
2
Basic equations

In this chapter the basic equations are considered, which describe the pressure, velocity, tem-
perature and composition of a convecting fluid within a rigid porous medium. Thermochem-
ical convective flow in porous media is evidently three-dimensional [e.g.Griffiths, 1981;
Murray and Chen,1989]. The physics involving the convective phenomena described in this
dissertation are, however, essentially two-dimensional. Furthermore, modeling of convection
in geologically relevant low-porosity media is numerically challenging, because (1) the in-
tegration time step size depends linearly on porosity and (2) considerable spatial resolution
is required in order to resolve fine structures. These small-scale features arise from either
double-diffusive effects within the liquid or heterogeneities in the solid matrix. Therefore, a
high resolution study in two dimensions fits the purposes of this thesis better than a three-
dimensional one on a rather coarse grid.

2.1 Conservation equations

A two-dimensional porous medium in a rectangular domain is considered, which is saturated
with fluid (see Figure 2.1). The horizontal and vertical Cartesian coordinates are denoted by
x andz, respectively.

Conservation of mass of an incompressible fluid in a porous medium is described by
[Nield and Bejan,1992]

∇ ·q = 0, (2.1)

whereq is the seepage velocity (for notations, consult also the List of Symbols).
Assuming that inertia effects are negligible, conservation of momentum in the porous

medium can be expressed by the empirical law ofDarcy [1856]

q =−K
µ

(∇p−ρg), (2.2)

with µ for dynamic fluid viscosity,p for pressure,ρ for fluid density andg for the gravitation
vector. The diagonal permeability matrixK consists of a horizontalKx and a vertical compo-
nentKz. The orientation of the principal axes ofK are assumed to be parallel to the sides of
the domain.
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Figure 2.1:Geometric setup of the fluid-saturated porous medium.

Permeability is one of the most critical parameters governing the flow in geological sys-
tems. Although it is also one of the most difficult parameters to measure in the field (due
to problems of heterogeneity and scale), the permeability field is very likely anisotropic and
heterogeneous [Brace,1980, 1984;Kozlovsky,1984;Clauser,1992;Huenges et al.,1997;
Schulze-Makuch and Cherkauer,1997;Fisher,1998;Gerdes et al.,1998;Manning and In-
gebritsen,1999].

It is assumed that the fluid and matrix are in thermal equilibrium; conservation of energy
can then be expressed as

σ
∂T
∂t
−∇ · (κ∇)T + q ·∇T = 0, (2.3)

whereT denotes the temperature, andt is time. Further, the effective thermal diffusivity of
the saturated medium is denoted byκ, and it is assumed to be isotropic while it may vary in
space. The parameterσ represents the ratio of the heat capacities between the solid matrix
and the fluid (which are denoted by subscript m and f, respectively):

σ = φ + (1−φ)(ρcp)m/(ρcp)f , (2.4)

wherecp represents the isobaric heat capacity andφ is the porosity of the medium.
We assume that the dispersive flux of compositional concentration can be expressed in a

Fickian form [Bear,1972]. Conservation of the solute concentrationC is then described by:

φ
∂C
∂t
−∇ · (Dh∇C)+ q ·∇C = 0, (2.5)

whereDh is a second order tensor describing the hydrodynamic dispersion.
In this thesis, two Fickian models of solute dispersion are considered. In the first and

most simple model, the hydrodynamic dispersion term is represented by a constant scalar,
Deff:

φ
∂C
∂t
−Deff∇2C+ q ·∇C = 0, (2.6)

In the second model, a more refined treatment of dispersion is considered. This linear
model is often used in groundwater flow studies [Bear,1972]. The hydrodynamic dispersion
tensor,Dh, now consists of the the molecular diffusion in the porous medium,Dmol, and the
tensor of mechanical dispersionDmech. Here, the molecular diffusion in the porous medium
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is defined asDmol = φDf/τ, whereDf is the molecular diffusivity of the chemical component
within the fluid andτ the tortuosity of the porous medium. The coefficients ofDmech are a
function of both fluid velocity and medium characteristics. In general, mechanical dispersion
of chemical concentration is more important than molecular diffusion, except when the flow
is very slow. For this dispersion model, the conservation of species is expressed as:

φ
∂C
∂t
−∇ · ([Dmol + Dmech]∇C)+ q ·∇C = 0, (2.7)

with Dmech, written in scalar terms

(Dmech)i j = (al −at)
qiqj

|q| + aT |q|δi j , i, j = 1,2. (2.8)

Here,al andat represent the longitudinal and transversal dispersivities, respectively. Further-
more,δi j is the Kronecker delta. For a non-linear treatment of mechanical dispersion as valid
at high concentration gradients, finally, the reader is referred toHassanizadeh and Leijnse
[1995].

2.2 Thermochemical characteristics of the fluid

Fluid properties which need to be considered in studies of flow in porous media include den-
sity, viscosity, heat capacity, thermal conductivity, compressibility and specific heat. These
properties generally change with the pressure, temperature and chemical conditions of the
liquid. Parts of this thesis (Chapters 4, 5 and 7) concern the fundamental investigation of the
stability and dynamics of thermochemically driven convection in porous media. In these
chapters, simple relationships have been considered between the fluid properties and the
thermodynamic quantities. For example, viscosity, thermal conductivity, specific heat are
assumed to be constant, while compressibility of the liquid is neglected. Furthermore, liq-
uid density depends linearly on temperature and chemical concentration (reference values are
denoted by the subscript 0):

ρ(T,C) = ρ0[1−α(T−T0)+ β(C−C0)]. (2.9)

Here, α and β are the coefficients of thermal and chemical expansion, respectively. The
desired properties of the liquid, being it aqueous or magmatic, are obtained by an appropriate
choice of the fluid properties.

The heat capacity ratio is assumed to lie betweenσ = 0.75 and 1.0, a reasonable assump-
tion for most geological systems. That is, since(ρcp)m ' (ρcp)f , the heat capacity goes to
unity.

In Chapters 6 and 8, two applied geophysical problems are discussed in which thermo-
chemical convection of water is involved. In these two chapters more advanced equations of
state have been employed, as compared to the linear relations mentioned before. The liquid
in these simulations carries a salinity of standard seawater (in which the salinity content is
approximately 3.5 wt% NaCl equivalent) or more. In the literature, a vast amount of repre-
sentations of the equations of state can be found, of which the expressions given below are
just one possible selection. We have chosen for analytical expressions, in order to save a
large amount of computing time in the numerical simulations as compared to, for example,
the implementation of look-up tables.

For the range of temperatures, compositions and pressures considered in our physical
model, seawater remains below its boiling temperature. Its viscosity may vary by a factor of
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15 and its density by more than 50 percent. Accordingly, our computations take into account
the temperature, compositional and pressure dependency of the viscosity and density of the
fluid.

Temperature regression data of the measured density of a NaCl solution (0.75 Mol/kg),
given for each 10 MPa interval byPotter and Brown[1977], is used to specify the density
of seawater. At 0.1 MPa and for temperatures varying from 273.15 K to 373.15 K,ρ(T) in
kgm−3 is given by

ρ(T) = 1027.8−6.6157×10−2T∗ −2.8463×10−3(T∗)2 , (2.10)

whereT∗ = T−273.15 K. The same expression at 1500 MPa is:

ρ(T) = 1086.2−1.2564×10−1T∗ −1.4340×10−3(T∗)2 . (2.11)

For a certain depth the appropriate equation of state follows from linear interpolation between
these two equations.

Next, chemical concentration of the fluid may vary from 0 wt% (meteoric water) up to
60 wt% for highly saline brines [Nehlig,1993;Hanor,1994]. Assuming that the principle of
adding volumes of solvent and solute is satisfied, a linear relationship between the density of
the fluid and the chemical concentration is a reasonable approximation [Herbert et al.,1988]:

ρ(C) = ρ0[1+ β(C−C0)], (2.12)

where the chemical contraction coefficientβ is equal to 7.8×10−3 wt%−1.
The dynamic viscosity of the liquid depends primarily on temperature and dissolved

chemicals. For temperatures from 273.15 K to 373.15 K, an invariant approximation of pure
water is taken [Holzbecher,1998]:

µ(T) = 10−3(1+ 1.55112×10−2(T−293.15)
)−1.572

. (2.13)

For higher temperatures, the dynamic viscosity of pure water is taken as [ASME,1967]:

µ(T) = 2.414×10−5×10247.8/(T−140), (2.14)

whereT is between 373.15 K and 673.15 K.
In order to describe the dependence of dynamic viscosity on salinity, a linear relationship

is also not very adequate [Herbert et al.,1988]. As an alternative, these authors propose the
following empirical fit for the conditions of 293.15 K and 1 bar:

µ(C) = 1.002×10−3(1.+ 0.4819C−0.2774C2+ 0.7814C3) , (2.15)

where the chemical concentration Na-ClC may vary between 0 and 1 [Palliser and McKibbin,
1998c]. The pressure dependence of viscosity is not included because it is known to be small
for sub-critical temperatures [Norton,1984]. Finally, it is assumed that the productρ f cf is
constant, a reasonable assumption since the decrease of density with temperature roughly
balances the increase in isobaric heat capacity with temperature [Helgeson and Kirkham,
1974;Norton,1984].
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2.3 Thermochemical convection

The laws for conservation of mass, momentum, energy and species together with the equa-
tions of state (see sections 2.1 and 2.2) describe thermochemical convection in porous media
mathematically. The equations are non-dimensionalized with the following scales:

x̂ = x/h, κ̂ = κ/κ0, t̂ = t κ0/h2σ, T̂ = (T−T0)/∆T,
ẑ= z/h, p̂ = pKz/µ0κ0, ât = at/h, Ĉ = (C−C0)/∆C,
µ̂ = µ/µ0, K̂ = K/Kz, q̂ = qhσ/κ0, ρ̂ = ρKzgh/µ0κ0,

whereh is the depth of the medium and circumflexes denote the non-dimensionality of a
parameters. Further, it is assumed that the changes in density can be neglected everywhere
except in the buoyancy termρg in the momentum equation (2.2) (Oberbeck-Boussinesq ap-
proximation in case of constant fluid compressibility). This results in the following set of
differential equations:

∂p̂
∂x̂

Kr

µ̂
∂p̂
∂x̂

+
∂p̂
∂ẑ

1
µ̂

∂p̂
∂ẑ

= RaC
∂Ĉ
∂ẑ
−RaT

∂T̂
∂ẑ

=
∂ρ̂∗

∂ẑ
, (2.16)

∂T̂
∂t̂
− ∇̂ ·

(
κ̂∇̂T̂

)
+ q̂ · ∇̂T̂ = 0, (2.17)

and for the species equation, in case of the scalar dispersion model:

φ∗
∂Ĉ
∂t̂
− ∇̂ ·

(
1

Leeff
∇̂Ĉ

)
+ q̂ · ∇̂Ĉ = 0. (2.18)

Here,ρ̂∗ = ρ̂− ρ̂0 = RaCĈ−RaTT̂ is the difference between the density and the density at
the reference state. The five dimensionless parameters governing the convective dynamics are
the thermal Rayleigh numberRaT , the chemical Rayleigh numberRaC, the permeability ratio
Kr, φ∗, and the effective Lewis number,Leeff. These dimensionless parameters are defined as:

RaT =
KzρTgh

κ0µ0
, RaC =

KzρCgh
κ0µ0

, Kr =
Kx

Kz
, φ∗ = φ/σ, Leeff =

κ0

Deff
,

whereρT andρC are the density differences from the reference state due to a temperature
or chemical concentration difference, respectively (for the definitions of the density terms,
consult section 2.2). Besides the two Rayleigh numbers, their ratio is also used. This so-
called buoyancy ratioRρ is given by

Rρ =
RaC

RaT
=

ρC

ρT
.

Scale analysis of (2.17) and (2.18) shows that non-dissolvable elements are advected at the
fluid velocity q̂/φ∗, while temperature advects with the total fluid fluxq̂. This leads to the
development of double-advective double-diffusive instabilities [Phillips, 1991], especially in
geological media of low porosity. Note that this phenomenon is not found in flow of purely
viscous fluids.

In case of the more complete dispersion model, equation (2.18) is replaced by:

φ∗
∂Ĉ
∂t̂

+ ∇ ·
(
q̂Ĉ− D̂∇Ĉ

)
= 0 (2.19)
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or, written out in scalar terms:

φ∗
∂Ĉ
∂t̂

+ q̂x
∂Ĉ
∂x̂

+ q̂z
∂Ĉ
∂ẑ

=
∂
∂x̂

((
f 1+

1
Lemol

)
∂Ĉ
∂x̂

+ f 3
∂Ĉ
∂ẑ

)
+

∂
∂ẑ

(
f 3

∂Ĉ
∂x̂

+
(

f 2+
1

Lemol

)
∂Ĉ
∂ẑ

)
, (2.20)

where

f 1 =
ât
(
arq̂2

x + q̂2
z

)
|q̂| , f 2 =

ât
(
arq̂2

z + q̂2
x

)
|q̂| , f 3 =

ât ((ar −1) q̂xq̂z)
|q̂| ,

ar = al/at , Lemol =
κ0

Dmol
.


