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On the diffusivity of cosmic ray transport
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[1] A common assumption in particle transport theory is the assumption of diffusive
propagation, corresponding to a linear increase of the mean square displacement of particle
orbits with time. In recent years, however, several authors have discovered nondiffusive
transport in observations and in test particle simulations. Some analytical theories also
predict subdiffusion or superdiffusion of charged particles. In this article, a recently
developed test particle code is employed to explore diffusive and nondiffusive transport
regimes. For slab, two‐component, and isotropic turbulence the simulations are performed
for different particle energies. It is demonstrated that, in most cases, cross‐field transport
is indeed subdiffusive. The level of subdiffusivity is sensitively controlled by the turbulence
geometry.
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1. Introduction

[2] The history of cosmic ray transport has been some-
what checkered during the last decades. While researchers
agree that understanding the transport of charged particles in
turbulent electromagnetic fields is a research subject of
fundamental importance, there are many open questions,
and many dead ends have been encountered throughout the
way. Even though the basic question is quite simple (calculate
the motion of particles in random electromagnetic fields
without taking into account the back reaction of the particles
on the fields), there is no conclusive answer even for very
simplified turbulence models.
[3] One reason is owed to the fact that the analytical

calculation is a complicated problem due to the stochastical
nature of the electromagnetic fields. In contrast to particle
motions in uniform and curved electromagnetic fields, here
the motion of a single particle is entirely random and one is
reliant on statistical ensemble averages together with large
time averages. Therefore, one is forced to use quasi‐linear
[e.g., Jokipii, 1966; Shalchi and Schlickeiser, 2004] and
even nonlinear [e.g., Matthaeus et al., 2003; Shalchi et al.,
2004; Shalchi, 2005a, 2006, 2009; Qin, 2007] methods of
various shapes and guises. The drawback, however, is that
on the one hand quasi‐linear theory in many cases gives
invalid results [see Tautz et al., 2006a, 2006b; Shalchi,
2009], but nonlinear models are complicated and one is
forced to use approximations, sometimes drastic ones.
[4] By using the convention of aligning the background

magnetic field with the z axis, the parallel and perpendicular
diffusion coefficients are the elements of the diffusion tensor

� = diag(�?, �?, �k). One very basic question that still lacks
a conclusive answer is whether or not the transport pro-
cesses are truly diffusive, in the sense of classic Markovian
diffusion. Therefore, this would mean that the so‐called
“running” diffusion coefficients, which can be defined as

�i tð Þ ¼ h �xið Þ2i
2t

; ð1Þ

attain, asymptotically, finite values 0 < �i < ∞ in the limit of
large times. If they do, then the scattering process can be
considered a standard Markovian process or a random walk
[e.g., Chandrasekhar, 1943]. It is generally assumed that, in
isotropic turbulence, the particle motion is diffusive,
although there are contradicting analytical results [Tautz et
al., 2008a]. However, for anisotropic turbulence, such is
not clear [Zimbardo et al., 2006]. It has even been thought
that the underlying process might not be a classic diffusion
process but a Lévy random walk [Zimbardo, 2005]. How-
ever, such analyses would require a stable description of the
turbulence. With respect to the turbulence geometry, in
general, there are four major cases that have been used in
theoretical investigations:
[5] 1. In “slab turbulence,” the wave vectors of the tur-

bulent magnetic fields are always aligned with the back-
ground magnetic field B0. Assuming that B0 = B0êz, one has,
therefore, dB = dB(z). In most cases, slab turbulence leads to
subdiffusive perpendicular diffusion coefficients with �(t)∝
t−1/2, where “perpendicular” refers to the x‐y plane [e.g.,
Jokipii et al., 1993; Kóta and Jokipii, 2000; Qin et al.,
2002a; Shalchi, 2005b; Webb et al., 2006]. However, there
are some extreme cases (e.g., decreasing spectrum in the
energy range, early times for which the parallel motion is
ballistic) for which cross‐field transport can be diffusive
even for slab turbulence [e.g., Döring and Shalchi, 2008;
Shalchi, 2008]. As shown by Shalchi et al. [2007], per-
pendicular diffusion is also recovered if wave propagation
effects are taken into account. The parallel diffusion coef-
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ficient, in contrast, is usually described using a diffusion
theory [cf. also Qin et al., 2006].
[6] 2. The opposite case is that of “two‐dimensional (2‐D)

turbulence,” where dB = dB(x, y). For this case, Shalchi et
al. [2008] have developed a theory for relating the pitch
angle Fokker‐Planck coefficient to the perpendicular diffu-
sion coefficient. Assuming diffusive cross‐field transport, a
subdiffusive pitch angle scattering was found and, therefore,
superdiffusive transport along the mean field, i.e., �k(t)→ ∞.
[7] 3. “Composite” or “two‐component turbulence” is

the combination of slab and 2‐D turbulence, where usually
80–85% 2‐D is completed by 15–20% slab turbulence
[Bieber et al., 1996]. It is believed that, in such a case,
parallel and perpendicular diffusion are recovered [Qin et
al., 2002b]. There are, however, no formal proofs and
only a few simulation codes have tested this case [e.g., Qin
et al. 2002b]. A formal description of subdiffusive cross‐
field transport in the slab model and the recovery of dif-
fusion in two‐component turbulence is provided by the
extended nonlinear guiding center theory [Shalchi, 2006].
However, this theory cannot provide a physical explanation
for the recovery of diffusion and relies on several ad hoc
assumptions.
[8] 4. In the “isotropic model,” it is assumed that there is

no preferred direction of the turbulent magnetic field. In this
case the parallel diffusion coefficient (if transport along the
mean field is indeed diffusive) is controlled by the pitch
angle diffusion coefficient close to 90° [e.g., Bieber et
al., 1988]. Therefore, quasi‐linear theory, which cannot
describe 90° scattering correctly, has to be replaced by a
nonlinear diffusion theory. Tautz et al. [2008b] have used a
second‐order theory to compute parallel diffusion coeffi-
cients in isotropic turbulence that are in agreement with the
simulations of Giacalone and Jokipii [1999]. A theoretical
description of cross‐field transport in isotropic turbulence is
difficult. Tautz et al. [2008a] have used a so‐called semi‐
quasi‐linear theory for perpendicular scattering. According
to this approach, cross‐field transport is subdiffusive.
[9] Most models listed above share the common features

of time independence, thus not implementing concepts such
as plasma wave propagation or dynamical decay. (There
exist, of course, theoretical models that implement time
dependence; here, however, such will not be considered.)
Furthermore, the turbulence is considered to be magneto-
static; fluctuating electric fields, which would be responsible
for effects such as stochastic acceleration, are therefore
usually neglected.
[10] Here, the question of the diffusivity in isotropic and

in composite slab/2‐D turbulence is revisited. It is investi-
gated if parallel and perpendicular diffusion are really dif-
fusive and what the likelihood for a nondiffusive process is.
To do so, time‐dependent diffusion coefficients are calcu-
lated for a large number of particles with random initial
positions and a random initial velocity direction using
Monte Carlo test particle simulations. The results are then
averaged and a chi‐square test is performed to obtain evi-
dence about the diffusivity of the diffusion coefficients.
Similar simulations have been performed previously by,
e.g., Kaiser [1975], Kaiser et al. [1978], Michałek and
Ostrowski [1996], Giacalone and Jokipii [1999], Mace
et al. [2000], Qin et al. [2002a, 2002b], and Zimbardo
et al. [2006].

[11] The paper is organized as follows: In section 2, the
simulation code is briefly described and it is shown how
turbulence is generated numerically. In section 3, the sim-
ulation results are scrutinized in order to obtain information
about the diffusivity of the underlying transport processes,
and in section 4, the results are summarized and discussed.

2. Simulation Setup

[12] For the simulation of cosmic ray scattering processes,
the recently developed Padian code [Tautz, 2010] has been
used, which traces the trajectories of a large number of test
particles (typically 104) for a sufficiently long time (typically
104 Larmor orbits) to decide whether the transport is diffu-
sive, unperturbed, or subdiffusive. For the integration of the
equation of motion, an adaptive integration algorithm such
as the Bulirsch‐Stoer method [see Stoer and Bulirsch, 2002;
Press et al., 2007] is used, which can guarantee the relative
deviation in the particle energy to be sufficiently small
during the simulation (in the range of 10−3%). From the
integration of the particle trajectory, the mean square dis-
placement is then determined. Finally, the diffusion coeffi-
cients and the mean free paths are calculated by averaging
over all particles and all different turbulence realizations.
[13] The turbulence model, which, to some extent, is

based on a model used by Giacalone and Jokipii [1999],
generates random magnetic fluctuations by the superposi-
tion of a large number N of plane waves (typically 512)
with random directions of propagation, random phases, and
amplitudes as prescribed by the turbulence spectrum
from equation (3). The fluctuating magnetic field is then
calculated as

�B x; y; zð Þ ¼ Re
XN
n¼1

e 0?A knð Þ ei knz
0 þ�nð Þ ð2Þ

where the sum extends over N logarithmically spaced wave
number values kn. The amplitude function A(kn) ∝

ffiffiffiffiffiffiffiffiffiffiffi
g knð Þp

is related to the turbulence spectrum g(kn) and e0? is a unit
vector in the direction perpendicular to z′. The primed
coordinates are obtained from a rotation matrix, whose
angles are randomly generated for each summand n. The
parameter b is the random phase for each wave mode.
[14] For the turbulence spectrum, a kappa distribution is

chosen, which models the energy range and, for large wave
numbers, the transition to a standard Kolmogorov [see
Kolmogorov, 1941] spectrum in the form of a power law
with the spectral index s = 5/3. The spectrum has the form

g kð Þ ¼ C sð Þ
2�

�B2‘0 1þ k2‘20
� ��s=2 ð3Þ

where ‘0 and dB are the turbulence bend‐over scale and the
turbulence strength, respectively, and where C(s) is a nor-
malization factor. The spectrum from equation (3) has a
constant energy range (i.e., the range k < ‘0

−1). A more
general spectrum with a nonconstant energy range can be
found in the work of Shalchi and Weinhorst [2009].
[15] Isotropic turbulence is obtained by allowing the wave

modes to depend randomly on all spatial coordinates. For 2‐D
turbulence, in contrast, all waves modes depend only on
the x and y coordinates, whereas, for slab turbulence, the
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dependence is restricted to the z coordinate. Furthermore,
the dBz component of the resulting turbulent magnetic field
vector is set to zero. Composite turbulence is then gener-
ated by superposing an equal number of slab and 2‐D
modes with weighted amplitudes.
[16] Furthermore, some care must be taken about the

minimum and maximum wave numbers. Whereas the ana-
lytical form of the spectrum from equation (3) extends over
all wave numbers, such is not possible in computer simu-
lations. There are two major conditions that have to be
fulfilled, which are as follows: (1) the resonance condition
stating that there must exist a wave number so that kmRL = 1
is fulfilled, where m = vk/v denotes the pitch angle cosine
(with v the particle speed) and where RL is the particle’s
Larmor radius, and (2) the time scale condition stating that
WtmaxkminRL < 1, where W is the gyrofrequency and where
tmax is the maximum simulation time. The first condition
employs the well‐known concept of gyroresonance, which
predicts wave‐particle interaction dominantly for waves
with frequencies comparable to the particles’ gyrofrequency.
The second condition requires a maximum turbulence scale
(defined through kmin

−1 ) to be larger than the distance traveled
by the particle to ensure the particle cannot move out of the
system.
[17] It should be noted that both conditions 1 and 2 do not

depend on the turbulence correlation scale ‘0; instead, they
depend on the maximum and minimum scale of the system
(given by the minimum and maximum wave number,
respectively). Condition 2 therefore states that the particles
must not travel farther than the system scale Lmax = kmin

−1 ,
because, in a sense, it would then travel out of the coherent
turbulence area. If rewritten in the form vtmax < Lmax, its
physical meaning becomes even clearer. Although, in the
simulation code, the turbulence is generated wherever
the particle position is, particles start to free stream once the
condition is violated. In that case, one finds �? ∝ t−1, which
is equivalent to 〈Dx〉 = const and indicates a purely parallel
motion [cf. also Tautz, 2009, 2010].

3. Simulation Results

[18] In this section, the results of two simulations are
presented, both of which trace the trajectories of 2500 test
particles for a time of 105 gyro periods. While the first
simulation uses composite slab/2‐D turbulence with 20%
slab and 80% 2‐D contributions, the second simulation
employs isotropic turbulence. For comparison purposes, the
results of a simulation with slab turbulence are also shown.
For the normalized particle rigidity (the rigidity is a very
common quantity and is essentially defined as momentum
per charge) both simulations use values of R ≡ v/(W‘0) =
10−2 and R = 10−1. The maximum and minimum wave
numbers for the turbulence spectrum are kmin‘0 = 10−5 and
kmax‘0 = 103, respectively. Both the maximum and the
minimum wave number values are chosen so that the con-
ditions are fulfilled that were introduced at the end of
section 2. Therefore, particles scatter within a coherent
turbulence pattern and do not experience effects from, e.g.,
finite simulation boxes. Furthermore, the strengths of the
turbulence magnetic field and the background magnetic
field are taken to be equal, i.e., dB = B0.

[19] The chi‐square analysis proceeds as follows: from the
assumed form l(t) = atb, the merit function is calculated to

�2 �; �ð Þ ¼
X ln�sim � ln�� � ln t

	 �simð Þ
� �2

ð4Þ

where s(lsim)
2 denotes the variance for the values for the

parallel mean free path, which are calculated by the simu-
lation code [Tautz, 2010]. By assuming the errors of the
simulation results to be normally distributed, maximum
likelihood estimations for the parameters a and b as well as
their respective variances can be calculated from equation
(4) using conventional regression methods [e.g., Press et
al., 2007].

3.1. Composite Turbulence

[20] In Figures 1 and 2, the long‐time evolution of the
parallel and the perpendicular mean free paths are shown,
respectively. While the parallel mean free path is compatible
with a diffusive behavior, i.e., approaching a constant value
for t ≫ W−1, such is not the case for the perpendicular mean
free path, as becomes obvious in the double‐logarithmic
plot. The maximum likelihood estimation for a fit in the
form l?(t) = a?t

b? shows values for b? = −0.19 ± 2 × 10−4

in the case of R = 10−2 and b? = −0.17 ± 13 × 10−4 in the
case where R = 10−1. Of course, the transient time for t ≲
10−4W−1 has not been considered. From equation (9) of
Shalchi and Kourakis [2007], one has

�? ¼ 2�k � 1

3
ð5Þ

which, for diffusive parallel transport, i.e., bk = 0, would be
b? = −0.33. This result is close to the real values obtained
from the simulations. Equation (5) is based on the
assumption of compound diffusion corresponding to the
special case that a particle is tied to a single magnetic field
line. The slightly weaker decrease of the simulated diffusion
coefficient could come from the scattering of charged par-
ticles away from a single field line.
[21] The simulations for two‐component turbulence have

to be interpreted as follows: Even though it was believed
that, in the presence of perpendicular turbulence component,
perpendicular motion becomes diffusive [Qin et al., 2002b],
the result shown here suggests that such is not the case.
However, comparing to pure slab turbulence, where one has
�? / t−1/2 (corresponding to b? = −0.5), the level of sub-
diffusivity is much weaker.
[22] Furthermore, in Figure 3, the ratio of the perpendic-

ular to the parallel mean free path is shown as a function of
time. From equation (5), one has bk = (1 + 3b?)/2 and thus,
for the ratio,

�? tð Þ
�k tð Þ / t�?��k � t�tot ¼ t� 1þ�?ð Þ=2 ð6Þ

yielding numerical values of btot = −0.41 for R = 10−2 and
btot = −0.42 for R = 10−1. Again we find that the simulations
provide a slightly weaker level of subdiffusivity in com-
parison with the compound diffusion model. The explana-
tion for this small discrepancy is provided above.
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3.2. Isotropic Turbulence

[23] In Figures 4 and 5, the parallel and perpendicular
mean free paths are shown for isotropic turbulence, respec-
tively. The parallel mean free path is again nearly diffusive,
as was the case in section 3.1, where composite turbulence
was investigated. For the parallel mean free path, the chi‐
square analysis results in a value of bk = −(46 ± 3) × 10−4

for R = 10−2 and bk = −(11 ± 2) × 10−4 for R = 10−1.
[24] For the perpendicular mean free path, the results show

that, for the time scales considered, there is a clear difference
between small (R = 10−2) and intermediate (R = 10−1) ener-
gies. One the one hand, for R = 10−2, one has b? = −0.248 ±
3 × 10−5, showing a clear subdiffusive behavior. On the

other hand, for R = 10−1, one has b? = −0.059 ± 10−4, showing
an almost diffusive behavior. Long‐term simulations, how-
ever, seem to indicate the beginning of a diffusive regime (see
Figure 6), although such simulations are extremely time‐
consuming and, therefore, lack the required accuracy.
[25] In Figure 7, furthermore, the ratio of perpendicular

and parallel mean free paths, l?/lk, is shown in comparison
to the analytical results of equation (52) from Tautz et al.
[2008a]. For short and intermediate time scales, the simu-
lations results show excellent agreement with the analytical
approximation that was calculated using the concept of field
line random walk (FLRW). A brief summary of the main
results of Tautz et al. [2008a] is given in Appendix A.
[26] For large times, however, there is less agreement

between the predictions of FLRW and the simulations

Figure 1. The parallel mean free path in slab/2‐D compos-
ite turbulence for rigidity values of R = 10−2 (solid line) and
R = 10−1 (dashed line). For large times (t > 104W−1) the par-
allel particle motion becomes diffusive, thus resulting in an
approximately constant mean free path value (compare the
two dotted lines).

Figure 2. The perpendicular mean free path in slab/2‐D
composite turbulence for rigidity values of R = 10−2 (solid
line) and R = 10−1 (dashed line). For large times (t >
104W−1), the perpendicular particle motion becomes sup-
pressed, thus resulting in a very slightly subdiffusive mean
free path. The two dotted lines show a power law propor-
tional to t−0.19 and t−0.15, respectively.

Figure 3. The ratio of perpendicular and parallel mean free
paths in slab/2‐D composite turbulence as a function of the
simulation time Wt for rigidity values of R = 10−2 (solid line)
and R = 10−1 (dashed line). For comparison, a power law ∝
tbtot with the index btot = −0.41 is shown, as derived from
equation (6).

Figure 4. Same as Figure 1, except that now the case of
isotropic turbulence is shown. Note that, in contrast to the
case of composite slab/2‐D turbulence shown in Figure 1,
now the parallel mean free paths arrive at roughly the same
magnitudes.
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(Figure 7). This is due to the fact that FLRW is based on the
concept of compound diffusion, i.e., the assumption that the
particle moves along the magnetic field lines while it is
scattered diffusively in the parallel direction [Kóta and
Jokipii, 2000]. However, this assumption is certainly not
justified for large times, because the probability for particle
to be scattered away from the original field line will
increase. For pure 2‐D turbulence, this has been investigated
by Dosch et al. [2009] using a superposition of a diffusive
motion along the field line and hard‐sphere scattering [see
also Shalchi and Dosch, 2008; Dosch and Shalchi, 2009].

3.3. Slab Turbulence

[27] For comparison, we also analyzed the results of a
simulation [Tautz, 2009] with slab turbulence, yielding
values for the parallel and perpendicular power law indices
of bk ≈ 0.015 ± 0.002 and b? ≈ −0.446 ± 0.003, respec-
tively. As has already been explained in the introduction,

this behavior is well understood. Therefore, we abstain from
elaborating on this point once again.

4. Summary and Discussion

[28] Charged particle diffusion coefficients are important
ingredients for the theoretical description of various physical
scenarios. Such parameters control the propagation of cos-
mic rays through the Solar System, the Galaxy as well as
through intergalactic space. However, they are also impor-
tant for describing the acceleration processes of charged
particles at shock wave sites. The latter process is relevant
for the generation of high‐energetic cosmic ray particles and
is sensitively controlled by the charged particle diffusion
coefficients [e.g., Zank et al., 2000, 2004].
[29] In most analytical studies of particle transport [e.g.,

Jokipii, 1966;Matthaeus et al., 2003; Shalchi et al., 2004], it
has been assumed that scattering is diffusive with 〈(Dxi)

2〉 =
2t�i where the index i denotes the directions parallel and
perpendicular with respect to the mean magnetic field. In
previous work it has been assumed that particle transport is
subdiffusive for extreme cases only. Examples are cross‐
field diffusion in magnetostatic slab turbulence, which
should be a subdiffusive process with 〈(Dx)2〉 ∝

ffiffi
t

p
[e.g.,

Kóta and Jokipii, 2000; Shalchi, 2005b; Tautz, 2010]. This
behavior is also in agreement with the theorem on reduced
dimensionality proposed by Jokipii et al. [1993]. According
to this theorem, charged particles are tied to a single mag-
netic field line if the dimensionality of the turbulence is
reduced. As a consequence, cross‐field transport is only
controlled by field line random walk and, thus, perpendic-
ular scattering is subdiffusive (requiring diffusive parallel
transport and magnetostatic turbulence). This is the case for
pure slab turbulence. For two‐component turbulence, for
which two models of reduced dimensionality are super-
posed, the validity of this theorem is unclear! Previous

Figure 5. Same as Figure 2, except that now the case of
isotropic turbulence is shown. The two dotted lines show
power laws proportional to tbk, where bk = −0.248 for R =
10−2 and bk = −0.059 for R = 10−1, respectively.

Figure 6. Same as Figure 5, except that now a long‐term
simulation with reduced accuracy is shown with tmax =
106W−1. The dotted lines show a diffusive behavior (i.e., a
constant) as a guide to the eye.

Figure 7. The ratio of perpendicular and parallel mean free
paths in slab/2‐D composite turbulence as a function of the
simulation time Wt for rigidity values of R = 10−2 (solid line)
and R = 10−1 (dashed line). For comparison, the results of
equation (52) from Tautz et al. [2008a] are shown (dot‐
dashed and dotted lines), which are in excellent agreement
for small times. For large times, however, the ratio l?/lk
tend toward diffusivity, thereby deviating from the analyti-
cal result.
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simulations, however, have indicated that diffusion is at
least almost recovered, if one merges from pure slab to
two‐component turbulence [e.g., Qin et al. 2002b]. Other
authors have considered full anisotropic turbulence and
have simulated test particle transport [e.g., Perri and
Zimbardo, 2007; Zimbardo et al., 2006, 2008]. Accord-
ing to these authors, the transport behavior depends on
the turbulence geometry, which, in some cases, is con-
trolled by the so‐called Kubo number. Shalchi and
Kourakis [2007] revisited test particle transport in two‐
component turbulence by using analytical tools as well as
simulations, and it was concluded that parallel and per-
pendicular transport are merely almost diffusive.
[30] In the present article, a new and advanced test particle

code has been used to simulate particle transport in slab,
two‐component, and isotropic turbulence. We have care-
fully evaluated the ensemble of test particle trajectories to
determine the mean square displacements 〈(Dxi)

2〉 in dif-
ferent directions. The following results have been found:
[31] 1. In slab turbulence, the particles move nearly dif-

fusively along the mean magnetic field, while cross‐field
scattering is subdiffusive with 〈(Dx)2〉 ∝

ffiffi
t

p
(see, e.g.,

Figure 5 of Tautz [2010] or Figures 2, 4, and 5 of Tautz
[2009]). The latter behavior is in agreement with analyti-
cal work [e.g., Jokipii et al., 1993; Kóta and Jokipii, 2000;
Shalchi, 2005b] and previous simulations [e.g., Qin et al.
2002a].
[32] 2. In composite or two‐component turbulence, par-

allel scattering is still nearly diffusive. Perpendicular scat-
tering is now much closer to the diffusive transport regime;
see Figures 1–3. This could be interpreted as recovery of
diffusion in agreement with Qin et al. [2002b]. A careful
analysis of the simulation data, however, showed that there
is a weak subdiffusivity in agreement with the simulations
of Shalchi and Kourakis [2007]. According to the simula-
tions shown here, one finds 〈(Dx)2〉 ∝ t1+

b?
with b? ≈ −0.2.

It seems that diffusion is only nearly recovered but not
exactly.
[33] 3. In the isotropic model, the results shown in Figures 4

and 5 were found. Still parallel transport is nearly diffusive.
The behavior of cross‐field scattering, however, depends
now sensitively on the particle energy. Whereas, for small
energies, cross‐field scattering is even more subdiffusive
than for composite turbulence, it is almost diffusive for
higher energies. However, even there a very weak sub-
diffusivity can be seen.
[34] Furthermore, the results from Tautz et al. [2008a]

have, to some extent, been confirmed. There, the ratio of

perpendicular and parallel diffusion coefficients had been
calculated using the assumptions of magnetic field line
random walk, yielding a slightly subdiffusive behavior.
Predictions of a superdiffusive parallel mean free path
[Shalchi et al., 2008], however, could not be confirmed.
[35] In Table 1, all b parameters are summarized that have

been calculated from the simulation results and have been
used to fit a power law of the form l ∝ tb.
[36] As demonstrated in the present article, the transport

of charged particles is often not diffusive. Whereas parallel
scattering is nearly diffusive in all models considered, cross‐
field scattering in subdiffusive in the most cases. This
nondiffusivity is determined by the turbulence geometry.
For slab turbulence, perpendicular scattering is strongly
subdiffusive. For other models such as two‐component or
isotropic turbulence, perpendicular diffusion is nearly
recovered. But in all cases a weak nondiffusivity can be seen.
This nondiffusive behavior could be important for future
studies of cosmic ray propagation and shock acceleration.

Appendix A: Field Line Random Walk

[37] The starting point for the theory of field line random
walk [e.g., Tautz et al., 2008a] is the equation for the
magnetic field lines, dx/dz = dBx/B0, where dBz ≪ B0 has
been assumed. By formally integrating the equation, one
obtains

h �xð Þ2i ¼ 2

B2
0

Z z

0
dz 0 z� z 0ð ÞRxx z 0ð Þ ðA1Þ

where Rij is the field line correlation tensor. By concen-
trating on the z component and by using QLT (which, for
the diffusion of the field lines, yields amazingly good results!
[cf. Kourakis et al. 2009]) one obtains

RQLT
ij zð Þ ¼

Z
d3k Pij kð Þ cos kkz

� �
: ðA2Þ

Here, Pij = 〈dBi(k)dBj(k)〉 is the well‐known correlation
tensor. If one calculates the convolution integral over the
spatial z component together with a (Gaussian) particle dis-
tribution function, one obtains the ratio of the parallel and
perpendicular particle diffusion coefficients, which can be
expressed as

�? tð Þ
�k

¼ 1

B2
0

Z
d3k Pxx kð Þ exp ��ktkk2

� �
: ðA3Þ

[38] Inserting the turbulence spectrum from equation (3),
which enters the magnetic correlation tensor Pij, the final
result is approximately

�? tð Þ
�k

’ C sð Þ �B
2

B2
0

56

45

þ ffiffiffi

�
p 1


s
� 1

2
3 2þ sð Þ
� �� �

; ðA4Þ

where


 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k
‘0

R�t

3

s
ðA5Þ

uses both the parallel mean free path and the dimensionless

Table 1. Power Law Fit for the Running Diffusion Coefficientsa

Turbulence Model Rigidity R Parameter bk Parameter b?

Slab 10−2 −0.015 −0.46
Slab 10−1 −0.013 −0.41
Composite 10−2 −0.04 −0.19
Composite 10−1 −0.023 −0.17
Isotropic 10−2 −0.0046 −0.248?
Isotropic 10−1 −0.0011 −0.059?

aIn the present paper the forms �k(t) ∝ tbk and �?(t) ∝ tb? have been
assumed for the running diffusion coefficients. Shown are the
simulations for the different turbulence models and the corresponding
values of the bi’s. The special value bi = 0 corresponds to normal
(Markovian) diffusion, bi < 0 to subdiffusion, and bi > 0 to superdiffusion.
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time Wt. It is the result from equation (A4) that is used in
text.
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