreet, puur algebraïsch object, name-
lijk uit de ring van continue eindigdimensionale representaties, of preciezer
gezegd, de algebra van representatieve functies van de groep. Deze zelfde
theorie kan beknopt geherformuleerd worden in de context van categorie-
theorie; deze alternatieve zienswijze van de Tannaka dualiteit is afkomstig
van diepe inzichten van Grothendieck in de algebraïsche meetkunde. Zijn
aanpak start met, gegeven een willekeurige lokaal compacte groep G, de
categorie van continue representaties van G over eindigdimensionale vector-
ruimten, met daarop een symmetrische monoïdale structuur afkomstig van
het gebruikelijke tensorproduct van representaties. Daarna probeert men G
te reconstrueren als de groep van alle natuurlijke, tensorproduct behoudende
endomorfismen van de standaard vergeetfunctor, welke iedere G-module op
zijn onderliggende vectorruimte afbeeldt. Als G een compacte Lie groep is,
dan volgt als speciaal geval dat G op deze manier op isomorfie na gerecon-
strueerd kan worden (de C∞-variëteitsstructuur van een Lie groep wordt
vastgelegd door zijn topologie).

Een natuurlijke vraag is of de voorgaande dualiteitstheorie gegeneraliseerd
kan worden naar het domein van Lie groepoïden, waarbij propere groepoï-
den dezelfde rol spelen als compacte groepen. Bij de generalisatie naar Lie
groepoïden van deze dualiteitstheorie, is het eerste probleem echter hoe een
geschikt begrip van een representatie voor Lie groepoïden gekozen kan wor-
den. Een gladde of—equivalent—continue eindigdimensionale representatie
van een Lie groep heeft een voor-de-hand-liggende naïeve generalisatie naar
Lie groepoïden, namelijk door representaties van een Lie groepoïde G te de-
finieren als Lie groepoïde homomorfismen G −→ GL(E) (gladde functoren)
naar lineaire groepoïden geassocieerd met gladde vectorbundels E over de
basis van G. Deze generalisatie blijkt echter helaas hopeloos inadequaat om
de Tannaka dualiteit te generaliseren naar Lie groepoïden. Het voorgaande
leidt ons ertoe het begrip representatie van een Lie groepoïde anders te defi-
nieren. We zullen echter wel proberen bovenstaande naïeve definitie zo dicht
mogelijk te benaderen, zodat de nieuwe theorie die van gladde representa-
ties op vectorbundels omvat, en zodat bovendien in het geval van een groep
het oorspronkelijke begrip van gladde representaties op eindigdimensionale
vectorruimten teruggevonden wordt.

In dit proefschrift voeren we de hiervoor uiteengezette taak uit. Om te
beginnen construeren we voor iedere gladde variëteit X een categorie waar-
van we de objecten gladde Euclidische velden over X zullen noemen; onze
notie van een glad Euclidisch veld is het analogon—binnen de gladde en ein-
digdimensionale context waartoe we onszelf beperken—van de notie van een
continu Hilbert veld, welke geïntroduceerd werd door Dixmier en Douady in



de vroege jaren ’60. De categorie van gladde Euclidische velden over X is,
voor paracompacte X, een strikte uitbreiding van de categorie van gladde
vectorbundels over X. Het begrip van representatie van een Lie groepoïde op
een glad Euclidisch veld kan nu op een standaard manier gedefinieerd worden
en zulke representaties vormen voor iedere Lie groepoïde G een symmetrische,
monoïdale categorie, welke samenhangt met de categorie van gladde Eucli-
dische velden over de basisvariëteit van G via een canonieke vergeetfunctor.
Aan deze vergeetfunctor kan, via de de generaliserende constructie die aan
het begin genoemd is, een groepoïde T (G) toegekend worden, welke we de
Tannakiaanse groepoïde geassocieerd met G zullen noemen. Deze groepoïde
is uitgerust met een natuurlijke kandidaat voor een gladde variëteitsstructuur
op zijn ruimte van pijlen, namelijk een schoof van algebra’s van continue, re-
ëelwaardige functies, gesloten onder samenstelling met willekeurige gladde
functies van de vorm R

d → R. De ruimte van pijlen van T (G) vormt wat we
noemen een C∞-ruimte. Bovendien is er een canoniek groepoïde homomor-
fisme van G naar T (G) en dit blijkt een morfisme van C∞-ruimten te zijn.
Ons dualiteitsresultaat kan dan als volgt geformuleerd worden:

Stelling Voor een propere Lie groepoïde G is het canonieke homomor-
fisme van G naar de corresponderende Tannakiaanse groepoïde T (G) een
isomorfisme G ∼= T (G), zowel van groepoïden als van C∞-ruimten. Hieruit
volgt dat T (G) een Lie groepoïde is, isomorf met G.

De voornaamste technische uitdaging bij het bewijzen van dit resultaat be-
staat uit het aantonen van de surjectiviteit van het canonieke homomorfisme
G −→ T (G); het feit dat het homomorfisme ook injectief is, volgt direct
uit een stelling van Zung (deze stelling kan opgevat worden als een soort
Peter–Weyl stelling voor propere Lie groepoïden).

De argumenten in het bewijs van ons dualiteitsresultaat zijn in grote
mate ook van toepassing in de context van representaties van propere Lie
groepoïden op vectorbundels. Aangezien we vanaf het begin van ons onder-
zoek ook geïnteresseerd waren in het bestuderen van zulke representaties,
hebben we het wenselijk geacht om een algemeen theoretisch kader te ont-
wikkelen waarin de verschillende aanpakken van de representatietheorie van
Lie groepoïden hun aangewezen plek vinden, zodat onze resultaten in een
uniforme taal uitgedrukt kunnen worden. Dit resulteerde in de theorie van
gladde tensorstaken. Gladde vectorbundels en gladde Euclidische velden zijn
twee voorbeelden van een gladde tensorstaak. Bij elke gladde tensorstaak
hoort een corresponderend begrip van een representatie van Lie groepoïde,
vervolgens krijgt men voor elke Lie groepoïde, volgens dezelfde bovenstaande
procedure, een corresponderende Tannakiaanse groepoïde die in het algemeen
sterk af zal hangen van de eerder gekozen gladde tensorstaak (Tannaka dua-
liteit faalt bijvoorbeeld in de context van representaties op vectorbundels).

Onze resterende bijdragen zijn vooral gericht op het bestuderen van de
Tannakiaanse groepoïden die afkomstig zijn van representaties van propere



Lie groepoïden op vectorbundels. Aangezien in dit geval de gereconstrueerde
groepoïde wellicht niet isomorf met de oorspronkelijke is, wordt de vraag
of de voorgaande standaard C∞-ruimte structuur op de pijlenruimte van
de Tannakiaanse groepoïde deze tot een Lie groepoïde maakt aanzienlijk
moelijker en interessanter dan in het geval van representaties op gladde Eu-
clidische velden. Onze belangrijkste resultaat in deze richting is, dat het ant-
woord op deze vraag bevestigend luidt voor alle propere reguliere groepoïden.
In verband met dit resultaat bewijzen we invariantie van de oplosbaarheid
van het probleem onder Morita equivalentie. Tenslotte geven we voorbeelden
van klassiek reflexieve propere Lie groepoïden, d.w.z. propere Lie groepoïden
waarvoor de groepoïde die teruggevonden wordt uit de representaties op vec-
torbundels isomorf is met de oorspronkelijke; onze lijst is echter kort: gebrek
aan reflexiviteit is eerder regel dan uitzondering als men te maken heeft met
representaties op vectorbundels.
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