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Chapter 1

Polymer physics and
introduction to polymer
translocation

Abstract

This chapter will acquaint the reader with several properties of long,
flexible polymers. A short introduction to polymer physics is necessary
to appreciate many of the results presented in this thesis. No experi-
mental techniques will be discussed. Well-known introductory texts on
polymer physics are “Introduction to Polymer Physics” by Masao Doi [1]
and “Scaling Concepts in Polymer Physics” by Pierre-Gilles de Gennes
[2], and this introduction closely follows presentations found in both. The
latter part of this chapter provides an introduction to polymer translo-
cation.

As in De Gennes’ book, all instances of the Boltzmann constant kB

are removed. From the onset we will explicitly work in three dimensions
only.

1.1 Static properties of single chains

1.1.1 A single ideal chain

Perhaps the simplest (and crudest) model for a flexible polymer is depicted
in figure 1.1. The polymer lives on a periodic lattice, with lattice distance λ.
On a random site we put the “head”-monomer, with number 0. Consecutive
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monomers are randomly chosen to be one of the z nearest-neighbors. Hence
this model allows multiple occupancy of sites. The N th monomer, the “tail”,
completes the random walk. A more advanced lattice polymer model, detailed
in the next chapter, forms the basis for all numerical results presented in this
thesis.

h

t

Figure 1.1: Square lattice with a random walk. The zeroth monomer is denoted “h”,
the N th “t”. The lattice coordination number z is 4.

The total number of distinct polymers with degree of polymerization (N +
1), all starting at the origin, is easily shown to be

Zideal = zN . (1.1)

Since the end-to-end vector

r = rh − rt =

N−1
∑

n=0

(rn+1 − rn) =

N−1
∑

n=0

vn (1.2)

is just a sum of randomly chosen bond vectors, we can immediately write down
for the mean squared end-to-end distance

〈r2〉 =

N−1
∑

n=0

N−1
∑

m=0

〈vn · vm〉 =

N−1
∑

n=0

〈v2
n〉 = Nλ2 ≡ R2

0. (1.3)

So the mean size of the polymer is proportional to N1/2.
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Chapter 1

We can also calculate the probability distribution function of r. P (r,N) is
the probability to find monomer N at position r, given that its head is located
at the origin. From figure 1.1 it is easy to see that

P (r,N) =
1

z

z
∑

i=1

P (r − bi,N − 1), (1.4)

with bi the z different bond vectors of length λ. If the polymer is very long,
N ≫ 1, |r| ≫ λ, then the previous equation reduces to

∂P

∂N
=
λ2

6

∂2P

∂r2
, (1.5)

which may be solved to yield

P (r,N) =

(

3

2πNλ2

)3/2

exp

(

− 3r2

2Nλ2

)

. (1.6)

Eq. (1.6) is very convenient, since from it follows immediately an expression
for the free energy of a chain at fixed elongation

F (r) = −T log (P (r,N)) = F (0) +
3Tr2

2R2
0

, (1.7)

where T is the temperature and F (0) a constant independent of r. Note that
there is no enthalpic contribution to this free energy. Without getting ahead of
matters too much, later it will be shown that the “entropic spring constant”,
that one obtains by taking the second derivative of Eq. (1.7) with respect to
r, is the foremost ‘ingredient’ to understanding polymer translocation.

Many models of polymers are known. The random walk on a square lattice
of figure 1.1 is perhaps the simplest model. A more detailed description may
include interactions along the backbone of the polymer, such that 〈vn ·vm〉 6= 0
for m 6= n. If these interactions extend only to bonds up to a finite distance
along the chain, then 〈vn · vm〉 will decay exponentially for large |n−m|. For
such systems the mean squared end-to-end distance is always proportional to
N for large N , and the distribution of r is Gaussian. Models with such short-
ranged interactions are in a sense equivalent to the random walk model and
are called ideal.

5
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1.1.2 A single nonideal chain

Many polymer models are ideal, despite short-ranged interactions along the
backbone. But with short-ranged interactions only, nothing is preventing those
monomers that are far apart along the chain from occupying the same region in
space. In reality, no chain can ever intersect itself. This “excluded-volume ef-
fect” is incorporated in a so-called “self-avoiding walk” (SAW), simply defined
as a path that never intersects itself.

The total number of SAWs of N steps is asymptotically of the form

ZSAW = αẑNNγ−1, (1.8)

with α a constant, and ẑN serving the same purpose as zN in Eq. (1.1), but
now with ẑ numerically somewhat smaller than the coordination number. The
last factor, Nγ−1 is called the enhancement factor, with exponent γ, which in
three dimensions is numerically known to be γ = 1.1575 ± 0.0006 [3].

An ideal chain, with mean size R0 ∼ N1/2, will on average be smaller than
an excluded-volume chain, for which RF ∼ Nν , with ν > 0.5. This swelling
effect was predicted by Flory [4] first, who used simple arguments to obtain
a remarkably accurate estimate, ν ≈ 0.6. Today’s best estimates are around
ν = 0.5877 ± 0.0006 [5].

Flory’s argument proceeds as follows. A chain of length N , with a (yet to
be determined) radius R will have an internal monomer concentration

cint ≃
N

R3
. (1.9)

For the monomer-monomer repulsive interaction we write, per unit volume,

Frep =
1

2
Tvc2, (1.10)

with v in units of volume, and c the local concentration of monomers. Next,
one makes a mean-field approximation, which reads

〈c2〉 −→ 〈c〉2 ∼ c2int. (1.11)

Since all correlations between monomers are ignored, we write for the total
repulsive energy in volume R3

Frep|tot ≃
1

2
Tvc2intR

3 =
1

2
Tv

N2

R3
. (1.12)
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Chapter 1

The repulsive term causes the polymer to swell, but certainly not without
limits. As already observed in Eq. (1.7), as the polymer increases its size, its
entropy is reduced. Therefore Flory added an elastic energy contribution

F

T
≃ 1

2
v
N2

R3
+

3

2

R2

Nλ2
. (1.13)

The size of the excluded-volume chain is obtained by minimizing the free
energy, to find

RF ∼ Nν , (1.14)

with ν = 3/5 the Flory exponent.

1.2 Dynamic properties of single chains

1.2.1 The Rouse model

A polymer suspended in a dilute solution is in perpetual movement. In 1953
P. E. Rouse presented a simple model with which a single chain’s relaxation
modes can be understood. The model has penetrated every aspect of polymer
physics, which justifies a complete derivation here.

Figure 1.2: Bead-spring model with 7 beads and 6 springs.

The starting point is a bead-spring model of a polymer. In figure 1.2 beads
are connected by springs. Physically, springs should be thought of as stretches
of the polymer long enough to contain sufficient numbers of monomers for
Gaussian statistics to apply. In Eq. (1.7) we derived an expression for the
elastic energy of the spring connecting beads n and n+ 1,

Fn,n+1 =
3T

2

(rn+1 − rn)2

〈(rn+1 − rn)2〉 =
3T

2

(rn+1 − rn)2

λ2
, (1.15)

7
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where λ is the average extension of a spring. The polymer’s total elastic energy
simply reads

Fel|tot =

N−1
∑

n=0

Fn,n+1, (1.16)

with N the number of beads.

Since the polymer is floating in a solution, we will assume the velocity of
the beads to be proportional to the force exerted on them. To also incorpo-
rate thermal fluctuations, a Langevin equation of motion for the beads seems
appropriate:

drn

dt
= −1

ξ

∂Fel|tot

∂rn
+ gn, (1.17)

with gn a random force with zero mean and variance given by

〈gnα(t)gmβ(t′)〉 = 2δnmδαβ
T

ξ
δ(t− t′), (1.18)

with ξ the friction coefficient of a bead. Together with Eqs. (1.15) and
(1.16) the equations governing the dynamics of the polymer become, for n =
0, 1, · · · ,N ,

drn

dt
=

3T

ξλ2
(rn+1 + rn−1 − 2rn) + gn, (1.19)

together with r−1 ≡ r0 and rN+1 ≡ rN .

To solve this Rouse model, the conventional approach is to let n be a
continuous variable: rn(t) becomes r(n, t), and Eq. (1.19) turns into

∂r

∂n
=

3T

ξλ2

∂2r

∂n2
+ g(n, t), (1.20)

together with the boundary conditions ∂r/∂n = 0 at n = 0 and n = N .
Normalized coordinates

xp(t) =
1

N

∫ N

0
dn cos (

pπn

N
)r(n, t), (1.21)

with p = 0, 1, 2, · · · , decompose the polymer’s motion into separate modes

dxp

dt
= −kp

ξp
xp + gp. (1.22)

8



Chapter 1

Here

ξ0 = Nξ , ξp = 2Nξ , kp =
6Tπ2

Nλ2
p2. (1.23)

The random force gp(t) has a variance given by

〈gpα(t)gqβ(t′)〉 = 2δpqδαβ
T

ξp
δ(t− t′), (1.24)

while the normalized coordinates can be shown to obey

〈(x0(t) − x0(0))〉α(x0(t) − x0(0))β〉 = δαβ
2T

ξ0
t, (1.25)

〈xpα(t)xqβ(0)〉 = δpqδαβ
T

kp
exp (−t/τp), (1.26)

with

τp =
ξp
kp

=
τ1
p2

=
1

p2

ξN2λ2

3π2T
. (1.27)

Observe that in the Rouse model the longest relaxation time τ1 ≡ τR scales as
N2.
With the solution of the Rouse model at hand, let us investigate some of
its consequences. Firstly, the position of the center of mass is given by the
first normal coordinate x0(t). Therefore, we find for the average squared
displacement of the center of mass

〈(rCM(t) − rCM(0))2〉 = 3
2T

ξ0
t =

6T

Nξ
t = 6DRt. (1.28)

The polymer’s diffusion constant DR is inversely proportional to the degree of
polymerization N .

Next we investigate the average squared displacement of the nth bead as
a function of time

φ(n, t) ≡ 〈(r(n, t) − r(n, 0))2〉. (1.29)

By expressing r(n, t) in terms of the normalized coordinates xp(t), one easily
obtains

φ(n, t) = 6DRt+
4Nλ2

π2

∞
∑

p=1

cos2(
pπn

N
)

1

p2
(1 − exp (−tp2/τR)). (1.30)

9
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For t ≫ τR, the averaged squared displacement is 6DRt + constant·N . On
the other hand, for t≪ τR,

φ(n, t) ≈ 2

π3/2
Nλ2(

t

τR
)1/2, (1.31)

i.e., at short times, the averaged squared displacement increases as t1/2.

1.2.2 Excluded-volume effects and the Zimm model

As we have seen above, the average size of an ideal chain scales as N1/2. But
real polymers are not ideal, with excluded-volume effects which cause the chain
to swell to Nν . The Rouse model was derived with an ideal chain in mind.
Consequently, τR ∼ N2. If excluded-volume effects are taken into account, the
longest relaxation time can be shown to increase to τR ∼ N1+2ν . In short, as
the diffusion of a polymer is proportional to N−1, the time needed to diffuse
over its own length is proportional to N2ν/N−1 = N1+2ν .

Experimentally, in contrast to Rouse’s result (1.28), the diffusion constant
is proportional to N−ν . It is well-known that the discrepancy is due to Rouse’s
neglect of hydrodynamic interaction effects: whenever a force fn is applied to
a bead, the bead’s resulting motion will introduce a velocity field in the fluid
which decreases in strength with distance as (r−rn)−1. Hydrodynamic effects
were added to the equations of motion of the bead spring model by Zimm,
who confirmed the measured diffusion constant. Moreover, the chain’s longest
relaxation time turns out to be τd ∼ N3ν .

Computer simulation of polymers with hydrodynamic interactions are be-
coming more common nowadays [6, 7, 8, 9, 10]. Still the additional compu-
tational overhead is prohibitive for most purposes. As we refrain from their
inclusion, the longest relaxation time of single unperturbed chains, in our
simulations, is proportional to τR ∼ N1+2ν .

1.3 Polymer melts

1.3.1 Molten chains are ideal

In very dilute polymer solutions, in which the separate chains are not in contact
with each other, we have seen that the excluded-volume interactions cause the
chains to swell. Their average size increases with N as Nν . In a polymer
melt or in a highly concentrated solution of polymers we are looking at the

10
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opposite limit: each and every chain is in contact with many others. It was
Flory who came to understand first that these highly interacting polymers are
ideal: the average size increases as R0 ∼ N1/2 and the chains obey Gaussian
statistics. To instill the reader with some qualitative understanding, without
a long derivation (for which we refer the reader to the excellent derivation in
Doi and Edwards [11]), we repeat De Gennes’ self-consistent-field arguments.

1

0

N

R
−1/2

r

c

Figure 1.3: Top: representation of a polymer melt. Bottom: concentration of light
and dark monomers.

In figure 1.3 a single dashed “light chain” is located in a dense melt of
equivalent “dark chains”. The total monomer concentration c is 1. A light
monomer experiences a repulsive potential Utot essentially proportional to the
local monomer density c, to which there are two parts. Firstly, the concen-

11
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tration of light monomers is peaked around the center of gravity of the light
chain. The excluded-volume interactions of the dashed monomers create an
effective potential Ul, with outward pointing force −∂Ul

∂r . In the single-chain
problem, it is this force that causes the polymer to swell and show nonideal
behavior.

On the other hand it is known that the density fluctuations in a melt are
very weak. Therefore, around the location of the light chain, the concentration
of dark monomers must be lowered. The resulting density gradient leads to
an inward pointing force −∂Ud

∂r .

In equilibrium the total force on any monomer is zero. We conclude ∂Utot
∂r =

0: the force responsible for the swelling of the single polymer is canceled and
the chain remains ideal.

Note that the local concentration of light monomers is very low, scaling as
N/R3

0 ∼ N−1/2, with R0 the mean size of an ideal chain (from Eq. (1.3)), but
still much higher than the concentration c∗ ≈ N/R3

F ∼ N−0.8, with RF the
mean size of an excluded volume chain (from Eq. (1.14)), needed for polymers
in dilute solution to start to overlap.

1.3.2 Reptation theory

The viscosity and self-diffusion of concentrated polymer systems depend very
strongly on chain length. Experimentally, for chains long enough to be entan-
gled, it is well-known that

η ∼ Nmη , (1.32)

where mη is of order 3.4 ± 0.2. For the diffusion constant it is reported that
Dd ∼ N−δ, with δ at least 2, although the exact value of δ is shrouded in
controversy.

A chain in a dense polymeric system moves in a network composed of
the surrounding polymers. For chains long enough (N & 102), entanglement
effects come into play. These effects can be thought of as the topological
restrictions on the movement of a polymer in a matrix of other polymers.
Theoretically, It was only with the introduction of the reptation concept by
De Gennes in 1971, that a foothold was gained [12]. As a first step, De Gennes
considered the Brownian motion of a polymer in a fixed network, as in figure
1.4. The dots, which represent the network, are impenetrable. It is possible to
use the Rouse model to describe the motion of the polymer in the network, and
to express the viscosity and self-diffusion in terms of the parameters that enter

12
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Figure 1.4: Chain in a static network of dots.

the Rouse model, i.e., degree of polymerization N , friction coefficient ξ and
average monomer-monomer distance λ, augmented with the average separation
of the dots a. We already know from Eq. (1.31), that at very short times the
average squared displacement of a monomer increases proportionately to t1/2,
since the polymer has not been given enough time to notice the surrounding
polymers. On very long time scales, when the polymer has diffused over its
own length and any correlations with its conformation at t = 0 have vanished,
ordinary diffusion applies, i.e., φ(n, t) ∼ t. De Gennes’ reptation theory deals
with the intermediate times.

hi

t hf

ti
f

Figure 1.5: The motion of the tube. The dotted line through the center represents
the primitive chain, while the thick line represents the polymer chain.

De Gennes used the tube concept, introduced earlier by Edwards, to argue
that the dots effectively cause the polymer to move in a tube with radius a.
The polymer is significantly longer than the tube, and the excess length along
the primitive path allows the chain to diffuse away from its initial constraints.
Due to this motion the tube itself changes with time: in figure 1.5, the vacated

13
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part ti to tf disappears, while hi to hf appears in a newly created section. This
snake-like motion bears the name reptation.

In actual concentrated solutions and melts the confining dots are polymers
themselves, which move in a similar fashion as the test chain. Consequently,
the tube is not a static object. The mechanism of Constraint Release (CR)
describes the deterioration of the tube walls with time. Other interactions
between the chains are ignored as well. Nevertheless, for highly entangled
systems, it is widely accepted that the reptating motion of the chain is the
dominant contribution to the dynamics.

a

Figure 1.6: Doi’s lattice model of reptation [1].

We will follow Doi’s lattice model of reptation [1], not only because of its
clarity, but also because it connects rather straightforwardly to Rubinstein’s
historically important Repton model [13], as well as to our Slithering Snake
algorithm with which we have generated large equilibrated densely packed
polymer samples (chapter 2.5). As in figure 1.6, a chain with Z bonds and Z+1
monomers is placed on a lattice with lattice spacing λ and lattice coordination
z. The bond vectors u1,u2, · · · ,uZ are randomly chosen from the z unit
vectors. Every time interval ∆t we let the whole chain reptate along one
lattice spacing, in the direction of either the head or the tail. All bond vectors
un are renamed un±1, with n < Z respectively n > 1, and u1 resp. uZ is

14
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taken in a random direction. In short

un(t+ ∆t) = un+σ(t)(t), (1.33)

with σ(t) a random variable +1 or −1, and u0 or uZ+1 randomly chosen.
Therefore, the equations describing the coordinates of the monomers rn (n =
0, 1, · · · , Z) are

rn(t+ ∆t) = rn+σ(t)(t), (1.34)

with r−1(t + ∆t) = r0(t) − aρ(t), rZ+1(t + ∆t) = rZ(t) + aρ(t), and random
unit vector ρ(t).

∆t and Z can be expressed in the parameters that appear in the Rouse
model. The Z bonds form an ideal chain with a mean squared end-to-end
distance Za2. For a Rouse chain, the end-to-end distance is Nλ2, which tells
us that

Z = Nλ2/a2. (1.35)

∆t is the time required for the chain to diffuse a distance a along its own
contour. For a Rouse chain the diffusion constant, DR = T/Nξ, expresses the
displacement of the center of mass. Since the polymer can only go forward
or backward along its primitive path, we obtain for this “curvilinear displace-
ment” 〈s2(t)〉 = 2DRt, where the factor of 2 indicates one-dimensional motion
(cf. Eq. (1.28)). In reptation theory it is assumed that interactions with the
tube wall may be included by using an effective friction constant ξ′. Within
the time t the reptating chain makes t/∆t jumps, each over a distance a.
Hence 〈s2(t)〉 = (t/∆t)a2, and

∆t =
a2

2DR
=
a2Nξ′

2T
. (1.36)

Let us first find the self-diffusion constant of the chain. For the center of
mass

rCM =
1

Z + 1

Z
∑

n=0

rn(t) (1.37)

simple substitution suffices to show that

rCM(t+ ∆t) = rCM(t) + σ(t)f(t), (1.38)

with

f(t) =
P(t) + aρ(t)

Z + 1
, (1.39)

15
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and the end-to-end vector P(t) = rZ(t) − r0(t). Thus

〈(rCM(t) − rCM(0))2〉 =
t

∆t
〈f(t)2〉. (1.40)

But in equilibrium 〈P2(t)〉 = Za2, so that we find, for Z ≫ 1,

〈(rCM(t) − rCM)2〉 =
t

∆t

a2

Z
=

2DR

Z
t. (1.41)

Hence we find for the self-diffusion constant of this reptation model

Dd =
DR

3Z
=

T

3N2ξ′

(

a2

λ2

)

. (1.42)

For this model of reptation, the diffusion constant of the center of mass is
proportional to N−2.

Similarly, the correlation function 〈P(t) · P(0)〉 of the end-to-end vector
P(t) can be expressed as

〈P(t) · P(0)〉 = a2
Z

∑

n=1

Z
∑

m=1

ψn,m(t), (1.43)

with ψn,m(t) ≡ 〈un(t) · um(0)〉. After a time ∆t, un(t) changes randomly to
un+1(t) or un−1(t). Therefore, ψn,m(t) satisfies the equation

ψn,m(t+ ∆t) =
1

2
[ψn+1,m(t) + ψn−1,m(t)] , (1.44)

with boundary conditions ψ0,m(t) = 0, ψZ+1,m(t) = 0, and at t = 0 we have
ψn,m(0) = δnm. To solve the equation, in the limit Z ≫ 1, the difference
equation may be rewritten as

∂ψn,m

∂t
=
DR

a2

∂2ψn,m

∂n2
, (1.45)

with appropriate boundary and initial conditions ψ0,m(t) = ψZ,m(t) = 0 and
ψn,m(0) = δ(n −m). The solution is

ψn,m(t) =
2

Z

∞
∑

p=1

sin (
npπ

Z
) sin (

mpπ

Z
) exp (− tp

2

τd
). (1.46)
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Here we have defined the reptation time τd = Z2a2

π2DR
= 1

π2
ξ′N3λ4

Ta2 . We finally
find

〈P(t) · P(0)〉 = Za2ψ(t), (1.47)

with

ψ(t) =
∑

p=odd

8

p2π2
exp (− tp

2

τd
). (1.48)

It is easily seen that ψ(0) = 1, and it decays with “rotational” relaxation time
proportional to N3. Physically, ψ(t) can be interpreted as the fraction of the
polymer that is still in the tube after time t, while τd, also often referred to
as the disentanglement time, is a measure of the time needed for the polymer
to vacate the initial tube.

a

Figure 1.7: A bead-spring chain in a tube.

A different approach to reptation theory is by starting from a Rouse chain
trapped in a tube, as in figure 1.7. Our aim here is to study the mean squared
displacement of a single bead n. As noted at the beginning of the discussion,
φ(n, t) ∼ t1/2 for times that are too short for the polymer to become aware of
the topological restrictions that constitute the confining tube. It is important
to realize that the tube represents topological restrictions, more than just
excluded-volume interactions. The tube is not empty, but contains many
monomers from many different chains.

We define the entanglement time τe as the time needed for the polymer to
experience the restrictions posed by the tube wall. For t > τe, the diffusion
will be reduced to curvilinear motion along the tube’s primitive path. We
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Polymer physics and introduction to polymer translocation

have seen that the mean size of a polymer in the melt is proportional to N1/2.
Therefore, in real-space coordinates, the mean squared displacement will cross
over to φ(n, t) ∼ (t1/2)1/2 = t1/4, for t > τe.

For the single-chain Rouse model, the mean squared displacement of the
single bead n crosses over from t1/2 to t at t ≈ τR. Here, let us assume that also
in the tube the polymer’s longest relaxation time is given by τR, albeit with a
modified friction coefficient ξ′ to account for the presence of the surrounding
monomers. For times t > τR the motion is still restricted to the curvilinear
path. Therefore, we expect a crossover to φ(n, t) ∼ t1/2 at t ≈ τR.

Finally, as is illustrated in figure 1.8, we can estimate the disentanglement
time τd from retrieving the time needed for a monomer to diffuse over the
length of a molten polymer coil R0 ∼ N1/2. Hence φ(n, t) ∼ t, for t > τd.

Rτ τd

2

N
3

1/4

1/2

1/2

1

1/2
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N
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Nr
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log t
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 (
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 )
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Figure 1.8: Mean squared displacement of monomer n plotted against time, on a
double-logarithmic plot, for well-entangled polymers.

Conventional reptation theory concludes η ∼ Nmη , where mη = 3. It
also predicts a diffusion constant Dd ∼ N−2. Experimentally, for strongly
entangled solutions and melts, mη = 3.4 ± 0.2 and Dd ∼ N−δ with δ at least
2. A compilation of data by Lodge [14] suggests δ = 2.28 ± 0.05, although
many authors measure δ = 2. Many authors have tried to bridge the gaps.
According to Doi [15], standard reptation theory wrongly assumes the length
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of the polymer along the tube to be fixed. By including these Contour Length
Fluctuations (CLF) Doi obtained for the disentanglement time

τd ∼ Z3

(

1 − C√
Z

)2

, (1.49)

with C a numerical constant of approximately 1.5 [16, 17]. For 10 < Z < 100,
τd ∼ Z3.4. Many authors also consider Constraint Release to be a mechanism
that contributes to the disagreement [18, 19]: the surrounding chains that
constitute the entanglements are free to diffuse and relax stress themselves.
Hence the tube erodes with a finite rate anywhere along its length. But, to
quote De Gennes [2]: “tube renewal is not observable” for longer chains in
dense systems, although Wang [20] concludes that CR may explain a rapid
crossover from δ = 2.4 to δ = 2. Several authors report measurements that
support τd ∼ N3 and Dd ∼ N−2, for N → ∞ [21, 20]. Alternative explana-
tions of the 3.4 power-law have been put forward as well, but none so far are
considered satisfactory.

Recently, Liu et al. [22] suggested that multi-chain effects, i.e., CR, are
of similar importance as the single chain effects, i.e., CLF. Promoting the
multi-chain effects, not just CR, is not at odds with new simulation results
by Barkema and Panja [23]. They have presented highly accurate numerical
simulations for dense polymeric systems with next chapter’s polymer model.
The accompanying theoretical view also has significant consequences for poly-
mer translocation in a dense environment, which will be the topic of chapter
4. Without getting ahead of matters too much, the interchain interactions
leads to the introduction of a new time scale ∼ Nβ, with β = 2.56 ± 0.10,
that replaces the Rouse time scale in figure 1.8. Hence Barkema and Panja
find1τd ∼ N3.28±0.05.

1The scaling with N of the longest relaxation time scale τβ ∼ Nβ implies a rescaling of
a (limited) number of modes with index p to τp ∼ pβ (cf. Eq. (1.27)). Consequently, the
mean squared displacement of the nth bead calculated in Eq. (1.30) for the Rouse model,
may have to be replaced by φ(n, t ≪ τβ) ∼

R

∞

0
dp(1 − exp (−tpβ/τβ))/p2 ≈ (t/τβ)1/β in

a dense environment. Therefore, following Doi and Edwards [11], chapter 6.4.4, the mean
squared displacement of a bead in regimes i and ii obeys ∼ t1/β resp. ∼ t1/2β , leading to
a scaling with N of the disentanglement time τd ∼ N1+β , and thus exceeding the estimate
τd ∼ N3.28±0.05 of [23].
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1.4 Introduction to polymer translocation through
a narrow pore

To facilitate the study of the translocation of a polymer through a narrow
pore in a membrane, we introduce several time scales, such as the transloca-
tion time, dwell time and unthreading time, as well as their mutual relations.
The left-hand side of figure 1.9 shows two cells, each of volume V , connected
through a pore in the separating membrane. The translocation time τt is the
mean time required for a polymer to either leave cell A or B completely. The
dwell time τd is the typical time scale the polymer spends in the pore, while
the unthreading time τu is the average time needed to vacate the pore starting
from an equilibrated state in which the polymer is threaded halfway through
the pore.

We will restrict ourselves to cases in which the pore is just wide enough to
allow the passage of a single monomer at a time. Hence the monomer number
in the pore s separates a threaded polymer in two segments of length s−1 ≈ s
and N − s on either side of the membrane. For an ideal chain on a lattice we
derived the partition function, Eq. (1.1), Zideal ∼ zN . Similarly, for the self-
avoiding walk, Eq. (1.8), ZSAW ∼ ẑNNγ−1. However, to compose the partition
sum for chains tethered to an impenetrable wall, we must necessarily exclude
contributions from chains crossing the wall. For an ideal tethered chain the
partition function is easily shown to be of form [30]

Ztethered
ideal ∼ zNN−1/2, (1.50)

while for a self-avoiding walk it is known that

Ztethered
SAW ∼ ẑNNγ1−1, (1.51)

with an adjusted exponent γ1 = 0.68 [31].
Let us also assume that each monomer carries a charge q and that a voltage

2V is applied across the pore, as in the left part of figure 1.9. Then, we have
for the partition sum of a threaded polymer

Zthreaded (N, s) = Zteth.A (s)Zteth.B (N − s) exp (+2qV s/T ), (1.52)

with s the monomer in the pore. From it we obtain the free energy of a
threaded self-avoiding walk

F threaded (N, s) = −T logZthreaded (N, s) (1.53)

∼ T (1 − γ1) log [s (N − s)] − 2qV s− T (N log ẑ) .
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Figure 1.9: Left: two cells A and B, each of volume V, that are connected by a pore
in a membrane. An applied voltage 2V may be present across the pore. A polymer
of length N is located in the box, which can either be in cell A or B, or threaded in
the pore. Right: a typical unbiased polymer translocation process, i.e., 2V = 0.

Figure 1.10 shows the entropic barrier comprised of the first two terms of
Eq. (1.54) for a polymer of length N = 1000 and for several values of 2qV .
Early theories of polymer translocation adopted a mean-field type approach to
explain the scaling of the time scales of translocation with degree of polymer-
ization, vesicle volume and other relevant parameters [24, 25, 26, 27, 28, 29, 30].
In these theories polymer translocation is described by a Fokker-Planck equa-
tion for first passage over the entropic barrier in terms of the reaction coordi-
nate s. For unbiased polymer translocation, for ideal polymers, the mean-field
theories predict a mean dwell time scaling as N3 for Rouse dynamics, and as
N2.5 for Zimm dynamics [30]. However, the use of the (equilibrium) free en-
ergy to determine the transition rates from s to s±1 implicitly assumes that at
a fixed reaction coordinate s the polymer equilibrates faster than the typical
time for the reaction coordinate to change its value by ±1. This is not necessar-
ily the case for longer polymers, or polymers in higher spatial dimensions. The
authors of Ref. [32, 33, 34] found that for a self-avoiding polymer, with Rouse
dynamics, the dwell time for unbiased translocation scales as the Rouse time
τR. They concluded that the dynamics of a translocating polymer is anoma-
lous. Their scaling of the dwell time was later confirmed in Ref. [35, 36]. Klein
Wolterink et al. [37] found, with simulations on the extended repton model
(chapter 2), that τd ∼ N2.40±0.05, while Dubbeldam et al. [38, 39] modeled
unbiased translocation with a fractional Fokker-Planck equation, leading to a
scaling τd ∼ N2.52±0.04 after some corrections [40]. Only recently, Panja et
al. [41] have characterized the anomalous dynamics of translocation and its
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Figure 1.10: Free energy F threaded (N = 1000, s) for 2qV = 0, 0.01, and 0.1.

underlying physics to derive the scaling τd ∼ N2+ν .

The strong influence of 2qV on the free energy barrier, cf. figure 1.10,
warrants the study of field-driven polymer translocation in chapter 3. The
simulation results will support the theoretical foundation laid down by Panja
et al. [41]. Moreover, the electric field will play a pivotal role in chapter 5,
where we investigate in how far translocation can be used to determine RNA
secondary structures. In chapter 4 the topic changes to unbiased polymer
translocation in a crowded environment of other polymers.

To accommodate the latter study, it is helpful to spell out the differ-
ences between the various time scales. We will follow the derivation by Klein
Wolterink et al. [37]. To define the quantities precisely, we introduce the fol-
lowing states of the polymer. In state A (B), the entire polymer is located in
cell A (B). States M, M’ are defined as the states in which the middle mon-
omer is located halfway between both cells. In state T and T’ the polymer
is threaded, but the monomer is not in the middle of the pore. Finally, the
distinction between states M and T respectively M’ and T’, is that for the
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former the polymer is en route from state A to B, or from state B to A, while
for the latter it returns to where it came from, i.e., A (B) returns to A (B)
without reaching B (A) first. With these definitions the translocation process
can be characterized as a sequence of states, as shown in the right-hand side of
figure 1.9. In this picture, the dwell time τd is the mean time that the polymer
spends in states M and T , while the translocation time τt is the mean time
starting at the first instant that the polymer reaches state B (A) after leaving
state A (B), until it reaches state A (B) again. The unthreading time τu is
merely introduced for computational purposes. During the dwelling process,
a polymer must pass through a state M at least once. Hence the unthreading
time is defined as the mean time needed for the polymer to unthread starting
from a state M. It is expected, and observed from simulations, that the scaling
of the unthreading time is the same as the scaling of the dwell time. Clearly,
computationally, to unthread from a state M is preferred, since no entropic
barrier needs to be traversed.

Lastly, a relation can be found between τd and τt. Let us define pM + pT

as the fraction of the translocation time τt spent in states M and T. Also,
pM′ + pT′ ≡ 1 − τd/τt. The probability that the polymer is threaded exactly
halfway is an equilibrium property, i.e., the sum of the probabilities pM and
pM′ is found from the contribution of these states to the partition sum Zthreaded

(Eq. (1.52) with s = N/2) to be

pM + pM′ ∼ Zthreaded/ZSAW ∼ N−γ+2γ1−1/V, (1.54)

where a linear scaling with V of ZSAW has been used. (Observe that for an
ideal chain pM + p′M ∼ 1/V .) The ratios fM ≡ pM/pM′ and fT ≡ pM/pT are
non-equilibrium properties which can be obtained from targeted simulations.
With these quantities, the translocation time is found from the dwell time,
using

τt = τd
fT (1 + fM)

(pM + pM′) fM (1 + fT)
. (1.55)

For unbiased polymer translocation of a single chain it was confirmed by
direct simulations that

fM (N) ∼ c, (1.56)

with c a constant of order 1. We confirm the relation to hold also for unbiased
translocation in a crowded environment. From these simulations we have also
learned that

fT (N) ∼ N−1, (1.57)
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which is known to hold for single self-avoiding polymers too.
From these latter observations, together with Eq. (1.54), we find for the

scaling of the translocation time for self-avoiding single chains2

τt ∼ V τdN
γ−2γ1 , (1.58)

which for ideal chains reduces to τt ∼ V τd.

2Both Refs. [37, 40] wrongly state τt ∼ V τdN1+γ−2γ1 instead of Eq. (1.58).
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Computational model

Abstract

All results presented in this thesis are tested against a highly effi-
cient Monte Carlo algorithm for simulating polymers on a lattice. This
extended repton model by Van Heukelum and Barkema [42, 43, 44, 45]
finds its historic roots in Rubinstein’s repton model [13], that was specif-
ically designed to test de Gennes’ reptation model [2]. The extended
repton model was created to study dense melts of polydisperse chains
of moderate length. For polymer translocation, under various external
fields, in different environments, and for monomers with specific affini-
ties, several further extensions are introduced. The resulting algorithm
is well suited to the study of long polymers. An efficient slithering snake
algorithm for preparing well-equilibrated melts of very long polymers is
studied.

2.1 Lattice polymer models

In the previous chapter we introduced Doi’s lattice model of reptation to
investigate the immediate consequences of reptation theory. In this model,
the longest relaxation time is proportional to the third power of the polymer
length. Experimentally, however, τd ∼ η ∼ N3.4±0.2 is consistently measured.
Similarly, although off-lattice, the bead-spring model’s longest relaxation time
is proportional to N2, and not N1+2ν . Obviously, the use of too simplistic
models may lead to erroneous conclusions. On the other hand, too sophisti-
cated models, besides missing the clarity of their simple counterparts, often
are very expensive computationally. Given the presence of time scales of order
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N3.4, with N easily exceeding a thousand, it is evident that successful applica-
tion of lattice polymer models hinges on finding the simplest representation of
both the polymer configurations and dynamics. The extended repton model
by Van Heukelum and Barkema strikes a good compromise between both re-
quirements. Before its introduction in section 2.3, let us first briefly mention
several other historically important models.

Already in 1962, Verdier and Stockmayer [46] simulated single self-avoiding
walks with unit bond lengths between monomers on square and cubic lattices.
Colloquially speaking, models do not get any simpler than this. Equilibrium
distributions of the end-to-end distance of the polymer, as well as relaxation
properties of initially stretched chains were investigated. Later, by filling
the simulation box with multiple chains, semi-dilute and dense solutions were
studied [47, 48] to confirm the crossover from ν = 0.588 to ν = 0.5. In a
related model, with slightly adjusted dynamics, dense systems with monomer
density c = 0.5 with up to 40 chains of length N = 800 were investigated
[49, 50].

Another well-known model is the bond-fluctuation model by Carmesin and
Kremer [51, 52]. The original version is restricted to two dimensions. Each
monomer occupies several lattice sites, while bonds can only be of length 2,√

5, 2
√

2, 3,
√

10, or
√

13. The dynamics is restricted to single-monomer moves
over a single lattice spacing. In later incarnations the model is extended to
three dimensions [53]. Among its applications here too we find the study of
dense systems. In the simulations by Kreer et al. [54] a system with monomer
density c = 0.5 contains chains of up to length N = 500, while the dynamics
progressed for ten million time steps.

The previous two models were both used to study the transition from
Rouse to reptation dynamics, which was achieved by simply placing a lot
of polymers in the simulation box. Rubinstein’s repton model [13], to be
discussed shortly, but also the cage model by Evans and Edwards [55, 56, 57]
take an entirely different approach by only simulating a single chain. They
both cleverly restrict the sideways moves of the monomers, so as to effectively
incorporate De Gennes’ reptation dynamics.

2.2 The repton model

Rubinstein introduced the repton model in 1987 [13]. It was specifically cre-
ated to study the dynamics of reptation. It is a logical extension of the lattice
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model of reptation (chapter 1.3.2), extended to also incorporate Doi’s contour
length fluctuations [15]. It deserves a short introduction, for it is the direct
predecessor of the polymer model from which all our numerical results stem.
The version described below is defined with dynamics and unit of time slightly
different from Rubinstein’s repton model [13].

3

4

8910

11

1

2

6
5

7

Figure 2.1: The repton model on a square lattice. The bond length between monomers
is either zero or one. Therefore multiple monomers can occupy the same site. The
polymer backbone obeys ideal statistics.

In reptation theory the contour length of the polymer exceeds the prim-
itive path of the tube. The excess stored length diffuses along the primitive
path. Rubinstein proposed the “repton model” as a discretized version of the
reptation model. Its main features are illustrated in figure 2.1. The polymer
is represented as a random walk, in which the consecutive monomers are also
allowed to reside on the same site, i.e., bonds can be of length one or zero. A
unit of “stored length” corresponds to zero bond length. The dynamics of the
repton model consists of single-monomer hops along the chain, in addition to
moves of the ends.

An inner monomer can be in only one of three states. If both or neither of
its nearest neighbors are on the same site, then no move is possible. However,
if only one of them is on the same site, then the stored length enables the
monomer to make a jump along the chain. In figure 2.1, internal monomers
2, 5, and 7 can hop.

An end-monomer can be in only one of two states: either it resides on the
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same site as its neighbor, and if so it may hop to any of the z nearest-neighbor
lattice sites, or its lack of stored length leaves no alternative for change other
than to jump to the site of its neighbor (for the polymer to retract). In figure
2.1 monomer 1 can move to any nearest neighbor site, while monomer 11 can
only go to 10.

In every elementary move a randomly chosen monomer is moved if allowed
by the rules defined above. Otherwise nothing is done. Time is incremented
by one unit after N elementary moves, with N the degree of polymerization.

The average number of stored lengths is set by the lattice coordination
number z. Let us show this by example. In figure 2.1 the polymer with
curvilinear length 8 contains 3 units of stored length. We will name this
configuration A. Monomer 11 in figure 2.1 can only go to neighbor 10, and in
doing so it increases the number of stored lengths along the chain to 4. This
new configuration is named B.

The next time monomer 11 is selected, it can go to any of the z surrounding
sites, and hence the probability for it to go back to where it came from, is only
1/z. From the requirement of detailed balance [58], for the move from A to
B we have

PApAB = PBpBA, (2.1)

with PA(B) the weight of configuration A(B) in the partition sum Z, and pAB

the probability, given that monomer 11 is selected, to go from configuration A

to B. For the dynamics defined above, pAB = 1 and pBA = 1/z. Therefore,
PB/PA = z.

The repton model’s success is largely based on its ability to project the
higher dimensional reptating polymer on the one-dimensional repton model.
The lattice coordination number z is the only parameter to define the lattice.
For example, z = 4 may represent a simple square lattice, z = 6 is appropriate
for a simple cubic lattice, and z = 12 conforms to a Face Centered Cubic
(FCC) lattice. The simple dynamics allowed Barkema et al. [59] to imple-
ment the model with multispin-coding techniques, which radically increased
its numerical efficiency. They have been able to show that to leading order
N2D = 1/3, with D the polymer’s diffusion constant; this was later proven
analytically [60, 61].
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2.3 Extended repton model

The extended repton model by Van Heukelum and Barkema [42, 43, 44, 45]
was specifically designed to study the dynamical properties of dense polymer
solutions and melts, with a strong emphasis on computational efficiency. For
polymer translocation through a narrow pore we are mainly interested in the
dynamics of single chains. Thus, numerical efficiency becomes less of an is-
sue. Moreover, with the introduction of various external fields and monomer
affinities, a significant increase of the execution time per elementary move is
unavoidable. Therefore, a detailed description of the multi-spin coding tech-
niques, responsible for much of the code’s efficiency, is omitted, but we refer
the interested reader to Ref. [62]. It must be noted that the current imple-
mentation of the extended repton model uses a slightly modified dynamics,
including a redefinition of the unit of time.
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Figure 2.2: The extended repton model on a triangular lattice.

Rubinstein’s repton model [13] simulates the dynamics of a single chain
obeying random-walk statistics. The dynamics is limited to the diffusion of
stored length along the chain. The primary extensions to the repton model
comprise both excluded-volume constraints on the chains and sideways motion
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of the interior monomers.

Figure 2.2 depicts two model polymers on a triangular lattice. As in the
repton model, stored length may accumulate on a single lattice site. Therefore,
the contour lengths of these polymers with degree of polymerization 12 are
only 7 and 8. However, the chains respect excluded-volume constraints, i.e.,
primitive paths cannot cross or return, and only consecutive monomers can
reside on the same lattice site.

The dynamics is reminiscent of the repton model, in that stored length
can diffuse along the chain. This “reptation dynamics” randomly chooses a
monomer, be it an interior or an end-monomer, and moves it in accordance
with repton dynamics. If an interior monomer is selected, and only one of its
neighbors is on the same site, then it hops to the site of the other neighbor.
In figure 2.2 monomers 2, 4, 6, 9, 10, and 11 of the upper polymer, and 3, 5,
6, 10, and 11 of the lower polymer can reptate. If an end-monomer is picked,
and it is not on the same lattice site as its neighbor, then stored length can be
created. Monomer 12 of the lower polymer can join monomer 11. All the other
exterior monomers can use the stored length to hop to any of the remaining
5 nearest neighbor lattice sites, provided no excluded-volume constraints are
violated.

The sideways motion of monomers, which we call “Rouse dynamics”, is
new to the repton model. A random interior monomer is selected. If only
one of its neighbors is on the same site, then the stored length permits a
local increase of the polymer’s contour length. For example, monomers 2, 4,
6, 9, 10, and 11 of the upper polymer and monomers 3, 5, 6, 10, and 11 of
the lower polymer can hop to either of the two neighboring sites, provided
these sites are free. Of course the opposite moves are allowed as well. For
example, monomer 7 can either join monomer 6 or monomer 8 to shorten
the upper polymer’s contour length. These single-monomer moves are easily
implemented on lattice structures which contain loops of three sites, such
as the triangular lattice and the face-centered-cubic (FCC) lattice. Without
these three-site loops the Rouse dynamics would only be possible by allowing
multiple bond lengths between adjacent monomers.

In the repton model the average number of stored lengths only depends on
the lattice coordination number z. From the dynamics we deduced the relative
weight of chains with L and K stored lengths to be PL/PK = zL−K . For the
extended repton model, we will reason the other way round. For some positive
constant W , we will impose PL/PK = WL−K . An appropriate dynamics can
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A

C D

B

Figure 2.3: Detailed investigation of the Monte Carlo moves in the extended repton
model.

then be constructed from the principle of detailed balance. In figure 2.3 the
last three monomers of four nearly identical chains are shown. According to
the reptation moves defined above, the middle monomer of chain A can hop
to become chain B. Similarly, from the Rouse moves, C can become A, or B.
The end-monomer in D can only hop to become B.

Since chains A and B contain equal numbers of stored length, the detailed
balance reads

pAB

pBA

=
PB

PA

= 1. (2.2)

Hence, reptation dynamics for the interior monomers simply proceeds by se-
lecting a random monomer to attempt a jump along the chain’s contour.

A move from C to either A or B results in an additional stored length.
Thus,

pAC

pCA

=
PC

PA

=
1

W
, (2.3)

and similarly for C ↔ B. All our simulation results are obtained on an
FCC lattice, with W = 4. While for the triangular lattice only one other
configuration equivalent to C can be reached, it is important to recognize that
for the FCC lattice four other such configurations exist. Therefore, let’s write
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pAC = Q/4, with Q a constant still to be determined from the detailed balance
equation and the requirement pCA = 1/2. From here,

1

2
= pCA = WpAC = W

Q

4
, (2.4)

to conclude pAC = 1/2W , with W at least 2. For Rouse dynamics a random
interior monomer is picked, and if both its neighbors are on different lattice
sites, cf. C, a flip of the coin decides to which nearest neighbor the mono-
mer is moved. For the reversible moves, cf. A → C, one of four equivalent
configurations is picked, and the move proceeds with probability 1/2W .

For the end-monomers in C and D,

pBD

pDB

=
PD

PB

=
1

W
. (2.5)

Also, since pBD = 1/z, we have pDB = W/12.
Note that the Monte Carlo algorithm based on reptation dynamics, to-

gether with moves of the end-monomers, is ergodic, even without the Rouse
dynamics. Every unit of time N such monomer moves are attempted per
chain, be they interior or not.

The computational time required for an elementary Rouse move is much
higher than for a reptation move, since the former requires the lattice co-
ordinates of the chosen monomer, while the latter only needs bond vectors,
allowing for a very fast multi-spin coding implementation. Therefore, repta-
tion moves are attempted R times as frequently as Rouse moves. The study of
field-driven polymer translocation (chapter 3), and the translocation of RNA
(chapter 5), have been performed with R = 1, while for translocation in a
crowded environment (chapter 4) we have picked R = 10, which corresponds
to a roughly equivalent amount of computational effort being invested in either
kinds of moves. Recent work on a related lattice polymer model [63] provides
evidence that the overall characteristics of the dynamics of a single polymer in
bulk solution is controlled by the parameter NR−1/2; provided the polymers
are sizable, one can boost reptation dynamics over Rouse dynamics quite a
bit before the polymer dynamics changes qualitatively.

2.4 External fields and affinity of monomers

An obvious advantage of lattice models is the easy inclusion of excluded-
volume interactions: lattice sites are either empty or not. For our studies
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of polymer translocation through a narrow pore, it is equally simple to just
toggle the status of the wall’s lattice sites to be occupied, while leaving open
a pore. Another advantage of on-lattice polymers is the straightforward inclu-
sion of several external fields, or the ability to easily bond monomers together.
Several aspects of our implementation choices are discussed below.

2.4.1 Electric fields across the pore

−V

−V

−V

+V

+V

+V

d

c
b

a

Figure 2.4: The voltage difference across the pore drives the translocation of the
polymer.

In chapter 3 we investigate field-driven polymer translocation, i.e., a poten-
tial difference applied across the pore drives the translocation of the charged
monomers. In figure 2.4 a voltage difference 2V is applied across the pore; if
all monomers carry a (positive) charge q, then the relative Boltzmann weight
of monomers a and b is simply Pa/Pb = exp (−qV/T ), while an equivalent
relation must be satisfied by monomers c and d. Without any electric field the
extended repton model attempts hops from a to b as often as it tries to move
b to a. Hence, we incorporate the electric field by attempting exp (qV ) − 1
additional moves from just left to within the pore, cf., a to b, as well as an
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equal number of moves from within to just right of the pore, cf., c to d. Note
that a move is defined by one hop of the reptation type and 1/R hops of the
Rouse type.

2.4.2 Pulling of a molecule with optical tweezers

Several experimental groups have shown the ability to manipulate individual
RNA and DNA molecules. A common approach is to bind one of its ends
to a polystyrene bead, which can be trapped using infrared lasers, allowing
control of its position [64, 65, 66, 67, 67, 69, 70]. These optical tweezers are
characterized by a trap stiffness ktw that relates the distance of the bead from
the trap center, dz = ztw − zb, to the restoring optical force Ftw = −ktwdz.

The polystyrene bead typically has a diameter of roughly half a micron
[65]. On the other hand, the persistence length of a poly(U) RNA molecule
is of the order of a nanometer. In our study of the translocation of RNA we
relate the latter length scale to the lattice spacing λ. The incommensurate
bead diameter forces upon us a severe approximation: only the chain’s first
monomer experiences the effect of the harmonic potential

Vtw =
1

2
ktw (rtw − rb)

2 , (2.6)

with rtw the center of the optical trap, and rb the location of the first monomer,
representing the polystyrene bead.

Contrary to the monomers, the center of the optical trap is not restricted
to the lattice. For clarity we refer to figure 2.5, which depicts two stacked
FCC unit-cells. It is helpful to note that the set of points

r = tt̂ + uû + vv̂ + wŵ, (2.7)

t̂ =
1√
2

(−x̂ + ŷ) ,

û =
1√
2

(−ŷ + ẑ) ,

v̂ =
1√
2

(+x̂ + ŷ) ,

ŵ =
1√
2

(−ŷ − ẑ) ,

(2.8)
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t̂
û

x̂

ẑ

ŷ

n

Monomer

Wall 

v̂

Figure 2.5: Two stacked FCC unit-cells. The open spheres represent a typical config-
uration of a polymer in transit through the pore.

with t, u, v, and w restricted to integers, and constrained to t+ u+ v + w =
0, forms an FCC-lattice. Therefore, in our implementation of the extended
repton model, the lattice sites are conveniently identified by vectors tt̂+uû+
vv̂. In all our polymer translocation simulations the wall is defined as a plane
with constant v-coordinate, i.e., a plane spanned by vectors t̂ and û with
normal n̂ = 1/

√
3(x̂ + ŷ + ẑ). The eight solid spheres in figure 2.5 form the

circumference of the pore, while the open spheres represent the lattice sites
occupied by the polymer.

We take the center of the optical trap to move along the normal to the
wall, i.e., rtw = vtwtn̂, with vtw the trap’s speed and time t.
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Inversely, for any point in space we can write

r =
1√
2
(v − t)x̂ +

1√
2
(v + t− u)ŷ +

1√
2
uẑ, (2.9)

with which it is straightforward to express Eq. (2.6) in the (t, u, v)-coordi- nate
system as

Vtw =
1

2
ktw

[

dt2 + dv2 + du2 − dt du− dv du
]

. (2.10)

Since vtw ≪ λ/∆t the position of the trap center is approximately station-
ary during a time step, and a simple Metropolis accept/reject

pacc(t, t+ ∆t) = min [1, exp ({Vtw(t) − Vtw(t+ ∆t)} /T )] (2.11)

suffices to update the first monomer’s position.

2.4.3 RNA, or the affinity of base pairs

An RNA molecule is a linear polymer in which the nucleotides are linked to-
gether by means of phosphodiester bonds. These bonds link the 3’ carbon in
the ribose of one nucleotide to the 5’ carbon in the ribose of the adjacent nu-
cleotide. Besides the ribose sugar and phosphate, each nucleotide also contains
an organic (nitrogenous) base: either Adenine (A) or Guanine (G), which are
Purines, or, Cytosine (C) or Uracil (U), which are Pyrimidines. In the canon-
ical Watson-Crick base pairing, adenine forms a base pair with uracil, as does
guanine with cytosine. The strength of the interaction between C and G is
stronger than between A and U, because the former pair has three hydrogen
bonds joining them while the latter has only two.

We extend the lattice polymer to resemble an RNA molecule by labeling
monomers to be either A, G, C, U, or none of these. Each such labeled
nucleotide carries a list of complementary nucleotides that it can bond with.
Let us impose that nucleotides with a separation of less than 3 units along
the backbone are not able to form a bond. Then, in figure 2.6, nucleotide C1

finds on its list nucleotides G4 and G7. The lists of both G4 and G7 only
comprise C1. A6 can bond with U2 as well as with U3, while the list of A5

only contains U2. Similarly, U3 can bond with A6, while U2 allows both A5

and A6. Spatially, however, bonded nucleotides need to be nearest neighbors,
cf. nucleotides C1 and G7. Hence, we dismiss monomer hops that require the
breaking of a bond.
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Figure 2.6: An RNA molecule with a single CG bond with affinity ECG.

To handle the base pairing itself, we add new Monte Carlo steps. Let us
refer to figure 2.6 as configuration A. The same polymer without the C1G7-
bond is B. The new elementary steps satisfy the detailed balance equation

pBA/pAB = PA/PB = exp (ECG/T ), (2.12)

with ECG the affinity of the base pair. Every step a random monomer is cho-
sen, and if it is without a bond, then a member on its list is picked randomly.
Only if this other nucleotide is free and if it is located on a nearest neighbor
lattice site, a new base pair will be formed.

In every elementary step the formation of the C1G7-bond is attempted,
on average,

pBA =
1

N

(

1

NC1

+
1

NG7

)

=
1

N

3

2
(2.13)
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times. In the opposite direction, from Eq. (2.12),

pAB =
1

N

(

1

NC1

+
1

NG7

)

exp (−ECG/T ). (2.14)

In configuration A, the probability to pick either of the two bonded mono-
mers is 2/N . Thus, to satisfy Eq. (2.14), we have to break the bond with
probability

pbreak = pABN/2 =
1

2

(

1

NC1

+
1

NG7

)

exp (−ECG/T ). (2.15)

2.5 Equilibration of melts

To investigate the translocation of a long polymer in a dense crowded environ-
ment of others (chapter 4), we need to be able to generate well-equilibrated
polymeric systems. In the previous chapter we have seen that in a melt De
Gennes’ standard reptation theory predicts a longest relaxation time τd ∼ N3,
while experimentally the situation is worse, with τd ∼ N3.4±0.2. The dynam-
ics of the extended repton model adheres to the same scaling laws. Hence,
it is clearly undesirable to only rely on the dynamics of the extended repton
model to prepare equilibrated samples of long chains. Here we describe an
implementation of the slithering snake algorithm which proves extremely ef-
fective to equilibrate systems with hundreds of polymers, each with thousands
of monomers. For these systems, equilibration times are reduced from quite
literally decades, to mere days.

2.5.1 Internal distances, and the near-ideality of chains

It is far from trivial to assess whether a dense polymeric system is near equilib-
rium, since the question is intimately related to the rather intangible concept
of entanglements [71].

Auhl et al. [72] describe several methods to equilibrate a coarse-grained
model of the bead-spring type. They characterize the chain conformations in
the melt mainly by relying on the mean squared internal distance 〈R2〉(|i −
j|,N) averaged over all segments of size n = |i − j| along the chains, where
i < j ∈ [1,N ] are monomer indices. The authors measure the efficiency of their
methods from the observation that 〈R2〉(n)/n approaches a “target function”
as the system approaches equilibrium.
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In figure 2.7 we show these target functions that we have obtained from
samples that are at unit monomer-density, all in a periodic simulation box
with L × U × V = 1043 sites. The degree of polymerization varies from 169
to 10816. In the inset, for N = 10816, we have plotted n versus 〈R2〉(n) on a
logarithmic scale. Clearly, 〈R2〉(n) ∼ n1/2, for n not too small, to show that for
not too short internal distances the chain statistics are near to ideal. However,
excluded-volume effects are observed for monomers that are connected through
a small number of bonds.

While it is certainly true that a unique target function exists in equilibrium,
this is not to say that it allows an easy identification of this equilibrium.
Significant time-averaging is required to overcome the fluctuations of 〈R2〉(n),
which are strongly present in these systems far from the thermodynamic limit.

Consequently, after we have presented our implementation of the slither-
ing snake algorithm, we will propose an alternative measure that permits a
more accurate determination of the equilibration times, well suited to lattice
polymers with stored length.

2.5.2 Slithering snake algorithm

The Slithering Snake Algorithm (SSA) was invented independently by Kron
[73, 74] and Wall and Mandel [75, 76]. The elementary moves of this algorithm
are slithering, reptation-like, motions of a single chain: a monomer is appended
at one end of the chain, and one monomer is simultaneously deleted from the
other end.

Three variants of the algorithm are proposed by the same authors. In the
first version by Wall and Mandel [75], the “head” and “tail” of the chain are
interchanged only when an attempted move is rejected. This algorithm violates
the detailed-balance condition. In Wall and Mandel’s second version, for each
step the head and tail are chosen randomly with fifty percent probability. This
variety satisfies detailed balance. Note that Doi’s lattice model of reptation
(chapter 1.3.2) is a slithering snake algorithm of this type for ideal chains.
Kron’s algorithm is much more complicated than either of these, but it does
not satisfy detailed balance.

It must be noted that for self-avoiding walks these SSAs are nonergodic
[75]. Frozen configurations occur when both ends of the chain are trapped.

From Doi’s lattice model of reptation we have learned that the autocorre-
lation time scales as τ ∼ N2 (observe that τd in Eq. (1.47) carries an extra
N to connect simulation time steps to the Rouse modes). A simple heuristic
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Figure 2.7: Mean squared distance 〈R2(n)〉 as a function of curvilinear distance
n, obtained from simulations with slithering snake moves. Each “target function”
is averaged over 8 independent simulations, and time-averaged over at least 100
configurations obtained from the slithering snake algorithm after equilibration from
τeq . t . 2τeq. All simulations were conducted at unit monomer-density, in a simu-
lation box of size L × U × V = 1043 lattice sites with periodic boundary conditions.
For the degree of polymerization we have used N = 169, 832, 2197, 4394, 8788, and
10816, which amounts to at least 104 polymers in the simulation box. Inset: double-
logarithmic plot of the mean squared internal distance for N = 10816 only. The
dashed line has a slope of 1/2, to show the near-ideality of a polymer in the melt.
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argument suggests that also for the self-avoiding walks in an ergodic class, the
slithering snake respects τ ∼ N2 [77].

The intrinsic connection with reptation theory has attracted several re-
searchers to use the SSA to test the concepts of reptation theory in dense
polymeric systems. in 1985 Deutsch put seven self-avoiding chains of length
300 in a cubic simulation box [78]. Every time step head and tail were ran-
domly chosen. His simulation results suggest that the viscosity of concentrated
polymer systems is proportional to N3.25±0.1, i.e., the autocorrelation time for
the SSA exceeds N2 for dense systems. More recently, Mattioni et al. [79]
have used an SSA for the bond-fluctuation model to present results that are
in qualitative agreement with the activated-reptation hypothesis by Deutsch
[78, 80], and later extended by Semenov and Rubinstein [81, 82, 83]. It is
beyond the scope of the section to discuss whether the activated-reptation
hypothesis leads to a viable explanation of the experimentally measured vis-
cosity N3.4±0.2. Irrespective of the exact mechanism, clearly the time required
to bring dense polymeric samples to equilibrium with the slithering snake al-
gorithm exceeds the lower bound N2.

But as long as the autocorrelation time does not exceed N3.4±0.2, it ought
to be advantageous to employ an SSA to reach equilibrium, instead of a more
‘realistic’ dynamics. Computationally, another benefit of the SSA is that in
every time step, irrespective of chain length, only moves of the end-monomers
are attempted, i.e., the cost of a single time step only scales with the number
of chains, whereas for ordinary local dynamics the cost is proportional to the
number of monomers in the simulation box.

Our implementation is an algorithm of the first type: the head and tail are
only interchanged when an attempted move is rejected. (It should be noted
that this choice is arbitrary, and we assume it to be without consequences.)
To ensure an appropriate density of stored length along the chains, as required
by the extended repton model, we use the following algorithm:

1. with probability z/(W + z), resp. W/(z +W ) we attempt to add a new
head monomer and to shrink the tail, by randomly selecting one of the
head’s z nearest neighbor lattice sites, or the site of the head itself.

2. if the selected site is not forbidden, then the move is accepted. Otherwise,
head and tail are interchanged.
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2.5.3 Results and conclusions

The mean squared internal distance 〈R2〉(n) converges to a target function
as the system progresses towards equilibrium. Unfortunately, extensive time-
averaging is required to reach a similar degree of smoothness as witnessed in
figure 2.7. Luckily, for lattice polymers with stored lengths, other measures
can be devised.

At t = 0 compressed polymers, i.e., polymers with N − 1 units of stored
length, are placed randomly in the simulation box. As the polymers unfold
with the passing of time, the stored length density along their contours has
to approach its equilibrium value. Computationally, at a monomer density of
c = 1, we have measured an average of ρsl(t → ∞) = 0.43 units of stored
lengths per lattice site of the box, with a near-negligible influence of polymer
length. The excess stored length density can only have reached the equilibrium
value after its head and tail have moved along a curvilinear distance of at
least qN and (1 − q)N , with 0 < q < 1, which, in equilibrium, amounts to
complete tube renewal. Therefore, we presume that the onset of equilibrium
is recorded at the earliest time for which ρsl(t)−ρsl(∞) < ǫ, with ǫ sufficiently
small. Unfortunately, the assumed monotonic decrease of ρsl(t < τeq) is often
violated for t . τeq, i.e., ρsl(t) often overshoots its equilibrium value, before
returning to it. Moreover, the non-negligible fluctuations of ρsl(t) worsen the
clear identification of τeq.

A related, but better behaved criterion can be constructed easily: we define
τeq as the time after which the standard deviation σsl of the distribution of
units of stored lengths per chain σsl reaches a plateau, indicating the onset
of equilibrium. The inset of figure 2.8 displays σsl(t), measured from one
simulation each, for polymers with N ranging from 169 to 10816. To be
precise, we define τeq to be the earliest time for which

σsl(t) − (1 + ǫ) 〈σsl (t > τeq)〉 < 0, (2.16)

with ǫ roughly of the order of the relative magnitude of the fluctuations of
σsl (t > τeq).

Figure 2.8 depicts τeq for various polymer lengths. A fair description of
the effective scaling of τeq is given by τeq ∼ N2 exp (0.26N1/3). Mattioni et al.
[79] have analyzed their bond-fluctuating SSA in terms of a similar expression,
that finds its origin in the activated-relaxation hypothesis. Alternatively, for
longer chains, τeq ≈ 3.3 · 10−4N3.4. The tiny prefactor, together with the
extremely low computational cost of a slithering snake move, still makes for a
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Figure 2.8: Equilibration times τeq measured with Eq. (2.16). The simulation box
with L × U × V = 1043 lattice sites and periodic boundary conditions, is filled to
unit monomer-density with polymers with N = 169, 832, 2197, 4394, 8788, and 10816
monomers. The error bars are obtained from 8 independent simulations. Inset: σsl
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very efficient technique. We acknowledge that finite-size effects may influence
the quantitative results.
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Field-driven polymer
translocation

This chapter has been published as Pore-blockade Times for Field-Driven
Polymer Translocation, H. Vocks, D. Panja, G. T. Barkema, and R. C. Ball, J.
Phys.: Condens. Matter 20, 095224 (2008), apart from minor modifications.

Abstract

We study pore blockade times for a translocating polymer of lengthN ,
driven by a field E across the pore in three dimensions. The polymer per-
forms Rouse dynamics, i.e., we consider polymer dynamics in the absence
of hydrodynamic interactions. We find that the typical time the pore re-
mains blocked during a translocation event scales as ∼ N (1+2ν)/(1+ν)/E,
where ν ≃ 0.588 is the Flory exponent for the polymer. We show that
this scaling behavior stems from the polymer dynamics at the imme-
diate vicinity of the pore — in particular, the memory effects in the
polymer chain tension imbalance across the pore. This result, along
with the numerical results by several other groups, violates the lower
bound ∼ N1+ν/E suggested earlier in the literature. We discuss why
this lower bound is incorrect and show, based on conservation of energy,
that the correct lower bound for the pore-blockade time for field-driven
translocation is given by ηN2ν/E, where η is the viscosity of the medium
surrounding the polymer.



Field-driven polymer translocation

3.1 Introduction

Molecular transport through cell membranes is an essential mechanism in liv-
ing organisms. Often, the molecules are too long, and the pores in the mem-
branes too narrow, to allow the molecules to pass through as a single unit.
In such circumstances, the molecules have to deform themselves in order to
squeeze — i.e., translocate — themselves through the pores. DNA, RNA
and proteins are such naturally occurring long molecules [84, 85, 86, 87, 88]
in a variety of biological processes. Translocation is also used in gene ther-
apy [89, 90], and in delivery of drug molecules to their activation sites [91].
Consequently, the study of translocation is an active field of research: as a
cornerstone of many biological processes, and also due to its relevance for
practical applications.

Recently, translocation has found itself at the forefront of single-mole-
cule detection experiments [92, 93, 94, 95, 96, 97, 98, 99], as new develop-
ments in the design and fabrication of nanometer-sized pores and etching
methods may lead to cheaper and faster technology for the analysis and de-
tection of single macromolecules. In these experiments, charged polymeric
molecules, suspended in an electrolyte solution, are initially located on one
side of a membrane. The membrane is impenetrable to the molecule except
for a nanometer-sized pore. Between the two different sides of the membrane,
a DC voltage difference is then applied, which drives the molecule through the
pore. When the molecule enters the pore, it affects the electrical resistivity
of the circuit, leading to a dip in the electric current supplied by the voltage
source. The magnitude and the duration of these dips have proved to be very
effective in determining the size and the length of the molecule. The usage
of protein pores (modified α-haemolysin, mitochondrial ion channel, nucleic
acid binding/channel protein etc.) and the etching of specific DNA sequences
inside the pores [89, 100, 101, 102] have opened up promising new avenues of
fast, simple and cheap technology for single macromolecule detection, analysis
and characterization, perhaps even allowing DNA sequencing at the nucleotide
level.

The subject of this chapter is (charged) polymer translocation in three
dimensions through a narrow pore in an otherwise impenetrable membrane
placed at z = 0, as the polymer is driven by a DC voltage across the pore.
Our interest is in the scaling behavior for the typical pore-blockade time during
a translocation event with polymer length N . In practice, the electric field
due to the applied voltage decays rapidly with increasing distance from the
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Figure 3.1: Snapshot of a translocating polymer in a two-dimensional projection of
our three-dimensional system. Across the pore of size unity a voltage difference 2V
is applied. The monomer located within the pore is labeled s.

pore, and for simplicity it is often assumed that only those polymer segments
residing within the pore feel the driving force due to the field. For our theory
and simulations too, we consider a polymer which only experiences a force
acting on its monomers that reside in the pore, as illustrated in Fig. 3.1.

To substantiate our theoretical analysis we use extensive Monte Carlo sim-
ulations with a three-dimensional self-avoiding lattice polymer model. For the
voltage profile across the pore we choose

V (z) =







+V (z ≤ −1)
0 (z = 0)
−V (z ≥ 1)

. (3.1)

Thus, during translocation through the pore, the energy gained by each mon-
omer carrying a charge q, in dimensionless units, is given by ∆U = 2qV/kBT .
From now on, favoring notational simplicity, we choose both q and kBT to be
unity. Since we also choose the lattice spacing to be unity in our simulations,
the strength of the electric field acting on each monomer within the pore is
given by E = V .

Details of the lattice polymer model used in this chapter can be found in
chapter 2: the polymer moves through a sequence of random single-monomer
hops to neighboring lattice sites. These hops can either be “reptation moves”,

47



Field-driven polymer translocation

along the contour of the polymer, or “Rouse moves”, in which the mono-
mer jumps “sideways” and changes the contour. The definition of time used
throughout this chapter is such that every monomer attempts a reptation move
as well as a sideways move with rate unity. There is no explicit solvent in our
analysis, i.e., the polymer performs Rouse dynamics.

Our conventions to study this problem, throughout this chapter, are the
following. We place the membrane at z = 0. We fix the middle monomer
(monomer number N/2) of a polymer of total length N at the pore, apply the
voltage as in Eq. (3.1) and thermalize the polymer. At t = 0 we release the
polymer and let translocation commence. We define the typical time when
the polymer leaves the pore as the dwell time τd: it scales with N in the same
way as the pore-blockade time in a full (field-driven) translocation event.

This problem has recently been studied in Refs. [32, 33], in which a lower
bound ∝ N1+ν/E has been argued for τd. This lower bound was derived
in the limit of unimpeded polymer movement, i.e., for an infinite pore, or
equivalently, in the absence of the membrane. In Ref. [32] the authors also
suggested that the dynamics of translocation is anomalous (see also Ref. [33]
in this context).

In the recent past, Panja et al. have been investigating the microscopic
origin of the anomalous dynamics of translocation. They have set up a theoret-
ical formalism, based on the microscopic dynamics of the polymer, and showed
that the anomalous dynamics of translocation stem from the polymer’s mem-
ory effects, in the following manner. Translocation proceeds via the exchange
of monomers through the pore: imagine a situation when a monomer from
the left of the membrane translocates to the right. This process increases the
monomer density in the right neighborhood of the pore, and simultaneously
reduces the monomer density in the left neighborhood of the pore. The local
enhancement in the monomer density on the right of the pore takes a finite
time to dissipate away from the membrane along the backbone of the poly-
mer (similarly for replenishing monomer density on the left neighborhood of
the pore). The imbalance in the monomer densities between the two local
neighborhoods of the pore during this time causes an enhanced chance of the
translocated monomer to return to the left of the membrane, thereby giving
rise to memory effects. The ensuing analysis enabled Panja et al. to provide
a proper microscopic theoretical basis for the anomalous dynamics. Further
theoretical analysis then led us to the conclusion that in the case of unbiased
translocation, i.e., when the polymer is not subjected to an external force, the
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dwell time scales with length as τd ∼ N2+ν [40, 41, 103], both in two and
three dimensions. The approach based on the polymer’s memory effects also
works beautifully for pulled translocation, during which a force F is applied
at the head of the polymer: Panja and Barkema have shown that if FNν is
sufficiently large, then the dwell time scales as τd/N

2+ν ∼ (FNν)−1 [104].
In this work, we push ahead with the same formalism to demonstrate that it
reveals the physics of field-driven translocation too, thus providing a unified
underlying theoretical basis for translocation, based on the theory of polymer
dynamics.

authors two dimensions three dimensions

Kantor et al. [32] 1.53 ± 0.01 −
Luo et al. [35, 105, 36] 1.69 ± 0.04 1.42 ± 0.01

Cacciuto et al. [106] 1.55 ± 0.04 −
Wei et al. [107] − 1.27

Milchev et al. [108] − 1.65 ± 0.08

Dubbeldam et al. [39] − 1.5

Table 3.1: Existing numerical results on the exponent for the scaling of τd with N for
field-driven translocation. Note that the proposed lower bound 1 + ν of Ref. [32] is
1.75 and 1.59 in two and three dimensions respectively.

Returning to the lower bound for the scaling of the dwell time with polymer
length N for field-driven translocation as proposed in Ref. [32], we note that
subsequent numerical studies, including the one by the authors of Ref. [32]
themselves, did not immediately settle the scaling for τd with N . In Table 3.1
we present a summary of the existing numerical results on the exponent for
the scaling of τd with N for field-driven translocation. All results quoted are
for self-avoiding polymers in the absence of hydrodynamic interactions in the
scaling limit.

More recently, this lack of consensus prompted Panja et al. to investi-
gate the issue of field-driven translocation in two dimensions, via a related
problem, viz., polymer translocation in three dimensions out of strong pla-
nar confinements [103]. They showed that the actual lower bound for τd for
field-driven translocation is given by ηN2ν/E, where η is the viscosity of the
surrounding medium. This inequality is derived from the principle of conser-
vation of energy: it was shown in Ref. [103] that although the presence of the
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memory effects suggests that the scaling of τd could behave as N (1+2ν)/(1+ν),
since (1 + 2ν)/(1 + ν) < 2ν in two dimensions, conservation of energy over-
rides the memory effects in the polymer — high precision simulation data
suggested, in accordance with those of Refs. [32, 106] that the actual scaling
of τd for field-driven translocation in two dimensions is given by τd ∼ N2ν .
In three dimensions 2ν < (1 + 2ν)/(1 + ν), implying that in three dimensions
τd ∼ N (1+2ν)/(1+ν), which is the central result of this chapter.

This chapter is organized in the following manner. In Sec. 3.2 we derive
the lower bound N2ν for τd for field-driven translocation. In Sec. 3.3.1 we
discuss a method to measure the polymer’s chain tension at the pore. In Sec.
3.3.2 we analyze the memory effects in the imbalance of the polymer’s chain
tension at the pore. In Sec. 3.4 we discuss the consequence of these memory
effects on the translocation velocity v(t), and obtain the scaling relation of τd
with the polymer length N . We end this chapter with a discussion in Sec. 3.5.

3.2 Lower bound for τd for field-driven translocation

As noted in Sec. 3.1, a lower bound for the dwell time τd ∼ N1+ν/E has
been proposed in Ref. [32]. The underlying assumption behind this result is
that, with or without an applied field, the mobility of a polymer translocating
through a narrow pore in a membrane will not exceed that of a polymer in
bulk (i.e., in the absence of the membrane). This mobility is then obtained
under two more assumptions for the behavior of a polymer under a driving
field:

(i) To mimic the field acting on a translocating polymer, the field on the
polymer in bulk has to act on a monomer whose position along the
backbone of the polymer changes continuously in time. As a result,
there is no incentive for the polymer to change its shape from its bulk
equilibrium shape, i.e., the polymer can still be described by a blob with
radius of gyration ∼ Nν in the appropriate dimension.

(ii) The polymer’s velocity is proportional to DE, where E is the applied
field, and D is the diffusion coefficient scaling as D ∼ 1/N for a Rouse
polymer.

Of these two assumptions, note that (ii) is obtained as the steady state solution
of the equation of motion of a Rouse polymer, in bulk, with uniform veloc-
ity and vanishing internal forces, see Eq. (1.28). We have already witnessed
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in many occasions [32, 33, 34, 109, 38, 39, 40, 41, 104] that the dynamics of
translocation through a narrow pore is anomalous (subdiffusive), as a conse-
quence of the strong memory effects discussed in the previous section, and
also that these memory effects are so strong that the velocity of translocation
is not constant in time [104, 103]. The anomalous dynamics and the memory
effects are crucial ingredients that question the validity of the lower bound
N1+ν for τd for field-driven translocation.

It is however possible to derive a lower bound for τd for field-driven translo-
cation, based on the principle of conservation of energy. Consider a translo-
cating polymer under an applied field E which acts only at the pore. By
definition, the N monomers of the polymer translocate through the pore in a
time τd. The total work done by the field in this time τd is then given by EN .
During translocation, each monomer travels over a distance of order ∼ Rg,
leading to an average monomer velocity vm ∼ Rg/τd. The rate of loss of en-
ergy due to the viscosity η of the surrounding medium per monomer is given
by ηv2

m. For a Rouse polymer, the frictional force on the entire polymer is a
sum of frictional forces on individual monomers, leading to the total energy
loss due to the viscosity of the surrounding medium during the entire translo-
cation event scaling as ∼ Nτdηv

2
m = NηR2

g/τd. This loss of energy must be
less than or equal to the total work EN done by the field, which yields us the
inequality1τd ≥ ηR2

g/E = ηN2ν/E.

3.3 Memory effects in the chain tension perpendic-
ular to the membrane

A translocating polymer can be thought of as two segments of polymers teth-
ered at the pore, while the segments are able to exchange monomers between
them through the pore. In Ref. [41] Panja et al. developed a theoretical
method to relate the dynamics of translocation to the imbalance of chain ten-
sion between these two segments across the pore. The key idea behind this
method is that the exchange of monomers across the pore responds to φ(t),
this imbalance of chain tension; in its turn, φ(t) adjusts to v(t), the transport
velocity of monomers across the pore. Here, v(t) = ṡ(t) is the rate of exchange
of monomers from one side to the other.

1For unbiased translocation, EN in this argument is to be replaced by the difference
in free energy (or entropy) of a threaded polymer, corresponding to s = N/2, and the
translocated polymer, corresponding to s = N . This leads to the inequality τd ≥ ηN1+2ν .
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The memory effects discussed in Sec. 3.1 in terms of relaxation of excess
monomers (or the lack of monomers) in the immediate vicinity of the pore
translates immediately to that of the imbalance of the chain tension across
the pore — local accumulation of excess monomers reduces the chain tension,
while local lack of monomers enhances it. Quantitatively speaking, in the
presence of memory effects, the chain tension imbalance across the pore φ(t)
and the velocity of translocation v(t) are related by

φ(t) = φt=0 +

∫ t

0
dt′µ(t− t′)v(t′) (3.2)

via the (field-dependent) memory kernel µ(t), which could be thought of as
time-dependent ‘impedance’ of the system. Using the Laplace transform, this
relation could be inverted to obtain v(t) =

∫ t
0 dt

′a(t− t′)[φt=0 − φ(t′)], where
a(t) can be thought of as the ‘admittance’ of the system. In the Laplace
transform language, these are related to each other as µ(k) = a−1(k), where
k is the Laplace variable representing inverse time [40, 41, 104, 103].

3.3.1 Chain tension perpendicular to the membrane

Measuring chain tension directly is difficult. We therefore use a method de-
veloped earlier [103, 104] to monitor the chain tension near the pore.

By definition, the chain tension imbalance φ(t) is the difference of the chain
tensions on the right and the left side of the pore: φ(t) = ΦR(E, t)−ΦL(E, t).
Both ΦR(E, t) and ΦL(E, t) are functions of the applied electric field E across
the pore. Note, from the applied potential (3.1), that the field E acts on the
monomers at site z = −1 towards the pore, while it acts on those at site z = 1
away from the pore. Using the convention that E < 0 (resp. E > 0) implies
a field acting towards (resp. away from) the membrane, we have

Φ(E, t = 0) =

{

ΦL(t = 0) (E < 0)
ΦR(t = 0) (E > 0)

. (3.3)

Now consider a different problem, where one end of a polymer is tethered
to a fixed membrane, yet monomers are allowed to spontaneously enter or
leave the tethered end, under the effect of an electric field E. Then, following
the methodology described in Refs. [103, 104], we have

Φ(E, t = 0) = kBT ln
P+

P−
, (3.4)

52



Chapter 3

  1.1 1.15 1.2 1.25 1.3 1.35 1.4
<Z

(4)
(t=0)>

0

0.5

1

1.5
φ(

E
,t=

0)

Figure 3.2: 〈Z(4)(t = 0)〉 vs. Φ(E, t = 0), for N/2 = 200 and electric field values E =
−0.5,−0.25,−0.1,−0.05, 0, 0.05, 0.1, 0.25, and 0.5 respectively. The angular brackets
for 〈Z(4)(t = 0)〉 indicate an average over 32, 000 polymer realizations, which are also
used to obtain Φ(E, t = 0).

where P− (resp. P+) is the probability that the left (or the right) polymer
segment has one monomer less (resp. one extra monomer).

Note that even for E = 0, as already stressed in Ref. [104], there is
nonzero chain tension Φ0 at the pore, due to the presence of the membrane.
A polymer’s free energy close to a membrane is higher than its free energy in
bulk. In other words, the membrane repels the polymer, and as a result, for
a polymer with one end tethered to a membrane, the monomers close to the
membrane are more stretched than they would be in the bulk.

For a translocating polymer Eq. (3.4) cannot be used, so to compute ΦR(t)
and ΦL(t) one needs a suitable proxy. In the cases of unbiased translocation
[40, 41], translocation with a pulling force [104] and translocation out of planar
confinements [103], it has been shown that the center of mass distance of
the first few, say 4 to 5 monomers from the membrane provides an excellent
proxy for Φ. In this chapter we follow the same line. The average distance
〈Z(4)(t = 0)〉 is plotted as a function of the chain tension Φ(E, t = 0) for
various values of E in Fig. 3.2. This figure shows that under an applied field,
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Φ(E, t = 0) is a reasonably linear function well proxied by Z(4). The positive
curvature seen in Fig. 3.2, i.e., the deviation from linearity, is seen only for
E > 0. We believe that this is partly due to the saturation of Z(4). [By
definition, in our lattice model the distance of the center of mass of the first 4
monomers from the membrane cannot exceed (1 + 2 + 3 + 4)/4 = 2.5.]

3.3.2 Memory effects in the chain tension

From Eq. (3.2), the behavior of the memory kernel µR(t) for the polymer
segment on the right side of the membrane can be obtained with a sudden
introduction of p extra monomers at the pore, corresponding to an instanta-
neous current v(t) = pδ(t). Physically, v(t) = pδ(t) with p > 0 (resp. p < 0)
means that we tether a polymer of length N halfway through the pore at
t→ −∞, let it thermalize till t = 0, and then introduce p extra monomers at
the tethered end of the right (resp. left) segment at t = 0. We then ask for
the time-evolution of the mean response 〈δΦR(t)〉, where δΦR(t) is the shift
in chemical potential for the right segment of the polymer at the pore. This
means that for the translocation problem (with both right and left segments),
we would have φ(t) = δΦR(t) − δΦL(t), where δΦL(t) is the shift in chemical
potential for the left segment at the pore due to an opposite input current to
it.

In earlier works [40, 41], using v(t) = pδ(t) for a polymer of length N
tethered halfway at the pore as described in the above paragraph, Panja et
al. showed that for unbiased polymer translocation, i.e., for E = 0, this mean
response, and hence µ(t) takes the form µ(t) ∼ t−α exp[−t/τR(N/2)], with
α = (1 + ν)/(1 + 2ν) and τR(N/2) ∼ (N/2)1+2ν [note that for E = 0 there
is a trivial symmetry between the right and the left segment of the polymer,
hence µR(t) = µL(t) ≡ µ(t)]. For the benefit of smooth reading, we repeat
the argument below. The terminal exponential decay exp[−t/τR(N/2)], with
τR(N/2) ∼ (N/2)1+2ν is expected from the relaxation dynamics of the entire
right segment (of length N/2) of the polymer [40]. To understand the physics
behind the exponent α, we use the well-established result for the relaxation
time tn for n self-avoiding Rouse monomers scaling as tn ∼ n1+2ν . Based on
the expression of tn, we anticipate that by time t the extra monomers will
be well equilibrated across the inner part of the chain up to nt ∼ t1/(1+2ν)

monomers from the pore, but not significantly further. This internally equi-
librated section of nt + |p| monomers extends only r(nt) ∼ nν

t , less than its
equilibrated value (nt + |p|)ν , because the larger-scale conformation has yet to
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adjust: the corresponding compressive force from these nt + |p| monomers is
expected by standard polymer scaling [2] to follow f/(kBT ) ∼ δr(nt)/r

2(nt) ∼
ν|p|/ [ntr(nt)] ∼ t−(1+ν)/(1+2ν), for |p| ≪ nt. This force f must be transmitted
to the membrane, through a combination of decreased tension at the pore and
increased incidence of other membrane contacts. The fraction borne by reduc-
ing chain tension at the pore leads us to the inequality α ≥ (1+ν)/(1+2ν). It
seems unlikely that the adjustment at the membrane should be disproportion-
ately distributed between the chain tension at the pore and other membrane
contacts, leading to the expectation that the inequality above is actually an
equality.

When the electric field is applied at the pore, and the same monomer
injection method is used to probe the memory kernels µR(t) and µL(t), we
expect the above arguments to hold again: since the field is applied very
locally at the base of the tethered polymer segments, it does not destroy the
broader structure of the polymer. However, we do expect to see deviations
from the t−α exp[−t/τR(N/2)] at short times. Indeed, we have confirmed this
picture — for various field strengths we tracked 〈δΦR(t)〉 and 〈δΦL(t)〉 by
measuring the distance of the average center of mass of the first 4 monomers
from the membrane, 〈Z(4)(t)〉, in response to the injection of extra monomers
near the pore at t = 0. Specifically we consider the equilibrated right and left
segments of the polymer, each of length N/2 = 200 (with the middle monomer
threaded at the pore), adding 5 extra monomers at the tethered end of the
right and the left segment each at t = 0, corresponding to |p| = 5, bringing
the length of each segment up to N/2+ |p|. Using the proxy 〈Z(4)(t)〉 for both
segments we then track 〈δΦR(t)〉 and 〈δΦL(t)〉, denoting them by values E > 0
and E < 0 respectively in Fig. 3.3. The deviations from the expected power-
law t−(1+ν)/(1+2ν) at short times and the exp[−t/τR(N/2)] at long times makes
the precise identification of the power-law t−(1+ν)/(1+2ν) difficult. Nevertheless,
there is an extended regime where this power-law can be identified reasonably
clearly, yielding us µR(t) = µL(t) ≡ µ(t) = t−(1+ν)/(1+2ν) exp[−t/τR(N/2)].

3.4 Scaling behavior of τd with N

The memory kernel we obtained in Sec. 3.3 can be termed as the “static
memory kernel”, as it is obtained under the condition that before the injection
of the extra monomers both segments were thermalized. When the applied
field is not too strong, we can expect the static memory kernel to yield the
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Figure 3.3: Probing the memory kernels by 〈Z(4)(∞) − Z(4)(t)〉 following monomer
injection at the pore corresponding to v(t) = pδ(t), with |p| = 5. Physically, v(t) =
pδ(t) with p > 0 (resp. p < 0) means that we tether a polymer of length N halfway
at the pore at t → −∞, let it thermalize till t = 0, and then introduce |p| extra
monomers to the right (resp. left) segment at the tether point at t = 0. Following
our notation in Eq. (3.3), the E < 0 data (resp. E > 0 data) correspond to µL(t)
[resp. µR(t)]. The data presented correspond to an average over 500, 000 polymer
realizations, with N/2 = 200. The steeper drop at longer times corresponds to the
exponential decay exp[−t/τR(N/2)]. For clarity, the data have been multiplied by

16E. The solid line corresponds to the power-law t−
1+ν

1+2ν ≈ t−0.73.
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scaling of translocation velocity with time, in the following manner.

An inverse Laplace transform of Eq. (3.2) yields us

v(k) =
φt=0

kµ(k)
− φ(k)

µ(k)
, (3.5)

where k is the Laplace variable representing inverse time. Thereafter, using
the power-law part of µ(t) ∼ t−(1+ν)/(1+2ν), i.e., µ(k) ∼ k(1+ν)/(1+2ν)−1, and
Laplace-inverting Eq. (3.5), we get

v(t) =

∫ t

0
dt′ (t− t′)−

1+3ν
1+2ν

[

φt=0 − φ(t′)
]

. (3.6)

If φ(t) goes to a constant2 6= φt=0, then Eq. (3.6) reduces to

v(t) ∼ t−
ν

1+2ν , i.e., s(t) = N/2 +

∫ t

0
dt′ v(t′) ∼ t

1+ν
1+2ν , (3.7)

where [s(t) − N/2] is the distance unthreaded after time t; the N/2 appears
in Eq. (3.7) as s(0) = N/2.

In Fig. 3.4 we show the behavior of [φt=0 − φ(t)] by means of the proxy
variable 〈z(4)(0)−z(4)(t)〉 for E = V = 0.05, 0.15, and 0.25 respectively, where
z(4) is the difference between the Z(4) values of the right and left segment of

the polymer, i.e., z(4)(t) = Z
(4)
R (t)−Z

(4)
L (t). Indeed the quantity [φt=0 − φ(t)]

approaches a constant rather quickly. We also note that the relation between
this constant and the applied field E is almost linear.

For strong fields, there is no a priori reason that the dynamics can still be
described by the static memory kernel instead of a suitably replacing “dynamic
memory kernel”, but we find that the scaling s(t) ∼ t(1+ν)/(1+2ν) is obeyed
for fairly strong fields as well: in Fig. 3.5 we plot the average time 〈t〉 to
unthread a distance s to show this scaling. Note the strong finite-size effects
for the scaling behavior as shown by the deviation from the t(1+2ν)/(1+ν) for
larger values of s. The presence of such strong finite-size effects indicates that
without the aid of s(t) vs. t curves, determining the scaling of τd with N
will almost certainly lead to erroneous identification of the scaling laws —

2Note that with φ(t) a constant, strictly speaking, the integral (3.6) does not converge.
The divergence stems from the assumption that µ(t) ∼ t−(1+ν)/(1+2ν) holds all the way to
t → 0. This is clearly not true as can be seen from Fig. 3.3, which provides the required
cutoff for the convergence of the integral (3.6).
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Figure 3.4: Behavior of [φt=0 − φ(t)] for N = 200 as a function of t, shown by means
of the proxy variable < z(4)(0) − z(4)(t) >. demonstrating that [φt=0 − φ(t)] reduces
to a constant very quickly: E = 0.05 (circles), 0.15 (squares), and 0.25 (triangles). To
generate these averages 16, 000 individual polymers were unthreaded for each value
of E.

we believe that these finite-size effects are responsible for the wide range of
existing numerical scaling results, as summarized in Table 3.1. Nevertheless,
Fig. 3.5 shows that these finite-size effects do not increase linearly with N ,
leading us to the scaling for τd as

τd ∼ N (1+2ν)/(1+ν)/E , (3.8)

which is obtained from the condition that s(τd) = N . For the above analysis
to hold, the dwell time must be less than τR, which Eq. (3.8) confirms. Note
that the E-dependence of Eq. (3.8) is only numerically obtained from Fig. 3.5.
Note also that the curves in Fig. 3.5 for E = 0.05 tend to ‘sag’ a bit. We
attribute this to our numerically inspired definition of s(〈t〉), as the mean time

58



Chapter 3

0 1000 2000 3000 4000 5000
(E<t>)

1+ν/1+2ν

0

100

200

300

400

500

600
s(

<
t>

)

E = 0.05
E = 0.15
E = 0.25

Figure 3.5: The average time 〈t〉 to unthread distance s for three different field
strengths, for N = 400 (average over 16, 000 polymer realizations for each field),
N = 800 (average over 16, 000 polymer realizations for each field), and N = 1, 200
(5, 000 polymer realizations for E = 0.05, and 7, 500 polymer realizations each for
E = 0.15 and E = 0.25). The data for N = 800 correspond to real-time values, while
the data for N = 400 and N = 1, 200 have been shifted by ∓500 units along the
x-axis for clarity. The solid line has been added as a guide to the eye.

to unthread a distance s, as opposed to, e.g., the numerically less favorable
measure of distance 〈s(t)〉, i.e.,the monomer which is most likely to reside in
the pore at time t. At small fields, the polymer has ample time for fluctuations,
pushing the time of first arrival up. Numerically, for E = 0.15 and 0.25, the
exponent ∂[log s (t)]/∂(log t) is found to be 0.73± 0.02, in agreement with the
theoretical value (1+ν)/(1+2ν). The sagging and finite-size effects discussed
above cause the apparent exponent to be slightly larger, ranging from 0.74 to
0.79, for E = 0.05.

With decreasing field strength, especially in the range where the thermal
fluctuations are comparable to the work done by the field to translocate the
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entire polymer, given by EN ≃ kBT = 1, one should obtain a crossover
from the above scaling (3.8) to τd ∼ N2+ν for unbiased translocation [40,
41]. This suggests that if τd/N

2+ν is plotted as a function of EN , then one
should obtain a scaling collapse; i.e., there exists a scaling function f such that
τd = N2+νf(EN). However, EN as a scaling variable is simply numerically
inconsistent with Fig. 3.5 and Eq. (3.8). Instead τd = N2+νf(E,N) is the
proper description of the situation, with f(E,N) approaching a constant for
E → 0,N → ∞ and f(E,N) behaving as E−1N−ν−1/(1+ν) for E ∼ O(1)
and N → ∞. Note that E in this paragraph should be interpreted as the
dimensionless quantity qV/(kBT ).
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Figure 3.6: Data collapse in terms of x = ENν+1/(1+ν) and y = τd/N
2+ν for vari-

ous fields. The mean unthreading times τd have been obtained with at least 1, 000
polymers (up to 32, 000 for smaller N values) for each N and field strength E: the
statistical error bars are smaller than the size of the symbols. The solid line y ∼ 1/x
for moderate field strengths in support of Eq. (3.8) has been added as a guide to the
eye.
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To demonstrate the scaling behavior of Eq. (3.8) for E ≃ O(1), we plot
τd/N

2+ν as a function of ENν+1/(1+ν) in Fig. 3.6. Keeping in mind that this
way of plotting the data does not necessarily yield a data collapse at small but
nonzero E, as discussed above, we also plot several data points for small E, in
order to demonstrate that for E → 0 our results in this chapter are consistent
with that of unbiased translocation [40, 41, 103].

3.5 Discussion

We have studied polymer translocation in three dimensions through a narrow
pore in an otherwise impenetrable membrane, as the polymer is driven by
a field E across the pore. The polymer performs Rouse dynamics, i.e., we
considered polymer dynamics in the absence of hydrodynamic interactions. We
found that the typical time the pore remains blocked during a translocation
event, for moderate field strengths scales as ∼ N (1+2ν)/(1+ν)/E, where ν ≃
0.588 is the Flory exponent for the polymer. In line with Refs. [40, 41, 104,
103], we showed that this scaling behavior stems from the polymer dynamics
at the immediate vicinity of the pore — in particular, the memory effects in
the polymer chain tension imbalance across the pore. We also showed that
our results in this chapter are consistent with that of unbiased translocation
[40, 41, 103] in the limit E → 0.

The above results for finite E, along with the numerical results by several
other groups, violate the lower bound ∼ N1+ν/E suggested earlier in the
literature [32]. We also discussed why this lower bound is incorrect and showed,
based on conservation of energy, that a correct lower bound for the pore-
blockade time for field-driven translocation is given by ηN2ν/E, where η is the
viscosity of the medium surrounding the polymer. Our theoretical analysis has
been supported by high precision computer simulation data, generated with a
three-dimensional self-avoiding lattice polymer model.

Having worked out the physics of field-driven polymer translocation in the
absence of hydrodynamic interactions, it is worthwhile to reflect on the scal-
ing of pore-blockade times as a function of the polymer length N in the pres-
ence of hydrodynamic interactions. Hydrodynamical interactions will mod-
ify the memory kernel µ(t) — changing it from t−(1+ν)/(1+2ν) exp(−t/τR) to
t−(1+ν)/(3ν) exp(−t/τZimm) [40, 41], where τZimm is the Zimm relaxation time,
scaling as N3ν in good solvent for a polymer of length N . This implies that
the pore-blockade time will behave as N3ν/(1+ν) under the influence of hydro-
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dynamic interactions. In this context we note that the scaling of the pore-
blockade time has been experimentally measured to scale as N1.26±0.07 [99].
In the scaling limit 3ν/(1+ν) ≃ 1.11. The value for ν suggested in Ref. [99] is
0.611±0.016, for which 3ν/(1+ν) ≃ 1.14±0.02, a bit closer to 1.26±0.07. For
a physical explanation of the scaling of the pore-blockade times with polymer
length, the authors of Ref. [99] arrived at an answer 2ν using a macroscopic
view of the translocating polymer, assuming that the translational velocity of
the center of mass of the untranslocated part is constant in time, and (implic-
itly) that the memory kernel is a δ-function. Our analysis in this chapter, as
well as in Refs. [40, 41, 104, 103] based on memory effects, therefore, casts se-
rious doubts on the physical interpretation of Ref. [99]: it has been repeatedly
shown that the velocity of translocation is not uniform in time, and the same
part of the polymer visits the pore a large number of times. Although so far
our work has not incorporated hydrodynamic interactions explicitly, it is diffi-
cult to imagine that introducing hydrodynamic interactions will mysteriously
wipe out the entire memory effects in the polymer.
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Polymer translocation in
crowded environments

Abstract

We study unbiased translocation of a polymer with length N , sur-
rounded by equally long polymers, through a narrow pore in a static
membrane. We show that in dense polymeric systems a relaxation time
exists that scales as τβt

∼ Nβt = N2.65±0.2, much longer than the Rouse
time τR ∼ N2. If the polymers are well entangled, we find that the mean
dwell time scales as N3.33±0.1, while for shorter, less entangled polymers,
we measure dwell times scaling as N2.7±0.1. These conclusions are sup-
ported by a detailed investigation of the average squared displacement of
the reaction coordinate s(t), which is the number of the monomer in the
pore at time t.

4.1 Introduction

Molecular transport across cell membranes is an essential mechanism in bi-
ological systems. The molecules are often too long, compared with the nar-
row pores in the membranes, to allow them to pass through as a single unit.
In such circumstances, the molecules have to deform themselves in order to
translocate through the pores. DNA, RNA and proteins are such naturally
occurring long molecules [84, 85, 86, 87, 88] in a variety of biological pro-
cesses. Technological applications include gene therapy [89, 90], the delivery
of drug molecules to their activation sites [91], and as a fast, simple, cheap
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Figure 4.1: Snapshot of a translocating polymer in a two-dimensional projection of
our three-dimensional system. The number of the monomer of this translocating
polymer that is located within the pore is labeled s. The surrounding polymers do
not feel the membrane.

technology for single macromolecule detection, analysis and characterization
[93, 94, 95, 96, 97, 98, 92].

As discussed in chapters 1.4 and 3.1, a considerable amount of theoretical
work has focused on many aspects of polymer translocation. However, a no-
table exception is the translocation of polymers in crowded environments. We
are only aware of one recent study by Gopinanthan and Woon Kim [110]. In
their theory polymer translocation is described by a Fokker-Planck equation
for first passage over the entropic barrier: they explicitly treat the process
quasistatically with the polymer segments on both sides being in equilibrium
at all times.

Crowding is of significant importance, not only from a theoretical point of
view. In the cellular cytoplasm macromolecular aggregates and other inclu-
sions can occupy a volume fraction as high as 50% [111]. Crowding is known
to have a significant influence on reaction rates, protein folding rates, and
equilibria in vivo [112, 113].

The subject of this chapter is a detailed investigation of unbiased polymer
translocation through a narrow pore in an otherwise impenetrable membrane
in a crowded environment. The surrounding environment is composed of poly-
mers that are indistinguishable from the translocating polymer, except they
can cross the membrane at any point. For the majority of the experiments
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we impose a monomer density c equal to one monomer per lattice site in
our periodic simulation box. Figure 4.1 provides a schematic two-dimensional
projection of our three-dimensional system.

Our interest is in the scaling behavior of the typical pore-blockade time τd
during a translocation event, as a function of polymer length N . From exten-
sive simulations with the extended repton model of chapter 2.3, we character-
ize the anomalous dynamics of translocation. From it, we infer that for long
well-entangled polymers the dwell time scales as τd ∼ N2+βt/2 = N3.33±0.1,
with βt = 2.65 ± 0.2; this is an exponent that indicates the presence of a long
relaxation time scale proportional to Nβt , exceeding the Rouse time τR ∼ N2

of a single polymer with ideal statistics. A very similar relaxation time scale
has recently been proposed by Barkema and Panja [23]. However, for shorter,
and therefore less entangled polymers, we measure τd ∼ N2.7±0.1. We propose
several relaxation mechanisms that may contribute to the latter result.

4.2 Average squared displacement

The important time scales for translocation can be obtained from the time
evolution of the reaction coordinate s(t), which is the number of the monomer
s in the pore at time t. In our study of field-driven polymer translocation,
chapter 3, we used the numerically inspired definition s(〈t〉), as the mean time
to unthread over a distance s. However, for unbiased polymer translocation
〈s(t)〉 is zero. To explore the temporal behavior of the reaction coordinate, we
determine PN (s1, s2, t), the probability distribution that at time t′ a polymer
of length N is in a configuration for which monomer s1 is threaded in the pore,
and the polymer evolves at time t′ + t into a configuration in which monomer
s2 is threaded in the pore.

First, as is detailed in [40], we recall some of the properties of these prob-
ability distributions for various values of s1, s2, t, and N . As long as neither
s1 nor s2 are too close to the end of the polymer, PN (s1, s2, t) depends only
on s2 − s1. It was shown that P400(s1, s2, t) for the unbiased translocation of
the single chain was near indistinguishable for s1 = N/4, N/2 and 3N/4 at
t = 100 time units, with the ratio of reptation to Rouse moves set to R = 10
(see chapter 2.3), a choice which is respected in this chapter too. Also, it was
shown that the distributions are well fitted with Gaussians.

Given these two observations we construct distributions PN (s2 − s1, i∆t)
from the conservative requirement 17N/40 < s2 < 24N/40 (while for N =
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2197, for reasons of computational efficiency, N/4 < s2 < 3N/4). Further
memory constraints limit the number of distributions PN (s2−s1, i∆t) to fixed
time intervals ∆t, with ∆t ranging from tens to thousands of time steps, and
1 < i ≤ 5000. We define 〈s2N (t)〉 to be the variance of the distribution PN (s, t),
which is straightforwardly found from a fit to a Gaussian. Henceforth, we omit
the subscript N , unless it is in the interest of clarity.

From studies of unbiased polymer translocation of a single chain [40, 41],
it is observed, and theoretically understood, that

〈s2 (t)〉 ∼ t
1+ν
1+2ν , (4.1)

with ν the Flory exponent. (Similarly, for field-driven polymer translocation
we derived Eq. (3.7).) We have argued in chapter 1, and observed in figure 2.7,
that polymers in a dense environment of other polymers show ideal scaling,
i.e, ν = 1/2. Hence, at least at short time scales, but long enough to observe
ideal scaling, we expect for polymer translocation in a crowded environment1

〈s2 (t)〉 ∼ t
3
4 . (4.2)

In figure 4.2, we plot the deviations from scaling Eq. (4.2), as a function
of time, for various polymer lengths. The polymers forming the environment
do not interact with the wall. At short times, the squared displacement does
not depend on polymer length: the curves for different polymer lengths fall
on top of each other. However, (starting with the shortest polymer length)
there is a time τβt(N) after which the average squared displacement increases
much faster. We attribute this upward trend to the loss of memory beyond
this time τβt(N): if the squared displacement is measured over a time much
longer than τβt(N), the dynamics consists of many uncorrelated events, and
thus will result in normal diffusive behavior.

Another feature shown in figure 4.2 is that the curves for the longer poly-
mers, N = 512 or more, show a downward trend well before they show the
upward trend discussed above. We associate this crossover to a slower anoma-
lous diffusion with the onset of entanglement. Once the polymers are suffi-
ciently long, sideways motion is hindered and longitudinal motion (reptation)
remains. As argued by Doi and Edwards [11], the dynamics of entangled poly-
mers is characterized by 〈s2(t)〉 ∼ t1/2. Indeed, a function g(t) satisfying an

1Note that monomers that are near each other along the backbone show nonideal scaling,
as is witnessed in figure 2.7. Therefore it cannot be ruled out that initially, e.g., the first few
hundreds of time steps, 〈s2 (t)〉 ∼ t0.73.
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Figure 4.2: Double-logarithmic plot of the mean squared displacement of the reaction
coordinate 〈s2(t)〉 divided by t0.75, as a function of time t, for polymer lengths N =
125, 216, 343, 512, 729, 1000, and 2197, all at monomer density c = 1, and with
512 polymers in the periodic box, of which 16 are threaded in 16 equidistant pores
in the wall. The surrounding polymers do not feel the presence of the wall. The
curves for N ≥ 512 required around 10, 000 processor hours. The dashed line is a fit
of 〈s22197(t)〉 with t < 3 · 106 to Eq. (4.3) from which a = 2.92 · 102, b = 2.91 · 10−5,
and q = 4.56. Inset: t/Nβt versus cN 〈s2(t)〉/g(t), with βt = 2.65. The constant cN
introduces a small arbitrary vertical shift of the curves to improve the data collapse;
it ranges from 1 for the shortest, to 1.07 for the longest polymers.
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equation of the form

g(t)−q = a ·
(

t3/4
)−q

+ b ·
(

t1/2
)−q

(4.3)

fits the data quite well. This function features a crossover from power-law
behavior with exponent 3/4 at short times, to power-law behavior with an
exponent of 1/2 at long times; the fitting parameter q tunes the “sharpness”
of the crossover.

To quantify the scaling of the time τβt after which the mean squared dis-
placement increases linearly with time, we show 〈s2(t′)〉/g(t′) in the inset of
figure 4.2, in which t′ ≡ t/Nβt is rescaled time. As shown in this inset, the
curves for various polymer lengths seem to deviate from g(t′) more or less
at the same time, provided that time is rescaled by a factor of Nβt with
βt = 2.65 ± 0.2.

According to standard reptation theory (see chapter 1.3.2) the longest
relaxation time scale in the tube is given by τR ∼ N2, and our value for βt

is thus at odds with this finding. In a recent work, Barkema and Panja [23]
measure, using the extended repton-model, the dynamical response of the
surrounding polymers in a dense environment, also at monomer density c = 1.
They observe a longest relaxation time scale “in the tube” τβ ∼ Nβ, with
β = 2.56±0.1. The numerical closeness of β and βt suggests a strong physical
connection. We expect, in the limit N → ∞, that βt and β become identical.

4.3 Dwell times

In the simulations used to compute the average squared displacement, we also
monitor each event in which the polymer is completely located on side A or
B, except for the first or last monomer, both of which are not allowed to leave
the pore. If at some time tA the polymer is located on side A, and at a later
time tB is it located on side B, while between these times it has segments
on both sides, then tB − tA is an estimate for the dwell time, cf. figure 1.9.
The resulting estimates for the dwell time, for various polymer lengths, are
reported in Table 4.1.

The dwell time τd can also be obtained from the average squared displace-
ment, using

〈s2 (τd)〉 ∼ N2. (4.4)

In the inset of figure 4.2 it was shown that the average squared displace-
ment is well described by the function g(t) in Eq. (4.3), until τt ≈ f ·Nβt with
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N τd(c = 1) τd(c = 1/8) single chains

50 8.94(1)·103

64 1.80(1)·104

125 1.14(1)·105 1.94(1)·105

216 5.00(2)·105 8.21(5)·105 8.62(5)·105

343 1.77(1)·106 2.72(2)·106 2.87(2)·106

512 5.46(6)·106 7.57(8)·106 8.06(9)·106

729 1.57(4)·107 1.92(3)·107 1.94(2)·107

1000 4.1(2)·107 4.3(1)·107

Table 4.1: Average dwell times, for various polymer lengths, and monomer densities
c = 1, c = 1/8, and in an box void of other polymers. The uncertainty is given by
the mean standard error of the dwell times. To these estimates of the dwell times a
correction of at most 10% is added to compensate for truncation effects.

βt = 2.65, and f = 0.056, after which it is expected to increase linearly in
time. Hence, we expect

〈s2 (t)〉 =
t

τβt

· 〈s2 (τβt)〉 =
t

τβt

g (τβt) . (4.5)

Combining Eqs. (4.4) and (4.5), an estimate for the dwell times is given
by

τ̃d ∼ N2 τβt

g (τβt)
∼ N2+βt

g (fNβt)
. (4.6)

Figure 4.3 compares this estimated dwell time with the measurements in
Table 4.1 at monomer density c = 1. The agreement, for polymers with
N = 216 or more, is quite good, indicating that our assumptions, specifically
the linear extrapolation of the average squared displacement beyond τβt, is
valid.

Based on Eq. (4.5), the dwell time shows a crossover behavior as a function
of polymer length. For short polymers, the first term in Eq. (4.3) dominates,
and g(τβt) ∼ Nβt·3/4 = N1.99±0.15. In this regime, the dwell time scales
with polymer length as τd ∼ N2+(1−3/4)βt = N2.66±0.05. Once the polymers
are sufficiently long, the second term in Eq. (4.3) dominates, and g(τd) ∼
Nβt·1/2 = N1.33±0.1. In this regime, we predict the dwell time to scale with
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Figure 4.3: The dwell times at monomer density c = 1 rescaled to show the deviations
from the (no-entanglement) scaling N2.66. The dashed line is a fit of the average dwell
times to Eq. (4.6), from which it is found that f ≈ 0.056, a value consistent with the
inset of figure 4.2.

polymer length as2 τd ∼ N2+(1−1/2)βt = N3.33±0.1. For the extended repton
model, at unit monomer density, a direct numerical verification of this result
is computationally out of reach.

4.4 Memory effects in the z-component of the chain

tension at the pore

The quantitative formulation of the anomalous dynamics of unbiased poly-
mer translocation by Panja et al. in Refs. [40, 41] was based upon the key
observation that a translocating polymer is comprised of two polymer seg-

2Following footnote 1, chapter 1, the dwell time for a polymer in a strongly entangled
crowded environment may scale with N as τd ∼ N1+βt . This exceeds the scaling ∼ N2+βt/2

proposed above.
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ments, tethered at the pore, that are able to exchange monomers between
them through the pore. The velocity of translocation v(t) = ṡ(t), representing
monomer current, responds to φ(t), the imbalance in the monomer chemical
potential across the pore acting as “voltage”. Simultaneously, φ(t) also ad-
justs in response to v(t). In the presence of memory effects, they are related
to each other by φ(t) = φt=0 +

∫ t
0 dt′µ(t− t′)v(t′) via the memory kernel µ(t),

which can be thought of as the (time-dependent) “impedance” of the system.
Supposing a zero-current equilibrium condition at time 0, this relation can
be inverted to obtain v(t) =

∫ t
0 dt′a(t − t′)φ(t′), where a(t) can be thought

of as the “admittance”. In the Laplace transform language, µ̃(k) = ã−1(k),
where k is the Laplace variable representing inverse time. Via the fluctuation-
dissipation theorem, they are related to the respective autocorrelation func-
tions as µ(t − t′) = 〈φ(t)φ(t′)〉v=0 and a(t − t′) = 〈v(t)v(t′)〉φ=0. Note that
with

〈s2(t)〉 = 2

∫ t

0
a(t′)(t− t′)dt′, (4.7)

the translocation problem is mapped onto a dynamical property of anchored
chains. In particular, if 〈s2(t)〉 ∼ tα, then for α < 1 the impedance response
which we can measure from anchored chains must scale as µ(t) ∼ t−α.

In this section, following Refs. [40, 41] we determine the memory kernel
µ(t) to describe the dynamics of translocation in a crowded environment (at
unit monomer density). The procedure that we follow is that at time t =
0 we impose a delta-function in v(t), equivalent to a step-function in s(t).
In practice, this is realized by injecting p = 5 monomers at the base of an
equilibrated tethered chain at time t = 0. Next, we want to keep track of the
chain tension, as it relaxes from its out-of-equilibrium value right after this
injection, to its new equilibrium value. Since the chain tension is numerically
a noisy observable, we measure instead its proxy Z4(t), the center of mass of
the first four monomers, following Refs. [40, 41] and chapter 3.

The result, which is obtained by averaging the relaxation of roughly 9 mil-
lion tethered polymers of length N = 256, is plotted in figure 4.4 and its inset.
The power-law behavior of d〈Z4(t)〉/dt at long times with exponent −(1+αt)
shows that φ(t) − φ(∞) ∼ Z4(t) − Z4(∞) ∼ t−αt , with αt = 0.78 ± 0.02.
The short-time behavior is probably sensitive to details of the model and the
numerical experiment. From similar relaxation experiments (albeit with sig-
nificantly reduced accuracy (not shown)) of tethered chains with respectively
125/2 and 216/2 monomers, in a crowded environment of polymers with twice
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Figure 4.4: Time derivative of 〈Z4(t)〉, the average distance between the tethered end
and the center of mass of the first four monomers as a function of time, after an
injection of monomers at the tethered end at t = 0. Before the injection of p = 5
monomers, the tethered polymers have a length of 256 monomers, and are surrounded
by other polymers with 512 monomers. The membrane is only impenetrable for the
tethered polymers. The data is obtained by averaging the relaxation of over 9 million
tethered polymers. Each simulation simultaneously relaxes 32 polymers, 16 on either
side of the membrane, while 496 polymers form the crowded environment at unit
monomer density. These simulations required around 100, 000 processor hours. Inset:
same graph, multiplied with t1.78 to show the deviation from t−1.75.

72



Chapter 4

as many monomers, we find that both αt(N = 125/2) and αt(N = 216/2)
exceed 0.78, which indicates that αt is N dependent, at least for short chains.

From Eq. (4.7), together with αt = 0.78 ± 0.02, we expect to measure an
average squared displacement 〈s2(t)〉 ∼ tαt = t0.78±0.02. However, figure 4.2
shows, for N = 512 and 3, 000 < t < 10, 000, that, consistently with Eq. (4.2),
〈s2(t)〉 ∼ t0.75, while at later times the effective exponent is slightly reduced
due to entanglement effects.

Although αt and the prediction 3/4 seem inconsistent, it must be noted
that the difference is small enough to be explained by systematic errors beyond
our control.

Alternatively, the inconsistency may indicate the presence of another relax-
ation mechanism, corresponding to µ(t) ∼ t−αt . It is possible that 〈s2(t)〉 ∼ tαt

is simply obscured by entanglement effects that force the anomalous diffusion
to cross over to t1/2. These entanglement effects are not visible in the 〈Z4(t)〉
experiments, since the displacements of the polymer are simply too small.

A likely candidate for such a relaxation mechanism is known from recent
work by Barkema and Panja [23]. At time t = 0 they inject into a tagged poly-
mer, surrounded by a dense polymeric system, p extra monomers. Barkema
and Panja convincingly show that in a dense polymer system the longest re-
laxation time scale in the polymer scales as τβ ∼ Nβ, with β = 2.56 ± 0.1.
Thus, those monomers of the tagged polymer that are within a distance
along the backbone nt ∼ t1/β from n∗ can be considered equilibrated to
this new situation. However, after a time t, this internally equilibrated part
stretches in space only to r(nt) ∼

√

(nt), and not to the equilibrated distance
r(nt) ∼

√

(nt + p). From a simple scaling argument it is estimated that the
free energy increases by an amount

δF ∼ T · δr
2 (nt)

r2 (nt)
. (4.8)

Therefore these p monomers encounter a “chemical potential”

µ (t) =
1

p

∂F

∂nt
=

1

p

∂F

∂r (nt)

∂r (nt)

∂nt
∼ t−2/β. (4.9)

Consequently, it is expected that the excess stored length density δρn∗(t) at
monomer n∗ decays ∼ t−2/β exp (−t/τβ). The relation between local strain
relaxation and local density of stored lengths implies α = 2/β. Barkema and
Panja continue by measuring α explicitly, to find 0.78 ± 0.03 for N = 200.
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Figure 4.5: Double-logarithmic plot of the average squared displacement divided by
t0.75 at monomer density c = 1 (solid curves, same as in figure 4.2), c = 1/8 (dashed
curves), and for single chains (dotted curves) for various polymer lengths (the same
color coding as in figure 4.2). The size of the simulation box is the same for c = 1 and
c = 1/8. The dashed line ∼ t−0.02 is added as a guide to the eye, corresponding to
the (short time) average squared displacement ∼ t1+ν/1+2ν of a single chain [40, 41].

A related puzzle is the following. Comparing the translocation of a single
polymer with the polymer in a crowded environment, the decay of the force is
expected to scale with time as n(t)−(1+ν), in which ν switches from 0.588 to
1/2. At the same time, the relation between the typical distance of relaxation
along the polymer and time alters from t ∼ n(t)1+2ν to n(t)βt . While in the
single polymer the combination of these two scalings yields a relaxation mech-
anism proportional to f(t) ∼ t−(1+ν)/(1+2ν), we would now expect a power-law
f(t) ∼ t−3/(2βt) ∼ t−0.57±0.04; we do not observe such an exponent.
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4.5 Influence of monomer density

In the preceding paragraphs we studied polymer translocation in an environ-
ment of polymers of equal length, at a monomer density c = 1. Here, we will
only touch upon the influence of monomer density. Figure 4.5 shows the av-
erage squared displacement at monomer densities c = 1, c = 1/8, as well as in
a simulation box with no other than the translocating polymer. The polymer
lengths are varied from N = 125 to N = 1000 (color coding equivalent to
figure 4.2). For clarity 〈s2(t)〉 is divided by t0.75.

The most prominent difference between low and high density curves is
the apparent increase of the prefactor of the mean squared displacement with
monomer density c. Table 4.1 contains corresponding dwell times, as obtained
from the same simulations. We do not offer a full explanation. However, we
have measured that the radius of gyration of the surrounding chains at c = 1/8
exceeds the radius of gyration at c = 1 by a factor 1.36. The latter chains show
ideal scaling, while the former show signs of swelling (ν > 0.5). Correspond-
ingly, we have measured that the stored length density per monomer decreases
from roughly 0.43 at c = 1, to 0.29 at c = 1/8, and finally 0.28 for the chains
in the void. (Both quantities show (for N ≥ 512) no length dependence within
the stated accuracy.) For the extended Repton model, the acceptance rate of
the elementary moves depends on the density of stored length. Therefore, at
least part of this discrepancy can be attributed to properties specific for the
lattice polymer model used. It would be very interesting to see whether the
strong density-dependence of the overall prefactor also persists for different
polymer models. Similarly ill-understood is the influence of density on the
behavior at very short times.

Also worth noting is that the curves in figure 4.5 for monomer density
c = 1/8 closely resemble the single chain curves, contrary to the c = 1 curves.
It has been shown in Refs. [40, 41] that the longest relaxation time scale in the
absence of crowding corresponds to the Rouse time τR ∼ N1+2ν . Therefore,
the longest relaxation time scale at monomer density c = 1, τβt ∼ Nβt , is
not mirrored at comparatively lower monomer densities: the presence of a
relaxation time scaling with N as τβt ∼ Nβt seems to indicate (very) dense
crowded environments.
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4.6 Conclusions

We have shown that unbiased polymer translocation in a (very) dense crowded
environment of identical polymers is sub-diffusive up to the relaxation time
scale τβt ∼ Nβt , after which it has a further Fickian regime before the longer
dwell time is exhausted. In dense systems of long chains, the mean squared
displacement along the chain at times shorter than the relaxation time τβt is
well described by a function g(t), Eq. (4.3): it features a crossover from power-
law behavior with exponent 3/4 at short times, to power-law behavior with an
exponent of 1/2 at long times. The exponent 1/2 characterizes the dynamics
of entangled polymers. The exponent 3/4 is taken from the mean squared dis-
placement 〈s2(t)〉 ∼ t(1+ν)/(1+2ν) observed for unbiased polymer translocation
through a narrow pore of a free, single chain [40, 41]; in the crowded environ-
ment ν = 0.5. In our high-resolution numerical simulation data, we observe
an exponent of 0.78± 0.02, deviating from the expected exponent of 3/4; this
deviation cannot be explained by statistical fluctuations. Perhaps, there is a
link between the exponent α = 0.78 observed by Barkema and Panja for the
decay of the restoring force in response to polymer enfolding [23].

In summary, we predict a mean dwell time scaling with N as τd ∼ N3.33±0.1

for well-entangled polymers, while in the opposite limit of no entanglements
τd ∼ N2.66±0.05.
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Translocation of RNA

This chapter, apart from minor modifications, is taken from e-print arXiv:
0801.3947, Can Translocation Be Used to Determine RNA Secondary Struc-
tures?, H. Vocks, D. Panja, and G. T. Barkema.

Abstract

Using a combination of theory and high-precision simulations, we
study the translocation of an RNA molecule, pulled through a nanopore
by an optical tweezer, as a method to determine its secondary structure.
The resolution with which the elements of the secondary structure can be
determined is limited by thermal fluctuations, ruling out single-nucleotide
resolution under normal experimental conditions. Two possible ways to
improve this resolution are strong stretching of the RNA with a back-
pulling voltage across the membrane, and stiffening of the translocated
part of the RNA by biochemical means.

5.1 Introduction

New developments in design and fabrication of nanometer-sized pores and
etching methods, in recent times, have put translocation at the forefront of
single-molecule experiments [92, 93, 94, 95, 96, 97, 98, 99, 70], with the hope
that translocation may lead to cheaper and faster technology for the analysis
of biomolecules. The underlying principle is that of a Coulter counter [114]:
molecules suspended in an electrolyte solution pass through a narrow pore in
a membrane. The electrical impedance of the pore increases with the entrance



Translocation of RNA

of a molecule as it displaces its own volume of solution. By applying a volt-
age across the pore, the passing molecules are detected as current dips. For
nanometer-sized pores (slightly larger than the molecule’s cross-section) the
magnitude and the duration of these dips have proved to be rather effective
in determining the size and length of these molecules [115].

With a membrane placed at z = 0, a translocation experiment for deter-
mining the secondary structure of an RNA molecule [66, 67, 68, 116, 117, 118,
119] composed of N nucleotides proceeds as follows (see Fig. 5.1). One end of
the folded RNA, which is almost completely located on the left side (z < 0) of
the membrane, is pulled through a nanopore to the right side (z > 0), and a
latex bead is attached to nucleotide 1. An optical tweezer captures the bead,
and pulls the RNA through the pore at a constant speed vtw. A potential
difference 2V is applied across the membrane to increase the tension in the
translocated part of the RNA so that no secondary structure can form be-
tween the tweezer and the pore. During this process, the force exerted by the
tweezer on the RNA is monitored. Since the pore is narrow, for translocation
to proceed, the bonds between the base pairs forming the secondary structures
must be broken at the pore. The breaking of the base pair-bonds is detected
as increased force on the tweezer. The force on the tweezer as a function of
time can then be translated into the binding energies of the base pairs as a
function of distance along the RNA, yielding a wealth of information on the
secondary structure of the RNA.

Given that one is dealing with nanometer-scale distances in this experi-
ment, thermal fluctuations are expected to blur the correlation between the
force exerted by the tweezer and the nucleotide number located in the pore.
The central question addressed in this chapter, therefore, is the level of res-
olution (in units of a nucleotide) that can be achieved by this experiment.
We address this question with a combination of theory and high-precision
computer simulations.

The approach we follow in this chapter is that we consider a poly(U) RNA
with a sequence composition U30 (U60G32U6C32)2 U60, represented as a poly-
mer of length N = 350 nucleotides, wherein each nucleotide is represented as
a monomer. In our simulation all nucleotides reside on a FCC lattice. Multi-
ple occupation of the same site is forbidden, i.e., the polymer is described by
a self-avoiding-walk. For practical purposes, this restriction is lifted for con-
secutive nucleotides along the chain. Two neighboring C and G-nucleotides
can form a bond with an affinity ECG = 2.5 kBT . As a result, the secondary
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Figure 5.1: The experiment in schematics, illustrated by only 6 CG-bonds for clarity.
A RNA molecule composed of N nucleotides is pulled through a narrow pore in a
membrane (placed at z = 0) towards the right (z > 0) using an optical tweezer,
represented by a parabolic potential, at a constant speed vtw. The bottom of the
potential is located at ztw; and the latex bead, attached to nucleotide 1 is located at
zb. The nucleotide located in the pore is labeled s. A potential difference 2V is also
applied across the membrane.

structure of this polymer consists of two hairpins, each with 32 CG-bonds.
The latex bead, i.e., nucleotide 1 feels a spherically symmetric harmonic trap
with spring constant ktw, centered around the location of the optical tweezer
at a distance ztw from the membrane. The dynamics of the polymer consists
of single-nucleotide hops to nearest-neighbor sites, attempted at random with
rate unity, and accepted with Metropolis probabilities. This model, as detailed
in chapter 2, describes both reptation and Rouse moves, but does not include
explicit hydrodynamics. This model has been used before successfully to simu-
late polymer translocation under various circumstances [40, 41, 103, 104, 120].
Since the model is a variant of a freely-jointed-chain, we expect it to reproduce
poly(U) RNA behavior reasonably well [65].

To correspond to experimental parameters we use lattice spacing λ =
0.5 nm, comparable to the persistence length (as well as the typical inter-
nucleotide distance) for poly(U) [64]. The resulting forces measured at the
tweezer are . 60 pN, similar to experimental values [64]. Based on the diffu-
sion coefficient 2-5×10−6 cm2/s for U6 [121], one unit of time in our simulations
corresponds roughly to 100 ps. The tweezer velocity is λ per 300, 000 units of
time, or ∼ 20µm/s, comparable to typical experimental velocities. The time
scale λ/vtw is larger than that of the longest time-scale of the translocated part
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of the RNA, implying that the translocated part of the RNA can be treated as
properly thermalized at all times. If we assume nucleotides to carry an effective
charge q = 0.6 e, then our V -values satisfy 4mV < V < 30mV.

Figure 5.2: Upper panel: nucleotide in the pore s as a function of time for a poly(U)
RNA of composition U30 (U60G32U6C32)2 U60, pulled with constant velocity vtw = λ
per 300, 000 time steps. The binding energy of each bond is set to ECG = 2.5 kBT ,
with 2qV = 1.5 kBT . Every data point is an average of 1, 500 consecutive measure-
ments each 100 time steps apart, with the standard deviation represented by the error
bars. The two straight lines are guides to the eye. Lower panel: the corresponding
chain tension measured by means of the optical tweezer, with ktw = 1 kBT/λ.

A typical simulation output is presented in Fig. 5.2. It consists of the
force Ftw(t) exerted by the optical tweezer as a function of time: this infor-
mation is readily accessible in real experiments. We also monitor the number
s(t) as a function of time: this information is typically not accessible in real
experiments. In the simulation of figure 5.2, the force exerted by the tweezer
hovers around a fixed strength 3.4 kBT/λ, except between t = 1.4 × 107 to
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3.4 × 107 resp. t = 4.6 × 107 to 6.7 × 107, when the first and second (halfs of
the) hairpins are pulled through the pore. Indeed, the top panel of Fig. 5.2
shows that at the onset of these intervals, s(t) is almost constant, around 90
respectively 220, the starting locations of the hairpins.

5.2 Translocation without thermal fluctuations

First we discuss what sort of information on the secondary structure can ideally
— i.e., in the absence of thermal fluctuations — be obtained from Ftw(t).
We do this under the assumptions that the force extension curve of the RNA
without any secondary structure is sequence-independent, and that the tweezer
velocity is low enough for the force exerted by the tweezer to maintain a
uniform chain tension φ all along the translocated part of the RNA. Then, φ
is uniquely determined by the relative extension x = zb/s, and is balanced by
Ftw(t), i.e.,

φ = f(x) = Ftw = ktw(ztw − zb). (5.1)

Additionally, the equality of the rate of work done by the tweezer and the gain
in free energy by the translocating nucleotides at the pore yields

Ftwdzb = (∆U − T∆S) ds, (5.2)

where ∆S is the entropic cost per nucleotide translocation due to the imbal-
ance of the (entropic) chain tension across the pore, and ∆U is the energetic
cost per nucleotide translocation. If translocation of the nucleotides does not
involve breaking of CG-bonds at the pore, then ∆U = ∆Uc ≡ 2qV , otherwise
∆U = ∆Ub ≡ 2qV + ECG. Thus, given zb and (∆U − T∆S), Eqs. (5.1) and
(5.2) determine both the tweezer force and the relative extension.

During the translocation of the first 90 nucleotides of U30

(U60G32U6C32)2 U60, no secondary structure is broken at the pore — conse-
quently, ∆U = ∆Uc — and the tweezer force remains constant at Ftw(t) =
3.4 kBT/λ. The speed of translocation is then given solely by Eq. (5.1), with
żb = vtw, as ṡ = vtw/f

−1[Ftw(t)] = 1 nucleotide per 252, 000 time steps, for
which we have used the numerically obtained force extension curve (inset, Fig.
5.3); this speed ṡ is shown in Fig. 5.2 by the upper blue line.

Following the arrival of the first hairpin at the pore, translocation requires
breaking of the CG-bonds, and consequently, ∆U increases by ECG = 2.5 kBT .
Both the tweezer force and the relative extension adjust to new values, deter-
mined by Eqs. (5.1) and (5.2) for the new value for ∆U . The resulting tweezer
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force equals Ftw(t) = 7.5 kBT/λ; the correspondingly adjusted speed ṡ is shown
in Fig. 5.2 by the lower red line.

After the translocation of the first 32 G-nucleotides, ∆U returns to its base
value ∆Uc. The tweezer force and the relative extension, too, fall back to their
pre-hairpin values. This is seen in Fig. 5.2 by s(t) leaving the red line sharply
to re-coincide with the blue line; i.e., quite a few nucleotides at the end of
the hairpin translocate nearly immediately. This chain of events repeats itself
during translocation of the second hairpin: first the tweezer force increases
gradually to its higher value and the translocated distance approaches the
red line, then the tweezer force decreases steeply to its lower value and the
translocated distance jumps to the blue line.
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Figure 5.3: σ2
s , mean squared displacement of s vs. reduced extension x = zb/s, at

constant ztw = 300λ. The chain tension φ is slowly increased by changing ∆U =
2qV from 0.40 to 2.75 kBT . Each data point required 80 independent polymers and
simulation times of 20 million time steps, with a measurement every 100 time steps.
Data points from direct simulations and Eq. (5.3) are represented as diamonds and
squares. The dashed lines are cubic splines. The error bars represent statistical errors
only. Inset: Rescaled force-extension curve for our model.
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In conclusion, most features of Fig. 5.2 are qualitatively well understood.
The above framework can be easily extended to a wider set of bond strengths
and more elaborate secondary structures. Without thermal fluctuations, the
setup is perfectly suited to determine the secondary structure up to the nu-
cleotide resolution, under the restriction that the consecutive bonds along the
backbone of the RNA are of increasing strength; if strong bonds are followed
by weaker bonds that are not strong enough to halt the translocation process,
breaking of the weaker bonds will not be accompanied by an increase of Ftw.

5.3 Translocation with thermal fluctuations

In reality, thermal fluctuations are omnipresent in this nano-scale experiment.
In fact, it is precisely the (thermal) fluctuations in s(t) that serve to blur the
coherence between Ftw(t) and s(t), and thereby limit the resolution that can
be achieved by this experiment. We will now study both the amplitude and
the frequency spectrum of these thermal fluctuations in s(t).

The amplitude σs(t,∆U) of the fluctuations in s(t) is that of an entropic
spring of length zb with one end tethered at the tweezer, while the number
of nucleotides s in the spring are allowed to fluctuate through the pore. Now
consider a different problem — an entropic spring of length zb. From equipar-
tition theorem, its length fluctuations are given by 〈δz2

b〉 = kBT/czb
[with

spring constant czb
= (∂f/∂zb)s = f ′(x)/s]. For the present problem, such

fluctuations in zb can be thought of to be mediated by the fluctuations in s,
yielding1

σ2
s(t,∆U) = 〈δz2

b 〉
[

∂s

∂zb

]2

x

= s(t)
[

x2f ′(x)
]−1

kBT. (5.3)

In Fig. 5.3, Eq. (5.3) is compared to the simulation results for several values
of ∆U , with constant ztw = 300λ. Note that ∆U only serves to set the value
of φ.

For the frequency spectrum of s(t), we build upon Ref. [104]. Therein it is
shown that ṡ(t) and the chain tension imbalance across the pore are related via
a time-dependent memory kernel a(t). This result, adapted to the notations

1The direct simulation results and Eq. (5.3) in Fig. 5.3 deviate from each other for
x . 0.6, since in this case the assumption σs ≪ s does not hold any more. Also, tethering
of nucleotide 1 requires ktw ≫ czb

; this assumption is clearly valid in our simulations, but
need not be made valid in real experiments.
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Figure 5.4: (Rescaled) power spectrum of s (t), Ss (f), versus (rescaled) frequency
for ∆U = 1.5 kBT , and ztw/λ=60, 90, 120, 150, 300, 450, 600, 750. Each curve
is composed of statistics from 80 polymers for 40 million time steps. The solid line
∼ f−3/2 is added as a guide to the eye.

in this chapter, is given by

ṡ(t) =

∫ t

−∞
dt′ a(t− t′) [φ(t′) − φz<0(t

′)], (5.4)

where φz<0 is the chain tension of the RNA at the z < 0 side of the pore,
and a(t) ∼ t−3/2 exp[−t/τF ] with τF ∼ s2. The immediate consequence of
Eq. (5.4) is that

〈ṡ(t)ṡ(t′)〉 ∼ |t− t′|−3/2 exp
[

−|t− t′|/τF
]

, (5.5)
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following fluctuation-dissipation theorem2, i.e.,

〈s(t)s(t′)〉 =

∫ t

0
dt1

∫ t′

0
dt2〈ṡ(t1)ṡ(t2)〉

=

{

4
[

|t− t′|1/2 − |t|1/2 − |t′|1/2
]

|t− t′| . τF

k |t− t′| ≫ τF
, (5.6)

with some constant k. This velocity autocorrelation function, for |t− t′| . τF ,
has the same form as that of a fractional Brownian motion (FBM) [122, 123]

〈s(t)s(t′)〉 = k′
(

|t|2H + |t′|2H − |t− t′|2H
)

, (5.7)

with Hurst parameter H = 1/4. Since the r.h.s. of (5.7) is not a function
of (t − t′) alone, the spectral density of FBM is not well-defined. However,
by applying generalized concepts such as the Wigner-Ville spectrum [122], a
limiting power spectrum can be obtained as follows: Ss(f) = k′′

|f |α , with α =

2H+1 = 3/2. We therefore expect a power spectrum, with fc ∼ 1/τF ∼ 1/s2,

Ss(f) =







k′′

|f |3/2 (|f | > fc)

k′′

f
3/2
c

(|f | < fc)
. (5.8)

As shown in Fig. 5.4, after having rescaled Ss(f) and f by s−3 and s2 re-
spectively, the collapse of the power spectra confirms Eq. (5.8). The spectrum
is dominated by the low-frequency fluctuations of s(t), which are not easily
suppressed by time averaging.

5.4 Discussion and conclusions

Having demonstrated the importance of thermal fluctuations in s(t), let us
now revisit the translocation of U30 (U60G32U6C32)2 U60, cf. Fig. 5.2. Except
between times 1.4 and 3.4 × 107 (resp. 4.6 and 6.7 × 107), Ftw(t) is roughly
3.4 kBT/λ with fluctuations 〈∆F 2

tw(t)〉 ≈ ktwkBT , while Eq. (5.3) explains the
growth of σ2

s(t) linearly with s(t) (hence linearly with t). It is important to
stress that the fluctuations in Ftw(t) may be removed to a reasonable degree

2Note here that Ref. [104] is about pulling the tweezer with a constant force, while in
this Letter the tweezer is pulled with a constant velocity. This does not affect the memory
kernel and the consequences of the RNA’s memory.
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by time averaging (e.g., by reducing the velocity of the tweezer), the fluctu-
ations in s(t) fundamentally reduce the accuracy with which RNA secondary
structure can be observed. As soon as the hairpin is within a distance of
order σs(t,∆U) from the pore, i.e., 〈s(t)〉 + σs(t,∆Uc) = 90 (resp. 220), the
tweezer force already increases, to reach a plateau once 〈s(t)〉 − σs(t,∆Ub)
= 90 (resp. 220). Translocation at the pore then proceeds with a constant
rate vtw/f

−1(Ftw), until 〈s(t)〉 + σs(t,∆Ub) = 122 (resp. 252) (in which we
assume that the effective affinity ECG is not altered much as the unzipping
of the hairpin proceeds), at which time the chain tension is released by rapid
translocation of the remaining nucleotides. These considerations clearly estab-
lish that only secondary structure elements with at least two times σs(t,∆Ub)
base pairs (≈ 8 nucleotides in Fig. 5.2) can be detected accurately, provided
the affinities of consecutive base pairs are all alike. Moreover, the base pairs
of the preceding stem of the secondary structure must be characterized either
by weaker affinities, or by strong heterogeneity.

Although time averaging will not eliminate the fluctuations in s(t), Eq.
(5.3) does leave open avenues for higher accuracy, either by increasing x, or
by increasing the stiffness f ′(x). The former can be achieved by applying a
stronger potential difference 2V (the strength of which is of course limited
by experimental considerations). On the other hand, the polymer’s stiffness
can be actively enhanced, e.g., by altering the salinity of the solution [64];
alternatively, if one is interested in doing single-molecule experiments with
ssDNA, the addition of RecA proteins to the solution may be of help as well.
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Samenvatting

(summary in Dutch)

In dit proefschrift bestuderen we de translocatie van polymeren door een
klein gaatje in een membraan met behulp van Monte Carlo simulaties.

Polymeren vormen een belangrijke klasse van materialen. Er zijn natuur-
lijke polymeren, zoals eiwitten, RNA, DNA, natuurlijk rubber, cellulose, zet-
meel. Maar er zijn ook synthetische polymeren. Overal om ons heen worden
deze synthetische polymeren toegepast. Dit is gemakkelijk te verklaren: ze zijn
immers eenvoudig te fabriceren, ze hebben goede mechanische eigenschappen
en ze zijn bovenal goedkoop. Het bekendste voorbeeld wordt gevormd door po-
lyetheen: één procent (> 60 miljoen ton per jaar) van de wereldwijd gewonnen
aardolie gaat op aan de productie ervan.

Een polymeer is een molecuul dat bestaat uit een groot aantal identieke
of soortgelijke delen die met elkaar verbonden zijn middels covalente bindin-
gen. De herhalende eenheid wordt “monomeer” genoemd. In dit proefschrift
kijken we uitsluitend naar flexibele, lineaire polymeren. Lineaire polymeren
hebben slechts twee uiteinden. Polymeerfysici drukken flexibiliteit uit in ter-
men van de “persistentie lengte”, lp. Een polymeer van lengte L bestaat dan
effectief uit een keten van N ≡ L/lp staafjes elk met lengte lp. Het grote
aantal vrijheidsgraden (N ≫ 1) zorgt ervoor dat een enkele keten zeer veel
verschillende conformaties kan aannemen, wat uitnodigt tot een statistische
beschrijving van het systeem. Fysici zijn dan ook voornamelijk gëınteresseerd
in gemiddelde grootheden, zoals de gemiddelde afmeting van een enkele keten
(“gyratiestraal”).

De gyratiestraal van flexibele, lineaire polymeren voldoet aan de schalings-
wet Rg ∼ Nν , met de “Flory-exponent” ν = 0.588: knip je een lange keten in
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twee stukken, dan zal de gemiddelde afmeting reduceren met een factor (van
ongeveer) 1.5. Dit geldt zowel voor DNA, RNA, ketens van polyetheen, maar
ook schoenveters, gekookte spaghetti, tuinslangen (allemaal in oplossing) en
zelfs “virtuele polymeren” in een computergeheugen. De Flory-exponent is
voor alle ketens hetzelfde, universeel. In hoofdstuk 1 zullen we zien dat vele
eigenschappen van polymeren universeel zijn.

Theoretische fysici gebruiken pen en papier (en het softwarepakket mathe-
matica) om fundamentele (fysische) problemen op te lossen. Fysici zijn net
gewone mensen: goede ideeën komen nooit helemaal vanzelf. Een manier om
nieuwe wegen in te slaan is door gebruik te maken van computersimulaties.
Computers zijn heel erg goed in het oneindig vaak herhalen van eenvoudige be-
rekeningen. Dat maakt ze heel geschikt om virtuele polymeren te simuleren:
in elke tijdstap worden alle virtuele monomeren bewogen volgens eenvoudi-
ge regels, die we tezamen dynamica noemen. Deze modelpolymeren zullen
dezelfde universele eigenschappen vertonen als echte polymeren: ze hebben
bijvoorbeeld een gyratiestraal die ook schaalt met N als Nν .

Computersimulaties zijn een fantastisch hulpmiddel: de programmeur kiest
namelijk zelf de regels volgens welke de monomeren zich voortbewegen. Als
we de dynamica aanpassen, zullen zekere dynamische eigenschappen van de
polymeren veranderen. Op die manier is het mogelijk om beter inzicht te
verkrijgen in de fysische oorsprong van polymeereigenschappen die in het la-
boratorium gemeten worden. Ook kunnen “experimenten” worden uitgevoerd,
die nog nooit in een laboratorium gedaan zijn. Deze vorm van fysica is expe-
rimenteel van aard, maar zonder de noodzaak om de handen vuil te maken.
In hoofdstuk 2 wordt uitgebreid aandacht besteed aan het extended repton
model. Alle simulaties van de translocatie van polymeren zijn verricht met dit
Monte Carlo algoritme.

Voor veel biologische processen speelt het transport van moleculen door
een membraan een grote rol. Messenger RNA moleculen bijvoorbeeld worden
uit de celkern getransporteerd door het zogenaamde “nuclear pore complex”.
Denk ook aan de injectie van viraal DNA in gastheercellen. Vaak zijn de
moleculen erg lang, en is het gaatje in het membraan juist erg klein. Zo’n
molecuul kan er alleen maar doorheen gaan, door zich te vervormen. In dit
proefschrift bestuderen we de translocatie van polymeren door een gaatje dat
zo klein is dat er maar één monomeer tegelijk in past.

Gezien de grote rol die polymeertranslocatie speelt in vele levensproces-
sen, is het niet verwonderlijk dat er al heel veel praktisch onderzoek naar de
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translocatie van polymeren is gedaan. Maar dit empirisch onderzoek is voor-
namelijk verricht vanuit het gezichtspunt van de biologie. De laatste jaren is
de studie van translocatie als fysisch proces ook tot wasdom gekomen. Met
behulp van computersimulaties is onderzocht [37, 41] hoe lang een polymeer
van lengte L er over doet om zich door een gaatje heen te wringen. Zodra een
monomeer van links naar rechts door het gaatje gaat, wordt de spanning links
in de keten iets groter, en rechts juist kleiner: de monomeer wordt dus terug-
getrokken. Tengevolge van dit spanningsverschil zal de translocatie “anomale
diffusie” vertonen.

Sinds kort is het mogelijk om (gecontroleerd) gaatjes in membranen te
maken met een diameter van enkele nanometers. Tengevolge hiervan is er
veel interesse voor translocatie vanuit het oogpunt van de technologie. Een
mogelijke toepassing wordt gevonden in de analyse en detectie van afzonder-
lijke macromoleculen. In deze experimenten worden geladen polymeren in
een elektrolytische oplossing aan één zijde van een membraan geplaatst. De
moleculen kunnen het membraan alleen passeren door door het kleine gaatje
heen te gaan. Door nu een elektrisch spanningsverschil aan te brengen over de
twee zijden van het membraan, zullen de geladen moleculen de opening willen
passeren. Wanneer een molecuul het gat binnengaat, dan heeft dit invloed op
de elektrische weerstand van het systeem. De verandering van deze elektri-
sche weerstand leidt tot een dip in de elektrische stroom. De diepte en duur
van de dip blijken een goede maat te zijn voor de grootte en lengte van het
molecuul dat door het gat heengaat. In hoofdstuk 3 bestuderen we hoe trans-
locatie van polymeren verloopt als deze gedreven wordt door een elektrisch
spanningsverschil.

Biologische cellen zijn geen zakjes gevuld met slechts water: het cytoplasma
is gevuld met allerlei organellen en ook een groot aantal biologische moleculen.
In hoofdstuk 4 bestuderen we hoe de translocatie van polymeren verloopt in
een omgeving gevormd door andere polymeren. Het zal blijken dat het van
belang is of deze omgevingspolymeren lang zijn of juist kort. Een kluwen van
lange polymeren lijkt een beetje op een bord spaghetti: trek je een enkele
sliert hieruit, dan zal deze zich door het netwerk van spaghetti heen moeten
bewegen. Tengevolge hiervan zal de tijd die het polymeer nodig heeft om het
membraan te passeren sterk toenemen.

Ribonuclëınezuur (RNA) is samengesteld uit vier verschillende nucleoti-
den. Elke nucleotide bevat een fosfaatgroep, een suiker groep (ribose) en een
base. De polymeer wordt gevormd door de binding van twee fosfaatgroepen,
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en de ribose ring verbindt een base aan de fosfaatgroep. De nucleotiden ver-
schillen alleen van elkaar door hun basen. De vier varianten zijn adenine (A),
cytosine (C), guanine (G) en uracil (U). In RNA kunnen twee soorten basen-
paren gevormd worden: guanine kan zich binden aan cytosine, en adenine kan
zich binden aan uracil, met drie respectievelijk twee waterstofbruggen. Deze
worden de Watson-Crick basenparen genoemd. De drie-dimensionale struc-
tuur van het RNA-molecuul die ontstaat door de vorming van basenparen,
noemt men de secundaire structuur. Voor het correct functioneren van veel
RNA moleculen is de secundaire structuur van zeer groot belang, vaak nog
belangrijker dan de exacte volgorde van de nucleotiden.

Sinds kort is het mogelijk om afzonderlijke RNA moleculen te manipuleren
met bijvoorbeeld een optisch pincet. Daarom bestuderen we in hoofdstuk 5
het volgende translocatie experiment: we trekken, met behulp van een op-
tisch pincet, een RNA molecuul door een gaatje dat zo klein is dat er maar
één nucleotide tegelijk doorheen kan. Eventuele aanwezige basenparen zullen
verbroken moeten worden, en dat vereist een zekere kracht. Door te meten
hoe de benodigde kracht gedurende het experiment varieert, kunnen we af-
leiden hoeveel basenparen er verbroken zijn, en daarmee is het mogelijk om
een idee te krijgen van de secundaire structuur van het molecuul. Althans,
dat is de theorie. In hoofdstuk 5 laten we zien dat de nauwkeurigheid van
dit experiment fundamenteel beperkt wordt door thermische fluctuaties. Het
zal blijken dat de gewenste ideale resolutie van een enkele nucleotide, onder
normale experimentele omstandigheden, niet gehaald kan worden.
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