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If I told you what it takes
 
to reach the highest high,
 

You'd laugh and say 'nothing's that simple'
 
But you've been told many times before
 

Messiahs pointed to the door
 
And no one had the guts to leave the temple!
 

Tommy - The Who 



CHAPTER 1
 

INTRODUCTION AND SUMMARY
 

The rotation of the Earth is not regular. It changes on virtually every timescale we 
know in both position of the rotation axis and rotation rate. Even in our daily lives 
we sometimes experience the consequences of such changes, such as the second 
that is subtracted or added to clocks at the beginning of a new year. Although this 
second is not much more than a curiosity for most of us, the rotational changes it 
implies can influence our lives in a more fundamental sense. There are indications 
that the emergence of the great ice ages some two million years ago was triggered 
by a gradual shift of the rotation axis over the Earth's surface, combined with wan
dering of the continents and associated changes in ocean currents. The geological 
record shows that times during which there was wide-spread glaciation have been 
followed by times during which virtually no glaciation occurred, and vice versa, 
several times. The fact that we are currently living in an interglacial period of a 
100,000 year glaciation cycle is also attributable to changes in the position of the 
rotation axis. Changes in insolation resulting from the periodic rotational changes 
due to the gravitational interaction between the Earth and the other members of the 
solar system trigger the onset and decay of the large polar ice sheets. This so-called 
Milankovitch cycle is responsible for the relatively mild climates we have now, in
stead of the severe glacial circumstances that governed the planet some 10,000 
years ago. Rather than worrying about foregoing temperatures, we are troubled by 
an enhancement of the greenhouse effect and concomitant sea-level changes by 
fossil fuel combustion. 
The causes of these rotation changes are as diverse as the timescales on which the 
changes in rotation take place. Grossly, they can be divided into two categories: as
tronomical and geological. The effects they induce differ mainly in the way the ro
tation axis shifts. Extra-terrestrial causes generally induce shifts of the rotation axis 
with respect to the distant stars, but not with respect to the Earth's surface. Terres
trial causes generally induce shifts of the rotation axis with respect to the Earth's 
surface, but not with respect to the distant stars. For an observer in outer space it 
looks in this latter case as though the Earth were shifting as a rigid unit underneath 
its rotation axis, which remains fixed in position with respect to him. For an Earth
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bound observer, however, the polar axis seems to wander with respect to a fixed 
point on the ground. 
Some of the driving mechanisms are established with high certainty, of others we 
know little at the moment or virtually nothing, like the Chandler wobble. Two of 
the signatures for which the driving mechanisms are thought to be known are the 
present-day secular shift in the direction of Canada (that is, on the northern hemi
sphere) with a magnitude of some 10 meters per 100 years, and the satellite-derived 
non-tidal secular change in the second degree harmonic of the gravitational poten
tial field. Basically all theories which have been published during the last decade 
relate both these signatures exclusively to post-glacial rebound and recent changes 
in the ice - water distribution over the Earth's surface. The main theme of this the
sis is that this is not correct. It is shown that also various tectonic processes are 
contributing to these changes in rotation and gravitational potential field. 

The secular shift of the rotation axis is not due to the continental drift of the partic
ular plate through which it pierces on the northern or southern hemisphere, which 
would be called 'Apparent Polar Wander' (APW), but is supposed to reflect a true 
wander with respect to the mantle. It is therefore called 'True Polar Wander' 
(TPW). The question which emerges immediately from this 'with respect to the 
mantle' statement is how one can determine the mantle reference frame. For long
term TPW, the so-called 'hotspot reference frame' is usually taken for this fixed 
reference frame. Hotspots are places on the Earth's surface that show an enhanced 
heat flow and huge basalt outpourings. They are generally thought to be the heads 
of rising mantle plumes originating at the core - mantle boundary, although diverse 
opinions about this question exist. The hotspots are reported to be fairly stable in 
position with respect to one another in time: relative velocities are a factor 10 
smaller than the velocities of the moving plates. 
Whenever the Earth becomes more elliptical or more spherical. a satellite will ex
perience a changing gravitational field. If the rotation rate of the Earth decelerates, 
the planet reacts to the diminished centrifugal force by effectively transporting 
mass away from the equator so that the Earth becomes more spherical. The most 
important effect of such a change on a satellite orbiting above the Earth is that the 
places where it crosses the equator, called the nodes, are not equidistant anymore. 
The nodes will be progressively closer to each other as time proceeds. Such a de
celeration of the nodes has been measured by laser satellite ranging to a few dedi
cated satellites. It turned out that after the deceleration of the rotation rate of the 
Earth due to tidal interaction with the Moon was removed from the data, residual 
deceleration remained. 
To get some idea about the mass displacements necessary to induce a significant 
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contribution to the present-day TPW and non-tidal deceleration of the Earth: the to
tal Pleistocene ice that melted away some 10,000 years ago had a mass of about 
1019 kilograms. As post-glacial rebound takes on the order of 10,000 years to relax 
to this vanished load, a value of about 1015 kilograms per year must be displaced to 
have a significant influence. Of course, the efficiency of the forcing depends also 
on a number of other parameters, like the positions on the globe. A value of 1015 

kilograms per year gives a proper order of magnitude, however. In table 1.1 a few 
typical mass displacements are listed. 

Mass displacement kg/year 

Impact of cosmic dust on Earth: 50 tons per day 2 x 107 

Yearly oil production 2.6 x 1012 

Yearly natural gas prodnction 1. 3 x 1012 

Yearly coal production 3. 7 x 1012 

Yearly total ore production < 1012 

Sea-level rise of 2 mm per year 7 x 1014 

Contemporary ice mass changes 1014 - 15 

Table 1.1. Typical yearly mass displacements. 

The yearly oil, natural gas, coal and ore production rates are based on The Global 
2000 Report to The President, Volume 2, published by Blue Angel Inc., Char
lottesville, USA, 1981. According to this report, the production rate of oil in 1976 
was 21.7 billion barrels of 159 liter (p. 190), of natural gas 50 tera cubic feet (p. 
191), and the consumption rate of coal 3.7 billion tons (p. 193), while the upper 
limit of the world ore production in 1977 is derived from table 12-7 on page 219 of 
the report. The figures on cosmic dust, sea-level rise and ice mass changes are 
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canonical values (e.g. for the contemporaneous melting rates of the 31 largest 
mountain glaciers, M.P. Meier in Science, 226, 1418-1421, 1984, gives a value of 
ice discharge of 661.0 Ian3 per year). 
Transporting the total world population of about 5 billion human beings times a 
mean weight of 50 kilograms would result in a total mass being transported of 
2.5 x 1011 kilograms. Even in the most favorable situation it is clear from this fig
ure and table 1.1 that human induced activities (or perhaps one should say direct 
human induced activities) and cosmic impacts are not effective in inducing TPW. 

In chapter 2 a survey is given of the variations in the Earth's rotation. TIle formula
tions for the rotational changes for a rigid Earth are presented, followed by a histor
ical overview of the theories on the driving mechanisms of the secular drift of the 
polar axis. A study at the end of the 1970's on continental drift as being the respon
sible forcing is re-examined, as this study has led to the conclusion that post-glacial 
rebound and recent ice - water redistributions constitute the driving mechanisms. 
The assumption that the shifting columns in the continental drift model are in iso
static equilibrium turns out the be the most critical one, and forms the key for the 
models exposed in chapter 3. 
In chapter 3 it is shown that also tectonic movements can be effective mechanisms 
in inducing the observed changes. The tectonic changes must result in fast vertical 
movements taking place under non-isostatic conditions to become effective. Exam
ples of such mechanisms are the formation of mountains and plateaus, the detach
ment of subducting slabs, the foundering of oceanic basins, and all kinds of pro
cesses that can accompany these, such as erosion and sedimentation, underplating 
after subhorizontal subduction, and delamination. These non-isostatic fast 
movements might also result in a shift of the center of mass of the Earth by which 
an antipodal antisymmetric shift of the sea-level is associated. In regions that were 
glaciated some 10,000 years ago, the free surface is presently rebounding to restore 
isostasy. It is commonly assumed that this process takes place by passive mantle re
laxation, uninhibited by any lithospheric stress field. The upper part of models that 
simulate the relaxation in studies on post-glacial rebound is usually taken as effec
tively elastic. Internal deformation, which is important in the models on the tecton
ic mechanisms employed in chapter 3, is not taken into account in these studies. 
Contrary to post-glacial rebound, the processes described in this thesis can be ef
fective on timescales of up to a few million years, as the forcing mechanisms can 
keep the mantle from relaxing on timescales of post-glacial rebound in a compres
sive stress regime. 
In chapter 4 the effects of the readjustment of the equatorial bulge are incorporated 
in the models. A redistribution of mass generally induces a torque on the equatorial 



15 Introduction and Summary 

bulge. Because the Earth is a deformable planet, the equatorial bulge will react to 
this torque by shifting in the lateral direction. In fact, the shifts determined in chap
ter 3 would result in an angle between the rotation axis and the plane of the equato
rial bulge which is not 90 degrees if the bulge would not shift over the Earth's sur
face. The shift of the equatorial bulge only stops when the region that deviates 
from isostasy (assuming that it would be the only region on the planet which devi
ates from isostasy) is either at one of the poles or at the equator, so this adjustment 
of the equatorial bulge makes it possible that large degrees of polar wander are fea
sible, which would not be the case for a rigid planet. At the same time, the region 
that deviates from isostasy strives to restore isostasy, resulting in a complicated in
terplay between load relaxation (the direct effect) and tidal relaxation (the induced 
shift). When complete isostasy has been reached by load relaxation, the shift of the 
equatorial bulge stops. The amount and speeds of the shifts are not only dependent 
on the loads, however. Also the rheological properties of the mantle are important. 
A lower mantle or transition zone that has a high viscosity can greatly reduce the 
rates at which the equatorial bulge shifts by its gravitational interaction with the up
per layers. In the normal mode model, which is used in chapter 4 to determine the 
complex gravitational interaction between the visco-elastically flowing mantle lay
ers and the load, it is assumed that the rheological properties of the mantle can be 
adequately described by a linear Maxwell model. In order to study the conse
quences of a possible 'hard' transition zone, the mantle is divided into three layers, 
each having uniform rheological properties. Although a normal mode analysis is 
not the proper technique to model the direct effects of the loads because it is unable 
to deal with the crucially important lateral variations, it can be used to establish 
lower limits to the induced effects. For the tidal relaxation it is a good technique, 
however, as we are only dealing with the largest length scale of the Earth in this 
case. The results show that for a 10% Airy overcompensated root of the Himalayas 
and Tibetan Plateau, a linear uplift model leads for a lower mantle viscosity which 
is 10 times the upper mantle viscosity to the same polar wander rates as are 
presently obselVed. For values of the lower mantle to upper mantle viscosity ratio 
which are small, the polar wander rates are very sensitive to the viscosity of the 
transition zone. 
In chapter 5 the long-term changes in the Earth's rotation are studied. The long
term TPW can be derived from paleomagnetic obselVations. Some recent studies 
attribute the mechanism behind long-term TPW to changes in subduction. In this 
chapter the accompanying changes in bathymetry and induced sea-level changes 
are examined after their effectiveness, and it is shown that for a convecting mantle 
these changes must be taken into account whenever they are dynamically supported 
by the deeper mantle layers. Recent studies on long-term TPW from numerical 
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convection experiments, which deal automatically with the rising material as a 
forcing function as well, do not take the lithospheric and hydrospheric forcings into 
account. Also the induced shifts of the equatorial bulge are not modeled in the pre
sent numerical simulations. As is shown in chapter 4, a viscosity contrast of more 
than a factor 10 between the lower mantle and the layers above it can greatly re
duce any polar wander rate, making the neglect of the influence of the equatorial 
bulge in these numerical models questionable. The influence of the long-term 
changes in bathymetry and sea-levels on the length of day are shown to be negligi
ble. 
In chapter 6 a general description is presented for the gravito-elastodynamics of a 
planet that has arbitrarily large stresses. This chapter is not directly related to the 
main part of this thesis. In chapter 6 it is demonstrated that by means of a La
grangian, the equation of motion and its associated boundary and continuity condi
tions can be derived by the Variational Principle in different kinds of coordinate 
systems (Eulerian, Lagrangian) and with different kinds of stress measures 
(Cauchy, Piola-Kirchhoff). The reason for looking for such a general description 
emerged from different opinions in the literature about the incorporation of pre
stress terms in the equations of motions. The deviatoric, especially, gave rise to op
posing points of views, leading to incompatible formulations of the basic equations 
of linearized gravito-elastodynamics. It is shown in this chapter that the concept of 
pre-stress does not lead to violations of the law of conservation of angular momen
tum upon implementing it in the equations of motions. This violation has been 
claimed by advocates who regard pre-stress as a mathematical concept rather than 
as a physical concept. It is also shown that in an Eulerian coordinate system the de
rived equations of motion lead to a complete set of normal modes. This has been 
demonstrated previously in a Lagrangian coordinate system but not explicitly in 
Eulerian coordinates. 



CHAPTER 2
 

THE VARIABLE ROTATION OF THE EARTH
 

Abstract 

A survey is given of the measured variations in position of the rotation axis, the 
changes in the length of the day and the second degree zonal harmonic of the 
geoid. The expressions for the detennination of polar shift and change in length of 
day are derived for a rigid planet. The long history of studies on the secular polar 
drift is outlined, in which theories on polar ice caps and solid Earth defonnations as 
the driving mechanism repeatedly replaced one another. At the end of the 1970's it 
was found that continental drift could not explain the observed drift. This resulted 
in theories of post-glacial rebound as the driving mechanism in the early 80's, fol
lowed by contemporary redistributions of water and ice as an additional mechanism 
in the second half of the 80's. In this chapter a critical review is given of the as
sumptions in the models which let to discard continental drift as a viable mecha
nism for inducing the observed polar shift. The assumption that the shifting 
columns are in isostatic equilibrium turns out to be most critical one. 

Observations 

By the 19th century it was already recognized that the rotation of the Earth is not 
regular. Both the rate of rotation and the position of the rotation axis were shown to 
be variable. Nowadays we know that these changes occur on all timescales: from 
shorter than a day until geological scales of hundreds of millions of years. 
The changes in the position of the rotation axis can be divided into two categories: 
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those in which the position of the axis changes with respect to the distant stars but 
not with respect to the Earth's surface, and vice versa. For the latter category it 
looks to a hypothetical observer in space as though the Earth shifts underneath its 
rotation axis as a solid unit while the rotation axis itself remains fixed, while for an 
observer on Earth it looks as though the rotation axis is wandering over the Earth's 
surface. Displacements of the axis of rotation with respect to the 'fixed' stars 
(changes in which the whole planet is moving rigidly as one unit) are mainly due to 
external forces, notably the gravitational interactions between the Earth and the 
Sun, the Moon and the other planets of the solar system. The astronomically well
known precession and nutation are examples of this. The external forces exert a net 
torque on the equatorial flattening of the Earth, as a consequence of which the rota
tion axis will spin. The most important periods are about 26,000 years (precession) 
and 18.6 years (nutation). 
Displacements of the axis of rotation with respect to a fixed position on the Earth's 
surface are mainly due to mass displacements in the interior of the Earth and in the 
hydro- and atmosphere. These mass displacements will generally induce changes in 
the moments and products of inertia. As the Earth is a deformable medium, the ro
tation axis will re-adjust itself to the new situation by shifting over the surface. The 
rotation axis does not change its position with respect to the stars as during these 
mass displacements the angular momentum of the Earth is conserved. 
Apart from the tidal interactions, there are a number of possible mechanisms re
sponsible for the observed changes, like growth and decay of ice sheets, changes in 
sea-level, ocean currents, winds and changes in the pressure distribution of the at
mosphere, seasonal changes, earthquakes, tectonic plate movements, changes in 
convection of the mantle and core, and interactions between the core and mantle. 
Each of these mechanisms operate on specific timescales and this is reflected in the 
timescales on which the rotation of the Earth changes. Table 2.1 gives a gross indi
cation of the observed present-day variations in position of the polar axis. The ob
served changes in the position of the rotation axis with respect to the Earth's sur
face, generally termed polar wander, consist of two kinds of movements: cyclic and 
linear. The cyclic motions consist mainly of two periods. The annual wobble is 
mainly caused by the seasonally varying zonal winds. The cause of the Chandler 
wobble is still unknown, although a lot of research has been done on this (e.g. Run
com et al., 1988). This periodic movement, which is essentially the free precession 
of the Earth, was predicted by Euler in the 18th century but not observed until the 
end of the 19th century. Euler had predicted that the period of this wobble should 
be about 10 months. S.C. Chandler, an American salesman and amateur as
tronomer, discovered a periodic movement in 1891, but with a period of 14 months. 
Only a year after this discovery, Newcomb showed that the discrepancy between 
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type magnitude presumed causes 

annual wobble 5 meters per year changes in 
atmospheric pressure 

Chandler wobble 10 meters per 14 months basically unknown 
(earthquakes, El Nino) 

secular drift 1 meter per 10 years post-glacial rebound, 
contemporary ice-water 

redistributions 

Table 2.1. Variations in the position o/the rotation axis. 

the two periods is due to the fact that the Earth is not a rigid body. Deformations of
 
the solid Earth, ocean currents and currents inside the outer core result in a length

ening of 4 months (Smith and Dahlen, 1981).
 
The contemporary secular drift has been determined by astrometric observations.
 
Dickman (1977) comes to the conclusion by examining International Latitude Ser

vice (ILS) data covering a 75 year timespan, that the rotation pole is compatible
 
with a drift of 0.003" per year toward 76°W, and is not an observational artifact of
 
continental drift moving the ILS stations.
 

The observed changes in the length of day, with the mechanisms that are thought to
 
be responsible, are indicated in table 2.2. Short-time fluctuations are very well ex

plained by changes in the pressure distribution over the globe and zonal winds
 
(Lambeck, 1980a). Changes on timescales of a few tens of years, the decade fluc

tuations, are attributable to the exchange of angular momentum between the fluid
 
outer core and the lower mantle. They are strongly correlated with changes in the
 
magnetic field strength (Le Mouel et al., 1992). The long-tenn variation is mainly
 
due to tidal exchange of angular momentum between the Earth and the Moon and
 
to a somewhat lesser degree between the Earth and the Sun. The secular decrease
 
of the rotation velocity is due to the fact that the Earth is rotating faster around its
 
axis than the Moon is revolving around the Earth, and because the Earth is not per
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timescale magnitude presumed causes 

daily milliseconds atmosphere and tides 

annual milliseconds seasons 

decades 10 milliseconds core-mantle coupling 

hundreds of years 2 milliseconds tidal interaction between 
and longer per 100 years Earth and Moon/Sun 

post-glacial rebound 

Table 2.2. Variations in the length of the day. 

fectly elastic. As a result, the line Earth - Moon does not coincide exactly with the 
line between the center of the Earth and the place on the surface that shows the 
maximum tidal height. This gives a net torque, which brakes the Earth's rotation 
rate and accelerates the Moon in its orbit around the Earth. As the Earth rotates 
with a progressively slower rate, the centrifugal force diminishes. As a conse
quence, the ellipticity of the Earth decreases. This in tum implies that the second 
degree zonal harmonic of the gravitational field, J2' becomes smaller as time pro
ceeds. This negative value for the time derivative j2 results in a deceleration in the 
succession of points where a satellite crosses the equator (the nodes). This deceler
ation in the accompanying line of nodes (the line which joins the nodal point with 
the center of mass of the Earth) as the line of nodes progresses along the equator 
can be measured by means of tracking the positions of artificial satellites. These 
satellites are spheres with laser reflecting mirrors on their surfaces. In order to re
duce perturbing effects such as the solar wind, the satellite must be as small and as 
heavy as possible. Since 1975 three satellites have been sent into space for this pur
pose. 1\vo of these have resulted in long enough time series to detennine changes 
in J2 , viz. STARLEITE (diameter 25 cm, mass 50 kg) and LAGEOS I (diameter 
60 cm, mass 400 kg). From laser ranging data that measure the precession of the 
orbital node of the LAGEOS I satellite, the parameter j2 has been detennined by 
Yoder et al. (1983) and Rubincam (1984). They found values of about - 3 x 10-11 
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per year. The deduced values from LAGEOS I satellite laser ranging observations 
differ from one another, however, although both groups used approximately the 
same data set, covering the years 1976 - 1981: Yoder et al. find a value of 

1i 2 = (-3.5 ± O. 3) x 10-11 yr- , from a 5! year time span of observations, while 
Rubincam finds a value of i 2 = (-2.6 ± 0.6) x 10-11 yr-1 from a 5 year time span. 
It is not clear where the difference between the two figures comes from. A more 
recent value is given by Cheng et al. (1989): they deduce a value of 
i 2 = (-2.5 ± 0.3) x 10-11 yr-1 from a 3 year time span (1983 - 1985) of STAR
LEITE observations. The most recent value (May 1993) derived from LAGEOS I 
observations is i 2 =- 2. 9 X 10-11 yr-1 (Eanes et al., 1993). It will be assumed in 

1this thesis thad2 =- 3 X 10-11 yr- . 

Rotational changes for a rigid Earth 

IfLdenotes torque, Hangular momentum and ill angular velocity, then in a refer
ence frame co-rotating with the Earth, Euler's dynamical equation reads (cf. Munk 
and MacDonald, 1960, p. 9 and 38, and Lambeck, 1980b, p. 30) 

dH ---> ---> ---> 

-+ooxH=L (2.1)
dt 

with 

H=f p1 x (00 x 1)dV =f p(~oo - (1· oo)1)dV (2.2) 

or 

H = I . ill with Iij = f p(rkrkOij - rirj)dV (2.3) 

representing the components of the inertia tensor I, with &j being the Kronecker 
delta function. 
This results in the Liouville equation 

d -+ -+ -+--+

dt (I. 00) + 00 x (I . 00) =L (2.4) 

In the general case I is time dependent because mass displacements and motion, li, 
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can occur with respect to the axis r. Therefore H(t) is rewritten as 

H(t) = I(t) . ro + h(t) (2.5) 

in which 

h(t)= (hl,hz,h3)T = JprxudV (2.6) 

leading to the so-called 'Liouville equation' 

:t (I(t) . ro + h(t)) + ro x (I(t) . ro + h(t)) = L (2.7) 

If n denotes the mean angular velocity of the Earth, then the components of ro can 
be expressed in the dimensionless quantities mi as 

ro = n (ml,mz,l + m3)T (2.8) 

The quantities mi are small whenever the deviations from the axis of rotation are 
small. 
Assuming that h and the changes in I are small the inertia tensor can be written as 

A + LlIll(t) LlI12(t) LlI 13 (t) J 
I = Lllz1 (t) A + Lllzz(t) LlI23 (t) (2.9)

[ 
Lll31 (t) LlI3Z(t) C + LlI33(t) 

in which A and C denote the moments of inertia for an equatorial principal axis and 
the polar principal axis respectively. 
It then follows that 

(A + LlI ll )O>I + LlI12O>z + LlI130>3 J [ Am1n + LlI13 n J 
I· ro = Lllz1 0>1 + (A + Lllzz)O>z + Lllz30>3:::: Amzn + Lllz3 n (2.10)

[ 
Lll310>1 + Lll3ZO>z + (C + LlI33)O>J cn + Cm3n + Lll33 n 

so 

z
Cmznz - Amzn - LlI23 n - hzn J 

rox(l.ro+h):::: Aml!i+LlI13~+hln-cmlnz (2.11) 
[ 

resulting, with L = (Lt.Lz,L3)T, in 
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{ 

. 2'
Anm] + (C - A)n m2 = ml l3 + ml23 + nh2 

2'
AnrtJ.2 - (C  A)n m] =  mI23 - mI l3 - nh] 

2· 2 . . 
cn m3 = - n ill33 - nh3 + nL3 

.
h] + L] 
.h2 + L 2 (2.13) 

With the Chandler wobble frequency 

O'r == [(C - A)/A]n (2.14) 

this can be written as 

(2.15) 

in which 

(2.16) 

are the dimensionless load excitation functions. 
If we only consider mass displacements - neglecting influences of relative motions 

(h, h, ili =0) - in the absence of external torques cL =0), then these excitation 
functions from loading reduce for polar wander to the complex excitation function 

. ill l3 . ill23 
4>L==C\>]+l$2=C_A + lC_A (2.17) 

As in a deformable Earth there are no stable reference frames in the strict sense, it 
is necessary to define such a reference system in a practical way. For short-term po
lar wander it is convenient to take the geographical frame as reference frame. It 
could be defined as the mean position of a number of fixed points in stable conti
nental areas. 
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For long-term true polar wander the choice of a reference frame becomes more
 
complicated, as the whole mantle can change its configuration. Usually, the
 
hotspot reference frame is taken as the frame in which the mean mantle material is
 
stable. The relative velocities between the hotspots are generally found to be a fac

tor of one tenth smaller than the relative plate velocities (e.g. Duncan and Richards,
 
1991).
 
ml and m2 now give the resultant polar shift in radians: ml in the x-direction which
 
is chosen to be in the equatorial plane from the center of the Earth towards the
 
Greenwich meridian, and m2 in the y-direction which is chosen to be in the equato

rial plane from the center of the Earth towards 90 degrees East longitude.
 
m3 gives the change in the length of day in radians per sidereal day. To express it in
 
seconds one must multiply by 86,164 s.
 

With this and the polar shift in complex notation m == ml + im2' the linearized Li

ouville equation for polar wander becomes
 

(2.18) 

For loadings which change with much smaller frequencies than (Jr' this lineariza
tion of the Liouville equation leads ultimately to 

dlxz
ml =-- rad

C-A 
x - component of polar shift (2.19) 

dlyzm -
2- C-A rad y - component of polar shift (2.20) 

dIzz
m3 = C . 86164 s change in length of day (2.21) 

From (2.19) and (2.20) it is clear that the equatorial flattening is of great impor
tance to the amount of polar shift. If there were no equatorial flattening, implying 
C =A, the shift would become infinite. Munk and MacDonald (1960, p. 57) relate 
how at the end of the nineteenth century the United States government was very in
terested in a proposal by the 'North Polar Practical Association' to fire a projectile 
of 180,000 tons from 45° latitude in order to displace the pole by 23°. The associa
tion had neglected the equatorial flattening, however, in their calculations on what 
projectile is needed to adjust the equatorial bulge with the orbital plane of the Earth 
around the Sun. 
Another important issue is that (2.19) and (2.20) do not take into account a shift in 
the equatorial bUlge. This implies that (2.19) and (2.20) give only the 'polar wan
der' for a rigid planet. If the rotation axis were to coincide with the axis perpendic
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ular to the plane of the equatorial flattening before a mass change occurs, then after 
the mass change (2.19) and (2.20) would give the new position of the rotation axis 
that coincides with the axis of maximum moment of inertia. This new position 
would not be perpendicular to the plane of the equatorial flattening whenever the 
perturbing mass is not on the poles or the equator. On a defonnable planet, the 
equatorial bulge will strive to adjust itself by shifting until the perturbing mass is 
either at the equator (in the case of an excess mass) or at one of the poles (in the 
case of a deficiency in mass). This process allows, in principle, for polar wander 
magnitudes that can greatly exceed the amounts derived from (2.19) and (2.20). 
The additional fonnulations to take the defonnation of the equatorial bulge into ac
count, which are rather complicated, will be set out in chapter 4. 

Some historical notes 

Studies after the secular polar drift and its causes have a long history. Much of this 
can be found in the book by Munk and MacDonald (1960), which has become the 
classical work on Earth rotation theories of the pre-continental drift era. 
Already in the beginning of this century, by analyzing data from the ILS, the pole 
was found to shift. Values were found of 0.0062" per year in the direction 9(fJW by 
Lambert (1922) from observations during the years 1900-1917, and 0.0047" per 
year in the direction 42°W by Wanach (1927) from observations during the years 
1900-1926. 
Milankovitch (1934) and Kuiper (1943) relate the secular shift to the difference in 
the distance between the center of mass of the Earth and the center of mass of a 
column of oceanic lithosphere, and the center of mass of the Earth and the center of 
mass of a column of continental lithosphere. It is assumed that both columns are in 
isostatic equilibrium. Because of this difference, a net torque - dubbed the EOtvos 
force - is exerted on the lithosphere (the 'sial-layer'). This sial-layer is envisioned 
to float as one single rigid unit on the mantle (the 'sirna-layer') by means of a 'plas
tic' layer between them. The torque will displace the sial-layer until its axis of 
maximum moment of inertia adjusts with the polar axis. 
Whereas Milankovitch and Kuiper modeled horizontal movements of the litho
sphere being in isostatic equilibrium, in Munk and Revelle (1952, paragraph 4) the 
effects of vertical movements of the Earth's crust are modeled by cutting the 
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Earth's surface into 21 blocks, each block thus having about the area of North
America. The blocks are allowed to move up and down randomly under the con
striction that as much mass goes up as goes down at all times. As upper limits to 
the rate of vertical movement they take a few centimeters per several decades. As 
the mean latitude and longitude of the rising and sinking blocks generally do not 
coincide, a polar wander can be triggered of a few meters in 60 years. This would 
be about the right order of magnitude of the observed value. 
Like Milankovitch and Kuiper, it is Munk's (1958) opinion too that the distribution 
of continents and oceans is the main detenninant for retrieving the moments and 
products of inertia. If this would indeed be the case, according to him the axis of 
maximum moment of inertia would be some 400 miles southwest of Hawaii. He 
acknowledges, however, that if the isostatic balance of a crustal mass column is not 
precise, this will result in an order of magnitude greater effect on polar wander. For 
such an 'intriguing possibility', as he calls it, he suggests erosion of continental 
matter and sedimentation on the sea floor. Munk calculates what the amount of un
compensated erosion of the continents would have to be to place the axis of maxi
mum moment of inertia alongside the present-day rotation axis and finds a value of 
28 meters. The induced gravity anomalies of about - 4. 5 mgals would not be in 
conflict with observed magnitudes. He doubts, however, whether the Earth is capa
ble of maintaining such 'large' deviations from isostasy. 
Another interesting aspect of Munk's article is that he points to the Himalayas and 
the Andes as being the main sources for the continental contribution to the products 
of inertia. According to him, no reasonable ice cap can balance the torque exerted 
by continents, discarding a hypothesis made by Gold (1955) that the polar ocean 
could provide a trap for the rotation axis. Gold had tried to explain the difference 
between the assumed position of the maximum moment of inertia near Hawaii and 
the present-day position of the rotation axis as follows: suppose that at a time when 
there is no wide-spread glaciation the rotation axis pierces through an ocean, coin
ciding with the axis of maximum moment of inertia. At a certain time, great ice 
ages commence. The ice that is formed on the continents drive the rotation axis in 
such a way that it follows the changed maximum moment of inertia by the formed 
ice. The rotation axis will move on until it has reached a continent: if the continent 
reaches the pole, ice will settle down on it, thereby changing the axis of maximum 
moment of inertia in such a way that the drift of the rotation axis is first stopped 
and then reverses its direction away from the continent. In such a way the conti
nents could 'trap' the rotation axis during ice ages under the condition that ice and 
water are the determining agents for the moments of inertia during such times. Al
though he does not support this with explicit derivations. Gold (1955, p. 528) men
tions that if a continent of the size of South America were 'suddenly' (which might 
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be a period of up to 100,000 years) raised by 30 meters, the rotation axis of the 
Earth would be displaced at a rate of one degree per thousand years by the 'plastic' 
shift of the equatorial bulge (the shift for the case of a rigid Earth would only be of 
the order of one hundredth of a degree). It is important to note, however, that Gold 
assumes that the damping of the Chandler wobble takes place in the mantle, and 
consequently assumes also that the characteristic flow time constant for polar wan
der would be around 10 years. Indeed, during the late forties and fifties sensational 
articles appeared in newspapers and magazines in which the public was told that 
catastrophic tum-overs of the Earth's polar axis might be possible. It was even 
speculated at that time that the sudden appearance of ice-ages could be due to this, 
explaining why mammoths could be found in arctic ice as if they were captured by 
surprise and instantaneously were frozen in. This idea seems to have been original
ly contrived by an electrical engineer, Hugh A. Brown, in 1911 (Hapgood, 1958, p. 
15; and Muir Wood, 1985, p. 114). He attributed the fact that frozen mammoths 
had been found with the stereotyped 'buttercups still clenched between their teeth' 
to changes in Antarctic ice volume. According to him, it was possible that the Earth 
might capsize by this process. In 1946 he founded the 'Global Stabilisation Organi
sation' to prevent such a sudden catastrophic event. Even the detonation of nuclear 
explosives were put forward to halt a possibly devastating turnover. 
A very inviscid mantle would be in sharp disagreement with the mantle viscosities 
of the order of Hyl Pa . s derived from post-glacial rebound studies, however 
(Haskell, 1935; and Vening-Meinesz, 1937). Indeed, Munk (1958) comments that it 
is probably not correct to derive the mantle viscosity from the dissipation rate of 
the Chandler wobble. 
Dicke (1966, p. 129), discards vertical continental movements as an effective 
mechanism for inducing rotational changes. In his subsection on 'Continental Un
rest' he states that an upper limit of the rate of rise or fall of a whole continent is 
0.2 mm!yr, as this would result in a vertical displacement of 2 kilometers after a pe
riod of 10 million years has elapsed. If all the continents participated 'independent

1ly', this would result in a change of j2 =- O. 35 X 10-11 yr- . As the vertical 
movements are at least partially isostatically compensated (according to Dicke, the 
induced free air gravity anomaly of 200 mgals is at least a factor 20 too high), he 
proposes a 'safe' upper limit for j2 of one tenth of this figure, resulting in 

1j2 =- 0.035 X 10-11 yr- , which is orders of magnitude too low indeed. Twenty
five years of tectonophysical and geodetical studies later we know, however, that 
uplift rates of more than one order of magnitude larger have been reported for sev
eral regions unrelated to post-glacial rebound, while free-air gravity anomalies ex
ceed 100 mgals in several parts of the world. 
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Continental drift 

Dickman (1979) assumes that the main contribution from the changing positions of 
the ten major lithospheric plates during the last Myr to changes in the Earth's iner
tia tensor stems from the difference in density structure between oceanic and conti
nental regions. As a plate moves, continental and oceanic lithosphere is effectively 
interchanged between the continental margins at the leading and trailing edges of 
the continent (figure 2.1). 

continental lithosphere 

mantle 

Figure 2.1 Continental drift. 

The oceanic crust is modeled as a three-layer waterlsedimentlintermediate compo

sition crust column extending to 11 kilometers depth, the continental crust as a one

layer intermediate composition crust column extending to 34.6 kilometers depth;
 
both columns being placed upon a uniform peridotite mantle. The continental mar

gins are assumed to coincide with the 500-fathom bathymetric contour. The plate
 
velocities are taken from the AMI model of Minster et al. (1974), which gives the
 
velocities with respect to the hot-spot reference frame.
 
The combined effect of the moving plates on polar wander and non-tidal accelera

tion, without taking the deformation of the equatorial bulge into account, can be
 
determined from a linearization of the Liouville equation.
 
The mass displacements of the moving plates make I time dependent. The changes
 
in the components of the inertia tensor follow from (2.3) as
 

dlij =fV (~Sij - rirj)dpdV (2.22) 

in which dp(r, t) is the change in density contrast. 
Assuming that the dependence of p on r has the form of Heaviside functions (as is 
the case here) and as the infinitesimal volume element dV is proportional to ~dr, it 
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is clear that the change in the inertia tensor is approximately proportional to the 
fourth power of the radius. 
The result of the calculations is that after I Myr the plates induce a net polar shift 
of 0.63 arcseconds in the direction - 36.0 degrees east longitude. while the net 
change in the length of day is - 0.75 milliseconds. The obseJVed rate of polar wan
der is about 1 degree per Myr in the direction 76 degrees west longitude (Dickman. 
1977), while the non-tidal change in the length of day amounts about 4 seconds if it 
is assumed that the value h =- 2.5 X 10-11 yr-1 persisted for the last one million 
years. 
So the rate of polar wander induced by lithospheric plate motions appears to be 
more than three orders of magnitude too low to account for the obseJVed value. 
while the direction is not in accordance with the obseJVations either. 
Dickman has performed a number of sensitivity analyses of the various assump
tions in his models in order to find out whether they might have resulted in an order 
of magnitude too low estimation. Two of these that might have a considerable ef
fect are episodic instead of continuous plate motion (the plates might have moved 
much faster during the last 75 years than during the longer timescale to which the 
AMI model applies) and partial decoupling of the lithosphere from the mantle (in 
this case the induced changes in rotation are only partially mediated to the mantle). 
For both of these cases, the upper bounds he derives are still at least one order of 
magnitude too low to account for the obseJVed values. 
Although Dickman established that continental drift is several orders of magnitude 
too low to account for the obseJVed present-day true polar wander, he acknowl
edges that in his work there are some major sources of uncertainty, the most impor
tant being the assumption of isostasy: 

1. Airy isostasy 
In calculating the effects of plate motions during the last 1 Myr Dickman assumes 
Airy isostasy for the crust for both columns. In oceanic regions Pratt isostasy 
seems to be more appropriate, however. As the compensation depth for Pratt 
isostasy lies at the bottom of the lithosphere. in contrast with Airy isostasy where 
compensation is assumed to occur at the Moho, it is necessary to consider density 
differences between a continental column and an oceanic column in the whole 
lithosphere instead of only in the crust. 
If in Dickman's model a column of oceanic lithosphere is replaced by continental 
lithosphere the density changes as a function of depth below sea-level as: 

0-5 km .1p = 1. 82 x loJ kg· m-3 
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5-6km Ap = 0.82 x loJ kg· m-3 

311- 34.6 km Ap =- 0.42 X 103 kg· m-

It is clear that changing the density columns changes the moments of inertia in a 
linear fashion (the radius of the columns is not changed). This means that replacing 
the Airy isostatic oceanic column by one which is in Pratt isostasy and extending 
the oceanic and lithospheric columns down to a depth of 150 kilometers does only 
change the polar shift by a factor which scales as the newly adopted density differ
ences to the density differences Dickman has used. It is obvious that even in ex
treme cases this cannot lower the factor 5000 which plate motions lack in explain
ing the observed true polar wander down to unity. 

2. Departures from isostasy
 
A greater uncertainty concerns the question whether the columns are really in iso

static equilibrium. Especially at active continental margins. where oceanic litho

sphere subducts below continental lithosphere, strong gravity and geoid anomalies
 
indicate this assumption not to be correct.
 

3. Topography
 
A further uncertainty arises from the fact that the continental column does not rise
 
above sea-level, so there is no topography in Dickman's calculations. Contributions
 
from topographic features, such as the Himalayas and mid-ocean ridges are ac

knowledged by Dickman as only secondary effects because the leading and trailing
 
edges are relatively close.
 
The same reasoning can be applied for the implementation of topography as in the
 
case of extending the columns downwards and using Pratt isostasy for the oceanic
 
lithosphere: the continental column could be extended by e.g. 1 kilometer above
 
sea-level. Instead of replacing continental material by oceanic material, 1 kilometer
 
height of continental material is now replaced by air. So it is clear that introducing
 
a topography at the continental margins gives no substantial contribution to lower

ing the factor 5000 either.
 

From the three additional sources of uncertainty given above only departures from 
isostasy remain. It is clear that purely lateral displacements of lithospheric columns 
are not capable of explaining the observed present-day true polar wander and non
tidal acceleration. 
The most important contributions of lithospheric and upper mantle forcings to pre
sent-day changes in the rotation figure of the Earth appear to be those associated 
with large departures from isostasy. This has made glacial loading and unloading 
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the prime candidate for causing the observed present-day true polar wander and 
non-tidal acceleration. 

Post-glacial rebound 

Changes in the ice sheet volumes and sea-levels during the great ice ages were fast 
enough to induce large departures from isostasy. It is estimated that in each of the 
great ice ages the massive ice sheets contained about 1019 kg ice which lead to a 
global sea level rise of approximately 100 meters in interglacial times (peltier, 
1982). This means that about 1 part in 1,000,000 of the entire mass of the Earth 
shifted over considerable distances along the surface of the planet, thereby induc
ing movement of mantle material. Such large changes in mass distribution in a ge
ologically very recent past have unequivocal influence on the rotation of the Earth, 
both on the position of the rotation axis with respect to the surface and on the rate 
of rotation. 
After Dickman's work (1979), Nakiboglu and Lambeck (1980) and Sabadini and 
Peltier (1981) indeed found that the visco-elastic response of the Earth to Pleis
tocene deglaciation is capable of explaining both direction and magnitude of pre
sent-day polar wander. Also the satellite-derived non-tidal change in Jz seemed to 
be explainable by the process of post-glacial rebound (Peltier, 1983). Further in
vestigations by Sabadini et al. (1982, 1984), Yuen et al. (1982, 1985), and Wu and 
Peltier (1984) seemed to confirm the hypothesis that post-glacial rebound explains 
both rotational signatures. These authors use the rotational data to derive a radial 
viscosity profile for the mantle by modeling the mantle as a visco-elastic linear 
Maxwell body. The models have in common that the observed data are related to 
basically two unknown quantities: the loading history of the ice sheet complexes 
and the radial viscosity profile of the mantle. Although large uncertainties remain, 
it is believed that the loading history is the best known of the two, hence the load
ing history is dealt with as an input function and the viscosity profile consequently 
as the modeling parameter. In these models, the mantle is divided into an upper 
and a lower part, each having specific values for the rheological parameters. It was 
found from the polar wander studies that the viscosity of the lower mantle would 
be 1 - 10 times larger than the upper mantle viscosity. From the studies on j2, two 
classes of solutions for the lower mantle viscosity were found: one in agreement 
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with the values found from the studies on polar wander, and one with a few orders 
of magnitude larger viscosity. The reason for the emergence of two classes of solu
tions from the j2 models may be attributed to the fact that we are living some 5,000 
years after the Pleistocene ice masses have melted away. In the case of a lower 
mantle viscosity of a few times the upper mantle viscosity most of the rebound has 
been completed, resulting in slow vertical movement rates, while in the case of a 
lower mantle viscosity of a few orders more than the upper mantle viscosity the 
same vertical movement rates occur because relaxation is slow. The great differ
ence between the two classes of solutions is that in the small lower/upper mantle 
viscosity contrast cases isostasy has nearly been obtained, while in the large viscos
ity contrast cases the deviations from isostasy are still large today. As a relatively 
small viscosity contrast of not more than one order of magnitude was found to be 
more compatible with the values derived from other studies (geoid anomaly stud
ies, relative sea-level studies), the upper branch solutions representing a high lower 
mantle viscosity were usually discarded. 
Later studies by Spada et al. (1991, 1992) include the transition zone as a separate 
third layer between the shallow upper and lower mantle in order to study the effects 
of a hypothetical high viscosity of this layer due to the gamet component (Karato, 
1989). 

Contemporary changes in the ice - water distribution 

Although at present we are in an interglacial period of the Milankovitch cycle, 
there is still ongoing activity in ice melting and ice buildup. These present-day 
glacial forcings also have their influence on the rotation of the Earth. Over the last 
100 years the global sea-level may have been rising by 10 - 20 cm (e.g. Lambeck, 
1988, p. 115). These values have a large uncertainty because they are deduced 
from tidal gauge records which have a poor geographical distribution and do not 
discriminate between redistribution of ocean water and a true increase of ocean wa
ter volume. To explain this contemporary rise several causes with various relative 
contributions have been suggested. 
Lambeck and Nakiboglu (1984) attribute 30% to 50% to crustal rebound from 
Pleistocene glacial forcings, while the rest is mainly due to melting from mountain 
glaciers and thermal expansion of ocean water. Meier (1984) finds that one third to 
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one half is due to temperate latitude glacier melting and attributes the rest to ocean 
warming. The Greenland and Antarctic ice sheets are excluded because the first 
seemed to be close to equilibrium, while the latter was assumed to subtract water 
from the oceans rather than to discharge meltwater. Recent satellite altimetry mea
surements indicate that the Greenland ice sheet has been growing since 1970 at 
rates of a few tens of centimeters per year (Zwally et al., 1989). Peltier and Tush
ingham (1989) find that filtering the Pleistocene post-glacial rebound component 
from the tide gauge data results in a present sea-level rise of2.4 ± 0.9 mm/yr, from 
which no more than a fourth comes from ocean warming. 
Temperate latitude mountain glaciers have a typical mass which is only one thou
sandth of the former Pleistocene Laurentian ice sheet, while their rate of melting is 
only 5% of the last glacial maximum (Gasperini et al., 1986). Nevertheless, the ef
fects they induce could be as imponant as the effects from the Pleistocene ice 
sheets because the forcings are recent in contrast with the Pleistocene glacial forc
ings, making considerations of the transient rheological responses of the Earth im
portant. Several studies on the effects of recent glacial forcings to the polar motion 
and non-tidal acceleration of the Earth's rotation axis have been made since Yoder 
and Ivins (1985) suggested the possible influence of contemporary ice mass 
changes on rotation (Gasperini et aI., 1986; Yuen et aI., 1987; Sabadini et al., 1988; 
Peltier, 1988; Trupin et al., 1992; Trupin, 1993; and Mitrovica and Peltier, 1993). 
Yoder and Ivins (1985) used the estimates of Meier (1984) for the melting rates of 
temperate latitude glaciers and fou~ a value for j2 of 3.5 x 10-11 yr-l. This value 
can only be reconciled with the satellite-observed value if other mechanisms, like 
post-glacial rebound, are responsible for a large negative contribution to j2. As for 
the present-day melting effect upon the polar motion they find the value from their 
models, 0.0017" per year toward 1600 E, not to be incompatible with the observed 
drift of 0.003" per year toward 76°W. Hence the contemporary ice disintegration of 
the glaciers is not likely to be the main cause of the observed drift. 
Whereas Yoder and Ivins (1985) used a one-layer mantle model in which they ap
plied the Maxwell rheological model, Gasperini et al. (1986) have studied the ef
fects of recent glacial discharges and a possible growth of the Antarctic ice sheet 
for Maxwell and Burger's body rheologies in a one-layer and a two-layer mantle 
model. In order to model the forcing function of each glacier they assume that the 
glaciers have grown to a maximum mass by the year 1400 AD., being the product 
of the present-day melting rate and a characteristic time scale representing glacial 
dynamics of 200 years (1200 - 1400 AD.). They further assume the glaciers re
main constant from 1400 A.D. till 1900 A.D. and begin melting in 1900 AD. at a 
linear rate until the whole glacier is diminished in 2100 AD. The rise of the global 
sea-level due to melting of the glaciers induces a decrease of the spin-rate, or an in
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crease of Jz (opposite to the effects of Pleistocene ice sheet melting). Especially 
for the two-layer mantle models with a high viscosity contrast between the lower 
and upper mantle the contribution from glaciers is found to be a significant fraction 
(up to 33%) of the observed value. The Antarctic ice sheet is modeled as growing 
with rates of equivalent changes in global sea-level of - O. 6 mm/yr and - 0.2 
mm/yr. Recent research indicates, however, that the Antarctic ice has been accu
mulating with an enhanced rate since the late 1960's. Morgan et al. (1991) esti
mate that the equivalent lowering of the sea-level amounts to 1.0 - 1.2 mm/yr, 
which illustrates the great uncertainties in modeling the loads. The changes in the 
Antarctic ice sheet complex also appear to have a considerable influence on the 
i 2-value for a high steady-state viscosity contrast (it even could account for the 
whole observed value), but now with the same sign as that due to Pleistocene ice 
sheet melting. The recent glacial forcings do not have a considerable influence on 
polar wander because Alaska and the Himalayas, where two of the largest glaciers 
are located, act in discordance as a consequence of their geographical locations (but 
in concordance with respect to variations of J2), whereas Antarctica is situated near 
the rotational axis. 
Both post-glacial rebound and present-day ice-water redistributions, notably 
Meier's (1984) glacier discharges, the Antarctic and Greenland ice sheets, and the 
contemporary sea-level rise, are included in the study on the changes in the zonal 
geoid harmonics by Mitrovica and Peltier (1993). 
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CHAPTER 3 

PRESENT-DAY CHANGES IN THE EARTH'S ROTATION 

BY TECTONIC MOVEMENTS, PART 1 t 

Abstract 

Present-day true polar wander and the secular non-tidal acceleration of the Earth 
are usually attributed to post-glacial rebound. In the models that relate this rebound 
to changes in rotation, the mantle is assumed to relax passively to the melted ice
loads. The lithosphere is usually modeled as a highly viscous upper layer in these 
models, having viscosities which exceed mantle viscosities by several orders of 
magnitude. 
We propose that lithospheric processes unrelated to post-glacial rebound and taking 
place under non-isostatic conditions are also able to induce non-negligible influ
ences on the Earth's rotation. Examples of such processes are mountain building 
and erosion, foundering flexure of oceanic basins and lithospheric snapbacking re
sulting from detachment of subducting slabs. Lithospheric and crustal rheologies 
and intraplate-stresses are the dominant factors in these mechanisms, contrary to 
the mantle rheologies which are assumed to dominate the process of post-glacial 
rebound. The departures from isostasy can be maintained for timescales exceeding 
the time it takes mantle viscosities to restore isostasy by post-glacial rebound be
cause the lithospheric forcings are sometimes still operative, and because of the 
rheological state of the Earth's outer layers which result in large relaxation times. 
This is in contrast to post-glacial rebound, where the forcings (the melting of the 
Pleistocene ice-sheets) have sunnised some 10,000 years ago. 
The proposed tectonic forcings can also influence the position of the center of mass 

t	 Parts of this chapter were originally published as: L.L.A. Venneersen and N.J. Vlaar, Changes 
in the Earth's rotation by tectonic movements, Geophys. Res. Lett., 20, 81-84 and 1107-1109, 
1993. © 1993 by the American Geophysical Union. 
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of the Earth. It is shown that the figures of this induced shift by our models can be 
comparable in magnitude to those found from modeling contemporary ice - water 
redistributions. 

Introduction 

As was shown in chapter 2, Dickman (1979) has outlined that continental drift un
der isostatic conditions is not effective as a forcing for changing the Earth's rota
tion, and that consequently a non-isostatic process like post-glacial rebound (Naki
boglu and Lambeck, 1980, and Sabadini and Peltier, 1981) was found to be ex
tremely effective. In studies after the relation between post-glacial rebound and 
changes in rotation, the rapid melting of the Pleistocene ice-sheets and the conse
quent increase in eustatic sea-level were modeled as a redistribution of loads on an 
elastic lithosphere. The mantle was assumed to adjust itself to the new situation by 
viscously flowing from underneath oceanic areas towards the formerly glaciated ar
eas. In the radially stratified rheological models, the core was assumed to be invis
cid, while the mantle was assumed to behave as a linear visco-elastic medium hav
ing different viscosities for the upper and the lower mantle. 
Not only areas which were formerly glaciated show uplift or subsidence nowadays, 
however. In several tectonically active regions in the world vertical movements 
have been reported of several millimeters per year for relatively large areas and 
even up to 20 - 30 millimeters per year at some places. In most of these cases the 
uplifts and subsidences are clearly not related to post-glacial rebound. 

Isostatic uplift of a continental plateau 

Radial displacements taking place under isostatic conditions are not effective in in
ducing polar wander and non-tidal acceleration, although a large part of the interior 
of the plates is now at stake instead of swifting small lithospheric columns at the 
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borders of the continents. In this section this is explicitly shown for uplift taking
 
place under Airy or Pratt isostatic conditions.
 
To investigate the influence of radial lithospheric mass displacements under isostat

ic conditions on the position of the rotation axis and the rotation rate of the Earth,
 
consider a simple model in which a continental plateau rises by its own thermal ex

pansion. We assume that the plateau receives an excess heat, causing a rise of the
 
plateau by thermal expansion of the lithospheric material.
 
Consider such a plateau having a thickness of L meters and a uniform density of p
 
kilograms per cubic meter before thermal expansion. After thermal expansion,
 
which is assumed to be taken up in the radial direction only, the plateau has risen to
 
a height of h meters, while the density of the plateau has fallen with an amount of
 
L\p to a value of p. kilograms per cubic meter. The compensation depth does not
 
change its position (Pratt isostatic condition).
 
Then
 

p. =p+L\p=p(l-oAT) (3.1) 

in which L\T denotes the increase in temperature and ex. the thermal expansion coef
ficient. If R denotes the radius of the Earth, then the change of density as a func
tion of the distance r to the center of the Earth can be written as 

L\p = - apL\T R-L~r~R (3.2a) 

L\p = p(l - oAT) R~r~R+h (3.2b) 

The condition that mass must be conserved can be written as 

As h « L « R, this can be approximated by 

p• R3 - (R - L)3 LR-L2 

= ----~=P (R + h)3 - (R - L)3 (L + h)R - h2 

1 
= (3.3)

R h
1+--· 

R-L L 

From (3.1) and (3.3) it follows that the elevation h with respect to the original col
umn thickness L amounts 

~ '" (~_ I ) (1 _L ) = oAT (1 _L ) '" 
L p. R 1- oAT R 
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= MT(l + MT{I - ~ ) = MT(I + MT - ~ ) (3.4) 

If the modeled area extends quadrilateral between co-latitudes 9t and 92 and longi
tudes el>t and el>2, then the induced changes in the products of inertia, neglecting dis
placements of the equatorial bulge, follow from (2.22) as 

R ~ 92 

4 2
L\Ixz = apL\T I I I r sin 9 cos 9 cos el> d9 del> dr
 

R-L ep} 9}
 

R+h ~ 92 

- p(l - MT) I I I r4sin2 9 cos 9 cosel> d9 del> dr= 
R epl 91 

ep2 92

. Icos el> del> I sin2 9 cos 9 d9 = 
epl 91 

=apL\Tn[.!. R5 - .!. (R-L)5 + .!. (R+ h)5 - .!.R5 ] 
~ 5 5 5 5 

3-pU (R + h)5 - ~R5 J) (sin el>2 - sinel>t ) (~sin3 92 - ~ sin 9 1 ) 

As h« L« R, using (3.4) the radial dependence can be approximated by 

apL\T(.!. R5 - .!.(R_L)5 +.!. (R+h)5 - .!.R5 )_ p(.!. (R + h)5 - .!.R5 )=
·5 5 5 5 5 5 

4 4= apL\T(LR - 2L2R3 + hR )- phR4 = 

"" apL\T(LR4_2L2R3+MTLR4_LR4_MTLR4+L2R3)= 

= _ apL\TL2R3 

So 
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In the same way AIyz can be calculated, resulting in 

apATL2R3 

AIyz ::= 3 (cos~ - coscl>l)(sin3 a2 - sin3 a1) (3.6) 

(3.5) and (3.6) in (2.19) and (2.20) gives the amount of polar shift (if no account is 
made of shifts of the equatorial bulge) in radians: 

AIxz M yz )_
 
(
 C-A'C-A 

apATL2R3 

::= - 3(C _ A) (sin3 a2 - sin3 al)(sincl>2 - sincl>l , - COScl>2 + COScl>l) (3.7) 

in the direction 

.m AIyz cos cl>2 - cos cl>1 
'V =arctan - =- arctan east longitude (3.8)

AIxz sin cl>2 - sin cl>1 

Isostasy is the reason why the polar shift induced by the thennal uplift of a plateau 
is proportional to the third power instead of the fourth power in R. The thennal up
lift as it is modeled here is subject to Pratt isostasy: the effect of the increased 
length of the column is diminished by a lowering of the density of the whole col
umn. 

As an example, a rough estimate of the effect of the rise of the Colorado Plateau on 
polar shift, assuming that the model of thennal expansion applies to its epeirogeny, 
can be obtained using the following numbers 

a =3. 2 X 10-5 K-1
 

AT=3OOK
 

L = l50km
 

R=6370km
 

P = 3 x lcf kg' m-3
 

2A =8.0131 X lcf7 kg· m
2 

a
C =8.0394 X 1037 kg. m


l =5(f a2 = 560
 

<1>1 =2470 
cI>2 =2530
 

For these numbers, (3.4) results in an uplift of 1400 meters. The amount of polar
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shift given by (3.7) is (0. 19" , 0.52") or (6 , 16) meters (l radian is equivalent to 
206,265"). Using (3.8) this gives a shift of "36 + 256 "'" 17 meters in the direction 
70° east longitude. This is away from the Colorado Plateau, so the second order ef
fect (the first order being equal to zero because of isostasy) of the thermal expan
sion induces a polar drift in the same direction the first order effect would have had. 

The increase in the length of day is given by (2.21), with (3.2) and (3.4), as 

~2 92 

M zz "'" apL\TLZR3 fdtP fsin3 9d9 =
 
~1 91
 

apL\TL2R3 ( 3 )=- 3 (tPz - tPl) 3(cos 9z - cos 91) - (cos3 
a2 - cos a 1) (3.9) 

This results in a total lengthening with 1 millisecond, which is orders of magnitude 
smaller compared with a lengthening of 4 seconds, resulting from a persistence of a 
value of jz =- 2.5 X 10-11 yr-1 for one million years. 

Another way of modeling the effer.t of the rise of a plateau or mountain is to invoke 
a compensating root at the bottom of the lithosphere under the uplifted region. In 
fact, this Airy isostatic model may be even more appropriate for the Colorado 
Plateau, as heat diffusion from a source below the plateau upwards through the 
lithosphere is a far too slow process to induce the proposed thermal expansion (al
though magma intrusion may soften this difficulty): assuming that the plateau is 
only heated from below, a rough estimation of the time it takes the excess heat to 
reach the surface by conduction is LZ/lC "'" 100 Myr, where lC "'" 10--6 m2 . S-1 is the 
thermal diffusivity and L the thickness of the plateau. 
Assume that the plateau has a height of h meters after the rise has completed and a 
uniform density of PL kilograms per cubic meter. The root which is formed below 
the lithosphere has replaced mantle material with a density Pm by lithospheric ma
terial with a density PL. The lithosphere before uplift has a thickness L, while the 
root has a thickness h*. 
Then the effective density change L\p(r) can be written as 

L\p = PL R ~ r :S R + h (3.lla) 

L\p =- (Pm - PL) R - L ~ r :S R - L - h* (3.11b) 

The Airy isostatic condition, taken into account the curvature of the Earth, is 
2 * 2(Pm -PL)(R-L) h =PLR h 
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or 

h" _ PL ( R )2 h (3.12) 
- Pm -PL R-L 

With (3.11) the changes in the moments and products of inertia can be calculated: 

R+h ~~ 
4 2L\Ixz =- PL J JJr sin a cos a cos ~ da d~ dr 

R CPI 91 

R-L CP2 ~ 

4 2+ (Pm - pd J JJr sin a cos a cos eI> da del> dr =
 
R-L-h" CPI 91
 

=[- PL RJh r4dr + (Pm - PL) RJL r4dr J1cos ~ d~ j sin2 a cos ada = 
R R - L - h" CPl 91 

=(-PLG (R + h)5 - }R5 ] + (Pm - PL{} (R-L)5 -} (R-L-h")5 J) . 
3 3 

. (Sin~2 - Sin~1 ) Gsin a2 - ~ sin a 1 ) 

With (3.12), the radial dependence can be approximated by 

- PL[~ (R + h)5 - ~R5 ] + (Pm - Pd[~ (R - L)5 - ~ (R - L - h")5 J:::: 

:::: - PL(hR4 + 2h2R3) 

2+ (Pm - PL)( PL heR - L)2R - 2( PL ) h2 ~ J:::: 
Pm - PL Pm - PL R - L 

2
 

:::: - PL(hR4 + 2h2R3) + PLhR4 - 2PLhLR3 _ 2 PL h2R3 =
 
Pm -PL
 

=- 2PL( Pm h + L ) hR3
 

Pm -PL
 

Again, isostasy cancels the fourth power radial dependence. 
So 

L\Ixz :::: - ~ PL( Pm h + L) hR3(sin~ - sin~I)(sin3 a2 - sin3 a 1) (3.13) 
3 Pm - PL 
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In the same way ~Iyz can be calculated, resulting in 

2~Iyz ::= -3 PL( Pm h + L) hR3(COS<P2 - cos <PI)(sin3 O2 - sin3 °1) (3.14)
Pm -PL 

(3.13) and (3.14) result in an amount of polar shift for a rigid Earth of 

~Ixz ~Iyz) 2 (Pm ) 3. 3 • 3-- ,-- ::= - - PL h + L hR (sm O2 - sm 01),( C - A C - A 3 Pm - PL 
. (Sin <P2 - Sin<PI ,- COS<P2 + cos <PI) 

radians in the direction 

cI> = arctan ~Iyz = _ arctan cos <P2 - cos <PI east longitude (3.15)
~Ixz sin <P2 - sin <PI 

A lOugh estimation of the effect of the elevation of the Colorado Plateau on polar 
shift by this model can be obtained using the following numbers 

h=2km 

L= 150 km 

R=6370km 

3PL =2.9 X 103 kg· m

3Pm =3.3 X 103 kg . m
2A =8. 0131 X 1037 kg . m

C = 8.0394 X 1037 kg . m2 

Ot = 50° O2 = 56° 

<PI = 247° <l>2 = 253° 

Using (3.12), these figures result in a lOot of 15 kilometers depth. The induced po

lar shift is about 50 meters in the direction 70° east longitude, which is the same or

der of magnitude as the shift induced by the thennal expansion model.
 
The total increase in the length of day, given by (2.21), with
 

~Izz::= - -3
2

PL( Pm h + L )hR\<P2 - <PI) . 
Pm -PL 

. (3(COS O2 - COS °1) - (COS
3 O2 - COS

3 °1) ) (3.16) 

is about 3 milliseconds, which is again a far too small number compared to the ob
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servations. 
It appears that this isostatic model, like the thennal expansion model, does not lead 
to substantial changes in the position of the rotation axis or rate of rotation. The 
rise of the Colorado Plateau would result in a polar shift of a few tens of meters 
(neglecting the re-adjustment of the equatorial bulge). Paleomagnetic data indicate 
polar wander rates which have been more than a factor of one thousand times larg
er: Besse and Courtillot (1991) e.g. give a value of O. 6° per million years for the 
last 10 Myr. Although this effect is too small to be detectable in paleomagnetic 
records, it is interesting to note that the rise of the Colorado Plateau on its own in
duces a polar shift which is of the same order of magnitude as that induced by con
tinental drift during the last million years: Dickman found that 1 Myr of continental 
drift induces a polar shift with a magnitude of about 0.6 arcseconds, or about 20 
meters, and a shortening of the length of day by about 3/4 of a millisecond, while 
the rise of the Colorado Plateau would induce a total amount of a few milliseconds. 
This stresses the point that especially radial displacements have a strong, although 
not sufficient, influence on polar wander. 
Of course, this simple model and comparison is crude and differs in a nwnber of 
respects from the real situation. For instance, the rise of the Colorado Plateau was 
not accomplished in 1 Myr. Lucchitta (1979) states that the plateau has been uplift
ed at least 880 m with respect to sea level since 5.5 Myr ago, but on the other hand 
there are strong indications that a much larger part of the western United States has 
been uplifted (Unruh, 1991). 
One must also bear in mind that the figures given for the lithospheric thickness and 
the temperature increase over the whole lithospheric colwnn are upper limits, mak
ing the calculated polar shift an over-estimation (Thompson and Zoback, 1979, 
give an estimated value of approximately 80 kilometers with a 40 kilometers thick 
crust). 
On the other hand, no density changes resulting from chemical or phase-change 
boundaries have been considered. These effects might be important as they can 
give a contribution to the polar wander which is proportional to the fourth power of 
the radius. If one could contrive a model in which the raise of the lithospheric col
umn is accomplished without a decrease of the density in the column, then the ef
fect would be substantially larger (in fact, the simple isostatic models can not ac
count for the whole figure of plateau uplift, as the mean elevation of the Colorado 
Plateau is about 2 kilometers above sea-level; excess uplift might be accomplished 
by e.g. eclogite - gabbro conversion and partial melting as Thompson and Zoback 
indicate). Then the raise of the plateau with an amount h would induce 



48 Chapter 3 

R+h <1>2 92 

4 2
AIu = - PL f r dr fCOS eI> del> fsin e cos e de (3.17) 

R <1>1 91 

and 

R+h <1>2 92 

4AIyz = - PL f r dr fsin eI> del> fsin2e cos e de (3.18) 

R <1>1 91 

which, as now in the case of the thennal expansion model according to (3.4) h can 
be approximated by h == a..1TL, would result in a polar shift of 

AIxz AIyz ) a.pATLR
4 

• 3 . 3 --, -- ==- (sm 92 -sm 91),( C - A C - A 3(C - A) 

. (sinel>2 - sinel>l ,- COSel>2 + COSel>l) (3.19) 

being a factor RIL == 40 larger than in the isostatic case (compare (3.7», resulting 
in a polar shift of up to a few kilometers. In fact, this is one of the main reasons 
why glacial loadings and unloadings are so effective in changing the Earth's rota
tion axis. 

Non-isostatic uplift 

Mountain building in fold and thrust belts is a process in which deviations from 
isostasy are usually observed. Sedimentary rocks now found in mountainous areas, 
must have been deposited in marine environments. They indicate that in the first 
stages of the process a crustal root is formed in a compressive stress regime by the 
convergence of two lithospheric plates. Only at a later stage uplift sets in and the 
crust rises above sea-leveL Intra- and interplate stresses are responsible for fonn
ing and maintaining the deviations from Airy isostasy. 
Whereas oceanic lithosphere is a rather smooth continuum with only small internal 
defonnation (except flexure), continental lithosphere is a far more complex assem
blage of compositional and structural heterogeneities. General flow properties of 
continental crust and lithosphere are hard to assess, as small changes in e.g. volatile 
elements content and geothenn can have large consequences for the crustal and 



49 Present-Day Changes in Rotation, Part 1 

lithospheric rheologies. Gasperini et al. (1990) take in their study on the effects of 
lateral viscosity variations on post-glacial rebound a value for the viscosity of crust 
and lithosphere of about 50 times the canonical mantle viscosity of I(¥1 Pa . s, but 
these values can easily be orders of magnitude larger for specific areas. 
Strong crust and lithosphere in a compressive stress regime can inhibit flow to re
store isostasy greatly. Such a situation promotes the chances of formation and 
maintenance of the transient process in which deviations from isostasy occur, 
which subsequently may result in the process of uplift. 
Seismological and gravitational studies can supply additional information concern
ing existing deviations from isostasy for various regions. For the Himalayas, seis
mic observations clearly indicate that the Moho is downwarped to a much greater 
depth than the topography could explain if the area would be in Airy isostasy. 
Kaila's (1981) deep seismic sounding observations show that the Moho exceeds 
even depths of 60 kilometers beneath the Great Himalayas Range. 
The indication that a light crustal root in this young orogenic region overcompen
sates the topography by a large amount, can be sustained by the observed gravity 
anomalies over this region. 
Departures from isostasy, which have been shown to be of paramount importance 
in causing measurable changes in the Earth's rotation, can not be derived by any di
rect method. Instead, they must be deduced from a combination of gravity mea
surements (gravity anomalies, geoid anomalies) and density models. 
The various anomalies do not lead to unique models for the departures from isosta
sy. Free air gravity anomalies come closest to indicate whether a region is in hydro
static equilibrium or not, but only when the region is laterally rather large in com
parison with the crustal depth and if it is rather smooth. A young orogen with its 
rugged topography, such as the Alps, does not conform to this condition, in contrast 
with a continental plateau as the Colorado Plateau. If such a smooth elevated region 
as a plateau is in Airy isostatic equilibrium, then the excess gravity from the top of 
the plateau overcompensates the diminished gravity from the root a little, causing 
the free air gravity anomaly to be slightly positive in the inner parts of the plateau 
area. This effect is due to the fact that the root is farther away from the surface than 
the part of the plateau above sea-level. Towards the edges of the plateau the free air 
gravity anomaly rises, sharply turning negative at the edge, smoothly running to ze
ro as a function of the distance away from the plateau. This 'edge effect' is simply 
due to the larger wavelength of the gravity anomaly caused by the mass of the root 
with respect to the wavelength of the gravity anomaly caused by the mass of the 
part of the plateau above sea-level, again due to the fact that the root is farther away 
from the surface than the part of the plateau above sea-level. This is also the reason 
why a mountainous region is generally not well suited to derive isostatic anomalies 
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from measured free air gravity anomalies. 
A nice example of such a complicated situation is provided by the Himalayas. 
Whereas plate tectonic models. sustained by seismic studies, indicate that the root 
of the crust in this young orogenic region overcompensates the topography by a 
large amount, free air gravity anomaly maps show strong positive values for the 
central regions of the mountains. at some places even reaching 200 mgals. Only at 
the southern borders, where the Indo-Ganga-Brahmaputra basin is situated, the 
maps show a sharp turning of the large positive values into negative values. 
Basavaiah et al. (1991) discuss the confusion to which these seemingly contrasting 
data have led and show that the large positive values can be reconciled with an iso
statically overcompensated root model by taking the mean value of all the anoma
lies over the Himalaya and basin region. The 'edge effects' dominate the anoma
lies here: one cannot attribute the positive anomalies over the mountain areas to the 
mountains and the negative anomalies to the basin solely. 
So, departures from (Airy) isostasy inside an extended continental plateau can be 
expected whenever the free air gravity anomalies are found to be large, while for 
more complex areas the simple density model of assigning specific densities to 
crustal material and to mantle material must be replaced by a more elaborate densi
ty model, e.g. based on seismic observations. It then becomes more difficult to de
termine unambiguously whether a region is in isostatic equilibrium or not, howev
er. 
Another way of inferring the departures from isostasy is by means of the Bouguer 
gravity anomaly. For the above mentioned case of an extended continental plateau, 
the Bouguer gravity anomaly is simply equal to the gravity anomaly induced by the 
low-density root. One can get an impression of the amount of departure from 
isostasy by calculating what Bouguer anomaly the root of the plateau would induce 
when the root fully compensates the elevated topography of the plateau. The differ
ence between the calculated anomaly and the observed anomaly then gives the iso
static anomaly. Lyon-Caen and Molnar (1985) have performed such an analysis for 
four profiles across the western Himalaya and the Ganga Basin. Quantitatively they 
arrive at the same conclusions as Basavaiah et al.: the deviations from local isostat
ic equilibrium are such that they indicate a larger crustal root underneath the Great 
Himalayas than the topography would allow for the region being in Airy isostatic 
equilibrium. 
Although there are a lot of uncertainties and ambiguities in the models, it seems 
safe to conclude that there are indeed deviations from isostasy in at least some of 
the regions that experience large vertical movements. Assuming that the litho
sphere moves up as a solid unit. the net mass changes associated with the upwards 
buoyancing are confined to two layers: at the top, air is replaced by lithosphere if 
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the sutface is a subaerial one, while at the bottom of the lithosphere mantle materi
al replaces lithospheric material. This leads us to a two-layer model for the vertical 
movements taking place under non-isostatic conditions (figure 3.1). 

Two-layer model for the rotational forcings 

Changes in the moment of inertia tensor I by a mass redistribution ApdV, in which 
Ap is the change in density of an infinitesimal volume element dV, are given in 
Cartesian components 1 =(x, y, z) by (2.22). The coordinates x and y are again in 
the equatorial plane, with x in the direction of the Greenwich meridian and y 90 de
grees to the east, while z is in the north direction. The excitation functions from 
which the polar shift is to be derived, are given by the components AIxz and AIyz 
for the polar shift in the x-direction and y-direction respectively. 
If PL denotes the density of the lithosphere with a thickness L and Pm the density of 
the mantle, then the change in the product of inertia AIxz due to uplift of the upper 
part of the lithosphere with its top originally at r =R is equal to 

R+&t ~ 9z 
4 2AIxz = - PL f r dr fcos eI> del> fsin 9 cos 9 d9 (3.20) 

R ~1 91 

in which R denotes the mean radius of the Earth, Ab the amount of uplift, and 91>
 
92, el>l and el>2 the edges in spherical coordinates of the quadrilateral modeled areas
 
in which the uplift takes place (9 and eI> denote co-latitude and longitude respec

tively).
 
The change due to the lower part, where lithosphere is replaced by mantle material
 
with the same amount of uplift Ab, is equal to
 

R-L+&t ~z 9z 
4 2AIxz =- (Pm - pd J r dr Jcosel> del> f sin 9 cos 9 d9 (3.21) 

R-L l!>1 81 

The resulting change in the product of inertia Mxz is given by (3.20) + (3.21). Eval
uation of the integrals with Ab « R and L « R leads to 

dIxz;::: - ~ PmM1R.4(sinel>2 - sinel>l) (sin3 e2 - sin3 ell (3.22) 
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Figure 3.1. Cartoon showing the difference in mass changes between isostatic and 
non-isostatic uplift. In the top picture, the increase in mass of the upper column is 
equal to the decrease in mass of the lower column. This cancels the first order 
effect on the changes in rotation. Such a model would apply to mountain building 
if topography and root would be formed at the same time. In the middle picture, 
both the upper and lower layer experience an increase in mass by the uplift dh. 
Such a model applies to uplift of a mountainous area with a larger light root than 
the topography can compensate for isostatic equilibrium, or uplift of the upper part 
of a detached slab. The first order effect on the changes in rotation is retained in 
this model. In the case of non-isostatic subsidence of a foundering flexure, the 
arrows in the picture reverse sign. This is illustrated in the bottom picture. In the 
case of isostatically uncompensated erosion, only the top layer changes in density. 

In the same way, the change in the product of inertia L\Iyz can be detennined, 
resulting in 

L\Iyz "'" ~ PrnL\hR4(cos <P2 - cos <PI) (sin3 92 - sin3 ( 1) (3.23) 

To illustrate the effectiveness of the non-isostatic tectonic uplift: a hypothetical 
quadrilateral region situated between 70 degrees and 95 degrees longitude and 55 
degrees and 63 degrees co-latitude, which could serve as a crude estimate for the 
extent of the Himalayan and TIbetan plateau region, which is uplifted by 5 millime
ters per year induces changes in Ixz and Iyz of about - 1&6 kg· m2 per year and 

2- 8 x 1026 kg . m per year respectively. This is equivalent with a shift of the rota

tional axis with a magnitude (cf. (2.19) and (2.20» of -V L\Iiz + L\I~z I(C - A), with 
2C - A =2.63 X 1035 kg . m , resulting in about 2 centimeters on the Earth's sur

face in the direction 97.5 degrees west longitude (cf. (3.8». For a comparison: as 
mentioned in chapter 2, the observed present-day shift of the rotational axis is 
about 10 centimeters per year in the direction 76 degrees west longitude (Dickman, 
1977), so the uplift of this block would account for about a fifth of the magnitude 
of the observed value. 
The uplift has also its effect on the second degree hannonic of the gravitational 
potential field h The total change in the second zonal harmonic of the gravita
tional potential L\J2 can be detennined in the following way_ 
If R denotes the mean radius of the Earth, in a spherical hannonic expansion of the 
gravity potential field V for r > R 

VCr, e, <P) = GM l: ±(R JD (Cnrn cos m<\> + Snrn sin m<\» Pnrn(cos 6) (3.24) 
r D=Orn=O r 
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with G the gravitational constant, M =6 . 1024 kg the total mass of the Earth and 
Pnm the associated Legendre polynomials of degree n and order m, which can 
derived from Rodrigues fonnula (e.g. Butkov, 1968, p. 375) 

(l x2)m12 
Pnm(x) = ~n, n. 

dn-+m 
d n+m (x

2 
- l)nx 

(0 ~ m ~n) (3.25) 

The Stokes coefficients Cmn and Snm read (e.g. Lambeck, 1988, p. 11) 

2 - Oem (n  m)! J 
Cnm = MR ) pttPnm(cos9) cos mll> dV 

n (n+m! 
E 

(3.26a) 

and 

2 - Oem (n - m)' J
Snm = M ( ); pttPnm(cos9) sin mll> dVRn n+m. 

(3.26b) 

E 

in which p denotes the density and E the entire volume of the Earth. 
So 

1C20 = MR2 
f 2 3 2 1 pr ( 2 cos 9 - 2 ) dV 
E 

As cos 9 =zlr, C20 can be rewritten as 

1C20 = MR2 
f 212 1 2P (z - 2x - 2y ) dV 
E 

or, according to (2.3), 

As h == - Cw, this results in 

3Izz - Tr I
Jz - ---::;:.....---:-- (3.27)

- 2MR2 

in which Tr I is the trace of the inertia tensor, and consequently 

3Mzz - LlTrI 
(3.28)LlJ2 = 2MRz 

with, using (2.22), 
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L\Tr I =2 f ~ L\pdV (3.29) 

E 

Again using (2.22) this results in 

3 a ) - PmL\hR2 ('P2 -'PI) (a2 - cos a1 - 3 a2 - cos 1) (3.30)M 2 "" 2M cos (cos 

For the hypothetical quadrilateral region this would result in a value of LV2 "" 10-12 

per year. When the same region would be situated at the equator (between 85 
degrees and 95 degrees co-latitude), the effect would be maximal with a value of 
L\J2 "" 4 X 10-12 per year. This would be about 15 per cent of the observed non
tidal value in magnitude of L\J2 "" - 3 X 10-11 per year. 

Of course, the uplifted material must be replaced by material from elsewhere in 
order to conserve mass. It is often not clear where this material comes from, how
ever, but generally these areas are likely to be more diffuse which promotes the 
chances for isostatic relaxation on time-scales of post-glacial rebound for them, in 
contrast to the case under consideration where relaxation takes place on a much 
larger timescale. Thus, the compensating areas will generally only playa marginal 
role in diminishing the effects on rotation, and conservation of mass-requirements 
are not relevant in this context. In chapter 4 this will be shown explicitly. 

Tectonic mechanisms 

Other examples of vertical movements taking place under non-isostatic conditions
 
are flexure of oceanic basins caused by lithospheric stresses under sedimentary
 
loads, as proposed by Ooetingh et al. (1985) to explain third and higher order Vail
 
sea-level curves, detachment of a subducting slab, such as seems to be presently
 
taking place beneath the New Hebrides (Barazangi et al., 1973) and in the Mediter

ranean area (Spakman et al., 1988), subhorizontal subduction, resulting in under

plating (Vlaar, 1983), and delamination of the lithosphere (Bird, 1978).
 
Basically, in all these models non-isostatically induced vertical movements lead to
 
density changes at the top and at the bottom of the lithosphere which act in concor

dance in changing the Earth's rotation, as illustrated in figure 3.1.
 



56 Chapter 3 

Erosion 
Apart from the compressive plate tectonic forces, in later stages of mountain for
mation erosion can enhance the departures from isostasy whenever the erosion 
rates are larger than the induced uplift rates due to the light mountain root. 
Whereas erosion on itself could cause departures from isostasy in an initially iso
static region, such a situation of erosion enhancing existing deviations from iso
static equilibrium in mountainous areas can cause a permanent state of mass deficit 
in the root uncompensated by the topography. This can be the case if the rheolo
gies of the lithosphere and the crust result in relaxation times which are large com
pared to the erosion rates. Such might happen, for example, by the following sce
nario: suppose a block with a high and rough topography is situated between 
blocks with a low and smoother topography, then erosion will be very effective on 
the elevated block. If the block has lateral dimensions which are smaller than or 
comparable to the depth of the crust or the lithosphere, the only way to restore 
isostasy is by upwards slipping along the edges with the surrounding ones. A com
plicated morphology of the blocks and the high viscosity of the upper crust and the 
lithosphere in combination with the compressive intraplate stress field may strongly 
inhibit such movements. For blocks with lateral dimensions larger than the depth of 
crust or lithosphere, partial relaxation might be accomplished, but it is likely that 
especially near the edges of the elevated block this relaxation will be far from com
plete. 
Although the erosional products are usually deposited at a place not far away from 
the region where they originate, erosion can still be an effective mechanism for 
inducing changes in rotation because sedimentary deposition probably has a negli
gible effect on the Earth's rotation as demonstrated in the following. 
In the case of the Himalayas, the erosional products are deposited in the Bay of 
Bengal. Whereas the place where they originated is favorable for inducing devia
tions from isostasy, the oceanic area on which the deposition takes place is rather 
large and uniform. The conditions are favorable here for isostatic mantle relaxation 
on timescales of post-glacial rebound. Apart from this, the erosional products end 
up below sea-level instead of sub-aerial which diminishes the change in density. 
The resulting increase in sea-level is distributed more uniformly over the world's 
oceans which diminishes any effect on the rotation of Earth greatly. Hence we infer 
an asymmetry concerning the effects of erosion and sedimentation of material in 
effectiveness on changing rotation. 
It is often not clear which of the mechanisms is responsible for the vertical motions 
in orogenic regions. For the present-day uplift of the Himalayas, for example, both 
rebound in response to enhanced erosion rates as well as active uplift by the ongo
ing continent-continent collision have been proposed. 
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Assume that from the top of an elevated terrain a height ~ is eroded away and that 
this happens so fast that the lithosphere is not able to rebound isostatically instanta
neously. Just as is the case in the melting of the ice sheet, where the increase in 
eustatic sea-level by the melt water must be incorporated in the models in order to 
obtain a closed hydrological cycle, the deposition of the erosion products ought to 
be taken into account (e.g. a large part of the erosional products of the Himalayas is 
alluvially deposited in the Bay of Bengal). As a first approximation, however, we 
neglect the contributions of the deposition of the erosional products to the changes 
in the rotational figures. The erosional products end up usually in submarine areas 
where they replace water instead of air. The resultant variations in sea-level are not 
confined to the region of deposition but are more unifonnly distributed over the 
globe, which diminishes any effect on the rotation. Furthermore, the erosional 
products are often distributed over larger areas than the areas where they originated 
from, whereby these areas are often situated in tectonically less active regions 
(again, the Himalayas and the Bay of Bengal serve as an example here). The impli
cation is that in general the conditions for restoring isostasy are more favorable for 
regions where erosional products are deposited than for the regions where they 
came from. 
Neglecting the deposition of the erosional products, the change in the product of 
inertia Ixz follows from (3.20) by 

L\Ixz :::; ~ PLL\hR\sin<l>z - sin <1>1) (sin3 az - sin3a1) (3.31) 

while for L\Iyz the result is 

L\Iyz :::; - ~ PLL\hR\COS <l>z - cos <1>1) (sin3 az - sin3a1) (3.32) 

Substituting (3.31) and (3.32) in (2.19) and (2.20) leads to a polar shift of 

4 
L\Ixz L\Iyz ) PLL\hR ( . 3 a . 3 a ) --,-- :::; sm 2- sm 1 .( C - A C - A 3(C - A) 

. (sin <1>2 - sin <1>1 ,- coscl>z + cos <1>1) (3.33) 

This amount is PUPm times the two-layer non-isostatic uplift of the fonner section. 
while the direction of the shift is opposite to it. Also the change in J2 turns out to 
detenninable by such a simple rescaling of (3.30), resulting in 

2 
PLL\hR ( 3 3)L\Jz "" - 2M (<1>2 - <1>1) cos a2 - cos a1 - (cos a2 - cos a1) (3.34) 

Table 3.1 gives a gross estimate of the minimum area needed to induce a substan
1tial contribution to the observed non-tidal j2 figure of about 3 x 10-11 yr- . If the 
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top 2 kilometers of a plateau or mountain area is eroded isostatically uncompen
sated in a time .£\t, then the second column of this table gives the approximate mini
mum surface area for regions around the equator (where the effect is largest) to 

1induce a value of 12 = 10-11 yr- • The last column of table 3.1 gives the erosion 
rate under the assumption that the erosion process is linear in time. This latter col
umn can also be read as the contemporary erosion rate prevailing under the same 
conditions that were assumed. It Is clear from this table that, if erosion is indeed 
effective under the condition that the isostatic rebound of the lithosphere cannot 
accommodate the denudation of its roof, the areas do not need to be unrealistically 
large to have a considerable influence on changes in h. Relaxing the condition that 
no rebound takes places at all would lead to larger minimum areas to induce the 
same changes, however, so the figures of table 3.1 must be read as upper limits the 
areas can induce. Roughly, the minimum area is proportional to the amount of 
relaxation. 

Foundering flexure 
If it is assumed that in the case of a foundering flexure the thickness of the litho
sphere remains approximately constant, then the replacement of crustal material by 
sea-water at the top of the oceanic lithosphere acts in concordance with the replace
ment of mantle material by crustal material at the bottom of the lithosphere. At the 
top, lithosphere with a density PL is replaced by water with a density Pw. At the 
bottom, mantle material with a density Pm is replaced by lithospheric material with 
a density PL. Whereby in the case of erosion the mass of the column changes with 
an amount PLL\h, the resultant change of mass in this case is equal to 
(Pw - PL)L\h + (PL - Pm)L\h =- (Pm - Pw)L\h, with L\h denoting the amount of 
subsidence. So the same expressions (3.22), (3.23) and (3.30) hold, except that Pm 
has to be replaced by - (Pm - Pw)' 

Slab detachment and delamination 
Several seismological studies give indications that there are places on Earth where
 
a downgoing old oceanic lithospheric slab is presently in the process of detachment
 
or has been detached in the past from the surface plate.
 
Spakman et al. (1988) have proposed slab detachment for the eastern Mediter

ranean area in their tomographic studies. When detachment takes place, the upper
 
part of the ruptured slab becomes liberated from the downgoing part below and this
 
results in the disappearing of the slab pull on it. As a consequence, the upper part
 
reverses its descending tendency and buoys upwards. This process could in princi

ple lead to large uplift rates at the surface of the elastically snapbacking litho

sphere.
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L\t (Myr) minimum area f x 0) uncompensated erosion rate (mm . yr-1) 

2 77x77 1 

1 45x45 2 

0.5 30x30 4 

0.2 19x 19 10 

0.1 13x13 20 

Table 3.1. Minimum area to induce significant changes in J2 . 

Chatelain et al. (1992) recently discuss the apparent relation between the gap in 
seismic activity beneath the New Hebrides and the pattern of uplift rates of the 
New Hebrides Islands. The uplift rates for parts of the overriding lithosphere are 
high, at some places reaching 5 mrn/yr, while the uplift of the islands seems to have 
been going on for about 1 Myr. They attribute the largest part of the uplift of the 
New Hebrides arc to slab detachment of the subducting Australian lithosphere. 
According to them, seismic observations clearly point to a gap in the subducting 
profile, indicating that detachment has taken place or is still taking place at the 
moment. They show by a simple model that the measured uplift rates are indeed 
possible by the process of detachment. 
There are several reasons why the process of slab detachment can be very effective 
in changing the moments and products of inertia. The elastic snapbacking of the 
upper lithospheric part of a slab undergoing detachment is obviously a process 
which takes place under non-isostatic conditions: the buoyancy strives to restore 
isostasy, counteracted by the stresses acting in the overriding plate and possibly by 
those induced in the rebounding and in the sinking detached slabs by the part of the 
subducting plate which has not been detached (otherwise isostasy would have been 
reached on timescales of those of post-glacial rebound, which is not compatible 
with the uplift going on for at least a few hundred thousands of years. Hence, the 
process is obviously controlled by the rheology of the subducting and overriding 
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plate instead of the mantle rheology). The density changes associated with it are
 
large, at the free surface even the full lithospheric density when the region is sub

aerial.
 
If we consider the most simple model, in which the uplift is solely due to the buoy

ancing upper part of the slab under the assumption that the thickness of the litho

sphere does not change, then at the surface air or water is replaced by lithospheric
 
material of density PL. As the bottom of the lithosphere rises with the same speed,
 
lithospheric material is there replaced by mantle material with a density Pm. So the
 
resulting change of the mass in a unit column is equal to
 
(PL - Pw)Ah + (Pm - pdAh =(Pm - Pw)Ah for submarine uplift, and
 
pLAh + (Pm - PL)Ah =PmAh for subaerial uplift. Ah denotes the amount of uplift.
 
Again, the same expressions (3.22), (3.23) and (3.30) hold with Pm replaced by
 
Pm - Pw in the case of submarine uplift.
 
Delamination of lithospheric mantle can be modeled in the same way. This process
 
has been proposed as driving mechanism for the uplift in the Himayalan region
 
(Bird, 1978) and for the Colorado Plateau (Bird, 1979).
 

Subhorizontal subduction and underplating 
Apart from the deviations of isostasy and the resulting vertical movements which 
accompany lithospheric doubling (Vlaar, 1983), the process of consequent under
plating can be effective in inducing uplift under non-isostatic conditions according 
to the following scenario: a plate which has obducted young oceanic lithosphere 
acquires gradually a low density layer at its bottom by magmatic differentiation 
processes acting in the reheated subhorizontally subducted oceanic lithosphere. 
This light material leads to an inversion of the density profile: the upper part of the 
lithosphere rests upon a gradually growing buoyant part. The upper part (usually 
continenta11ithosphere) will rise as a consequence, and the same arguments as with 
respect to deviations from isostasy apply as in the case of erosion: if the upper part 
of the lithosphere cannot accommodate itself rapidly enough, the uplift takes place 
under non-isostatic conditions. 
There is a complication concerning the negative buoyancy of the lower lithospheric 
density layer from which the light material has been removed. We assume that the 
subsidence of this layer is negligible in magnitude compared to the uplift of the 
layer above it. With this assumption, the effective changes in density are limited to 
the upper part of the rising crust only, so Pm has to be replaced by PL in (3.22), 
(3.23) and (3.30). The merit of this is that for our calculations it doesn't matter 
very much whether the uplift of e.g. the Tibetan Plateau is due to detachment of a 
slab or to magmatic processes related to lithospheric doubling (both mechanisms 
have been suggested in the past for being responsible for the uplift): apart from a 
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minor difference in the density, the same fonnulas apply with respect to the 
changes in rotation. 

The minimum areas of table 3.1 were calculated under the assumption that there is 
a complete coupling between the lithosphere and the mantle. For a partial decou
pling, the changes in mass distribution of the lithosphere would be more effective 
in changing the Earth's rotation, making the tabulated areas upper limits with 
regard to this (e.g. Dickman, 1979). There are indications that such a partial 
decoupling might exist: if it is assumed that the hot spot reference frame is fixed 
with respect to the deep mantle, then kinematic plate models indicate that the litho
sphere globally rotates westward with respect to the mantle with a speed of up to a 
few centimeters per year around a pole situated in the south of the Indian Ocean 
(e.g. Ricard et al., 1991, and O'Connell et al., 1991). 
To get an idea of the effects of such a partial decoupling: if the lithosphere should 
be completely decoupled from the mantle, then, using the values that Dickman 
mentions in his 1979 article for the principal moments of inertia of the lithosphere 

2 2of CL == 1. 8651 X 1035 kg· m and AL == 1. 8619 X 1035 kg· m , the polar shift 
would increase by a factor of (C - A)/(CL - AL) = 820, while the length of day and 
j2 would increase with a factor C/CL = 430. Of course, these figures are large over
estimates of the real values, as the lithosphere and mantle are certainly not totally 
uncoupled. In this respect it is interesting to note that the value of westward drift 
has about the same magnitude as the maximum rates of which the hotspots drift 
with respect to one another (Duncan and Richards, 1991). This is indicative for a 
rather strong coupling between mantle and lithosphere on a global scale. Even 
although lubricating layers might exist between the lithosphere and mantle over 
vast areas, lateral heterogeneities can provide a strong coupling between the mov
ing plates and the mantle. These lateral heterogeneities (subduction zones, deep 
continental roots, etc.) provide a phrenological coupling between lithosphere and 
mantle. Although plates can shift with rather high velocities over the mantle, this 
coupling inhibits such a high velocity for the relative movement of the whole litho
sphere with respect to the mantle to values of inter-hotspot drift. 

Apart from the Himalayas and the Tibetan plateau, there are several other extensive 
regions in which large vertical movements have been reported, like New Zealand, 
the Baikal Rift Zone, the Russian Shield, the European Alps, the western part of 
the United States and Canada, and the South-American Andes. The tectonic activ
ity in these regions is unrelated to post-glacial rebound. 
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Epeirogenic movements and denudation 

Vertical movement rates and the areal extents in which they should be operative 
according to table 3.1 are by no means unrealistic. Large erosion rates and uplift 
rates, at some places even exceeding 20 mm/yr, are reported to take place at various 
regions distributed all over the globe. 

Uplift rates, erosion rates and subsidence rates for the various tectonically active 
regions in the world appear to be rather dispersed throughout the literature, if they 
exist at all. They usually show significant variations for the same area between dif
ferent authors, who often use diverse measurement techniques or estimation meth
ods. In some cases the differences even exceed orders of magnitude. 
To illustrate this, we below give a tentative compilation of uplift and subsidence 
rates for a number of tectonically active regions for which the mechanisms respon
sible for the vertical movements are believed to be unrelated or for the most part 
not related to post-glacial rebound. This list is far from complete, and is only 
intended to give a gross indication of what kind of rates are possible for some of 
the most importantly contributing continental areas. Truly world-wide more reli
able data must await future satellite techniques and measurements. Smith et al. 
(1993) state that by combining GPS and VBLI data, accuracies of 3 mm/yr are 
presently already attainable for vertical movements, while in the near future accu
racies of up to I mm/yr are envisioned to be possible. 

New Zealand 
Lensen (1975) finds that the highest uplift rates of about 10 mm/yr during the late 
Quaternary occur along the Alpine Fault. His figure 2f shows that the uplift rates 
diminish eastwards to become slightly negative (- 0.3 mm/yr) along the east coast 
of the South Island. These rates are derived from isotope and fission-track dating 
and from stratigraphic and geomorphological studies. According to Lensen, pre
sent-day precise leveling gives rates of up to 20 mm/yr in the geothermal region of 
Waiotapu. 
Wellman (1979) presents an uplift map for the South Island of New Zealand in fig
ure 1 of his article. This map is derived from various kinds of data. Wellman states 
that they are not likely to be less than 25% in error. The maximum uplift rates are 
found along the Southern Alps in the northwest with, according to Wellman's table 
1, a maximum of 17 mm/yr. The same trend Lensen gives of uplift rates diminish
ing eastwards to become slightly negative along the east coast, can also be found in 
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Wellman's map. 

The Baikal rift zone 
Kolmogorov and Kolmogorova (1978) present results for recent vertical 
movements in the Baikal rift zone obtained from geodetic leveling measurements. 
They divide the region into three main morphostructures: the Siberian platform, the 
Baikal arched uplift and the Zabaikalye fold belt. Geodetic leveling measurements 
indicate that uplift rates within the Siberian platform do not exceed 4 mm/yr, but 
that these increase sharply nearer to Irkutsk where uplift rates of 8 mm/yr are mea
sured. The rift zone itself and its mountain frame show the highest uplift rates: here 
they vary between 10 and 20 mm/yr. The deepest parts of the rift depressions show 
somewhat lower uplift rates: 6 - 8 mm/yr. The regions farther from the Baikal rift 
zone across the West Zabaikalye belt show a gradual decrease in uplift rate: from 
12 mm/yr in the Hilok zone to 3 mm/yr in East Zabaikalye. The authors give as 
standard error in their uplift rates a value of 0 mm/yr in Krasnoyarsk up to ± 2.8 
mm/yr in the eastern part of the region. 

The Himalayas and the Tibetan Plateau 
Mehta (1980) concludes that radioactive isotope and fission-track dating indicates 
that the Himalayas have been risen with rates of 0.7 - 0.8 mm/yr and states that 
geodetic surveys indicate that this is still the rate at which the Himalayas rise. 
Kailasam (1980) reports an uplift rate obtained from geodetic leveling for the 
Shilling Plateau in north-eastern India of 2.5 cm during the period 1910 - 1977, 
resulting in a contemporaneous uplift rate of 0.4 mm/yr. 
Arnr and Rajal (1981) derive from geodetic triangulation and precision leveling 
observations an uplift rate of 5 - 25 mm/yr for the Shali Thrust near Shanan (Jogin
der Nagar) in Himachal Pradesh for the time interval 1976 - 1978. 
Zeitler (1985) presents in his table 4 uplift rates for the Himalaya ranges of north
ern Pakistan. He derived these rates from fission-track and isotope dating. The 
rates are generally below 1 mm/yr, except for those of the Quaternary. The increase 
in uplift rates during the last 10 Myr is illustrated in figure 13 of his article: the 
Nanga Parbat-Haramosh Massif experienced an accelerated uplift rate which can 
be modeled, according to Zeitler, with an exponential function: the uplift rate is 
equal to 5.0· exp( - t/3), with t being the time before present in Myr, resulting in a 
present-day uplift rate of 5 mm/yr. From the fact that the uplift rates in northern 
Pakistan at least doubled during the late Tertiary, Zeitler concludes that this 
increase is not merely an isostatic response to unroofing, but must be ascribed 
largely to a further unspecified tectonic mechanism. 
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The Ponto-Caspian region 
Blagovolin et al. (1975) repon vertical movement rates derived from geodetic level
ing for the Ponto (northern Thrlcey)-Caspian orogenic region. The general trend 
they give is that within this region the uplift rates increase from west to east from 2 
- 4 mm/yr in the Stara Platina and Crimean mountains to 6 - 8 mm!yr in the west
ern Caucasus, reaching uplift rates of more than 12 mm/yr in the axial zone of the 
central and eastern Caucasus. The Black Sea shores are subsiding slightly with 
rates of about - 1 mm/yr with peak values of around - 6 mm!yr, while the Caspian 
Sea western shore shows a variety of rates ranging from - 3.5 mm!yr subsidence to 
4.5 mm!yr uplift. The most intense vertical movements are generally observed near 
the edges of some hills, where rates up to 30 mm!yr have been found. 

The Russian Shield 
Mattskova (1967) presents a map of recent vertical crustal movements in the west
ern half of the European (fonnerly) USSR. Geodetic leveling measurements indi
cate that in this region the venical rates vary from about - 6 mm/yr to 15 mm/yr. 
According to Mattskova, the absolute velocities were detennined with a precision 
of about 1 mm/yr. Her map (figure 2 of her article) shows that various, relatively 
large parts of this region rise with rates exceeding 5 mm!yr, notably around Lvov, 
Mazurovka, Kupyansk, Rezekne and near Volgograd. 

The Carpatho-Balkan region 
J06 et al. (1981) give a map of recent crustal movements in the Carpatho-Balkan 
region. They report that the values inside this area are ranging from 4 mm/yr subsi
dence up to 6 mm!yr uplift. From the geodetic leveling network in this region they 
found that the chain of the Carpathians has a pronounced general uplift, while the 
Carpathian basin shows signs of uplift too. The subsidences are limited to relatively 
small zones, with more notable subsiding zones in Western Slovakia, a major part 
of the Yugoslav coast and some parts of the Bulgarian coast. 

The European Alps 
For the Swiss Alps, Kahle et al. (1980) and Geiger et al. (1986) present maps for 
crustal vertical movement averages, based on geodetic measurements from 1903 
onwards, carried out by the Swiss Topographic Survey. They give the following 
values for a traverse from north to south: near Luzern, where the Molasse sub
merges beneath the Helvetic nappes, there is an uplift of 0.3 mm/yr, between 
Luzern and Andennatt uplift of 1 mm!yr till the Gotthard, where the uplift seems to 
diminish. Further south the uplift increases again and reaches a maximum of 1.4 
mm/yr near Brescia. From there the uplift decreases gradually towards 
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Chiasso/Como, where a value of 0.8 mrn/yr is observed. To the east and west of 
this geotraverse there are maxima of 1.7 mrn/yr near Chur in the Rhein Valley and 
near Brig/Visp in the Rhone Valley. 

The Rhenish Massif 
MaIzer et al. (1983) present a map of vertical movements in the Rhenish Massif. 
They find from geodetic leveling that this massif is not uplifted as a rigid block, but 
that the present uplift is concentrated in limited areas. In general, west of the river 
Rhine the massif is predominantly either uplifting or stable, while east of the Rhine 
both subsidence and uplift occur. The largest uplift rates occur in the Nordeifel and 
Venn Sattel with values of up to J.6 rnrn/yr. Uplift rates of up to 0.6 - 0.9 mm/yr 
are found north-east of the massif near Paderborn, in Bergisches Land north-east of 
the Lower Rhine Embayment, on both sides of the Rhine near Koblenz and in the 
PraIzer Bergland (palatinate mountains). In the central segment of the Rhine 
Graben uplift rates of 0.3 - 0.5 mm/yr are found. Large subsidence occurs in the 
west towards Bergisches Land, where between the Lildenscheider Mulde and the 
Elsper Mulde a rapid change from uplift to subsidence up to - 0.6 mrn/yr takes 
place, and in the northern part of the graben where the average rate of subsidence is 
also - 0.6 rnrn/yr. Near Mannheim and Frankfurt am Main the largest rates of sub
sidence are found: - 1.4 mrn/yr. 

Canada 
Vanicek and Nagy (1981) present in their figure 4 a map of contemporary vertical 
crustal movements in Canada. The data were derived from geodetic leveling, water 
gauge and tide gauge measurements. Their map shows uplift being concentrated in 
the Yukon Territory and northern British Columbia, with maximum rates reaching 
25 mrn/yr in the Yukon region. Subsidence occurs especially in the Prairies with 
maximum rates of - 20 mm/yr. It is of great importance to note that these large ver
tical movements are not attributed to post-glacial rebound, but to various other tec
tonic mechanisms (such as thrusting of the American Rockies). The authors state 
that only towards the east of these areas the pattern of post-glacial rebound 
becomes evident. 

The South-American Andes 
Benjamin et al. (1987) find uplift rates for the Bolivian Andes derived from fission
track data of about 0.7 mm/yr, but remark: that the present-day uplift rates may be 
higher. 
Kroonenberg et al. (1990) present an analysis of existing data on the timing of 
uplift of the Columbian Andes. They mention the same kind of values as Benjamin 
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et al. give for the Bolivian Andes: fission-track data, for instance. indicate an uplift 
rate for the Sierra de Merida of about 0.8 mm/yr between 5 and 2 Myr ago with 
possibly faster uplift rates thereafter. 

The published uplift rates for mountainous areas and plateaus fall apart into two 
groups: rates which have been deduced from magnetostratigraphic, radioactive iso
tope and fission track mineral dating, and rates which have been determined by 
geodetic leveling and tide gauge measurements. Isotope dating applies to longer 
timescale rates (millions of years), while geodetic measurements applies to con
temporary rates (up to hundreds of years). A marked difference between the two 
groups concerns the range of the determined values: isotope dating generally indi
cates uplift rates which do not exceed a few millimeters per year at most, while 
geodetic measurements indicate uplift rates which can even exceed a few centime
ters per year in some tectonically active regions. This difference indicates that geo
logically short-term vertical movements can be an order of magnitude larger than 
the geologically long-term ones, implying that vertical movements with high uplift 
rates are rather episodic than continuous phenomena. 
There is much debate on the reliability of the geodetically found high uplift rates 
that is, exceeding 5 mm!yr - in relatively large areas, which are not attributable to 
post-glacial rebound. 
Kaula (1980) states that vertical movements of internal cause should be less than 2 
mm/yr almost everywhere and that leveling analyses which indicate greater rates 
not attributable to post-glacial rebound should be treated with skepticism. He 
acknowledges. however, that contemporary vertical movements can be an order of 
magnitude greater than those rates which apply to timescales of at least 100,000 
years and mentions earthquakes and rapid erosion as possible causes. 
Officer and Drake (1985) state that geological observations indicate that vertical 
movements of an episodic or oscillatory nature within intraplate regions can be in 
the range of 1 - 10 mm!yr, on a temporal scale of 10,000 - 100,000 years and a 
spatial scale of 100 - 1000 kilometers. They deduce this from recent movements, 
the Quaternary geologic record and the Phanerozoic sedimentary record. The rapid 
vertical movements are illustrated by work of Brown et al. (1980), who find from 
geodetic leveling that Horida has been risen at a rate of about 20 mm/yr with 
respect to Maine. It must be remarked that Officer and Drake do not attribute the 
values found for the east coast of North America to glacio-isostatic effects, but to 
continental shelf break off. Also Kalashnikova and Magnitsky (1980), who report 
vertical displacements reaching 5 - 10 mm/yr for platform regions in the European 
part of the Soviet Union, are cited in this respect. Kaula casts doubts on these high 
values, as tidemeters are reported to indicate differential vertical movements of less 
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than a few mm/yr between tide stations located at a number of the same points 
where the leveling data were obtained. He also commemorates that the large rates 
derived from the leveling data are an order of magnitude larger than those obtained 
from the leveling data of the Swiss Alps. 
A striking general feature of the continental vertical movements is that there is an 
asymmetry between uplift and subsidence: there are more areas which are rising 
than areas which are subsiding, while the uplift rates are usually larger than the 
subsidence rates. Whether this is real or due to any kind of a selection effect in the 
data, remains an unanswered question. It is not imaginary, however, that we are liv
ing in a geological time in which the continents on the mean rise, just as there have 
been geological times in which plate tectonics was more vigorous. 
Although a lot concerning data on uplift and subsidence rates is uncertain or lack
ing, it seems safe to conclude that large parts of the continental areas are experienc
ing vertical movements which are not attributable to post-glacial rebound, certainly 
if one bears in mind that the areas experiencing uplift or subsidence are likely to be 
more extended than indicated and that there are a number of areas for which the 
various rates are not listed or for which we did not find data. 
Table 3.2 gives the induced polar shift and change in the second degree zonal gravi
tational harmonic on basis of the above compilation of vertical deformation rates 
for the various listed regions. The calculations were made under the assumption 
that the uplift or subsidence took place under non-isostatic conditions with no 
appreciable erosion or whereby the erosional products remained in the uplifted or 
subsided area. So (3.22), (3.23) and (3.30) were used, with Pm replaced by - Pm in 
the case of subsidence. Table 3.3 gives the factors by which Pm has to be replaced 
in the different cases. The extent of the areas, as depicted in figure 3.2, and the 
mean vertical movement rates were determined by means of the maps (when avail
able) and the listed uplift and subsidence rates in the cited literature. 
The deformations listed in table 3.2 result in a polar shift of 2.7 cm . yr-1 in the 

1direction - 101° east longitude, and a change in J2 of j2 = - 2. 9· 10-12 yr- . 

For a comparison: the observed secular shift of the rotation axis for the past 100 
years has been about 10 cm . yr-1 in the direction - 76° east longitude, while the 

1observed change in J2 for the past 10 years has been about i 2 = - 3· 10-11 yr- . 

A large part of the calculated changes in both J2 and the position of the Earth's axis 
comes from the modeled uplift of the Himalayas and the Tibetan Plateau, the west
ern part of Canada and the Baikal Rift zone. Important areas are also the Russian 
Shield, the Ponto-Caspian region zone and the South-American Andes. 
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regioo east longitude co-latitude uplift rate polar shift direction 12 

(0) ( ° ) (mrn/yr) (an. yr1) (OE.L.) (lO-t2 yr-l) 

New Hebrides 167 -170 103.5 - 110.5 3 0.067 168.5 0.15 

New Zealand 170 -173 131- 135 5 0.088 171.5 -0.059 

175 -178 128  131 5 0.068 176.5 -0.025 

Baikal Rift Zooe 102-113 35-40 10 0.65 -72.5 -1.0 

Himalayas and 70-95 55-63 5 1.5 -97.5 0.60 

Tibetan Plateau 

Ponto-Caspian 41-49 46-50 5 0.24 -135.0 -0.14 

Region 

Russian Shield 24-44 37-43 5 0.76 -146.0 -0.099 

24-36 34-37 2 0.08 -150.0 -0.14 

Carpatho-Balkan 19-27 43-48 2 0.11 -157.0 -0.092 

European Alps 6-11 42.5 - 44.5 0.014 -171.5 -0.014 

Rhenish Massif 6-9 38.5 - 41 0.5 0.0047 -172.5 -0.0063 

Canada 220-235 28-36 10 1.1 47.5 -2.5 

250-260 37 -42 -10 0.62 -105.0 0.85 

Colorado Plateau 247 -253 50-56 0.5 0.028 -110 -0.042 

South-American 282-284 83-95 0.0017 103.0 0.080 

Andes 285 -294 95 -107 0.079 -70.5 0.32 

290-294 107 -130 0.13 -68.0 0.086 

Table 3.2. Changes in rotation by vertical deformation unrelated to post-glacial 
rebound ofsome tectonically active regions. 
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case replace Pm in (3.22), (3.23) and (3.30) by 

uncompensated erosion - PL 

uncompensated underplating PL 

subaerial uplift Pm 

subaerial subsidence - Pm 

submarine uplift Pm - Pw 

submarine subsidence - (Pm - Pw) 

Table 3.3. Replacement factors. 

It is clear that the non-glacially induced tectonic movements can contribute consid
erably to the secular changes in the Earth's rotation, provided that the assumed 
model is realistic for all the regions listed in table 3.2 and that the vertical displace
ments take place under the assumed non-isostatic conditions. Our tentative calcula
tions indicate that some 10% of the observed changes in J2 and some 30% in mag
nitude of the polar wander (neglecting any shift of the equatorial bulge) can be 
attributed to non-glacially related tectonic mechanisms, but, as remarlced before, 
these values might be substantially larger or smaller depending on the vertical 
movements rates, the departures of isostasy and the extent and amount of areas 
experiencing uplift, subsidence or erosion. 

Are uplift and subsidence rates usually hard to determine, this only gets worse in 
the case of the determination of erosion rates. These rates are usually based upon a 
combination of gross assumptions on the prevailing erosion processes and a variety 
of measurements on circumstantial variables. Below, a few examples are given to 
illustrate this. 
Adams (1980) finds that in the Southern Alps of New Zealand the contemporary 
uplift and erosion are approximately in balance. with values for crustal shortening 
of 700 ± 160 billion kg/yr and for tectonic uplift of 600 ± 100 billion kg/yr. The 
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Figure 3.2a. Areas used in the simulations: Asia and Europe. 

denudation is attributed to river erosion. The erosion rates are derived from water 
suspension and bed load analyses and are reported to exceed rates of 3.8 mm/yr at 
some places on the wet western side of the Southern Alps. 
From geochronologic and therrnobarometric data, Hubbard et al. (1991) deduce an 
average unroofing rate of the high Himalaya of eastern Nepal of 1.2 ± 0.6 mm/yr 
for the past 21 Myr. They acknowledge, however, that this value is surrounded with 
a lot of uncertainties. Apart from the pressure-temperature-time data derived from 
the collected rocks, these include uncertainties concerning the radiogenic heat pro
duction and the deep crustal structure. 
Burbank and Beck (1991) derive denudation rates for the Cenozoic foreland basin 
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Figure 3.2b. Areas used in the simulations: North and South America. 

of northern Pakistan from (fluvial) stratigraphic data. They deduce minimum rates 
of erosion of 1.5 - 15 mm/yr persisting for timescales as long as 1.6 Myr, and min
imum rates of 10 - 15 mmlyr for timescales of 0.2 - 0.3 mmlyr. According to these 
authors, the erosion rates nearly kept pace with the latest Miocene to Pleistocene 
uplift events in this region. 
Amano and Taira (1992) have studied sediments drilled from the Bengal Fan. They 
find two high-sedimentation episodes, from 10.9 to 7.5 Myr ago and from 0.9 Myr 
ago onwards. For the first period they report sedimentation rates of 0.1 - 0.2 
mm/yr, while for the second period a rate of 0.2 mm/yr is established (cf. their fig
ure 3). Making the assumption that the sedimentation patterns are not indicative of 
a change of the deposition area of the erosional products, they relate the patterns 
directly to phases of active tectonic uplift pulses of the Himalayas. 
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Figure 3.2c. Areas used in the simulations: New Zealand and New Hebrides. 

In the examples given above, the erosion is found or assumed to be approximately 
equal to the uplift. Whether this is a general trend for all the young orogenic 
regions is unclear, however. 

Displacements of the center of mass of Hie Earth 

Mass displacements accompanying non-isostatic processes should not only lead to 
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changes in the eccentricity of the Earth (changes in J2), but generally give rise to 
changes in the position of the center of mass (changes in the degree 1 Stokes coeffi
cients of the gravitational potential field) also. Usually, it is assumed that the shifts 
of the center of mass are so small that they can be neglected, however. Together 
with the assumption that the mass of the Earth remains constant, changes in the 
gravitational potential field have therefore usually the degree 2 as lowest zonal 
coefficient in a spherical harmonic expansion of this field. 
As the proposed vertical movements might be more or less stationary on time 
scales of hundreds of years up till several millions of years, this shift of the geoid 
might also be visible as an antipodal anti-symmetric rise and fall pattern in third 
(timescales of 1 to 10 million years) and higher order sea-level curves. 
The shift is detennined of the center of mass of the Earth by vertical tectonic 
movements using the uplift and subsidence data from table 3.2. Again, it is 
assumed that the uplift or subsidence takes place under non-isostatic conditions 
with no appreciable erosion or whereby the erosional products remain in the 
uplifted or subsided area. 

If (xo, Yo, zo) denotes the position of the center of mass of the Earth, then in Carte
sian coordinates (x, y, z) 

xo=~ JpxdV Yo= ~ JpydV Zo = ~ JpzdV (3.35) 

E E E 

in which p = p(x, y, z) denotes the density, E the entire volume and M = JpdV the 
E 

mass of the Earth. 
If the Cartesian coordinate system is chosen such, that x and y are in the equatorial 
plane (x in the direction of the Greenwich meridian and y 90 degrees towards the 
east) and z is along the initial position of the rotational axis, then in a spherical 
coordinate system (r, a, <1» with a the degree of co-latitude and <I> the degree of east 
longitude, (3.35) becomes 

Xo = ~ JJJp(r, a, <I»i3 sin2 a cos <l>dad<l>dr (3.36a) 
E 

2
Yo = ~ JJJp(r, a, <I»i3 sin a sin <l>dad<l>dr (3.36b) 

E 
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Zo = ~ f f f p(r,9,et»~ sin9cos9d9det>dr (3.36<:) 
E 

So, a change in the density distribution ~P will generally result in a change of the 
position of the center of mass ~(xo, Yo, zo) given by 

~xo = ~ f f f ~p(r,9,et»~sin29coset>d9det>dr (3.37a) 
E 

2~Yo = ~ f f f ~p(r, 9, et»~ sin 9 sinet>d9det>dr (3.37b) 
E 

~ =~ f f f ~p(r, 9, et»~ sin 9 cos 9d9det>dr (3.37c) 
E 

These changes in the position of the center of mass can be related to changes in the 
degree 1 Stokes coefficients of the gravity field (3.24). From (3.25) it follows that 
PIO (cos 9) =cos 9 and Pll (cos 9) =sin 9. With this, the changes in the degree 1 
coefficients ~ClO ,~Cll and ~Sll are simply related to the displacements (3.37) as 

~zo ~xo ~Yo 
~ClO = R ~Cll = R and ~Sll = R (3.38) 

For the uncompensated subaerial uplift model, in which the lithosphere with thick
ness L and its top at r =R moves up by a height M, the displacement in the x
direction becomes 

1 R-L+~h lll2 92 
2~xo = M f f f(Pm - PL)~ sin 9 cos et>d9det>dr 

R- L lll191 

1 R+~ lll~ 92 
2+ M 9 cos et>d9det>drf f fPL~ sin

R llli 91 

in which Pm denotes the density of the mantle and PL the density of the lithosphere. 
This leads to 
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dXo = Pm - PL (~(R -L + Ml)4 - ~ (R -L)4\Sin<P2 - sin<PI) . 
M 4 4! 

.G(82 - 8 1) - ~ (sin Z82 - sin Z81) ) 

+ PL (~(R + Ml)4 - ~ R4\sin<P2 - sin<PI) . 
M 4 4 ! 

.G(82 - 81) - ~ (sinZ82 - SinZ81))"" 

3 

"" Pm::: (sin<l>2 _ sin<PI)(Z(82 - 8 1) - (sinZ82 - sinZ81)) (3.39) 

In the same way dYo and dZo can be calculated, resulting in 

3 
PmdhR (8 8 . 8 . 8dyo "" - 4M (COS<p2 - cos <PI) Z( 2 - d - (smZ 2 - smZ I)) (3.40) 

and 

P M1R3 

dZo""- m (<P2-<PI)(COsZ82 -cosZ81) (3.41)
4M 

The total displacement M o of the center of mass is thus given by 

M o =...j(dxo)2 + (dYo)2 + (dZo)2 (3.42) 

in the direction 

YO<I> =arctan (d ) east longitude (3.43a)
dXo 

and 

d Zo ) .e = arccos - co -latitude (3.43b)( M o 

With dXo, dYo and dZo given by (3.39) - (3.41), this results in a total displacement 
of 

(3.44) 
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in the direction 

""" (COS 1P2 - cos IPI )
'V "" - arctan east longitude (3.45)

sin 1P2 - sin IPI 

and, if ~ZO ~ 0, in the direction co-latitude 
1 

a [I 2(1 ( ){2(9:z - 81) - (sin 282 - sin 281)J J-l 
\::I "" arccos + - cos 1P2 -IPI (3.46a)

(1P2 -IPI)(COS 282 - cos 281) 

or, if ~ZO ~ 0, in the direction co-latitude 
1 

2(82 - 81) - (sin 282 - sin 281)J J-l 
8 ""-arccos 1+ 2(1- COS(1P2 -IPI) (IP )( 8 8 ) (3.46b)[ { 2 -IPI cos 2 2 - cos 2 I 

The factors by which Pm must be replaced in the expressions (3.39), (3.40), (3.41) 
and (3.44) in the various other possible cases of non-isostatic vertical movements 
are again given by table 3.3. 

The contributions from the various regions given in table 3.4 result in a net shift of 
the center of mass of 0.070 mm/yr in the direction 81.4° east longitude and 34. 7° 
co-latitude. The total changes in the degree I Stokes coefficients amount 

I~ClO =9. I X 10-12 yr

~Cll =0.94 X 10-12 yr-I 

~SII =6.2 X 10-12 yr-I 

For a comparison, Trupin et al. (1992) have determined the effects of recent sea

level variations and melting of glaciers, including the induced elastic yielding of
 
the solid Earth, on the position of the center of mass. Their data on glaciers com

prise the averaged yearly mass balances for 13 mountain glacier systems for the
 
years 1965 - 1984.
 
From their figure 5(a) the shift of the center of mass induced by glacier melting,
 
including the melt-water contribution to the rise in sea-level, can be deduced to be
 
about 0.05 mm/yr in magnitude for the z-component, while for the x- and y

components the shift is negligible. So a net shift of about 0.05 mm/yr results for the
 
glacier discharge effect.
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region east longitude co-latitude uplift rate shift direction 

(0) (0) (nun. yr-1) (l0-2 mrnIyr) (OE.L) ("co-laL) 

New Hebrides 167  170 103.5 - 110.5 3 0.26 168.5 107 

New Zealand 170 - 173 131 -135 5 0.19 171.5 133.0 

175 -178 128  131 5 0.15 176.5 129.5 

Baikal Rift Zooe 102  113 35-40 10 1.4 107.5 37.5 

Himalayas and 70-95 55-63 5 3.7 82.5 58.9 

Tibetan Plateau 

Ponto-Caspian 41-49 46-50 5 0.51 45.0 48.0 

Region 

Russian Shield 24-44 37-43 5 1.7 34.0 39.9 

24-36 34-37 2 0.18 30.0 35.5 

Carpatho-Balkan 19-27 43-48 2 0.25 23.0 45.5 

European Alps 6-11 42.5 -44.5 0.030 8.5 43.5 

Rhenish Massif 6-9 38.5 - 41 0.5 0.010 7.5 40.0 

Canada 220-235 28-36 10 2.7 -132.5 32.1 

250-260 37  42 -10 1.4 75.0 140.5 

Colorado Plateau 247 -253 50-56 0.5 0.062 -110 53 

South-American 282- 284 83-95 0.10 -77.0 89.0 

Andes 285 -294 95 -107 0.46 -70.5 101.0 

290-294 107  130 0.35 -68.0 118.0 

Table 3.4. Changes in the position of the center of mass by vertical deformation 
unrelated to post-glacial rebound ofsome tectonically active regions. 
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The influence on the displacement of the center of mass due to the observed sea
level rise of 1. 7 ± O. 5 mm/yr during the last 80 years can be deduced from their 
figure 5(b). The displacements along the three Cartesian coordinate axes amount in 
magnitude about 5 millimeter, 2.5 millimeter and 4.5 millimeter per 80 years, 
which results in a net shift of slightly less than 0.1 mm/yr. 
Also the effects of the proposed polar ice sheet growth of Antarctica and Greenland 
on the shift of the center of mass have recently been determined. According to 
Trupin (1993), the shift of the center of mass in the z-direction would be 
- O. 17 ± O. 2 mm/yr if the accumulation of the Antarctic ice sheet corresponds 
with a global sea-level drop of - O. 6 mm/yr. Also in this case, the changes in the 
x- and y-direction would be negligible. The contribution from the ice-sheet growth 
on Greenland would be 0.04 ± O. 2 mm/yr in the z-direction, assuming a concomi
tant sea-level drop of - O. I ± 0.4 mm/yr, and again negligible in the other two 
directions. Of course, the contributions of a possible ice sheet growth on Greenland 
and Antarctica at the same time partly cancel one another in the z-direction. 
From these figures it is clear that non-isostatic vertical tectonic movements are 
capable of producing shifts of the center of mass which are comparable in magni
tude to those induced by glacier melting, polar ice sheet growth and sea-level 
changes. 

Antipodal symmetric and anti-symmetric geoid shifts 

Shifts in the center of mass of the Earth with respect to the crust cause an antipodal 
anti-symmetric shift of the geoid, and consequently an antipodal anti-symmetric 
shift in sea-level: the sea-level is raised maximally in the direction where the center 
of the mass shifts to, while the sea-level falls maximally in the antipodal direction 
(cf. figure 3.3). 
It is interesting to note that besides antipodal anti-symmetric global sea-level varia
tions, recently also antipodal symmetric global sea-level variations have been pro
posed by Sabadini et al. (1990, 1991). They have modeled the effects on the sea
level of the adjustment of the equatorial bulge induced by the from paleomagnetic 
data determined true polar wander rates. They find that this adjustment induces 
antipodal symmetric sea-level changes of about 0.05 - 0.1 mm/yr, being of the 
same order of magnitude as the antipodal anti-symmetric ones resulting from our 
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Figure 3.3. Antipodal patterns ofeustatic sea-level variations. 

modeling and resulting from present-day melting of glaciers and sea-level rise, as 
reported by Trupin et al.. The pattern of the induced sea-level variations by wander
ing of the Earth's rotation axis is depicted in figure 3.3: whereas shifts in the center 
of mass lead to a symmetric rise and fall pattern with one neutral line, polar wander 
leads to an anti-symmetric rise and fall pattern with two neutral lines which are 
along great circles and which are perpendicular to each other. 
Together, polar wander and secular shifts of the center of mass of the Earth consti
tute two mechanisms which are capable of inducing large sea-level variations with 
a characteristic non-uniform global pattern on timescales of a few million years or 
shorter, irrespective of whether there is widespread glaciation during these times or 
not. 
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Conclusions 

We have emphasized the fact that mass displacements by several tectonic processes 
taking place under non-isostatic conditions can induce significant changes in the 
Earth's rotation and in the geoid. In contrast to post-glacial rebound, where the 
forcings have disappeared some 10,000 years ago, the loads in our tectonic models 
are still operative. The mantle is rather forced by the movements of the lithosphere 
than forming the determining agents by which the processes take place. Whereas in 
models on post-glacial rebound mantle viscosities are assumed to be determinant, 
in our tectonic models lithospheric and crustal rheologies and intraplate-stresses are 
more important than the mantle rheologies. Moreover, one could speculate about 
whether the assumption of a lithosphere without internal deformations in the post
glacial rebound models is justified. Although some of the regions which are effec
tive are positioned on the globe in such a way that they partly counteract each 
other's influence on polar wander - but this is also the case for the effects of post
glacial rebound -, it is clear that the contributions of these regions to changes in the 
rotation cannot be neglected. 
Vertical tectonic movements have been shown to induce changes in the position of 
the center of mass of the Earth which have the same order of magnitude as those 
recently found from contemporary sea-level variations, melting of glaciers and 
polar ice sheet growth. Using tentative data for uplift and subsidence rates of a 
number of tectonically active regions, a shift of the center of mass of 0.7 millime
ters per 10 years has been deduced. 
As the uplift and subsidence of the modeled areas are likely to be ongoing for ten 
to hundred thousands of years, the induced shift of the geoid might be detectable as 
an antipodal anti-symmetric rise and fall pattern in eustatic sea-level over third and 
higher order sea-level cycle time scales, comparable in magnitude to the antipodal 
symmetric rise and fall pattern recently proposed to result from shifts of the equa
torial bulge. 
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CHAPTER 4 

PRESENT-DAY CHANGES IN THE EARTH'S ROTATION 

BY TECTONIC MOVEMENTS, PART 2 t 

Abstract 

Whereas the present-day true polar wander and the secular non-tidal acceleration of 
the Earth have usually been attributed to post-glacial rebound, it was suggested in 
chapter 3 that non-glacially induced vertical tectonic movements taking place un
der non-isostatic conditions can also be effective in changing the Earth's rotation. 
In this chapter we present a case study in which we analyze the effects of some 
simple uplift histories of the Himalayas and the Tibetan Plateau on the rotational 
axis and on the second degree zonal harmonic of the geoid for timescales of up to a 
few million years. As the lithospheric forcings are assumed to remain operative, at 
least partly prohibiting mantle relaxation by intraplate stresses, a nonnal mode 
analysis in which mantle relaxation to the imposed loads is modeled can only sup
ply us with a lower bound on the effects. The upper bound is given by assuming 
that essentially no relaxation is taking place at all. Both cases are presented for the 
effects of the uplift on the second degree ronal hannonic of the geoid. In our mod
els, the mantle is divided into three layers - the transition zone sandwiched between 
the shallow upper mantle and the lower mantle - having linear Maxwell rheologies. 
Contrary to the readjustment of the mantle to the load, the readjustment of the 
equatorial bulge in our studies on polar wander is assumed to take place by pure 
mantle relaxation. We deal with the problem of incomplete mantle relaxation to the 
load in the models on the induced polar wander by analyzing two classes: one in 
which mantle relaxation is assumed to take place as response to both load and 
equatorial bulge readjustment, and the other in which it is assumed that one tenth 

t This chapter is submitted for publication in modified form as: L.L.A. Vermeersen. R. Sabadini, 
G. Spada and N.J. VIaar. Mountain building and Earth rotation, Geophys. J. bll., 1993. 



86 Chapter 4 

of the uplift of the studied region is not relaxed pennanently. 
Our modeling results show that full mantle relaxation to the imposed forcings 
would only result in significant contributions to changes in the second degree zonal 
geoid tenn for times shortly after a Heaviside type of uplift. For incomplete mantle 
relaxation maintained by an intraplate compressive stress field the contribution is 
significant for all times after the forcing commenced. 
The polar wander is sensitive to the rate of relaxation of the modes Ml and M2 due 
to the discontinuities between the three mantle layers. The rate of readjustment is 
strongly sensitive on the viscosity of the transition zone whenever the lower mantle 
/ shallow upper mantle viscosity ratio is small. 

Introduction 

During the last decade, contemporary secular changes in the rotation of the Earth 
have usually been attributed to post-glacial rebound and the present-day changes in 
the redistribution of ice and water over the surface of the planet. Attributing the as
trometrically observed drift of the polar axis towards Canada and the satellite ob
served non-tidal secular decrease in rotation rate solely to (post-)glacial processes 
has been called into question recently by two studies. 
Lefftz and Legros (l992a,b) have proposed that processes acting at or near the core 
- mantle boundary can induce a significant secular drift of the polar axis and a non
negligible secular change in the rate of rotation. 
On the other hand, in chapter 3 it has been proposed that non-glacially induced tec
tonic movements are also capable of inducing a significant contribution to the ob
served changes. It was shown by a simple two-layer model that verticallithospher
ic movements acting under non-isostatic conditions can be very effective in induc
ing both polar wander and non-tidal accelerations. In this model the effective densi
ty changes accompanying vertical movements are restricted to the upper part of the 
lithosphere, where air or water is replaced by crustal material or vice versa, and the 
lower part of the lithosphere, where lithospheric material is replaced by mantle ma
terial or vice versa. As examples of operative tectonic mechanisms responsible for 
observed large vertical movements acting under deviations from isostasy, they pro
posed mountain building and erosion in fold and thrust belts, lithospheric snap
backing resulting from detachment of subducting slabs and subsidence of oceanic 
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basins. The main reason why these mechanisms can be so effective is that compres
sive lithospheric stresses in combination with lithospheric and crustal rheologies 
prohibit the restoration of isostasy on timescales of post-glacial rebound. Rather 
than relaxing passively, as in models on post-glacial rebound, the mantle is envi
sioned to be subdue to the still acting lithospheric forces which maintain the devia
tions from isostasy on timescales exceeding those of post-glacial rebound. To illus
trate the potency of the model, it was calculated in chapter 3 what the effects of the 
uplift of the Himalayas and Tibetan Plateau would be if the whole region is being 
uplifted by 5 millimeters per year. Values of 20 percent of the magnitude of the 
present-day true polar wander (the region is almost ideally situated for inducing 
changes in position of the rotation axis) and 4 percent of the magnitude of the non
tidal changes in the second degree zonal geoid tenn J2 were found (but one must be 
aware of the fact that the region is not ideally situated for inducing changes in this 
value; should the region be located around the equator the influence would increase 
to about 15 percent). 
The purpose of the present paper is to extend this pilot study in several respects by 
a nonnal mode analysis. In the models of chapter 3 it was assumed that the uplift, 
subsidence or erosion is totally uncompensated. Although the mechanisms pro
posed can be very effective in establishing such a situation, there will always be an 
unknown amount of relaxation (although less than in the existing models on post
glacial rebound), which diminishes the purported effects on the rotational and 
geoidal signatures. 
As the lithospheric movements in the proposed models are rather forcing the man
tle flow than the mantle relaxing passively with a high viscosity lithospheric layer 
on top of it and as there are internal changes in the lithospheric layer, a nonnal 
mode analysis of load relaxation is not the proper technique to study the full extent 
of this problem, however. A nonnal mode analysis for the load relaxation cannot 
deal with a lithosphere which is changing its internal properties laterally. A small 
change in geotherm or stress regime can alter the local (linear or non-linear) rhe
ologies of crust and lithosphere drastically, but cannot be taken into account in the 
nonnal mode analysis. Also changes in depth of the Moho, which could even in
crease by a factor of 2, give problems. The most one can do is specifying the inter
nallithospheric loads and calculate how the mantle will relax to it, but this relax
ation uses again the assumption that the lithosphere is laterally uniform with one 
specific value for the viscosity. Even apart from any regional stress field, the nor
mal mode analysis should deal with the lithosphere being an active driving agent 
which changes as time proceeds and a passively relaxing medium at the same time. 
For the load relaxation this leads to an internal contradiction: the lithosphere is 
changing internally, while in the load relaxation it is assumed that the lithosphere is 
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not changing internally. Using a nonnal mode technique, one has to assume that the 
internal lithospheric changes are important for the load, but can be neglected for 
the relaxation. 
Given this assumption, it is still useful to do a nonnal mode modeling for load re
laxation in order to establish lower limits of the effects. The upper limits are given 
by assuming that essentially no relaxation to the imposed load takes place, which 
are the values obtained in chapter 3 for both the induced polar shift and the changes 
in h In order to investigate the effects of mantle relaxation it is necessary to con
sider the temporal evolution of the vertical movements of the modeled region, that 
is the Himalayas and Tibetan Plateau. We have chosen for three uplift histories: a 
Heaviside type of uplift, linear uplift and exponential uplift. 
The study made in chapter 3 also lacked an assessment of the induced shift of the 
equatorial bulge. The mass displacements induce a torque on the equatorial flatten
ing which shifts the bulge by visco-elastic mantle flow. This induced process has 
only an effect on polar wander, not on changes in Jz. Contrary to being a poor 
modeling technique concerning load relaxation for our models, a nonnal mode 
analysis is a good technique in establishing the readjustment of the equatorial bulge 
in the calculations on polar wander. Here the technique is applied to global mantle 
readjustment instead of local or regional flows. Shifts of the equatorial bulge are 
not hampered by any local or regional lithospheric stress field, while the induced 
membrane stresses of up to a few tens of bars resulting from the shifting bulge are 
an order of magnitude smaller than the several hundreds of bars of the intraplate 
stress fields (Sabadini et al., 1982). 
In our nonnal mode analysis the Earth is divided into five layers: an effectively 
elastic lithosphere, a visco-elastic shallow upper mantle, transition zone and lower 
mantle, and an inviscid core. The internal mantle boundaries are positioned at 420 
and 670 kilometers depth. As rheological model we use a linear visco-elastic 
Maxwell model. 
Sabadini and Peltier (1981) have reported that the difference between employing 
the non-linear Liouville equations and the linearized version of it remains beneath 
10 percent for polar wander magnitudes of up to 15 degrees. As our calculated 
amounts of polar wander do not exceed this we use the linearized version of the Li
ouville equations. The timescales of up to a few million years we consider would 
also remain inside the 106 to 107 years of strongly time-dependent multiple phase 
upper mantle convection models - for which Moser et al. (1992) have recently 
questioned the use of visco-elastic nonnal mode models for longer timescales at all 
-, even apart from the question whether such convection models would adequately 
represent the true nature of the Earth·s mantle. 
Although there are a number of uncertainties concerning the vertical movements 
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and erosion rates and the relation between active lithospheric loadings and load re
laxation, the timescales of up to a few million years on which the forcings we con
sider seem to be working open up new possibilities to study the visco-elastic prop
erties of the transition zone. The MI and M2 modes associated with the 420 and 
670 kIn boundaries are the prevailing relaxation modes on these timescales. 

Normal Mode Model 

In the following the mathematical model is described for the response of the visco

elastic linear Maxwell Earth model to a delta function type of force. After having
 
derived the Green functions, the response of the Earth to arbitrary loads in space
 
and time is found by convolving these functions with the loads.
 
Neglecting inenial forces and assuming that the Earth is incompressible and hydro

statically pre-stressed, the linearized equation of motion can be written as
 

V· 0 - V(pgii.~) - pVC\> =0 (4.1) 

with Uthe displacement vector, g the gravitational acceleration and 0 the stress ten

sor.
 
The penurbed gravitational potential C\> satisfies Poisson's equation for an incom

pressible medium
 

(4.2) 

For the Maxwell model, the Laplace transfonned constitutive relation between the 
stress 0 and the strain e has the fonn of a Hookean elastic solid: for the incom
pressible case the rheological equation is (cf. Ranalli, p. 86) 

d§>·· I do·· 0" 
_""'l_) = _ --.J!. + -.J!. 
dt 21l dt 2v 

with v being the kinematic viscosity, Il the shear modulus, and the strain e being re
lated to the displacement Uby 

Eij =1:
1 

(djUi + diUj) 

As an elastic case is mathematically easier to deal with than a visco-elastic case, 
this equation is transfonned to the Laplace domain: 



90 Chapter 4 

or 

(4.3) 

with the Laplace transformed shear modulus 

p,(s) = s : Wv (4.4) 

The so-called "Correspondence Principle" (e.g. Fung, 1965, sec. 15.3) states that 
by calculating the associated elastic solutions in the Laplace transformed domain 
the time dependent viscoelastic solutions can be found by Laplace iIwersion. 
In a normal mode expansion, using spherical coordinates wilh rotational symmetry 
around lhe axis piercing through lhe delta function forcing, the quantities ii and 4> 
can be written as 

--+ 00 (_ _ aPI(cos e) )
fi(r, e, s) = L UI(r, S)PI(cOS e)er + VI(r, s) a ~9 (4.5) 

1=0 e 
~(r,e,s)= L 

00 

~1(r,s)PI(COSe) (4.6) 
1=0 

with e the angular distance from the point source, and PI the Legendre polynomial 
of zonal degree l, which can be derived from Rodrigues formula (e.g. Butkov, 
1968,p.347) 

l
1 d 2 I 

PI(X) = 21l! dxl (x - 1) (4.7) 

Substitution of (4.5) and (4.6) in the Laplace transfonned equation of motion (4.1) 
and Poisson's equation (4.2), using the differential equation for the Legendre poly
nomials 

~ ((1 -x2) dPI(x) ) = -l(l + 1) PI(X)
dx dx 

results in a set of three second order differential equations: 

_ {d2UI 4dUI 4U, 1(1+1)( __ dV,)} d - d$,
Il(s) 2 dr2 + ~~ - --;z + -r-2 - 3VI - VI - r~ - p dr (g(r)V,) - p ~ = 0 

_ {d (dVI VI UI) 1 ( - dVI - - )} pg(r) - P$,lJ.(s) - - - - + - + - SUI + 3r - - VI - 2l(l + l)VI - - UI - - :: 02dr dr r r r dr r r 
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2- 
d <1>1 2 d<l>l l(l + 1) 
drZ + 'i ~ - r2 <1>1 =0 

The gravity g in this set is related to the density p by the equation 

V . g(r) =- 41tGp 

in which G is the gravitational constant, or 

dg 2g
-+-=-41tGp
dr r 

while the condition of incompressibility 

V . O(r, a, s) =0 (4.8) 

leads to 

dVI + ~ VI _ l(l + 1) VI =0 
dr r r 

The set of three second order differential equations can be further reduced to a set 
of six first order differential equations. 
Defining the normal stress as 

O'rrl(r, a. s) == trrl(r. s) PI (cos a) (4.9) 

with (from (4.5) in (4.3» 

_ _ dD
'trrl =2J.l(s) 

I (4.10)
dr 

and the lateral shear stress as 

-::....:....- =AI(r, S)YI(r. s) (4.13) 

_ _ aPI(cos a) 
(Jrel(r. a, s) == 'trel(r, s) aa (4.11) 

with 

( 
dVI 

trel =Jl(s) 
dr 

-
1 _ I - ) 
- VI + - VI 
r r 

(4.12) 

this set reads 

d91(r, s) - --> 

dr 

with 91 = (Dz, Vz,trrz,trel. - $1. QI)T, in which the quantity 
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- dci>l l+l_ -

Ql =- (if - -r-4>l + 47tGpUl (4.14) 

is for obvious reasons sometimes nicknamed "the potential stress". 
The 6 x 6 matrix Areads 

0 0 
1 

¥(s) 
0 0 0 

r r 
0 

1 
~(s) 

0 0 

Al(r, s) = 
4 (~(s) )-; -r  - pg(r) 

1 ( 2~(S»)-; pg(r)  -r 

_ l(l; 1) (¥;S) _ pg(r») 

2(l(l + 1)  1~(s) 

r2 

2 

r 

0 

l(l + 1) 

r 

3 
r 

p(l + 1) 

r 

_e 
r 

-p 

0 

- 41tGp 0 0 0 
l + 1 

r 

4nGp(l + 1) 

r 

4nGpl(l + 1) 

r 
0 0 0 

l- 1 

r 

For each of the N layers of the Earth model (each layer having material parameters 
which are constant inside it) the solution of this set can be written as 

(4.15) 
.... 

in which Yl is the fundamental matrix and Cl the value of Sl at the various internal
 
boundaries.
 
The fundamental matrix Y takes the form (cf. Spada et al., 1992)
 

YI(r.o) = 

!rl+l 

2(21 + 3) 

(I + 3),1 + 1 

~2I + 3)(1 + I) 

(PI(r),/ + 1 «(2  1- 3)jl(0),1 
1(21 + 3) + 21+ 3 

1(1 + 2)il(0),/ 

(21 + 3XI + I) 

,I-I 

,1-1 
-1

PI(r) 1(1  I)il(o) 
r-(+I+~ 

2(1  1)jl(0),1- 1 

1 

0 

0 

-pr' 

0 

(1+llr- 1 

2(21 - I) 

(2 -Ilr- I 

2l<2I- I) 

(I + IlPs(r) ( - /1 - 31 + I)ii(o) 
~2I-I)Il + (21-1)11+1 

(11 _ I)jl(o) 

/(21-1)11+1 

r- I  2 0 

r- I - 2 
0- T+i'"" 

pa:(r) ~1+2)jl(0) P
;r+2 - ---;r:;r- -;r+T 

2(1 + 2)jl(0) 
0

(I + 3)11+] 

0 0 -rl 0 0 
1 

- ;r+T 

2>lGplrl + I 

~ 
41lGp,l-1 21 + 1 

- r t + 1 

2>lGp(1 + 1) 

~ 
4l1Gp 
"7+T 0 
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The inverse of the fundamental matrix Y has the form 

- -1 _ .. 
Yz (r, s) =Dz(r) Yz(r, s) 

with Dbeing a diagonal matrix with 

1 1 I l. - (z+1)r- 1- l(l+l)r- I+ -r- I + l~ l(l+lpl+2 -rl + )
 

dlag(Dz(r» = 2l + 1 . 2(2l + 1)(2l-l) •2T+T' 21 + 1 . 2(2l + 1)(3l + 2) . 2l + 1
 

At the interface r =rio the top layer i, in which 

-:!(i) _ (i) ;;: (i) 
yz (ri'S) =Yz (ri's)Cz (s) (4.16) 

can be linked to the layer i + I below it. with 

~i+l) -(i+l) ;;:(i+l) 
yz (ri. s) =Yz (ri. s)Cz (s) (4.17) 

by 

=(i) =<i + 1) 
yz =yz (4.18) 

Doing this for every internal boundary of a N layer model (layer 1 is the litho
sphere. layers 2. 3•...• N - I the mantle layers. and layer N the core). the solution 
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-;;!(N) 
vector at the sutface of the Earth at r =R can be related to the conditions q (s) at 
the core - mantle boundary r =re as 

N - 1 (") (T 1 (N) .... (N) 
Yl(R) = IT Y/ (ri' s) Y/ (ri + 10 s) Yl (re , s) Cl (re , s) (4.19) 

i = 1 

The conditions at the solid-fluid core - mantle boundary can be found in Sabadini et 
al., 1982, while the s-independent solution vector Yl(R) is equal to the forcing, de
pending on whether one is considering surface mass loading or tidal loading: for a 
delta function mass load at the sutface of the Earth this condition is 

Yl(R) =(0,0, - ..!.- g(R)(2l + 1)/R2, 0, 0, - G(2l + 1)/R2l (4.20)
4x 

while for the tidal loading this condition reads (cf. Sabadini et al., 1982). 

-= TYl(R) = (0,0,0,0,0, - (2l + 1)/R) (4.21) 

We refer to Spada et al. (1990, 1992a) how the roots s = Sj (j = 1,2, .... , M) of 
(4.19) with (4.20) or (4.21) can be found by means of the algebraic software pack
age Mathematica. The solution vector Yl(r, s) can thus be written as the sum of an 
elastic tenn and M viscous tenns: 

---> --->e M K{(r)
Yl(r, s) =Kl (r) + L - (4.22) 

j = 1 S - Sj 

in which the Kz(r) are the vector residues of the solution kernel vector Yl(r, s). This 
gives the radially dependent part of the Green functions for the six variables for 
each degree l. Multiplying the Green functions with the Laplace transfonned forc
ing functions (which is the same as a convolution in the space - time domain) and 
petfonning an inverse Laplace transfonnation gives the sought-for expressions. 
The perturbed potential (4.6) can be written as the sum of two tenns: the direct 
contribution from the unit mass load at the sutface (e.g. Lambeck, 1988, p. 99) 

G 
- - L

00 

Pl(COS e)
R l=O 

and the induced contribution from the resulting deformation 

G 
- - L

00 

lqPl(COS e)
R l=O 

in which Iq is the so-called Love number of degree l (e.g. Munk and MacDonald, 
1960, p. 23). 
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So with (4.6) and 

G g(R)R 
-=-
R M 

this results in 

- g(R)R
~l =-(1 +k{)-

M 

or in tenns of the Love number kl 
M _ 

k{ =- I - g(R)R ~l 

Only the l =2 tenns are important in detennining the changes in rotation. Using a 
Love number description, the expression for the perturbed potential (the fifth com
ponent of (4.22» reads 

M k 
k2(s) = lee + L _1_ (4.23) 

i=l s-Si 

in which lee is the value of k2(s) In the limit s ~ - 00 (the elastic Love number). 
The Love numbers are dependent on which forcing one is considering, in contrast 
to the M relaxation times Si, which are only dependent on the constitutive parame
ters of the Earth model. The Love numbers k2 will apply to the case of tidal forc
ing, while the Love numbers kr will apply to the load forcings. 
For the five-layer model we are considering there are M =9 effective roots (cf. 
Peltier, 1985): four transient modes TI, TI, T3 and T4 which have relaxation times 
near the Maxwell relaxation time; three modes MO, CO and LO which derive from 
the surface of the Earth, the core - mantle boundary and the mantle - lithosphere 
boundary respectively; and two modes Ml and M2 which are due to recovery of 
the two internal mantle boundaries at 420 and 670 kilometer depth to the applied 
forcings. 

Uplift Histories 

What has caused and is still causing the uplift of the Himalayas and the Tibetan
 
Plateau, how large the uplift and erosion rates are and how great the deviations
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from isostasy, were and remain hotly debated questions in the earth sciences. That 
the mountain building and plateau formation results from the collision between In
dia and Asia some 40 to 50 million years ago is generally accepted, but as with re
spect to the nature of the mechanisms responsible for the uplift the opinions are di
verse. Harrison et al. (1992) review a number of these models, ranging from thrust 
of the Indian lithosphere beneath the entire area to crustal shortening and associat
ed thicking of the crust till it has acquired a roughly double-normal thickness. 
Apart from these mechanisms, the uplift of the Himalayas during the last few mil
lion years has recently been suggested to be due to isostatic rebound in response to 
enhanced erosion rates (Molnar and England, 1990, and Burbank, 1992a). The 
emergence of the Pleistocene ice ages with its accompanying worsening in climate 
conditions are held responsible for this. At the moment it is still debatable, howev
er, whether such a change in climate works only in a unilateral direction, e.g. 
whether ice promotes denudation because of glacier movements or diminishes ero
sion by forming a protecting layer. 
In our modeling we will assume that the tectonic mechanisms are still active and 
that they cause the majority of the uplift. As has been pointed out in chapter 3, ero
sion can also be an effective mechanism in inducing rotational changes, however, 
also in the case when the erosion keeps pace with the uplift rate so that the mean 
altitude of the region is not changing (although the effects are then a factor of about 
one sixth smaller as the effective mass changes are then only due to the lower layer 
of the two-layer model of chapter 3). Erosion can even enhance the induced 
changes by promoting the deviations from isostasy in the case of an overcompen
sated light crustal root, which seems to be the case for the Himalayas (Basavaiah et 
al., 1991). 
As with respect to the temporal evolution of the uplift of the Himalayas and Ti
betan Plateau: 
A canonical value for the time of initiation of uplift is 20 to 25 million years ago, 
as paleomagnetic data indicate that continental underthrust of the Indian plate un
der the Eurasian plate along the Main Central Thrust commenced during the early 
Miocene (Klootwijk et al., 1985). The present-day mean altitude of the Himalayas 
and Tibetan Plateau is about 5 kilometers (Burbank, 1992b). Thus, if the uplift 
would have been linear, the net uplift rates (uplift rates - erosion rates) from the 
time the uplift was initiated till present would have been 0.2 to 0.4 mm/yr. There 
are strong geological indications, however, that the uplift did not proceed in such a 
smooth linear fashion from the Miocene onwards. 
Zeitler (1985) presents uplift rates for the Himalaya ranges of northern Pakistan. 
He derived these rates from fission track and isotope dating. The rates remain gen
erally below 1 mm!yr, except for the Quaternary. According to Zeitler, the Nanga 
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Parbat - Haramosh Massif experienced an accelerated uplift rate which can be 
modeled by an exponential function: the uplift rate is equal to 5.0· exp(- t/3), with 
t being the time before present in Myr, resulting in a present-day uplift rate of 5 
mm/yr. From the fact that the uplift rates in northern Pakistan at least doubled dur
ing the late Tertiary, Zeitler concludes that this increase is not merely an isostatic 
response to unroofing, but must be ascribed largely to a further unspecified tectonic 
mechanism. 
Copeland and Harrison (1990) state that the uplift of the Himalayas and the Tibetan 
Plateau did not proceed uniformly as in linear uplift models, or has taken place 
mostly from Pliocene time onwards such as in the exponential uplift model of 
Zeitler. They deduce this from sedimentary samples drilled up during the Ocean 
Drilling Program Leg 116 in the Bay of Bengal. The sedimentation pattern is re
ported to be rather non-uniform, reflecting non-uniform erosion of the Himalayas 
which on its tum is assumed to be related directly to non-uniform uplift. This is 
further substantiated by a study of Amano and Taira (1992), who propose a two
phase uplift of the Higher Himalayas during early Miocene till Quaternary time. 
From sedimentary strata of the Bengal Fan drilled up during the same leg, they de
duce that the Himalayas have undergone a surge of uplift between 10.9 and 7.5 mil
lion years ago and from 0.9 million years ago onwards. They claim that the en
hanced deposition of the sediments during these time intervals is not the result from 
channel migration or drainage basin change within a part of the Bengal Fan, but re
flects a true rise in uplift rate with concomitant increased rates of erosion. 
Although a lot is uncertain concerning vertical motions and erosion rates during ge
ological and recent times, we model the uplift of the Himalayas and Tibetan 
Plateau as if this region started to rise 5 million years ago. We have chosen to mod
el three kinds of uplift histories with the condition that the total amount of uplift of 
the area after 5 million years have elapsed is equal to 5 kilometers (figure 4.1). 
Apart from a time history in which the uplift is proceeding in a smooth linear fash
ion and an exponential uplift history such as advocated by Zeitler, we study a 
Heaviside type of uplift to approximate the pulselike uplift behavior as advocated 
by Copeland and Harrison and by Amano and Taira. We believe that these three 
cases in combination can adequately represent any geological uplift history that 
one wants to model. 
In the following the uplift of the Himalayas and Tibetan Plateau will be modeled 
for the case of an excess load, though it is more likely that the region is underlain 
by an excess low-density root. As shown in chapter 3, the transformation of the first 
case to the second is straightforward: the values of iz change sign, while the polar 
wander has the same magnitude in the opposite direction. 
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5 kIn+------------

o 5Myr 

HEAVISIDE UPLIFT 

5 kIn 

o 5Myr 

LINEAR UPLIFT 

5 kIn 

o 5Myr 

EXPONENTIAL UPLIFT 

Figure 4.1. Uplift models used in the simulations. 
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Changes in J2 

In modeling the induced changes in the zonal degree 2 coefficient of the geoid, we 
approximate the load of the uplifting quadrilateral area shown in figure 4.2 by a 
delta function forcing positioned at the center of the region. 

Figure 4.2. Cartoon of the modeled Himalaya / Tibetan Plateau area. The area 
extends from 70 degrees to 95 degrees eastern longitude and from 27 degrees to 35 
degrees northern latitude. 

The area extends from 70 to 95 degrees east longitude and from 27 to 35 degrees 
northern latitude. The whole region is assumed to be uplifted uniformly. As the re
gion is rather small in extent. the errors that this approximation for detennining the 
effects on the second degree zonal component introduces. are small. 
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The degree l spectral coefficient of the perturbed geoid due to a (spatial and tempo
ral) delta function forcing on its surface is given in the Laplace domain by 

1 
- (1 + k~(S))P1(COSY) 
Me 

with Ybeing the angular distance from the place on the globe where the delta func
tion load is. Substituting (4.23), the total Green function becomes in the temporal 
domain 

00 

G(y, t) = ~ G1(t)P1(COSY) 
1=0 

with 

(4.24) 

Surface density offmite spherical and delta surface loads 

The surface density CJ of a circular region with radius a can be written as (Long
man, 1962) 

CJ=Mo for 0 < 9 < a
 
CJ=O for a < 9 < 1t
 

in which 9 is the angular distance from the center of the region. 
Expansion in Legendre series gives 

00 

CJ= ~ rnPn(cos9) 
n=O 

so 

2n + 1 coso 

r n = -2- f CJPn(cos9)dcos9= 
COS7t 

1 
2n+ 1 f


=-Z-Mo 
cos a 
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Using the recurrence relation for Legendre polynomials 

(2n+ l)Pn(x) + dPn- 1(x) - dPn+ 1(x) =0 for n~ 1 
dx dx 

one obtains 

1 r n = 2Mo (Pn- 1(cosa) - Pn+ 1(cos a) ) for n ~ 1 

and with Pn(l) = 1 

ro =-1 Mo( 1 - cos a)
2 

So 

1 1 
a= 2 Mo ( 1 - cos a ) + 2Mo L00 

(Pn-1(cosa) - Pn+ 1(cos a) ). Pn(cos9) 
n=l 

The total mass M t of a circular disk with a surface density Mo and a radius a is 
a 

M t = 21tMo JRZ sin 9d9 = 21tRz(1 - cos a)Mo 
o 

in which R is the radius of the Earth. 
So 

_ M tM0
21tRZ(1 - cos a) 

With this and the recurrence relations (Butkov, 1968, p. 346) 

1 - xZ dPn(x)
Pn- 1(x) = xPn(x) + ---- for n ~ 1 

n dx 

and 

1 - xZ dPn(x)
Pn+ 1(x)=xPn(x)----- for n~O 

n+ 1 dx 

the surface density of a spherical surface load becomes 

~ ( 2n + 1 i)Pn(cosa) )00 

a = --z 1+ 1: ( (1 + cos a) i) Pn(cos9)
41tR n=1 n n + 1) cos a 

The surface density for a delta surface load can be obtained by taking the limit 
a --+ 0 and using the recurrence relation, resulting in 
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M 
0' = _t- L

00 

(2n + I)Po(cos a)z41tR 0=0 

(Note: see page 847 of Longman, 1962, for the problem of convergence of the se
ries for every value of a.) 

The change in the geoid 5J(a, 4>, t) from a surface point load located at (ao, 4>0) fol
lows from the convolution of this surface density and (4.24): 

5J(a, 4>, t) = _1 I dt' I dQ' o(a' - ao, 4>' - 4>0) f(t') G(a - a', 4> - 4>', t - t')
Me 

in which f(t) is the dimensionless uplift history of the region.
 
Briefly stated, this formula gives the geoid perturbation at (a, 4» from the deforma

tion at (a',4>') resulting from the forcing at (ao, 4>0)' Denoting \jI the angular dis

tance between (a', 4>') and the source at (ao, 4>0), and <I> between (a', 4>') and (a, 4»,
 
5J can be written as
 

dQ
M t5J(a, 4>, t) = f dt' f 4 'Z i: (2n + I)Po(cos \jI) f(t') i: GI(t - t') PI (cos <1» 
Me 1tR 0=0 1=0 

Application of the addition theorem (e.g. Arfken, 1970, p. 582) gives 

o (n - m)'
Po(cos\jl) = L ); Pom(cosa')Pnm(cosao)cosm(4>' - 4>0) 

m=-o (n+m . 

and 

n (l- m)! 
PI(cos <1» = L l )' Plm(COS a)Plm(COS a') cos m(4) - 4>')

I=-n( +m. 

in which Pnm are the associated Legendre functions.
 
Together with the orthogonality condition (Arfken, 1970, p. 562)
 

1t 

" , , 2 (l + m)! I::I da sin a Pnm(cos a )Plm(COS a ) = 2l + I (l- m)! Uln 
o 

this leads to 

M t auJ(a,I:: 4>, t) = - ~~ It"f(t )GI(t - t), ~~ -2l41t • ad I Ylm( 0, 4>O)Ylm( ,4»
Me 1=0 m=-I + 

in which the spherical harmonics Ylm are defined here as (Arfken, 1970, p. 571) 
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2l + I (l - m)! 00' 
Ylm(a, q» == -4- l )1 Plm(COS a) e 

1t (+ m . 

The zonal hannonics Jl(t) can be extracted from oj by putting m =0, resulting in 

oJ(a, t) = ~ l~O f dt'f(t')Gl(t - t') Pl(COS ao) Pl(COS a) = 
00 

= l: &l(t) Pl(COSa) 
l=O 

So the temporal change in the second degree zonal harmonic &2 is equal to 

oJ2(t) = Mt f dt'f(t')J2(t - t')P2(cos ao)
Me 

(4.25) 

The second degree zonal hannonic follows from (4.7) as 
321

P2(COS ao) =2cos ao - 2' 

Heaviside uplift: 

The uplift is assumed to be instantaneous and completed at time t =- to, Le. the re
gion is uplifted by 5 kilometers at 5 million years ago. This is a rather unrealistic 
situation, but it serves to study the effects of the relaxing modes. Besides this, 
Heaviside types of uplift with smaller amplitudes are geologically.not unrealistic. 
So: 

f(t') =H(t' + to) for - to ~ t' ~ t (4.26) 

in which H is the Heaviside function.
 
The induced changes in the degree 2 zonal hannonic of the gravitational potential
 
field by such a Heaviside function are given by «4.24) and (4.26) in (4.25))
 

M t ( MoJ2 = _t f dt' H(t' + to) (l + ~) OCt - t') + .l: kjeSj(t - t') JP2(cos ao)
Me - to J= 1 

. .' dOJ2.
WhICh results WIth J2 == -- In 

dt 

i2 = Mt ((l + ~) &::t + to) + l: k~ eSj(t + to) JP2 (cos ao) for t ~ - to (4.27)
Me j=l J 
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Figure 4.3 shows the results for a number of viscosity contrasts.
 

-2 LOWER MANTLE vise.• UPPER MANTLE vise 

o -1"1-...,.......,..--.-,.............-.....---.-----,-.,.........,
 
-5000 -4000 -3000 ·2000 ·1000 0 

_<xtkl') 

-2 LOWER MANTLE vise • 10 x UPPER MANTLE vise -2 LOWER MANTLE VISC.• 50 x UPPER MANTLE VISC 

o _.,...~....,---.-----r-~.___~-,-~___i o 
-5000 -4000 -3000 -2000 ·'000 o ·5000 -4000 -3000 ·2000 ·1000 

time(x1 kyr) time(x1 kyr) 

Figure 4.3. Changes in h by full mantle relaxation,' Heaviside case. The uplift of 
5 kilometers takes place instantaneously 5 million years ago. The shallow upper 
mantle viscosity is held fixed at 1021 Pa· s, while the three panels show the cases 
for a viscosity of the lower mantle which is equal to, 10 times larger and 50 times 
larger than this value. Each panel contains four curves, representing the cases for 
a viscosity of the transition zone which is equal to, 5 times larger, 30 times larger 
and 100 times larger than the viscosity ofthe shallow upper mantle. In all cases the 
lowermost curve in each panel is for the equal viscosity case. The curves show less 
fast declining tendencies for exceedingly higher viscosity contrasts between the 
transition zone and the shallow upper mantle. 

The standard rheological parameters for each layer and the depths of the bound
aries can be found in table 4.1. Each of the three panels shows the changes in J2 
from the time of uplift (5 Myrs ago) to present for four values of the viscosity con
trast between the transition zone and the shallow upper mantle, while the viscosity 
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contrast between the lower and shallow upper mantle is kept constant. The shallow 
upper mantle viscosity is held fixed at l(fl Pa· s in all the simulations. 
What is not clear from these figures is that at the time of the instantaneous uplift 
the value of j2 is about 2.5 x 10- 6 per year. After the moment at which the Heavi
side uplift took place, the values of i2 immediately turn negative, declining expo
nentially afterwards. This temporal behavior is what one would have expected: the 
instantaneous uplift causes the Earth to become more elliptic, while after the in
stantaneous moment of uplift only the relaxation modes are operative which tend to 
make the Earth less flattened again in an exponentially decaying manner. 
All three panels show that the absolute effects of the Heaviside uplift on changes in 
J2 are only important shortly after the uplift took place. The relevant modes decay 
rapidly irrespective of the values for the viscosity contrasts, making a study after 
the roles played by the MI and M2 modes which decay on timescales of millions 
of years not very useful. 
It is interesting to note, however, that a Heaviside uplift of 5 millimeters taking 
place at present would induce a change in J2 of 2. 5 x 10- 12 per year - being about 
one tenth of the satellite observed non-tidal value. After this initial moment, the 
value would turn immediately negative, starting to decay by the short timescale re
laxation modes that also dominate post-glacial rebound. That is, if the lithosphere 
would not prohibit any relaxation of the mantle. 

Linear uplift: 

The modeled region starts rising with a constant rate at t =- to. At present, t =0, 
the function f has the normalized value of f(O) = I. 
So: 

t'
f(t') =- + I for - to ~ t' ~ t (4.28)

to 
The changes in the degree 2 wnal harmonic are given by «4.28) and (4.26) in 
(4.25» 

OJ2 = Mt j dt' (t' + I ) [(l +~) OCt - t') + .~ kfeSj(t- t') JP2(cos eo)
Me to J=1

-!() 

resulting in 
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layer outer radius (km) density (kg/m3) rigidity ( x 1010 N/m2
) 

lithosphere 6371 4120 7.28 

shallow upper mantle 6250 4120 9.54 

transition wne 5951 4220 1U)() 

lower mantle 5701 4508 19.90 

core 3480 10925 OJ)() 

Table 4.1. Standard values of the physical parameters ofthe five-layer model. 

. M t ( 1 + ~ ~ kr [ s (t + lQ) ] JJ2 = - -- - .£.J - 1 - e j P2(COSOO) for t ~ - to (4.29)
Me to j= 1 Sjto 

with Mt = !VI to. whereby !VI is the mass that is uplifted per year. As Mt is equiv
alent to a mass of the area being uplifted by 5 kilometers and to =5 Myr. this im
plies that !VI is equivalent to a mass of the area being uplifted by 1 millimeter per 
year. 
The simulations for a linear uplift model are shown in figure 4.4. Now the values 
for i2 remain negative for the whole 5 million years. The linear uplift causes the 
Earth to become more elliptical. After a relatively short time the relaxation of the 
mantle keeps track with the constant uplift. causing the ellipticity to increase with a 
constant rate. As well as in the case of the Heaviside uplift. the absolute values of 
the induced i2 remain two orders of magnitude too low for all modeled cases to 
have a significant influence on the present day rate of change of J2. 

Exponential uplift: 

The region starts to rise exponentially at t = - to with a characteristic rise time a. 
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Figure 4.4. Changes in J2 by full mantle relaxation; Linear case. The uplift starts 
to increase in a linear fashion 5 million years ago in such a way that at present an 
uplift of5 kilometers is accomplished. The same remarks concerning the viscosity 
contrasts, the panels and the tendencies of the curves apply asfor figure 4.3. 

Together with the condition f(O) =1, the function f takes the fonn 

e(t' + f())/a - I 
f(t') = ef()!a _ I for - to S t' S t (4.30) 

The changes in the degree 2 zonal hannonic are for this exponential rise given by 
((4.30) and (4.26) in (4.25» 

resulting in 
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. M1 (I+~ e(l+lo)/a M k~ [e(I+Io)/a_asoeSj(I+Io) ]JJz =- -- + ~ J J _eSj(I+Io) P2(COS ( 0)
Me a etola- I j = 1 etola - I I - asj 

for t ~ - to (4.31) 

with M1 = M(t = 0) . a· ( I - e- toIa ), with M(t = 0) being the mass that is present
Iy uplifted per year. For the constant a we have chosen the constant that is pro
posed by Zeitler: a =3 million years. As M1 is again equivalent to a mass of the 
area being uplifted by 5 kilometers and to =5 Myr, M(t =0) is equal to a mass of 

the area being uplifted of I ~~~S/3 =< 2 millimeters per year at present 

Figure 4.5 shows the results of the simulations for this case. Also in this case, the 
absolute values of j2 are insignificant, although the tendencies the plots show are 
interesting in itself. After the uplift is initiated, the relaxation of the short time 
scale modes dominates the temporal behavior till at a certain point the exponential 
increase overcomes the relaxing modes. The tum-around point is especially sensi
tive to the viscosity contrast between the lower and shallow upper mantle, but also 
the viscosity contrast between the transition zone and the shallow upper mantle has 
a clear influence. 

To summarize: if the mantle is purely relaxing passively, then on the timescales 
considered here (that is, exceeding those of post-glacial rebound), the values of j2 
are orders of magnitude too low to be significant. However, as has been pointed out 
in chapter 3, the lithosphere will at least partly inhibit this mantle relaxation, so that 
the values for j2 of the figures 4.3, 4.4 and 4.5 must be interpreted as lower limits. 
The upper limits are given by assuming that there is no mantle rebound at all. 
Another way to look at these results is the following: in the modeling we did not 
specify where the material which causes the uplift of the Himalayas and the Ti
betan Plateau comes from. The places where the compensating material originates, 
are more likely to be wide-spread over the globe (with the majority most likely be
ing beneath the oceans). These places are more likely to be subsiding under condi
tions where the mantle can relax passively, not prohibited by the lithospheric forc
ings in combination with intraplate stresses that are envisioned to be active in the 
Indian - South Asian collision zone. For these compensating regions, the normal 
mode modeling is more applicable than in the region experiencing uplift. So, the 
induced changes in J2 by the Himalayan and Tibetan Plateau uplift will probably be 
closer to the upper values derived in chapter 3 than to the lower values derived 
here, while on the other hand the induced changes in Jz by the mass-compensating 
regions will likely be very close to the values of the simulations depicted in the fig
ures 4.3, 4.4 and 4.5. Of course, the upper values of chapter 3 can only be sus
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Figure 4.5. Changes in h by full mantle relaxation; Exponential case. The uplift 
starts to increase exponentially 5 million years ago with a characteristic rise time 
of 3 million years till after 5 million years an uplift of5 kilometers is established. 
Same viscosity contrast cases as in figures 4.3 and 4.4. In each panel the upper
most curve represents the case of highest viscosity contrast between the transition 
zone and the shallow upper mantle again; the lowermost curve a viscosity contrast 
of1. 

tained for limited periods in a Heaviside type of fashion, otherwise the Himalayas 
and Tibetan Plateau would not have a low-density root at all. Such a same kind of 
reasoning can be set up for the erosion models. 
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Polar Wander 

In order to determine the effects of the adjusunent of the equatorial bulge to the 
forcings, consider the following cartoon (cf. Lambeck, 1980, p. 39): 

If a is the angle between the instantaneous rotation axis ro and the line r from the 
center of mass of the Earth and a perturbation at point P, then 

ro· r = lrotlrl cos a 
3


°th -> -> ~
 WI ro· r = ~ Olixi. 
i = I 

The distance I from P perpendicular to the axis of rotation follows now from 

z2 - fl fl 2 _ fl (XI + X2 + x3i - - cos a - - oil 

with r = If1and co = lrot.
 
So the centrifugal potential Dc is given by
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1 212 1 22 2
Ue =2 00 =2( 00 r - (001 XI + 002X2 + 003 X3) ) = 

1 (22 2 2 2 2 2 2 2 2 2 )=2 00 r - OOIXI - <02X2 - <03 X3 - 001~XIX2 - 001~XIX3 - ~~X2X3 = 

= ~ 002fl - ~ ( .!. oorfl - .!. oor( X~ + X~ - 2xr ) + .!. ~fl - .!. ~( xr + X~ - 2x~ )
2 2 3 3 3 3 

+ .!.
3 
~fl - ~ 

3 
~( xr + X~ - 2x~ ) ) =
 

1 22 1 2 2 2 2 1 2 2 2 2
 
= 3 00 r + 6001 ( X2 + X3 - 2xI ) + 6 <02 ( XI + X3 - 2x2 ) 

1 2( 2 2 22)+6<03 XI+X2- X3 -001~XIX2-00I~Xlx3-~~X2X3= 

1 22=300 r + dUe 

with ~ 002fl the purely radial part of Ue• and dUe the part which describes the equa

torial flattening. This latter part can be written in spherical coordinates as 

2dUe = ~ oorfl ( sin2 9 sin2 
C\> + cos2 9 - 2 sin2 9 cos C\> ) 

2 
+ ~ ~fl ( sin2 9 cos C\> + cos2 9 - 2 sin2 9 sin2 

C\> ) 

+ ~ ~fl ( sin2 9 - 2 cos2 9 ) 

- 001 ~fl sin2 9 sin C\> cos C\> - 001 ~fl sin 9 cos 9 cos C\> 

- ~0>.3fl sin 9 cos 9 sin C\> 

and this can be rewritten as 

1 2 2 2 2dUe = 6 r ( 001 + <02 - 2003 ) P20( cos 9 ) 

- ~ fl ( 001003 COS C\> + ~0>.3 sin C\> ) P21 ( cos 9 ) 

+ 11 fl ( (~ - oor) cos 2C\> - 2001 ~ sin 2C\> ) P22( cos 9 ) 
2 

with the second degree associated Legendre polynomials P2m according to (3.25) 
given by 

3 2 1
P2Q( cos 9 ) =- cos 9 - 

2 2 

P21 ( cos 9 ) =3 sin 9 cos 9 

P22( cos 9 ) = 3 sin2 9 

The potential that defonns the equatorial bulge is now simply given by 
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AVe' =k2AVc for r =R 

The general expression for the degree 2 spherical hannonic gravitational potential 
field is for r ~ R given by (3.24) as 

AV2 = GM (R J2 f. (C2rn cosme!> + 5 2m sin me!> ) P2m( cos a) 
r r m=O 

which becomes for r =R equal to 

GM 2 
AV2 =- L (C2rn cosme!> + 52m sin me!> ) P2m( cos a) 

r m=O 

The coefficients C2m	 and 52rn are given by (3.26) as 

2 - OOm (2 - m)! f 2 
C2m = MR2 (2 + m)! pr P2m( cos a) cos me!> dV 

E 

2 - Oom (2 - m)! f 2 • 
5 2rn = MR2 (2 + m)! pr P2m( cos a) smme!> dV 

E 

so 
3

k2R 2 2 2 
Cw = 6GM (001 + CO2 - 20>3) 

~~ ~~ 
C21 =- 3GM 001 ffiJ 5 21 =- 3GM ~ffiJ 

k R3	 k2R3222 
C22 = 12GM (CO2 - (01) 522 =- 6GM 001ID2 

These coefficients can be expressed in the moments and products of inertia with the 
result 

1 
C20 = 2MR2 (Alxx + Alyy - 2Alzz) 

Alxz Alyz 
C21 =- MR2 521 =- MR2 

Alxx - Alyy Alxy 
C22 = 4MR2 5 22 =- 2MR2 

50 the changes in the products of inertia Alxz and Alyz can be expressed in a linear 
approximation, using (2.8), as 
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2 k2R5 k2R5(02
 
1\Ixz =- MR C21 = 3G (01 n 3 == 3G ml(l + m3)
 

2 k2R5 k2R5(02
 
1\Iyz = - MR 521 = 3G ~n3 == 3G m2(l + m3)
 

and, as m3 « 1, the complex forcing function ~ for rotational defonnation be
comes 

dL __ Mxz +' M yz k2 
....K I--==-m 

C-A C-A leo 
with m =ml + i m2' and 

3G(C-A)
leo;;;; R5n2 

the so-called secular Love number.
 
The linearized Liouville equation for polar wander which includes both loading
 
and tidal fOI-cings thus becomes (cf. (2.18»
 

.m
1-+m=<I> (4.32) 

crr 

with the forcing function <I> consisting of two parts: <I> = ~ + ~, with <l>L the part
 
describing the direct geodynamic forcing and ~ the induced rotational defonna

tion. Again, ml and m2 are the direction cosines of the rotation axis in the x- and
 
y-direction respectively. The x-direction is chosen to be in the equatorial plane
 
from the center of the Earth towards the Greenwich meridian, me y-direction to

wards 90 degrees East longitude. The z-direction is along the initial mean position
 
of the rotation axis. It is assumed that the origin of the geographic coordinate sys

tem (x. y, z) coincides with the center of mass of the Earth. crr is the Chandler wob

ble frequency for a rigid Earth, given (2.14).
 
The defonnation of the equatorial bulge can be expressed in Love numbers as
 

k 
~ = ~ m, so (4.32) becomes 

. m k2 '" 
1 - + (l - -)m = ....L (4.33) 

crr leo 
Laplace transfonnation and substituting (4.23) leads to 

. s I ~ M ki )] _ 1- + 1 - - lee + L -- m(s) =<l>L(S) (4.34)
[ crr kf i=1 S - Si 

with kf =k2(s =0) being the tidal fluid Love number. 
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With the tidal elastic Love number 

M k. 
ke=kc+ L ..2. (4.35) 

i = 1 Si 

(cf. (4.23», and 

(4.34) becomes 

. or ~ ki ) - ( ) . th.()
S ( 1 + 1 -k .£J ( ) m S =- lOr .....L S 

Ci=lSiS-Si 

So 

(4.36) 

with 

(4.37) 

Now 

M M 
II (S - Sj) II (S - Sj) 

M Xi j= 1 M j~i 
1 + L --= + L x, ~-- (4.38)1Mi-I S-Si M i_1 - .Il (S - Sj) - .Il (S - Sj) 

J=l J=l 

M M 
where II means n without the term j = i. 

j~i j=l 

The right-hand side of (4.38) 

M M M 
II (s - Sj) + L Xi II (s - Sj) 
j=l i=l j~i 

M n (s - Sj) 
j = 1 

can be transformed into 
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M .
L «lis· 

i=O 
M n (S - Sj) 

j = 1 

(whereby it immediately follows that aM = 1), and consequently (4.38) can be put 
as 

M
L (s - aj) 

M Xi j=l
1 + n -- = -:-;--- (4.39)

M 
i=l s-Si n ( ) 

. S - Sj 
J = 1 

with ai being the M complex roots of the equation L
M 

«lis·
. 
= O. 

i=O 
(4.39) in (4.36) gives 

M n (s- aj) 
j = 1 

S M m(s) = - iO'r~(s) 

.n (s - Sj) 
J = 1 

and so 

M 
.n(s - Sj) 
J = 1 

m(s) = - iO'r M Cl>ds) 

s .n (s - aj) 
J = 1 

Ao M Aj J- (4.40)=- iO'r - + L -- Cl>ds)( s j = 1 S - 8j 

In this expression, the tenns aj are the inverse relaxation times from the tidal prob
lem for the M modes, having the strength given by the residues Aj . The residue Ao 
gives the strength of the secular tenn. 

We now consider two classes: in the first the mantle is both relaxing to the load and 
to the tidal forcing; in the second the mantle is only relaxing to the tidal forcing, 
but not to the load. 
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The Laplace transfonned forcing function <i>L(S) for the situation in which there is 
only mantle relaxation due to the changed tidal potential (no mantle relaxation due 
to the load) reads for the uplift case 

~(s) = G(Ml, a, <p) f(s) (4.41) 

with, for the load specified as an uplifting quadrilateral block (cf. (2.17) with 
(3.23) and (3.24» 

G(Ml, a, <p) =- f(~~~ (sin3 a2 - sin3 a1) . 

. (sin<i>2-sin<PI ,-(COS<P2-COS<PI») (4.42) 

in which C and A are the equatorial and polar principal moment of inertia respec

tively with C - A := 2. 63 X 1035 kg . m2, Pm is the density of the shallow upper
 
mantle (cf. table 4.1) and Ml the height over which the region extending from co

latitude al =55° to a2 =63° and from eastern longitude <PI =70° to <P2 =95° is up

lifted.
 
The Laplace transfonned forcing function for fully operating mantle relaxation (to
 
load and tidal potential) as response to uplift is given from (4.41) and (4.23) by
 

~(s) = G(.1Il, 9, 4» ( 1+ t; +J, S ~LSj Jfls) (4.43) 

in which ~ is the elastic part and kr the visco-elastic part of the loading Love 
number, and f(s) denotes the Laplace transfonned temporal part of the forcing 
function. (Note: in (4.43) the density Pm is to be replace by PL upon implementing 
(4.42». 
So for the case in which the mantle relaxes to the induced change in tidal potential, 
but not to the load, (4.41) in (4.40) gives 

m(s) =- iarG(Ml, a, <p) ( Ao + 1: ~) f(s) (4.44) 
s i=IS-ai 

while for fully operating mantle relaxation (4.43) in (4.40) gives 

m(s) =- iarG(Ml, a, <p) ( Ao + 1: ~) (1 + I¢ + 1: kr Jf(s) (4.45) 
s i = I S - ai j = I S- Sj 

with 
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L 

( Ao + i: ~ )(1 + ~ + i: kr J= AoO + ~) + i: Aokt 
S i = 1 S - ai j = 1 S - Sj S i = 1 S(S - Si) 

M A.O + lrL )+ ~ ---=...1~_"e.....:;.;,. 
i=l s-ai 

M M A· k~ 
+ ~ ~ 1 J = 

i = 1 j = 1 (S - ai) (S - Sj) 

.. M P M 
= An + ~ _i_ + ~ -.1L (4.46) 

S i=ls-Si i=lS-3j 

in which 

(4.47) 

(4.48) 

and 

A o
.. =AoO + kc

L) (4.49) 

in which 

(4.50) 

is the loading fluid Love number. 
So for the case of mantle relaxation to load and tidal potential (4.46) in (4.45) leads 
to 

The three cases for the temporal evolution of the uplift will be considered again: 
uplift in a very short time interval which can be approximated by a Heaviside func
tion, linear uplift and exponential uplift. 
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Heaviside uplift 
If the uplift can be regarded as started and being completed instantaneously at 
t =0, then the function f(t) has the form f(t) =H(t), with H(t) being the Heaviside 
function. 
The Laplace transformed function reads 

- If(s) = (4.52) 
s 

Substituting (4.52) in (4.44) gives the expression for files) for the case in which the 
mantle only relaxes to the tidal potential: 

Ao I M A- M A-la- )riles) =- icrrG(Mt, 9, <\I) ( ~ _1 + ~ _1_1 (4.53) 
s2 S i =1 ai i =1 S - ai 

Inverse Laplace transformation finally gives 

met) =- icrrG(Mt, 9, <\I) ( Aot + i~l ~i (eait 
- I ) ) for t ~ 0 (4.54) 

Figure 4.6 shows the results of the calculations with the same rheological parame
ters as were used in the modeling on j2. We have assumed that one tenth of the 
Heaviside uplift of 5 kilometers, again assumed to take place 5 million years ago, is 
permanent, Le. not relaxed by mantle relaxation due to the intraplate stress field. 
That this is far from being a ridiculous large number can be illustrated by the work 
of Basavaiah et al. (1991). They calculated that the free-air gravity anomaly over 
the Himalayas is better explained by a root which has a 30 percent isostatic over
compensation than a root which would lead to the area being in isostatic equilibri
um. This is in agreement with cited studies in their article on Bouguer gravity 
anomalies and seismic observations of the extreme great depth of the Moho in this 
region. 
The three panels show the temporal development of the magnitude of the polar 

wander m ="mr + m~ as a function of the viscosity contrast between the lower 
and shallow upper mantle. In each of the panels the situation is depicted as a func
tion of the viscosity contrast between the transition zone and the shallow upper 
mantle. It is clear from the third panel that for high viscosity contrasts between the 
lower and shallow upper mantle, the polar wander is small irrespective of the vis
cosity contrast between the transition zone and the shallow upper mantle. This is in 
agreement with what Spada et al. (l992b) have found from analyzing the effects of 
long-term changes in subduction on the rotational axis. For small viscosity con
trasts between the lower and shallow upper mantle, however, the viscosity of the 
transition zone has a strong influence on the induced amount of polar wander. The 
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Figure 4.6. Polar wander by tidal relaxation only; Heaviside ,case. Only tidal 
relaxation is operative. The uplift of 500 meters is instantaneous 5 million years 
ago and is asswned to keep the mantle from relaxing to the load. The magnitude 

m = '"mi + m~ of the induced polar wander is plotted as junction of time before 
present. The viscosity of the shallow upper mantle is again held fixed at 
1021 Pa . s for all cases. The four numbers for each curve in the first panel denote 
the values of the viscosity contrasts between the transition zone and the shallow 
upper mantle. The relative position of the four curves in the other two panels is the 
same. 

first panels shows that if the lower mantle would have the same viscosity as the 
shallow upper mantle. the induced polar wander would be about 3 times as large in 
the case of the mantle having a uniform viscosity than in the case of the transition 
zone having a 30 times as high viscosity than the rest of the mantle. This panel in 
particular clearly shows where the transition point between the long term relaxation 
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modes Ml and M2 becoming more important than the short tenn relaxation modes 
is situated. The polar wander rates are greatest during the first few hundreds of 
thousands of years and become constant thereafter, completely detennined by the 
three long-tenn modes. 

For the case of the mantle also relaxing to the load, the polar wander is given from 
(4.52) in (4.45) in the Laplace domain as: 

m(s) =-iOFG(~,6, q,) [ A~ _! i: (Pi +l )+ i: (P/Si +y/a;.)J (4.55) 
S2 s i = 1 si 8i i = 1 S- Si s - 8i 

which has the inverse Laplace transfonn 

met) =- iorG(Ah, 6, q,) (A~t + i: Pi (esit 
- 1 ) + Yi (eait

- 1 ) ) 
i=l Si 8i 

for t ~ 0 (4.56) 

Figure 4.7 shows the temporal development of this fully operating mantle relax

ation case. Here, the uplift is assumed to amount the full 5 kilometers again. Apart
 
from the absolute magnitudes, the fonn of the four cases in each of the three panels
 
do not differ very much from the fonner cases in which no mantle relaxation to the
 
load was assumed to take place. In the third panel the excitation of the Chandler
 
wobble is clearly visible, but the main difference is that the polar wander is rela

tively much smaller after the first few hundreds of thousands of years have elapsed
 
than in the cases of figure 4.6. This is simply due to the fact that the centrifugal
 
forces in the cases of a pennanent deviation from isostasy are a few orders of mag

nitude greater than those in the cases where isostasy has been attained, even when
 
the initial uplift was 10 times as large as in the no-mantle-relaxation-to-the-load
 
cases.
 

These conclusions justify a scrutinization of the role played by the different relax

ation modes in the readjustment of the tidal bulge. It is clear that, if the lower to
 
shallow upper mantle viscosity ratios are not too large (about 10 or less), the
 
amount of polar wander becomes very sensitive to the properties of the transition
 
zone.
 
The contributions of the long-timescale relaxation modes Ml and M2 on the in

duced amount of polar wander is sketched in figure 4.8.
 
In all four cases the Ml mode, which is related to the relaxation of the 670 km dis

continuity, has more strength than the M2 mode. Only for times exceeding 5 mil

lion years the M2 mode has more strength (modeling results show that this will be
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Figure 4.7. Polar wander by full mantle relaxation; Heaviside case. Both load 
and tidal relaxation are operative. The uplift of5 kilometers takes place instanta
neously 5 million years ago. The same remarks concerning the viscosity contrasts 
apply as infigure 4.6. 

the case for 5.8 Myrs after the triggering of the Heaviside function for the unifonn 
mantle case of the first panel). The reason for this is due to the long timescales on 
which the M2 relaxes. It strikes from all four panels that the M2 mode shows no 
sign of diminishing in strength: its temporal behavior is almost linear. Figure 4.9 
shows that the relaxation time of the M2 mode is one to two orders of magnitude 
larger than the M1 mode for all modeled values of the viscosity contrasts. This ex
plains why the trend of the contribution of the M2 mode in figure 4.8 seems linear: 
5 million years are short compared to the M2 relaxation times which exceed 100 
million years. 
That the amount of polar wander is not very sensitive to changes in density contrast 
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Figure 4.8. Relative importance of the M1 and M2 modes. The viscosities on top 
of the four panels indicate the viscosity of shallow upper mantle : transition zone : 
lower mantle in units of 1021 Pa· s. The curves denoted "all modes" depict the 
total amount of induced polar wander by the Heaviside uplift case in which there is 
both load and tidal relaxation (see figure 4.7). The curves denoted "Ml" and "M2" 
give the contributions from the M1 and M2 mode relaxations respectively. The four 
panels of this figure depict the evolution of the total polar wander and the contribu
tionsfrom M1 and M2 asfunction offour different mantle viscosity stratifications. 

between the shallow upper mantle and the transition wne, or between the lower 
mantle and the transition wne, is shown in figure 4.10. One of the Heaviside uplift 
cases of figure 4.7 is chosen: the viscosity contrast between the transition zone and 
the shallow upper mantle is held fixed at 5, while that between the lower and the 
shallow upper mantle is 10. 
In the first panel of figure 4.10 the polar wander is plotted for three values of the 
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Figure 4.9. Relaxation timescales of the Ml and M2 modes. The relaxation times 
are logarithmically plotted as a function of the lower mantle viscosity. The viscos
ity contrast referred to at the top of each panel is the viscosity contrast between the 
transition zone and the shallow upper mantle. 

density of the lithosphere and shallow upper mantle: 4000 kg . m- 3, 4120 kg . m -3 

(the standard value) and 4200 kg· m- 3. In the second panel the same is done for 
3the values of the lower mantle: 4400 kg. m- , 4508 kg· m- 3 (the standard value) 

3and 4600 kg· m- .
 

It is obvious from these curves and from comparison with figure 4.7 that changing
 
the density contrast effects the curves far less than changing the viscosity contrasts. 
Figures 4.11 and 4.12 show the temporal development of the loading and tidal Love 
number as a function of the viscosity stratification of the mantle. From comparison 
of the three panels of each figure it appears that the viscosity contrast between the 
transition zone and the shallow upper mantle is far less important than the viscosity 
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Figure 4.10. Effects of variations in density contrast of the boundaries. The 
induced polar wander for the Heaviside uplift case in which both load and tidal 
relaxation are operative is depicted. The viscosity contrast between the transition 
zone and the shallow upper mantle is 5, between the lower and shallow upper man
tle 10. The top panel shows the effects of varying the lithospheric/shallow upper 
mantle densities. The three curves show the cases for values of 4000, 4100 and 
4200 kg . m-3 , with the top curve being the case of the lowest value for the litho
spheric/shallow upper mantle density. The lower panel does the same for varia
tions in the lower mantle density. Values of4400,4508 and 4600 kg . m-3 are cho
sen, with the top curve for the first few million years after uplift onset representing 
the case of the highest value for the lower mantle density. As is vaguely visible, the 
order oftop and bottom curves changes after some time. 

contrast between the lower and shallow upper mantle. The differences between the 
various values of the transition wne viscosity are hardly visible. 

Linear uplift 
For a linear rate of uplift, which is supposed to start at t =0, f(t) can be written as 
f(t) =lito if the timespan till present amounts to under the condition that at present f 
must be equal to one. The Laplace transfonned function for this linear uplift reads 

_ 1 
f(s) = -2 (4.57) 

tos 



125 Present-Day Changes in Rotation, Part 2 

LOWER MANTLE VISC.• UPPER MANTLE VISC. 
0.5 ----------------------------------------------------------------------1 

0.0 

1.0.5 

! 
·1.0~-~ 

·1.5 +-..--,---.--,--.--r-~r_..._,--.-___r_.........__1
 

·3 -2 ., 0 1 2 3 • 
log 1Imo ( "log kyrI ) 

0.5 ~MANTLE VISC.• 50. UPPER MANTLE VISC. 

i 
0.0 i-'--------------j 

I 1
i! -0.5-! 

~ 1
-,.01 

~ 
·1.5 I I' Iii • I I i -'.5 +-..--,---.--,--.--r-~r_..._,--.-___r_.........__1
 

-3 -2 -, 0' 3. -3 -2 ., 0' 3 
log time ( '~og kyr. ) log tin. ( "log kyn ) 

Figure 4.11. Temporal development of the loading Love number. For each of the 
three panels four cases are plotted, having viscosity contrasts between the transi
tion zone and the shallow upper mantle of 1, 5, 30 and 100. The differences 
between the curves in each panel are negligible. The top curve in each panel is for 
the largest viscosity contrast between the transition zone and the shallow upper 
mantle, the bottom curve for the case ofa viscosity contrast of1. 

For the case of the mantle only relaxing to the change in tidal potential, (4.57) in 
(4.44) results in 

m(s) = - icr G(Llh, 6, <\» ( 1\0 _ ~ ~ Ai - ~ ~ A~ + ~ Ai/if J 
r 

t~ s3 s2. _ 1 a· S· _ 1 a· . _ 1 S - a·'U 1- 1 1- 1 1- 1 

Inverse Laplace transformation gives 
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Figure 4.12. Temporal development of the tidal Love number. The plots are for 
the same cases of the viscosity contrasts as in figure 4.11. The top curve in each 
panel is for a viscosity contrast between the transition zone and the shallow upper 
mantle of1, the bottom curve for the case ofa viscosity contrast of100. 

m(t) =_ia G(Ml, a, C\» (-21Aot2 _ ~ Ai t + ~ A~ (e8jt _ 1 ))r 
1:0 i= 1 aj i=l ai 

for t ~ 0 (4.58) 

The results as a function of the viscosity contrasts are shown in figure 4.13. The 
polar wander rates at present with this linear model can be up to about 30 cm/yr 
(case of unifonn mantle viscosity) which is about three times the observed value. 
For a lower mantle viscosity which is 10 times higher than the value for the shallow 
upper mantle, this rate would be much smaller, but for a value of the viscosity of 
the transition zone equal to that of the shallow upper mantle the rate of secular drift 
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Figure 4.13. Polar wander by tidal relaxation only; Linear case. It is asswned 
that no mantle relaxation takes place to the loading. The modeled region offigure 
1 starts to uplift linearly at 5 million years ago with an uncompensated uplift rate 
of 0.1 mm/yr. The same cases for the viscosity contrasts are modeled as in figure 
4.6. 

would still amount some 10 crn/yr, which is about the value of the contemporane
ous rate. As a value of the lower mantle viscosity between one to ten times the val
ue for the shallow upper mantle viscosity is quite a reasonable figure (e.g. Hager, 
1991, by reviewing the results of studies on several geophysical signatures comes 
to a value of the lower mantle viscosity of 6 x l(fl Pa· s), the results depicted in 
the panels of figure 4.13 only strengthens the claim that vertical tectonic 
movements unrelated to post-glacial rebound can be very effective in contributing a 
considerable amount to the present-day polar wander. 
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For the case of the mantle also relaxing to the load, (4.52) in (4.45) gives 

m(S)=_iorG(Ml'9'C\l)(A~_.!- ~ (Pi+ 'Yi)_! ~ (Pi+ 'Yi) 
to S3 s2 i = 1 Si ai s i= 1 st at 

+ ~ ( Pis; + 'Yiar JJ 
i=l S-Si S-ai 

which has the inverse Laplace transform 

met) = - iO G(Ml, 9, C\l) (~~~ _ ~ ( Pi + 'Yi ) t + ~ Pi (eSjt _ 1 ) r to 2 i=l Si ai i=l st 
+.~ 'Y~ (eait _ 1 )) for t ~ 0 (4.59) 

1 =1 3i 

Figure 4.14 shows the results of the simulations. As was the case with the Heavi
side-types of uplift, the tendencies of these linear uplift models with full mantle re
laxation to the load are the same as those of figure 4.13. The absolute values of the 
polar wander are of course less than the corresponding no-mantle relaxation cases, 
even more when one takes into account that the uplift rates of figure 4.13 are ten 
times smaller. 

Exponential uplift 
An exponential rate of uplift can be represented by 

f(t) = etlt<J - 1 
e-1 

The uplift is supposed to start at t =O. The normalization factor e - 1 makes the 
function f equal to one after a timespan to has elapsed. 
The Laplace transformed function for such an exponential time evolution reads 

- 1 (1 1)
f(s)=- -- (4.60) 
e - 1 s - lito s 

The case of the mantle only relaxing to the change in tidal potential and not to the 
load, (4.60) in (4.44) gives 
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Figure 4.14. Polar wander by full mantle relaxation; Linear case. Both load and 
tidal relaxation act. The region is uplifted linearly, starting 5 million years ago, 
with an uplift rate of1 mm/yr. 

Ao Aoto Aoto 1 M A· M A-/a·
m(s) = - iorG(Ml,e,$) - - - - - + - L -2. - L _1_1( S2 s lIto - s s i =1 ai i = 1 S- ai 

M A-l(l/L-a·) 1 M A· ) _ L 11 I'(J 1 _ L 1 

i = 1 S - ai lito - s i =1 1~ - ai 

resulting in 

ailmet) = - iorG(Ml, e, $) ( - Aot + Aoto ( e'/to - 1 ) - i ~l ~: ( e - 1 ) 

0 
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+ ~ Ai (et/to _ eail ) ) for t ~ 0 (4.61) 
i=llIto-ai 

Figure 4.15 portrays the induced amount of polar wander as a function of the vis
cosity stratification of the mantle. The same tendencies and about the same magni
tudes are found in these cases for the present polar wander rates as in the corre
sponding linear cases of figure 4.13. 

Both mantle relaxation to load and tidal potential gives «4.60) in (4.45» 

_. [ A~ ~to A~to 1 M (fli Yi)m(s) =-IOrG(LYl,e,<!» - - - - - + - 1: - +
s2 s lito - s s i =1 Si ai 

- ~ ( flJSi + yJai J 
i =1 S - Si S - ai 

- i~1 ( flJ(~/~ s~ Si) + YJ(~/~ ~ ai) ) 

llto
l
- s i~l ( 1I:~ Si + S~iai )) 

which results after inverse Laplace transformation in 

met) = - iorG(Ml, e, <\!) (- A~t + A~to( et/to - 1 J-.~ fl~ (eS;1 - 1 ) 
1 = 1 Sl 

_ ~ 'Yi (eait _ 1 ) + ~ fli ( et/to _ eSil ) 
i = 1 ai i = 1 lito - Si 

+ L Yi ( et/to - eail )) for t ~ 0 (4.62)
i= 1 lito - ai 

The results are depicted in figure 4.16. Apart from the somewhat more exponential 
behavior of the curves, the plots are very similar to those of the linear uplift case of 
figure 4.14. 
The polar wander plots for the three modeled uplift histories have a few character
istics in common. Irrespective of the question whether there is mantle relaxation to 
the load or not, the polar wander remains very small for the cases in which the vis
cosity ratio between the lower and shallow upper mantle is large, Le. for values 
larger than about 10. The viscosity of the transition zone is not important then. For 
viscosity ratios between the lower and shallow upper mantle which are smaller than 
about 10, the induced polar wander is, apart from the time history of the uplift and 
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Figure 4.15. Polar wander IJy tidal relaxation only; Exponential case. There is no 
mantle relaxation to the load. The uplift starts exponentially 5 million years ago 
with an exponential rise time of3 million years. The uplift is normalized such as to 
result in a total uncompensated uplift of500 meters at present. 

the amount of mantle relaxation to the load, very sensitive to the viscosity of the 
transition zone. Given the uplift history and the amount of mantle compensation to 
the load, the difference in the polar wander achieved after 5 million years can be as 
large as 300 percent, depending on the transition zone viscosity being between 
1021 Pa· sand 1023 Pa· s. 
Most important, however, is that induced rates of polar wander have the right order 
of magnitude for both the linear and exponential uplift cases. We are aware, howev
er, that there are more areas in the world which experience high rates of vertical 
movement and which are most likely associated with deviations from Airy or Pratt 
isostasy, even apart from the contributions due to post-glacial rebound, recent ice 
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Figure 4.16. Polar wander by full mantle relaxation; Exponential case. Both load 
and tidal mantle relaxation are operative. The region is uplifted exponentially with 
an exponential rise time of3 million years, resulting in a total uplift of5 kilometers 
at present. 

water redistributions and probably events taking place at the core - mantle bound

ary.
 
Comparison of the three uplift histories shows that the differences between a linear
 
and exponential uplift evolution are not large. The Heaviside uplift history induces
 
a marked different polar wander history, but, as noted already, this is not a very re

alistic case. The case of a number of Heaviside uplift histories partitioned over the
 
past few million years would be more realistic. It then becomes important to con

sider when the changes in uplift took place: if the (change in) uplift happened re

cently, the small timescale relaxation modes (if not to the load, then certainly to the
 
tidal forcing) are detennining the shift of the rotation axis over the globe, just as
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they do in the post-glacial rebound case. On the longer timescales of a few hun
dreds of thousands of years to a few millions of years, the effects of all the small 
timescale uplift histories tend to result into a linear or exponential uplift history, be
ing strongly dependent on the rheological properties of the transition wne in the 
case of small viscosity contrasts between the lower and shallow upper mantle. So, 
the results of the modelings shown in the linear and exponential uplift cases would 
only give mean values in such a case, around which higher and lower shifts of the 
rotation axis of shorter duration (on timescales of post-glacial rebound) are likely. 

Conclusions 

The relation between non-glacially induced tectonic movements and changes in ro
tation is a difficult one to establish. Apart from the uncertainties in the rheological 
mantle stratification of our planet - which is assumed to be the major unknown in 
post-glacial rebound modeling -, the vertical movement and erosion rates of vari
ous regions, and the deviations from isostasy maintained by compressive intraplate 
stresses and (continental) lithospheric rheologies present extra uncertainties in es
tablishing the relation. 
In this study we have extended the original two-layer model proposed in chapter 3 
in the realm of a nonnal mode linear visco-elastic model. Such a model certainly 
has its shortcomings, unable as it is to deal with the varying lateral lithospheric het
erogeneities that are of paramount importance in maintaining an effective forcing. 
But it also has its advantages: the adjustment of the equatorial bulge to the forcings 
can very well be studied with such a widely-used analytical modeling technique. 
Given the restrictions using a nonnal mode model, the best which we can do con
cerning load relaxation is to assume that a certain amount of lithospheric uplift is 
unrelaxed by mantle relaxation. The simulations then show a polar wander which 
for reasonable uplift rates and mantle stratifications has the right order of magni
tude to induce significant contributions in the contemporaneously observed value. 
For a lower to shallow upper mantle viscosity contrast which is not too large (Le., 
smaller than about 10) the induced polar wander is sensitive to the value of the vis
cosity of the transition zone. 
This study has also outlined another important issue. The uplift of the Himalayas is 
only possible when there are compensating regions which experience subsidence. 
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The chances for these latter regions to relax by mantle relaxation on timescales of 
post-glacial rebound are much higher than the modeled area of the Himalayas. This 
gives an asymmetry in effectiveness which is clearly emerging from the studies on 
i2: the uplifted region with its actively maintained deviations from isostasy give ef
fective contributions, as was shown in chapter 3; the compensating regions with its 
rebounding mantle unprohibited by the lithosphere on top, not This implies that it 
is not necessary to consider Earth models which have mass conservation implicit 
Finally, in this study we only considered one region which experiences uplift under 
non-isostatic conditions, although this one region is a very active and potentially 
the most important one. It was not our aim in this article to give an exhaustive treat
ment of all the possible regions in the world which undergo active lithospheric ver
tical movements accompanied by deviations from isostasy. Rather we wanted to 
present a case study of only one. Future truly comprehensive studies on the mecha
nisms behind the shift in the rotation axis will not only have to include these other 
areas, but also post-glacial rebound, the recent ice - water redistributions and per
haps a number of other mechanisms like the recently proposed changes at the core 
mantle boundary. 
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CHAPTER 5 

LONG-TERM CHANGES IN ROTATION BY CHANGES IN 

OCEANIC SPREADING RATES AND SUBDUCTION 

Abstract 

Recently, Goldreich and Toomre's visco-elastic model of true polar wander driven 
by continental drift has been extended to a visco-elastic model of those induced by 
mass movements in the mantle. In some of these models, the true polar wander in
duced by an internal mass redistribution due to changes in subduction and its in
duced surface and internal boundary deflections in a radially stratified, visco-elastic 
mantle is detennined. Relating changes in the Earth's rotation solely to changes in 
subduction could lead to incomplete results, however, if the cold slabs are inserted 
into the mantle without considering the forcing functions of the hot material that 
emerges at the surface to complete the circulation. Also hot upwellings from the 
deep mantle, like the hypothetical mantle plumes, could give non-negligible contri
butions. These forcing functions are naturally included in true polar wander calcu
lations derived from recent mantle convection simulations, but at present they lack 
the forcing functions of accompauying lithospheric phenomena, sea-level changes 
etc., and generally do not model the adjustment of the equatorial bulge to the 
changed mass distributions. In fact, these models only detennine the axis of maxi
mum moment of inertia which does not necessarily coincide with the rotation axis 
for all times. 
In this chapter the rotational effects of the increased spreading rate of a mid-ocean 
ridge accompanying enhanced rates of subduction are studied by a simple model. 
Only the forcing functions are considered in order to compare the effectiveness of 
this process in relation to subduction. A full treatment of the induced true polar 
wander should include the effects of the induced shifts of the equatorial bulge, like 
has been done in chapter 4. Given the uncertainties in the forcing functions, this is 
beyond the scope of this chapter, however. The results indicate that the induced 
changes in the products of inertia might become comparable to those resulting from 
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the subduction of the slab if the increases of the sea-level are dynamically support
ed by the deeper mantle regions. Only a few percent of these changes are due to 
the lithosphere, while the bulk amount comes from the non-isostatic increase in 
sea-level. The isostatic condition by which the bathymetry is calculated only per
tains to a certain period: there is no relation between the isostatic conditions at dif
ferent times, making an increase in sea-level - being the same above the ridge as 
above a lithosphere column elsewhere - not isostatically compensated. Such a 
compensation could be established by uplift of the continents, shifting mantle ma
terial from underneath the oceanic areas towards the continental areas. Another 
possibility is that the compensation is to be sought in the deeper mantle, making 
the bathymetry dynamically supported by the convection pattern. In the former case 
the changes in the products of inertia due to the increase in bathymetry become 
negligible, in the latter case not. 

Introduction 

During the last 200 Myr there appears to have been a considerable amount of true 
polar wander that can not be related to changes in ice volumes, as these shifts 
sometimes occurred during warm periods. Andrews (1985) derives from paleo
magnetic data that during the last 180 Myr a true polar wander has occurred of 
22° ± 10°. According to Andrews, the relative motion between the geomagnetic 
poles and the hotspot reference frame was especially large (on the order of 80 - 100 
mm/yr) during the periods 180-160 Myr ago, 115-85 Myr ago, 65-50 Myr ago, and 
at present. Besse and Courtillot (1991) find that the true polar wander during the 
last 200 Myr can be divided into 5 periods: the identify relatively large excursions 
from 200 to 180 Myr ago, from 110 to 50 Myr ago and from 10 Myr ago to present, 
while during the intervening times the true polar wander has been much less. They 
come to the conclusion that the true polar wander during the last 200 Myr must 
have been more than 20°. If it is assumed that the Earth's magnetic axis roughly 
coincides with the rotation axis over long periods, then it is obvious that solid Earth 
displacements in mantle and lithosphere must be responsible for this shift, which 
occurred in a period of enhanced continental drift. Radial displacements associated 
with departures from isostasy. which were shown to be extremely effective in 
changing the moments and products of inertia in chapter 3, may have occurred in 
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times of enhanced plate activity such as in the Cretaceous. 
After Goldreich and Toomre (1969) had publiced their model of true polar wander 
induced by the wandering continents, several studies have been performed to apply 
and extend this idea in a tectonophysical and mantle convection modeling context. 
In their model, Goldreich and Toomre proposed that the non-hydrostatic part of the 
equatorial flattening is simply due to lateral adjustment of the equatorial bulge to 
an extremum of the non-hydrostatic part of the moments of inertia, instead of being 
a fossil relict of times in which the Earth was rotating faster. This latter mechanism 
gave severe problems with respect to the viscosity of the mantle. From studies on 
post-glacial rebound, mantle viscosities were found to be of the order of 
1021 Pa . s, while an explanation of the excess equatorial flattening by a fossil 
bulge model resulted in mantle viscosities being orders of magnitude larger. Lateral 
movements of the equatorial bulge - like a water wave traveling over the ocean - in 
response to secular changes in the mass distribution of the planet, could solve this 
problem. If near-surface mass displacements took place, like plate movements 
which they represented by a colony of beetles crawling slowly over the Earth's sur
face, the equatorial bulge could adjust itself by viscous flow with viscosities com
patible with those derived from post-glacial rebound. If the non-hydrostatic mass 
redistribution commenced gradually and if there was not a switch to the non
hydrostatic part of the moment of inertia around the rotation axis becoming larger 
than the non-hydrostatic part of the moment of inertia around one of the two coor
dinate axes perpendicular to it, the rotation axis was envisaged to follow the 
movement of the axis of the maximum non-hydrostatic moment of inertia steadily. 
Whereas Goldreich and Toomre envisioned the moving continents as the driving 
mechanism, Ricard et al. (1992, 1993) and Spada et al. (1992) have recently pro
posed that especially internal mantle processes, away from internal and external 
boundaries, are effective in driving true polar wander. They assume that the 
changes in rotation are solely attributable to the evolution of subducting cold slabs 
and its induced dynamical deflections of the surface and internal boundaries. The 
slabs are inserted in a radially stratified mantle, and consequently the temporal dis
placements of the rotation axis are determined by modeling the mantle as a linear 
visco-elastic medium with a Maxwell rheology. The effects of the induced ascend
ing currents are not taken into account, only the average inertia tensor is kept con
stant by subtracting one third of the trace of this tensor from the diagonal elements 
(otherwise the Earth would spin up by the downward displacement of cold materi
al). In their models, the lithosphere is taken as effective elastic. Strong lateral varia
tions (the lithosphere beneath a mid-oceanic ridge is essentially zero, while under
neath continental areas like the western part of Russia lithospheric phenomena are 
observed reaching depths of up to 400 km or about 2/3 of the upper mantle thick
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ness) are neither taken into account. 
Whereas the studies by Ricard et aL and Spada et al.lack an assessment of actively 
rising mantle material, Jurdy (1983) has calculated what the effect is on the mo
ments of inertia and thereby on polar wander of a redistribution of the hotspot 
swells and subduction zones in the Cretaceous compared to the present situation. 
She assumes in her paper that the main driving constituents of true polar wander 
are associated with geoid highs. She bases herself on a study made by Crough and 
Jurdy (1980), in which was shown that these geoid highs are not only associated 
with subduction zones, but also with hotspots: the distribution of the geoid highs 
that are assumed to be related with the hotspots mimic the characteristic pattern in 
which the surface of a tennis ball is divided into two parts. Jurdy finds that if both 
effects have the same strength the pole is 8° away from the paleomagnetically mea
sured one, but if hotspots have a weighting of 2/3 and subduction zones 1/3 this 
number reduces to 1°. These weighting functions seem to be rather arbitrary how
ever. She gives not a physical explanation for this particular choice. 
Recent determinations of true polar wander rates from mantle convection models 
(Moser et al., 1992 and Tackley et al., 1992) also take as a natural consequence of 
the way of modeling the upwelling of hot material into account as a forcing func
tion, but they lack the effects of all kinds of lithospheric processes. 
In order to study the effects of rising hot material, in this chapter the effects of an 
increased spreading rate of mid-ocean sea-floor production and the accompanying 
rise in sea-level on the Earth's rotation are determined. A simple half-space cooling 
model is used for this purpose. Although this is a widely used model to determine 
the long-term changes in sea-level, Hager (1980) has pointed out that the relation 
between sea-level variations and increases in spreading rates or volume of mid
ocean ridges might be more complex as also the rates at which slabs subduct in
creases (the total surface area of the continents is approximately constant). This 
latter increase causes, according to him, an increased local cooling which might 
even result in a decrease of eustatic sea-level in some cases. On the other hand, this 
subducted material will on the average be much younger during times of increase 
mid-ocean ridge spreading rates, and thereby subducting under small deflection an
gles (Vlaar and Wortel, 1976), preventing the formation of deep ocean trenches. 
As the main purpose of this chapter is to study the possible effectiveness of the 
complement of the changes in subduction and to show that this complement can 
have a non-negligible strength which must be taken into account when one wants to 
model the true polar wander during the last few hundreds of millions of year, the 
effects of a rise of the sea-floor by increased mid-ocean spreading rates will be con
sidered without the proposed effects of the vertical movements of the continents or 
the eventual cooling by the subducting plates taken into account. Future studies 
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will have to deal with these effects. however. 

Increase in spreading activity 

Whenever the spreading rate of a mid-oceanic ridge changes. a redistribution of 
mass is associated with it. inflicting a change in the position of the polar axis. As
suming that there is an increase in the spreading rate of a ridge. two contributions 
can be distinguished: the lithospheric column at a fixed distance from the spreading 
ridge will be raised. thereby inducing an increase in sea-level. 
If the increase in spreading rate happens on a geological fast time scale over the 
whole spreading area. so that this increase can be modeled as a delta function in 
time. the oceanic lithosphere will temporarily have a thickness that is discordant 
with its increased spreading rate. The lithosphere starts to rise until after some time 
(several tens of millions of years) it has accommodated to the new situation. The 
concomitant rise of the sea-level will thus be rather secular than episodic in com
parison with the change in spreading rate. 
In order to study the effects of a changed spreading activity upon the position of the 
polar axis and the rotation rate of the Earth. a hypothetical model is scrutinized in 
which the pole of spreading coincides with the North Pole and the spreading ridge 
is situated along the Greenwich Meridian. The spreading area is assumed to be 
symmetrically distributed around the ridge. The lithospheric columns are assumed 
to be always in Pratt isostatic equilibrium. Only the effects after the bathymetry has 
accommodated to the new spreading rate, so that the moments of inertia have set
tled to stationary values, are calculated. This model can seNe as the standard model 
from which models for arbitrarily positioned spreading areas with associated 
spreading poles can be derived by means of transformations by Eulerian angles. 
A model that has proven to adequately describe the form and physical state of a 
spreading ridge is the cooling half-space model (cf. Thrcotte and Schubert, 1982). 
In this model, the temperature T of a cooling oceanic lithosphere, traveling away 
from the spreading ridge, can be expressed as 

T(x, y) =To + (Tm - To) erf (2~) (5.1) 

in which x denotes the distance from the spreading ridge, y the depth with respect 
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to the upper boundary of the lithosphere (the boundary between the lithosphere and 
the ocean), To is the temperature of the water, Tm the temperature of the mantle, u 
the spreading rate (so x/u gives the time it has taken for the lithospheric column at 
x to travel away from the spreading ridge) and IC the thermal diffusivity. The quan
tity ....JKX/u is the thermal diffusivity distance. The error function is defined as 

2 z 

erf(z) = ."f1i f exp( - X2)dX (5.2) 

o 

The density PL of the lithospheric material as a function of x and y can readily be 
found by applying the expression for thermal expansion (cf. (3.2)) 

PL(X, y) - Pm = - apm(T(x, y) - Tm) (5.3) 

in which Pm is the density of the mantle material and a the thermal expansivity. 
The thickness of the lithospheric column can be found by choosing the temperature 
of the lower boundary of the lithosphere with respect to the temperature of the 
mantle. Usually, this is taken to be Tffm =0.9. 
By comparing the lithospheric column at the spreading ridge with a lithospheric 
column elsewhere, the depth of the ocean (the bathymetry) can be derived by appli
cation of the condition of isostasy. Figure 5.1 shows on the left side a column with 
depth L with respect to the ocean ic surface at the position of the ridge. This col
umn is assumed to have a uniform density Pm. Also a column away from the 
spreading ridge is depicted in the left-side figure, consisting of water with a uni
form density Pw with a depth w, above the lithosphere extending to a depth L - w. 
From the isostatic condition it can be derived, that 

w = 2apm(Tm - To) . - [KX (5.4) 

Pm - Pw -" 1m 
The right side of figure 5.1 gives the situation after increased spreading. The same 
symbols are used as in the case before increased spreading, apart from an addition
al asterisk. If A. is the factor of the increased spreading rate, it is clear that 

L* =LM and w* =w/-fi:. (5.5) 

The parameter h stands for the increased sea-level with respect to the sea-level be
fore the increased spreading set in. The same isostasy condition applies to this situ
ation, as the increase of sea-level is the same above the spreading ridge as above a 
column elsewhere. Note, however, that the isostatic conditions before and after the 
increased spreading are disjoint: there is no comparison between a lithospheric col
umn before and after the enhanced spreading rate. 
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Figure 5.1. Isostatic columns be/ore and after increased spreading rates. 
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In the calculations, the depth dependence of the various parameters will be 
expressed as a function of r, in which r =0 gives the position of the center of the 
Earth and r =R gives the position of the sea-level before increased spreading. So y 
is to be replaced by R - r. 
The lateral dependence will be expressed as a function of ell, which denotes the 
angle with respect to the spreading pole. Now, if Uo is the (maximum) rate of 
spreading at 90° from the spreading pole, the velocity u can be written as 
u =Uo sin e if the spreading pole is placed on the North Pole, with e being the co
latitude. In this case, x is equal to Rell sin e, making x/u independent of e. 
The correlation of this model of the oceanic lithosphere with observations is gener
ally good up to ages of about 70 Myr. For ages larger than this the form of the 
lithosphere seems to be best described by a smooth decaying exponential function. 
The approximation, made in the forthcoming modeling, that the lithospheric thick
ness and the bathymetry do not change significantly after 70 Myr and before sub
duction eventually sets in, is a reasonable one. 
Three regimes can be distinguished, as illustrated in the cartoons of figure 5.2. ell 
denotes the angle away from the spreading ridge, 'I' is the angle away from the 
ridge at which the outer edge of the oceanic region is situated (this angle is 
assumed to be the same before and after the increased spreading) and '1'0 is the 
angle away from the ridge where the parabolically shaped lithosphere turns into a 
linear one before increased spreading. The value of this angle is equal to )..'1'0 after 
the increased spreading has begun. 
In the first regime, the outer edge of the spreading area at ell = 'lilies closer to the 
spreading ridge than the point ell ='1'0, where the parabolic shape of the lithosphere 
changes into a linear one before spreading. As it assumed that spreading rates 
increase, also the shape of the entire oceanic lithosphere after the increased spread
ing activity began will be parabolic. 
In the second regime, the outer edge of the spreading area lies beyond the point 
where the parabolic shape of the lithosphere changes into a linear fashion before 
spreading. So originally the lithosphere will be parabolically shaped till ell ='1'0, but 
will not change its form anymore, spreading purely horizontally, in the region 
'1'0 ~ ell ~ 'II. After the increased spreading has set in, this situation is changed how
ever. The outer edge of the spreading area where the linear shape changes into a 
parabolic one is now situated at an angle ell =)..'1'0 away from the ridge. So for 
'1'0 ~ ell ~ '1', the linear shape transforms into a parabolic one. 
Finally, the outer edge of the spreading area in the third regime lies beyond the 
point ell =)..'1'0, where the lithospheric shape after the increased spreading rate has 
commenced changes from parabolic to linear. At the angle ep =).."'0, the litho
spheric shape after increased spreading changes from parabolic into linear. It is 
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Figure 5.2. Cartoon showing the three spreading area regimes. 
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assumed that the depth at which the lower and the upper boundary of the litho
sphere are situated before and after increased spreading are the same for angles 
A"'o S <\> S "'. So there is no net lithospheric mass redistribution for angles <\> ~ A",o. 
Of course, if the ocean extends beyond <\> = A"'o, there will be an ocean mass redis
tribution in this area by the increase of the sea-level. 

With the various assumptions and simplifications made, the effects of an increased 
spreading rate and associated rise of the sea-level on the position of the polar axis 
can be calculated for the three cases. In the calculations, x, y and z fonn a fixed 
cartesian coordinate system, with x and y in the equatorial plane (x in the direction 
of the Greenwich Meridian and y 90 degrees East Longitude) and z along the rota
tional axis. 

I Case I: '" S "'0 I 
The density difference L\p as a function of r and <\> between the situation after the 
bathymetry accommodated itself to the higher spreading rate and the situation 
before the increased spreading was turned on, is given by 

R S r S R + h: L\p = Pw (5.00) 

R-wSrSR-w*: L\p=p~(r,<\»-pw (5.6b) 

*R - L* S r S R -- w: L\p = pdr, <\» - pdr, <\» (5.6c) 

R-LSrSR-L*: L\p = Pm - pdr, <\» (5.6<1) 

with, using (5.3), 

PL(r.~) =Pm {1- o(Tm-To{erf(:~)-I)} (5.7) 

and 

pdr,<\»* = Pm { 1- a(Tm - To)(erf (..fi:(R-r)J - IJ} (5.8)Co~ 

with Co defined as 
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Co == 2...JKR/uo (5.9) 

So with (5.7) and (5.8), (5.6) becomes 

R ~ r ~ R + h: L\p = Pw (5. lOa) 

(5. lOb) R-w"r"R-w': ~P=Pm-Pw+UPm(Tm -TO{I-er{~~r) JJ 

~(R-r)J (R-r 11
R-L* ~r~R-w: L\P=<Xpm(Tm -To) -erf Co~ +erf Co~)) (5.IOc)

( ( 
R - L ~ r ~ R - L*: L\p = <Xpm(Tm - To) (erf (~~) - 1) (5.IOd) 

The total change of the product of inertia Ixz is given by 

L\Ixz = (Mxz)litho + (L\Ixz)water (5.11) 

in which litho denotes the lithospheric contribution and water denotes the contribu
tion from the increase in sea-level, while 

L\Iyz = 0 (5.12) 

as the spreading ridge is symmetric with respect to the xz-plane. 
The lithospheric contribution can now be calculated, using the expressions (5.10) 
for the various density differences. By using (2.22) it follows that 

(Mxz)litho = - fL\pxzdV = 

29 {R-W.'If 

=- fd9sin29cos9 fd<\>cos<\> f drr4(Pm-Pw+<Xpm(Tm- To) 
~ 0 R-w 

-UPm(Tm -To) erf(~~r) JJ+:rdrr'<XPm(Tm -TO{-erf(~~r) J 
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= - &(sin' 9, - sin' 9,) Id~ cos ~ { (Pm - Pw)w - "Pm(Tm - To)(L - w) 

+ <X4'm(Tm-To) J
L 

drerfCo~)-((Pm -Pw)w* -<X4'm(Tm -To)(L* -w*) 
w 

+ "Pm(Tm - To}1dr err(j.JJ}. R'
 

- &(sin' e, - sin' 9,) Id~ cos ~ {Z"Pm(Tm - ToXI - ~}L'
 

1 2 (~ JL' - 2(Pm - Pw + <X4'm(Tm - To))(l- I)w + 4<X4'm(Tm - To) 1drr erf <:0-# 

-4"Pm(Tm -To}IdrrerrC~)}· R' 
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Isostasy cancels the tenns which are proportional to the fourth power of the radius 
R: 

R-w R-w 

PmL=pwW+	 I drpdr,cp)=pww+ I drpm(l+a(Tm-TO)) 
R-L R-L 

- I 
R-w

drapm(Tm -To)erf(R~)= 
R - L	 Co-vCP 

L 

= PwW + Pm(l + a(Tm - To))(L - w) - apm(Tm - To) I dr erf Co~) 
w 

leading to 

L 

(Pm - Pw)W -	 apm(Tm - To)(L - w) + apm(Tm - To) Idr erf (Co~)= 0 (5.14) 
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In the same way 

As 

I 2~ -1 r 
dr r erf(r) = 4 erf(r) + 2-J7t exp ( - ~) 

this results in 

1 1. 3 .3 2'If {(.1.Ixz)litho "" - 3" (l - ~)(sm 62 - sm 61) [ d<\> cos <\> - 2(Pm - Pw)w 

+ 2apm(fm - To)(L2 
- w2) 

+ apm(fm -To{ - 2L2erf(Co~)+ ~<\> erfCo~)+ 2w2erfCo~) 
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1 1'3 ·3 -J'I' { 2+ 3 (1 - ~)(sm 92 - sm 91) 0 d4> cos 4> - 2(Pm - Pw)w 

+ 2apm(Tm - TO)(L2 - w2) 

2 
+ apm(Tm - To{ - 2L

2 erf(Co~)- e54> erf(co~)+ 2w erf(coR) 

+ c54> erf (CoR) 

-:XCo~Lexp(~: J+ :XCo~ wexp(~: JJ}. R'
 
Substituting, according to (5.4), 

w=cr{~ and (5.16) 

with (co given by (5.9)) 

apm (Tm- To) (5.17)cl = . Co 
v'1i(Pm - Pw) 

and, assuming that 
T - To =O. 9(Tm - To), 

the bottom of the lithosphere is situated at 

(5.18) 

gives 
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+ c5 erf ( ~~ ) + 2ct erf ( ~ J-c5 erf ( ~ J 

3- 2- eoC2 exp(- c~J+ 2- COC1 exp(- ctJJ~. R = 
Vi c5 Vi c5 ~ 

=- B(1 -l)(Sin3 92 - sin3 91)(", sin", + cos'" - 1) . R3 (5.19) 

with 

2 2 Cl Co C2 Cl,- t J) - Vi C2 exp(2J - Cl exp - C5 =+ (2Cl - Co) erf \eo 2 [ - C5 (2J~} 
2 {2 _r;;; Cl ( 2 2 2 2 (C2)=- (Pm - Pw) - 2Cl + '\IX - 2(C2 - Cl) - (2C2 - CO) erf 
3 Co Co 

The increase of the eustatic sea-level gives a contribution 

(~Ixz)water =- f PwxzdV = 
92 'If R+h 

=- Pw fd9 f del> f dr r4 sin29 cos 9 cos eI> = 
91 - 'If R 

=- ~ Pw(sin3 92 - sin3 91) sin",· ~ (R + h)5 - R5J= 

= - ~ pw(sin3 92 - sin3 9 1) sin 'I' (hR4 + 2h2R 3) (5.21) 
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with the increase in sea-level h to be determined from conservation of oceanic 
water, assuming that the amount of continental flooding is negligible. If V~e 
denotes the volume of the oceanic basin before the increased mid-oceanic spread
ing rate commenced and v~st after the bathymetry has accommodated itself to the 
increased spreading rate, then 

Vpre - Vpost
oc - oc (5.22) 

with 

92 V R V R 

V~e = 2 JdO Jdel> J dr r2 sinO = 2(- cos O2 + COS01) Jdel> J dr r2 
~ 0 R-w 0 R-w 

92 V R+h V R+h 

v~st = 2 JdO Jdel> J dr ~ sinO = 2(- cos O2 + cos 01) Jdel> J dr r2 
91 0 R - w· 0 R - w· 

Now, with (5.16), 

R 

J dr ~ = .!. R3 - .!. (R - W)3 =:; W . R2 = cnf~· R2 
3 3 

J 

R-w 

and, with (5.5), 

R+h 

dr~=.!.(R+h)3 - '!'(R-W*)3 =:;(h+w*) .R2=(h+~) ·R2 = 
3 3 ...n:. 

R-w·
 

=(h + ~ --#) .R2
 

...n:. 
So (5.22) amounts to 

or 

(5.23) 
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The question now arises whether the R4-effect of the sea-level rise on polar wander 
is isostatically compensated. Such an isostatic compensation is probably estab
lished by flow of mantle material from below the oceanic region towards the sur
rounding continent. As a consequence, the sea-level which was increased by the 
raised bathymetry will decrease, while the continental areas will rise. On the other 
hand, as the process by which the bathymetry is raised is related to a large convec
tive circulation in which deep mantle regions are likely to take part (the subducting 
slabs at least reach the 670 kilometer discontinuity), such an isostatic compensation 
might well not take place as deeper mantle regions might supply the dynamical 
support. ( 
Neglecting the isostatic compensation between oceanic and continental areas, the 
increased sea-level gives a contribution to the shift of the polar axis which is pro
portional to the fourth power of the radius. From substituting (5.23) in (5.21) it fol
lows that 

(Alxz)water "" - ~ pw(sin3 92 - sin3 91) sin 'V . hR4 

"" - ~ PwCl (l - _~)(Sin3 92 - sin3 91hl'il sin 'V . R4 (5.24)
9 "VA. 

So for 'V $ 'Vo, according to (2.21) and (2.22) the total amount of polar shift for a 
rigid Earth is given in radians by 

Alxz , Alyz )
( C-A C-A 

with, from (5.19) and (5.24) in (5.11), 

Alxz "" - ~ PwCl (l - ~)(Sin3 92 - sin3 91)..J'j7 sin 'V' R4 

1 
- B(l - ~)(sin3 92 - sin3 91)('V sin 'V + cos 'V - 1) . R3 (5.25) 

and, according to (5.12), 

AIyz =0 

The contribution proportional to the third power in the radius of (AIxz)water is negli
gible with respect to (AIxz)litho, but this term on its tum is not necessarily negligible 
with respect to the contribution proportional to the fourth power in the radius of 
(AlxZ>water' 
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The increase in spreading rate also changes the length of day. This amount is to be 
detennined from (2.23), with 

(5.26) 

The lithospheric contribution to the change in the inertia component is given by 
(see (2.24)) 

(L\Izzhitho =JL\p(x
2 + y2)dV 

o 

=1d9 sin39 j d<\> {Rr dr r'~ - Pw + <XPm{Tm - To) 
91 0 R- w 

- aprn{Trn - To) erf [~(R~ r)JJ+ RJW dr r4aprn{Trn - TO)(- erf(~(R~ r)J 
~ <\> R-~ ~ <\> 

+erf(:~))+ :rdrr'<XPm{Tm -To{erf(:~)-l)} 
o-1d9 sin39 -{d<\> {Rr drr'~m - Pw + <XPm{Tm - To) 

91 0 R-w 

-<XPm{Tm -TO)e{,~~r)JJ+ :rdrr'<XPm{Tm -TO{-erf[~~r)J 

+ erf (=R)) + :rdrr'<XPm{Tm -To{erf(=R)-I)} (527) 

It can be readily verified from the derivation of the amount of polar shift that (5.27) 
results in 

1 1( 3 3)
(~Izz)lithO = - "2 B(l - 5:) 3(cos 92 - cos 9 1) - (cos 92 - cos 91) . 
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'I' -'I'}
 3.I{ d<\> <\> + I d<\> <\> . R = 

1 1 ( 3 3 ) ...2 3= - 2' B(1 - ~) 3(cos 92 - cos 91) - (cos 92 - cos 91) 0/ . R (5.28) 

The sea-level rise contributes 

(dIzz)water = JPw(x2 + y2) dV :::; 

92 R+h'I' 
4 3 

= Pw Jd9 Jd<\> J dr r sin 9 :::: 
91 R-'I' 

3 3 2 3:::: - ~ Pw(3(COS 92 - cos 91) - (cos 92 - COs 91») '" (hR4 + 2h R ) (5.29) 

Neglecting isostatic compensation for the increased sea-level gives from (5.23) in 
(5.29) 

4 1 ( 3 3) .. .3n. 4(dIzz)water :::: - 9" PwCl (1 - ...n:.) 3(cos 92 - cos 91) - (cos 92 - cos 91) 'I' . R 

So for", :s;; "'0, the increase in the length of day is approximately given by 

4pwCl 1 ( 3 3) .. .3n. 4- 9C (1- ...n:.) 3(cos92 - cos91) - (cos 92 - cos 91) 'I' . R ·86164 s 

3 3 - 2~ (1- ~{3(COS92-COS91)-(COS392-COS 9 1»)V' R . 86164 s (5.30) 

ICase II: "'0:S;; '" :s;; A"'o I 
The density difference dp(r, <\» is given by 

R:S;;r:S;;R+h: dp=pw (5.31a) 

•R-w:S;;r:S;;R-w·: dP = pdr,<\» - Pw (5.31b) 

R - L· :s;; r:S;; R - w: dp = p~(r, <\» - PL(r) (5.31c) 

R-L:S;;r:S;;R-L"': dp = Pm - PL(r) (5.31d) 
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with, using (5.3), 

and 

· == {1 - - ( [-v£(RCo~- r)J 1PL(r,<\» Pm a(Tm To) erf - J} (5.33) 

So with (5.32) and (5.33), (5.31) becomes 

R ~ r ~ R + h: L\p =Pw (5.34a) 

R-w$r$R-w': IIp=Pm-P.+''Pm(fm -To{l-erf[~i.r) JJ (5.34b) 

R-L'$r$R-w: lip = (5.340)"Pm(fm -TO{-erf(~~) }erf(:~)J 

R - L ~ r ~ R - L·: L\p =apm(Tm - To) (erf(~;')-1) (5.35d) 

(5.11) and (5.12) give again the total changes in the products of inertia. 
For 0 ~ <\> ~ 'Vo, the lithospheric contribution to the change in the moment of inertia 
results from (5.19) as 

I 
(L\Ixzmtho =- B(l - ~)(Sin3 92 - sin391)('Vo sin'Vo + cos 'Vo - 1) . R3 (5.36) 

while for 'Vo ~ <\> ~ A'Vo 
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-OPm(rm -To) err (~;.r) JJ+:rdrr'OPm(rm -TO{-err(~:;.r) J 

+err (=;))+:rdrr'OPm(rm -To{err(~;)-l)} 
o 

+ fd9 sin29 cos 9 JIjf dep cosep {Rr dr "(Pm - Pw + OPm(rm - To) 
91 -Ijfo R - w 

-OPm(rm -To) err(~i/ JJ+:rdrr'OPm(rm -TO{-err(~i/ J
 

+err(~;))+ :rdrr'OPm(rm -To{err(~;)-l)}
 

"'" - ~ (sin3 92 - sin3 91) j dep cos ep {((Pm - Pw)w - apm(Tm - To)(L - w)
 
-Ijfo 

L 

+apm(Tm -To) Idrerf(Co~)-((Pm -Pw)W* -apm(Tm -To)(L* -w*) 

+OPm(rm - To) 1.dr err(::~JJ}.R' 

1·3 ·3 IIjf { 1 2- 3" (sm ~ - sm 91) dep cos ep 2apm(Tm- To)(1 - ~)L

Ijfo 

1 2 IL· ( f£r J- 2(Pm - Pw + apm(Tm - To»(l - ~)w + 4a.pm(Tm - To) dr r erf . rz 
• cO'Jt1l w 
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-4"1'm(Tm -To)1drrerf(CO~)}· R' 

+ ~ (sin3 92 - sin3 
( 1) -{ d<\> cos<\> {(Pm - Pw)w - apm(Tm - TO)(L - w) 

- 'lfo 

+ "I'm(Tm - To) 1drerf(Co~)J- (Pm  Pw)W' - "I'm(Tm -To)(L' - w') 

+ "I'm(Tm - To) 1.dr erf[Co~JJ }. R' 

1·3 .3 -I'If {	 1+ "3(sm	 82 -sm ( 1) d<\> COS<\> 2apm(Tm -TO)(l- ~)L2 

- 'lfo 

1 2	 I vIr - 2(Pm - Pw + apm(Tm - To))(l- ~)w + 4apm(Tm - To) L·dr r erf [ _~J 
• CO\l--1> w 

- 4"1'm(Tm - To)1dr rerf(Co~) }.R' (5.37) 

Again, isostasy cancels the tenns which are proportional to the fourth power of the 
radius R: 

R-w R-w 

PmL=pwW+ I drpL(r)=pww+ I drpm(l+a(Tm-TO)) 
R-L R-L 

L 

= PwW + Pm(l + a(Tm - To))(L - w) - apm(Tm - To) Idr erf ( rr.;;::-) 
w Cov'l'o 

leading to 
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L 

(Pm -Pw)w-<Xpm(Tm - To)(L - w)+<Xpm(Tm - To) Jdrerf( _~)=o (5.38) 
w Co,,'I'o 

The same expression (5.15) for the situation after the increased spreading applies in 
this case. 

So with 

W =c] VWO and L =ez.VWO (5.39) 

and, using (5.5), 

W· =~-# and L· =~-# (5.40) 
~ ~ 

(5.15) and (5.38) in (5.37) result in 

(L\lxz)litho :=: - B(l - i1)(sin3 82 - sin3 8] )'I'o(sin 'I' - sin '1'0) . R3 

- D i1 (sin3 82 - sin3 8]) «'I' - '1'0) sin 'I' + cos 'I' - cos '1'0) . R3 (5.41) 

with 

4 (2 _t= c] 2 2) D = B - "3 (Pm - Pw) - c] + ,,1t Co (C2 - c]) (5.42) 

and B given by (5.20). 

The increase of the eustatic sea-level gives a contribution 

(L\Ixz)waler :=: - ~ pw(sin3 82 - sin3 8]) sin 'I' (hR4 + 2h2R3) (5.43) 

in which the increase in sea-level h follows from (5.22), with 

92 '" R 

V~ =Jd8 Jdep J dr ~ sin 8 = 
91 - '" R- W 

"'0 ",} R 
=2( - cos 82 + cos 8]) Jdep + Jdep J dr r2 (5.44)

{ ° "'0 R - w 
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9z 'I' R+h
 

V~Sl =Id9 I d<j> I dr ~ sin 9 =
 
91 - 'I' R- w· 

'I' R+h 

= 2( - cos 92 + cos ( 1) I d<j> I dr ~ (5.45) 

o R-w· 

Now, with (5.16) and (5.39), 

I 
R 

2 1 3 1 3 2 J:i: 2dr r =- R - - (R - w) z W • R =c....~<j> . R
3 3 

R-w 

I
R

dr ~ '" CI~' R2 for '1'0 ~ <j> ~ 'I' 
R-w 

and, with (5.40), 

R+h 

I dr ~ =!. (R + h)3 - !. (R - w·)3 '" (h + w·) . R2 = 
3 3 

R-w· 

So (5.22) amounts to 
'1'0 'I' 'I'

I d<j>cI-# + I d<j>cI ~ '" I d<j>(h + _c~-#) 
o '1'0 0 'VA 

or 

'1'0 'I' 1 'I'

I d<j>~ + Id<j>~ - -.0: I d<j>~ ( {2 J 
o '1'0 0 1 % 2 

(5.46)'I' = 3" c1 3...fiiiO - 'if - -.o:....fiV 

I d<j> 
o 

If isostatic compensation of the increased sea-level is neglected again, then from 
substituting (5.46) in (5.43) it follows that 

(.1.Ixz)water '" - ~ Pw(sin3 
62 - sin3 

( 1) sin 'I' . hR4 
'" 
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R 42 - . 3 °)[3- rm:: wP sm'l" (5.47):: - -2 P Cl (sm. 3 ° sm 1 ,,'I'D - - - -2-,,'I'1m J. 
9 w 'I' ~ 

So for 'I'D ~ 'I' ~ A'I'o, the total shift of the rotation axis is given in radians by 

L\Ixz , L\Iyz ) 
( C-A C-A 

with, from (5.42) and (5.47) in (5.11), 

Alu =- ~ Pwc,(sin' ll, - sin' 6,) [3v'\iiO - ~ - ~ ff ]sin \jI • R' 

1 
- B(l - );:)(Sin3 O2 - sin3°1)('1'0 sin 'I' + cos 'I'D - 1) . R3 

1 
- D );: (sin3 O2 - sin3 01) «'I' - 'I'D) sin 'I' + cos 'I' - cos '1'0) . R3 (5.48) 

and, according to (5.12), 

Analogous as in the case 'I' ~ 'I'D, the increase in the length of day can be easily 
derived by considering the derivation of the shift of the rotation axis. The litho
spheric contribution to the change in the inertia component is given by 

(L\Izz)litho =JL\p(x2 + y2)dV :: 

1 1 ( 3 3 ) ....2 3:: - 2 B(l - I) 3(cos O2 - COS01) - (cos O2 - cos 01) 1j'0' R 

1 ( 3O2 
3)1- 2 (D - B) (l - I) 3(cos O2 - cos 01) - (cos - cos 01) . 

II' -II'}
 3 
. 'I'D Jd<l> - J d<l> •R{ 11'0 -11'0 
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- ~ D (3(COS 82 - cos 81) - (COS3 82 - cos3 81»), 

3.{~ Jd<l> <I> + ~ }V d<l> <I> - "'0 Jd<l> + "'0 -{ d<l>} . R = 
Va - Va Va - Va 

3 3 3= ~ B(l - ~) (3(COS 82 - cos 8 1) - (cos 82 - cos 8 1») "'0 (2", - 3"'0) . R

1 l( 3 38 \- 2 3- 2 D I 3(cos 82 - cos 81) - (cos 82 - cos I)! '" - "'0) . R (5.49) 

The contribution from the increased sea-level (no isostatic compensation) amounts, 
substituting (5.46), 

(~Izz)water = f Pw(x2 + y2)dV =: 

3 3 
=: - ~ Pw(3(COS 82 - cos 81) - (COS 82 - cos 81») '" .hR4 

=: 

3 3 
=: - ~ PWC{3(COS 82 - cos 81) - (COS 82 - cos 81»), 

. (3#0 '" - VrF - ~ V!2).R4 
(5.50) 

So for "'0 ::;; '" ::;; A"'O' the increase in the length of day is approximately given by 

2pwcI( 3 3)- 9C 3(cos82 - cos 8 1) - (cos 82 - cos 81) . 

. (3#0"'- vrf - ~ V12
). R4 ·86164 s 

3 3 3+ 2~ (1-~) (3(COS 82 - cos 81) - (cos 82 - cos 81»)"'° (2",- 3"'0)' R . 86164 s 

3 3 3 
- ~ ~ (3(COS 82 - cos 8 1) - (cos 82 - cos 81)J'" -"'0)2. R ·86164 s (5.51) 
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I\Case III: 'V;;::: A'Vo I 
In the case 'V;;::: A'Vo, the volume of the ocean basin before the increased spreading 
is given by (5.44), while the volume of the ocean basin after the increased spread
ing reads 

liz 'I' R+h
 

v~st = fd9 f d(j) f dr rl sin 9 =
 
91 - 'I' R - w·
 

AVo V} R + h 
=2(-cos92 + cos 9 1) f d(j)+ f d(j) f drrl (5.52) 

{ o AVo R - w· 

with, using (5.16) and (5.39), 

R
 

f dr rl =~ R3 - ~ (R - w)3 "" W . R2 =Cl~ . R2
 
3 3 

R-w
 

R


f dr rl "" Cl..JWO . R2 for 'Vo:S (j) :S 'V 
R-w 

and, with (5.40), 

R+h 

f dr rl =~ (R + h)3 - ~ (R - w'')3 "" (h + w'') . R2 = 
3 3 

R-w· 

R+h

f dr rl "" (h + Cl..JWO) . R2 for A'Vo:S (j> :S 'V 
R-w· 

Condition (5.22) then gives 

'1'0 'I' 1..'1'0 'I'


f d(j)Cl~ + f d<Pcl..JWO "" f d(j)(h + ~~) + f d(j)(h + Cl..JWO)
 
o % 0 1..% 

or 
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'1'0 'I' 1 A'I'o 'I'


Jdep~ + Jdepv'WQ - ~ Jdep~ - Jdepv'WQ ..:3(2
 
o '1'0 0 A'I'o =.!. c) (A _ 1) _'1'0_ (5.53)

'I' 3 VJdep 
o 

So in the case V ~ AVO, the total amount of polar shift is given in radians by 

AIxz , AIyz )
( C-A C-A 

with, from (5.41), (5.43) and (5.53) in (5.11), 

AIxz = - ~ PwC) (A - 1)(sin3 O2 - sin3 0)) vt sin V· R4 

1 
- B(l - 5:)(Sin3 O2 - sin3 O))(Vo sin(AVo) + cos Vo - 1) . R3 

-D ~ (sin3 O2 - sin3 0)) (A-1)VO sin(AVo)+COS(AVo) -cos vo)- R3 (5.54) 

and, according to (5.12), 

AIyz =0 

The increase in the moment of inertia component AIzz is given by (5.26), with 

(AIzz)water =- ~ PWC{3(COS O2 - cos 0)) - (cos3 O2 - COs3 0))) V· hR4 = 

= - ~ PWC)(A-1)(3(COS02 - cosO)) - (cos3 O2 - cos3 0)))'1'5(2. R4 (5.55) 

provided no isostatic compensation of the increased sea-level is taken into account, 
and 

B (A - 1)(2A - 3) D (A - 1)2 J 
(AIzz)litho = 2" A - "2 A .[ 

. (3(COS O2 - cos 0)) - (cos3 O2 - cos3 0))) 'I?o .R3 (5.56) 

The increase in the length of day for the case V ~ AVO thus becomes approximately 
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2pwc\ ( 3 3 ) ...312 4-~ (A - 1) 3(cos 92 - cos9\) - (cos ~ - cos 9\) '1'0 . R ·86164 s 

+ (.!. (A - 1)(2A - 3) _ E.- (A - Ii J.
 
2C A 2C A
 

. (3(COS 92 - cos 9\) - (cos3 92 - cos3 9\») '1'5 .R3 
. 86164 s (5.57) 

To study the resultant shift of the rotation axis, increase in the length of the day and 
the rise of the sea-level as a function of the various parameters of the spreading 
ridge, we consider a standard spreading area (figure 5.3). This standard area has its 
spreading ridge from the equator to 70° degrees Northern Latitude along the 
Greenwich Meridian. The initial spreading velocity is taken to be 1 centimeter per 
year, while the rate of spreading velocity increase is set to 2. The standard spread
ing area extends to 45° longitude on both sides of the ridge. 
In figures 5.4 - 5.8, the dependence on each of the five parameters mentioned 
above is sketched. Each of these five figures shows the dependence of the polar 
shift, the total non-tidal variation in the second degree gravitational potential har
monic and the eustatic sea-level rise on one of the parameters with the other four 
held fixed to their standard value. 
The following values for the constants appearing in the formulas have been used in 
the computations: 

a= 3.2.10-5 K-\ 

lC =O. 8 mm2 s-\ 

Tm -To = BOOK 

R =6370 km 
3Pm =3. 3 . 103 kg . m-

Pw = 1. O· 103 kg· m-3 

2A =8.0131.1037 kg ·m
2C =8.0394 . 1037 kg . m

M=6·1oZ4 kg 

Almost the whole amount of polar shift is due to the non-isostatic increase of the 
sea-level. This is reflected in the figures by the close correlation between the 
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Figure 5.3. Standard spreading area used in the simulations. 

rotational signatures and the sea-level rise. The lithosphere contributes no more 
than a few percent, again a clear manifestation that isostatic processes do not 
induce large quantities of polar wander. 
The eustatic sea-level rises are too large for the real Earth, as the ocean surface area 
in the calculations is too small. Also flooding of the continental freeboard has not 
been taken into account. To extend the ocean surface area to about 70 percent of the 
total surface area, while still trying to obtain a maximum amount of shift, requires 
the addition of a spreading ridge at the antipodal position of the spreading ridge on 
the Greenwich Meridian. 
A simple calculation can show that in the case of the sea-level rise being dynami
cally supported by deeper mantle regions, the induced shifts in the rotation axis 
induced by this process are of the same order as the shifts induced by changes in 
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Figure 5.4. Total induced shift oj the rotation axis, increase in the length oj day 
and eustatic sea-level rise: dependence on initial rate ojspreading. 

subduction. 
A change in the geometry or velocity of a subducting slab, or the initiation of sub
duction changing a passive continental margin into an active one, is generally 
accompanied by a change in density as the subducting oceanic lithosphere is cooler 
than the surrounding mantle. The largest density contrasts induced by thermal con
traction are to be found near the Earth's surface. The temperature differences 
between slab and mantle become progressively smaller as the slab sinks deeper into 
the mantle and heats up. However, the surrounding mantle is cooled at the same 
time, so that the total mass difference per unit of depth might be considered as con
stant. This assumption is only valid, however, when it is assumed that the mantle 
around the slab does not restore its cooling by convection in the time it takes the 
slab to reach the 670 kilometer discontinuity. 
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Figure 5.5. Dependence on spreading rate increase. 

A further approximation in determining the density contrast between the slab and 
the mantle is to assume that the density differences are only due to thennal contrac
tion, neglecting phase changes. Density changes from phase changes can be impor
tant, however, e.g. the eclogite top layer of the slab has a larger density than the 
basaltic layers and also the olive - spinel phase change at 400 kilometers depth 
gives rise to a deviating density contrast from a simple thermal contraction model. 
Assuming an initial temperature difference between slab and mantle of 300 K, this 
would result (according to (3.2» in a density difference of about 30 kg . m- 3. In 
order to model the effects on the changes in the products of inertia, the thickness of 
the subducting oceanic lithosphere is taken to be 100 kilometers, while the subduc
tion zone is supposed to be along the Greenwich Meridian. Assuming that the total 
width of the slab remains approximately constant and that the slab, extending from 
the equator to 70° northern latitude, has reached the 670 kilometer discontinuity 
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Figure 5.6. Dependence on spreading area distance. 

with a dip of 90°, the total difference in Ixz between the situation before subduction 
and at the moment the slab has reached the boundary between the upper and lower 
mantle is according to (3.19) equal to 

l\Ixz ~- ~ l\p M R4 sin<\> (l - sin3 9) (5.58) 

with 
3l\p =50 kg· m

M=670km 

R=6371 km 

<I> = 1° 
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Figure 5.7. Dependence on shortest distance spreading area to pole. 

6=20° 
2resulting in dIxz "" 1032 kg· m , which gives (cf. (2.19» a shift of the rotation axis 

of about 2.5 kilometers. Comparing this value with the shifts depicted in the figures 
shows that they are of the same order of magnitude for most cases. The effects 
could be a few factors higher compared to the increased sea-level cases if phase 
changes are included, but it is clear that incorporation of these effects can not lead 
to orders of magnitude larger values. 

As with respect to the values found for the changes in the length of day in the fig
ures 5.5 - 5.8: these are not indicative for inducing significant changes on geologi
cal timescales. From the figures 5.5 - 5.8 it seems save to take 1 second per 10 
million years as an upper limit for the change in the length of day, as the realistic 
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Figure 5.8. Dependence on longest distance spreading area to pole. 

cases induce a total change which is less than 1 second and as the increase in 
bathymetry will most likely only have been completed after several tens of millions 
of years have elapsed. The present-day tidal decelleration results in a lengthening 
of the day of about 2 milliseconds per 100 years (chapter 2). If this tidal decellera
tion would have been constant throughout the Phanerozoic, this would result in a 
tidally induced lengthening of the day of about 200 seconds per 10 million years, 
two orders of magnitude larger than the upper limit from the models presented in 
this chapter. 
The tidal decelleration seems to have been steady throughout the Phanerozoic 
indeed. Whereas the position of the rotation pole during the last few hundred mil
lion years is supposed to be derivable from paleomagnetic records, the changes in 
the length of the day can be derived from the grow patterns of marine organisms 
(e.g. Lambeck, 1980, p. 360). Fossil corals, bi-valves and stromatolites (these 
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latter are structures which have been formed by the interplay between micro
organisms and sedimentary processes) from hundreds of million years ago show 
that the organisms responsible for its formation were sensible for three astronomi
cal cycles: the diurnal rotation of the Earth, the rotation of the Moon around the 
Earth, and the rotation of the Earth around the Sun. This sensibility is still observ
able in various organisms living today. Growth of a shale takes sometimes place 
especially during daytime. If it gets darlc, the growth rate is reduced and sometimes 
different biological and chemical processes become active so that the shales show a 
clear day - night pattern. The same can happen as a function of the phase of the 
Moon and of the seasons. When two or three of these rhythmic cycles are present, 
e.g. the diurnal and the yearly, the number of days of the year during the period the 
fossil was formed can be determined by counting the number of day - night pat
terns. In practice, the 'paleontological clocks' turn out not to be very precise, how
ever, due to a number of complicating factors like changes in food supply, environ
ment, etc. Still, it has been reported from such observations that the Devonian year 
(some 400 million years ago) must have had some 400 days. Such an increase of 
about 35 days over 400 million years is compatible with the contemporary increase 
in the length of day due to tidal interaction between the Moon and the Earth: a 
lengthening of the day with a rate of2 milliseconds per 100 years results in a short
ening of a day 400 million years ago with 2 hours and 12 minutes, or an increase of 
the number of days in a year 400 million years ago of 33.4 days, indicating that the 
deceleration of the Earth must have been rather steady during the last 400 million 
years. 

Conclusions 

Bya simple cooling half-space model it has been shown in this chapter that if the 
sea-level rise accompanying enhanced rates of subduction is dynamically supported 
by deeper mantle regions, the sea-level rise can have a non-negligible influence on 
long-term true polar wander. In general, this result indicates that it is not correct to 
consider only the sinking material and to determine the induced dynamic topogra
phies, neglecting rising material to complete the cycle. It is important in this case to 
note that the situation here is marlcably different from the classic model of sinking 
a sphere through a fluid in one respect: the sphere is the driving agent in such a 
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case, and one does not have to consider compensating rising material in order to 
determine the dynamic topography as the total mass of the fluid material is con
served. In the case of a subducting slab, however, the Earth's mantle is making its 
own sinking material - in fact extracting it from the mantle. In such a case the total 
mass of the fluid is not conserved and one has to consider the missing mass as a 
forcing function. It is debatable whether this rising material from the deep mantle 
shows up at the surface at the mid-ocean ridges, hotspots or perhaps even else
where. The purpose of the model calculations in this chapter was not to outline the 
exact nature of this backflowing material, however, but to illustrate the importance 
of considering the return flows and accompanying changes in sea-level as forcing 
functions as well. 
The long-term changes in sea-level (or subduction) have an orders of magnitude 
less influence on the changes of the length of the day compared to tidal decellera
tion. As a consequence, measured secular deviations from a decelleration rate of 
about 2 milliseconds per 100 years can only be due to geologically fast phenomena, 
like post-glacial rebound or the tectonic processes discussed in chapter 3. 
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CHAPTER 6 

THE GRAVITO-ELASTODYNAMICS OF A 

PRE-STRESSED ELASTIC EARTH t 

Abstract 

The notion that the self-gravitation problem of a perfectly elastic solid body in
volves small strains from a reference state with arbitrary large initial stresses is re
confirmed and extended. It is shown that the Lagrangian, from which the equations 
of motion, the boundary conditions and Poisson's equation can be derived in Eule
rian or Lagrangian coordinates by the Variational Principle, can be written in a gen
eral form which incorporates the various stress measures (piola-Kirchhoff, 
Cauchy). Especially for an Eulerian description it is shown that the derived equa
tions of motion and boundary conditions lead to a complete set of mutually orthog
onal seismic normal modes. 
The Lagrangian which Geller (1988) gives is re-evaluated. It appears that in his 
considerations Geller neglected finite pre-stresses and only accounted for gravita
tional contributions. This, in general, is not correct. Though the static equilibrium 
equation has no unique solution for the initial stress components, this does not im
ply that in physical situations there would not be a specified initial pre-stress. 
Geller's statement that the asymmetric stress tensor Woodhouse & Dahlen (1978) 
employ in their Lagrangian necessarily leads to non-conservation of angular mo
mentum is not valid. This stress tensor is a first Piola-Kirchhoff stress tensor, 
which is a so-called two-point tensor, associating two vector fields defined in dif
ferent coordinate systems. 

t	 This chapter was originally published as: L.L.A. Vermeersen and N.J. Vlaar, The gravito
elastodynamics of a pre-stressed elastic earth. Geophys. J. Int., 104, 555-563, 1991. © 1991 by 
The Royal Astronomical Society. Published by Blackwell Scientific Publications. 
See also: L.L.A. Verrneersen and N.J. Vlaar, Reply to "Comment on 'The gravito
elastodynarnics of a pre-stressed elastic earth' by L.L.A. Verrneersen and N.J. Vlaar" by R.J. 
Geller. Geophys. J.Int., 106,505, 1991. 
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Introduction 

There is a controversy in geophysics about the correct elastodynamical description 
of an arbitrary self-gravitating solid body. The problem concentrates around the in
troduction of an initial stress tensor in the gravito-elastodynamical equations, and 
particularly the deviatoric part of such a pre-stress tensor. 11lough this problem is 
largely an academic one in seismology (the initial state of stress of the Earth is pre
dominantly isotropic), Geller (1988) renewed the interest in it by re-evaluating re
sults obtained by Dahlen (1972), Woodhouse & Dahlen (1978) and Valette (1986), 
who treated the problem in Lagrangian coordinates. Whereas Saito (1971) stated 
that they were not, Dahlen (1972) has shown that in these coordinates the linear op
erators are Hermitian. Saito instead treated the problem in Eulerian coordinates, 
whereas Dahlen used a Lagrangian coordinate system. Although it is physically 
implicit that if in one coordinate system the equations lead to self-adjointness this 
must also be true in another, none of these authors explicitly checked or were able 
to check mathematically the self-adjointness of the linear operators in an Eulerian 
approach. 
The principal difference in the equations of motion and in the Lagrangians, from 
which the equations of motion can be derived by the Variational Principle, given by 
these authors and Geller is the absence of terms with initial stress components in 
the work of the latter; only divergences of these components show up in his equa
tions. This is a consequence of the introduction of an 'Incremental Gravitational 
Force Density', which accounts for differences in the gravitational force after an in
finitesimal displacement of the considered unit volume, but not for differences in 
the initial static stress field. Geller motivates this by stating that the initial stress 
tensor cannot uniquely be determined in a self-gravitating body such as the Earth. 
Moreover, Geller states that the theory developed by Woodhouse, Dahlen and 
Valette is in conflict with the basic principles of physics. The latter authors extend
ed the theory originally developed by Biot (1965), who considered small elasto
gravitational disturbances away from an arbitrary initial static stress field. The 
asymmetric Piola-Kirchhoff stress tensor which Woodhouse and Dahlen employ is 
especially criticized by Geller. Valette however uses a symmetric Piola-Kirchhoff 
stress tensor and points to the fact that the asymmetric first Piola-Kirchhoff stress 
tensor is hybrid, relating a force defined on a deformed volume element to a surface 
element of the corresponding undefonned volume element. 
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Initial finite stresses and the finite strain problem 

The defonnation of an elastic solid continuum can generally be described as the 
linear combination of a solid body translation and rotation and a pure defonnation 
of an infinitesimal volume element in its interior. Inside a hydrostatic pressure sup
ported body the rotation doesn't change the energy. This is not the case however in 
solid bodies where there are deviations from hydrostaticity. The rotational compo
nent of the displacement inside such a body generally gives rise to different energy 
contributions as the existing deviatoric pre-stress components inside the volume el
ement are changed with respect to their environment. This was first realized by 
Biot in the 1930's. In his work he distinguishes rotations and defonnations of the 
coordinate axes - purely geometrical changes ought not to give rise to energy 
changes - from material rotations and defonnations. Dahlen, Woodhouse and 
Valette use this concept in their articles on gravito-elastodynamics with finite initial 
stresses. 
Geller's article differs from Biot's work. in that he only considers gravitational force 
differences after an infinitesimal displacement of a unit volume element. He states 
that the introduction of an initial stress tensor is necessary for describing a pre
stressed Earth and points to the fact that the components of such a symmetric ten
sor 0&°), obtained from the static equilibrium equation 

a~~? =- p(O),iO) (6.1)
IJJ T ,1 

with p(O) the initial density and '1'(0) the initial gravitational potential, cannot 
uniquely be detennined. If the tenns on the right-hand side of(6.1) are known, the 
three equations (6.1) give three unique solutions o~j and as there are six indepen

dent components 0~0) one can indeed always add solutions oij with oijj = 0 to (6.1), 

so that 01°) +oij satisfies (6.1) as well. 
Though (6.1) does not lead to uniquely specified initial stress values, the Earth is 
clearly pre-stressed. In principle these stresses can be measured or modeled, irre
spective of whether these pre-stresses can be related to elastic or inelastic strains, 
which may be finite. Detennining these pre-stresses in practice may be difficult, or 
even virtually impossible, but this does not imply that these pre-stresses should not 
be there inside the Earth, having a specific value. In physical situations like this, 
differential equations like (6.1) should be supplemented with initial conditions, 
boundary conditions and continuity conditions until the initial values and the 
boundary values have been specified. Backus (1967) e.g. gives an exhaustive cata
logue of all possible equilibrium stress fields in the mantle. 
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This means that the self-gravitation problem has to consider infinitesimal strains 
away from a steady-state situation which has arbitrarily large initial stresses. Con
sequently a clear distinction between Eulerian and Lagrangian coordinates with ac
companying stress measures must be made. In the Appendix the various measures 
of stress are briefly reviewed. 

The hydrostatic case 

According to Geller, the Lagrangian for the general adiabatic, non-rotating case 
with the no-slip condition prevailing in the interior of the body consists of four 
contributions: 

(6.2) 

where 

T = ~ (ji JdVUiPCO)Ui is the kinetic energy (6.3) 

HI =4JdVUijqjklUk,l is the elastic potential energy (6.4) 

Hz =- ~ JdVUi(IGFD)i is the gravitational potential energy, and (6.5) 

I =~ JdV {_l_ ",C.1)",C.1) - pCO)u.",C.1)}
2 41tG ,1,1 1 ,1 

(6.6) 

Note that in the derivation of the correct implementation of Poisson's equation into 

the Lagrangian the surface term Jav <IS Il;~",jl{ 4~ ",jIl - (a- l)p(O)u;I ought 

to be included in Geller's equation (28), because at that point it is not clear that 
a =- 1. The tenn I =0 is added to the Lagrangian so that variation of LG with re
spect to V1) gives Poisson's equation. The elastic constants Cijkl in Hz obey the 
symmetry relations Cijkl =Cjikl =qjlk =Cklij . The 'Incremental Gravitational 
Force Density' in Hz is given by 
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(IGFD)· = p(D){U' .\I,c~) + U·\I,c~) - u· .\I,c~) + \IiI)} (6.7)1 J,1 T J J T ,1J JJ T ,1 T ,1 

This IGFD is the difference between the gravitational force acting on a unit volume 
element after and before a small displacement ufrom equilibrium. Geller exten
sively demonstrates that this first-order quantity is independent of the coordinate
 
system used. The terms p(D)'l'}l) -I- p(D)Uj"'%) denote the incremental gravitational
 
force of the volume element and the redistribution of the body as a whole respec

tively. Geller remarks that these two terms comprise Biot's 'Incremental Gravita

tional Force Density'. He states that this IGFD is incorrect because it is the differ

ence between the gravitational force density after the displacement per unit de

formed volume and that in the initial state per unit undeformed volume. In Geller's
 
IGFD the difference is taken between gravitational force densities which are both
 
reckoned per unit undeformed (or deformed) volume.
 
Geller recognizes however that in Woodhouse & Dahlen's Lagrangian (their equa

tion (26», which can be written as
 

2LPK(I, ~ 002 JdVU;p(OlUi - JdVUW\j"l1l.k + JdVU;p(Ol{~I' + Uj ~l} 

+JdV { 4.:0 V?'V?' - P(O)U;lI0"} (6.8) 

with 

1 {(D)~ (D)~. (D) I:: (D)~}(D) I:: (D) I::Aijkl = ~jkl +"2 O'ij UJcl + O'kl Uij + O'ik Ujl - O'jk uil - O'il Ujk - O'jl Uik (6.9) 

the remaining terms p(D)Uj,i'l'~D) - p(D)Ujj'l')D) that make Biot's IGFD (which is equal 
to Woodhouse & Dahlen's one) equal to his IGFD are present in the elastic

gravitational energy integral JdVuj,iAijklUl,k in the hydrostatic case: substituting 

O'ff) = - PDbij into (6.9) gives 

Aijkl =Cijkl - Po(&j~l - bilbjk) (6.10) 

Note that in Dahlen's equation (34) the last term ~ ~ &k must have a minus sign. 

This typographical error was corrected in Dahlen & Smith (1975). Woodhouse & 
Dahlen's equation (11) is correct. Substituting (6.10) in (6.8) gives (6.2) if one 
takes (6.1) into account. Geller qualifies this result as 'fortuitous'. Instead of 
Geller's stress tensor ~jklUk,l. Dahlen uses the stress tensor~K(I) = AijklUl,k. which 
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reads in the hydrostatic case ~K(l) =qjklUk,l -PO(Uk,k~j - Uij) (Dahlen's equation 
(37». The two extra terms in Dahlen's (first Piola-Kirchhoff pseudo-)stress tensor 
express the hydrostatic pressure acting on the deformed volume element in terms of 
the undeformed volume element. 
According to Geller, in the case of a general initial stress it is impossible to derive 
equation (6.5) from (6.8) and (6.9). This conclusion is an artifact of the improper 
deletion of terms in (6.9) by Geller, based on the incorrect statement that Wood
house & Dahlen's asymmetric pseudo-stress tensor is physically unadrnissible (cf. 
Appendix), as will be shown in the next section. 

The general case 

In the hydrostatic case Geller's Lagrangian LG (equation (6.2» becomes equal to 
Woodhouse & Dahlen's Lagrangian LPK(I) (equation (6.8». In the case of a general 
initial stress field the elastic-gravitational energy integral in (6.8) can be rewritten 
with (6.9) as (in the equations in this section no explicit indication is given whether 
volume elements dV, surface elements dS and their normals 1\ are defined in the de
formed or undeformed state): 

1 f { (0) (0) s:: (0)dVujjAijklUl,k = dVUjjqjklUl,k + '2 dVUj,i 0ij ~l + 0kl Uij + 0ik Ojlf f 
(O)~. (O)s:: (Ok}

- ojk "'iL - ail ujk - 0jl Uik Ul,k = 



185 Gravito-Elastodynamics 

= f dV;.;CijklUk.1 - f dSn;U;{"~'",~ - "~'U"}+ f dVU;{"~Uk.k + aZ""'J< 

(0) (O)} 1 I { (0) (O)}- (JjkjUk.i - (Jjk Uj,ik - 2 dVuij (Jjk Ui,k - (Jik Ukj (6.11) 

In the derivation of (6.11) dummy indices have been interchanged. The surface in
tegral is equal to zero because of the boundary condition (J~jO)nj =0 (on the unde
fonned boundary). 
Substituting (6.11) in (6.8), taking into account (6.1), gives 

2LPK(l) = 0)2 I dVUiP(O)Ui - JdVUijqjklUk.l 

+ JdVuop(O){llll) + Uollr(~) - U l"<~) + U Ollr(O)}
1 T,I J T ,1J k.k T .1 k,l T ,k 

+ f dVU;{"if'ukJ< - "fU"j} - i fdVU;j{"~'Ui.k - "~Ukj}= 

= (6.2) + fdVU;{"~)"'jk - "fUj"} 

-i f dVUij{"~)Ui.k - "~Ukj} (6.12) 

Equation (6.12) shows that Woodhouse & Dahlen's Lagrangian is equal to Geller's
 
Lagrangian plus some extra tenns. It is easily verified that these extra volume inte

grals are zero in the hydrostatic case (J~f) =- PO~j. In the general case the extra
 
tenns describe the energy contributions of the changes in the initial non-hydrostatic
 
stress field.
 
The main reason why Geller is not able to derive the expression for his gravitation

al potential energy (6.5) from Woodhouse & Dahlen's truncated Lagrangian in the
 
general case, is that he does not allow tenns with bare initial stresses instead of di

vergences of them.
 
Geller's relation (58b) can be written as
 

fdVU;.;{ai:!'15;; - "~' li;x}"", - fdS"'{Ui,iai:!)Uk - u;,;"T'Uj} - f dVU;.il"~'Uk 
-JdVui.i(J~~~uk +JdVuijl(J~?)Uj +JdVuij(J~~~Uj = 
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= f dVU,p(Ol{>l;'lu"" - ~OlUj'} - f dVU,{"flukjk - "j?lu;",} (6.13) 

Again, dummy indices have been interchanged and the surface integral is equal to 
zero because of the boundary condition crff\ =O. With (6.1) equation (6.13) reads 

fdVU'j{~l &i - "Tl!i;k}UkJ = fdVU;p(Ol{u""V\Ol - ui;v\O)} 

-fdVU'{af]')""jk - ,,~lUi"'} (6.14) 

From (6.14) it can be seen that Geller's equations (58b) and (58c) together give the 
correct expression for the IGFD-term in his Lagrangian, plus an integral which is 
zero in the hydrostatic case. 
Instead of putting his equation (58b) in (58c) he 'corrects' (58c) by just replacing 
Biot's IGFD with his IGFD, which is remarkable because this is intrinsically incon
sistent with the way he treated Woodhouse & Dahlen's Lagrangian in the hydro
static case. His conclusion that (58b) "represents a kind of 'double counting'" and 
so ought to be deleted is an artificial consequence of this. 
As there is nothing wrong with the asymmetric character of a first Piola-Kirchhoff 
stress tensor, deleting the terms describing the rotation of the initial stress field in 
(6.9), because they make Woodhouse & Dahlen's stress tensor asymmetric, is not 
correct. 

As Woodhouse & Dahlen relate actual forces with pseudo surface elements by the 
first Piola-Kirchhoff stress tensor and because they use an Eulerian rather than a 
Lagrangian description of the penurbation of the gravitational potential, their de
scription of gravito-elastodynamics is not a pure Lagrangian one. In the first part 
of his article Valette derives the equation of motion in Lagrangian coordinates, us
ing the second Piola-Kirchhoff stress tensor (cf. Appendix). The result, his equa
tion (14), can be Fourier transformed and rewritten as 

oip(O)u. + ~~(2) + (cr~O)u. ). + p(O)u.",(~) + p(O)",(.l) =0 (6.15)1 IJJ Jk l,k J J ,lJ ,1 

with 
..J>K(2) •
 
E, =C-jklUl k (6.16)
IJ 1, 

In order to obtain a purely Lagrangian description also the Eulerian defined varia
tion in the gravitational potential ",<I) must be translated into the Lagrangian de
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fined variation in the gravitational potential '1'*(1) =",(1) + Uj"'~O). Substitution in 
(6.15) gives the equation of motion in a purely Lagrangian form: 

olp(O)u. + ~~(2) + (o~O)u. ). _ p(O)u' '\Ii~) + p(O)\IP) = 0I I)J jk I,k J ),1 TJ T,1 

Again, rotation of the body as a whole and complex notation is neglected. In this 
rewriting use has been made of Valette's equations (13a) and (19). The latter one 

reads: (i~ - gO)i = Uj"'~~) + ",~l), so p(O)(g - go) is Biofs IGFD. 
The Lagrangian which gives (6.15) upon varying with respect to uis 

2LPK(2) =002 f dVu,p(O)u· - f dVu' ·C~· u + f dV{- _1_ \ll1)\IP) + 2P(O)U.\IP)}I I J,l I)kl l,k 41tG T,l T,l IT,1 

+ f dVUiP(O)"'}~)Uj - f dVUijOj~)Ui,k (6.17) 

This Lagrangian gives Poisson's equation upon varying with respect to ",(1). Varia
tion with respect to ugives 

OLPK
(2) =0 =JdVOUi002p(O)Ui - JdSnjOUiC:"klUl,k + f dVOUi(C~lUl,k)j 

+ f dVOu·p(O)\IP) + f dVOu·p(O)\I(~)u·I T,I I T,I) J 

-f dSnjOUiO~)Ui,k + f dVOui(O~)Ui,k)j (6.18) 

The Lagrangian equation of motion (6.15) can be extracted from the volume inte
grals in (6.18), while the surface integrals deliver the boundary condition 

[ C~kl ul,k + Ui,kOj~) ] nj = 0 

~K(2) n. = 0 (6.19)
I) J 

on the undeformed boundary. This agrees with Valette's equation (34).
 
Replacing the second Piola-Kirchhoff stress tensor (6.16) in (6.17) by the first Pio

la-Kirchhoff stress tensor by means of equation (6.A6) gives expression (6.8),
 
Woodhouse & Dahlen's Lagrangian.
 
Dahlen has shown that the bilinear form of the Lagrangian (6.8) is Hermitian. It is
 
easily verified that the bilinear form of the Lagrangian (6.25) is Hermitian too, be

cause (cf. equation (6.A6»
 

I dVUj,iO~)Vj,k =I dVVj,iO~)Uj,k 
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where the displacements ii and vboth satisfy (6.16) and (6.19). 

The equation of motion in an Eulerian coordinate system can also be derived from 
the Lagrangian (6.18) by replacing the second Piola-Kirchhoff stress tensor by the 
Cauchy stress tensor. Substituting (6.A7) in (6.17) gives 

2Lc =ol JdVu·p(O)u· - JdVu..Tf + JdV{- _1_ \1/1)\11(.1) + 2P(0)U.\I/1)}
1 1 J,1 IJ 41tG T,1 T,1 1 T ,1 

-JdVUj,iO~tUk,k + JdVUj,iO~)Ui,k + JdV1liP(O)'V~~)Uj (6.20) 

The Cauchy stress tensor Tfi can be expressed in a Lagrangian coordinate system in 
tenns of the elastic constants dijkl 

Tfi =dijklUl,k (6.21) 

With (6.A7) and (6.16) it follows that 

dijkl =C~l - o~f) ~l + o~) bjl + o~) &z (6.22) 

Equations (6.21) and (6.22) are Valette's equations (l5b) and (16) respectively.
 
Note that Valette's elastic coefficients dijkl are Dahlen's coefficients r ijkl .
 
Varying (6.20) with respect to ii, using (6.21) and (6.22), gives
 

bLC =0 =JdVbUiC02p(0)Ui - ~ JdSnibUjdijklUl,k + ~ JdVbUj(dijklUl,k),i 

-~ JdSnkbuld'jklU' . + ~ JdVbUl(d"klU") k - ~ JdSn'bu·o~~)Uk k2 1 J,I 2 IJ J,1, 2 1 J IJ ' 

1 J (0) 1 J (0) 1 J ~ (0)+ 2' dVbUj(Oij Uk,k),i - 2' dSnkbukOij Uj,i + 2' dVUUk(Oij Uj,i),k 

1 J (0) 1 J ~. (0) 1 J 5::.. (0)+ 2' dSnibUjOjk Ui,k - 2' dVUUj(Ojk Ui,k),i + 2' dS~UUiOjk Uj,i 

-~ JdVbUi(01~\,i),k + JdVbUiP(O)'V~l) + JdVbUiP(O)'V~~)Uj 

with 
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so 

OLe =0 =f dVOuiro2p(O)Ui - f dSnjOuiTtr + f dVOUiTtrj - f dSnjOuiO'~tuk,k 

+ f dVOUi(O'~f)Uk,k)j + f dSnjOuiO'~\,k - f dVOUi(O'~)Uj.k)j 

+ f dVOUiP(O)",}l) + f dVOUiP(O)"'}~)Uj (6.23) 

The surface integrals together give the boundary condition on the defonned bound
ary 

[Ttr + Uk.kO'ff) - Uj.kO'~)J nj = 0 (6.24) 

The volume integrals give the equation of motion 

ro2p(O)n o+ Th ° + (O'~~)u ) 0 (O'~O)u· ) 0 + p(O)",(~)u· + p(O)",<'I) =0 (6.25)-

'"1 IJJ IJ k,k J ik J,k J ,1J 1 .1 

This equation of motion can be rewritten in a purely Eulerian fonn by making use 
of equation (6.1) and noting that (p(O)Uj)j"'}O) =(p(O)Uj"'~O\ - p(O)Uj"'l~) 

ro2p(O)uo+ T~~ - (p(O)uo) ."'(~) + p(O)",(.l) =0 (6.26)
1 IJJ 1 J ,1 ,1 

with T~E = Ttr - UkO'~~ the Cauchy stress tensor in Eulerian coordinates. Note that 
this stress tensor is not linearly related to a displacement gradient. Equation (6.26) 
is equal to the Fourier transfonned version of Valette's equation (25) and to the 
Fourier transfonned version of Dahlen's equation (7). The boundary condition 
(6.24) on the defonned boundary "an be rewritten as 

[ T~E + (UkO'~?),k - Uj.kO'~)J nj = 0 (6.27) 
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Normal modes 

Whereas Saito (1971) claimed that the equations describing the gravito
elastodynamics of a pre-stressed Earth are not self-adjoint, Dahlen (1972) has 
shown that the Lagrangian equation of motion with associated boundary conditions 
lead to the necessary Hermitian property. In his calculations Dahlen used the first 
Piola-Kirchhoff stress tensor. Though on physical grounds it is implicit that if in 
one coordinate frame using a certain stress tensor there is self-adjointness, then 
there must be self-adjointness in any other coordinate frame using any other stress 
tensor too, it was never explicitly verified mathematically in the literature, as far as 
we know, for an Eulerian coordinate frame. In this paragraph it is shown that the 
Eulerian equation of motion (6.26), together with the boundary condition (6.27), 
leads to a complete set of orthogonally seismic normal modes. In our calculations 
we use the second Piola-Kirchhoff stress tensor. 

The terms in the Eulerian equation of motion can be written as a bilinear operator 

L(Ui' 'lI(1) =m2p(0)ui + T~j - (p(O)Uj)j'lljO) + p(O)'lIy) =0 (6.28) 

with the boundary condition for the stress tensors on the deformed boundary 

[ T~E + (UkCJtO»),Jc - Uj,kCJ~)] nj =0 (6.29) 

The Cauchy stress tensor in (6.20) can be replaced by the second Piola-Kirchoff 
stress tensor ~K(2) =CijklUl,k by means of (6.21) and (6.22) 

T~EIJ =Tf - UkCJ~?,k)IJ =d"jklUl,k1 - UkCJ~?k) = IJ IJ, 
• (0) (0) (0) (0)=CijklUl,k - CJij Uk,k + CJik Uj,k + CJjk Ui,k - UkCJij,k (6.30) 

so that the boundary conditions for the stress tensors are given on the undeformed 
boundary 

~K(2)n" = 0 and CJ~?)n; = 0 (6.31)IJ J IJ J 

The elastic constants Cijkl have the symmetry relations 

C;jkl =Cjikl =C~lij =Cijlk (6.32) 

so that there are generally 21 independent constants CijId' 
In order to fulfill the Hermitian property, it has to be shown that 
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JVdV'viL(ui, ~1» - JVdV'uiL(Vi, <1>(1» =0 (6.33) 

for solutions (u, ",(1» and (v, <1>(1» of (6.28) and (6.31) in order for the operator L to
 
be self-adjoint.
 
From equation (6.28) it follows that (u periodic with cyclic frequency 001 and vpe

riodic with cyclic frequency 0>:2)
 

ViL(Ui' ",(1» - UiL(Vio <1>(1» =
 
2 2 (0) *
 =(001 - O>2)p UiVi + Cijk1(ViUljk - UiVljk) (6.34) 

(0) (0) (0) (0) )
+ Vi( - 0ij Uk,k + 0ik Uj,k + 0jk Ui,k - UkOij,k j (6.35) 

0) (0) (0) (0) 
- Ui « - 0ij Vk,k + 0ik Vj,k + 0jk Vi,k - VkOij,k)j (6.36) 

- Vi(p(O)Uj)j"'lO) + Ui(p(O)Vj)j"'lO) (6.37) 

+ Vip(l)"'lO) - UiP(O)<I>jl) (6.38) 

The terms in (6.35) can be written as 

(0) (0) (0) (0) «0» (0) (0)
-ViOijjUk,k -ViOij Ukjk +ViOikjUj,k +ViOik Ujjk +Vi 0jk Ui,k j -ViUkjOij,k -ViUkOijjk 

By interchanging dummy indices j and k this can be written as 

(0) «0» (0)
- ViOijj uk,k + Vi 0jk Ui,k j - ViUkOijjk 

Substituting equation (6.1) finally gives 

ViP(O)",jO)Uk,k + Vi(O~)Ui,k)j + viuk(p(O)"'lO»,k = 
=v-p(O)",(~)u + v-(O~O)u- ) - + v-u p(0)",(9) + V,U p(O)",(~) (6.39)1 ,1 k,k 1 Jk l.k J 1 k,k,l 1 k ,ik 

And so (6.36) can be written as 

_ u-p(O)",(~)v -ll-(O~O)v-) - -ll-V p(0)",(9) -u-v p(O)",(~) (6.40)1 ,1 k,k ... Jk l,kJ ... k,k,l lk ,ik 

The terms in (6.37) can be written as 

- v-p(~)u-",(~) - v-p(O)u- -"'(~) + u-p(~)v-",(9) + u-p(O)v- -",(9) (6.41)
1 J J,l 1 JJ,I 1 J J,l 1 JJ,I 

Taking (6.39), (6.40) and (6.41) together, changing dummy indices iJ and k, it is 
obvious that (6.35) + (6.36) + (6.37) can be written as 

~ ~ ~ ~ Vi(Ojk Ui,k)j - Ui(Ojk Vi,k)j =(ViOjk Ui,k)j - (UiOJ"k Vi,k)j (6.42) 

Integrating (6.35), (6.42) and (6.38) over the entire space E = (E - V) + V, with V 
the deformed volume of the Earth and S the deformed surface (V0 and So denote 
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the undefonned volume and surface of the Earth respectively) gives 

(roi - roi) J dV'p(O)uivi + J dV'Cijkl(ViUljk - UiVljk)
v Vo 

+ Jv, dV'{(Vi"~)"")j-(Ui"~)ViJ<) j} + JEdV'{ViP(OVj>- lIiP(0).;1)} (6.43) 

Poisson's equation, "'~) - 41tG(P(O)Ui),i =0, can be used to transfonn the last inte
gral of (6.43) 

UiP(O)C\>~) =(UiP(O)C\>(I»),i - (UiP(O\C\>(I) = 

=(UiP(O)C\>(I\ - 4~ ",~)C\>(l) = 

={UiP(O).(l) - 4.:0 'll}1).(I)L + 4.:0 'II}').~) 

and so 

V.p(O)",(~) ={v.p(O)",(l) __1_ ",(.l)",(l)} + _1_ ",(1)",(.1) 
1 ,I 1 41tG'l',l 41tG'l',l,l 

,i 

so 

JE dV'{ViP(O)'II}I) - UiP(O).~)} = 

= J dV'{(P(O)v. - _1_ C\><.I»)V1) _ (p(O)u. __1_ ",<'l)C\>(I)} = 
E 1 41tG ,1 1 41tG ,1 

,i 
+ 

=J dS'lli [(p(O)v. - _1_ C\>(.I»)V1) _ (p(O)u· __1_ ",(.1))C\>(1)] =0 
S 1 41tG ,I 1 41tG ,1 

because of the continuity conditions: 

VI) ,C\>(I) continuous 

and 

(O)u. __1_ ",(.1) p(O)v. __1_ ",(1) continuous
P 1 41tG ,1' 1 41tG'l',l 

The third integral of (6.43) can also be rewritten in a surface integral using Gauss' 
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theorem 

'{ (0) (O)} f ' (0)fVo dV ViOjk Ui,k - UiOjk Vi,k j = So dS njOjk (ViUi,k - UiVi,k) =0 

because of the boundary condition o~)nj = o. 
The second integral of (6.43) can be expressed as 

f dV'Cijkl(ViUljk - UiVljk) = 
Vo 

= JSo dS'njC~l(viUl,k - UiVl,k) - JV dV'C~l(VijUl,k - UijVl,k) = 0 
o 

The surface integral is equal to zero because of the boundary conditions 
CijklUl,knj = 0 and cijklvl,knj = O. 
The volume integral is equal to zero because of the symmetry relation Cijkl = C~kji' 

So ultimately only the first integral of (6.43), (cor - ~) fVdV'p(O)uiVi> remains. If 

COl = CO2' the tenn becomes equal to zero; if COl '¢ COz, the tenn becomes equal to ze
ro ifu.v= O. This amounts to mutual orthogonality. 

Unified scheme 

The various descriptions for the gravito-elastodynamics of a perfectly elastic, non
rotating Earth model with a general initial stress field can be unified to one single 
expression: a Lagrangian first derived by Dahlen in the early seventies, from which 
the equation of motion and the boundary conditions can be derived by the Varia
tional Principle, given by 

L == T - Hl - H2 - I 

where 

T = ~ co2 JdVuiP(O)ui is the kinetic energy 

H1 = 4f dVUijTij is the elastic - gravitational potential energy 
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Hz = - 2"1 JdVUjp(0){ Uj'V,ij(0) + 'V,i(O)} is the gravitational 

potential energy (Biot's IGFD), 

and 

1= .!. JdV {_1_ lIP)\If(.l) - p(0)U.1IP)}
2 41tG T,1 T,1 1 T ,1 

Variation with respect to '1'(1) gives Poisson's equation 

",V) = 41tG(P(0)Ui);,n .. 

Variation with respect to Ui gives, dependent of the choice of stress measure and 
coordinate frame, the equation of motion from the volume integrals and the bound
ary conditions from the surface integrals. 

Significant combinations are as follows. 

A.	 Tij =~K(l), Lagrangian coordinate frame [Dahlen 1972; Woodhouse & 
Dahlen 1978] 

equation of motion:
 

roZp(O)u · + -r~(l) + p(O)U.ll'<~) + p(O)llll) = 0
 
l IJJ J T,1J T,1 

boundary conditions:
 

~K(l)nj = 0 and a~O)nj = 0 (undeformed boundary)
 

B.	 Tij = ~K(2) + uj,ka~), Lagrangian coordinate frame [Valette 1986] 

equation of motion:
 

rozp(O)u· + -r~(Z) + (a~O)u· k) . + p(O)U'll'<~) + p(O)llll) = 0
 
1 IJJ Jk I, J J T ,1J T ,1 

boundary conditions: 

~K(Z)nJ' = 0 and a~~)n· = 0 (undeformed boundary) 
IJ	 IJ J 

C.	 Tij = Tfi - Uk,ka~jO) + Ui,ka%), Lagrangian coordinate frame 

equation of motion: 
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Cilp(O)u· +1'5. + (O'~~)U ). - (O'~O)U' ). + p(O)U''''(~) + p(O)",(I) = 0
1 1JJ 1J k,k J ik J,k J J ,lJ ,1
 

boundary condition:
 

[Tfr + Uk,kO'DO) - Uj,kO'~)] nj = 0 (defonned boundary) 

Ct! (0) (0) (0) E I . d' frD. Tij = Tij + UkO'ij,k - Uk,kO'ij + Ui,kO'jk , Uenan COOf mate arne 

equation of motion:
 

Ciip(O)u' + T~~ _ (p(O)u') .",(.0) + p(O)",~I) = 0
 
1 1JJ J J ,1 ,1 

boundary condition: 

[T~B + (UkO'iY»,k - Uj,kO'~)J nj = 0 (defonned boundary) 

These various Lagrangians, equations of motion and boundary conditions reduce to 
Geller's Lagrangian, equation of motion and boundary condition in the hydrostatic 
case. 

Conclusions 

We have extended the basic equations describing a perfectly elastic, non-rotating, 
self-gravitating Earth model to incorporate various finite initial stress measures and 
coordinate frames by means of a single Lagrangian, which has the fonn originally 
derived by Dahlen. From this Lagrangian the equations of motion, boundary con
ditions and Poisson's equation can be derived by means of the Variational Princi
ple. It is explicitly checked that the derived equations in Eulerian coordinates lead 
to a complete set of seismic free nonnal modes (as was done for Lagrangian coor
dinates by Dahlen). 
We have shown that in the general laterally heterogeneous case both Woodhouse & 
Dahlen's and Valene's descriptions of gravito-elastodynarnics are correct. Geller 
essentially only rederived the Lagrangian for the elastodynarnics of a self
gravitating body with an isotropic initial stress field. As he incorrectly discards the 
concept of a finite initial stress tensor as necessary for describing the self
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gravitation problem, he did not have to make a choice of which coordinate system 
to use. To put it in another way: he had to make his equations coordinate
independent. That's why his IGFD differs from Biot's one. The two additional 
terms that make Geller's IGFD coordinate independent are contained however in 
the elastic-gravitational potential energy integral of Woodhouse & Dahlen's La
grangian. It is shown that Geller's Lagrangian is equal to Woodhouse & Dahlen's 
Lagrangian in the case of an isotropic initial stress field, but that the latter contains 
the extra terms in the case of a general initial stress field. Geller's criticism about 
the first Piola-Kirchhoff stress tensor being asymmetric has been shown to be un
justified. 
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Appendix: Measures of stress 

If a material is finitely pre-stressed, one must make a clear distinction between the 
various measures of stress that are associated with choosing between an Eulerian or 
spatial description and a Lagrangian or material description. 

A force elF acting on a surface element dS of a defonned volume element dV is re
lated to the nonnal fi of dS as 

dF =n·T[dS1 (6.AI)J IJ 

The tensor T~ is called the Cauchy tensor, which can be split into an initial part and 
an incremental part 

Tf. = cs~?) + 15
IJ IJ IJ 

(note that in the initial state, respectively taking the limit u---+ 0 of the deformed 
state, the stress tensor reduces to the initial stress tensor cs~f) and 

dFj =Nics~f)dSo =0 on the external boundary of dV). Dahlen (1972) demonstrated 
that the incremental part of the Cauchy stress tensor can be expressed in terms of 
strains and rotations of the finite initial stress components cs~o). For example, he 
derived this tensor in Lagrangian coordinates, which can be rewritten as 

.....c 1 (o)~ 1 (0) 1 (0) 1 (0)
Ii] =CijklUk,l + '2 Uk,lCSkl Vij - '2 Uk,kCSij + '2 (Ui,k - Uk,i)CSjlc - '2 (Ukj - Uj,k)crik 

where uis a small displacement from the initial state and Cijlcl are the elastic con
stants, with the symmetry relations Cijlcl =Cjikl =C:ijlk =Cklij. 
The defonned surface element dS with nonnal ft can be transfonned into the unde
formed surface element dSo with normal Nand one can express the force elF acting 
on the deformed surface in tenns of the undefonned surface 

dFj =NiT~(l)dSo (6.A2) 

The tensor T~(l) is called the first Piola-Kirchhoff stress tensor or Lagrangian stress 
tensor. This tensor can also be split into an initial part and an incremental part 

T~(l) =cs~~) + rK(l)
IJ IJ IJ 

The first Piola-Kirchhoff stress t~nsor relates an actual force defined in the de
fonned state with a surface element defined in the undefonned state. It is this ten
sor which Woodhouse & Dahlen employ in their equations. 
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It is also possible to use the transpose of the tensor as the definition of the first Pio

la Kirchhoff stress tensor (dFi =TY<l)njdS). The convention we adopt in this ap

pendix is the same as the one used by Malvern (1969).
 
As expressions (6.A1) and (6.A2) are equal it is possible to express the first Piola

Kirchhoff stress tensor in tenns of the Cauchy stress tensor.
 
If Xi and Xi denote the coordinates in the undefonned and in the defonned state re

spectively, both with respect to a common origin 0 (figure 6.1)
 

o 

Figure 6.1. Coordinates in the deformed and undeformed states. 

and the infinitesimal surface elements have edges dX and ~X in the undefonned 
and dx and ~x in the defonned state, then 

NidSo=£;.jkdXj~Xk 

nLdS =£Lrnndxm~Xn 

with £;.jk the Levi-Civita tensor.
 
NidSO can be expressed in the defonned coordinates as
 

aXj aXk
N·dSo="'jk - - dx ~x

1 "'l m na aXm Xn 

I' both'd 'th aXi .M I · SI -a gIvesu tip ymg es WI 
XL 

ax. ax. ax. aXk 
-a1 NidSo =Eijk -a -a -a dXm~xn =1 J 

XL XL Xm Xn 



199 Gravito-Elastodynamics 

== elmn det (~:: ) dXm3xn 

If Po and p denote the density in the undefonned state and in the defonned state re
spectively, this becomes 

so 

Furthennore, 

Po dV
-==-=I+Ull
P dVo . 

and hence 

dX- dU-)
llldS z (1 + ul,l)( dX; - dX; NidSo == 

= (1 + Ul,l)(&l - ui,l)NidSo 

Equating (6.Al) and (6.A2) gives 

n(l) ( )(3 )Tr Tr r rTij z 1+ Ul,[ ik - Ui,k kj Z ij + UUTij - ui,kTkj 

which in first order leads to 

~K(l) =Th + Uk J,O~~) - u- J,O(jkO) (6.A3)
1) 1) ... 1) 1...) 

It follows from (6.A3) that the first Piola-Kirchhoff stress tensor is generally not 
symmetric. This is no violation of any physical principle however, as this so-called 
'two-point' tensor (cf. Malvern) associates an actual force on the defonned surface 
(by the column of the tensor) with a normal on a surface element of the unde
fonned volume (by the row of the tensor). In order to investigate whether or not 
fundamental principles of physics are at stake one must carefully distinguish this. 
To obtain a purely Lagrangian description of the gravito-elastodynamical problem, 
the force dF acting on a surface element of the defonned volume must be trans

fonned into a force dP* acting on a surface element of the undefonned volume 
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(6.A4) 

The (pseudo-)force <iF. can be written as 

dFj =NiTW2)dSo (6.AS) 

The tensor TU(2) is called the second Piola-Kirchhoff stress tensor, which can be 
split into an initial part and an incremental part again 

~(2) =O'~~) +r K(2)
IJ IJ IJ 

It deserves the tenn 'Lagrangian stress tensor' more than the first one (though it is 
not named so), because it relates two vector fields which are both defined on the 
undefonned volume element. The second Piola-Kirchhoff stress tensor can be ex
pressed in terms of the first. From the equations (6.A2), (6.A4) and (6.A5) it fol
lows that 

....Jl(2) _ s: ~n(l) _ ~n(1) ~n(1) 
L,· -(u'" -UJ'k)l~ik'~ --E,· -UJ'kl~ik'~ 
~ ~. ~. 

hence in first order: 

...PK(2) _ ...PK(1) _ U. 0'(0)
 
lij -lij J,k ik (6.A6)
 

Substituting (6.A3) in (6.A6) gives the relation in first order between the second Pi
ola-Kirchhoff stress tensor and the Cauchy stress tensor 

...PK(2)....c (0) (0) (0)
1 ij = 1 i} + Uk,kO'ij - Ui,kO'jk - Uj,kO'ik (6.A7) 

Equation (6.A7) shows that the second Piola-Kirchhoff stress tensor is symmetric
 
whenever the Cauchy stress tensor is symmetric. It is this stress tensor which
 
Valette uses in his description of gravito-elastodynamics.
 
All the various descriptions become equal to each other if the initial strains are in

finitesimal.
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SAMENVATTING (SUMMARY IN DUTCH) 

De rotatie van de Aarde is niet regelmatig. ZOwel de denkbeeldige as waarom de 
Aarde draait als de snelheid waarmee zij haar dagelijkse omwenteling volbrengt 
vertonen veranderingen in de loop der tijd. Vit astronomische waamemingen is 
bekend dat de rotatie-as van de Aarde zich gedurende de afgelopen 90 jaar van de 
geografische Noordpool richting Canada heefi verplaatst met een snelheid van zo'n 
10 centimeter per jaar. Verder heefi men uit nauwkeurige bepalingen van de baan 
van satellieten met behulp van lasers kunnen afleiden dat gedurende de afgelopen 
15 jaar de afplatting van de Aarde sterker is venninderd dan op grond van de 
afremming van de rotatie van de Aarde door getijdenwerldng met de Maan kan 
worden verklaard. Algemeen wordt verondersteld dat deze beide veranderingen in 
de rotatie van de Aarde toe te schrijven zijn aan post-glaciale opheffing (het huidi
ge oprijzen van de bodem op die plaatsen waar zo'n 10.000 jaar geleden enorme 
ijsmassa's lagen, zoals in Canada en Scandinavie) en aan recente veranderingen in 
de verdeling van ijs en water over het aardoppervlak (zoals het afsmelten van glet
sjers en de zeespiegelstijging door het broeikaseffect). 
In dit proefschrifi wordt aangetoond dat allerlei tektonische processen die niets met 
herverdeling van ijs en water van doen hebben ook een bijdrage leveren aan de 
waargenomen poolvlucht en venninderde afplatting. Voorbeelden van deze tek
tonische processen zijn gebergtevorming en erosie, het losscheuren (detachment) 
van de oceaanbodem op plaatsen waar deze langzaam de diepere gedeelten van de 
Aarde induikt en het verzakken (foundering) van oceaanbekkens door compressie. 
Deze processen zijn effectief indien ze snelle verticale bewegingen induceren onder 
niet-isostatische condities. Een combinatie van actieve krachten en compressieve 
spanningsvelden in een sterke lithosfeer kan er daarbij voor zorgen dat het herstel 
van de isostatische conditie heel wat langer duurt dan de tijdschalen waarop post
glaciale opheffing plaatsvindt. De effectiviteit van deze processen wordt gelllus
treerd aan de hand van modellen van het oprijzen van de Himalaya en het Tibetaans 
Plateau. Sommige van de modellen geven zelfs als resultaat poolvluchtsnelheden 
te zien die dezelfde grootte hebben als de waargenomen poolvlucht. Toekomstige 
modellen waarmee men gegevens wi! afleiden uit de relatie tussen herverdeling van 
water en ijs over ooze planeet en veranderingen in rotatie zullen rekening moeten 
houden met deze tektonische componenten. 

In hoofdstuk 2 wordt een globaal overzicht gegeven van de veranderingen in positie 
van de poolas en in rotatiesnelheid van de Aarde. Vit een beknopt historisch 
overzicht blijkt dat modellen waarin poolvlucht wordt toegeschreven aan herverde
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ling van ijs en water en aan defonnaties in het inwendige van de Aarde elkaar 
regelmatig hebben afgewisseld tot het eind van de jaren 70. De negatieve resultaten 
van een studie naar de effectiviteit van continentale drift als aandrijvingsmecha
nisme van poolvlucht 1eidden er toen toe dat vanaf het begin van de jaren 80 post
glaciale opheffing als de veroorzaker van de huidige seculiere rotatieveranderingen 
werd beschouwd, later aangevuld met contemporaine veranderingen in de verdeling 
van ijs en water. De veronderstelling dat de continentale en oceanische kolommen 
zich in isostatisch evenwicht bevinden blijkt de meest kritische aanname te zijn ge
weest in de modellen naar de invloed van continentale drift op rotatie. 
Indien een lithosferische kolom snelle verticale bewegingen ondergaat, waarbij de 
kolom niet in isostatisch evenwicht verlceert of uit isostatisch evenwicht geraakt, 
dan blijkt uit de modellen van hoofdstuk 3 dat een dergelijke kolom een effectieve 
bUdrage kan leveren aan de waargenomen rotatieveranderingen. Zo voIgt uit een 
van de modellen dat de bijdrage van een dertiental tektonisch actieve gebieden aan 
de huidige afname van de dynamische afplatting van de Aarde zo'n 10% van de 
niet door getijdenwerking veroorzaakte gemeten waarde bedraagt. Snelle niet
isostatische verticale bewegingen kunnen naast rotatieveranderingen ook ver
schuivingen van het massamiddelpunt van de Aarde t.O.v. het aardoppervlak indu
ceren. De modellen van hoofdstuk 3 duiden op snelheden van iets minder dan I 
millimeter per 10 jaar. Aangezien de tektonische processen werlczaam kunnen zijn 
over perioden van vele honderdduizenden jaren en daar met een verschuiving van 
het massamiddelpunt een antipodaal antisymmetrische verschuiving van de 
zeespiegel is geassocieerd, zou dit mechanisme een mogelijke verklaring kunnen 
bieden voor waargenomen zeespiegelvariaties op deze tijdschalen. 
Bij het bepalen van de poolvlucht is het noodzakelijk rekening te houden met de 
verplaatsing van de equatoriale uitstulping. De poolverschuiving zoals die in 
hoofdstuk 3 is bepaald veronderstelt dat de aarde rigide is met betrekking tot dit 
geihduceerde effect. Doordat de Aarde kan defonneren, zal een krachtkoppel wat 
uitgeoefend wordt op de equatoriale uitstulping de afplatting als een golf over het 
aardoppervlak trachten te verschuiven. De mate van verschuiving hangt, naast het 
krachtkoppel, af van de snelheid waannee de aardmantel kan vervloeien. De 
poolvlucht voIgt zo uit een vrij ingewikkeld samenspel tussen de tektonische pro
cessen die het krachtkoppel veroorzaken en de relaxatie van de equatoriale uitstul
ping. In hoofdstuk 4 wordt dit bestudeerd voor de vonning van de Himalaya en het 
Tibetaans Plateau met een aardmodel waarbij de mantel is opgedeeld in drie lagen: 
de transitiezone ligt ingeklemd tussen de ondiepe bovenmantel en de ondermantel. 
Als rheologisch model wordt een linear visco-elastisch Maxwellmodel genomen. 
Alhoewel de ondiepe boverunantel snel kan vervloeien, reduceert het gravitatieve1d 
van de afplatting van de meer visceuze diepere lagen de verschuiving van de equa
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toriale uitstulping sterk. Het zijn deze diepere lagen die voor de stabiliteit van de 
aardrotatie zorgen. Vit de simulaties blijkt dat een lineare opheffing van het gebied 
die leidt tot een 10% afwijking van isostasie een poolvlucht van dezelfde grootte 
induceert als wordt waargenomen, aangenomen dat de ondermantel een 10 maal 
hogere viscositeit heeft dan de ondiepe bovenmantel. 
In hoofdstuk 5 worden de rotatieveranderingen op geologische tijdschalen 
bestudeerd. Deze worden veelal relateerd aan veranderingen in subductie van 
oceanische lithosfeer in de mantel. In dit hoofdstuk wordt de invloed van de ermee 
gepaard gaande verticale verplaatsingen van de zeebodem en zeespiegelvariaties op 
poolvlucht en lengte van de dag bestudeerd. Het blijkt dat, indien de zeespiegel
variaties dynamisch ondersteund worden door diepere mantelheterogeniteiten, deze 
een aandrijfmechanisme van dezelfde orde van grootte kunnen vormen voor 
poolvlucht als subductie. De invloed van deze lange-termijn processen op de 
lengte van de dag is verwaarloosbaar ten opzichte van de verlenging van de dag 
door getijdenwerldng van de Aarde met de Maan. 

Hoofdstuk 6 heeft geen direct verband met de eerste vijf hoofdstukken van dit 
proefschrift. In dit hoofdstuk wordt in de vorm van een variatieprincipe een al
gemene formulering gegeven voor de gravito-elastodynamica. Met name de rol die 
eindige deviatorische voorspanningen spelen in een zelf-graviterend medium (zijn
de een medium waarbij de door deformaties geihduceerde veranderingen in het 
gravitatieveld niet verwaarloosbaar zijn) heeft in het verleden aanleiding gegeven 
tot uiteenlopende en soms onverenigbare opvattingen over de correcte bewegings
vergelijkingen en randvoorwaarden. Voorbeelden van toepassingen van deze theo
rie zijn te vinden in studies naar de invloed van aardbevingen op de vrije precessie 
van de Aarde (de zogenaamde Chandler wobble) en de invloed van span
ningsvelden in het inwendige van de Aarde op de voortplanting van seismische gol
Yen. 
In hoofdstuk 6 wordt beargumenteerd dat de in het algemene geval asymmetrische 
Piolo-Kirchhoffspanningstensor van de eerste soort niet onverenigbaar is met 
basale fysische principes. Tevens wordt aangetoond dat een Euleriaanse beschrij
vingswijze leidt tot een hermitisch compleet stelsel van normaalmodes. Deze beide 
aspecten waren door sommige auteurs in twijfel getrokken. De diverse beschrij
vingswijzen voor de gravito-elastodynamica, zoals die in de loop der jaren door di
verse onderzoekers zijn opgesteld, worden in dit hoofdstuk geiinificeerd in een La
grangiaan. Door het variatieprincipe toe te passen kunnen hieruit de bewegingsver
gelijkingen en randvoorwaarden voor verschillende coordinaatsystemen en typen 
spanningstensoren eenvoudig worden afgeleid. 
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