
Decidable Navigation Logics for Object Structures

Frank S. de Boer and Rogier M. van Eijk

Institute of Information and Computing Sciences
Utrecht University, P.O. Box 80.089
3508 TB Utrecht, The Netherlands
ffrankb,rogier g@cs.uu.nl

Abstract. In this paper, we introduce decidable multimodal logics to describe
and reason about navigation across object structures. The starting point of these
navigation logics is the modelling of object structures as Kripke models that con-
tain a family of deterministic accessibility relations; one for each pointer attribute.
These pointer attributes are used in the logics both as first-order terms in equal-
ities and as modal operators. To handle the ambiguities of pointer attributes the
logics also cover a mechanism to bind logical variables to objects that are reach-
able by a pointer. The main result of this paper is a tableau construction for de-
ciding the validity of formulas in the navigation logics.

1 Introduction

In describing structures of objects, we distinguish two main levels of abstraction. First,
there is themodelling levelas specified by the Unified Modelling Language (UML)
[10]. At this level, in UML, a structure of objects is described in terms of a diagram
consisting of classes that are related to each other via associations. Consider for instance
the diagram depicted in Figure 1, which covers a classPerson that is related to a class
Book via the associationAuthor and a classCompany that is related to the classBook
via the associationPublisher . As indicated in the diagram, the multiplicity of these
associationsAuthor andBook is one-to-many.
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Fig. 1. A class diagram at the modelling level

Second, we distinguish theimplementation level, which describes the execution of
an object-oriented programming language, like for instanceJAVA, directly in terms of
the classinstances. At this level, the associations of the high-level class diagram are
implemented by means of pointer attributes andcollection objectslike sets, sequences,
enumerations and bags that act asmultiplexers. Consider for example the object struc-
ture in Figure 2, which depicts an instancep of the classPerson , instancesb1, b2 and



b3 of the classBook , instancesc1 andc2 of the classCompany , and multiplexersm1,
m2 andm3. Persons have a pointer namedAuthorOf to a multiplexer, multiplexers
have pointers nameditem(1), item(2), item(3) etc. to books, books have a pointer
AuthoredBy to a person and a pointerPublishedBy to a company, and companies have
a pointerPublisherOf to a multiplexer.
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Fig. 2.An object structure at the implementation level

A central concept for the description of object structures at both the modelling and
implementation level isnavigation[7]. The main problem addressed in this paper, is a
logical description of navigation at the implementation level, which denotes the opera-
tion of successively following pointers across an object structure. A crucial property of
navigation isreachability; i.e., the question whether starting at an object it is possible
to reach another object by navigation. For instance, in the object structure of Figure 2,
personp is the author of a book that is published by companyc2. In terms of navigation
this means that it is possible to reachc2 from p by navigating the attributesAuthorOf ,
item(3) andPublishedBy . Conversely, companyc2 is the publisher of a book that is
authored byp. However, it is not possible to reachp from c2 by navigation because
there is no pointer fromb3 to p. This could indicate anerror in the programming code.

Standardfirst-order logic, which allows only quantification over objects, is not ex-
pressive enough to describe reachability in a network of objects. Moreover, the validity
problem for first-order logic is undecidable. Standardmodal logics[9] are suited to nav-
igate through Kripke models, but although they are decidable, they also lack expressive
power because they do not distinguish betweenbisimilar Kripke models, such as for
instance between a loop and its infinite unfolding.

Over the last decade, a new family of modal logics has come up, which combine
modal operators with first-order variable-binding mechanisms. These languages are re-
ferred to as the family ofhybrid logics[2]. In contrast to standardfirst-order modal
logic [6], these logics cover mechanisms to bind variables to theworlds of a Kripke
model. In particular, in [5], a general logical framework is presented that extends the
navigation mechanism of standard modal logic with a variable-binding mechanism that
allows the binding of variables to worlds that are in the domain of the current world,
like for instance the worlds that are accessible.

The starting point of the navigation logics presented in this paper is the modelling
of object structures at the implementation level as Kripke models that contain a family
of deterministicaccessibility relations; one for each pointer attribute. Additionally, we



introduce a variable-binding mechanism along the lines of [5] that allows the binding of
logical variables to objects that are reachable by a pointer. These pointer attributes can
be used in the logic both as first-order terms in equalities and as modal operators. The
main result of the paper is a tableau construction for deciding the validity of formulas
in the navigation logics.

The plan of the paper is as follows. In Section 2, we define the syntax of the basic
navigation logic. The semantics of this logic is developed in Section 3. Additionally, in
Section 4, we present a tableau construction for deciding the validity of formulas in the
basic navigation logic. In the subsequent section, we discuss two decidable extensions
of the basic navigation logic; viz. an extension that includes a collection of jump oper-
ators and an extension that covers navigation programs. Finally, in Section 6, we wrap
up by providing several directions for future research.

2 Basic Navigation Logic

In this section, we define the basic navigation logic. LetA = fA1; : : : ; Ang be a finite
set ofpointer attributesandC = fnil ; selfg be the set ofconstants. The constantnil is
used to denote ‘undefined’ and the constantself to denote an object itself. Additionally,
let Var be a set ofvariableswith typical elementsx; y; z. The setT = A [ C [ Var ,
with typical elementt, denotes the set ofterms. Finally, letP be a set ofpropositional
atoms, with typical elementsp, q andr.

Definition 1. Thebasic navigation languageL0 consists of formulas' that are gener-
ated by the following BNF-grammar:

' ::= p j (t1 = t2) j :' j '1 _ '2 j hAi' j 9x=t(')

We have the usual abbreviations' !  for :' _  , '1 ^ '2 for :(:'1 _ :'2),
and'$  for '!  ^  ! '.

In the languageL0, pointer attributes can be used both as first-order terms in equal-
ities and asmodaloperators for navigation, which are applied toformulas: A formula
hAi' expresses that' holds for the object that results from following the pointerA.

Different objects, and in particular different objects from the same class, can have
attributes with the same name. To handle the ambiguities of these pointer attributes,
i.e., in order to be able to compare the pointer attributes of different objects, the lan-
guage covers avariable-bindingmechanism:9x=t(') denotes the formula' in which
the variablex is bound to the object denoted by the termt. For instance, the formula
9x=AhBi:(x = A) expresses that the pointer attributeA of the current object and the
pointer attributeA of the object that is reached by following the pointerB from the
current object, have different denotations. This variable-binding mechanism is further
illustrated in the example below.

Example 1.Consider the structure depicted in Figure 3 in which the objects are ar-
ranged in a ring. Each object has two pointersL andR to denote its left and its right
neighbour, respectively. As an example, we have that each object is the left neighbour of
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Fig. 3. Objects arranged in a ring structure

its right neighbour; formally, for each object in the ring the formula9x=self hRi(L = x)
is true. Second, each object’s right neighbour is the same object as the left neigh-
bour of the left neighbour of its left neighbour; that is, for each object the formula
9x=RhLihLi(L = x) holds.

The above example illustrates the difference with the variable-binding mechanism
of first-order logic, in which this form of binding can be modelled by substitution. That
is, in first-order logic, the formula9x=t(') can be modelled by'[t=x], which denotes
the substitution oft for x in '. If we would apply such substitution to the formula
9x=RhLihLi(L = x) we obtainhLihLi(L = R), which expresses that for the left
neighbour of an object’s left neighbour it holds that the left neighbour and the right
neighbour are the same. This does not hold for any of the objects in the above figure.

Finally, as our primary concern is the development of adecidablenavigation logic,
we only include the datatype of pointers. We assume apropositional encodingof infor-
mation about the state of an object, which may include other datatypes like integers and
booleans; e.g., the factx < y, which expresses that the value of the integer variablex
is less than the value ofy, can be represented by a particular propositionp.

3 Semantics

In this section, we introduce the semantics ofL0 that is based on a formal description
of object structures in terms of Kripke models that contain a deterministic accessibility
relation for each pointer attribute.

Definition 2. A Kripke modelM is a triple (O;K; �), whereO denotes the set of
objects, which form thestatesor worldsof the Kripke model,K is a total function of
type

K : O ! (A ! O)

and� is a valuation function of type

� : O ! }(P):

We assume an element? 2 O that stands for ‘undefined’, i.e., the value ofnil .
The functionK defines the accessibility relations of the model; that is, for each object



o and attributeA, we have thatK(o)(A) denotes the object that is accessible fromo
by following the pointerA. Moreover, ifK(o)(A) = ? thenA is called a nil pointer.
Additionally, the function� constitutes a valuation function that maps each worldo to
the set of propositions that are true in it.

Definition 3. Given a modelM = (O;K; �), a stateo 2 O and an assignment function
s : Var ! O, theinterpretation[[t]]M;o;s of a termt 2 T is defined by:

[[nil ]]M;o;s = ?
[[self]]M;o;s = o
[[A]]M;o;s = K(o)(A)
[[x]]M;o;s = s(x)

Additionally, thetruth definitionM; o; s j= ' for the languageL0 is inductively
given as follows:

M; o; s j= (t1 = t2) , [[t1]]M;o;s = [[t2]]M;o;s

M; o; s j= p , p 2 �(o)
M; o; s j= '1 _ '2 , M; o; s j= '1 or M; o; s j= '2
M; o; s j= :' , M; o; s 6j= '
M; o; s j= hAi' , M; o0; s j= '; whereo0 = K(o)(A) 6= ?
M; o; s j= 9x=t(') , M; o; sfx 7! o0g j= '; whereo0 = [[t]]M;o;s

wheresfx 7! o0g denotes the function that behaves likes except for the inputx for
which it yields the outputo0.

We defineM; o j= ' if for all assignmentss it holds thatM; o; s j= '. Additionally,
we haveM j= ' if M; o j= ' holds for all objectso. Finally, j= ' holds ifM j= ' for
all Kripke modelsM .

In standard modal logic with deterministic Kripke models, there is only a subtle
difference between the interpretation of the possibility and the necessitation operator:
The possibility operator requiresexactly oneaccessible world to exist, while in the
case of the necessitation operator it is required thatat most oneaccessible world exists.
Here, we have chosen for thepossibility interpretation of the navigation operator; the
necessitationreading of the operator would be:

M; o; s j= [A]' , if o0 = K(o)(A) 6= ? thenM; o0; s j= ':

Thus, the difference is that in the latter reading the formula is also true if there is
no accessible state. Note thatj= [A]' $ (hAi' _ A = nil). An alternative to dealing
with nil pointers is to use a three-valued logic, which besides the truth values true and
false includes a value for undefinedness, but this would unnecessarily complicate the
technical treatment. Note that in the evaluation of9x=t(') we do allowt to be a nil
pointer.

Finally, we remark that in the evaluation of formulas, the roles of constants and
variables are interchanged: The interpretation of variables remainsconstantduring the
evaluation of a formula, in other words, their interpretation is ‘frozen’, while the inter-
pretation of constantsvarieswith the current state of evaluation.



4 Decidability of Basic Navigation Logic

In this section, we show that the validity of formulas inL0 can be decided by means of
a semantic tableau procedure.

Definition 4. Given a setO of objects, we construct asemantic tableau, which is a
tree-like structure with nodes of the formo : � , whereo 2 O n f?g and� � L0.

The construction of a tableau involves three types ofbranch extension rules, namely
conjunctive rules, disjunctive rulesandnavigation rules. They are of the following gen-
eral format, respectively:

o : �;'

o : �;�

o : �;'

o : �;� j o : �;� 0
o : �

A
�! o0 : � 0

The rules are as follows (we omit the context� � L0):

o : :('1 _ '2)

o : :'1; :'2

o : 9x=t'

o : x = t; '

o : :9x=t(')

o : x = t; :'

o : ::'

o : '

o : '1 _ '2
o : '1 j o : '2

o : :hAi'

o : hAi:' j o : A = nil

o : �
A
�! o0 : �A

where�A = f' j hAi' 2 �g ando0 is a fresh label.

Given an input formula' 2 L0, the construction of the tableau for' then proceeds
as follows:

(0) Start with an initial tree consisting of the root nodeo : '.
(1) If a conjunctive or disjunctive rule is applicable then apply it and goto(1), else

goto(2)
(2) If the navigation rule is applicable then apply it once for each attributeA that

occurs in� such that�A is non-empty and goto(1), else terminate.

The construction of the tableaualwaysterminates. Formally, this can be shown by
a straightforward induction on the length of the input formula'.

Before considering the soundness and completeness of the tableau construction, let
us briefly sketch how a model can be extracted from a tableau. A tableau consists of
a number of branches; the branches with a consistent theory can be used in the model
construction. The theory of a branch is given by the set of literals that occur on it, but
as the interpretation of these literals is relative to the nodes of the branch, we need to
replace them by absolute literals whose interpretation is node-independent. A model is
then obtained from a consistent branch by identifying the nodes that are expressed to be
equal in the theory; in other words, each world of the model represents an equivalence
class of identified nodes. Although the branch is a tree structure, the corresponding
model may contain cycles due to these identifications. Finally, the accessibility relation



and the valuation function of the model can be extracted from the branch in a straight-
forward manner.

The remainder of this section is devoted to an outline of the soundness and com-
pleteness proofs of the above semantic tableau method. From now on, we fixO, with
? 2 O, to be the set of objects used in the tableau construction.

First, we give a definition of terms and propositions, so-calledabsolute termsand
absolute propositions, whose evaluation does not depend on the current object.

Definition 5. The setTabs of absolute termsand the setPabs of absolute propositions
are given by:

Tabs = Var [ O [ fo:A j o 2 O; A 2 Ag

Pabs = fo:p j o 2 O; p 2 Pg

An absolute literalis an (in)equation between terms ofTabs or (the negation of) an
absolute proposition ofPabs .

Next, we define the interpretation of absolute terms and propositions.

Definition 6. Given a Kripke modelM = (O0;K; �), a corresponding assignments,
and a strict (with respect to the respective bottom elements? 2 O and?0 2 O0)
mapping� 2 O ! O0, we define theinterpretation[[t]]M;s;� of an absolute termt as
follows:

[[x]]M;s;� = s(x)
[[o]]M;s;� = �(o)
[[o:A]]M;s;� = K(�(o))(A)

Additionally, for allt1; t2 2 Tabs ando:p 2 Pabs we define:

M; s; � j= (t1 = t2) , [[t1]]M;s;� = [[t2]]M;s;�

M; s; � j= o:p , p 2 �(�(o))

Note that the strictness of� yields[[?]]M;s;� = ?0.
The following definition associates with eacho 2 O n f?g an operation that trans-

forms a termt 2 T into a corresponding absolute term.

Definition 7. For each termt 2 T and objecto 2 Onf?gwe define the termto 2 Tabs
by:

nilo = ?
self o = o
Ao = o:A
xo = x

The following lemma states some truth-preserving properties of this operation.

Lemma 1. For every modelM = (O0;K; �), corresponding variable assignments,
and strict mapping� 2 O ! O0 we that have for every termt 2 T :

[[t]]M;�(o);s = [[to]]M;s;�



Similarly, for every equality(t1 = t2) 2 L0 and every propositionp 2 P we have:

M; �(o); s j= (t1 = t2) iff M; s; � j= (to1 = to2)
M; �(o); s j= p iff M; s; � j= o:p

Next, we define the deductive closure of a set of absolute literals.

Definition 8. For each set� of absolute literals, itsdeductive closureClos(� ) is de-
fined to be the smallest set that contains� and that is closed under the following rules:

– (t = t) 2 Clos(� ), for every termt occurring in�
– if (t1 = t2) 2 Clos(� ) then(t2 = t1) 2 Clos(� )
– if (t1 = t2); (t2 = t3) 2 Clos(� ) then(t1 = t3) 2 Clos(� )
– if t1 = t2; ' 2 Clos(� ) then'[t2=t1] 2 Clos(� )

It is not difficult to see that if� is a finite set of absolute literals thenClos(� ) is
also finite.

A branchT of a semantic tableau is a substructure that contains the root node and
that for each application of a conjunctive rule contains its child, for each application of
a disjunctive rule contains precisely one of its children, and for each application of the
navigation rule contains all its children. The theory of a tableau branch as a deductively
closed set of absolute literals, is introduced in the following definition.

Definition 9. Thetheory of a branchT is given byTh(T ) = Clos(� );

where � = fo:p j o : p 2 Tg [ f:o:p j o : :p 2 Tg [

fto1 = to2 j o : (t1 = t2) 2 Tg [ f:(t
o
1 = to2) j o : :(t1 = t2) 2 Tg [

fo:A = o0 j o
A
�!o0 2 Tg [

f:(o = ?) j o 2 Tg:

(When we writeo : ' 2 T we mean that there exists a nodeo : �;' in T , for some set

of formulas�. Additionally, byo
A
�! o0 2 T we mean that inT there exists anA-link

from a node labelled byo to one labelled byo0.)

It is worthwhile to observe thatTh(T ) is afinite set of absolute literals. Next, we
define when a tableau branch is closed, that is, does not give rise to a model.

Definition 10. A branchT is calledclosedif Th(T ) is inconsistent (i.e., contains both
a literal and its negation). IfT is not closed it is calledopen.

In the following definition, we introduce the notion of a homomorphic mapping of
a branch of a semantic tableau into a Kripke model.

Definition 11. A strict mapping� : O ! O0 is a homomorphic mappingof a branch
T of a tableau into a modelM = (O0;K; �) with respect to a variable assignments if
the following hold:



– if o
A
�! o0 2 T thenK(�(o))(A) = �(o0)

– if o : ' 2 T thenM; �(o); s j= '

Finally, we are in a position to state and prove the soundness of the tableau method.

Theorem 1. For all ' 2 L0, if ' is satisfiable then its tableau has an open branch.

Proof. Without loss of generality we may assume that in' each variablex is bound at
most once and does not occur both free and bound. LetM = (O0;K; �) be a model
and s a variable assignment such thatM; o0; s j= ', for someo0. For an inductive
argument, suppose we have constructed a variable assignments and a corresponding
homomorphic mapping� : O ! O0 intoM of all the nodes of a branch of the tableau
of ' which occur at a depth smaller than somen � 0. We consider the following two
main extensions.

– The branch with nodeo : �; 9x=t( ) at leveln is extended witho : �; x = t;  .
From the existence of the homomorphism� we derive thatM; �(o); s j= 9x=t( ).
Using the truth definition we obtainM; �(o); sfx 7! o0g j=  for o0 = [[t]]K;�(o);s.
Thus, we haveM; �(o); sfx 7! o0g j= (x = t) ^  . It follows by the above
assumption on' thatx does not occur (free) in any formula occurring in the tableau
other than . So we have that� is also a homomorphism intoM with respect to the
variable assignmentsfx 7! o0g and which now includes also the nodeo : �; x =
t;  .

– A nodeo : � 2 T on this branch at leveln isA-linked to a new nodeo0 : �A, for
some attributeA. From the assumptionM; �(o); s j= � we deriveM; o00; s j= �A
for o00 = K(�(o))(A) 6= ?. So, we can extend� to a homomorphism�fo0 7! o00g
which includes the new nodeo0 : �A.

Via Lemma 1 and the construction of the homomorphism� we deriveM; s; � j=
Th(T ), for some branchT . From this it follows thatTh(T ) is consistent, i.e., thatT is
an open branch. ut

To prove completeness we first show how to construct a model from an open branch.

Definition 12. Given an open branchT , we define the Kripke modelMT = (O0;K; �)
as follows:

– The underlying setO0 of worlds consists of the equivalence classes:

[t] = ft0 j (t = t0) 2 Th(T )g;

wheret; t0 2 Tabs nVar . The equivalence class[?] plays the role of bottom inO0.
– The accessibility functionK is defined by:

K([o])(A) = [o:A]
K([t])(A) = [nil ]; if there does not exist ano 2 [t].

– The valuation function� is defined by:

�([t]) = fp j o : p 2 T for someo 2 [t]g:



It is straightforward to check thatMT is indeed well-defined. Moreover, by con-
struction ofMT , an absolute term denotes inMT its corresponding equivalence class
under the strict mapping� which assigns to everyo 2 O its equivalence class[o]. This
is expressed formally by the following lemma.

Lemma 2. Let s be an assignment that assigns to each variable an object ofMT ,
i.e., an equivalence class of absolute terms. Additionally, let� 2 O ! O0 be a strict
mapping which assigns to everyo 2 O its corresponding equivalence class[o] in MT .
For eacht 2 Tabs let [t]s denote the equivalence class[t] itself, in caset 62 Var , and
[x]s = s(x), otherwise. For each termt 2 Tabs we then have:

[[t]]MT ;s;� = [t]s

Given the above, we are now in a position to prove the completeness theorem.

Theorem 2. For all ' 2 L0, if the tableau for' has an open branch then' is satisfi-
able.

Proof. Let T be an open branch of the tableau for'. We show that for allo :  2 T
we haveMT ; [o]; s j=  for the assignments that is defined by:s(x) = [t], where
(x = t) 2 Th(T ) andt 2 Tabs n Var . Note that the existence of such an absolute
term follows from the fact that the initial formula' is assumed not to contain free
variables. The proof proceeds by induction on the length of . We treat the following
characteristic cases.

– casep. Fromo : p 2 T ando 2 [o] we deriveMT ; [o]; s j= p.
– case:p. Fromo : :p 2 T and the fact thatT is open we deriveo0 : p 62 T for all
o0 2 [o]. In other words,MT ; [o]; s j= :p.

– caset1 = t2. Supposeo : (t1 = t2) 2 T . By definition ofTh(T ) we have
to1 = to2 2 Th(T ). By construction of the modelMT and the definition ofs we
derive [to1]s = [to2]s. From Lemma 2 we subsequently inferMT ; s; � j= (to1 =
to2), where� 2 O ! O0 is a strict mapping which assigns to everyo 2 O its
corresponding equivalence class[o] in MT . Finally, from Lemma 1 we conclude
MT ; [o]; s j= (t1 = t2).

– case:(t1 = t2). Supposeo : :(t1 = t2) 2 T . By definition ofTh(T ) we have
:(to1 = to2) 2 Th(T ). SinceTh(T ) is consistent we haveto1 = to2 62 Th(T ). By
construction of the modelMT and the definition ofs it thus follows that[to1]s 6=
[to2]s, from which we derive by Lemma 2 thatMT ; s; � j= :(to1 = to2), where
� 2 O ! O0 is a strict mapping which assigns to everyo 2 O its corresponding
equivalence class[o] inMT . From Lemma 1 we concludeMT ; [o]; s j= :(t1 = t2).

– casehAi'. Supposeo : hAi' 2 T . From the construction of the tableau we de-

rive that there exists a nodeo0 with o
A
�!o0 2 T ando0 : ' 2 T . The induction

hypothesis yieldsMT ; [o
0]; s j= '. The construction of the modelMT then yields

MT ; [o]; s j= hAi'.
– case9x=t('). Supposeo : 9x=t(') 2 T . From the construction of the tableau we

derive that alsoo : x = t; ' 2 T . Applying the induction hypothesis we obtain
MT ; [o]; s j= (x = t) andMT ; [o]; s j= '. From this we concludeMT ; [o]; s j=
9x=t('). ut



Note that from the construction of the model in the completeness theorem it follows
that the languageL0 satisfies thefinite model property, i.e., every satisfiable formula
is satisfiable in a finite model. Moreover, note that the constructed model may contain
cycles, which indicates that the languageL0 does not satisfy thetree model property,
stating that every satisfiable sentence has a model that is a tree of bounded branching
[12]. A counterexample is the formula9x=selfhAi(x = self), which is only satisfiable
in worlds that areA-linked to themselves.

5 Extensions

In this section, we briefly discuss some interesting decidable extensions of the basic
navigation logic presented above.

5.1 Jump Operators

The logicL1 extends the basic navigation logicL0 with jump operators; i.e., we gen-
eralise the syntax of the navigation operator tohti', wheret is a term inT . So, if the
index is a variablex, the operator can be used to jump back to the state to whichx is
bound.

Definition 13. Thetruth definitionM; o; s j= ' for the languageL1 is the same as for
L0 except:

M; o; s j= hti' , M; o0; s j= '; whereo0 = [[t]]M;o;s 6= ?:

As an example, consider the object structureM in Figure 2. At the worldp, the
following formula is true:

hAuthorOf i9x=selfhitem(1)i9y=PublishedByhxihitem(2)i(PublishedBy = y)

which means that personp is the author of two books that are published by thesame
company.

The tableau constructionL1 is similar to that ofL0 modulo some minor modifica-
tions.

Definition 14. Thetableau rules forL1 are the same as forL0 except for the navigation
rule, which is generalised as follows:

o : �
t

�! o0 : �t

where�t = f' j hti' 2 �g ando0 is a fresh label.

Moreover, it suffices to modify the theoryTh(T ) of a branch as given in Definition 9
as follows. The support set� of absolute literals additionally contains:

fx = o0 j o
x

�!o0 2 Tg [

f? = o0 j o
nil
�!o0 2 Tg [

fo = o0 j o
self

�!o0 2 Tg:

The soundness and completeness proofs are similar to the proofs forL0.



5.2 Navigation programs

In the extensionL2, which is inspired by the dynamic logic of [8], we include formulas
of the formh�i', where� is anavigation programthat defines a particular navigation
strategy.

Definition 15. Thenavigation languageL2, consisting of boolean conditionsb, navi-
gation programs� and formulas', is generated by the following BNF-grammar:

b ::= p j t1 = t2 j :b j b1 _ b2

� ::= A j �1;�2 j if b then �1 else�2 j while b do�

' ::= b j :' j '1 _ '2 j 9x=t' j h�i'

To formalise the meaning of a formula inL2 we first define the meaning of naviga-
tion programs.

Definition 16. Given a modelM = (O;K; �) and an assignments, we have the fol-
lowing (standard)denotational semanticswhich assigns to each program� a strict
mappingM(�) : O ! O:

M(A)(o) = K(o)(A)
M(�1;�2)(o) = M(�2)(M(�1)(o))

M(if b then�1 else�2)(o) =

�
M(�1)(o) if M; o; s j= b
M(�2)(o) otherwise

M(while b do�)(o) =

�
M(while b do�)(M(�)(o)) if M; o; s j= b
o otherwise

The above recursive definition ofM can be justified by means of a (standard) least
fixpoint construction defined in terms of the discrete complete partial order(O;v) that
is defined by:? v o ando 6v o0 for all distinct objectso ando0. From this fixpoint
construction it follows thatM(while b do�)(o) = ? in case the programwhile b do�
does not terminate ino.

We have the following truth definition.

Definition 17. Thetruth definitionM; o; s j= ' for the languageL2 is similar to that
for L0 except:

M; o; s j= h�i' , M; o0; s j= '; whereo0 = M(�)(o) 6= ?

It is worthwhile to observe that the truth of the formulahwhile b do�itrue implies
that the programwhile b do� terminates. In the light of the Halting Problem, however,
this does not imply that we cannot decide the validity of formulas in the languageL2,
because our navigation programs are not Turing complete.

As an example ofL2, the formula

hwhile :(y = self) do Aitrue

states that the object denoted byy is reachable from the current object by a finite chain
of A-links.



Definition 18. Thetableau rules forL2 are given by the rules forL0 together with the
following rules (we omit the context�):

o : h�1;�2i'

o : h�1ih�2i'

o : hif b then�1 else�2i'

o : b; h�1i' j o : :b; h�2i'

o : :hif b then�1 else �2i'

o : b;:h�1i' j o : :b;:h�2i'

o : hwhile b do�i'

o : :b; ' j o : b; h�ihwhile b do�i'

o : :hwhile b do�i'

o : :b;:' j o : b;:h�ihwhile b do�i'

The resulting tableau method may give rise tonon-termination. However, in the
tableau construction, we can stop applying any further rules to a leafo : � in case there
already exists an ancestor node with the same set of formulas� . With this additional
rule the method is guaranteed to terminate, because starting from an initial formula,
only a finite number ofdifferentformulas can be generated.

Additionally, a branchT of a tableau now also closes if one of its leafso : � con-
tains a formula of the formhwhile b do�i . (Note that by definition there also exists
an ancestor node of the formo0 : � .) The new tableau method is sound and complete
because in case its theory does not contain an inconsistency, such a branchT corre-
sponds to a model in which the programwhile b do � ‘loops’, i.e., hwhile b do�i 
does not hold. For the same reason, a branchT of a tableau with a consistent theory and
a leaf which contains a formula of the form:hwhile b do�i does constitute a model.

6 Conclusions and Future Research

In this paper, we have presented multimodal logics for navigation across object struc-
tures. The starting point of these logics is the modelling of object structures at the
implementation level as Kripke models that contain a family of deterministic acces-
sibility relations, namely one relation for each pointer attribute. The logics cover a
variable-binding mechanism that allows the binding of logical variables to objects that
are reachable by a pointer. In this way, pointer attributes can be used in the logic both
as first-order terms in equalities and as modal operators. The main result of the paper is
a tableau construction for deciding the validity of formulas in these navigation logics.

In [1], it is stated that for hybrid languages, i.e., modal logics that include mecha-
nisms for naming the worlds of a given Kripke model: “it seems unlikely that restricted
forms of (label) binding will lead to decidable systems.” However, in this paper, we
have shown that decidable hybrid languages can be obtained by restricting to particular
classes of models. This point is also illustrated in [3], where decidability of a hybrid
language is obtained for the class of strict partial orders. In [11], a decision procedure
based on a tableau construction is given for hybrid logics that do not involve variable-
binding mechanisms. Of interest in this context would be an extension of our tableau
construction to hybrid languages that do include variable-binding.

In the graphical modelling languageUML, class diagrams can also be annotated
with so-calledconstraints, which are formulated in the Object Constraint Language,



OCL for short [13]. The languageOCL is a textual language for the description of object
structures mainly at the modelling level. In contrast to our approach, inOCL, naviga-
tion is modelled as adereferencing operatorthat is applied to first-order terms. For
instance, the termt:A denotes the value of the pointer attributeA of the object denoted
by t. By means of a formalisation of navigation in terms of a modal logic, however,
we are able to identify decidable navigation logics that are still expressive enough to
express interesting properties of object structures. Future work concerns an extension
of our approach to the modelling level of class diagrams and the development of tools
for computer-aided-verification by means of an implementation of the corresponding
tableau procedure.

At the implementation level another interesting line of future work concerns an
application of our decidable navigation logics to the computer-aided-verification of the
correctness of object-oriented programs. Such an application involves the definition of
a weakest precondition calculus[4] for our navigation logics.
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