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Chapter 1

General Introduction

Bayesian networks[51] provide for a concise representation of probabilisticknowledge with
respect to a given problem domain and can be used to derive theprobabilities of events in this
domain. A Bayesian network consists of a graphical structure capturing the probabilistic relation-
ships between the variables of the domain, supplemented with quantitative information concern-
ing the joint probability distribution over the variables.Especially in domains in which uncer-
tainty is predominant, Bayesian networks are suited to solving problems. By now, networks have
been developed for a range of areas such as medical diagnosis, traffic prediction, weather predic-
tion and technical troubleshooting; some examples can be found in [9,21,30,33,39,66,69,79]

A Bayesian network can, in theory, be used for computing any probability of interest for
the modelled variables. The problem of establishing the (conditional) marginal probabilities
for a single variable, which is known as probabilistic inference, is NP-hard in general, how-
ever [10]. Algorithms have been designed that solve the inference problem in time exponential
in the treewidth of the graphical structure [20, 37, 51, 60].Still, for larger densely connected
networks inference may become infeasible. Also the problemof establishing approximate prob-
abilities with guaranteed error bounds is NP-hard in general [12]. Nevertheless, various useful
approximation algorithms have been designed, although their results are not guaranteed to lie
within specific error bounds [32]. The two classes of approximate algorithms that include the
most widely used approximation methods are the Monte Carlo algorithms and the variational
methods. In Monte Carlo methods, such as Gibbs sampling and importance sampling approx-
imations are obtained by sampling [7, 8]. In variational methods [31] the inference problem is
viewed as an optimisation problem, that is, inference is viewed as finding the minimal free en-
ergy of a probability distribution. This minimal free energy now can be approximated by the
minimal free energy of a distribution from a restricted family of related distributions for which
the free energy is easier to establish. In a mean field approximation, for example, related distribu-
tions are considered in which all variables are independent. Another algorithm from this second
class is theloopy-propagation algorithm[51]. In this algorithm, in fact, the required probability
distribution is approximated by considering the related distributions in which the pairwise de-
pendencies between variables represented by neighbouringnodes in the graphical structure are
taken into account. The performance of this algorithm has been analysed extensively for undi-
rected graphical models. However, only a few studies are available in which its performance
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1. General Introduction

in directed models is addressed analytically. In the secondpart of this thesis some of the par-
ticulars of the loopy-propagation algorithm when applied to a Bayesian network will be stated.
First, however, the focus will be onqualitative probabilistic networks. A qualitative probabilis-
tic network also models statistical knowledge with respectto some underlying problem domain
and also comprises a directed graphical structure. However, a qualitative network only includes
qualitative information of the distribution of its variables. A qualitative network can be used to
infer qualitative information about the influence of the observation of a variable on the proba-
bility distribution over the other variables in the network. Due to their high abstraction level,
however, qualitative networks tend to yield uninformativeresults. In the first part of this thesis
the formalism of qualitative probabilistic networks is extended by the introduction ofsituational
signs. This extension provides for a more informative result uponinference with a qualitative
network.

To summarise, in this thesis insight is gained in the local behaviour of the loopy-propagation
algorithm in Bayesian networks, thereby supplementing earlier work on loopy propagation in
undirected networks. Also, inference in qualitative probabilistic networks is improved. At first
sight, loopy propagation and probabilistic inference in qualitative networks show few similari-
ties, other than their not resulting in exact numerical probabilities. The analyses in this thesis,
however, reveal that the two methods for approximate inference do share some common ground.
More specifically, the two concepts of additive synergy and product synergy which are com-
monly used in qualitative probabilistic networks, are shown to constitute important factors in the
local behaviour of the loopy-propagation algorithm when applied to Bayesian networks.

This thesis is organised as follows. Chapter 2 introduces therelevant basic concepts. The
thesis then is divided basically into two parts. The first part concerns probabilistic inference
in qualitative probabilistic networks. After the introduction in Chapter 3, Chapter 4 introduces
the notion of situational sign into the framework of qualitative probabilistic networks and adapts
the sign propagation algorithm for inference with qualitative networks to render it applicable to
networks with such signs. In Chapter 5, the practicability ofthe situational signs is investigated
in a realistic setting. The first part is concluded with Chapter 6 which summarises the results and
indicates directions for further research. Parts of these chapters were published in [3, 6]. The
second part concerns the loopy-propagation algorithm for approximate inference with Bayesian
networks. After the introduction in Chapter 7, the two different types of error that arise in the
probabilities computed by this algorithm are introduced inChapter 8. These errors are further
investigated in the subsequent Chapters 9, 10 and 11. Chapter 12 summarises the results and
indicates directions for further research. Parts of these chapters also appeared in [2,4,5].
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Chapter 2

General Preliminaries

This section reviews the basic concepts that are relevant for this thesis. Further details can be
found in introductory texts on Bayesian networks such as [29,51]; this section is partly based on
the introductions given in [52,64].

2.1 Probability Theory and Graph Theory

This section briefly states some of the basic concepts of modern probability theory as founded by
Kolmogorov in 1933 [34]; a modern overview of the field can be found in for example [28,58].

Central in probability theory are stochastic variables which can take a value from a set of
values, called the value space. In this thesis, only discrete value spaces will be considered. In
statements involving stochastic variables and their values, the following notational conventions
are used. Single variables are denoted by upper-case letters (A), possibly supplemented with a
superscript (Ai). The values of a variable are indicated by subscripted lower-case letters (ai);
for a binary variableA, the valuea1 will often be written asa and the valuea2 as ā. Sets of
variables are denoted by bold-face upper-case letters (A) and a joint value assignment to such a
set is indicated by a bold-face lower-case letter (a). Where no operator is given, the conjunction
is meant; for example,aibj has to be read asai∧ bj. The upper-case letter is also used to indicate
the whole range of possible value assignments; for example,for the binary variablesA andB,
the notationA,B may be used to indicate{ab, ab̄, āb, āb̄}. A value assignment to a variable will
often be abbreviated by the value itself; for example,A = ai may be indicated byai.

A joint probability distributionis a functionPr on the set of joint value assignments to a set
of variablesV, that adheres to the following properties

• Pr(v) ≥ 0, for any value assignmentv to V

•
∑

V Pr(V) = 1, and

• for all A,B ⊆ V and any value assignmenta to A andb to B, if Pr(ab) = 0 then
Pr(a ∨ b) = Pr(a) + Pr(b).

Let Pr be a joint probability distribution on a set of variablesV and letX,Y ⊆ V. For
any combination of value assignmentsx andy with Pr(y) > 0, theconditional probabilityof x

3



2. General Preliminaries

giveny, denotedPr(x | y), is defined as

Pr(x | y) =
Pr(xy)

Pr(y)

Throughout this thesis all specified conditional probabilities are assumed to be properly defined,
that is, for eachPr(x | y) it is implicitly assumed thatPr(y) > 0.

From the definitions of joint probability distribution and conditional probability, the chain
rule, the conditioning property, the marginalisation property and Bayes’ rule can be derived.
The chain rulestates that for any joint probability distributionPr on a set of variablesV =
{V 1, . . . , V n}, n ≥ 1, for any value assignmentv1

i1, . . . , v
n
in to V the following property holds

Pr(v1
i1 . . . v

n
in) = Pr(v1

i1 | v
2
i2 . . . v

n
in) · . . . · Pr(vn−1

i(n−1) | v
n
in) · Pr(vn

in)

The marginalisation propertystates that, for any joint probability distributionPr on a set of
variablesV, for all subsetsX,Y ⊆ V for any value assignmentx to X

Pr(x) =
∑

Y

Pr(xY)

For any proper subsetX of V, the probabilityPr(x) is called a marginal probability. Thecondi-
tioning propertyfurther states that for any value asssignmentx to X

Pr(x) =
∑

Y

Pr(x | Y) · Pr(Y)

with X andY as before.Bayes’ rule, to conclude, states that for any value asssignmentx to X

and any value assignmenty to Y

Pr(x | y) =
Pr(y | x) · Pr(x)

Pr(y)

For a joint probability distributionPr, further the concept of(conditional) (in)dependenceis
defined. For any joint probability distributionPr on a set of variablesV, the sets of variables
X andY are independent givenZ, with X,Y,Z ⊆ V, denoted asIPr(X,Z,Y), if for any value
assignmentx to X, y to Y andz to Z

Pr(xy | z) = Pr(x | z) · Pr(y | z)

Otherwise,X andY are dependent givenZ. ForZ 6= ∅, the (in)dependence is called conditional
onZ.

Also some concepts from graph theory that are relevant for this thesis are reviewed. More
details can, for example, be found in [23].

An undirected graphG is a pairG = (V,E) whereV is a finite set of nodes andE is a
set of unordered pairs(V,W ) with V,W ∈ V, called edges. The nodesV andW are neigh-
bours if (V,W ) ∈ E. A path from V 0 to V k is an ordered sequence of nodes and edges
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2.2. Graphical Representations of Probabilistic Independence

V 0, E1, V 1, . . . , V k with (V i−1, V i) ∈ E for all i = 1, . . . , k; k is called the length of the
path. A cycle is a path of length at least one from a node back toitself. An undirected graph is
called acyclic if it does not contain any cycles.

A directed graphG is a pairG = (V,A) whereV is a finite set of nodes andA is a set
of ordered pairs(V,W ) with V,W ∈ V, called arcs.W is a parent ofV if (W,V ) ∈ A; W
is a child ofV if (V,W ) ∈ A. The set of all parents ofV is denoted asρ(V ); the set of all
children asσ(V ). W is an ancestor ofV if it is an element of the reflexive and transitive closure
of ρ(V ). W is a descendant ofV if it is an element of the reflexive and transitive closure of
σ(V ). The ancestors and descendants ofV are denoted byρ∗(V ) andσ∗(V ) respectively. A trail
in G is a sequence of nodes and arcsV 0, A1, V 1, . . . , V k, such that eitherAi = (V i, V i−1) ∈ A,
or Ai = (V i−1, V i) ∈ A for all i = 1, . . . , k; k is called the length of the trail. A loop is a
trail of length at least one from a node back to itself. A loop will be called simple if none of
its arcs is shared by another loop; otherwise, the loop will be called compound. A loop node
with one or more arcs on the loop will be called a convergence node; the other loop nodes will
be called inner nodes. A directed graph is acyclic if it does not include a loop in which either
Ai = (V i, V i−1) ∈ A for everyi orAi = (V i−1, V i) for everyi. The graph is singly connected
if it does not include any loops; otherwise, it is multiply connected.

2.2 Graphical Representations of Probabilistic Independence

In the field of probabilistic graphical models, graphs are used to represent probabilistic (in)depen-
dence [11, 36]. In a graphical representation of probabilistic (in)dependence, the nodes in the
graph represent stochastic variables and the links in the graph capture probabilistic (in)dependen-
cies among these variables. To read the (in)dependencies off the graphical representation, a
graphical criterion is used. For an undirected graph the concept of separation is used for this
purpose; for a directed graph the concept of d-separation isapplied. In the sequel the terms node
and variable will be used interchangeably.

For an undirected graphG = (V,E), the set of nodesZ is said toseparatethe sets of nodes
X andY, whereX,Y,Z ⊆ V are mutually disjoint, denoted as〈X | Z | Y〉, if for eachV i ∈ X

and eachV j ∈ Y every path fromV i to V j contains at least one node fromZ. The following
example illustrates this separation criterion for undirected graphs.

Example 2.1 Consider the network from Figure 2.1. In this network, for example, the nodesA
andD are separated by the set of nodes{B,C}, that is,〈{A} | {B,C} | {D}〉. The nodesA
andD are not separated by eitherB or C.

For an acyclic directed graphG = (V,A), a trail t in G is said to beblockedby the set of
nodesZ ⊆ V if one of the following conditions holds:

• arcs(V 1, V 2) and(V 2, V 3) are ont, andV 2 ∈ Z;

• arcs(V 2, V 1) and(V 2, V 3) are ont, andV 2 ∈ Z;

• arcs(V 1, V 2) and(V 3, V 2) are ont, andσ∗(V 2) ∩ Z = ∅.

5



2. General Preliminaries

A

CB

D

Figure 2.1: An example undirected graph.

For mutually disjoint sets of nodesX,Y,Z ⊆ V, the set of nodesZ is said tod-separateX and
Y in G, denoted as〈X | Z | Y〉d, if for eachV i ∈ X and eachV j ∈ Y every trail betweenV i

to V j is blocked byZ.

Example 2.2 Consider the network from Figure 2.2. In this network, for example, the nodesA
andD are d-separated by the set of nodes{B,C}, that is,〈{A} | {B,C} | {D}〉d. The nodes
B andC on the other hand, are d-separated by nodeA, that is,〈{B} | {A} | {C}〉d. NodesB
andC are not d-separated by the set of nodes{A,D}, since with this set the trailB → D ← C
is not blocked.

A

CB

D

Figure 2.2: An example directed graph.

Ideally, a graph represents all dependencies and all independencies holding in a joint proba-
bility distribution, by means of the (d)-separation criterion. Unfortunately, there are probability
distributions whose set of dependencies and independencies cannot be perfectly represented in a
graph [51]. Graphical models of probabilistic (in)dependence now are mostly built in such a way
that, if two nodes are (d-)separated in the graph, then the variables represented by these nodes are
(conditionally) independent in the distribution at hand. The graph then is called anindependence
mapfor the distribution. An undirected graphG thus is called an undirected independence map
for a joint probability distributionPr if

〈X | Z | Y〉 ⇒ Pr(xy | z) = Pr(x | z) · Pr(y | z)

and an acyclic directed graphG is called an independence map forPr if

〈X | Z | Y〉d ⇒ Pr(xy | z) = Pr(x | z) · Pr(y | z)

for any mutually disjoint sets of nodesX,Y,Z ⊆ V and any value assignmentx to X, y to Y

andz to Z.
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2.3. Probabilistic Models and Probabilistic Inference

2.3 Probabilistic Models and Probabilistic Inference

A joint probability distribution over a set of stochastic variablesV can be represented concisely
by a graphical representation of its probabilistic independencies together with information about
the strengths of the dependencies between neighbouring variables in the graph. Section 2.3.1
describes the representation of a joint probability distribution by a directed graph in aBayesian
networkand Section 2.3.2 gives the representation of a joint probability distribution by an undi-
rected graph in aMarkov network. Section 2.3.3 to conclude outlines how a Bayesian network
can be abstracted into a qualitative probabilistic network. A network that represents just binary
variables will be called a binary network.

A probabilistic model is often used to find the probability distribution for a single variable,
possibly given some observations for the other variables inthe model. In this thesis, the term
probabilistic inference, is used to refer to the computation of the marginal probability distri-
butions for the individual variables in a network. The complexity of probabilistic inference is
NP-hard [10] in general. Inference in a Bayesian network or aMarkov network, however, may
be feasible, because the independencies which are reflectedin the graph can be employed to sim-
plify the computations. In fact, inference can be solved in time exponential in the treewidth [20].
Roughly speaking, the more independencies are reflected in anetwork’s graph, that is, the sparser
its graph, the lower its treewidth will tend to be. Pearl [51]developed an efficient algorithm for
exact inference in singly-connected Bayesian networks. This algorithm is reviewed in the next
section; in Section 2.3.2 an equivalent algorithm for Markov networks [71] is outlined. Although
designed for singly connected networks, these algorithms appeared to be very useful as approxi-
mate algorithms for multiply connected networks. Pearl’s propagation algorithm can also be used
for exact reasoning with multiply connected networks. Then, however, a repeated application of
the algorithm for a single problem is required [51]. For exact reasoning with networks of arbi-
trary topology, however, the so-called junction tree algorithm shows a more favourable runtime
complexity. A junction tree algorithm can be viewed as a generalised version of the algorithm
discussed in Section 2.3.2. For further details of this algorithm, the reader is referred to for ex-
ample [20, 26, 37, 60]. Section 2.3.3, to conclude describesinference in qualitative probabilistic
networks [14]. The complexity of qualitative probabilistic inference is linear in the number of
arcs, however, obviously with qualitative networks only qualitative results can be obtained.

2.3.1 Bayesian Networks

A Bayesian network captures a joint probability distribution Pr over a set of variablesV =
{V 1, . . . , V n}, n ≥ 1 by an acyclic directed graph and an associated set of conditional probability
distributions. The graph is a directed independence map of the joint probability distribution; the
strengths of the dependencies between the variables are captured by the conditional probability
distributionsPr(V i | ρ(V i)), specified for all nodesV i, whereρ(V i) denotes the joint value
assignments of the parents ofV i. The joint probability distribution now is factorised as

Pr(V) =
∏

i

Pr(V i | ρ(V i))

The following example illustrates this factorisation.

7



2. General Preliminaries

Example 2.3 Consider the small Bayesian network from Figure 2.3. For the probability distri-
bution represented by this network it holds, for example, that Pr(ab̄c̄d) = Pr(a | d) · Pr(b̄ |
d) · Pr(c̄ | ab̄) · Pr(d) = y · (1− p) · (1− s) · x.

A B

C

D Pr(d) = x

Pr(a | d) = y
Pr(a | d̄) = z

Pr(b | d) = p
Pr(b | d̄) = q

Pr(c | ab) = r
Pr(c | ab̄) = s

Pr(c | āb) = t
Pr(c | āb̄) = u

Figure 2.3: An example Bayesian network.

Since a probability distribution is fully described by a Bayesian network, any probability of
interest can be computed from the network by building upon the distribution’s factorisation and
using the properties of marginalisation and conditioning.Such an approach would be highly de-
manding from a computational point of view and more efficientalgorithms have been designed.
Here Pearl’s propagation algorithm [51] is briefly reviewed. This algorithm is designed for exact
probabilistic inference with singly connected Bayesian networks. In the algorithm, each node
X ∈ V is provided with a limited set of rules that enable the node tocompute its marginal prob-
ability distributionPr(X | e) given the available evidencee, from messages it receives from its
neighbours. The messages that a node receives from its parents are calledcausal messagesand
the messages that a node receives from its children are called diagnostic messages. A node uses
the causal messages that it receives to compute itscompound causal parameterand it uses the di-
agnostic messages it receives to compute itscompound diagnostic parameter. A node combines
its compound parameters by thedata fusion ruleto obtain its marginal distribution. The rules of
the algorithm are applied in parallel by the various nodes ateach time step. The data fusion rule
used by nodeX for establishing the probability distributionPr(X | e) at timet is

Prt(X | e) = α · λt(X) · πt(X)

where the compound diagnostic parameterλt(X) is computed from the diagnostic messages
λt

Y j(X) it receives from each of its childrenY j

λt(X) =
∏

j

λt
Y j(X)

and the compound causal parameterπt(X) is computed from the causal messagesπt
X(U i) it

receives from each of its parentsU i

πt(X) =
∑

U

Pr(X | U) ·
∏

i

πt
X(U i)

whereU denotes the set of all parents of nodeX. The rule for computing the diagnostic messages
to be sent to its parentU i is

8



2.3. Probabilistic Models and Probabilistic Inference

λt+1
X (U i) = α ·

∑

X

λt(X) ·
∑

U/{U i}
Pr(X | U) ·

∏

k 6=i

πt
X(Uk)

and the rule for computing the causal messages to be sent to its childY j is

πt+1
Y j (X) = α · πt(X) ·

∏

k 6=j

λt
Y k(X)

In the above computation rules,α denotes a normalisation constant. All messages are initialised
to contain just 1s. An observation for a nodeX is entered into the network by multiplying the
components ofλ0(X) andπ1

Y j(X) by 1 for the observed value ofX and by0 for the other
value(s).

In a singly connected network, after a limited number of timesteps, proportional to the
diameter of the graph, the parameters will not change any more and an equilibrium state is
reached. The rules of Pearl’s algorithm are constructed in such a way that at this equilibrium
a causal messageπX(U i) equalsPr(X | eUi+) whereeUi+ denotes the observations found
in the subgraphUi+, as indicated in Figure 2.4(a) and a diagnostic messageλY j(X) equals
α · Pr(eYj− | X) whereeYj− denotes the observations found in the subgraphYj− as indicated
in the same figure. Furthermore, the compound causal parameter π(X) equalsPr(X | eX∗+),
whereeX∗+ denotes the observations found in the subgraphX∗+, as indicated in Figure 2.4(b)
and the compound causal parameterλ(X) equalsα · Pr(eX∗− | X), whereeX∗− denotes the
observations found in the subgraphX∗− as indicated in the same figure. Note that nodeX itself
is included inX∗−. Finally,Pr(X | e) = α · λ(X) · π(X) at equilibrium.

U
i

X

Y
j

Ui+

Yj−

πX(U i) = Pr(X | eUi
+)

λY j (X) = α · Pr(eYj− | X)

(a)

U
i

X

Y
j

X∗+

X∗−

π(X) = Pr(X | eX∗
+)

λ(X) = α · Pr(eX∗− | X)

(b)

Figure 2.4: The subgraphsUi+ andYj− (a) and the subgraphsX∗+ andX∗− (b).

Note that, the number of elements in a message which a node sends to a child equals the
number of its own values, and the number of elements in a message that a node sends to a parent
equals the number of values of this parent. For a binary parent U i of X, the diagnostic message
sent byX may be written as(λX(ui), λX(ūi)); for a binary childY j of X, the causal message
sent byX may be written as(πY j(x), πY j(x̄)). From here on, diagnostic and causal messages
may also be termed message vectors.

9



2. General Preliminaries

2.3.2 Markov Networks

A Markov network captures a joint probability distributionPr over a set of variablesV by an
undirected graph and an associated set of clique potentials. The graph is an undirected indepen-
dence map of the joint probability distribution; the strengths of the dependencies between the
variables are captured by the clique potentials. A clique inthe graph is a set of nodesCi ⊆ V

such that there is an edge(V j, V k) between any pair of nodesV j, V k ∈ Ci; the union of all
cliques equalsV. For each clique the network specifies a potential functionψ(Ci) which assigns
a non-negative real number to each configuration ofCi. The joint probability now is factorised
as

Pr(V) =
1

Z
·
∏

i

ψ(Ci)

whereZ =
∑

V

∏
i ψ(Ci) is a normalising factor to ensure that

∑
V Pr(V) = 1.

In the sequel, the focus will be mainly on pairwise Markov networks which are Markov
networks with cliques of maximal two nodes only. In a pairwise Markov network, the transition
matricesMAB andMBA can be associated with the edge(A,B) between two neighbouring
nodesA andB.

MAB
ji = ψ(A = ai, B = bj)

Note that the matrixMBA equalsMABT

. The matricesMAB andMBA are called the transition
matrices of the edge(A,B).

Example 2.4 Consider a Markov network consisting of the nodesA andB with the potentials
ψ(ab) = p, ψ(ab̄) = q, ψ(āb) = r andψ(āb̄) = s, as depicted in Figure 2.5. Then the transition

matrixMAB =

[
p r

q s

]
is associated with the link fromA toB and its transposeMBA =

[
p q

r s

]

is associated with the link fromB toA.

For pairwise Markov networks, an inference algorithm is available which is functionally
equivalent to Pearl’s propagation algorithm [71]. In this algorithm, in each time step, every node
sends a message vector to each of its neighbours. The messagefrom a nodeA to its neighbourB
equalsMAB ·m after normalisation, wherem is the vector that results from the component wise
multiplication of all message vectors sent toA except for the message vector sent byB. The
marginal probability distribution of a node is obtained by combining, at the equilibrium state,
all incoming messages again by component-wise multiplication and normalising the resulting
vector. Using⊙ as symbol for component wise vector multiplication, the algorithm can more
formally be defined as below. Given a nodeX with the neighboursU i the marginal probabilities
computed for a nodeX at timet equal

Prt(X | e) = α ·
(
⊙i mU i(X)t

)

wheremU i(X)t denotes the message vector fromU i toX at timet andα denotes a normalisation
constant. The message vector from a nodeX to a neighbourUk at timet+ 1 equals

mX(Uk)t+1 = α ·MXUk

·
(
⊙i6=k mU i(X)t

)

10



2.3. Probabilistic Models and Probabilistic Inference

whereMXUk

denotes the transition matrix fromX to Uk. The procedure is initialised with all
message vectors set to (1,1,. . . ,1). Observed nodes always send a vector with 1 for the observed
value and zero for all other values to any of their neighbours.

A

B

[
p r
q s

][
p q
r s

]ψ(ab) = p
ψ(ab̄) = q
ψ(āb) = r
ψ(āb̄) = s

Figure 2.5: An example pairwise Markov network and its transition matrices.

2.3.3 Qualitative Probabilistic Networks

A qualitative probabilistic networkis essentially a qualitative abstraction of a Bayesian network.
It equally comprises an acyclic directed graph modelling the variables of a joint probability dis-
tribution and the probabilistic independencies between them. Instead of conditional probability
distributions, however, a qualitative probabilistic network associates with its digraphqualitative
influencesandqualitative synergies. These influences and synergies capture qualitative features
of the represented distribution [48,74]. In the sequel onlyqualitative probabilistic networks with
just binary variables are considered. The concepts of qualitative influence and of qualitative syn-
ergies can be generalised to apply to non-binary variables as well, however, by building on the
concept of first order stochastic dominance [13,74].

A qualitative influencebetween two variables expresses how observing a value for the one
variable affects the probability distribution over the values of the other variable. For example, a
positive qualitative influence of a parentA on its childB, denotedS+(A,B), is found when ob-
serving the higher value for nodeAmakes the higher value for its childB more likely, regardless
the state of the network, that is, a positive qualitative influence ofA onB is found if

Pr(b | ax)− Pr(b | āx) ≥ 0

for any combination of valuesx for the setX = ρ(B)\{A} of other parents ofB. The ‘+’ in the
notationS+(A,B) is termed thesignof the influence. A negative qualitative influence, denoted
S−, and a zero qualitative influence, denotedS0, are defined analogously, replacing≥ in the
above formula by≤ and=, respectively. For a positive, negative or zero influence ofA onB,
the differencePr(b | ax)−Pr(b | āx) has the same sign for all combinations of valuesx. These
influences thus describe amonotoniceffect of a change inA’s distribution on the probability
distribution overB’s values. If the influence ofA onB is positive for one combinationx and
negative for another combination, however, the influence isnon-monotonic. Non-monotonic
influences are associated with the sign ‘?’, indicating that their effect is ambiguous.

Qualitative influences exhibit various properties that areimportant for inference purposes [14,
74]. The property ofsymmetrystates that, if the network includes the influenceSδ(A,B), then
it also includesSδ(B,A), δ ∈ {+,−, 0, ?}. Thetransitivity property asserts that the qualitative
influences along a trail that specifies at most one incoming arc for each variable, combine into a

11
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net influence whose sign is defined by the⊗-operator from Table 2.1. The property ofcomposi-
tion asserts that multiple influences between two variables along parallel trails, each specifying
at most one incoming arc per variable, combine into a net influence whose sign is defined by
the⊕-operator. The three properties with each other provide forestablishing the sign of the net
influence between any two variables in a qualitative network.

Table 2.1: The⊗- and⊕-operators for combining signs.

⊗ + − 0 ?

+ + − 0 ?
− − + 0 ?
0 0 0 0 0
? ? ? 0 ?

⊕ + − 0 ?

+ + ? + ?
− ? − − ?
0 + − 0 ?
? ? ? ? ?

For a qualitative probabilistic network furthermore additive synergies and product synergies
can be specified. These synergies capture the joint interactions among three variables. The
additive synergyexpresses how two nodes interact in each other’s influence onthe probability
distribution over a third node. For example, a positive additive synergy of the parentsA and
B with respect to their common childC, denotedY +({A,B}, C), is found when the parents
strengthen each other’s influence, that is, when

Pr(c | abx)− Pr(c | ab̄x)− Pr(c | ābx) + Pr(c | āb̄x) ≥ 0

for any combination of valuesx for the setX = ρ(B)\{A} of other parents ofC. A negative
additive synergy, denotedY −, and a zero additive synergy, denotedY 0, are defined analogously,
replacing≥ in the above formula by≤ and=, respectively. A non-monotonic additive synergy
of the variablesA andB with respect toC is denotedY ?({A,B}, C).

A product synergy[48] also concerns the interaction between three nodesA, B andC. It
expresses how, if a common descendantC of A andB, is observed, its influence on the one of
its ancestors would change after a change in the probabilitydistribution over its other ancestor.
Since the strength of the influence of nodeC on, for example, nodeB depends on the probability
distribution over nodeA the original strength of the influence of the observation ofC onB will
change after a change in the distribution overA. Effectively, therefore, an (additional) influence
of nodeA on nodeB is induced after the observation ofC. The (additional) influence that is
induced between two nodes by the observation of a third node is also termed theintercausal in-
fluence. The sign of the product synergy, or intercausal influence, between nodesA andB given
the observationC = ci for a common descendant equals the sign ofPr(b | aci) − Pr(b | āci),
consideringA andB independent ifC is unobserved. To a child with exactly two uninstantiated
ancestors the definition ofproduct synergy Ican be applied to derive the sign of the product
synergy. For example, a positive product synergy, between the parentsA andB with respect to
the observation ofC = ci for their common childC, and given the instantiationx for the set
X\{A,B} of other parents ofC, denotedX+({A,B}, ci) is found if

Pr(ci | abx) · Pr(ci | āb̄x)− Pr(ci | ab̄x) · Pr(ci | ābx) ≥ 0

12



2.3. Probabilistic Models and Probabilistic Inference

Note that the product synergy pertains to a specific value of the child nodeC; the additional
influence betweenA andB after the observation of nodeC depends on the observed value for
C. Note furthermore that product synergy I is always monotonic. A negative product synergy,
denotedX−, and a zero additive synergy, denotedX0, are defined analogously with replacing≥
in the above formula by≤ and= respectively.

For a child node with more than two uninstantiated parents, unfortunately, it is less easy to
retrieve the sign for the product synergy. Recall that for the additive synergy the correct sign
could be established by comparing the signs given the different instantiations for the node(s)
X. In the case of the product synergy, however, it may be that the signs for all different value
combinations forX are the same, yet for an ‘intermediate’ probability distribution over the nodes
X an opposite sign is found [15]. For more than two uninstantiated parents, the definition of
product synergy IIcan be applied to establish the sign of the product synergy; further details can
be found in [15].

The various qualitative influences and synergies are illustrated by the following example.

Example 2.5 Consider the small Bayesian network from Figure 2.6. The network represents
a fragment of fictitious knowledge about the effect of training and fitness on one’s feeling of
well-being. VariableF captures one’s fitness and variableT models whether or not one has
undergone a training session; variableW models whether or not one has a feeling of well-being.
All variables are binary, with the valuesyes> no. From this network a qualitative abstraction
can be constructed. For the conditional probability distributions specified for the variableW ,
the propertiesPr(w | ft) − Pr(w | f̄ t) ≥ 0 and Pr(w | f t̄ ) − Pr(w | f̄ t̄ ) ≥ 0 hold and
thus it is found thatS+(F,W ); fitness favours a feeling of well-being regardless of training. It
is further found thatPr(w | ft) − Pr(w | f t̄ ) > 0 and thatPr(w | f̄ t) − Pr(w | f̄ t̄ ) < 0
and thus thatS?(T,W ); the effect of a training session on one’s well-being dependson one’s
fitness. FromPr(w | ft) + Pr(w | f̄ t̄ ) ≥ Pr(w | f t̄ ) + Pr(w | f̄ t), to conclude, it follows
that Y +({F, T},W ). The resulting qualitative network is shown in Figure 2.7; thesigns of the
qualitative influences are shown along the arcs, and the sign of the additive synergy is indicated
over the curve over the variableW .

F T

W

Pr(f ) = 0.4 Pr(t) = 0.1

Pr(w | ft) = 0.90
Pr(w | f t̄ ) = 0.75

Pr(w | f̄ t) = 0.05
Pr(w | f̄ t̄ ) = 0.35

Figure 2.6: An example Bayesian network, modelling the effects of fitness (F ) and training (T )
on a feeling of well-being (W ).

For probabilistic inference with a qualitative network, anefficient algorithm is available [14].
This algorithm provides for computing the effect of an observation that is entered into the net-
work, upon the probability distributions over the other variables. It is based on the idea of
propagating and combining signs, and builds upon the properties of symmetry, transitivity and
composition of qualitative influences. The algorithm is summarised in pseudo-code in Figure 2.8.
The algorithm takes for its input a qualitative probabilistic network (Q), a variable for which an
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F T

W

+

?+

Figure 2.7: The qualitative abstraction of the Bayesian network from Figure 2.6.

observation has become available (O), and the sign of this observation (sign), that is, either a
‘+’ for the observationO = o1 or a ‘−’ for the observationO = o2. The algorithm now traces
the effect of the observation throughout the network, by passing messages between neighbouring
variables. For each variable, it determines a node sign (sign[.]) that indicates the direction of
change in probability distribution that is occasioned by the observation; initially all node signs
are set to ‘0’. The actual inference is started by the observed variable receiving a message (mes-
sage) with the sign of the observation. Each variable that receives a message, updates its node
sign using the⊕-operator and subsequently sends a message to each active neighbour; a neigh-
bour is active if it is not blocked from the observed variablealong the trail (trail ) that is currently
being followed. The sign of the message that the variable sends to a neighbour, is the⊗-product
of its own node sign and the sign of the influence that the message will traverse (linksign). This
process of message passing between neighbouring variablesis repeated iteratively. A trail of
messages ends as soon as there are no more active neighbours to visit or as soon as the current
message does not change the node sign of the visited variable. Since the node sign of each vari-
able can change at most twice, once from ‘0’ to ‘ +’, ‘−’ or ‘ ?’, and then only to ‘?’, the process
visits each variable at most twice and is guaranteed to halt in polynomial time.

procedureProcess-Observation(Q,O,sign):

for all Ai ∈ V (G) in Q
do sign[Ai]←’0’;
Propagate-Sign(Q,∅,O,sign).

procedurePropagate-Sign(Q,trail ,to,message):

sign[to] ← sign[to] ⊕message;
trail ← trail ∪ {to};
for each active neighbourAi of to in Q
do linksign← sign of influence betweento andAi;

message← sign[to] ⊗ linksign;
if Ai 6∈ trail and sign[Ai] 6= sign[Ai] ⊕ message
then Propagate-Sign(Q,trail ,Ai,message).

Figure 2.8: The basic sign-propagation algorithm.

The sign-propagation algorithm reviewed above serves to compute the effect of asingleob-
servation on the marginal distributions ofall other variables in a qualitative network. In realistic
applications, often the effect ofmultiple simultaneous observations on a single variable is of
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interest. This joint effect can be computed as the⊕-sum of the effects of each of the separate ob-
servations on the variable of interest [13]. A more elaborate algorithm that prevents unnecessary
uninformative results may also be applied for this purpose [56].

Example 2.6 Consider the qualitative probabilistic network from Figure 2.9 and suppose that
the evidenceE = e2 has been entered. Prior to the propagation, the node signs ofall variables
are set to ‘0’. The actual inference is started by entering the observation into the network, that
is, by sending the message ‘−’ to the variableE. E updates its node sign to0 ⊕ − = − and
subsequently sends the message− ⊗ + = − to its neighbourC. Upon receiving this message,
C updates its node sign to0 ⊕ − = −. It subsequently sends the messages− ⊗ − = + to
B, −⊗ ? = ? to A, and− ⊗ + = − to F . The variablesB, A andF then update their node
signs to0 ⊕ + = +, 0⊕ ? = ?, and0 ⊕ − = −, respectively. VariableB sends the message
+ ⊗ + = + toD. The inference ends afterD has updated its node sign to0 ⊕ + = +. The
resulting node signs are shown in the figure.

Now suppose that the joint effect of the simultaneous observationsD = d1 andE = e2
on the variableA has to be assessed. The effect of the observationE = e2 on the probability
distribution forA is ambiguous, as illustrated above. The effect of the observationD = d1 on
the probability distribution overA is also determined from theinitial state of the network. The
inference runs comparably, except that the variableA is blocked from the observed variableD:
upon receiving its message fromB, variableC does not send any information toA. Propagation
of the observationD = d1 thus results in the node sign ‘0’ for variableA. The combined effect
of the two observations onA is ? ⊕ 0 = ?.

+ ?

−+

− −

A

C

B

D

E F

+ − ?

+ +

Figure 2.9: A qualitative network and its node signs after propagating the observationE = e2.
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Part I

Situational Signs

A qualitative probabilistic network is a graphical model ofthe probabilistic influences among a
set of stochastic variables, in which each influence is associated with a qualitative sign. A non-
monotonic influence between two variables is associated with the ambiguous sign ’?’, which
indicates that the actual sign of the influence depends on thestate of the network. The pres-
ence of such ambiguous signs is undesirable as it tends to lead to uninformative results upon
inference. In this part of the thesis it is argued that, although a non-monotonic influence may
have varying effects, in each specific state of the network, its effect is unambiguous. To capture
the current effect of the influence, the concept ofsituational signis introduced. It is shown
how situational signs can be used upon inference and how theyare updated as the state of the
network changes. By means of a real-life qualitative network in oncology it is demonstrated
that the use of situational signs can effectively forestalluninformative results upon inference.

17



18



Chapter 3

Introduction

In Chapter 2 Bayesian networks and their qualitative abstractions qualitative probabilistic net-
workswere reviewed. Qualitative networks model the probabilistic relationships between their
variables at a higher abstraction level than Bayesian networks and as a consequence, inference
with such a network can lead to results that are not informative. Obviously in the application of a
qualitative network it is desirable that inference yields results that are as informative as possible.
In the past decade, therefore, various researchers have addressed the tendency of qualitative net-
works to yield uninformative results upon inference, and have proposed extensions to the basic
formalism. These extensions include the exploitation of the relative strength of influences, the
inclusion of the possibility to revert to quantitative reasoning for resolving trade-offs whenever
necessary and the exploitation of the fact that ambiguous signs may become unambiguous given
particular observations [38, 50, 53, 55–57]. Qualitative networks can, for example, be exploited
in the construction of a fully quantified Bayesian network [52, 54]. For Bayesian networks, the
usually large number of probabilities required tends to be amajor obstacle to their construc-
tion [16, 65]. By using the intermediate step of building a qualitative network, the reasoning
behaviour of the Bayesian network can be studied and validated prior to probability assessment.
The signs of the validated qualitative network, moreover, can be used as constraints on the prob-
abilities to be obtained for the Bayesian network, thereby simplifying the quantification task.

In this part of the thesis, a new extension of the framework ofqualitative probabilistic net-
works is proposed which enhances the informative results upon inference. Closely linked with
the high abstraction level of representation in qualitative probabilistic networks is the issue of
non-monotonicity. An influence of a variableA on a variableC is called non-monotonic if it is
positive in one state and negative in another state of the network under consideration. A non-
monotonic influence cannot be assigned an unambiguous sign of general validity and is associ-
ated with the uninformative ambiguous sign ‘?’. Although a non-monotonic influence may have
varying effects, in each particular state of the network itseffect is unambiguous. The framework
of qualitative probabilistic networks now will be extendedwith signs that capture information
about the current effect of non-monotonic influences. Thesesigns are termedsituational signsto
express that they are dynamic and valid only in particular states of the network. It is shown how
situational signs can be used and updated upon inference andhow they may forestall uninforma-
tive results.
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3. Introduction

To investigate the practicability of situational signs, the effect of their introduction into a
real-life qualitative network in the field of oesophageal cancer is studied. The difference in
performance between the qualitative network with ambiguous signs for its non-monotonic in-
fluences and the same network in which these ambiguous signs have been supplemented with
situational signs is established. It is demonstrated that the situational network tends to yield
more informative results upon inference than the original network.

This part is organised as follows. Chapter 4 introduces the concept of situational sign, details
the dynamics of situational signs and gives an adapted algorithm for inference with a situational
qualitative network. In Chapter 5 the effect of introducing situational signs upon the perfor-
mance of the qualitative oesophageal cancer network is described and the part ends with some
concluding observations in Chapter 6.
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Chapter 4

Situational Signs

The presence of influences with ambiguous signs in a qualitative probabilistic network is likely
to give rise to ambiguous, and therefore uninformative, results upon inference, as was illustrated
in Section 2. From the definitions of the⊗- and⊕-operators, moreover, it follows that, once an
ambiguous sign is encountered upon inference, it tends to spread throughout the network. The
use of ambiguous signs to indicate non-monotonicity thus has undesirable consequences. Section
4.1 now introduces the concept situational sign as an alternative. With situational signs ambigu-
ous results upon inference may be forestalled. Section 4.2 details the dynamics of situational
signs and gives an adapted algorithm for inference with a situational qualitative network.

4.1 Defining Situational Signs

The ambiguous sign of a non-monotonic influence has its origin in the fact that, for a qualitative
influence of a nodeA on a nodeC along an arcA → C to be unambiguous, the difference
Pr(c | ax)−Pr(c | āx) has to have the same sign forall combinations of valuesx for the setX =
ρ(C) \ {A} of parents ofC other thanA. This sign then is valid for any probability distribution
overX and hence, in all possible states of the network under study,that is, given any (possibly
empty) set of observations for the network’s nodes. If the differencePr(c | ax) − Pr(c | āx)
yields contradictory signs for different combinationsx, then the sign of the influence is dependent
upon the probability distribution overX and can differ for different states of the network. The
influence then is assigned the ambiguous sign ‘?’.

Now consider a non-monotonic qualitative influence ofA onC along the arcA → C. Al-
though the influence is non-monotonic, observing the highervalue forA cannot make the higher
value forC more likely and less likely at the same time. In each specific state of the network the
influence ofA onC will be either positive, negative or zero. In each specific state of the network,
therefore, the effect of the influence ofA onC is unambiguous. To capture information about
the current effect of a non-monotonic influence, associatedwith a specific state, the concept of
situational signis introduced into the formalism of qualitative probabilistic networks. Apositive
situational signfor the influence of a nodeA on a nodeC along an arcA→ C indicates that

• S?(A,C) and
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•
∑

X

(
Pr(c | aX)− Pr(c | āX)

)
· Pr(X | e) ≥ 0,

whereX = ρ(C) \ {A} ande is the entered evidence. Negative, zero and unknown situational
signs are defined analogously. Note that, while the regular signs of qualitative influences and
additive synergies have general validity, a situational sign is dynamic in nature: it pertains to a
specific state of a network and may lose its validity as the network’s state changes. An influence
with a situational signδ now is called asituational influence; the sign of this situational influence
is denoted ‘?(δ)’. A qualitative probabilistic network with situational signs is termed asituational
qualitative network. Note furthermore that, since the situation sign pertains to the influence
betweenA andC in isolation, in the computation of the situational sign just the local conditional
probabilities ofC given its parents are used. To further elaborate on this observation the example
network from Figure 4.1 is considered.

AB

C

F

Figure 4.1: An example network with a nodeC with the parentsA andB, and a childF .

Suppose that the influence ofA onC over the arcA→ C is non-monotonic. After, for example,
the observationF = f has been entered into the network, the situational sign of the influence
betweenA andC is captured by

∑
B

(
Pr(c | aB) − Pr(c | āB)

)
· Pr(B | f) rather than by∑

B

(
Pr(c | aBf) − Pr(c | āBf)

)
· Pr(B | f). Compared to the second expression, the first

expression does not incorporate the direct influence of the observation ofF on the probabilities
for nodeC. It thus pertains to just the influence over the arcA → C. Note that upon inference,
the sign-propagation algorithm would provide for the combination of all separate influences into
the overall influence.

The following example illustrates the concept of situational signs.

Example 4.1 Consider again the Bayesian network from Figure 2.6 and its qualitative abstrac-
tion from Figure 2.7 as presented in Chapter 2. Recall that thequalitative influence ofT onW
was found to be non-monotonic. The effect of this influence therefore depends on the state of
the network. In the prior state of the networkPr(f) = 0.4. Given this probability is found that
Pr(w | t) = 0.39 and thatPr(w | t̄ ) = 0.51. From the differencePr(w | t)−Pr(w | t̄ ) = −0.12
being negative now can be concluded that, in this particularstate, the influence ofT onW is
negative; in one’s current state of fitness, a training session has a negative influence on one’s
feeling of well-being. The current sign of the situational influence ofT onW therefore is ‘?(−)’.
The situational qualitative network for the prior state is shown in Figure 4.2.

The dynamic nature of the situational sign of the influence ofT onW is demonstrated by
entering the observationF = f into the network. As a consequence of this observation, the
state of the network changes. More specifically, nowPr(f ) = 1.0. Given this probability, the
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differencePr(w | t) − Pr(w | t̄ ) = 0.90 − 0.75 = 0.15 is positive. In the new state of the
network, therefore, the sign of the situational influence ofT onW is ‘?(+)’.

F T

W

+

?(−)+

Figure 4.2: The network from Figure 2.7, with the prior situational influence ofT onW .

Note that, although in the previous example the prior situational sign for the non-monotonic
influence ofT onW was computed from the corresponding quantitative Bayesiannetwork, in
a realistic application it would be elicited directly from adomain expert. In the remainder is
assumed that initially situational signs are specified for the prior state of a network.

4.2 Inference with a Situational Qualitative Network

For inference with a regular qualitative probabilistic network, the efficient sign-propagation algo-
rithm reviewed in Section 2 is available. This algorithm is readily extended to apply to situational
qualitative networks by building upon the observation thatthe situational sign of an influence of
A onC indicates the effect of the observation ofA on the probability distribution overC ’s val-
ues just like a regular sign, albeit only for a particular state of the network. A situational sign
can therefore be used as a regular sign upon inferenceprovidedthat it is valid in the state under
consideration. In Section 4.2.1, a method is presented for verifying the validity of the situa-
tional signs in a network as observations become available and the network converts to another
state; this method also provides for updating the signs if necessary. In Section 4.2.2 this method
is incorporated into the sign-propagation algorithm to provide for inference with a situational
qualitative network.

4.2.1 The Dynamics of Situational Signs

To investigate the dynamics of a situational sign, the network fragment from Figure 4.3 will
be studied. The network fragment consists of a nodeC with just two parentsA andB. Now
consider that in the state of the network in which the evidence e has been entered, the non-
monotonic influence?(δ1) is found between the nodesA andC and consider that the sign of the
additive synergy ofA andB with respectC equalsδ2. The situational signδ1 of the influence
betweenA andC equals the sign of the expression

Pr(c | ab) · Pr(b | e) + Pr(c | ab̄) · Pr(b̄ | e)− Pr(c | āb) · Pr(b | e)− Pr(c | āb̄) · Pr(b̄ | e)

= Pr(b | e) ·
(
Pr(c | ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄)

)
+ Pr(c | ab̄)− Pr(c | āb̄)

Note that the sign of the termPr(c | ab)−Pr(c | ab̄)−Pr(c | āb) + Pr(c | āb̄) of this expression
equalsδ2, that is, it equals the sign of the additive synergy ofA andB with respect toC.
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B A

C

δ2

?(δ1)

Figure 4.3: A fragment of a situational network, consistingof nodeC and its parentsA andB,
with S?(δ1)(A,C) andY δ2({A,B}, C).

Now suppose that an additional observationF = fi is entered into the network from which
the network from Figure 4.3 is a fragment. The situational sign of the influence betweenA and
B then equals the sign of

Pr(b | efi) ·
(
Pr(c | ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄)

)
+ Pr(c | ab̄)− Pr(c | āb̄)

The only adjustment thus is a change in the probability ofb. Whether or not the situational sign
changes now depends on the current sign of the situational influence, the sign of the additive
synergy and the change in the probability ofb. From the expression above, it is readily observed
that in case of a positive additive synergy, a positive situational sign will persist to hold ifPr(b |
efi) > Pr(b | e) and a negative sign will persist ifPr(b | efi) < Pr(b | e); in case of a negative
additive synergy, a positive situational sign will persistto hold if Pr(b | efi) < Pr(b | e) and a
negative sign will persist ifPr(b | efi) > Pr(b | e). In all other cases, the situational sign may
become invalid. The updating of the situational signδ1 in the network fragment of Figure 4.3
thus is captured by

δ1 ← δ1 ⊕ (sign[B]⊗ δ2)

The updating of the situational sign is illustrated graphically for the network fragment from
Figure 4.3 given that initially the network is in its prior state and given that the nodesA andB
are independent in the prior network. The probability ofPr(c) now equals

Pr(c) = Pr(a) ·
(
Pr(c | a)− Pr(c | ā)

)
+ Pr(c | ā)

= Pr(a) ·
(
(Pr(b) ·

(
Pr(c | ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄)

)
+

Pr(c | ab̄)− Pr(c | āb̄)
)

+ Pr(b) ·
(
Pr(c | āb)− Pr(c | āb̄)

)
+ Pr(c | āb̄)

Note that for a specificPr(b), the prior probabilityPr(c) is a linear function ofPr(a); this
function equalsPr(c | ā) at Pr(a) = 0 andPr(c | a) at Pr(a) = 1. The sign of the difference
Pr(c | a)−Pr(c | ā) of these two extremes now is the situational sign of the influence ofA onC
in the state of the network that is associated with that particularPr(b). This sign also is the sign
of the gradient of the function that expressesPr(c) in terms ofPr(a). Figures 4.4 and 4.5 show
examples ofPr(c) as a function ofPr(a) andPr(b), for the network fragment of Figure 4.3;
Figure 4.4 results from a specification of the network in which the situational influence between
A andB is negative for smaller values of the probability ofb and positive for larger values;
Figure 4.5 results from a specification for which the signs are reversed.
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4.2. Inference with a Situational Qualitative Network

Pr(a)
Pr(b)

Pr(c)
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Figure 4.4: The probabilityPr(c) as a function ofPr(a) andPr(b) for the conditional probabili-
tiesPr(C | AB) such thatS?(A,C), S+(B,C) andY +({A,B}, C).
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Pr(c)
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Figure 4.5: The probabilityPr(c) as a function ofPr(a) andPr(b) for the conditional probabili-
tiesPr(C | AB) such thatS?(A,C), S+(B,C) andY −({A,B}, C).
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4. Situational Signs

For the network resulting in Figure 4.4 the propertiesPr(c | ab) − Pr(c | āb) > 0 andPr(c |
ab̄) − Pr(c | āb̄) < 0 hold, from which it is found thatPr(c | ab) + Pr(c | āb̄) > Pr(c |
ab̄) + Pr(c | āb). The two properties thus imply a positive additive synergy of A andB with
respect toC. Similarly, for the network resulting in Figure 4.5, a negative additive synergy ofA
andB with respect toC is found. Figure 4.6 depicts for both situations the sign of the gradient of
Pr(c) as a function ofPr(a) relative toPr(b). From Figure 4.6(a) it is easily verified that, in case
of a positive additive synergy ofA andB with respect toC, the situational signδ1 will definitely
persist if it is negative in the prior network and the probability of b decreases as a consequence
of the entered evidence, or if it is positive and the probability of b increases. Similarly it is seen
from Figure 4.6(b) that, in case of a negative additive synergy, the situational sign will definitely
persist if it is negative and the probability ofb increases, or if it is positive and the probability of
b decreases. The two figures further show that in all other cases, the situational sign may indeed
become invalid upon a change in the probability ofb.

0 1

1

Pr(a)

Pr(b)

Y +({A,B}, C)

+

−

(a)

0 1

1

Pr(a)

Pr(b)

Y −({A,B}, C)

−

+

(b)

Figure 4.6: The sign of the gradient ofPr(c) as a function ofPr(a) relative toPr(b), for the
two different manifestations of a non-monotonic influence of A onC in the network fragment of
Figure 4.3.

Without further substantiation, the previous observations are extended to the more general
situation in whichC has multiple parents. Consider a nodeC with parentsA andBi, i =
1, . . . , n, n ≥ 1, with S?(δ)(A,C) andY δi

({A,Bi}, C). Informally, if for each parentBi the
direction of change in the probability ofbi supports the current sign of the situational influence
given the sign of the corresponding additive synergy, then the situational sign persists. More
formally, the updating of the situational sign of the influence ofA onC is captured by

δ ← δ ⊕i (sign[Bi]⊗ δi)
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4.2. Inference with a Situational Qualitative Network

4.2.2 The Adapted Sign-Propagation Algorithm

The basic sign-propagation algorithm for inference with a qualitative network has to be adapted
to render it applicable to situational qualitative networks. In essence, the following modifications
are required. First, for non-monotonic influences, the situational signs should be used for the
propagation instead of the original ambiguous ‘?’. In the process of sign propagation, moreover,
it may occur that a sign is propagated over a situational influence of a nodeA on a nodeC, while
the fact that the probability distribution of another parent of C has changed does not become
apparent until later in the inference. It may then turn out that the situational sign of the influence
should have been updated and that incorrect signs were propagated. The algorithm therefore has
to verify the validity of a situational sign as soon as information to this end becomes available
and, if the situational sign is no longer valid, to restart the inference with the network with the
updated situational sign. Since a situational sign can change at most twice, from ‘0’ to ‘ +’ or
‘−’ and then only to ‘?’, the number of restarts is limited to twice the number of situational
influences in the network.

The adapted sign-propagation algorithm is summarised in pseudo-code in Figure 4.7. The
algorithm takes for its input a situational qualitative network (Q), a node for which an observa-
tion has become available (O), and the sign of this observation (sign). The algorithm constructs
from the network the setARCnm of all arcs with an associated non-monotonic influence, and
the setCOPnm of all nodes that are co-parents of a node exerting a non-monotonic influence;
the functionCOP–ARCnm(A) takes for its argument a nodeA and returns all arcs to its chil-
dren,σ(A), that have associated a non-monotonic influence exerted by aco-parent ofA. While
the procedure ‘Process-Observation’ is identical to that in the regular algorithm, the procedure
‘Propagate-Sign’ is modified. After the assignment ‘sign[to]← sign[to] ⊕message’, which may
have led to a change of node sign, a call to the new function ‘Effect-On-SitSign’ is inserted. This
function serves to verify and update the situational signs of the network. Following the call to
the function ‘Effect-On-SitSign’, the inference is eitherresumed or restarted, depending upon
whether or not a situational sign has changed.

Like the basic sign-propagation algorithm, the adapted algorithm serves to compute the effect
of a single observation on the separate marginal distributions for all other nodes in a network. The
joint effect, on a node of interest, of multiple simultaneous observations can again be computed as
the⊕-sum of the effects of the separate observations. However, when a situational sign changes
during the propagation of one of the observations, the propagation of all other observations has to
be performed anew with the adapted network before establishing the joint effect. Again, because
a situational sign can change at most twice, the number of restarts is limited.

The following example illustrates the various steps of the extended sign-propagation algo-
rithm.

Example 4.2 Consider the situational qualitative network from Figure 4.8; the network is iden-
tical to the regular qualitative network from Figure 2.9, except that it is supplemented with a
situational sign for the non-monotonic influence of nodeA on nodeC for the prior state of the
network. From the situational network, the setsARC nm = {A → C} andCOPnm = {B} are
established. Suppose that again the interest is in the effect of observingE = e2 on the marginal
probability distributions over the other nodes in the network. The inference is started by sending
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4. Situational Signs

ARCnm = {Ai → A
j | S?(δ)(Ai

, A
j)}

COPnm = {Ak | Ak ∈ π(Aj) \ {Ai}, Ai → A
j ∈ ARC nm}

COP–ARCnm(A) = {Ai → A
j | Ai → A

j ∈ ARC nm, A
j ∈ σ(A), Ai 6= A};

procedureProcess-Observation(Q,O,sign):

for all Ai ∈ V (G) in Q
do sign[Ai]←’0’;
Propagate-Sign(Q,∅,O,sign).

procedurePropagate-Sign(Q,trail ,to,message):

sign[to] ← sign[to] ⊕ message;
trail ← trail ∪ {to};
if Effect-On-SitSign(Q,to)
then exit and restart with Process-Observation(Q,O,sign);
for each active neighbourAi of to in Q
do linksign← (situational) sign of influence betweento andAi;

message← sign[to] ⊗ linksign;
if Ai 6∈ trail and sign[Ai] 6= sign[Ai] ⊕ message
then Propagate-Sign(Q,trail ,Ai,message).

function Effect-On-SitSign(Q,Ai):

if Ai ∈ COPnm

then for all Aj → A
k ∈ COP–ARCnm(Ai)

do Verify-Update(S?(δ)(Aj
, A

k));
if a δ changes
thenQ← Q with adapted signs;

return true;
return false.

Figure 4.7: The adapted sign-propagation algorithm.

the message ‘−’ to the nodeE. E updates its node sign to0 ⊕ − = − and subsequently sends
the message− ⊗ + = − to its neighbourC. nodeC updates its node sign to0 ⊕ − = − and
subsequently sends the messages− ⊗ − = + toB, − ⊗ + = − toA, and− ⊗ + = − to
F . Upon receiving these messages, nodesB, A andF update their node signs to0 ⊕ + = +,
0 ⊕ − = − and0 ⊕ − = −, respectively. The algorithm now establishes thatA is a co-parent,
withB, ofC and that the influence ofA onC is non-monotonic. Because the node sign ofB has
changed, the validity of the situational sign of the influence ofA onC needs to be verified. The
algorithm therefore checks if the current situational signequals the product of the node sign of
B and the sign of the additive synergy involved. Since+ = + ⊗ +, the algorithm concludes
that the situational sign remains valid. The inference resumes with nodeB sending the message
+ ⊗ + = + toD. D updates its node sign to0 ⊕ + = + and the inference ends. The resulting
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4.2. Inference with a Situational Qualitative Network

node signs are indicated in the figure.

+ −

−+

− −

+

A

C

B

D

E F

+ − ?(+)

+ +

Figure 4.8: A situational qualitative network and its node signs after propagating the observation
E = e2.

The inference results from the examples 2.6 and 4.2 demonstrate that inference with a situa-
tional network can yield more informative results than inference with the corresponding regular
qualitative network.
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Chapter 5

An Experimental Study

By means of a small, artificially constructed network, it wasdemonstrated in the previous chapter
that a situational qualitative network can yield more informative results upon inference than a
corresponding regular qualitative network. In this section, the practicability of situational signs
is investigated by studying the effects of their introduction into a real-life qualitative network in
the field of oesophageal cancer. Since real-life truly qualitative networks were lacking a fully
quantified real-life Bayesian network was abstracted qualitatively for this purpose. Section 5.1
provides some background information on the oesophageal cancer network and its qualitative
abstraction. Section 5.2 describes the performance of the qualitative oesophageal cancer network
before and after the introduction of situational signs, fora number of real patients. In Section 5.3
the results of this study are discussed.

5.1 The Oesophageal Cancer Network

A chronic lesion of the inner wall of the oesophagus may develop into a malignant tumour, which
invades the oesophageal wall and will, eventually, invade organs adjacent to the oesophagus.
The tumour may in time give rise to metastases, or secondary tumours, in lymph nodes and
in other organs. The depth of invasion and extent of metastasis indicate how far the cancer
has progressed or, phrased alternatively, in which stage itis. To establish the stage of a patient’s
cancer, various diagnostic tests are performed. The state-of-the-art knowledge about oesophageal
cancer is captured in a Bayesian network [66]. This network includes42 stochastic nodes and
some thousand conditional probabilities. Its main diagnostic node is the nodeStage, classifying
a patient’s cancer in one of six possible stages of disease. The leaves of the network capture the
possible results of the different diagnostic tests.

For this study, the oesophageal cancer network was abstracted to a qualitative network. To
this end, first all nodes were summarised into binary nodes; the original six-valued nodeStage,
for example, was translated into the binary nodeStagewith the valuesearly and late. Further-
more, orderings were defined on the values of the resulting binary nodes; for example,earlywas
considered to be ‘smaller than’late. Given these orderings, the signs for the influences and the
additive synergies between the nodes were established fromthe probabilities specified for the
original network. Since the translation of the non-binary nodes had resulted in various (nearly)
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5.2. The Effect of the Introduction of Situational Signs

zero influences, it was decided to delete the arcs that were associated with these influences. This
resulted in the removal of15 arcs and two nodes. Figure 5.1 shows the binary quantitativeoe-
sophageal cancer network as well as its qualitative abstraction. For each node, its name, its
values, and its prior marginal probability distribution are shown; for each arc, moreover, the sign
of the associated qualitative influence is depicted.

The qualitative oesophageal cancer network includes a single non-monotonic influence, lo-
cated between the nodesLymph-metasandMetas-cervix. The non-monotonicity arises from the
knowledge that metastases in the lymph nodes in the neck are considered to be local to a pri-
mary tumour in the upper one-third and distant to a primary tumour in the lower two-thirds of
the oesophagus. The influence thus depends on the nodeLocation that models the location of
the primary tumour in the oesophageal tract. For a primary tumour located in the upper part of
the oesophagus, the presence of metastases in distant lymphnodes has a negative effect on the
probability of metastases in the neck; if, on the other hand,the primary tumour is located in the
lower part, the presence of distant lymphatic metastases has a positive effect on this probability.
In the initial state of the network, where no evidence has been entered, the probability of the
tumour being located in the lower two-thirds of the oesophagus is quite high, and the situational
sign of the non-monotonic influence, accordingly, is ‘+’.

The non-monotonic influence resides in a pivotal part of the qualitative oesophageal cancer
network, since knowledge of the extent of the lymphatic metastases is of primary importance for
establishing the stage of a patient’s cancer. The nodesPhysical-examandSono-cervixmodel the
diagnostic tests that are generally performed to establishthe presence or absence of lymphatic
metastases in the neck; upon observation, these nodes influence the node sign ofLymph-metas.
The location of the primary tumour is established through a gastroscopic examination of the
oesophagus; the nodeGastro-locationmodels the result of this examination.Gastro-location
bears no influence onLymph-metas, because, in the prior state of the network,Gastro-location
is independent ofLymph-metas. The node sign ofLocationis influenced by observations for all
three nodes and is instrumental in updating the situationalsign of the non-monotonic influence
after observations have caused the network’s state to change.

5.2 The Effect of the Introduction of Situational Signs

To gain insight into the practicability of situational signs, the performance of the qualitative
oesophageal cancer network, before and after the introduction of a situational sign for its non-
monotonic influence, is studied. The focus of the analysis ison the part of the network that serves
for interpreting the findings with regard to metastases in the neck; the part of the network under
study is indicated in black in Figure 5.1. It is investigatedwhether useful information from this
part of the network is propagated towards the nodeLymph-metasupon inference. In this study,
the data of 156 real patients diagnosed with cancer of the oesophagus are used. As an example,
first the effect of the introduction of the situational sign for a single patient is demonstrated;
thereafter the effects for all patients from the data collection are summarised.

Example 5.1 For patient 90-1042, a gastroscopic examination showed a primary tumour in
the lower two-thirds of the oesophagus. Physical examinationdid not reveal any enlarged lymph
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5. An Experimental Study

nodes in the patient’s neck. A sonography was not performed. The two available observations are
entered into the network as a ‘+’ for the nodeGastro-locationand a ‘−’ for Physical-exam, re-
spectively. Upon inference with the regular qualitative network, the nodeLymph-metasreceives
the message− ⊗ +⊗ ? = ? from the observed nodePhysical-examover the non-monotonic
influence betweenLymph-metasandMetas-cervix. The observation ofGastro-locationdoes not
affect the node sign ofLymph-metasand inference results in an overall influence of sign ‘?’ on
this node.

In the situational oesophageal cancer network, the non-monotonic influence betweenLymph-
metasandMetas-cervixis supplemented with a situational sign. Note thatMetas-cervixhas the
nodeLocationfor its other parent. Because the two available observationschange the node sign
of Location, the sign-propagation algorithm identifies that the situational sign needs updating.
The node sign ofLocation captures the combined effect of the two observations: since both
observations have a positive effect onLocation, its node sign is ‘+’. The additive synergy of
Locationand Lymph-metason Metas-cervixalso is ‘+’. Updating the situational sign of the
influence betweenMetas-cervixandLymph-metasnow gives+ ⊕ (+ ⊗ +) = +, that is, the
situational sign retains its validity and, hence, its informativeness. The part of the network that
pertains to metastases in the neck now exerts an overall influence of sign− ⊗ + ⊗ + = −
on Lymph-metas. Note that, if the node sign ofLocation would have changed to ‘−’, then
the situational sign would have been updated to ‘?’. The observation for the nodePhysical-
examwould then have exerted an ambiguous influence onLymph-metas. A similar observation
holds if the node sign ofLocation would have changed to ‘?’. Such a change occurs if the
available observations exert discordant influences onLocation, for examplePhysical-exam =
yesandGastro-location = lower.

Table 5.1: The available observations for the relevant nodes for156 patients.

Sono-cervixand Gastro-location
Physical-exam upper lower

consistently positive 4 7
consistently negative 7 52

inconsistent - 1
not observed 2 83

The data collection available for the study includes the medical records of156 patients diagnosed
with oesophageal cancer. For11 of these patients, eitherSono-cervix = yesandPhysical-exam
= yes, or one of these observations isyesand the other one is unknown. In the sequel such
combinations of observations will be called consistently positive; negative consistency has an
analogous meaning. For59 patients consistently negative observations were reported from the
sonography and the physical examination; for one patient contradictory results were found from
the two diagnostic procedures. For the remaining85 patients, no observations are available from
a sonography of the neck and from a physical examination. These and some additional statistics
are summarised in Table 5.1.
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5.3. Discussion

For the85 (55%) patients for whom no observations are available forSono-cervixandPhysical-
exam, the part of the network under study does not partake in establishing the node sign of
Lymph-metas. The non-monotonic influence, therefore, is not used upon inference for these pa-
tients. For the remaining71 (45%) patients, inference with the regular qualitative oesophageal
cancer network results in an unknown influence on the nodeLymph-metas.

Upon using the corresponding situational network, the availability of the situational sign
makes no difference for the85 patients without any observations forSono-cervixandPhysical-
exam. For the other71 patients, the situational sign of the non-monotonic influence is now used
upon inference, instead of the original ‘?’. For all these patients, the available observations result
in a change of the node sign of the nodeLocation, thereby enforcing the situational sign to be
updated. For19 (12% of all patients) of the71 patients, the node sign ofLocationchanges to a
‘−’ or a ‘?’. As for these patients the situational sign is changed to ‘?’, inference again results
in an unknown effect on the nodeLymph-metas. For the remaining52 (33%) patients, namely
those with consistently positive observations forSono-cervixandPhysical-exam, andGastro-
location = lower, however, the node sign ofLocationchanges to a ‘+’ and the situational sign
retains its validity. For these patients, inference yieldsan overall negative influence on the node
Lymph-metasand, hence, an informative result. The inference results obtained with the regular
and situational qualitative oesophageal cancer networks are summarised in Table 5.2.

Table 5.2: The signs propagated from the part of the network under consideration to the node
Lymph-metasfor 156 patients.

+ − ? 0
regular - - 71 (45%) 85 (55%)

situational - 52 (33%) 19 (12%) 85 (55%)

5.3 Discussion

Before the introduction of situational signs into the qualitative oesophageal cancer network, for
45% of the patients ambiguous information was propagated fromthe part of the network un-
der consideration. This percentage reduced to12% after introducing a situational sign for the
non-monotonic influence involved. The introduction of the situational sign thus served to con-
siderably increase the expressive power of the qualitativeoesophageal cancer network.

In this study, for all71 patients for whom one or more observations were available for the
nodesSono-cervixand Physical-exam, the situational sign had to be verified upon inference.
For 52 of these patients, the sign proved to retain its validity. Also for the other 85 patients,
the situational sign was reconsidered upon inference, eventhough it was not used for further
propagation. For two of these patients, the situational sign changed to ‘?’ and for 83 of these
patients, the situational sign remained a ‘+’. For a total of135 (87%) patients, therefore, the
situational sign retained its validity after updating. This apparent robustness of the situational
sign is not coincidental. The initial positive situationalsign depends on the relatively high prior
probability of the tumour being located in the lower two-thirds of the oesophagus and the positive
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additive synergy of the nodesLocationandLymph-metason Metas-cervix. Because of the high
probability of a lower tumour, moreover, it is more likely tofind observations that lead to a
change of the node sign of the nodeLocationto ‘+’. Given the positive additive synergy, these
observations are exactly the ones that do not induce a changeof the situational sign.
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Chapter 6

Conclusions

Qualitative probabilistic networks capture the probabilistic influences among their nodes by
means of qualitative signs. If an influence between two nodesis non-monotonic, it has asso-
ciated the ambiguous sign ‘?’, even though the effect of the influence is unambiguous in any
specific state of the network. The presence of such ambiguoussigns tends to lead to ambiguous
and, hence, uninformative results upon inference. The concept of situational sign was introduced
to capture information about the current effect of non-monotonic influences and it was shown
that situational signs can be used upon inference and may effectively forestall ambiguous results.
The conditions were identified under which situational signs retain their validity and a method
was presented for updating them if necessary. Although the dynamics of situational signs were
studied in networks where the non-monotonicity involved originates from a single node, the pre-
sented ideas and methods are readily generalised to networks where the non-monotonicity is
provoked by more than one node.

The previous chapters dealt with binary qualitative networks only. The definitions and ob-
servations can be generalised to networks involving non-binary nodes by building on the con-
cept of general statistic dominance, however [74]. For non-binary nodes, another type of non-
monotonicity can arise from the ordering of the values of thenodes. This second type of non-
monotonicity remains to be examined.

To investigate the practicability of situational signs, the effect of their introduction into a
real-life qualitative network in the field of oncology was studied. In the study, the performance
of the network before and after the introduction of situational signs was compared, using the data
from 156 patients. It was found that the introduction of situationalsigns served to considerably
increase the expressive power of the network. As the studiednetwork is in no aspect exceptional,
similar results may be expected for other real-life qualitative networks in a variety of problem
domains; further investigation to corroborate this expectation is required, however.
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Part II

Loopy Propagation

When Pearl’s algorithm for reasoning with singly connected Bayesian networks is applied to
a network with loops, the algorithm is no longer guaranteed to result in exact probabilities.
In this part of the thesis, two types of error are identified that may arise in the probabilities
yielded by the algorithm, called theconvergence errorand thecycling error. These types of
error then are investigated in more detail for the convergence nodes and the inner nodes of a
loop separately. First, the focus is on theconvergence nodesof a loop. A general expression is
derived for the error that is found in the approximate probabilities computed for these nodes in a
network’s prior state. This expression includes a weighting factor that is captured by the notion
of quantitative parental synergy. Subsequently the changes induced by evidence are studied.
Then the focus is on theinner nodesof a loop. For these nodes, the effect of the cycling error
on the decisiveness of their approximate probabilities is analysed. More specifically, the over-
or underconfidence of the computed approximations is linkedto two concepts of qualitative
probabilistic networks. This part of the thesis concludes with an analysis of an algorithm for
probabilistic inference with undirected networks which isequivalent to the loopy-propagation
algorithm. It is shown how, although in undirected networksall errors arise from the cycling of
information, the convergence error yet is embedded in the algorithm.
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Chapter 7

Introduction

The complexity of probabilistic inference is known to be NP-hard in general [10]. For networks
of complex topology for which exact inference is infeasible, the question arises whether good
approximations can be computed in reasonable time. Unfortunately, also the problem of es-
tablishing approximate probabilities with guaranteed error bounds is NP-hard in general [12].
Although their results are not guaranteed to lie within specific error bounds, various approxi-
mation algorithms have been designed for which good performance has been reported. One of
these algorithms is theloopy-propagation algorithm. The basic idea of this algorithm is to apply
Pearl’s propagation algorithm, which is designed for singly connected networks, to a Bayesian
network regardless of its topological structure. From an experimental point of view, Murphy
et al. [49] reported good approximation behaviour of the loopy-propagation algorithm used on
Bayesian networks provided there was rapid convergence. The (conditional) probabilities spec-
ified in a network appeared to be an important factor in the algorithm’s convergence behaviour.
Murphy et al. in fact conjectured that oscillations forestalling (rapid) convergence were caused
by a combination of observations with a very small probability. Excellent performance has also
been reported for algorithms which are equivalent to the loopy-propagation algorithm, such as
the turbo-decoding algorithm in coding theory [1,35,41,42] and algorithms used in image anal-
ysis [18,19,70].

Several researchers analysed the approximation behaviourof the loopy-propagation algo-
rithm from a more fundamental point of view. Most of this research, however, was performed
for algorithms equivalent to the loopy propagation algorithm, used on undirected networks, such
as factor graphs or pairwise Markov networks. The use of undirected networks is motivated
by the relatively easier analysis of these networks and is justified by the observation that any
Bayesian network can be converted into such an undirected network [77]. Weiss and Freeman,
studied the performance of an equivalent algorithm on pairwise Markov networks [71, 72]. For
pairwise Markov networks with a single loop Weiss, derived an analytical relationship between
the exact probabilities and the approximate probabilitiescomputed for the nodes in the loop [71].
The approximation error was found to be related to the convergence rate of the messages. Weiss
and Freeman further studied loopy propagation in networks of arbitrary topology with normally
distributed continuous variables. They showed that in sucha network, given that the algorithm
converges, correct posterior means are found for all variables but that the covariance estimates

41



7. Introduction

are generally incorrect. Further insights into the performance of the loopy-propagation algorithm
were gained by relating the approximations to the notion of Bethe-free energy from the field of
statistical physics. It was shown that the loopy-propagation algorithm can only converge to a
minimum of the Bethe-free energy [24,76]. With this insightalso a generalisation of the loopy-
propagation algorithm could be developed. The Bethe-free energy is the simplest from among
a whole family of free energies called the Kikuchi-free energies. Informally speaking, the more
complex a free energy, the larger the clusters of nodes whichare taken into account. Now by
paying an adjustable amount of computational costs, in generalised loopy-propagation one of the
more complex Kikuchi energies can be obtained, with concordant better approximations [75,76].
Other variations on the loopy-propagation algorithm have also been proposed, such as algorithms
that minimise the Bethe/Kikuchi free energy explicitly [25, 59, 63, 73, 78]; algorithms in which
tree structures underlying the graph at hand are exploited [22, 43, 44, 67, 68]; methods in which
a correction step is included [45, 46], and methods in which the message updating scheme is
sequential rather than synchronous [17,62]. Also progressis made with respect to bounding the
error in the approximations [27,40,68]

In this thesis, the focus is on the performance of the loopy-propagation algorithm on Bayesian
networks. Although global results are very difficult to derive for Bayesian networks, the follow-
ing chapters show that by studying local structures, some interesting insights can be gained in the
particulars of the performance of the algorithm on directednetworks. In a Bayesian network, a
distinction can be made between loop nodes with at most one incoming arc on the loop in which
it is included and nodes with two or more incoming arcs on the loop; the former will be called the
inner nodesand the latter will be called theconvergence nodesof the loop. It will be argued that,
in Bayesian networks, two different types of error are introduced in the computed approximate
probabilities, which will be termed the convergence error and the cycling error. A convergence
error arises whenever messages that originate from dependent variables within a loop are com-
bined as if they were independent. Such an error arises at theconvergence nodes only. A cycling
error arises when messages are being passed within a loop repetitively. Cycling of information
can occur as soon as for all the convergence nodes of a loop, either the convergence node itself
or one of its descendants is observed. A cycling error arisesat all the inner nodes of a loop.

Chapter 9 focusses on the errors that are found in the approximate probabilities established
by the loopy-propagation algorithm for the convergence nodes of a network. First an expression
is given for the convergence error which arises in the probabilities computed for a convergence
node in a network in its prior state. The factors of this expression partly pertain to the degree
of dependence between the parents of the convergence node inthe loop and partly consist of
weighting factors, composed of the conditional probabilities of the convergence node itself, that
determine the extent to which this dependence can affect thecomputed probabilities. To capture
these weighting factors, the notion ofquantitative parental synergyis introduced. Thereafter the
errors found for convergence nodes in a network in its posterior state are studied. Thereby, a
distinction is made between the posterior convergence error itself and the additional error that
results from the incorrect messages from the parents of the convergence node due to the cycling
of information.

Chapter 10 then focuses on the error that arises at the inner loop nodes. As mentioned above,
Weiss [71] derived, for a pairwise Markov network with just asingle simple loop, an expression
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that relates the exact probability for a loop node to the approximate probabilities computed by the
loopy-propagation algorithm. He notes that the approximate probabilities are overconfident as a
result of double counting of evidence. In Chapter 10 is observed, however, that both overconfi-
dent and underconfident approximations can result in loopy propagation. The termdecisiveness
will be used to refer to the over- or underconfidence of an approximate probability. Decisiveness
is an important concept: when a network is used for a diagnostic task, for example, knowledge of
the decisiveness can be used to decide whether or not a particular probability is ‘certain enough’.
The effect of the cycling error on the decisiveness of the approximations is studied for the inner
nodes of a single simple loop in a Bayesian network with binary nodes. It is shown that the
decisiveness depends on the sign of the qualitative influence between the parents of the loop’s
convergence node and on the sign of the intercausal influencethat is induced between these par-
ents by the entered evidence. If the two influences have equalsigns, then the cycling error results
in overconfident approximations; if the two influences have opposite signs, the approximations
are underconfident.

In the analysis of loopy propagation in undirected networks, no distinction between different
error types can be made and, on first sight, there is no equivalent for the convergence error. In
Chapter 11, this difference in results is investigated. The simplest Bayesian network in which a
convergence error may occur is constructed and converted into its equivalent Markov network.
The convergence error was found to be converted into a cycling error in the equivalent Markov
network. Furthermore, was found that the prior convergenceerror in Markov networks is char-
acterised by the fact that the relationship between the exact and the approximate probabilities, as
established by Weiss, does not exist for this node.
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Chapter 8

Errors in Loopy Propagation

Pearl’s propagation algorithm is designed for probabilistic reasoning with singly connected Baye-
sian networks. When applied to a singly connected network, after a limited number of time steps
proportional to the diameter of its digraph, the network reaches an equilibrium state and exact
probabilities are yielded. When applied to a multiply connected network, that is, upon loopy
propagation, the algorithm is no longer guaranteed to halt.Experience shows, however, that
for many applications the algorithm nonetheless does converge to an equilibrium state1. The
probabilities that are returned by the algorithm may then deviate from the true probabilities of
the modelled distribution, however. In this chapter, two types of error are distinguished that may
arise upon applying Pearl’s propagation algorithm to a multiply connected network: convergence
errors and cycling errors. The first type of error arises in the convergence nodes of a loop and
the second type arises in a loop’s inner nodes. In the sequel the probabilities, causal messages
and causal parameters that result from loopy propagation will be supplemented with a tilde to
distinguish them from their exact counterparts.

8.1 The Convergence Error

Convergence errorsarise in the convergence nodes of a network and may already befound upon
loopy propagation in a multiply connected network in its prior state, that is, they may be found
even if no evidence has been entered as yet into the network. The error may arise in the compu-
tation of the compound causal parameter for a convergence node and in the computation of the
diagnostic messages that a convergence node will send to itsparents in the loop. This section,
elaborates on the origin of the convergence error by discussing the computation of the compound
causal parameter for a convergence node. Section 8.3, illustrates, by means of an example, that
the same origin serves to cause an error in the diagnostic messages sent by the convergence node.

As reviewed in Section 2.3.1, and referring to Figure 8.1(b), the compound causal parameter
π(X) for a nodeX should equal the marginal probability distribution overX given the observa-
tions that have been entered in the upper graphsX∗+ of X. Pearl’s propagation algorithm uses
the following rule for the computation of the compound causal parameter:

1The algorithm will be considered to have converged as soon asall causal and diagnostic messages and all
computed probabilities have changed by less than a pre-specified threshold value in the previous time step.
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8. Errors in Loopy Propagation

π(X) =
∑

U

Pr(X | U) ·
∏

i

πX(U i)

whereU denotes the set of parents{U i} of nodeX. This computation rule assumes mutual inde-
pendence of the parentsU i of X. In a singly connected network, this independence assumption
holds for any nodeX. The rule then serves for computing the correct compound causal parame-
ter for the network’s equilibrium state. In a multiply connected network, however, the parentsU i

of a nodeX may be dependent. Application of the above rule for dependent parent nodes now
may introduce an error in the compound causal parameter computed by the convergence node,
which in turn results in a convergence error in the probabilities computed for the convergence
node. A convergence error thus arises from combining the information of the dependent parents
of a convergence node as if these parents were independent. Note that any error that results from
a dependency between a node from the upper graphX∗+ and a node from the lower graphX∗−
givenX does not arise in the convergence node itself. This type of error is discussed in the next
section.

U
i

X

Y
j

Ui+

Yj−

πX(U i) = Pr(X | eUi
+)

λY j (X) = α · Pr(eYj− | X)

(a)

U
i

X

Y
j

X∗+

X∗−

π(X) = Pr(X | eX∗
+)

λ(X) = α · Pr(eX∗− | X)

(b)

Figure 8.1: The subgraphsUi+ andYj− (a) and the subgraphsX∗+ andX∗− (b).

As an example of the convergence error, consider the networks from Figures 8.2(a) and
8.2(b). The computation of the compound causal parameter isaddressed for the convergence
nodeC. In their prior states, in both networks,Pr(C) equalsπ(C). Using Pearl’s computation
rule, the parameterπ(C) is computed to be

π(C) =
∑

AB

Pr(C | AB) · πC(A) · πC(B)

for both networks. For both networks, moreover, the causal parametersπC(A) = Pr(A) and
πC(B) = Pr(B) are established. For the network from Figure 8.2(a), the computation rule thus
results in the correct causal parameter

π(C) =
∑

AB

Pr(C | AB) · Pr(AB) =
∑

AB

Pr(C | AB) · Pr(A) · Pr(B)
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for nodeC. For the network from Figure 8.2(b), however, the compound causal parameter should
be equal to

π(C) =
∑

AB

Pr(C | AB) · Pr(B | A) · Pr(A)

which, in general, is not equal to the parameterπ̃(C) =
∑

AB Pr(C | AB) · Pr(A) · Pr(B)
computed with the rule. For this network, therefore, an error is introduced in the compound
causal parameter and thus in the computed probability distribution P̃r(C). The origin of the
error is the dependence between the parentsA andB of the convergence nodeC.

A

B

C

(a)

A

B

C

(b)

Figure 8.2: The graphical parts of two small example Bayesian networks, one of which is singly
connected (a) and one of which is multiple connected (b).

8.2 The Cycling Error

A cycling errorarises at the inner nodes of a loop and may do so as soon as for each convergence
node of the loop either the convergence node itself or one of its descendants has been observed.
In contrast with convergence errors, cycling errors thus cannot arise in a network in its prior state.
The cycling error is conceptually more complex than the convergence error and involves all rules
of Pearl’s algorithm, except for the rule for computing the compound causal parameter.

Consider the simple network from Figure 8.3(b). The diagnostic message from nodeC to
nodeA is now addressed. As reviewed in Section 2.3.1, and referring to Figure 8.1(a), the
diagnostic message from a nodeY j to its parentX should equal the normalised probabilities of
the observations entered into the lower graphYj− of X givenX. For the network from Figure
8.3(b), after the observation ofC = c, for example, the diagnostic message from nodeC to
nodeA should be equal toα ·

∑
B Pr(c | AB) · Pr(B | c). Note that this message includes

the factorPr(B | c) because nodeB is included in the lower graphC−, about which nodeC
has to send probabilistic information to nodeA. At the same time, however, nodeC is part of
the upper graphB+, from which nodeB has to receive information for its message toC. Thus,
in the computation of the correct diagnostic message from nodeC to nodeA, the probability
distributionPr(B | c) is needed before it is actually available and the correct diagnostic message
cannot be derived from the local messages in Pearl’s algorithm.

More in detail, after the observation ofC = c, the compound diagnostic parameter for node
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A
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C

(a)

A

B

C

(b)

A

B

C

D

(c)

Figure 8.3: The graphical parts of three small example Bayesian networks; network (a) is singly
connected and networks (b) and (c) are multiply connected. The shaded nodes have been ob-
served.

C equalsλ(c) = 1 andλ(c̄) = 0. Recall that Pearl’s rule for computing diagnostic messages is

λY j(X) = α ·
∑

Y j

λ(Y j) ·
∑

X\{X}
Pr(Y j | X) ·

∏

k

πY j(Xk)

whereX is the set of parents{Xk} of nodeY j2. Applying the rule to the example network from
Figure 8.3(b) would result in the following diagnostic message from nodeC to nodeA

λC(A) = α ·
∑

B

Pr(c | AB) · πC(B)

NodeC thus requires the causal messageπC(B) from nodeB to compute its diagnostic message
to nodeA. In order to compute this message, nodeB in turn needs to receive the causal message
πB(A) from nodeA. Pearl’s computation rule for causal messages equals

πY j(X) = α · π(X) ·
∏

k 6=j

λY k(X)

For nodeB in the example network, the rule reads

πB(A) = α · Pr(A) · λC(A)

To compute the causal messageπB(A) to be sent to nodeB, nodeA needs to receive the diag-
nostic messageλC(A) from nodeC. This, however, is the message for whichπB(A) was needed
in the first place. In order to compute the correct message from nodeC to nodeA, the algorithm
thus needs information that will only be available after themessage fromC toA is known. The
message cannot be computed correctly by the algorithm and a cycling of messages will be ob-
served. Similarly, the diagnostic message from nodeC to nodeB cannot be computed correctly.

2Note that here the rule is given from the perspective ofX being a parent while in Section 2.3.1 the rule was
given from the perspective ofX being a child.
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Note that in the singly connected network from Figure 8.3(a), nodesA andB can compute their
causal messagesπC(A) = Pr(A) andπC(B) = Pr(B) correctly. In this network, therefore, the
problem described above does not occur.

Now suppose that the correct causal messages from nodesA andB to nodeC would be
known. In the example network from Figure 8.3(b) then still incorrect probabilities may be
computed by the loopy-propagation algorithm due to the incorrect combination of information.
Underlying the data fusion rule of Pearl’s algorithm

Pr(X | e) = α · λ(X) · π(X)

is the assumption that the nodes in the two subgraphsX∗+ andX∗− are conditionally indepen-
dent givenX. In the network from Figure 8.3(b), however, this assumption does not hold since
the graphsB∗+ andB∗− include the same nodes. By assuming independence upon applica-
tion of the rule above, therefore, an error may be introducedin the probabilities computed for
nodeB. Note that in the network from Figure 8.3(a), the subgraphsB∗+ andB∗− are distinct
and information from the two graphs is correctly combined. Underlying the computation rule of
Pearl’s algorithm for the compound diagnostic messages

λ(X) =
∏

j

λY j(X)

moreover, is the assumption that the childrenY j of a nodeX are conditionally independent
givenX. In the network from Figure 8.3(b), however, the childrenC andB of nodeA are
dependent. By assuming independence upon application of the rule, therefore, again an error
may be introduced in the probabilities computed for nodeA. In the network from Figure 8.3(a),
nodeA has only nodeC for its child and the error will not arise. The cycling error now is a
combination of the constituent errors described above.

To conclude, the earlier observation that a cycling error cannot arise in a Bayesian network
in its prior state, not even if the network is multiply connected, is considered in more detail.
In the absence of observations, the two propertiesPr(eYj− | X) = Pr(true | X) = 1 and
Pr(eX∗− | X) = Pr(true | X) = 1 hold. In the network’s prior state, therefore, all elementsof
the diagnostic parameter and the diagnostic messages of a nodeX should be equal. Now recall
that in Pearl’s algorithm, all message vectors are initialised to contain just 1s. As a result, all
elements of the compound diagnostic parameter computed from

λ(X) =
∏

j

λY j(X)

will be equal to1. Re-computing the diagnostic messages in a next step of the algorithm, using

λX(U i) = α ·
∑

X

λ(X) ·
∑

U\{U i}
Pr(X | U) ·

∏

k 6=i

πX(Uk)

will then again result in messages of which all elements are equal, etcetera. In a network’s prior
state, therefore, the correct diagnostic messages and parameters will indeed be computed.
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8.3 Combined Errors

As discussed above, upon loopy propagation convergence errors arise in the convergence nodes
of a loop of a Bayesian network, and cycling errors arise in the loop’s inner nodes. Cycling
errors, however, may be passed on to convergence nodes and convergence errors may be passed
on to inner loop nodes. In a network’s posterior state, all messages which are passed on in a
loop may include cycling errors. A cycling error thus may enter a convergence node through the
causal messages it receives from its parents in the loop. Forexample, after an observation has
been entered for nodeD in the network from Figure 8.3(c), a cycling error may be introduced in
the probabilities computed for nodeC. These probabilities then include both types of error.

For a simple loop, the convergence error is restricted to theprobabilities computed for the
convergence node and is not passed on to the inner nodes of theloop, since in such a loop, in
the computation of the diagnostic messages, no combinationof the information of the parents
in the loop is required. In a compound loop, however, a convergence error may be passed on to
the inner loop nodes through the diagnostic messages from the convergence node. Consider as
an example the network from Figure 8.4 which includes a convergence nodeC with the three
parentsB1, B2 andB3. For computing the diagnostic messages to be sent to its parents, nodeC
applies the following rule

λX(U i) = α ·
∑

X

λ(X) ·
∑

U\{U i}
Pr(X | U) ·

∏

k 6=i

πX(Uk)

whereU is the set of parentsUk of nodeX. In the computation of the diagnostic message
for nodeB1, for example, the causal messages of the two other parentsB2 andB3 of C are
combined. Upon doing so, nodeC assumes thatB2 andB3 are independent while in fact they
are not, which results in an error in the computed message. This error has a similar origin as the
error that arises in the compound diagnostic parameter, as discussed in Section 9.2.1, and thus is
considered a convergence error. This error is included in the diagnostic message from nodeC to
nodeB1 and hence is passed on to an inner loop node.

In the above discussion the propagation of the two types of error upon loopy propagation
are considered within the loop from which the errors originated. It will be evident that in a more
involved network errors may be transported to nodes outsidethe loop and that errors from outside

B
1

B
2

B
3

C

A

Figure 8.4: The graphical part of a small example Bayesian network including a convergence
nodeC with the parentsB1,B2 andB3.
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the loop may enter it. This thesis aims at analysing the various errors at their origin. An analysis
of the effects of propagation of errors throughout a more involved network is an interesting area
for future research.
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Chapter 9

Convergence Nodes

When Pearl’s propagation algorithm is applied to a Bayesian network with a multiply connected
digraph, errors may arise in the probability distributionsestablished for the various nodes. In this
chapter the errors that result for the convergence nodes of aloop are investigated. In Sections 9.2
and 9.3 the errors arising in the prior state of a network are studied. In Sections 9.4 and 9.5, the
change that is occasioned in the errors after observations have been entered into the network, are
addressed; these latter two sections focus on networks witha single simple loop. In the following
section, first the notion ofquantitative parental synergyis introduced. This synergy will prove
to be an important factor of the convergence error.

9.1 The Quantitative Parental Synergy

In Chapter 2, the notions ofqualitative influenceandadditive synergywere reviewed for binary
networks. Recall that a qualitative influence expresses howobserving a value for the one node
qualitatively affects the probability distribution over the values of the other node; an additive
synergy expresses how two nodes interact in one another’s effect on the probability distribution
over a common descendent. Note that these two notions pertain to the entire distributions of
the involved nodes. In this section a closely related quantitative notion, called thequantitative
parental synergyis defined. In contrast with the notions of qualitative influence and additive
synergy, the notion of quantitative parental synergy is defined with respect to a specific value of
the child node and a specific value assignment to its parent node(s).

Before formally defining the quantitative parental synergy, the indicator functionδ on the
joint value assignmentsa1

i1, . . . , a
n
in to a set of nodesA1, . . . , An, n ≥ 0, given a specific assign-

menta1
s1, . . . , a

n
sn to these nodes is introduced:

δ(a1
i1, . . . , a

n
in | a

1
s1, . . . , a

n
sn) =

{
1 if

∑
k=1,...,n a

k
ik 6= ak

sk is even
−1 if

∑
k=1,...,n a

k
ik 6= ak

sk is odd

wheretrue ≡ 1 and false ≡ 0. The indicator function compares the joint value assignment
a1

i1, . . . , a
n
in with the joint assignmenta1

s1, . . . , a
n
sn, and counts the number of differences: the

assignmenta1
i1, . . . , a

n
in is mapped to the value1 if the number of differences is even and is
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mapped to−1 if the number of differences is odd. For the binary variablesA andB, for example,
δ(ab | ab) = 1, δ(ab̄ | ab) = −1, δ(āb | ab) = −1 andδ(āb̄ | ab) = 1.

Building upon the indicator functionδ, the notion of quantitative parental synergy is defined
as follows. LetB be a Bayesian network, representing a joint probability distribution Pr over a
set of nodesV. Let A = {A1, . . . , An} ⊆ V, n ≥ 0, and letC ∈ V such thatC is a child of all
nodes in the setA, that is,Aj → C, j = 1, . . . , n. Let a be a joint value assignment toA and
let ci be a value ofC. Furthermore, letX ⊆ ρ(C)\A and letx be a value assignment toX. The
quantitative parental synergyof a with respect toci givenX = x, denoted asY

⋆

x (a, ci), is

Y
⋆

x (a, ci) =
∑

A

δ(A | a) · Pr(ci | Ax)

Example 9.1 Consider an arbitrary-valued nodeC with the two ternary parentsA andB; the
conditional probabilities for the valueci of C givenA andB, are listed in Table 9.1(a). The
quantitative parental synergyY

⋆

(a2b2, ci) of a2 and b2 with respect toci, for example, is com-
puted fromPr(ci | a1b1)−Pr(ci | a1b2) + Pr(ci | a1b3)−Pr(ci | a2b1) + Pr(ci | a2b2)−Pr(ci |
a2b3) + Pr(ci | a3b1) − Pr(ci | a3b2) + Pr(ci | a3b3) = 2.0. Table 9.1(b) lists all quantitative
parental synergiesY

⋆

(ajbk, ci), j, k = 1, 2, 3.

Table 9.1: The conditional probabilitiesPr(ci | AB) for a nodeC with the ternary parentsA and
B (a), and the matching quantitative parental synergies (b).

(a)

Pr(ci | AB) a1 a2 a3

b1 0.7 0.2 0.3
b2 0.2 1.0 0.8
b3 0.4 0.1 0.9

(b)

Y
⋆

(AB, ci) a1 a2 a3

b1 2.4 0.4 −0.6
b2 −1.2 2.0 −0.2
b3 0.8 −0.4 1.4

From the definition of quantitative parental synergy, it is readily seen that for a binary parentAk

of C, we have thatY
⋆

x (aak, ci) = −Y
⋆

x (aāk, ci) for any value assignmentsa andx. For a nodeC
with binary parents only, therefore, the quantitative parental synergy of just a single combination
of parent values with respect to a particular valueci of C, uniquely determines the other parental
synergies with respect toci. From the definition it further follows for a binary parentAk that
Y

⋆

x (aak
m, ci) = Y

⋆

xak
m
(a, ci)− Y

⋆

xak
n
(a, ci).

Example 9.2 Consider an arbitrary-valued nodeC with the ternary parentA and the binary
parentB; the conditional probabilities for the valueci of C givenA andB, are listed in Table
9.2(a); the matching quantitative parental synergies are listed in Table 9.2(b). It is easily verified
thatY

⋆

(Ab, ci) equals−Y
⋆

(Ab̄, ci) for all possible values ofA. Furthermore, from for example
Y

⋆

(a1b, ci) = (0.8− 0.3− 0.5)− (0− 0.4− 0.9) = 1.3, Y
⋆

b (a1, ci) = 0.8− 0.3− 0.5 = 0 and
Y

⋆

b̄
(a1, ci) = 0−0.4−0.9 = −1.3, it is readily verified thatY

⋆

(a1b, ci) = Y
⋆

b (a1, ci)−Y
⋆

b̄
(a1, ci).
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Table 9.2: The conditional probabilitiesPr(ci | AB) for a nodeC with the ternary parentA and
the binary parentB (a) and the matching quantitative parental synergies (b).

(a)

Pr(ci | AB) a1 a2 a3

b 0.8 0.3 0.5
b̄ 0.0 0.4 0.9

(b)

Y
⋆

(AB, ci) a1 a2 a3

b 1.3 −0.5 −1.1
b̄ −1.3 0.5 1.1

9.2 The Prior Convergence Error in Simple Binary Loops

Recall from Chapter 8 that upon applying Pearl’s propagationalgorithm to a Bayesian network
with loops, convergence errors may arise in the probabilities computed for the network’s conver-
gence nodes. It was argued that this type of error originatesin the computation of the compound
causal parameter for a convergence node. More specifically,Pearl’s rule for computing this
parameter explicitly builds on the assumption that the parentsU of a nodeX are mutually inde-
pendent. While this assumption holds for the singly connected networks for which the algorithm
was developed, it does not hold for multiply connected networks in general, however. Violation
of the independence assumption underlying the computationrule now may cause a convergence
error to arise in the compound causal parameter. An erroneous compound parameter in turn re-
sults in an error in the probabilities computed for the convergence node. In this section, the prior
convergence error is studied for the convergence node of a binary simple loop in a network with
a single loop. In Section 9.3, the results are extended to loops with arbitrary-valued nodes and to
more complex loops.

9.2.1 An Expression for the Prior Convergence Error

To study the prior error in the probabilities computed for a convergence node, the example net-
work from Figure 9.1 is considered. This network is composedof a single simple loop with
binary nodes. An expression is derived for the prior convergence error in the probabilitỹPr(ci)
of the valueci of the loop’s convergence nodeC in terms of the specification of the network.
This expression then is used to study the various factors that govern the size of the error.

When Pearl’s propagation algorithm is applied to the networkfrom Figure 9.1, nodesA and
B send the causal messagesπC(A) = Pr(A) andπC(B) = Pr(B) to nodeC. Upon receiving
these messages, nodeC establishes the following value for its compound causal parameter:

π̃(ci) =
∑

A,B

Pr(ci | AB) · πC(A) · πC(B)

=
∑

A,B

Pr(ci | AB) · Pr(A) · Pr(B)

Since in the prior state of the network all diagnostic messages are uninformative constants and
therefore do not influence the computed probabilities, the algorithm yieldsP̃r(ci) = π̃(ci). The
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exact probabilityPr(ci), however, equals

Pr(ci) =
∑

A,B

Pr(ci | AB) · Pr(AB)

=
∑

A,B,D

Pr(ci | AB) · Pr(AB | D) · Pr(D)

=
∑

A,B,D

Pr(ci | AB) · Pr(A | D) · Pr(B | D) · Pr(D)

Note that the expression for the exact probabilityPr(ci) correctly captures the dependence be-
tweenA andB, while the expression for the computed probabilitỹPr(ci) does not. By simply
subtracting̃Pr(ci) from Pr(ci), the following expression is found for the prior convergence error
vi for the valueci of nodeC:

vi = Pr(ci)− P̃r(ci) = l ·m · n · w

where

l = Pr(d)− Pr(d)2

m = Pr(a | d)− Pr(a | d̄)

n = Pr(b | d)− Pr(b | d̄)

w = Y
⋆

(ab, ci)

Note that the expression for the convergence error includesterms such asPr(a | d) · Pr(b |
d̄), in which mutually exclusive probabilistic contexts are combined. Note furthermore that
the convergence error pertains to a specific value of the convergence node. The probabilities
computed for the values of an arbitrary-valued convergencenode may thus include different
convergence errors. For a binary nodeC with the valuesci andcj, however, is found thatvi =
−vj. In the sequel, as long as no ambiguity can occur, the prior convergence error will be denoted
by v.

The following example illustrates the expression derived for the prior convergence error.

Example 9.3 Consider again the network from Figure 9.1. For the valuec of the convergence
nodeC, the four terms in the expression for the prior convergence error equal l = 0.25, m =
−0.6, n = −0.8 andw = 2. With these terms, a prior convergence error of0.25 · −0.6 ·
−0.8 · 2 = 0.24 is found. With Pearl’s propagation algorithm, the approximate probability
P̃r(c) = 0.54 is computed. Using the above expression for the convergenceerror, the exact
probabilityPr(c) = 0.78 can indeed be reconstructed fromPr(c) = P̃r(c) + 0.24 = 0.78.
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9.2. The Prior Convergence Error in Simple Binary Loops

A B

C

D Pr(d) = 0.5

Pr(a | d) = 0.4
Pr(a | d̄) = 1.0

Pr(b | d) = 0.2
Pr(b | d̄) = 1.0

Pr(c | ab) = 1
Pr(c | ab̄) = 0

Pr(c | āb) = 0
Pr(c | āb̄) = 1

Figure 9.1: A multiply connected Bayesian network including a convergence nodeC with the
dependent parentsA andB.

9.2.2 The Four Factors of the Convergence Error

The four factorsl, m, n andw of the prior convergence error derived in the previous section are
illustrated graphically by means of the surface and line segment in Figure 9.2.

x
y

z

01

1

0.78

0.54

1

0

Figure 9.2: The line segment capturingPr(c) and the surface capturing̃Pr(c) for the example
network from Figure 9.1.

The surface shown in the figure equals

z = 2 · x · y − x− y + 1

and captures the approximate probabilityz = P̃r(c) as a function ofx = πC(a) andy = πC(b),
given the conditional probabilities for nodeC of the example network. Note that for a fixed
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0.4

0.2

0
10.80.60.40.20

v

Pr(d)

Figure 9.3: The prior convergence errorv as a function ofPr(d), for the example network from
Figure 9.1.

value ofx, The functionz is linear iny, and that for a fixed value ofy, the functionz is linear
in x. The approximate probabilitỹPr(c) that is computed for the example network is found at
πC(a) = 0.7 andπC(b) = 0.6, and equals0.54. Figure 9.2 further shows a line segment that
has its two endpoints on the depicted surface. This line segment expresses the exact probability
Pr(c) as a function ofPr(d) given the conditional probabilities for the nodesA, B andC of the
example network. The line segment equals



x
y
z


 =



−0.60
−0.80
−0.46


 · Pr(d) +




1
1
1




The two endpoints of the segment are found forPr(d) = 0 andPr(d) = 1, and hence atπC(a) =
1 andπC(b) = 1 and atπC(a) = 0.4 andπC(b) = 0.2, respectively. The exact probability
Pr(c) for the example network is found atPr(d) = 0.5, hence atπC(a) = 0.7 andπC(b) =
0.6, and equals0.78. While the surface depicts the probability ofc under the assumption of
independence ofA andB, the line segment takes the dependence between these two nodes
into consideration. The convergence error now equals the distance between the point on the
line segment that matchesPr(d) and its orthogonal projection on the surface. For the example
network, the difference betweeñPr(c) andPr(c) is indicated by the vertical dotted line segment
in the figure.

The different factors that govern the size of the prior convergence error are algebraically
independent. The four factors therefore do not have any interaction effects and can be studied
independently:

• The factorl = Pr(d) − Pr(d)2 is related to the location of the exact probabilityPr(c)
on the line segment which expressesPr(c) as a function ofPr(d). Note that at the two
endpoints of the segment, forPr(d) = 0 andPr(d) = 1, the factorl equals zero and the
convergence error is zero. ForPr(d) = 0 andPr(d) = 1, indeed, the nodesA andB in the
example network are independent, causing the assumption underlying Pearl’s computation
rule to hold. From its first-order derivativel′ = 1 − 2 · Pr(d) it further follows that the
factor l has an extreme atPr(d) = 0.5; this extreme equalsl = 0.25. A probability
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x
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z
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0

0.5

0.375

1

Figure 9.4: The line segment capturingPr(c) and the surface capturing̃Pr(c) for the example
network from Figure 9.1 with the alternative conditional probabilitiesPr(a | d) = 0.9 and
Pr(a | d̄) = 0.9 for nodeA andPr(b | d) = 0.5 andPr(b | d̄) = 0 for nodeB.

Pr(d) = 0.5, that is, a location of the exact probabilityPr(c) on the mid-point of the
line segment thus maximises the prior convergence error. Figure 9.2, already shows the
effect on the convergence error of changing the probabilityPr(d). In addition, Figure
9.3 explicitly depicts the size of the prior convergence error as a function ofPr(d); its
functional form isv = 0.96 ·

(
Pr(d)− Pr(d)2

)
.

• The factorsm = Pr(a | d) − Pr(a | d̄) andn = Pr(b | d) − Pr(b | d̄) are related to the
orientation of the line segment expressingPr(c). If Pr(a | d) = Pr(a | d̄), for example,
the line segment is oriented parallel to they-axis describingπC(b). SinceP̃r(c) is linear
in y for a fixed value ofx, the segment then is located on the surface, which implies a
convergence error equal to zero for allPr(d). With Pr(a | d) = Pr(a | d̄), indeed,m = 0
and the convergence error is zero. Note thatPr(a | d) = Pr(a | d̄) in fact implies that
A is independent ofD which causes the assumption underlying Pearl’s computation rule
to hold. Similar observations apply to the factorm. The product of the factorsm andn
ranges between−1 and1. The maximum of1, for example, is found forPr(a | d) = 1,
Pr(a | d̄) = 0, Pr(b | d) = 1 andPr(b | d̄) = 0. The line segment then is parallel to one of
the diagonals of thex, y-plane, and the distance between the surface and the line segment
is maximal. In the example network,m = −0.6, n = −0.8 andm · n = 0.48. Figure 9.4
shows the effect of a change of the conditional probabilities for nodeA to Pr(a | d) = 1.0
and Pr(a | d̄) = 0.5 and for nodeB to Pr(b | d) = 0.5 and Pr(b | d̄) = 0 on the
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Figure 9.5: The line segment capturingPr(c) and the surface capturing̃Pr(c) for the example
network from Figure 9.1 with the alternative conditional probabilitiesPr(c | ab) = 0.5, Pr(c |
ab̄) = 0, Pr(c | āb) = 1 andPr(c | āb̄) = 0.5 for nodeC.

orientation of the line segment. For the line segment now applies thatm = 0.5, n = 0.5
andm · n = 0.25. Note that, compared to Figure 9.2, the distance between thesurface and
the point with the exact probabilityPr(c) on the line segment indeed has decreased.

• The factorw = Y
⋆

(ab, ci) is related to the curvature of the surface and ranges between−2
and2. The higher the absolute value ofw, the more curved the surface is and the more
curved the surface is, the larger the distance between a point on the line segment and its
projection on the surface can be. For the example network,w = 2 and the curvature of the
surface is maximal. Figure 9.5 shows the effect of changing the conditional probabilities
for nodeC to Pr(c | ab) = 0.5, Pr(c | ab̄) = 0, Pr(c | āb) = 1 andPr(c | āb̄) = 0.5. The
factorw now equals zero and the surface is a plane:

z = −0.5 · x+ 0.5 · y + 0.5

Fromw = 0, the prior convergence error is found to be equal to zero. Theline segment
expressingPr(c) as a function ofPr(d) now is



x
y
z


 =



−0.60
−0.80
−0.10


 · Pr(d) +




1.0
1.0
0.5




and in fact lies on the surface.
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9.2. The Prior Convergence Error in Simple Binary Loops

Informally speaking, the factorsl, m andn with each other capture the degree of dependence
between the nodesA andB along the trail through nodeD and the factorw indicates to what
extent this dependence can affect the computed probabilities.

In general, for a Bayesian network with the same graphical structure as the example network
from Figure 9.1, the surfacez that captures the approximate probabilitỹPr(c) as a function of
x = πC(a) andy = πC(b) equals

z =
(
Pr(c | ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄)

)
· x · y

+
(
Pr(c | ab̄)− Pr(c | āb̄)

)
· x

+
(
Pr(c | āb)− Pr(c | āb̄)

)
· y

+ Pr(c | āb̄)

Thus also in general, for a fixed value ofx, the functionz is linear iny and for a fixed value of
y, it is linear inx. Now, provided that the surface is not a plane, that is, provided thatPr(c |
ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄) 6= 0, it will have a saddle point. At this point neither
a change inx nor a change iny will influence the value found forz. In Section 9.5 is observed
that the location of this saddle point influences the convergence behaviour of the causal messages
from nodesA andB to nodeC.

To establish the saddle point of the surface, the partial derivatives of the functionz with
respect tox and with respect toy are established. The partial derivative ofz with respect tox
equals

∂z

∂x
=

(
Pr(c | ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄)

)
· y + Pr(c | ab̄)− Pr(c | āb̄)

= Y
⋆

(ab, c) · y + Y
⋆

b̄ (a, c)

This derivative is a constant function inx which equals zero for

y =
−Y

⋆

b̄
(a, c)

Y ⋆(ab, c)

The partial derivative ofz with respect toy equals

∂z

∂y
=

(
Pr(c | ab)− Pr(c | ab̄)− Pr(c | āb) + Pr(c | āb̄)

)
· x+ Pr(c | āb)− Pr(c | āb̄)

= Y
⋆

(ab, c) · x+ Y
⋆

ā (b, c)

This derivative is a constant function iny which equals zero for

x =
−Y

⋆

ā (b, c)

Y ⋆(ab, c)

The point of the surface at which both partial derivatives equal zero thus is found at

(x, y) =

(
−Y

⋆

ā (b, c)

Y ⋆(ab, c)
,
−Y

⋆

b̄
(a, c)

Y ⋆(ab, c)

)
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9. Convergence Nodes

From the determinant of the Hessian matrix ofz, detH(z) = −(Y
⋆

(ab, c))2, being negative

given thatY
⋆

(ab, c) 6= 0, it follows that the point

(
−Y

⋆

ā (b,c)

Y
⋆
(ab,c)

,
−Y

⋆

b̄
(a,c)

Y
⋆
(ab,c)

)
, indeed is a saddle point

given thatY
⋆

(ab, c) 6= 0. Note that thex,y-coordinates of the saddle point are not necessarily
found within the interval[0, 1]× [0, 1]. This point thus may be unfeasible as̃Pr(c).

9.2.3 The Extremes of the Convergence Error

From the analysis of the four factors in the previous section, it follows that the prior convergence
error ranges between−0.5 and0.5. The size that convergence error can actually adopt, however,
is restricted by the exact probabilityPr(c). Obviously, it must hold that̃Pr(c) =

(
Pr(c) −

v
)
∈ [0, 1], but the size of the convergence error for a givenPr(c) is even further restricted.

Consider again the example network from Figure 9.1. To establish the relationship between
Pr(c) and the maximumvmax of the prior convergence error, (conditional) probabilities have to
be found for the nodesA, B, C andD which result inPr(c) and at the same time maximise the
convergence error. In terms of the graphical representation of the convergence error from Figure
9.2, given a specific value ofPr(c), the line segment and the surface have to be constructed in
such a way that the distance between the point with the exact probability on the line segment
and its orthogonal projection on the surface is maximal. Using Mathematica, it was established
experimentally for a wide range of values ofPr(c), that the convergence error could attain its
maximum withPr(a | d) = 1, Pr(a | d̄) = 0, Pr(b | d) = 1, Pr(b | d̄) = 0, Pr(c | ab̄) = 0,
Pr(c | āb) = 0 andPr(c | āb̄) = 1; the probabilitiesPr(c | ab) andPr(d) then are taken as
variables in the remaining optimisation problem. With these conditional probabilities, it is found
thatPr(c) = Pr(c | ab) · Pr(d)− Pr(d) + 1 and thatv =

(
Pr(c | ab) + 1

)
·
(
Pr(d)− Pr(d)2

)
.

The problem of finding the maximum prior convergence errorvmax for a given value ofPr(c)
now reduces to finding the maximum of

v =
(
Pr(c | ab) + 1

)
·
(
Pr(d)− Pr(d)2

)

under the constraints

Pr(c) = Pr(c | ab) · Pr(d)− Pr(d) + 1

Pr(d) ∈ [0, 1]

Pr(c | ab) ∈ [0, 1]

From the first constraint, it follows that

Pr(c | ab) =
Pr(c)− 1 + Pr(d)

Pr(d)

Provided thatPr(d) 6= 01, it now follows with the third constraintPr(c | ab) ≥ 0, thatPr(d) ≥
1 − Pr(c). Note that the constraintPr(c | ab) ≤ 1 is fulfilled for all Pr(c) ∈ [0, 1]. The prior

1Note that the case wherePr(d) = 0 need not be further considered, since with this value there effectively is no
loop present and the convergence error equals zero regardless of the conditional probabilities specified for the other
nodes.
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Pr(d)
Pr(c|ab)

Figure 9.6: The combinations of values ofPr(d) andPr(c | ab) for which a maximum prior
convergence error is found, as a function ofPr(c).

convergence errorv =
(
Pr(c | ab)+1

)
·
(
Pr(d)−Pr(d)2

)
thus effectively needs to be maximised

under the constraints

Pr(c) = Pr(c | ab) · Pr(d)− Pr(d) + 1

Pr(d) ∈ [1− Pr(c), 1]

SubstitutingPr(c | ab) = Pr(c)−1+Pr(d)
Pr(d)

in the expression for the convergence errorv and subse-
quently taking the first partial derivative ofv with respect toPr(d) gives

∂v

∂ Pr(d)
= −4 · Pr(d)− Pr(c) + 3

The partial derivative ofv equals zero forPr(d) = 1
4
·
(
3−Pr(c)

)
; it is positive for smaller values

of Pr(d) and negative for larger values. AtPr(d) = 1
4
·
(
3 − Pr(c)

)
, therefore, the convergence

errorv attains its maximum, provided that1
4
·
(
3−Pr(c)

)
∈ [1−Pr(c), 1]. For all values ofPr(c),

it holds that1
4
·
(
3− Pr(c)

)
≤ 1. The constraint1

4
·
(
3− Pr(c)

)
≥ 1− Pr(c), on the other hand,

is only satisfied forPr(c) ≥ 1
3
. For values ofPr(c) smaller than1

3
, the value forPr(d) at which

vmax would be found thus is smaller than allowed for by the constraint Pr(d) ≥
(
1 − Pr(c)

)
.

The maximum ofv will then be found at the smallest value allowed forPr(d) = 1 − Pr(c). At
Pr(d) = 1

4
·
(
3−Pr(c)

)
now is found thatv = 1

8
·
(
1+Pr(c)

)2
and atPr(d) = 1−Pr(c) is found

thatv = Pr(c)−Pr(c)2. Expressed as a function ofPr(c), the maximum prior convergence error
vmax thus equals

vmax =

{
Pr(c)− Pr(c)2 if Pr(c) < 1

3
1
8
·
(
Pr(c) + 1

)2
if Pr(c) ≥ 1

3
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Note that atPr(c) = 1
3
, both functions in the expression above yield the value2

9
. At Pr(c) = 1

3
,

moreover, the first derivatives of the two functions yield the value1
3
. The function defined for

vmax thus is continuously differentiable on the entire interval[0, 1] for Pr(c). Note furthermore
that withPr(d) = 1

4
·
(
3−Pr(c)

)
, the matching value ofPr(c | ab) is Pr(c | ab) = Pr(c)−1+Pr(d)

Pr(d)
=

3·Pr(c)−1
−Pr(c)+3

; with Pr(d) = 1−Pr(c), the matching valuePr(c | ab) = 0 is found. Figure 9.6 shows,
as a function ofPr(c), the combinations of values ofPr(d) andPr(c | ab) that yield a maximum
prior convergence error.

Analogously, the relationship between the minimum convergence errorvmin and Pr(c) is
found to be

vmin =

{
−1

8
·
(
Pr(c)− 2

)2
if Pr(c) ≤ 2

3

−Pr(c) + Pr(c)2 if Pr(c) > 2
3

At Pr(c) = 2
3
, both functions in the expression above yield the value−2

9
. At Pr(c) = 2

3
,

moreover, the first derivatives of the two functions yield the value1
3
. The function defined for

vmin thus is continuously differentiable on the entire interval[0, 1] for Pr(c) as well. Figure
9.7(a) shows the four functions which feature in the expressions forvmax andvmin given above;
Figure 9.7(b) depicts the functionsvmax andvmin which define the area of feasible combinations
of Pr(c) andv. Note that the two functionsvmax andvmin are each other’s point reflections in the
point (Pr(c), v) = (0, 0.5), that is, the value found forvmax atPr(c) equals−vmin at1− Pr(c).
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feasible

vmax
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(b)

Figure 9.7: The four functions defining the feasiblePr(c),v-combinations (a), and the corre-
sponding area of feasiblePr(c),v-combinations (b), for a convergence node with two loop par-
ents.

The combination of conditional probabilities which was chosen above to find the maximum
prior convergence errorvmax as a function ofPr(c) is not unique. The maximumvmax is also
found, for example, with the conditional probabilitiesPr(a | d) = 1, Pr(a | d̄) = 0, Pr(b | d) =
1, Pr(b | d̄) = 0, Pr(c | ab̄) = 0, Pr(c | āb) = 0 andPr(c | ab) = 1 where the probabilities
Pr(d) andPr(c | āb̄) are taken as variables in the remaining optimisation problem. Due to its
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symmetry, this problem is solved in the same way as above. A similar observation holds for all
related combinations of conditional probabilities for thenodes involved.

9.2.4 An Alternative Expression for the Prior Convergence Error

To conclude the analysis of the error which arises at the convergence node of a simple loop, an
alternative expression is proposed. Consider the convergence nodeC of the simple loop from
the example network from Figure 9.1, and assume again that all nodes involved are binary. The
convergence errorvi = Pr(ci)− P̃r(ci) can now also be written as

vi = (s− t) · w

wherew is as before and

s =
∑

D

Pr(a | D) · Pr(b | D) · Pr(D)

t =

(
∑

D

Pr(a | D) · Pr(D)

)
·

(
∑

D

Pr(b | D) · Pr(D)

)

The degree of dependency between the nodesA andB is now captured by the factors− t instead
of by the factorl ·m·n. Note that in this expression the terms equalsPr(ab) and the termt equals
Pr(a) ·Pr(b). The terms, therefore, correctly captures the dependency between thenodesA and
B, where the termt assumes independence upon representing the joint probability distribution
over these nodes.

The alternative expression for the prior convergence errorpresented above is more apt for
generalisation and will be the starting point in the following section where it will be extended to
apply to variables with more than two values and to more complex loops.

9.3 Generalising the Prior Convergence Error

In the previous section the prior convergence error was studied for the Bayesian network with
a single simple loop with binary nodes from Figure 9.1. The results of the analysis are readily
extended to networks including a single simple loop with additional inner nodes and to networks
with nodes outside the loop. For such loops, (some of) the factors that determine the convergence
error are not directly available. These factors can be established from the network’s specification,
however. For example, if, in the network from Figure 9.1, node A has another parentE in
addition to its parentD, then the probabilitiesPr(a | D), which are required for determining
the size of the convergence error, are not specified directlyin the network but can be established
from the specified probabilitiesPr(a | DE), using the observation that nodesD andE are a
priori independent. The analysis further trivially holds for networks including a single simple
loop with more than one convergence node. From the d-separation criterion, it follows that for
such a loop, the loop parents of each convergence node are independent in the network in its
prior state. Effectively, therefore, no loop is present andno convergence error will arise. The
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analysis, however, does not hold for loops including non-binary nodes nor for compound loops.
In following sections, the expression for the prior convergence error is successively generalised
to simple loops with nodes with more than two values, to compound loops with binary nodes,
and to compound loops with nodes with more than two values. Asthe results for binary simple
loops, the results in these sections are readily extended tothe discussed loops with additional
inner nodes and to the discussed loops with nodes outside theloop.

9.3.1 Simple Loops with Multiple-valued Nodes

To generalise the expression for the prior convergence error to networks including a single simple
loop with nodes with an arbitrary number of values, the first step is the observation that the
derivation from Section 9.2.1 applied to a single valueci of the convergence nodeC. Since the
other value ofC was not involved in the derivation, the derived expression directly applies to a
non-binary convergence node. Furthermore, from the alternative expression for the convergence
error given in Section 9.2.4, it is readily seen that the expression is not restricted to just a binary
joint ancestorD.

Now consider the parent nodesA andB of the convergence nodeC of the simple loop under
study. It is posed as a conjecture, supported by experimental results, that the following expression
captures the prior convergence error for the convergence node of a simple loop in which also the
inner loop nodesA andB may have more than two values:

vi =
∑

A,B

(sAB − tAB) · w(AB)/4

where

sAB =
∑

D

Pr(A | D) · Pr(B | D) · Pr(D)

tAB =

(
∑

D

Pr(A | D) · Pr(D)

)
·

(
∑

D

Pr(A | D) · Pr(D)

)

w(AB) = Y
⋆

(AB, ci)

Note that, analogous to the binary case, the termsAB equalsPr(AB) and thus accounts for the
dependence betweenA andB throughD and that the termtAB equalsPr(A) · Pr(B) and thus
capturesPr(AB) under the assumption of independence ofA andB. In contrast with the binary
case, now all different value combinations of the nodesA andB are considered. The impact on
the convergence error of the dependency between a specific combination of values for the nodes
A andB, is determined by the quantitative parental synergy of thiscombination with respect to
the valueci of the convergence node. Further note that the expression for the convergence error
now includes a division by a constant. This constant equals2n, wheren is the number of loop
parents of the convergence node.

The following example illustrates the expression for the prior convergence error for a network
with a single simple loop with multi-valued loop nodes.
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Example 9.4 Consider the example network from Figure 9.8. Table 9.3 lists the quantitative
parental synergies for the convergence nodeC. In addition, Table 9.4 lists all termssAB −
tAB pertaining to the loop parentsA andB of the convergence node. Recall that such a term
sAB − tAB reflects the degree of dependency between the valuesA andB of the nodesA andB,
respectively, along the trailA ← D → B. The largest absolute value for this term is found for
the combination of valuesa2 andb2, and equals0.1008. The smallest absolute value is found for
the combination of valuesa3 andb3, and equals0.0144. Intuitively, the maximum term arising
for the combination of valuesa2 andb2 may be explained by the differences betweenPr(a2 | d1)
andPr(a2 | d2) and betweenPr(b2 | d1) andPr(b2 | d2) being maximal. The minimum arising
for the combination of valuesa3 andb3 may be explained by the difference betweenPr(a3 | d1)
and Pr(a3 | d2) and betweenPr(b3 | d1) and Pr(b3 | d2) being minimal. By exact inference
the probabilityPr(c) = 0.59580 is established and upon loopy propagation, the approximate
probability ofP̃r(c) = 0.49404 is found. The prior convergence error thus equalsv = 0.10176.
Using the expression above, the same error is established:

v =
(∑

D

Pr(a1 | D) · Pr(b1 | D) · Pr(D)−

(∑

D

·Pr(a1 | D) · Pr(D)
)
·
(∑

D

Pr(b1 | D) · Pr(D)
))
· w(a1b1)/4 +

...

=
(
Pr(a1 | d1) · Pr(b1 | d1) · Pr(d1)

+ Pr(a1 | d2) · Pr(b1 | d2 · Pr(d2))

−Pr(a1 | d1) · Pr(d1) · Pr(b1 | d1) · Pr(d1)

−Pr(a1 | d1) · Pr(d2) · Pr(b1 | d2) · Pr(d1)

−Pr(a1 | d2) · Pr(d1) · Pr(b1 | d1) · Pr(d2)

−Pr(a1 | d2) · Pr(d2) · Pr(b1 | d2) · Pr(d2)
)
· w(a1b1)/4 +

...

=
(
0.0384 · 2.4 + (−0.0672) · (−1.2) + 0.0288 · 0.8 +

(−0.0576) · 0.4 + 0.1008 · 2.0 + (−0.0432) · (−0.4) +

+0.0192 · (−0.6) + (−0.0336) · (−0.2) + 0.0144 · 1.4
)
/4

= 0.10176
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A B

C

D
Pr(d1) = 0.4
Pr(d2) = 0.6

Pr(a1 | d1) = 0.2
Pr(a1 | d2) = 0.6
Pr(a2 | d1) = 0.7
Pr(a2 | d2) = 0.1
Pr(a3 | d1) = 0.1
Pr(a3 | d2) = 0.3

Pr(b1 | d1) = 0.1
Pr(b1 | d2) = 0.5
Pr(b2 | d1) = 0.8
Pr(b2 | d2) = 0.1
Pr(b3 | d1) = 0.1
Pr(b3 | d2) = 0.4

Pr(c | a1b1) = 0.7
Pr(c | a1b2) = 0.2
Pr(c | a1b3) = 0.4

Pr(c | a2b1) = 0.2
Pr(c | a2b2) = 1.0
Pr(c | a2b3) = 0.1

Pr(c | a3b1) = 0.3
Pr(c | a3b2) = 0.8
Pr(c | a3b3) = 0.9

Figure 9.8: An example Bayesian network including a convergence nodeC with the dependent
multi-valued parentsA andB.

Table 9.3: The quantitative parental synergies with respect to the valuec of the convergence node
C for the example network from Figure 9.8.

Y
⋆

(AB, c) a1 a2 a3

b1 2.4 0.4 −0.6
b2 −1.2 2.0 −0.2
b3 0.8 −0.4 1.4

Table 9.4: The termssAB − tAB for the example network from Figure 9.8.

m
sAB − tAB 1 2 3

1 0.0384 −0.0576 0.0192
n 2 −0.0672 0.1008 −0.0336

3 0.0288 −0.0432 0.0144

In the previous section, the prior convergence error was found to range between−0.5 and0.5
for simple loops with binary variables. The relationship between the true probabilityPr(c) and
the feasible maximumvmax and minimumvmin of the convergence error was found to be

vmax =

{
Pr(c)− Pr(c)2 if Pr(c) < 1

3
1
8
·
(
Pr(c) + 1

)2
if Pr(c) ≥ 1

3

and

vmin =

{
−1

8

(
Pr(c)− 2

)2
if Pr(c) ≤ 2

3

−Pr(c) + Pr(c)2 if Pr(c) > 2
3
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It is now posed as a conjecture, that both the range and the feasible maximum and minimum
of the convergence error remain unchanged for simple loops with non-binary variables. The
conjecture was confirmed by preliminary experimental results.

9.3.2 Double Loops with Binary Nodes

In the previous section a general expression was proposed for the prior convergence error in
networks with a single simple loop with nodes with an arbitrary number of values. In this section,
the convergence error is studied in networks with a single double loop with binary nodes. A loop
will be called a double loop if it can be transformed into a simple loop by the removal of a
single arc. With respect to double loops there are, in essence, three possibilities: the double
loop includes a single convergence node with three incomingloops arcs; the double loop has
two non-consecutive convergence nodes, that is, the loop has two convergence nodes such non
of the convergence node is an ancestor of the other one; or thedouble loop has two consecutive
convergence nodes. Figure 9.9 shows an example of the first possibility; Figure 9.10 illustrates
the second possibility and an example of the third possibility is shown in Figure 9.11. Note that
for the second possibility, the convergence errors can be established for each convergence node
separately with the expression from Section 9.2.1. In this section the other two possibilities will
be adressed. First, an expression is derived for the prior convergence error in a double loop with
a single convergence node. It then is shown that the same expression holds for the convergence
error in a double loop with two consecutive convergence nodes.

A
1

A
2

A
3

C

D Pr(d) = 0.6

Pr(a1 | d) = 0.8
Pr(a1 | d̄) = 0.1

Pr(a2 | d) = 0.7
Pr(a2 | d̄) = 0.4

Pr(a3 | d) = 0.2
Pr(a3 | d̄) = 0.6

Pr(c | a1a2a3) = 0.65
Pr(c | a1a2ā3) = 0.13
Pr(c | a1ā2a3) = 0.35
Pr(c | a1ā2ā3) = 0.31
Pr(c | ā1a2a3) = 0.45
Pr(c | ā1a2ā3) = 0.25
Pr(c | ā1ā2a3) = 0.60
Pr(c | ā1ā2ā3) = 0.16

Figure 9.9: An example network with a graph including a double loop with a single convergence
nodeC with three incoming loop arcs.

Consider the graph of the network depicted in Figure 9.9. The derivation of an expression
for the prior convergence error in the probabilities computed for the convergence nodeC is
analogous to the derivation from Section 9.2.1. Upon applying Pearl’s propagation algorithm to
the network from Figure 9.9, nodesA1, A2 andA3 will send correct causal messages to nodeC.
Upon receiving these messages, nodeC establishes the approximate compound causal parameter

π̃(ci) =
∑

A1,A2,A3

Pr(ci | A
1A2A3) · πC(A1) · πC(A2) · πC(A3)

=
∑

A1,A2,A3

Pr(ci | A
1A2A3) · Pr(A1) · Pr(A2) · Pr(A3)
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A
1

A
2

A
3

C1 C2

D

Figure 9.10: An example network including a double loop withtwo non-consecutive convergence
nodesC1 andC2.

and the approximate probabilitỹPr(ci) = π̃(ci). The exact probabilityPr(ci) equals

Pr(ci) =
∑

A1,A2,A3,D

Pr(ci | A
1A2A3) · Pr(A1 | D) · Pr(A2 | D) · Pr(A3 | D) · Pr(D)

Subtracting̃Pr(ci) from Pr(ci) and manipulating the resulting terms now results in the following
expression for the convergence error:

vi = (sa1a2a3 − ta1a2a3) · w +

(sa2a3 − ta2a3) · wā1(a2a3) + (sa1a3 − ta1a3) · wā2(a1a3) + (sa1a2 − ta1a2) · wā3(a1a2)

where

sa1a2a3 =
∑

D

∏

i=1,2,3

Pr(ai | D) · Pr(D)

ta1a2a3 =
∏

i=1,2,3

∑

D

Pr(ai | D) · Pr(D)

w = Y
⋆

(a1a2a3, ci)

saman =
∑

D

Pr(am | D) · Pr(an | D) · Pr(D)

taman =

(
∑

D

Pr(am | D) · Pr(D)

)
·

(
∑

D

Pr(an | D) · Pr(D)

)

wāl(aman) = Y
⋆

āl(a
man, ci)

The convergence error is composed of the term(sa1a2a3 − ta1a2a3) · w pertaining to the entire
double loop, and the three terms(saman − taman) · wāl(aman) which pertain to the three simple
loops that are included within the double loop. Note that theexpression above again involves
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A
1

A
2

A
3

C
1

C
2

D Pr(d) = 0.6Pr(a1 | d) = 0.8
Pr(a1 | d̄) = 0.1
Pr(a2 | d) = 0.7
Pr(a2 | d̄) = 0.4
Pr(a3 | d) = 0.2
Pr(a3 | d̄) = 0.6

Pr(c1 | a1a2) = 0.9
Pr(c1 | a1ā2) = 0.3
Pr(c1 | ā1a2) = 0.5
Pr(c1 | ā1ā2) = 0.8Pr(c2 | c1a3) = 0.7

Pr(c2 | c1ā3) = 0.1
Pr(c2 | c̄1a3) = 0.2
Pr(c2 | c̄1ā3) = 0.4

Figure 9.11: A example network including a double loop with the consecutive convergence nodes
C1 andC2 with two incoming loop arcs each.

just a single value of the convergence node and therefore is valid for multi-valued convergence
nodes as well. Further note that the expression also provides for a multi-valued nodeD.

The expression for the prior convergence error for the network from Figure 9.9 is illustrated
in the following example.

Example 9.5 Consider the network from Figure 9.9. By exact inference the probabilityPr(c) =

0.317656 is established and upon loopy propagation the approximate probability of P̃r(c) =
0.32035072 is found. The prior convergence error thus equalsv = −0.00269472. Using the
expression derived above, the same error is established. For the valuec of the convergence node,
the following terms are found:

(sa1a2a3 − ta1a2a3) · w = −0.031776 · 0.72 = −0.0228787

(sa2a3 − ta2a3) · wā1(a2a3) = −0.0288 · −0.24 = 0.006912

(sa1a3 − ta1a3) · wā2(a1a3) = −0.0672 · −0.40 = 0.02688

(sa1a2 − ta1a2) · wā3(a1a2) = 0.0504 · −0.27 = −0.013608

from which the same prior convergence error ofv = −0.00269472 is computed.

Now consider a network with a double loop with two consecutive convergence nodes, as
depicted in Figure 9.11. The first convergence nodeC1 effectively is the convergence node of
a simple loop. For this node, therefore, the prior convergence error can be computed with the
expression from Section 9.2.1. In contrast withC1, the convergence nodeC2 does not receive
exact causal messages from both its parents on the loop; fromits parentC1, it receives a causal
message that includes a convergence error. The formula fromSection 9.2.1, therefore, does not
capture the prior convergence error for nodeC2. For nodeC2, the approximate probability

P̃r(c2i ) =
∑

C1,A3

Pr(c2i | C
1A3) · π̃(C1) · Pr(A3)
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is found with
π̃(C1) =

∑

A1,A2

Pr(C1 | A1A2) · Pr(A1) · Pr(A2)

from which it follows that

P̃r(c2i ) =
∑

C1,A1,A2,A3

Pr(c2i | C
1A3) · Pr(C1 | A1A2) · Pr(A1) · Pr(A2) · Pr(A3)

BecauseC2 is independent of the nodesA1 andA2 givenC1 andA3, and becauseC1 is indepen-
dent ofA3 givenA1 andA2, the following property holds:

∑

C1

Pr(c2i | C
1A3) · Pr(C1 | A1A2) = Pr(c2i | A

1A2A3)

Substituting the above expression for the appropriate terms in the expression for̃Pr(c2i ) now
gives

P̃r(c2i ) =
∑

A1A2A3

Pr(c2i | A
1A2A3) · Pr(A1) · Pr(A2) · Pr(A3)

For the approximate probabilities for the convergence nodeC2 in the network from Figure 9.11,
therefore, the same expression is found as for the approximate probabilities for the convergence
nodeC in the network from Figure 9.9. These nodes, moreover, sharethe same expression for
their exact probabilities. As a consequence, the same expression is found for the prior con-
vergence error for nodeC2 as for nodeC. Note, however, that while the quantitative parental
synergies in this expression were directly available from the network from Figure 9.9, they can-
not be found in the specifications of the network from Figure 9.11. The quantitative synergies
can, however, be computed using

Pr(c2i | A
1A2A3) =

∑

C1

Pr(c2i | C
1A3) · Pr(C1 | A1A2)

As noted, for the convergence error forC1 in the network from Figure 9.11, the expressions
from Section 9.2.1 can be used whereas for nodeC2, the expression from this section is required.
A convergence node thus has a certain degree of complexity with respect to the convergence
error found in the probabilities computed for its values. Inthe sequel, with the complexity of a
convergence nodeC the number of incoming arcs on the loop plus the number of convergence
nodes thatC has as ancestor in the loop will be indicated. The complexitydegree of nodeC1 in
the network form Figure 9.11 thus equals two and the complexity degree ofC2 equals three.

In Section 9.2.3 a range was established for the prior error for the convergence node of a
simple loop. Also, the feasible maximum and minimum values of the error were determined
as functions of the probabilityPr(c). To establish the general range of the prior convergence
error for a double loop and to find its feasible values as a function of Pr(c), as similar analysis
now is performed for the network from Figure 9.9. Again usingMathematica, it was established
experimentally for a wide range of values ofPr(c) that the convergence error could attain its
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maximum by taking the probabilitiesPr(d) andPr(c | a1a2a3) as variables in the optimisation
problem withPr(a1 | d) = Pr(a2 | d) = Pr(a3 | d) = Pr(c | ā1ā2ā3) = 1 and with the value
zero for all other conditional probabilities specified in the network. With these probabilities it
is found thatPr(c) = Pr(c | a1a2a3) · Pr(d) − Pr(d) + 1 and thatv =

(
Pr(c | a1a2a3) − 1

)
·(

Pr(d)−Pr(d)3
)
+3·

(
Pr(d)−Pr(d)2

)
. The problem of finding the maximum prior convergence

errorvmax for a given value ofPr(c) now reduces to finding the maximum of

v =
(
Pr(c | a1a2a3)− 1

)
·
(
Pr(d)− Pr(d)3

)
+ 3 ·

(
Pr(d)− Pr(d)2

)

under the constraints

Pr(c) = Pr(c | a1a2a3) · Pr(d)− Pr(d) + 1

Pr(d) ∈ [0, 1]

Pr(c | a1a2a3) ∈ [0, 1]

The function expressing the maximum prior convergence error vmax in terms ofPr(c) can now
be derived in exactly the same way as for a convergence node with two parent loop nodes. As
before, the constraints mentioned above can be rewritten as

Pr(c) = Pr(c | a1a2a3) · Pr(d)− Pr(d) + 1

Pr(d) ∈ [1− Pr(c), 1]

From the first constraint, it follows that

Pr(c | a1a2a3) =
Pr(c)− 1 + Pr(d)

Pr(d)

Substituting this term in the expression for the convergence errorv and subsequently taking the
first partial derivative ofv with respect toPr(d) gives

∂v

∂ Pr(d)
=
(
− 2 · Pr(c)− 4

)
· Pr(d) + 3

The partial derivative ofv equals zero forPr(d) = 3
2·Pr(c)+4

; it is positive for smaller values of

Pr(d) and negative for larger values. AtPr(d) = 3
2·Pr(c)+4

, therefore, the convergence errorv

attains its maximum, provided that 3
2·Pr(c)+4

∈ [1 − Pr(c), 1]. For all values ofPr(c) it holds

that 3
2·Pr(c)+4

≤ 1. The constraint 3
2·Pr(c)+4

≥ 1 − Pr(c), on the other hand, is only satisfied for

Pr(c) ≥
√

3−1
2
≈ 0.366. For values ofPr(c) smaller than

√
3−1
2

, the value forPr(d) at whichvmax

would be found is smaller than allowed for by the constraintPr(d) ≥ 1− Pr(c). The maximum
of v will then be found at the smallest value allowed forPr(d) = 1−Pr(c). At Pr(d) = 3

2·Pr(c)+4

now is found thatv = (2·Pr(c)+1)2

4·Pr(c)+8
and atPr(d) = 1 − Pr(c) is found thatv = Pr(c) − Pr(c)3.

Expressed as a function ofPr(c), the maximum prior convergence errorvmax thus equals

vmax =





Pr(c)− Pr(c)3 if Pr(c) <
√

3−1
2(

2 · Pr(c) + 1
)2

4 · Pr(c) + 8
if Pr(c) ≥

√
3−1
2
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At Pr(c) =
√

3−1
2

, both functions in the expression above yield the value3−
√

3
4

. At Pr(c) =
√

3−1
2

,

moreover, the first derivatives of both functions yield the value 3·
√

3−4
2

. The function defined
for vmax thus is continuously differentiable on the entire interval[0, 1] for Pr(c). With Pr(d) =

3
2·Pr(c)+4

the matching value ofPr(c | a1a2a3) isPr(c | a1a2a3) = 1
3
·
(
Pr(c)−1

)
·
(
2·Pr(c)+4

)
+1

and withPr(d) = 1 − Pr(c) the matching value isPr(c | a1a2a3) = 0. Figure 9.12 shows, as a
function ofPr(c), the combination of values ofPr(d) andPr(c | a1a2a3) that yield a maximum
prior convergence.

1

0.5

0

0.3660 1

P
r(

d)
, P

r(
c|

a1 a2 a3 )

Pr(c)

Pr(d)
Pr(c|a1a2a3)

Figure 9.12: The combinations of values ofPr(d) andPr(c | a1a2a3), as function ofPr(c), for
which the maximum prior convergence error is found.

Analogously, the relationship between the minimum convergence errorvmin and Pr(c) is
found to be

vmin =





(
3− 2 · Pr(c)

)2

4 · Pr(c)− 12
if Pr(c) ≤ 3−

√
3

2

−
(
1− Pr(c)

)
+
(
1− Pr(c)

)3
if Pr(c) > 3−

√
3

2

Note that atPr(c) = 3−
√

3
2

, both functions in the expression above yield the valuevmin =
√

3−3
4

.

At Pr(c) = 3−
√

3
2

, moreover, the first derivatives of the two functions yield the value of3·
√

3−4
2

.
The function defined forvmin thus also is continuously differentiable on the entire interval [0, 1]
for Pr(c). Figure 9.13(a) shows the four functions which feature in the expressions forvmax

andvmin given above; Figure 9.13(b) depicts the functionsvmax andvmin which define the area
of feasible combinations ofPr(c) andv. Note that, again,vmax andvmin are each others point
reflections in the point(Pr(c), v) = (0, 0.5).

To conclude, from the functionsvmax andvmin derived above, it is easily observed that the
prior error for the convergence node of in a double loop adopts a value in the range[−0.75, 0.75].
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0.5
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0.5
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0 1
v

Pr(c)

feasible

vmax
vmin

(b)

Figure 9.13: The four functions defining the feasiblePr(c),v-combinations (a), and the cor-
responding area of feasiblePr(c),v-combinations (b), for a convergence node with three loop
parents.

The error can attain its general minimum−0.75 only for Pr(c) = 0 and its general maximum
0.75 only for Pr(c) = 1.

9.3.3 More Complex Binary Loops

In the previous section an expression was derived for the prior convergence error found in a
convergence node with a complexity degree of three. Such a convergence node is included in a
double loop. In more complex loops, convergence nodes with ahigher complexity degree will be
found. In this section the expression of the convergence error is generalised to convergence nodes
in binary networks with a single loop of arbitrary complexity. Consider a convergence nodeC
with the binary parentsA1, . . . , An and the common parentD of A1, . . . , An. Straightforwardly
generalising the expression from the previous section gives the following expression for the
convergence errorvi for the valueci of C:

vi =
∑

m

(sam − tam) · wā1...ān\am(am)

where
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m ∈ P({1, . . . , n})

am = ax . . . ay for m = {x, . . . , y}

sam =
∑

D

∏

i∈m

Pr(ai | D) · Pr(D)

tam =
∏

i∈m

∑

D

Pr(ai | D) · Pr(D)

wā1...ān\am(am) = Y
⋆

ā1...ān\am(am, ci)

in which ā1 . . . ān\am denotes the value assignment ‘False’ to the nodes included in the set
{A1, . . . , An}\{Ax, . . . , Ay}. Note that the termsam , as before, equalsPr(ax . . . ay) and thus
accounts for the dependence betweenAx, . . . , Ay throughD. The termtam equalsPr(ax) · . . . ·
Pr(ay) and again capturesPr(ax . . . ay) under the assumption of independence ofAx, . . . , Ay.
Further note that the expression includes terms for all possible loops included in the compound
loop. The term withm = 1, . . . , n, pertains to the entire compound loop. With|m| = n− 1, the
n compound loops with a single incoming arc ofC deleted are considered, and so on. Note that,
if the number of elements ofm is smaller than two, no loop is left; the termsam equals the term
tam and(sam − tam) · wā1...ān\am(am) equals zero.

In the previous section on double loops it was argued that theexpression derived for the prior
convergence error of a double loop with a single convergencenode also applies to the second
convergence node of a double loop with two consecutive convergence nodes. This is because
for the second convergence node the same expressions for theexact probabilityPr(ci) and the
approximate probabilitỹPr(ci) can be derived as for the convergence node in a double loop with
a single convergence node. Analogously, for more complex loops, the same expressions for the
exact and the approximate probabilities can be derived for convergence nodes with the same
complexity, irrespective of the graphical structure. The expression for the convergence error
given above, therefore, is applicable to all convergence nodes with a complexity degreen in a
binary network with a single loop. For convergence nodes with a higher complexity than the
number of incoming arcs on the loop, that is, for convergencenode with a convergence node in
the same loop as an ancestor, again, however, it may be necessary first to establish the required
factors from the specification of the network.

In Sections 9.2.3 and 9.3.2 the relationships between the feasible maximum and minimum
for the prior convergence error and the probabilityPr(c) were determined for convergence nodes
of with a complexity degree of two and three. The results in these sections now suggest a gen-
eralisation of the analysis of this relationship given a convergence node of arbitrary complex-
ity. Recall that for convergence nodes of simple and double loops, it was found experimentally
that the maximum convergence errorvmax could be attained by taking the probabilitiesPr(d)
and Pr(c | a1 . . . an) as variables in the maximisation problem withPr(ai | d) = 1 for all
i = 1, . . . , n, Pr(c | ā1 . . . ān) = 1, and with the value zero for all other probabilities specified
in the network. This specification readily is applicable to aconvergence node withn incoming
arcs on the loop. With these probabilities, as before, a reduced optimisation problem results.
Analogous to before is found thatPr(c) = Pr(c | a1 . . . an) · Pr(d)− Pr(d) + 1. Now below an
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expression forv for the reduced maximisation problem is derived. Writingx for Pr(d) andr for
Pr(c | a1 . . . an), for n is even, the term from the convergence error which applies tothe entire
compound loop includes

w(a1 . . . an) = r + 1

sa1...an = x

ta1...an = xn

The terms which apply to the loops with a single incoming arc of the convergence node deleted,
include

wāi(a1 . . . an\ai) = −1

sa1...an\ai = x

ta1...an\ai = xn−1

Note that this term pertains to
(

n
1

)
different joint value assignmentsa1 . . . an\ai. The terms which

apply to the loops with two incoming arcs of the convergence node deleted, include

wāiāj(a1 . . . an\ai, aj) = 1

sa1...an\aiaj = x

ta1...an\aiaj = xn−2

Note that this term pertains to
(

n
2

)
different joint value assignmentsa1 . . . an\ai, aj. An so on.

For n is even, therefore, for the reduced optimisation problem the convergence error can be
written as

v = (r + 1) · (x− xn)−

(
n

1

)
· (x− xn−1) +

(
n

2

)
· (x− xn−2)− . . .+

(
n

n− 2

)
· (x− x2)

= r · (x− xn) +
n−2∑

k=0

(
n

k

)
(x− xn−k) · (−1)k

= r · (x− xn) + x ·
n−2∑

k=0

(
n

k

)
· (−1)k −

n−2∑

k=0

(
n

k

)
· xn−k · (−1)k

Using the binomium of Newton
∑n

k=0

(
n
k

)
·ak · bn−k = (a+ b)n andn being even, it is found that

n−2∑

k=0

(
n

k

)
· (−1)k =

n∑

k=0

(
n

k

)
· (−1)k · (1)n−k − n · (−1)n−1 − (−1)n

= (−1 + 1)n − n · (−1)n−1 − (−1)n

= n− 1

and that
n−2∑

k=0

(
n

k

)
· xn−k · (−1)k =

n∑

k=0

(
n

k

)
· xn−k · (−1)k − n · x · (−1)n−1 − (−1)n

= (x− 1)n + n · x− 1
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Substituting these two results in the expression forv above and again usingn being even, gives

v = r · (x− xn)− (1− x)n − x+ 1

For an oddn, the same expression is found by a similar derivation.
The problem of finding the maximum prior convergence errorvmax for a given value ofPr(c)

thus is reduced to finding the maximum of

v = Pr(c | a1 . . . an) · (Pr(d)− Pr(d)n)− (1− Pr(d))n − Pr(d) + 1

under the constraints

Pr(c) = Pr(c | a1 . . . an) · Pr(d)− Pr(d) + 1

Pr(d) ∈ [0, 1]

Pr(c | a1 . . . an) ∈ [0, 1]

These constraints can again be reformulated as

Pr(c) = Pr(c | a1 . . . an) · Pr(d)− Pr(d) + 1

Pr(d) ∈ [1− Pr(c), 1]

Recall that for establishingvmax, for convergence nodes with a complexity degree of two
and three,Pr(d) had to be set to the boundary1 − Pr(c) of its feasible interval whenPr(c)
was smaller than a particular value in order to ensure thatPr(d) ≥ 1 − Pr(c) and thus that
Pr(c | a1 . . . an) ≥ 0. This value ofPr(c) depended on the complexity degree of the convergence
node. It is conjectured that for alln there exists such a value forPr(c) and that this value
increases with increasingn; this value will be denoted byC∗(n). At Pr(d) = 1− Pr(c) is found
thatPr(c | a1 . . . an) = 0, resulting in

vmax = Pr(c)− Pr(c)n for Pr(c) ≤ C∗(n)

Likewise is found that

vmin = −(1− Pr(c)) + (1− Pr(c))n for Pr(c) ≥
(
1− C∗(n)

)

Note, that forPr(c) = 1 is found thatPr(d) ≥
(
1 − Pr(c)

)
⇔ Pr(d) ≥ 0, which implies that

the restrictionPr(d) ≥
(
1− Pr(c)

)
is fulfilled for anyPr(d) ∈ [0, 1], irrespective of the number

of parentsn, thereforeC∗(n) < 1.
Furthermore, the results for two and three parents suggest that, given a fixed number of

parents, the general maximumvgmax is found atPr(c) = 1. Given thatPr(c) = 1, is found that
Pr(c | a1 . . . an) = 1 andPr(d) = 0.5 (recall thatPr(d) = 0 is left out of consideration since
given thatPr(d) = 0 effectively no loop is present andv = 0). SubstitutingPr(c | a1 . . . an) = 1
andPr(d) = 0.5 in the expression forv = r · (x− xn)− (1− x)n − x+ 1 yields forPr(c) = 1

vgmax = 2 ·

(
1

2
−
(1

2

)n
)
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9.3. Generalising the Prior Convergence Error

Likewise is found that, given a fixed number of parents, the general minimumvgmin, which is
found atPr(c) = 0, equals

vgmin = −2 ·

(
1

2
−
(1

2

)n
)

For n → ∞ the extremes approach1 and−1 respectively which implies that in generalv ∈
〈−1, 1〉.

Note that the extremes of the prior convergence error for an arbitrary probabilityPr(ci) were
conjectured to depend only on the degree of complexity of theconvergence node and not on the
cardinality of these nodes. Therefore, in establishing thegeneral extremes of the convergence
error for a convergence node with a complexity degree ofn, the expressions forvgmax andvgmin

as given above can be used.

9.3.4 Compound Loops in General

In the previous two sections, the expression for the convergence error was extended to simple
loops with non-binary nodes and to compound loops with binary nodes. Now, supported by
experimental results, it is posed as a conjecture, that these expressions combine into the following
general expression for the prior convergence error for networks with a single loop of arbitrary
complexity with nodes with an arbirary number of values. Given a convergence nodeC with the
parentsA1, . . . , An and given the common parentD of A1, . . . , An, the convergence error equals

vi =
∑

m


∑

Am

(
(sAm − tAm) ·

∑

A1,...,An\Am

wA1,...,An\Am(Am)
)

 /2n

where

m ∈ P({1, . . . , n})

Am = Ax, . . . , Ay, m = {x, . . . , y}

sAm =
∑

D

∏

i∈m

Pr(Ai | D) · Pr(D)

tAm =
∏

i∈m

∑

D

Pr(Ai | D) · Pr(D)

wA1...An\Am(Am) = Y
⋆

A1...An\Am(Am, ci)

Note that, as before, the termsAm equalsPr(Ax . . . Ay) and thus captures the dependence be-
tween the nodesAx, . . . Ay throughD and that the termtAm equalsPr(Ax) · . . . ·Pr(Ay) and thus
capturesPr(Ax . . . Ay) under the assumption of independence ofAx, . . . , Ay. Again, if the num-
ber of elements ofm is smaller than two, then the termsAm equals the term andtAm and thus∑

Am

(
(sAm − tAm) ·

∑
A1,...,An\Am wA1,...,An\Am(Am)

)
equals zero. Following the same line

of reasoning as in the previous section, it is posed that the expression for the prior convergence
error from this section is applicable to all convergence nodes with complexityn.
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9. Convergence Nodes

Note that the expression above does not provide a computational efficient way to establish
the exact probility ofPr(c) from P̃r(c) andv, compared with the brute force computation of this
probability.

Pr(c) =
∑

A1,...,An,D

Pr(c | An) · Pr(A1 | D) · . . . · Pr(A1 | D) · Pr(D)

The general expression, however, does show that the basic structure of the prior convergence
error is preserved for networks with a single loop of arbitrary complexity with arbitrary-valued
nodes. The convergence error still is composed of factorss − t, that reflect the dependencies
between the values of the parents of the convergence node, and factorsw, that determine to what
extent these dependencies can affect to computed probability.

9.4 The Posterior Convergence Error

The error that is introduced by the loopy-propagation algorithm in the probabilities computed for
a convergence node of a Bayesian network in the prior state, may change in size as soon as an
observation is entered for a node of which the convergence node is dependent. In a network with
a single simple loop, the observation can affect the error through causal messages or through
diagnostic messages to the convergence node. The former type of observation will be called a
causal observationand the latter type will be termed adiagnostic observation; the observation of
the convergence node itself is left out of consideration in this section since after its observation
the exact probabilities of the convergence node are known.

A causal observation trivially changes the prior convergence error computed with one of the
expressions from the previous sections by conditioning allprobabilities involved on the entered
observation. Note that causal observations, as a consequence, do not change the range of the
convergence error. Consider, as an example, the network fromFigure 9.14. Observations for the
nodesE, F , G, H andI represent all possible types of causal observation for the convergence
nodeC. In the network in the prior state, for example, the factorw = Pr(c | ab)− Pr(c | ab̄)−
Pr(c | āb) + Pr(c | āb̄) of the convergence error for the valuec of nodeC is computed from the
conditional probabilitiesPr(c | ABH) and the prior probabilitiesPr(H). After the observation
of, for exampleH = h, the factorw is computed from the conditional probabilitiesPr(c | ABh).
The observation ofH thus may change the factorw. Referring to Figure 9.2, an observation
whose effect enters the loop through a causal message toC thus may change the curvature of the
surface. Likewise, observation of the nodesE orG may change the factorz = Pr(d) − Pr(d)2

of the convergence error and thus may change the location of the exact probabilityPr(c) on the
line segment. The observation of nodeF may change the factorx = Pr(a | d)− Pr(a | d̄), and
thus may change the orientation of the line segment that expresses the exact probabilityPr(c).
The observation ofI to conclude may change the factorsy = Pr(b | d) − Pr(b | d̄) andz and
thus may change both the orientation of the line segment and the location of the exact probability
on the segment.

A diagnostic observation, on the other hand, fundamentallychanges the expression of the
convergence error by including an additional factor. In thefollowing section, the posterior con-
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A B

C

D

E

F G

H I

Figure 9.14: A multiply connected Bayesian network including a convergence nodeC with the
dependent parentsA andB.

vergence error given a diagnostic observation is studied for a binary convergence node; Section
9.4.2 briefly reviews the error for a convergence node with anarbitrary number of values.

9.4.1 Binary Nodes

Consider a network composed of just a binary nodeC and its childF , and suppose that the
observationF = f is entered. Pearl’s algorithm computes the posterior probabilities for nodeC
from the compound diagnostic parameterλ(C) = Pr(f | C) and the compound causal parameter
π(C), using the data-fusion rule

Pr(C | f) = α · λ(C) · π(C)

Normalisation then results in the posterior probability

Pr(c | f) =
Pr(f | c) · π(c)

Pr(f | c) · π(c) + Pr(f | c̄) ·
(
1− π(c)

)

for the valuec of C.
Now consider the network from Figure 9.15; this network differs from the network from

Figure 9.1, in that a childF is added for the convergence nodeC. Suppose that the observa-
tion F = f is entered into the network. Pearl’s algorithm now computesthe compound causal
parameter̃π(C) for the convergence nodeC using the causal messagesπ̃C(A) andπ̃C(B) it re-
ceives from its parents. As argued in Chapter 8, after an observation has been entered for node
F , these messages may include a cycling error. In determiningthe posterior convergence error,
the cycling error is left out of consideration and it is assumed that nodeC receives the correct
causal messagesπC(A) andπC(B) from nodesA andB; the effect of the cycling error will be
discussed in Section 9.5. From the exact causal messagesπC(A) andπC(B) nodeC computes a
compound causal parameter that includes just a convergenceerror. This causal parameter will be
indicated with̃πconv. Note that̃πconv(c) of the posterior network equals̃π(c) of the prior network
and thus equals̃Pr(c). The posterior probability ofc given f that is established from̃πconv(c)

will be indicated bỹPrconv(c | f).
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A B

C

D

F

Pr(d) = 0.5

Pr(a | d) = 0.4
Pr(a | d̄) = 1.0

Pr(b | d) = 0.2
Pr(b | d̄) = 1.0

Pr(c | ab) = 1
Pr(c | ab̄) = 0

Pr(c | āb) = 0
Pr(c | āb̄) = 1

Pr(f | c) = 0.2
Pr(f | c̄) = 0.9

Figure 9.15: A multiply connected Bayesian network including a convergence nodeC with the
dependent parentsA andB and the childF .

Recall that in the graphical illustration of the prior convergence error for nodeC in Figure
9.2, the depicted line segment captures, for the networks from Figures 9.1 and 9.15 in their prior
states alike, the exact prior probabilityPr(c) = π(c) as a function ofPr(d), given the conditional
probabilities for nodesA, B andC. The surface captures, again for the networks in their prior
states, the approximate probabilitỹPr(c) = π̃(c) as a function ofπC(a) andπC(b), given the
conditional probabilities for nodeC. When the transformation that is defined byPr(c | f) =

Pr(f |c)·π(c)

Pr(f |c)·π(c)+Pr(f |c̄)·
(
1−π(c)

) is applied to the surface and the line segment, Figure 9.16 results in

which the curve segment capturesPr(c | f) and the surface captures̃Prconv(c | f). The curve
segment lies on the curve defined by

x = 0.75 · y + 0.25 and z =
2.77019 · x− 3.14286

x− 1

The surface equals

z =
0.4 · x · y − 0.2 · x− 0.2 · y + 0.2

−1.4 · x · y + 0.7 · x+ 0.7 · y + 0.2

As for the prior state of the network, the approximate probability P̃rconv(c | f) is found as the
orthogonal projection of the exact probabilityPr(c | f) on the surface. This because the cycling
error is left out of consideration. Note that compared to Figure 9.2, the line segment has changed
into a curve segment and also the surface has deformed. Thesechanges contrast the effect of a
causal observation.

By subtractingP̃rconv(c | f) from Pr(c | f), an expression is derived for the posterior
convergence error found in the probability forc givenf :

Pr(c | f)− P̃rconv(c | f) =
Pr(f | c) · π(c)

Pr(f)
−

Pr(f | c) · π̃conv(c)

P̃r(f)

where

Pr(f) = Pr(f | c) · π(c) + Pr(f | c̄) · π(c̄)

P̃r(f) = Pr(f | c) · π̃conv(c) + Pr(f | c̄) · π̃conv(c̄)
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x
y

z

01

1

0.441

0.207

1

0

Figure 9.16: The line segment capturingPr(c | f) and the surface capturing̃Prconv(c | f) for the
network from Figure 9.15.

Rearranging terms gives

u =
Pr(f | c) · Pr(f | c̄) · v

Pr(f) ·
(

Pr(f)−
(
Pr(f | c)− Pr(f | c̄)

)
· v
) (9.1)

where

v = π(c)− π̃conv(c)

denotes the prior convergence error in the probability ofc computed for nodeC.
The expression derived above for the posterior convergenceerror is illustrated by the follow-

ing example.

Example 9.6 The prior convergence errorv for the valuec of nodeC in the network from Figure
9.15 equalsl ·m ·n ·w = −0.6 ·−0.8 · 0.25 · 2 = 0.24; the prior probabilityPr(f) is established
from Pr(f | c) = 0.2 andPr(f | c̄) = 0.9, and equalsPr(f) = 0.354. Now suppose that the
observationF = f is entered. The posterior convergence errorPr(c | f) − P̃rconv(c | f) is
computed to be 0.2·0.9·0.24

0.354·
(
0.354−(0.2−0.9)·0.24

) ≈ 0.233.

The posterior convergence error is a function ofPr(f | c), Pr(f | c̄), π(c) andv. Since
Pr(f | c), Pr(f | c̄) andπ(c) are probabilities, they are included in the interval[0, 1]; since the
convergence node has two parents in the loop, moreover, the prior convergence errorv essentially
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9. Convergence Nodes

lies in [−0.5, 0.5]. Recall, however, from Section 9.2 that, in a network in its prior state, the
possiblePr(c), v-combinations are restricted. Since, given a diagnostic observation,π(c) equals
Pr(c), the same restrictions apply to the possibleπ(c), v-combinations. Given two parents of the
convergence nodeC, therefore

vmax =

{
π(c)− π(c)2 if π(c) ≤ 1/3

1
8
· (π(c) + 1)2 if π(c) ≥ 1/3

and

vmin =

{
−1

8
(π(c)− 2)2 if π(c) ≤ 2/3

−π(c) + π(c)2 if π(c) > 2/3

Since the causal parameterπ(c) is used in the computation ofPr(f), the restrictions on the
π(c), v-combinations also restrict the possiblePr(f), v-combinations.

Example 9.7 Consider a convergence nodeC with a childF and suppose that the observation
F = f has been entered. The feasiblePr(f),v-combinations now are derived by establishing
the maximumvmax and the minimumvmin of the prior convergence error usingPr(f) = Pr(f |
c) · π(c) + Pr(f | c̄) · (1 − π(c)). With, for example,Pr(f | c) = 1 andPr(f | c̄) = 0.1 the
following functions are found

vmax =





(
Pr(f)−0.1

0.9

)
−
(

Pr(f)−0.1
0.9

)2

if Pr(f) < 0.4

1
8
·
(

(Pr(f)+0.8)
0.9

)2

if Pr(f) ≥ 0.4

vmin =





−1
8

(
Pr(f)−1.9

0.9

)2

if Pr(f) ≤ 0.7

−
(

Pr(f)−0.1
0.9

)
+
(

Pr(f)−0.1
0.9

)2

if Pr(f) > 0.7

and with, for example,Pr(f | c) = 0.1 andPr(f | c̄) = 1 is found that

vmax =





1
8
·
(

(1.9−Pr(f))
0.9

)2

if Pr(f) ≤ 0.7
(

1−Pr(f)
0.9

)
−
(

1−Pr(f)
0.9

)2

if Pr(f) > 0.7

vmin =





−
(

1−Pr(f)
0.9

)
+
(
1− Pr(f)

0.9

)2

if Pr(f) < 0.4

−1
8

(
−Pr(f)−0.8

0.9

)2

if Pr(f) ≥ 0.4

In the Figures 9.19(a) and 9.19(b) the areas with the feasiblePr(f),v-combinations, givenPr(f |
c) = 1,Pr(f | c̄) = 0.1 andPr(f | c) = 0.1,Pr(f | c̄) = 1, respectively, are indicated.

Figures 9.17 and 9.18 now depict the posterior convergence error u for the valuec of nodeC
as a function ofPr(f) andv; Figure 9.17 shows the error forPr(f | c) = 1 andPr(f | c̄) = 0.1
and Figure 9.18 shows the error forPr(f | c) = 0.1 andPr(f | c̄) = 1. Note that the Figures
9.17 and 9.18 only showu for feasiblePr(f),v-combinations.
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Pr(f)

u

0.1

1 -0.5
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v
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-0.5

 0

 0.5
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Figure 9.17: The posterior convergence erroru = Pr(c | f) − P̃rconv(c | f) for a convergence
nodeC with an observed childF , as a function of the prior convergence errorv = Pr(c)− P̃r(c)
and the prior probabilityPr(f) given thatPr(f | c) = 1 andPr(f | c̄) = 0.1.

Pr(f)

u
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Figure 9.18: The posterior convergence erroru = Pr(c | f) − P̃rconv(c | f) for a convergence
nodeC with an observed childF , as a function of the prior convergence errorv = Pr(c)− P̃r(c)
and the prior probabilityPr(f) given thatPr(f | c) = 0.1 andPr(f | c̄) = 1.
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0.5

0

-0.5
0.1 1

Pr(f)

feasible

vmax
vmin

(a)

0.5

0

-0.5
0.1 1

Pr(f)

feasible

vmax
vmin

(b)

Figure 9.19: The feasiblePr(f),v-combinations given thatPr(f | c) = 1 andPr(f | c̄) = 0.1
(a), and given thatPr(f | c) = 0.1 andPr(f | c̄) = 1 (b).

In the remainder of this section some of the characteristicsof the functionu are discussed.
First of all, the sign of the posterior convergence erroru equals the sign of the prior convergence
errorv because the sign of the numerator of Expression 9.1 equals the sign ofv and the sign of
the denominator of the expression is always positive. The latter because|Pr(f | c) − Pr(f |
c̄)| ≤ Pr(f) andv ∈ [−0.5, 0.5]. From the numerator of the first derivative ofu with respect tov

∂u

∂v
=

Pr(f | c) · Pr(f | c̄)
(
(π(c)− v) ·

(
Pr(f | c)− Pr(f | c̄)

)
+ Pr(f | c̄)

)2

being positive, furthermore, it follows that, all other factors being constant,u increases with
increasingv. Furthermore, obviously, given thatPr(f) 6= 0, the posterior convergence error
equals zero forPr(f | c) = 0, Pr(f | c̄) = 0 or v = 0. For Pr(f | c) = 0 the computed
probability P̃r(c | f) = Pr(f |c)·eπconv(c)

Pr(f |c)·eπconv(c)+Pr(f |c̄)·eπconv(c̄)
, is independent of the causal parameter

π(c)conv, and therefore, an error inπconv(c), cannot affect the computed probabilitỹPr(c | f).
A similar observation holds forPr(f | c̄) = 0. For v = 0, no error is present iñπconv(c), and
thus obviouslỹPrconv(c | f) indeed equalsPr(c | f). Furthermore, forPr(f | c) = Pr(f | c̄),
u equalsv. This is not surprising because given thatPr(f | c) = Pr(f | c̄), C andF are
independent.

Moreover, the expression of the posterior convergence error is ill-defined for the combination
π(c) = 0 andPr(f | c̄) = 0 and for the combinationπ(c) = 1 andPr(f | c) = 0. In both cases
is found thatPr(f) = 0. Below the limit ofu for π(c) = 0 andPr(f | c̄) ↓ 0 is established,
assuming thatv 6= 0. Forπ(c) = 0, is found that

u =
Pr(f | c) · Pr(f | c̄) · v

Pr(f | c̄)2 − Pr(f | c̄) ·
(
Pr(f | c)− Pr(f | c̄)

)
· v
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Division byPr(f | c̄) gives

u =
Pr(f | c) · v

Pr(f | c̄)−
(
Pr(f | c)− Pr(f | c̄)

)
· v

and takingPr(f | c̄) = 0 gives

lim
Pr(f |c̄)↓0

= −1

The limit for π(c) = 1 andPr(f | c) ↓ 0 andv 6= 0 can be established analogously to be equal
to 1. For the range of the posterior convergence error thus is found thatu ∈ 〈−1, 1〉. Note that
for the combinationsπ(c) = 0, Pr(f | c̄) ↓ 0 andπ(c) = 1, Pr(f | c) ↓ 0, extremely small
probabilitiesPr(f) are found. The posterior convergence error thus reaches itsextreme values
for extreme unlikely observationsF = f .

9.4.2 Multiple-valued Nodes

In this section, the posterior convergence error given nodes with an arbitrary number of values
is discussed. In the derivation of the posterior convergence error in the previous section, the
cardinality of nodeF was not relevant; the derived expression thus is directly applicable to
all values of an arbitrary-valued nodeF . The derived expression is not applicable to a non-
binary nodeC however. Below the expression for the posterior convergence error given an
convergence nodeC with an arbitrary number of values is derived. Given such a convergence
nodeC, the posterior convergence error in the probability computed for the valueck of C given
the observationF = f equals

uk = Pr(ck | f)− P̃rconv(ck | f)

=
Pr(f | ck) · π(ck)

Pr(f)
−

Pr(f | ck) · (π(ck)− vk)

P̃r(f)

=
Pr(f | ck) · π(ck) · P̃r(f)− Pr(f | ck) · (π(ck)− vk) · Pr(f)

Pr(f) · P̃r(f)

where

Pr(f) =
∑

C

Pr(f | C) · π(C)

P̃r(f) =
∑

C

Pr(f | C) · (π(C)− vC)
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in whichvC denotes the prior convergence error for the relevant value of nodeC. The numerator
of the expression above equals

Pr(f | ck) · π(ck) ·
∑

C

Pr(f | C) · (π(C)− vC)

−Pr(f | ck) · (π(ck)− vk) ·
∑

C

Pr(f | C) · π(C)

= Pr(f | ck) · π(ck) ·
(

Pr(f | ck) · (π(ck)− vk) +
∑

C\ck

Pr(f | C) · (π(C)− vC)
)

−Pr(f | ck) · (π(ck)− vk) ·
(

Pr(f | ck) · π(ck) +
∑

C\ck

Pr(f | C) · π(C)
)

= Pr(f | ck) · π(ck) ·
∑

C\ck

Pr(f | C) · (π(C)− vC)

−Pr(f | ck) · (π(ck)− vk) ·
∑

C\ck

Pr(f | C) · π(C)

= Pr(f | ck) ·∑

C\ck

(
π(ck) · Pr(f | C) · (π(C)− vC)− (π(ck)− vk) · Pr(f | C) · π(C)

)

= Pr(f | ck) ·
∑

C\ck

Pr(f | C) · (π(C) · vk − π(ck) · vC)

and the denominator equals

Pr(f) ·
∑

C

Pr(f | C) · (π(C)− vC) =

Pr(f) · (Pr(f)−
∑

C

Pr(f | C) · vC)

which results in the following expression for the posteriorconvergence error

uk =
Pr(f | ck) ·

∑
C\ck

Pr(f | C) · (π(C) · vk − π(ck) · vC)

Pr(f) · (Pr(f)−
∑

C Pr(f | C) · vC)

Analogous to the binary case is found thatuk is undefined forPr(f | ck) = 0 andπ(ck) =
1 and for

∑
C\ck

Pr(f | C) = 0 and
∑

C\ck
π(C) = 1. Note that thus again the posterior

convergence error is undefined forPr(f) = 0. Below the limituk for π(ck) = 1 andPr(f | ck) ↓
0 is established, assuming that

∑
C\ck

vC 6= 0. Using that∀C\ck
π(C) = 0 is found that

uk =
Pr(f | ck) ·

∑
C\ck

Pr(f | C) · (−vC)

Pr(f | ck) · (Pr(f | ck)−
∑

C Pr(f | C) · vC)
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9.5. The Cycling Error Entering the Convergence Node

division byPr(f | ck), and then takingPr(f | ck) = 0 gives:

lim
Pr(f |ck)↓0

uk =

∑
C\ck

Pr(f | C) · (−vC)

−
∑

C\ck
Pr(f | C) · vC

= 1

For the limit ofuk for
∑

C\ck
π(C) = 1 and

∑
C\ck

Pr(f | C) ↓ 0 assuming thatvk 6= 0 is found
that,

uk =
Pr(f | ck) ·

∑
C\ck

Pr(f | C) · π(C) · vk∑
C\ck

Pr(f | C) · π(C) · (
∑

C\ck
Pr(f | C) · π(C)−

∑
C Pr(f | C) · vC)

division by
∑

C\ck
Pr(f | C) · π(C) gives

uk =
Pr(f | ck) · vk∑

C\ck
Pr(f | C) · π(C)−

∑
C Pr(f | C) · vC

=
Pr(f | ck) · vk∑

C\ck
Pr(f | C) · π(C)−

∑
C\ck

Pr(f | C) · vC − Pr(f | ck) · vk

and finally taking
∑

C\ck
Pr(f | C) = 0 gives:

limP
C\ck

Pr(f |ck)↓0
uk =

Pr(f | ck) · vk

−Pr(f | ck) · vk

= −1

Thus, as in the binary case,uk ∈ 〈−1, 1〉.

9.5 The Cycling Error Entering the Convergence Node

As argued in Section 8, the approximation of a probability for a convergence node given one of
its descendents may not just include a convergence error. Given that for all convergence nodes
in the loop, the convergence node itself or one of its descendants is observed, information may
cycle in the loop and the causal messages of the parents of theconvergence nodes may include a
cycling error. As a result, a cyling error is included in the compound causal parameters computed
for the convergence nodes which in turn results in a cycling error in the approximations for the
convergence nodes. The additional error is illustrated in Figures 9.21 and 9.22.

Figure 9.21 shows graphically the prior errorπ(c)− π̃(c) found in the network from in Figure
9.20. Again, the line segment captures the exact compound parametersz = π(c) as a function of
Pr(d) given the conditional probabilities forA,B andC from the network. For this line segment
it is the case that 


x
y
z


 =




1
0.80
0.28


 · Pr(d) +




0
0.10
0.62




89



9. Convergence Nodes

A B

C

D

F

Pr(d) = 0.5

Pr(a | d) = 1.0
Pr(a | d̄) = 0.0

Pr(b | d) = 0.9
Pr(b | d̄) = 0.1

Pr(c | ab) = 1.0
Pr(c | ab̄) = 0.0

Pr(c | āb) = 0.8
Pr(c | āb̄) = 0.6

Pr(f | c) = 0.8
Pr(f | c̄) = 0.3

Figure 9.20: A multiply connected Bayesian network with a convergence nodeC having the
dependent parentsA andB and the childF .

In the example networkPr(d) = 0.5 and the matchingz = π(c) = 0.76. The surface captures
the approximate compound parametersz = π̃(c) as a function ofx = πC(a) andy = πC(b)
given the conditional probabilities for nodeC. The equation of the surface is

z = 0.8 · x · y − 0.6 · x+ 0.2 · y + 0.6

In the example network,πC(a) = 0.5, πC(b) = 0.5 and the matching̃π(c) = 0.6. The prior
convergence errorπ(c)− π̃(c) = 0.76− 0.6 equals0.16.

x
y

z

01

1

0.76

0.60

1

0

Figure 9.21: The line segment capturingPr(c) and the surface, capturing̃Pr(c) for the network
from Figure 9.20.
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9.5. The Cycling Error Entering the Convergence Node

Figure 9.22 shows, for the same network, the situation afterthe observationF = f has been
entered. The curve segment now capturesPr(c | f) as a function ofPr(d), again given the
conditional probabilities forA, B andC from the example network. For this curve segment
applies that

x = 1.25 · y − 1.125 and z =
0.224 · x+ 0.496

0.14 · x+ 0.61

x
y

z

01

1

0.765
0.8

0.894

1

0

Figure 9.22: The line segment capturingPr(c | f) and the surface, capturing̃Prconv(c | f) and
P̃r(c | f) for the network from Figure 9.20.

WhenPr(d) = 0.5, as in the example network, the matchingz = Pr(c | f) = 0.894. The surface
captures the approximations forc givenf as a function ofx = πC(a) andy = πC(b) given the
conditional probabilities ofC from the example network. The equation of the surface is

z =
0.64 · x · y − 0.48 · x+ 0.16 · y + 0.48

0.4 · x · y − 0.3 · x+ 0.1 · y + 0.6

In the example network, the exact causal messages equalπC(a) = 0.5 andπC(b) = 0.5, result
in a compound causal parameter with just a convergence errorof π̃conv(c) = 0.6 and in an
approximation with just a convergence error of̃Prconv(c | f) = 0.8. The causal messages,
however include a cycling error and equalπ̃C(a) ≈ 0.6180 andπ̃C(b) ≈ 0.4607 resulting in the
actual compound causal parameterπ(c) = 0.5491 and in the actual approximatioñPr(c | f) ≈
0.765. In the network from Figure 9.20 the total error found in the probability computed forc
givenf thus equals approximately0.894− 0.765 = 0.129.
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9. Convergence Nodes

Experiments showed that the point(π̃C(a), π̃C(b)) is located on the line that is defined by the
point with the exact causal messages(πC(a), πC(b)) and the orthogonal projection of the saddle

point of the surface on the base

(
− Y

⋆

ā (b,c)

Y
⋆
(ab,c)

,−
Y

⋆

b̄
(a,c)

Y
⋆
(ab,c)

)
. The equation of this line is

y =
Y

⋆

b̄
(a, c) + Y

⋆

(ab, c) · πC(b)

Y
⋆

ā (b, c) + Y ⋆(ab, c) · πC(a)
· x+

Y
⋆

ā (b, c) · πC(b)− Y
⋆

b̄
(a, c) · πC(a)

Y
⋆

ā (b, c) + Y ⋆(ab, c) · πC(a)

−0.25 0 0.5 0.6180 1

0.4607
0.5

0.75

1

SP

(π(a), π(b))
(π̃C(a), π̃C(b))

Figure 9.23: The line on which the approximate causal messages(π̃C(a), π̃C(b)) from nodesA
andB to nodeC of the example network from Figure 9.20 are located given theobservationF =
f . The line is defined by the saddle point SP of the surface with the approximate probabilities of
c givenf and the exact causal messages(πC(a), πC(b)).

Example 9.8 For the example network from Figure 9.20, the equation of the line on which the
approximate causal messages are located equals

y = −
1

3
· x+

2

3

The line is depicted in Figure 9.23. The approximate causal messages found upon loopy prop-
agation(π̃C(a), π̃C(b)) ≈ (0.6180, 0.4607) indeed are found on the line defined by the saddle
point (−0.25.0.75) of the surface and the exact causal messages(πC(a), πC(b)) = (0.5, 0.5).
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Chapter 10

Inner Nodes

The previous chapter discussed the errors which are found inthe probabilities computed for the
convergence nodes of the loops of a Bayesian network upon loopy propagation. This chapter
focusses on the inner nodes of the loops and elaborates, morespecifically, on the effect of the
cycling error on the decisiveness of the computed approximations. In Section 10.1, an expression
is derived that relates for a binary network with just a simple loop, the exact probabilities for the
inner loop nodes to the computed approximate probabilities. The derivation is analogous to the
one constructed by Weiss [71] for an equivalent algorithm applied to a pairwise Markov networks
with a single loop; the analysis of Weiss will be reviewed in more detail in Section 11.2. In
Section 10.2, from the derived relationship between the exact and approximate probabilities the
relationship between the decisiveness of the approximations on the one hand and the concepts
of qualitative influence and intercausal influence from qualitative probabilistic networks on the
other hand, is detailed.

10.1 The Relationship Between the Exact and the Approxi-
mate Probabilities

In relating, the exact probabilities of the inner loop nodesto the approximate probabilities found
upon loopy propagation, the Bayesian network from Figure 10.1 given the observationD = d, is
considered. The following now builds upon the observation that the updating of a message vector
during propagation can be captured by a transition matrix. First, the matrices that describe the
information that is included into a message vector during one clockwise cycle, and during one
counterclockwise cycle respectively, from the inner loop nodeA back to itself will be derived.
The eigenvalues of these matrices then are used to express the relationship between the exact and
approximate probabilities found at nodeA. In the sequel a transition matrix that captures the
update of a message vector during an entire cycle will be termed areflexivetransition matrix.

To derive the reflexive transition matrix that captures the information that is added during
one clockwise cycle from nodeA back to itself, the updating of the initial diagnostic message
λC(A) = (1, 1) during the first cycle of the algorithm is considered. In the first step of the
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10. Inner Nodes

A

B

C

D

Pr(a) = x

Pr(b | a) = p
Pr(b | ā) = q

Pr(c | ab) = r
Pr(c | ab̄) = s
Pr(c | āb) = t
Pr(c | āb̄) = u

Pr(d | c) = y
Pr(d | c̄) = z

Figure 10.1: A multiply connected Bayesian network with a convergence nodeC having the
dependent parentsA andB, and the childD.

algorithm, nodeA sends the causal message

πB(A) =

[
x

1− x

]

to nodeB, which subsequently sends the message vector

πC(B) =

[
p · x+ q · (1− x)

(1− p) · x+ (1− q) · (1− x)

]

to nodeC. The diagnostic message thatC receives from nodeD equals

λD(C) =

[
y
z

]

Since nodeC does not have any other children, its compound diagnostic parameter also equals

λ(C) =

[
y
z

]

This compound diagnostic parameter and the causal message that nodeC receives from nodeB
are combined with the information that nodeC has about its own conditional probabilities, into
the following diagnostic message from nodeC back to nodeA

λC(A) =

[
λ(c) ·

(
r · πC(b) + s · πC(b̄)

)
+ λ(c̄) ·

(
(1− r) · πC(b) + (1− s) · πC(b̄)

)

λ(c) ·
(
t · πC(b) + u · πC(b̄)

)
+ λ(c̄) ·

(
(1− t) · πC(b) + (1− u) · πC(b̄)

)
]

After the first clockwise cycle of the algorithm, therefore,the initial diagnostic message(1, 1)
has been updated to the messageλC(A) given above. The reflexive transition matrix

M�A,d =

[
l m
n o

]
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10.1. The Relationship Between the Exact and the Approximate Probabilities

that captures this update message now is found as follows. First of all, the entriesl, m, n ando
of the matrix should adhere to

[
l m
n o

]
·

[
1
1

]
= λC(A)

from which it is found that

l +m = λC(a)

n+ o = λC(ā)

The expression forλC(a) thus has to split into separate terms forl andm and the expression for
λC(ā) has to split into separate terms forn ando. To this end it is observed that in the analysis
above the first component of the causal message from nodeA to nodeB pertains toa and the
second component pertains toā. Roughly speaking, since the first component is multiplied by l
andn, these two matrix entries have to collect all information atnodeB concerninga. Since the
conditional probabilityp = Pr(b | a) pertains toa, therefore, all terms containingp are assigned
to l andn. Likewise, all terms containingq are assigned tom ando. By rearranging the various
terms in the expressions forλC(a) andλC(ā) accordingly, it follows that

l =
((
y · r + z · (1− r)

)
· p+

(
y · s+ z · (1− s)

)
· (1− p)

)
· x

m =
((
y · r + z · (1− r)

)
· q +

(
y · s+ z · (1− s)

)
· (1− q)

)
· (1− x)

n =
((
y · t+ z · (1− t)

)
· p+

(
y · u+ z · (1− u)

)
· (1− p)

)
· x

o =
((
y · t+ z · (1− t)

)
· q +

(
y · u+ z · (1− u)

)
· (1− q)

)
· (1− x)

Note that fromx, p, q, r, s, t, u, y, z ∈ [0, 1] it follows thatl,m, n, o ∈ [0, 1].
Analogously, the matrix that captures the information thatis included during a single coun-

terclockwise cycle into the messages from nodeA back to itself is found to be the transpose of
the matrix above:

M	A,d =

[
l n
m o

]

Upon loopy propagation, the two transition matrices are applied repeatedly to the clockwise and
counterclockwise messages from nodeA back to itself. Note that since all message vectors are
normalised in Pearl’s algorithm, the repeated multiplication by the transition matrices will not
result in convergence to(0, 0).

The eigenvalues of the transition matrices now can be exploited to relate the approximate
probabilities found in the equilibrium state of the algorithm for the inner loop nodeA to its exact
probabilities. The eigenvaluesλ1 andλ2 of the matrixM�A,d equal

λ1,2 =
1

2
·
(
(l + o)±

√
(l + o)2 − 4 · (l · o−m · n)

)

whereλ1 is the largest of the two values; sinceM	A,d = (M�A,d)T for M	A,d the same eigen-
values are found. Note that(l+ o)2− 4 · (l · o−m · n) can also be written as(l− o)2 + 4 ·m · n.
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10. Inner Nodes

Since the entries of the two matrices are positive this expression is positive. The eigenvaluesλ1

andλ2 thus are real numbers andλ1, λ1 + λ2 andλ1− λ2 are positive. The relationship between
the exact and the approximate probabilities ofA givend now is expressed by

Pr(ai | d) = P̃r(ai | d)−
λ2

λ1 + λ2

·
(
2 · P̃r(ai | d)− 1

)

The eigenvectors of the reflexive matrices are used to prove this property. Note that for each
eigenvalue ofM�A,d and for each eigenvalue ofM	A,d, an eigenvector direction is found. For
M�A,d, the normalised principal eigenvector will be denoted by(α1, β1); (γ1, δ1) is a fixed arbi-
trary vector in the second eigenvector direction. ForM	A,d, the normalised principal eigenvector
will be denoted by(α2, β2). The reflexive matrices are applied repeatedly to the cycling mes-
sages within the loop under study. According to the power lemma of Strang [61], if|λ1| > |λ2|,
that is, ifλ1 is positive and unique, the messages will converge to the normalised principal eigen-
vectors of the reflexive matrices, that is, to the eigenvectors with the largest eigenvalue. In the
equilibrium state of the network, the approximate marginalprobability distribution computed for
the inner loop nodeA thus equals

P̃r(A | d) = cst1 ·

[
α1 · α2

β1 · β2

]

wherecst1 is a normalisation constant.
The computed approximate probabilities̃Pr(ai | d) now are related to the exact probabilities

Pr(ai | d) as follows. The entriesl ando of the transition matricesM�A,d andM	A,d, are equal
to l = Pr(d | a) · Pr(a) ando = Pr(d | ā) · Pr(ā). For the exact probabilitiesPr(ai | d) it thus
holds thatPr(a | d) = l/(l+ o) andPr(ā | d) = o/(l+ o). To expressPr(ai | d) andP̃r(ai | d)
in similar terms, the entriesl ando now are related to the expressionsα1 · α2 andβ1 · β2. To this
end, the matrixM�A,d is diagonalised into

M�A,d =

[
α1 γ1

β1 δ1

]
·

[
λ1 0
0 λ2

]
·

[
A B
C D

]

=

[
α1 · A · λ1 + γ1 · C · λ2 α1 · B · λ1 + γ1 · D · λ2

β1 · A · λ1 + δ1 · C · λ2 β1 · B · λ1 + δ1 · D · λ2

]

where

[
A B
C D

]
=

[
α1 γ1

β1 δ1

]−1

. So,

l = α1 · A · λ1 + γ1 · C · λ2

o = β1 · B · λ1 + δ1 · D · λ2

From

[
α1 γ1

β1 δ1

]
·

[
A B
C D

]
=

[
1 0

0 1

]
it now follows thatγ1 ·C = β1 ·B andδ1 ·D = α1 ·A.

The entriesl ando can therefore also be written as
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l = α1 · A · λ1 + β1 · B · λ2

o = β1 · B · λ1 + α1 · A · λ2

To expressA andB in terms ofα2 andβ2, the matrixM	A,d is rewritten as

M	A,d = (M�A,d)T =

[
A C
B D

]
·

[
λ1 0
0 λ2

]
·

[
α1 β1

γ1 δ1

]

The first column of the matrix

[
A C
B D

]
is a vector in the direction of the principal eigenvector

(α2, β2) of M	A,d. So,A = cst2 · α2 andB = cst2 · β2, wherecst2 is a normalisation constant.
Using these expressions, it now follows that

l = cst2 · (α1 · α2 · λ1 + β1 · β2 · λ2)

= cst2/cst1 ·
(
P̃r(a | d) · λ1 + P̃r(ā | d) · λ2

)

o = cst2 · (β1 · β2 · λ1 + α1 · α2 · λ2)

= cst2/cst1 ·
(
P̃r(ā | d) · λ1 + P̃r(a | d) · λ2

)

With Pr(a | d) = l/(l + o) andPr(ā | d) = o/(l + o), now is found that

Pr(ai | d) = P̃r(ai | d)−
λ2

λ1 + λ2

·
(
2 · P̃r(ai | d)− 1

)

For d̄, the derivation is analogous. For node the inner loop nodeB similar expressions are
found. The transition matrix for an entire cycle may, more orless, be viewed as the result
of multiplication of the transition matrices between the neighbouring nodes in the cycle. The
clockwise matrices for nodesA andB now result from the multiplication of the same matrices,
in the same order yet with a different ‘starting point’. As a consequence, the clockwise reflexive
matrices for nodesA andB have the same eigenvalues. The same applies to the counterclockwise
matrices.

The following example illustrates the iterative updating of the approximate probabilities dur-
ing loopy propagation.

Example 10.1 Consider the example Bayesian network from Figure 10.2. Afterentering the
evidenceD = d into the network, the following reflexive matrices for the inner loop nodeA are
found

M�A,d =

[
0.0540 0.6192
0.1240 0.5408

]

and

M	A,d =

[
0.0540 0.1240
0.6192 0.5408

]
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A

B

C

D

Pr(a) = 0.2

Pr(b | a) = 1.0
Pr(b | ā) = 0.2

Pr(c | ab) = 0.9
Pr(c | ab̄) = 0.0
Pr(c | āb) = 0.4
Pr(c | āb̄) = 0.3

Pr(d | c) = 0.2
Pr(d | c̄) = 0.9

Figure 10.2: An example Bayesian network

The approximate probabilities̃Pr
it1

(A | d) found after the first cycle equal the vector that
results after the component-wise multiplication of the vectors

[
0.0540 0.6192
0.1240 0.5408

]
·

[
1
1

]
=

[
0.6732
0.6648

]

and [
0.0540 0.1240
0.6192 0.5408

]
·

[
1
1

]
=

[
0.1780
1.1600

]

after normalisation, and equal̃Pr
it1

(A | d) ≈ (0.1345, 0.8655). Likewise, the approximate
probabilities established for nodeA after in the second cycle equal the vector that results after
the component-wise multiplication of the vectors

[
0.0540 0.6192
0.1240 0.5408

]
·

([
0.0540 0.6192
0.1240 0.5408

]
·

[
1
1

])
=

[
0.4480
0.4430

]

and [
0.0540 0.1240
0.6192 0.5408

]
·

([
0.0540 0.1240
0.6192 0.5408

]
·

[
1
1

])
=

[
0.1535
0.7375

]

after normalisation, and equal̃Pr
it2

(A | d) ≈ (0.1738, 0.8262), and so on.

Table 10.1 lists the approximate probability distributionsP̃r
iti

(a | d) andP̃r
iti

(a | d̄) for node
A for the first five cycles. Given the observationD = d, the algorithm had converged within a
bound of0.0001 in six cycles. Given the observationD = d̄, the algorithm had converged within
the same bound in seven cycles. The consecutive approximations are shown graphically in Fig-
ures 10.3 and 10.4; for comparison, the exact probabilitiesare depicted as well. The two figures
shows that the approximate probabilities asymptotically approach their final value. The approx-
imate probabilities givend oscillate around the final value, whereas givend̄ the approximations
go steadily towards the final value. In Section 10.2, this difference in approximation behaviour
will be discussed.
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Table 10.1: The approximate probability distributions ofP̃r
iti

(a | d) andP̃r
iti

(a | d̄) for nodeA
in the network from Figure 10.2 in the first five cycles of the loopy-propagation algorithm.

i 1 2 3 4 5

P̃r
iti

(a | d) 0.1345 0.1738 0.1696 0.1701 0.1700

P̃r
iti

(a | d̄) 0.3297 0.2928 0.2848 0.2831 0.2827

0.20

0.18

0.16

0.14

0.12

0.10

0.08
54321

# cycles

~Pr(a|d)
~Pr(a|d) at convergence

Pr(a|d)

Figure 10.3: The approximate probabilities̃Pr
iti

(a | d) found from the network of Figure 10.2
during the first five cycles of the loopy propagation algorithm.

0.36

0.34

0.32

0.30

0.28

0.26

0.24

0.22

0.20

54321

# cycles

~Pr(a|-d)
~Pr(a|-d) at convergence

Pr(a|-d)

Figure 10.4: The approximate probabilities̃Pr
iti

(a | d̄) found from the network of Figure 10.2
during the first five cycles of the loopy propagation algorithm.
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The eigenvalues of the reflexiveM�A,d areλ1 ≈ 0.6662 andλ2 ≈ −0.0714; its normalised
principal eigenvector is [

α1

β1

]
≈

[
0.5028
0.4972

]

The eigenvalues ofM	A,d are againλ1 ≈ 0.6662 andλ2 ≈ −0.0714; its normalised principal
eigenvector equals [

α2

β2

]
≈

[
0.1685
0.8315

]

The approximate probabilities found for nodeA upon loopy propagation givend now are equal
to

cst1 ·

[
0.5028 · 0.1685
0.4972 · 0.8315

]
≈

[
0.1700
0.8300

]

At convergence, thus,̃Pr(a | d) ≈ 0.1700 and P̃r(ā | d) ≈ 0.8300. Recall that the exact
probability Pr(a | d) equalsl/(l + o). It can be read from the diagonal of either of the two
transition matrices to be0.0540/0.5948 ≈ 0.0908. For the relationship betweenPr(a | d) and
P̃r(a | d) now indeed is observed that

Pr(a | d) = P̃r(a | d)−
λ2

λ1 + λ2

·
(
2 · P̃r(a | d)− 1

)

≈ 0.1700 +
0.0714

0.5948
· (2 · 0.1700− 1) ≈ 0.098

To conclude this section, it is noted that the above derivation of the relationship between the
exact and approximate probabilities for an inner loop node in terms of reflexive matrices applies
to simple loops only. For non-simple loops, unfortunately,the changes in the various messages in
the loop cannot be described anymore by a reflexive matrix. Inmore complex loops at least one
of the loop nodes is incident on more than two loop arcs and merges the incoming messages from
other loop nodes before passing them on. The changes included in the messages that cycle in the
loop thus are non-linear. Consider as an example the graph from Figure 10.5, which includes a
double loop. A message from nodeD to nodeB will, return toD from the direction of bothC
andA. NodeD then merges the two messages by component wise multiplication before sending
them on toB again.

A B

C

D

Figure 10.5: An example Bayesian network including a doubleloop.
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10.2 The Decisiveness of the Approximations

In the previous section, the error that may arise in the probabilities computed upon loopy prop-
agation for an inner loop node was discussed for a binary Bayesian network with a simple loop.
More specifically, an expression relating the exact probabilities for the inner loop node to the
computed approximate probabilities was derived. The current section builds upon this expres-
sion to state some properties of the approximations in termsof the specification of the network.
An approximate probability isoverconfidentif it is closer to one of the extremes, that is to0 or
1, than the exact probability; the approximation isunderconfidentif it is closer to0.5 [47]. The
term decisivenesswill be used to refer to either the over- or the underconfidence of an approx-
imate probability. As an example, Figure 10.6 depicts, for the network from Figure 10.2, the
exact and approximate probabilitiesPr(a | d) andP̃r(a | d) as a function ofPr(a); Figure 10.7
depictsPr(a | d̄) andP̃r(a | d̄). From the figures, it is readily seen that the evidenced results in
underconfident approximations, while the evidenced̄ gives overconfident approximate probabil-
ities for all possible values ofPr(a). We will argue that the approximations for the inner nodes
of a loop are either all pushed towards overconfidence or all pushed towards underconfidence as
soon as the convergence node of the loop has an observed descendant. We further argue that the
decisiveness of the approximations depends on the sign of the qualitative influence between the
parents of the convergence node and the sign of the intercausal influence that is induced between
these parents by the entered evidence.

1

0.8

0.6

0.4

0.2

0
10.80.60.40.20

Pr(a)

Pr(a|d)
~Pr(a|d)

Figure 10.6:Pr(a | d) andP̃r(a | d) as a function ofPr(a) for the network from Figure 10.2.

In Chapter 2, the notions of qualitative influence and intercausal influence were introduced.
The sign of the qualitative influence between the nodesA andB in the example network from
Figure 10.1 can straightforwardly be inferred from the specification of the network and equals
Pr(b | a) − Pr(b | ā) = p − q. The intercausal influence that is induced between the two nodes
by the evidenced is derived below. The exact probability distributions for nodesA andB are
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1

0.8

0.6

0.4

0.2

0
10.80.60.40.20

Pr(a)

Pr(a|-d)
~Pr(a|-d)

Figure 10.7:Pr(a | d̄) andP̃r(a | d̄) as a function ofPr(a) for the network from Figure 10.2.

assumed to be non-degenerate, that is, all marginal probabilities for A andB are assumed to
be elements of〈0, 1〉; note that for degenerate distributions in fact no loop is present and the
algorithm will yield exact probabilities. To separate the intercausal influence from the direct
qualitative influence in the relationship betweenA andB, the network from Figure 10.1 without
the arc(A,B) is considered. The intercausal influence then is captured by

Pr(a | bd)− Pr(a | b̄d) =
Pr(abd)

Pr(bd)
−

Pr(ab̄d)

Pr(b̄d)

=
x · e

x · e+ (1− x) · g
−

x · f

x · f + (1− x) · h

=
(x− x2) · (e · h− f · g)(

x · e+ (1− x) · g
)
·
(
x · f + (1− x) · h

)

where

e = r · y + (1− r) · z

f = s · y + (1− s) · z

g = t · y + (1− t) · z

h = u · y + (1− u) · z

Because the denominator of the expression forPr(a | bd) − Pr(a | b̄d) is positive, the sign of
the intercausal influence that is induced betweenA andB is equal to the sign of the numerator
(x − x2) · (e · h − f · g). Becausex = Pr(a) ∈ 〈0, 1〉, moreover, the sign of the intercausal
influence equals the sign ofe · h− f · g, that is, the sign of

(y − z)2 · (r · u− s · t) + z · (y − z) · (r + u− s− t)
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10.2. The Decisiveness of the Approximations

Similarly, the sign of the intercausal influence induced by the evidencēd is found to be equal to
the sign of

(z − y)2 · (r · u− s · t) + (1− z) · (z − y) · (r + u− s− t)

In the sequel, these two expressions will be denoted byII (A,B | dj), dj ∈ {d, d̄ }.
We now relate the qualitative influence between the nodesA andB and the sign of the

additional influence between those nodes, induced by the observation ofD to the over- or un-
derconfidence of the approximate probabilities computed for the inner loop nodes by the loopy-
propagation algorithm. Recall that, since all entries of the transition matrixM�A,d are positive,
its eigenvaluesλ1 andλ2 are real numbers andλ1, λ1 + λ2 andλ1 − λ2 are positive. From the
relationship

Pr(ai | dj) = P̃r(ai | dj)−
λ2

λ1 + λ2

·
(
2 · P̃r(ai | dj)− 1

)

established in the previous section, therefore, it followsthat overconfident approximations will
be computed for the probabilityPr(ai | dj) if λ2 > 0 and underconfident approximations will
be found ifλ2 < 0. This is substantiated as follows. Given thatλ2 < 0 it is readily seen from
the formula above that for̃Pr(ai | dj) < 0.5 is found thatPr(ai | dj) < P̃r(ai | dj) and that for
P̃r(ai | dj) > 0.5 is found thatPr(ai | dj) > P̃r(ai | dj). The approximation is closer to0.5
than the actual probability and is thus underconfident. In order to substantiate that forλ2 > 0
overconfident approximations are found the equation above is rewritten as

P̃r(ai | dj) = Pr(ai | dj) +
λ2

λ1 − λ2

· (2 · Pr(ai | dj)− 1)

Now given thatλ2 > 0, it is readily seen from the formula above that forPr(ai | dj) < 0.5 is
found thatP̃r(ai | dj) < Pr(ai | dj) and that forPr(ai | dj) > 0.5 is found that̃Pr(ai | dj) >
Pr(ai | dj). The approximations are closer to the extremes0 and1 than the actual probabilities
and thus are overconfident. Note that forPr(ai | dj) = 0.5, loopy propagation will result
in the exact probability, irrespective of the eigenvalues of the reflexive matrices of the inner
loop nodes. This observation is easily verified by computingP̃r(ai | dj) from the relationship
Pr(ai | dj) = P̃r(ai | dj)− λ2/(λ1 + λ2) · (2 · P̃r(ai | dj)− 1) for Pr(ai | dj) = 0.5.

0.5 = P̃r(ai | dj)−
λ2

λ1 + λ2

· (2 · P̃r(ai | dj)− 1)⇔

0.5 =
P̃r(ai | dj) · (λ1 − λ2) + λ2

λ1 + λ2

⇔

0.5 · (λ1 + λ2) = P̃r(ai | dj)(λ1 − λ2) + λ2 ⇔

0.5 · (λ1 − λ2) = P̃r(ai | dj)(λ1 − λ2)⇔

0.5 = P̃r(ai | dj)

From λ2 = 1
2
·
(
(l + o)−

√
(l + o)2 − 4 · (l · o−m · n)

)
, it follows that the sign of the

eigenvalueλ2 equals the sign of the expressionl · o −m · n. Simple manipulation of the terms
involved, shows that, the sign of this expression is equal tothe sign of

(p− q) · II (A,B | dj)
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10. Inner Nodes

The approximate probabilities given the evidencedj, established for nodeA thus are overconfi-
dent if the sign ofp− q is equal to the sign ofII (A,B | dj), that is, if the sign of the qualitative
influence between nodesA andB is equal to the sign of the additional influence that is induced
betweenA andB by the evidencedj; the approximations are underconfident if these signs are
opposite.

Example 10.2 Consider again the network from Figure 10.2. The sign of the intercausal influ-
ence between the nodesA andB equals the sign of1.0 − 0.2 = 0.8 and hence is positive. The
sign of the additional influence that is induced between nodesA andB by the evidenced, equals
the sign of(0.2− 0.9)2 · (0.9 · 0.3− 0.0 · 0.4)+0.9 · (0.2− 0.9) · (0.9+0.3− 0.0− 0.4) ≈ −0.37
and thus is negative. The qualitative and intercausal influences between the nodesA andB
therefore have opposite signs and the approximate probabilities established for the two inner
loop nodes upon loopy propagation will be underconfident. Indeed, the underconfident ap-
proximationsP̃r(a | d) ≈ 0.17 and P̃r(b | d) ≈ 0.30 are found for the exact probabilities
Pr(a | d) ≈ 0.09 andPr(b | d) ≈ 0.26. Given the evidencēd, on the other hand, the sign of the
intercausal influence betweenA andB equals the sign of(0.9− 0.2)2 · (0.9 · 0.3− 0.0 · 0.4) +
(1.0−0.9) · (0.9−0.2) · (0.9+0.3−0.0−0.4) ≈ 0.19 and hence is positive. The qualitative and
intercausal influences now have equal signs and overconfident approximate probabilities will
result upon loopy propagation. Indeed, the overconfident approximations̃Pr(a | d̄) ≈ 0.28 and
P̃r(b | d̄) ≈ 0.52 are found for the exact probabilitiesPr(a | d̄) ≈ 0.36 andPr(b | d̄) ≈ 0.51.

Recall that the reflexive matrices of all inner loop nodes of asimple loop have identical eigen-
values. All inner loop nodes therefore will have an identical decisiveness. As mentioned above,
exact probabilities will be found for the inner loop nodes upon loopy propagation whenever
λ2 = 0, that is, whenever(p − q) · II (A,B | dj) = 0. If the factorp − q equals zero, then the
nodesA andB are independent in the network in its prior state and in fact no loop is present. If
the factorII (A,B | dj) equals zero, then the message that nodeC sends to nodeB is indepen-
dent of the probabilities found atA, and vice versa. NodesA andB will then receive the correct
messages from nodeC and the algorithm will converge to the correct marginal distributions for
A andB in just a single cycle.

Example 10.3 Consider the network from Figure 10.2 with the following specification: Pr(a) =
0.5, Pr(b | d) = 0.9, Pr(b | d̄) = 0.1, Pr(c | ab) = 0.8, Pr(c | ab̄) = 0.2, Pr(c | āb) = 0.4,
Pr(c | āb̄) = 0.1, Pr(d | c) = 1 andPr(d | c̄) = 0. Given this specification, the observation of
D = d induces an intercausal influence with a zero sign between nodesA andB. Indeed, given
D = d, the correct posterior probabilitiesPr(a | c) ≈ 0.8506 andPr(b | c) ≈ 0.8736 are found.

At this point also the difference in approximation behaviour of the loopy-propagation al-
gorithm demonstrated after entering, respectively, the observationsD = d andD = d̄ in the
network from Figure 10.2 can be explained. Recall that Figure 10.4 pertains to the algorithm’s
approximation behaviour for nodeA after entering the observation̄d in the network from Fig-
ure 10.2. The qualitative influence between the nodesA andB in this network is positive. The ob-
servationd̄, moreover, induces a positive intercausal influence betweenA andB, that is, a higher
probability b induces the influence of the observation ofd̄ onA along the trailD ← C ← A
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10.2. The Decisiveness of the Approximations

to be ‘more positive’. Now consider the behaviour of the loopy propagation algorithm during a
clockwise cycle. If, in a particular cycle, the influence of the observation̄d onA along the trail
D ← C ← A is positive, then, because of the positive qualitative influence betweenA andB,
the influence onB along the trailD ← C ← A → B will be positive as well; the clockwise
process thus increasesb. Because of the positive intercausal, this will strengthenthe positive
influence of the observation of̄d onA along the trailD ← C ← A and thus also strengthen
the positive influence onB along the trailD ← C ← A → B. This will again strengthen the
positive influence of the observation ofd̄ onA along the trailD ← C ← A, and so on, until con-
vergence of the algorithm. In the counterclockwise cycles of the algorithm a similar behaviour
is observed. The approximate probabilities thus steadily go towards their final values, as shown
in Figure 10.4. Alternatively, if the qualitative influenceand the intercausal influence between
the nodesA andB have opposite signs, the successive approximate probabilities will oscillate
towards the final approximation as shown in Figure 10.3. In the example network from Figure
10.2, the observation ofd, induces a negative intercausal influence betweenA andB, that is, a
higher probabilityb induces the influence of the observationd onA along the trailD ← C ← A
to be ‘less positive’. Now consider again the behaviour of the loopy propagation algorithm dur-
ing a clockwise cycle. If, in a particular cycle, the influence of the observationd onA along the
trail D ← C ← A is positive, then, as in the case of the observationd̄, the clockwise process will
increase the probabilityb. Now, however, because of the negative intercausal influence between
nodesA andB, this increase ofb will result in a ‘less positive’ influence of the observationof
d on the nodeA along the trailD ← C ← A and thus also in a ‘less positive’ influence onB
along the trailD ← C ← A → B. The clockwise process thus now results in a decrease ofb
compared to the previous cycle. As a result, in the next cycle, the influence of the observation
d on A will be ‘more positive’ than in the previous cycle and so on, until convergence of the
algorithm. In the counterclockwise cycles of the algorithma similar behaviour is observed. Both
processes add up to the oscillating behaviour depicted in Figure 10.3 for the example network.
Recall from Section 10.1 that the cycling process convergences if the largest eigenvalue of the
reflexive matrices is positive and unique. Intuitively, theconvergence of the algorithm can be
explained by the fact that the influence of an observation weakens when it is transported along a
trail. Each cycle of the algorithm now can be considered to add to the length of the trail along
which the influence of the observation is transported.

In the analysis in this chapter, an observation was entered for nodeD in the network from
Figure 10.1. A similar analysis holds, however, if the convergence nodeC itself is observed. The
expressions for the intercausal influence between the nodesA andB then reduce tor ·u−s ·t and
r ·u−s·t−(r+u−s−t) after the observation ofc andc̄, respectively. Furthermore, the influence
of the cycling error was analysed only for the simple networkfrom Figure 10.1. The analysis,
however, extends directly to networks with a single simple loop with more than two inner nodes
and to networks with a single simple loop in which the loop nodes have additional neighbours
outside the loop. For such networks, however, the computation of the qualitative influence and
of the intercausal influence induced between the parents of the convergence nodes may be more
involved. The essence of the analysis also extends to networks with multiple simple loops. In
such networks, however, the effect of the cycling error within a loop may be obscured by errors
entering the loop from outside.
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To conclude, a network with a single simple loop having two ormore convergence nodes is
considered. In such a network, a cycling error occurs only iffor each of the loop’s convergence
node, either the node itself or one of its descendants is observed. Note that an intercausal in-
fluence is then is induced between the parent nodes of each convergence node. Now consider
an arbitrary convergence nodeC with the parentsA andB on the loop;C is called the primary
convergence node of the loop. Because the loop is simple, there are exactly two trails between
the nodesA andB on the loop. The sign of the indirect influence betweenA andB along the
trail not containingC can then be considered the qualitative influence betweenA andB; the
intercausal influence between the nodesA andB that is induced by observation for nodeC or
for one of its descendants acts as the intercausal influence.The decisiveness of the approximate
probabilities established for the inner loop nodes can now be derived, as before, from the signs
of these two influences. Because, effectively this procedure comes down to⊗-combining the
involved signs, the convergence nodeC, used for establishing the decisiveness, indeed can be
chosen arbitrarily.

Example 10.4 Consider the example network from Figure 10.8, including a simple loop with
two convergence nodes. Given the evidenced and f , the loopy-propagation algorithm will
compute approximate probabilities for the inner loop nodesA and B. To establish the de-
cisiveness of these approximations, the signs of the two influences betweenA andB are es-
tablished. Taking nodeC for the primary convergence node of the loop, the sign of the in-
tercausal influence betweenA and B given d equals the sign of(0.2 − 0.9)2 · (0.9 · 0.3 −
0.0 · 0.4) + 0.9 · (0.2 − 0.9) · (0.9 + 0.3 − 0.0 − 0.4) ≈ −0.37 and hence is negative. The
sign of the qualitative influence betweenA andB along the trailA → E ← B now equals
the sign of the intercausal influence betweenA andB givenf . This sign equals the sign of
(0.2−0.8)2 ·(0.7·1.0−0.2·0.5)+0.8·(0.2−0.8)·(0.7+1.0−0.2−0.5) ≈ −0.26 and hence also
is negative. Since the two signs are equal, it follows that the approximations for the inner loop
nodesA andB will be overconfident. Indeed the overconfident approximationsP̃r(a | d) ≈ 0.36

and P̃r(b | d) ≈ 0.31 for the probabilitiesPr(a | d) ≈ 0.38 andPr(b | d) ≈ 0.40 are found. It
is easily seen that exactly the same computations are made with E as the primary convergence
node.

A B

C E

D F

Pr(a) = 0.2

Pr(c | ab) = 0.9
Pr(c | ab̄) = 0.0
Pr(c | āb) = 0.4
Pr(c | āb̄) = 0.3

Pr(d | c) = 0.2
Pr(d | c̄) = 0.9

Pr(b) = 0.3

Pr(e | ab) = 0.7
Pr(e | ab̄) = 0.2
Pr(e | āb) = 0.5
Pr(e | āb̄) = 1.0

Pr(f | e) = 0.2
Pr(f | ē) = 0.8

Figure 10.8: An example Bayesian network, containing a loopwith two convergence nodes
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Chapter 11

The Convergence Error in Markov
Networks

In Chapter 8, was argued that upon loopy propagation in Bayesian networks two different types
of error may arise: the cycling error and the convergence error. Now, any Bayesian network can
be converted into an equivalent pairwise Markov network, and for such networks, an algorithm
equivalent to the loopy propagation algorithm for Bayesiannetworks exists [71, 77]. In [71]
Weiss studied this equivalent algorithm for pairwise Markov networks and he established the
relationship between the exact and the approximate probabilities for such networks with just a
simple loop. In Markov networks, upon loopy propagation, all errors in the computed probabil-
ities arise as a result of the cycling of information; there appeared to be no equivalent for the
convergence error. This raised the question how the convergence error is embedded in loopy
propagation in Markov networks. This chapter argues that the convergence error in a Bayesian
network is converted to a cycling error in the equivalent Markov network. It shows furthermore,
that the prior convergence error in Markov networks is characterised by the fact that the relation-
ship between the exact and the approximate probabilities asestablished in [71] does not exist for
the node in which this error arises. In Section 11.1 the conversion of a Bayesian network into
a Markov network is described, in Section 11.2 the analysis of Weiss of loopy propagation in
Markov networks is discussed and in Section 11.3 the convergence error in a Markov network is
traced.

11.1 The Conversion of a Bayesian Network into a Markov
Network

In the conversion of a Bayesian network into a Markov network, for any node with multiple
parents, an auxiliary node is constructed into which the common parents are clustered. This
auxiliary node is connected to the child and its parents and the original arcs between child and
parents are removed. Thereafter, all arcs are replaced by edges. The clusters are all pairs of
connected nodes; for a cluster with an auxiliary node and a former parent node, the potential is
set to1 if the nodes have the same value for the former parent node andto 0 otherwise. For the
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other clusters, the potentials are equal to the conditionalprobabilities of the former child given
the former parent. The prior probability of a former root node is incorporated by multiplication
into one of the potentials of the clusters in which it takes part.

Example 11.1 The Bayesian network from Figure 11.1 can be converted into the pairwise Markov
network from Figure 11.2. This Markov network has the clustersAB, AX, BX andXC. The
values of nodeX are composed of the value combinations of nodesA andB; nodeX has the
valuesxab, xab̄, xāb andxāb̄. Given that the prior probability of root nodeA is incorporated in the
potential of clusterAB, the network has the following potentials:ψ(AB) = Pr(B | A) ·Pr(A);
ψ(XC) = Pr(C | AB); ψ(AX) = 1 if the value ofX for A equals the value ofA and is zero
otherwise andψ(BX) = 1 the value ofX for B equals the value ofB and is zero otherwise.
The joint probability distribution of the Bayesian network from Figure 11.1 is given by

Pr(ABC) = Pr(B | A) · Pr(A) · Pr(C | AB)

and the joint probability distribution overA, B andC of the Markov network in Figure 11.2 is
given by

Pr(ABC) =
∑

X

ψ(AB) · ψ(AX) · ψ(BX) · ψ(XC)

= Pr(B | A) · Pr(A) · Pr(C | AB)

These two joint probability distributions are equivalent.

A

B

C

Pr(a) = x

Pr(b | a) = p
Pr(b | ā) = q

Pr(c | ab) = r
Pr(c | ab̄) = s
Pr(c | āb) = t
Pr(c | āb̄) = u

Figure 11.1: A multiply connected Bayesian network with a convergence nodeC having the
dependent parentsA andB.

11.2 An Analysis of Loopy Propagation in Markov Networks

Weiss [71] analysed the performance of the loopy-propagation algorithm for Markov networks
with a single loop and related the approximate probabilities found for the nodes in the loop to
their exact probabilities. He noted that upon application of the algorithm, messages cycle in the

108



11.2. An Analysis of Loopy Propagation in Markov Networks

A

B

X

C

ψ(ab) = p · x
ψ(ab̄) = (1− p) · x
ψ(āb) = q · (1− x)
ψ(āb̄) = (1− q) · (1− x)

ψ(a, xab) = 1
ψ(a, xab̄) = 1
ψ(a, xāb) = 0
ψ(a, xāb̄) = 0
ψ(ā, xab) = 0
ψ(ā, xab̄) = 0
ψ(ā, xāb) = 1
ψ(ā, xāb̄) = 1

ψ(xab, c) = r

ψ(xab̄, c) = s

ψ(xāb, c) = t

ψ(xāb̄, c) = u

ψ(b, xab) = 1
ψ(b, xab̄) = 0
ψ(b, xāb) = 1
ψ(b, xāb̄) = 0
ψ(b̄, xab) = 0
ψ(b̄, xab̄) = 1
ψ(b̄, xāb) = 0
ψ(b̄, xāb̄) = 1

ψ(xab, c̄) = (1− r)
ψ(xab̄, c̄) = (1− s)
ψ(xāb, c̄) = (1− t)
ψ(xāb̄, c̄) = (1− u)

Figure 11.2: A pairwise Markov network that represents the same joint probability distribution
over the nodesA,B andC as the Bayesian network from Figure 11.1.

loop and errors emerge as a result of the double counting of information. The main idea of his
analysis is that for a node in the loop, two reflexive matricescan be derived; one capturing the
change of a message vector cycling clockwise back to the nodeit started and one capturing the
change of a message vector cycling counterclockwise. The probability distribution computed
by the loopy-propagation algorithm for the loop node in the steady state, can now be inferred
from the principal eigenvectors of the reflexive matrices plus the incoming vectors from outside
the loop. Subsequently, he showed that the reflexive matrices also include the exact probability
distribution and he used those two observations to derive ananalytical relationship between the
approximate and the exact probabilities.

Below the derivation of this relationship in Markov networks is described in more detail.
Consider a pairwise Markov network with a single simple loop with the loop nodesL1...Ln, n ≥
3 and with connected to each nodeLi in the loop, an observed nodeOi as shown in Figure
11.3; the transition matricesMLiLi+1

are denoted byM i and the transition matricesMLi+1Li

are
denoted byM iT . During propagation, a nodeOi will repeatedly send the same message to the
loop nodeLi. This vector is one of the columns of the transition matrixMOiLi

In order to enable
the incorporation of this message into the reflexive loop matrices, this vector is transformed

L1
L

2

L
n

O
n

O
1

O
2

M
1

M
1T

M
n

M
nT

D
1

D
2

D
n

Figure 11.3: An example pairwise Markov network including asingle simple loop.
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into a diagonal matrixDi, with the vector elements on the diagonal. For example, suppose that

M
O

i
L

i

=

[
p r

q s

]
and suppose that the observationOi = oi

1 is entered into the network, then

D
i =

[
p 0
0 q

]
. The reflexive matrixM	L1

for the transition of a counterclockwise message from

nodeL1 back to itself is defined asM1T

D2...Mn−1T

DnMnT

D1. The message thatL2 sends to
L1 in the steady state now is in the direction of the principal eigenvector ofM	L1

. The reflexive
matrixM�L1

for the transition of a clockwise message from nodeL1 back to itself is defined
asMnDnMn−1Dn−1...M1D1. The message that nodeLn sends toL1 in the steady state is in
the direction of the principal eigenvector ofM�L1

. Component wise multiplication of the two
principal eigenvectors and the message fromO1 toL1, and normalisation of the resulting vector,
yields a vector of which the components equal the approximate probabilities ofL1 in the steady
state1. Furthermore, Weiss proved that the elements on the diagonals of the reflexive matrices
equal the correct probabilities of the relevant value ofL1 and the evidence, for example,M	L1

1,1

equalsPr(l11,o). Subsequently, he related the exact probabilities of a nodeL in the loop to its
approximate probabilities by

Pr(li) =
λ1P̃r(li) +

∑
j=2 PijλjP

−1
ji∑

j λj

whereP is a matrix that is composed of the eigenvectors ofC, with the principal eigenvector in
the first column, andλ1...λj are the eigenvalues of the reflexive matrices, withλ1 the maximum
eigenvalue. Note that from this formula it follows that correct probabilities will be found ifλ1

equals 1 and all other eigenvalues equal 0.
In this analysis, all nodesOi are considered observed. Note that given unobserved nodes

outside the loop, the analysis is essentially the same. In that case, however, a transition matrix

M
O

i
L

i

=

[
p r

q s

]
will result in the diagonal matrixDi =

[
p+ r 0

0 q + s

]
.

11.3 Tracing the Convergence Error

As showed in Section 8, in the analysis of loopy propagation in Bayesian networks a distinc-
tion can be made between the cycling error and the convergence error. For Markov networks,
however, such a distinction does not exist. All errors result from the cycling of information and,
on first sight, there is no equivalent for the convergence error. Yet, any Bayesian network can
be converted into an equivalent pairwise Markov network forwhich an algorithm equivalent to
the loopy-propagation algorithm in Bayesian networks exists. This section investigates how the
convergence error is embedded in loopy propagation in Markov networks. To do so, the Markov

1Note that in the definitions of the matricesM	L
1

andM�L
1

, the matrixD1 is the last element. As a result
these two matrices are not each other transposes. In the analysis in Section 10.1 the reflexive matrices for loop node
A were defined in such a way that they were each other transposes. As a result, the probabilities ofA could be
computed from just the eigenvectors of the reflexive loop matrices. In the option chosen by Weiss, the computation
of approximate probabilities of nodeL1, involves the component wise multiplication of the two eigenvectors and of
the incoming vector from nodeO1.
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network equivalent to the simplest Bayesian network in which a convergence error may arise is
studied. The focus thereby is on the node that replaces the convergence node in the loop.

The simplest Bayesian network in which a convergence error may arise is the network from
Figure 11.1 in its prior state. In its prior state, there is nocycling of information, and exact
probabilities are computed for nodesA andB. In nodeC, however, a convergence error may
arise. The network can be converted into the equivalent pairwise Markov network from Figure
11.2. This network has the following transition matrices

MXA =

[
1 1 0 0
0 0 1 1

]

MXB =

[
1 0 1 0
0 1 0 1

]

MXC =

[
r s t u

1− r 1− s 1− t 1− u

]

MAB =

[
p · x q · (1− x)

(1− p) · x (1− q) · (1− x)

]

and their transposes. In the prior state of the network,C will send the messageMCX · (1, 1) =
(1, 1, 1, 1) to X. In order to enable the incorporation of this message into the reflexive loop
matrices it is transformed intoDCX which results in the 4x4-identity matrix.

Now first consider the performance of the equivalent loopy propagation algorithm for the
inner loop nodeA. This node has the following reflexive matrices for its clockwise and counter-
clockwise messages respectively:

M�A = MXA ·DCX ·MBX ·MAB =

[
x 1− x
x 1− x

]

with eigenvalues 1 and 0 and principal eigenvector (1,1) and

M	A = MBA ·MXB ·DCX ·MAX =

[
x x

1− x 1− x

]

with eigenvalues 1 and 0 and principal eigenvector(x, 1− x). Note that the correct probabilities
for nodeA indeed are found on the diagonal of the reflexive matrices. Furthermore,λ1 = 1 and
λ2 = 0 and therefore correct approximations are expected. Indeedis found that the approxima-
tions(1 · x, 1 · (1− x)) equal the exact probabilities. Note also that,

[
x 1− x
x 1− x

]
·

[
1
1

]
=

[
1
1

]

and [
x x

1− x 1− x

]
·

([
x x

1− x 1− x

]
·

[
1
1

])
= α ·

[
x

1− x

]
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11. The Convergence Error in Markov Networks

Thus, as expected, the messages from nodeA back to itself do not change any more after the first
cycle. As in the Bayesian network, for nodeA, no cycling of information occurs in the Markov
network. For nodeB a similar evaluation can be made.

Now consider the convergence nodeC. In the Bayesian network in its prior state a conver-
gence error may arise in this node. In the conversion of the Bayesian network into the Markov
network, the convergence nodeC is placed outside the loop and the auxiliary nodeX is added.
ForX, the following reflexive matrices are computed for the clockwise and counterclockwise
messages from nodeX back to itself respectively

M�X = MBX ·MAB ·MXA ·DCX

=




p · x p · x q · (1− x) q · (1− x)
(1− p) · x (1− p) · x (1− q) · (1− x) (1− q) · (1− x)

p · x p · x q · (1− x) q · (1− x)
(1− p) · x (1− p) · x (1− q) · (1− x) (1− q) · (1− x)




with eigenvalues1, 0, 0, 0, principal eigenvector
( p·x+q·(1−x)

(1−p)·x+(1−q)·(1−x)
, 1, p·x+q·(1−x)

(1−p)·x+(1−q)·(1−x)
, 1
)

and
with other eigenvectors(0, 0,−1, 1), (−1, 1, 0, 0) and(0, 0, 0, 0).

M	X = MAX ·MBA ·MXB ·DCX

=




p · x (1− p) · x p · x (1− p) · x
p · x (1− p) · x p · x (1− p) · x

q · (1− x) (1− q) · (1− x) q · (1− x) (1− q) · (1− x)
q · (1− x) (1− q) · (1− x) q · (1− x) (1− q) · (1− x)




with eigenvalues1, 0, 0, 0, principal eigenvector
(

x
1−x

, x
1−x

, 1, 1
)

and with other eigenvectors
(0,−1, 0, 1), (−1, 0, 1, 0) and(0, 0, 0, 0).

On the diagonal of the reflexive matrices ofX the probabilitiesPr(AB) are found. Since in
a network in its prior state, the elements of the diagonal of its reflexive matrices equal the correct
probabilities for a loop, the probabilitiesPr(AB) can be considered the exact probabilities for
nodeX. The approximate probabilities yielded upon loopy propagation for nodeX equal the
normalised vector of the component wise multiplication of the principal eigenvectors of the two
reflexive matrices ofX and the incoming vector from nodeC, which equals(1, 1, 1, 1). The
components of this vector equal the normalised probabilitiesPr(A) · Pr(B).

A first observation is thatλ1 equals one and the other eigenvalues equal zero. According to
the equation

Pr(li) =
λ1P̃r(li) +

∑
j=2 PijλjP

−1
ji∑

j λj

therefore, exact probabilities should be computed for nodeX upon loopy-propagation. However,
the computed probabilities areα ·Pr(A) ·Pr(B) whereas the exact probabilities arePr(AB) and
these probabilities are not equal in general. This apparentcontradiction in results now can be
explained by the fact that the relationship between the exact and the approximate probabilities
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11.3. Tracing the Convergence Error

as given above, does not exist for nodeX in the prior state of the network. For nodeX in
the prior network, the matrixP in the expression, includes a column(0, 0, 0, 0). This matrix
thus is singular and therefore, the matrixP−1, which is needed in the expression of relationship
between the exact and approximate probabilities, does not exist. Further note that the messages
from nodeX back to itself, in contrast with the messages from nodesA andB back to itself, may
still change after the first cycle. Thus, although in the Bayesian network there is no cycling of
information, in the Markov network, for nodeX information cycles, resulting in errors computed
for its probabilities.

The probabilities computed by the loopy-propagation algorithm for nodeC in the Markov
network from Figure 11.2 equal the normalised productMXC · m, wherem is the message
vector with the approximate probabilities found at nodeX, that is, these probabilities equal

α ·

[
r s t u

1− r 1− s 1− t 1− u

]
·




Pr(a) · Pr(b)
Pr(a) · Pr(b̄)
Pr(ā) · Pr(b)
Pr(ā) · Pr(b̄)




These approximate probabilities indeed equal the approximate probabilities found in the equiv-
alent Bayesian network. Note that if nodeX would send its exact probabilities, that is, if node
X would send the vectorPr(AB), exact probabilities for nodeC would be computed. In the
Markov network the convergence error thus is founded in the cycling of information for the
auxiliary nodeX.

In Section 9.2.1 an expression for the size of the prior convergence error in the approximate
probability computed for the valueci of convergence nodeC in the network from figure 11.1 was
given. It was argued that part of the factors of this expression capture the degree of dependency
between the parents of the convergence node and that one of its factors determines the extent
to which this dependency can affect the computed probability. This last factor is composed of
the conditional probabilities of the valueci of nodeC. In the current analysis the effect of the
degree of dependence betweenA andB is reflected in the difference between the exact and the
approximate probabilities found for nodeX. The effect of the conditional probabilities ofci
emerges in the transition of the message vector fromX toC.

In the analysis so far, the small example network from Figure11.1 was considered. Note,
however, that for any prior binary Bayesian networks with only simple loops with a single con-
vergence node, the situation for any convergence node can be‘summarised’ to the situation in
Figure 11.1 by marginalisation over the relevant variables. The results of the analysis for the
network from Figure 11.1, therefore, apply to any simple loop in a binary Bayesian network in
its prior state. Note that two loops in sequence may result inincorrect probabilities entering
the second loop. The reflexive matrices, however, will have asimilar structure as the reflexive
matrices derived in this section, which implies that for allthe auxiliary nodes of the convergence
nodes the expression that relates the approximate to the exact probabilities does not exist. Note
also that, given a loop with multiple convergence nodes, in the prior state of the network, the
parents of the convergence nodes are independent and effectively no loop is present.

In general, as soon as a diagnostic observation is made for a convergence node, the matrixP
is not singular any more and the exact and approximate probabilities for nodeX indeed can be
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11. The Convergence Error in Markov Networks

related by the expression as established by Weiss. There is an exception, however. As discussed
in Section 10.2, if in a binary network a diagnostic observation for a convergence node results in
an intercausal influence of zero between the parents of this convergence node, than the second
eigenvalue of the reflexive matrices of the inner loop nodes equals zero and exact probabilities
are computed for the inner nodes. In that case, as in the priornetwork, also for the auxiliary node
only one eigenvalue is not equal to zero and thus according tothe expression derived by Weiss,
exact probabilities should be computed for this node, whereas again, this is not the case. It was
expected therefore that also given a diagnostic observation that induces a intercausal influence
of zero between the parents of a convergence node, the matrixP with the eigenvectors of the
auxiliary nodeX will be singular. Several examples confirmed this assumption

The reflexive matrices appeared to have a feature that may indicate an interesting area for
future research. For a reflexive matrices of the example network from Figure 11.1 is found is
found that, given the observation ofC = c, the product of its eigenvalues unequal to zero equals
(x−x2) ·(p−q) ·(r ·u−s ·t). The factor(r ·u−s ·t), in this expression is equal to the expression
which is used to compute the sign of the intercausal influenceor product synergy, betweenA and
B that is induced by the observation ofc. The expression(x − x2) · (p − q) · (r · u − s · t)
shows an analogy to the expression(x− x2) · (p− q) · (r− s− t+ u) with which the size of the
prior convergence error in the example network can be established. In Section 9.1, a new notion
was defined that quantified and generalised the notion of the additive synergy as given for binary
networks. This notion was used in the general expression forthe prior convergence error. An
interesting question now is whether an meaningful analogous extension of the idea of product
synergy exists.
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Chapter 12

Conclusions

The loopy-propagation algorithm for computing approximate probabilities from multiply con-
nected Bayesian networks has been reported to show good experimental results on real-life net-
works. The basic idea of the algorithm is to apply Pearl’s standard propagation algorithm for
singly connected networks to Bayesian networks with loops.While for singly connected net-
works the algorithm yields exact probability distributions, it includes errors in the distributions
established for multiply connected networks. Two different types of error were identified that
may arise in the probabilities computed by the algorithm: the convergence error and the cycling
error. Convergence errors arise at each convergence node andare found both in a network’s prior
and posterior state. Cycling errors arise in loop nodes as soon as for each convergence node of
the loop, either the node itself, or one of its descendents isobserved.

The various factors that govern the size of the prior convergence error found in the probability
computed for some value of the convergence node were detailed. In this respect, first the notion
quantitative parental synergywas defined. This notion is related to the notion of additive synergy
in binary networks, and can be computed from the conditionalprobabilities specified for the
convergence node. The prior convergence error was found to be composed of factors that captures
the degree of the dependency between the parents of the convergence node and of the quantitative
parental synergies. These synergies determine the degree to which the dependency between the
parent nodes of the convergence node can affect the computedprobabilities. Informally speaking,
the more dependent the parents of the convergence node and the larger the quantitative parental
synergies, the larger the convergence error will be. It was found that the minimum and the
maximum value of a convergence error is dependent on the number of parents of the convergence
node. The minimum and maximum equal, respectively,−0.5 and0.5 if there are two parents,
and approach−1 and1 as the number of parents approaches infinity.

When observations are entered into a network, loopy propagation results in posterior errors
at the convergence nodes that may differ in size from the prior ones. Such a posterior error may
include a posterior convergence error and may include a cycling error that has entered the node
from inside the loop. The posterior convergence error was separated from the cycling error and
studied in isolation. It was found that, for causal observations, the posterior convergence error
is governed by the same factors as the prior convergence error. The maximum posterior conver-
gence error given a causal observation therefore is, like the prior convergence error, dependent
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on the number of parents of the convergence node. A diagnostic observation, on the other hand,
fundamentally changes the expression of the convergence error. The minimum and the maxi-
mum of the posterior convergence error can, given such an observation, even if the convergence
node has only two parents, approach−1 and1. With respect to the cycling error entering the
convergence nodes from inside the loop was found that, givenbinary parents of the convergence
nodes, as a result of the cycling error the approximations were shifted along a line, defined by the
exact causal messages from the parents of the convergence node, and the saddle point of surface
that captures the approximate probabilities found for the convergence node.

For binary Bayesian networks with simple loops, moreover, the factors that determine the
effect of the cycling error on the decisiveness of the approximations computed for the inner loop
nodes were identified. It was found that this effect depends on the sign of the qualitative influence
between the parents of the convergence node of the loop and the sign of the intercausal influence
that is induced between these parents; the approximations are overconfident if these signs are
equal and underconfident if these signs are opposite. So far,the effect of the cycling error on
the decisiveness of the approximations computed for the inner nodes of a loop was studied in
isolation. An overall analysis, involving multiple compound loops, unfortunately, is much more
complicated. In a network with multiple loops, for example,approximate probabilities may enter
a loop as a result of errors introduced in other parts of the network and will have their own effect
on the resulting approximations.

Loopy propagation has also been studied by the analysis of the performance of an equivalent
algorithm in pairwise Markov networks with just a simple loop. In these networks all errors
result from the cycling of information and at first sight there is no equivalent for the convergence
error. How the convergence error is embedded in loopy propagation in Markov networks was
investigated by studying the pairwise Markov equivalent tothe simplest Bayesian network in
which a convergence error may occur. The convergence error was found to be converted to
a cycling error in the equivalent Markov network. Furthermore, it was found that the prior
convergence error is characterised by the fact that the relationship between the exact probabilities
and the approximate probabilities yielded by loopy propagation, as established by Weiss, does
not exist for the loop node in which this error occurs. The same observation was made for
posterior networks in which the observation of the convergence node or one of its descendants
induced a zero intercausal influence between the parents of the convergence node.

To conclude, for a simple loop, there appeared to be an analogy between the expression for
the prior convergence error and the product of the eigenvalues unequal to zero of the reflexive
matrices of the inner loop nodes given an observation for theconvergence node. The expressions
for both consist of a part that reflects the dependency between the parents of the convergence
node; the expression for the prior convergence error moreover includes the formula that is used
to establish the sign of the additive synergy for the convergence node. The expression for the
product of the eigenvalues is supplemented with the formulathat is used to establish the sign
of the product synergy with respect to the observed value of the convergence node. In Section
9.1, the notion of quantitative parental synergy was definedthat quantified and generalised the
notion of the additive synergy as given for binary networks.This notion was used in the general
expression for the prior convergence error. An interestingquestion is whether a meaningful
analogous extension of the product synergy exists.
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Samenvatting

Informeel geformuleerd is een statistische variabele een kenmerk van iets dat met een bepaalde
kans een bepaalde waarde kan aannemen. Zo is bijvoorbeeld, voor een bepaald stoplicht, de
variabeleKleur een kenmerk dat de waardenrood, oranje engroen kan aannemen. De waar-
den van een statistische variabele sluiten elkaar uit en bijelkaar opgeteld komen de kansen op
de waarden uit op1. De kansen op de waarden worden aangegeven met ‘Pr’. Verder wordt
bijvoorbeeldKleur = rood vaak afgekort totrood. Voor het stoplicht zou bijvoorbeeld kunnen
gelden datPr(rood) = 0.6, Pr(oranje) = 0.1 enPr(groen) = 0.3. Of een auto die het stoplicht
passeert op de kruising erna een botsing heeft is ook een variabele. Deze variabeleBotsing
kan de waardeja of de waardenee aannemen. Bij een variabele met de waardenja en nee
wordt het aannemen van de waardeja vaak aangegeven met een kleine letter en het aannemen
van de waardenee met een kleine letter met een streepje erboven; dusBotsing = ja wordt
geschreven alsb enBotsing = nee als b̄. Er zou bijvoorbeeld kunnen gelden datPr(b) = 0.006
enPr(b̄) = 0.994. Variabelen kunnen elkaar beı̈nvloeden. Zo bëınvloedt de kleur van het stop-
licht de kans op een botsing. De kans op een botsinggegeven dat het stoplicht op rood staat
zou bijvoorbeeld gelijk kunnen zijn aan0.009 en de kans op een botsinggegeven dat het stop-
licht op groen staataan0.001. Dit zijn voorwaardelijke kansen en die worden genoteerd als
Pr(b | rood) = 0.009 en Pr(b | groen) = 0.001. Ook voorwaardelijke kansen tellen op tot
1; een auto heeft al dan niet een botsing gegeven een bepaalde kleur van het stoplicht. Met
Pr(b | rood) = 0.009 ligt dus bijvoorbeeld vast datPr(b̄ | rood) = 0.991.

Met een Bayesiaans netwerk kan de kansverdeling over een verzameling statistische variabe-
len compact worden vastgelegd. Zo’n netwerk bestaat uit eengerichte graaf waarin de knopen
de variabelen representeren en waarin de pijlen ruwweg de directe afhankelijkheden tussen de
variabelen aangeven. Verder geeft een Bayesiaans netwerk voor alle variabelen de kansen op de
waarden gegeven alle mogelijke waardencombinaties van de ouders. Voor het invullen van de
kansen in een netwerk kan bijvoorbeeld gebruik worden gemaakt van schattingen van deskundi-
gen of van bestaande gegevens. Hieronder staat een Bayesiaans netwerkje dat is opgebouwd uit
de besproken variabelenKleur (K) enBotsing (B).

K

B

Pr(rood) = 0.6
Pr(oranje) = 0.1
Pr(groen) = 0.3

Pr(b | rood) = 0.009
Pr(b | oranje) = 0.003
Pr(b | groen) = 0.001
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In dit netwerkje isKleur een ouder vanBotsing en isBotsing een kind vanKleur. Gegeven
een Bayesiaans netwerk kunnen in principe alle kansen van degerepresenteerde kansverdeling
worden uitgerekend. Het netwerkje geeft bijvoorbeeld nietexpliciet de kans op een botsing
(Pr(b)), maar deze kans kan wel worden berekend. Het netwerkje geeft bijvoorbeeld ook niet
expliciet wat de kans is dat iemand door rood gereden is, gegeven dat er een botsing heeft plaats-
gevonden (Pr(rood | b)), maar ook deze kans kan met behulp van het netwerk worden bepaald.

Hieronder staat nog een voorbeeld van een Bayesiaans netwerkje. Het netwerkje bevat de

GC H

W

Pr(gc) = 0.4 Pr(h) = 0.3

Pr(w | gc h) = 0.90
Pr(w | gc h ) = 0.75

Pr(w | gc h) = 0.05
Pr(w | gc h ) = 0.35

variabeleGoede Conditie (GC) die aangeeft of iemandja of nee een goede conditie heeft, de
variabeleHardlopen (H) die aangeeft of iemandja of nee aan het hardlopen is en de variabele
Welbevinden (W ) die aangeeft of iemandja of nee een gevoel van welbevinden ervaart. Vol-
gens het netwerkje is de kans dat iemand een goede conditie heeft gelijk aan0.4 en dus de kans
dat iemand geen goede conditie heeft gelijk aan0.6. Het netwerkje geeft ook de kansen op de
waarden vanHardlopen. VoorWelbevinden zijn alleen de kansen, gegeven de waardencom-
binaties van de ouders, gespecificeerd. Zo is bijvoorbeeld de kans dat iemand een gevoel van
welbevinden ervaart, gegeven dat deze persoon een goede conditie heeft en gegeven dat deze
persoon aan het hardlopen is (Pr(w | gc h)), volgens het netwerkje gelijk aan0.9. Weer geldt
dat slechts en deel van de kansverdeling expliciet gegeven is; alle andere kansen kunnen worden
uitgerekend.

Een kwalitatief probabilistisch netwerk is een wat groverevariant op een Bayesiaans netwerk.
In een kwalitatief probabilistisch netwerk worden de invloeden tussen met elkaar verbonden vari-
abelen met behulp van plussen, minnen en vraagtekens aangegeven. In het tweede voorbeeld-
netwerkje kan er een plus worden gezet op de pijl tussenGoede Conditie enWelbevinden.
Een goede conditie heeft hoe dan ook een positieve invloed ophet gevoel van welbevinden. De
invloed van hardlopen op het gevoel van welbevinden hangt echter af de conditie. Met een goede
conditie is harlopen plezierig maar met een slechte conditie niet. Op de pijl tussen de variabelen
Hardlopen enWelbevinden komt daarom een vraagteken te staan. Met behulp van een kwali-
tatief netwerk kan de invloed van het observeren van de waarde van een bepaalde variabele op
de kans op de waardeja van de andere variabelen worden berekend. In het voorbeeldnetwerkje
vergroot bijvoorbeeld de observatie dat iemand een goede condititie heeft de kans op de obser-
vatie dat deze persoon een gevoel van welbevinden ervaart. De aanwezigheid van vraagtekens
in een kwalitatief netwerk heeft tot gevolg dat er voor sommige variabelen geen betekenisvolle
uitspraken gedaan kunnen worden over de invloed van een bepaalde observatie. Wanneer je ziet
dat iemand hardloopt weet je niet of dat de kans op de observatie van een gevoel van welbevin-
den verhoogt of verlaagt. In het eerste deel van dit proefschrift wordt beargumenteerd dat er
aan een vraagteken in een kwalitatief netwerk een zogenaamd‘situationeel teken’ kan worden
toegevoegd. Ruwweg komt het erop neer dat er gebruik wordt gemaakt van de kans op de waarde
ja van de ene ouder om de invloed tussen de andere ouder en het gezamelijke kind te bepalen. In
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het voorbeeldnetwerkje is de kans dat iemand een goede conditie heeft gelijk aan0.4 en gegeven
die kans is de invloed vanHardlopen op Welbevinden negatief. De observatie dat iemand
hardloopt verlaagt dus de kans op de observatie dat iemand een gevoel van welbevinden ervaart
en het vraagteken kan worden aangevuld met een minteken. Wanneer observaties beschikbaar
komen kan een situationeel teken veranderen. In het proefschrift wordt ook beschreven wanneer
je zeker weet dat een situationeel teken gelijk blijft en wanneer je een situationeel teken in een
vraagteken zult moeten veranderen.

Zoals gezegd kan met behulp van een Bayesiaans netwerk in principe iedere kans van de
gerepresenteerde kansverdeling bepaald worden. Voor sommige netwerken zijn de exacte kansen
echter niet meer binnen redelijke tijd te berekenen. Problemen onstaan vooral wanneer een
netwerk grote gecompliceerde lussen heeft. Het netwerkje op de vorige bladzijde heeft geen lus.
In dit netwerkje wordt ervan uitgegaan datHardlopen enGoede Conditie geen directe invloed
op elkaar uitoefenen. Je zou echter ook kunnen zeggen dat ditniet klopt en dat er nog een pijl
tussen deze twee variabelen hoort te staan. In het onderstaande netwerkje is deze pijl wel aan-
wezig. Nu heeft het netwerkje een lus. In het proefschrift worden variabelen met twee of meer

GC H

W

Pr(gc) = 0.4 Pr(h | gc) = 0.6
Pr(h | gc) = 0.1

Pr(w | gc h) = 0.90
Pr(w | gc h ) = 0.75

Pr(w | gc h) = 0.05
Pr(w | gc h ) = 0.35

inkomende pijlen uit dezelfde lus convergentievariabelengenoemd, de andere variabelen in een
lus zijn binnenvariabelen. In het laatste netwerkje isWelbevinden dus een convergentievari-
abele enGoede Conditie enHardlopen zijn binnenvariabelen. Bij netwerken waarvoor exacte
kansen niet meer binnen redelijke tijd te berekenen zijn kunnen benaderingsalgoritmen worden
gebruikt. Een van deze algoritmen is het zogenaamde gelustepropagatie-algoritme. Een ken-
merk van dit algoritme is dat er alleen informatie wordt uitgewisseld tussen naast elkaar gelegen
variabelen. Het voordeel hiervan is dat ook in complexe netwerken berekeningen binnen rede-
lijke tijd kunnen worden uitgevoerd; het nadeel hiervan is dat er fouten in de berekende kansen
kunnen ontstaan. Het proefschrift geeft aan dat er twee soorten fouten kunnen worden gevonden
in de kansen die met het geluste propagatie-algoritme berekend worden: convergentiefouten en
cirkelfouten. Beide soorten fouten ontstaan in de lussen inhet netwerk. Convergentiefouten
onstaan in convergentievariabelen doordat het algoritme de informatie die een variabele van
zijn ouders ontvangt combineert alsof de ouders onafhankelijk van elkaar zijn terwijl dat niet
het geval is. Het proefschrift geeft een formule voor de foutdie gevonden wordt in de niet-
voorwaardelijke kansen die berekend worden voor de convergentievariabelen. De formule geeft
dus bijvoorbeeld de fout in de benadering voorPr(w). In de formule wordt gebruik gemaakt van
een weegfactor, de zogenaamde ‘kwantitatieve ouderlijke synergie’, een begrip dat in dit proef-
schrift wordt gëıntroduceerd. Deze weegfactor wordt berekend uit de voorwaardelijke kansen
die in het netwerk voor de convergentieknoop gespecificeerdzijn. Het ontstaan van cirkelfouten
hangt samen met het cirkelen van informatie in een lus. Wanneer een netwerk een enkele lus
heeft leidt de cirkelfout́of tot ‘overmoedige’ benaderingeńof tot ‘voorzichtige’ benaderingen
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voor de binnenknopen. Een overmoedige benadering ligt dichter bij 0 of bij 1 dan de werke-
lijk kans; een voorzichtige benadering ligt juist dichter bij 0.5. Het proefschrift laat zien dat
twee kwalitatieve kenmerken van de lus bepalen of de benaderingen door de cirkelfout richting
overmoedig of juist richting voorzichtig worden gestuurd.
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