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Chapter 1
Introduction

Two-dimensional systems exhibit specific quantum phenomena that are not present

in systems with other dimensionality, and as such they form a very rich field of study

in physics. This field has been opened by the realisation of the quantum Hall effect in

the early 1980s. The experimental evidence of this effect in a GaAs/AlGaAs semicon-

ductor heterostructure has been provided by Von Klitzing [1], who has been awarded

the 1985 Nobel Prize in Physics for this achievement. The system studied by Von Klitz-

ing is the Hall system, where an electric current is applied to a two-dimensional elec-

tron gas (2DEG), subjected to a perpendicular magnetic field. Classically, the Lorentz

force deflects the electrons, so that a voltage is measured in the transverse direction, as

demonstrated in Fig. 1.1. In 1879, Hall demonstrated by a conductance measurement

on gold leaf, that this transverse (or Hall) voltage is proportional to the magnetic field

strength [2]. Von Klitzing showed that in pure systems at low temperatures, this pro-

portionality is no longer valid; instead, the measured voltage comes in steps, such that

the ratio between the applied current and the voltage is an integer multiple of a fixed

conductance value; see Fig. 1.2(a). The independence of the quantised Hall conduc-

tance on the system’s size and shape and the ability to measure it very precisely has led

to the proposal of using the Von Klitzing constant h/e2 = 25812.807 Ω as the standard

for resistance measurements.

The novelty of the quantum Hall state lies in the fact that the bulk and the edges

exhibit different properties: The bulk is insulating, and only the edges of the system

carry the current. Due to the quantisation of the electron motion, the transverse (Hall)

conductivity is quantised: The currents propagate in edge channels, each of which

contributes one conductivity quantum e2/h to the Hall conductivity. These edge states

are chiral, i.e., all edge currents on a single edge propagate in the same direction. As

there are no edge states with oppositely propagating currents, backward scattering is

not possible. Thus, the Hall conductivity is immune to disorder effects and to local

perturbations in the geometry in the system. The Hall conductivity is therefore a topo-

logically protected quantity.
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Figure 1.1: Schematic view of a 2DEG at the interface of a GaAs/AlGaAs heterostructure. We

indicate the magnetic field B, the current I , the longitudinal voltage Vxx and transverse (or Hall)

voltage Vx y .

(a) (b)

Figure 1.2: (a) Measurements of the longitudinal and transverse (Hall) resistance by Von Klitzing

et al. [3], showing the integer quantum Hall effect. (b) Measurements of the longitudinal and

transverse resistance by Tsui et al. [4], showing the fractional quantum Hall effect.
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In the theory of quantum Hall physics, the quantisation of the electron motion is

known as the Landau-level quantisation. In a magnetic field, the electrons move in

circular cyclotron orbits due to the Lorentz force. In quantum mechanics, the radii of

these orbits can take only specific values, i.e., the orbits are quantised. Each of the

cyclotron radii has an energy associated to it, ~ωc(n + 1
2 ), where ωc = eB/m is the

cyclotron frequency (in terms of the electron charge e, mass m, and magnetic field

strength B), and n = 0,1,2, . . . is the quantum number enumerating the increasing val-

ues for the radius. Each Landau level has a large degeneracy, since there are many

cyclotron orbits at different positions in the system, all carrying the same energy. The

electrons performing the circular cyclotron motion in the bulk do not contribute to

the Hall conductivity, but those near the edge cannot complete their circular orbits,

and they will “skip” forward along the edge, giving rise to a net current. There is one

edge channel per Landau level, so that the Hall conductivity is ne2/h when n Landau

levels are completely occupied [5, 6].

Nowadays, the quantised Hall conductivity is also understood as a topological in-

variant known as the Chern number, which is a winding number for a vector bundle

on the (two-dimensional) first Brillouin zone. In physics, this number is evaluated

through the integration of the curl of the so-called Berry connection over the first Bril-

louin zone. The Berry connection, in turn, is defined in terms of the eigenstates of

the Hamiltonian. As a winding number, the Chern number is always an integer. In

quantum Hall physics, the Chern number that defines the Hall conductivity is known

as the TKNN integer (after Thouless, Kohmoto, Nightingale, and Den Nijs [7]), which

is equal to the number of edge channels on each edge. The fact that this number is

an integer means that it cannot be perturbed by small (i.e., continuous) deformations

of the system, i.e., it is topologically protected. Physically speaking, the topological

protection is provided by the property that the number of edge channels cannot be

modified as long as the bulk of the system remains gapped.

Soon after the experimental verification and theoretical description of the quan-

tum Hall effect, it has been shown in experiments with improved samples that the

Hall conductivity can also be quantised at noninteger values times the conductivity

quantum [4, 8], see Fig. 1.2(b). In these experiments, the Hall conductivity also shows

quantisation at fractional numbers times e2/h. For this reason, this effect has been

dubbed the fractional quantum Hall effect (FQHE), as opposed to the integer quantum

Hall effect (IQHE) discussed earlier. Importantly, the theoretical explanation of the

FQHE requires to take into account interparticle interactions, unlike the IQHE, which

may be understood within a single-particle perspective. The interacting (strongly cor-

related) nature of the FQHE theory prevents an exact description of such a system,

due to the huge amount of particles involved. Instead of exact descriptions, the first

theories of the FQHE, pioneered by Laughlin [9], rely on trial wave functions. These

trial wave functions are not derived from first principles, but they are postulated, and

it is shown that they lead to a good agreement in terms of physical observables. The
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Laughlin wave functions are compatible with a framework in which the FQHE is ex-

plained through flux attachments [10, 11]. Here, the electrons pair up with several

flux quanta to form a composite fermion [10–12]. The key point is that the FQHE of

electrons can now be understood as an IQHE of composite fermions, which is a non-

interacting theory, much simpler than the strongly correlated FQHE theory. Although

the description of the system in terms of the flux attachment is only approximate, one

is able to compute physical observables in the thermodynamic limit (many-particle

limit). This should be contrasted to exact numerical studies, which can be performed

only up to tens of particles, because the involved Hilbert-space dimension increases

exponentially with the number of particles [13–15]. Besides the ability to go into the

thermodynamic limit, another motivation to use the theory of flux attachments is that

it provides an intuitive way to understand the physics that is involved, which would be

much harder in a numerical study.

The flux attachment is rigorously described by a Chern-Simons transformation on

the wave functions [6, 16, 17]. This Chern-Simons transformation generates an addi-

tional gauge field, that renormalises the original (external) magnetic field. The com-

posite fermions “feel” this renormalised field, so that their effective filling factor (which

depends on the magnetic field) differs from the electron filling factor. Within the

framework of the Chern-Simons theory, one encounters field operators which neither

commute nor anticommute (like bosons and fermions, respectively), but which pick

up a certain phase e iα when interchanged. Such fields are said to obey anyonic statis-

tics if α is not an integer multiple of π, which is a property that appears exclusively in

two-dimensional systems. In addition, some quantum Hall states (e.g., at filling fac-

tor 5/2) are described by theories featuring nonabelian anyons, where the statistical

phases are given by matrices rather than numbers [18, 19]. The nonabelian exchange

of particles, also known as braiding, has potential applications in quantum computa-

tion [20].

There have been several approaches to describe the fractional quantum Hall sys-

tem with Chern-Simons theory. The most common way is to treat the system within

the Lagrangian formalism, i.e., by including the (topological) Chern-Simons action

[16, 21, 22]. A different perspective is obtained in a Hamiltonian formulation of the

theory [23–28]. The aim of such a description is to provide the composite-fermion

operators and the correct form factors to construct a Hamiltonian for the composite-

fermion system. The resulting Hamiltonian is of the same form as the original one

before the flux attachment has been applied, but it describes the dynamics of the com-

posite fermions rather than that of the electrons. The flux attachment may then be

repeated: Additional flux may be attached to the composite fermions, so as to create

second generation composite fermions. This construction has been used to explain,

e.g., the plateau at the filling fraction ν = 4/11, which does appear in the framework

of a single flux attachment [29, 30]. The idea of higher generation composite fermions

provides a hierarchy of quantum Hall states that explains the self-similarity of the Hall
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conductivity curve [30, 31]. Although the values obtained for the gaps are sometimes

less precise than those obtained from the numerical calculations based on the wave

functions, the Chern-Simons theory has the merit that it may be applied in a param-

eter regime where numerical calculations are unreliable, as e.g. for the ν = 4/11 state.

Because the gap of this state is small, the size of the system to be considered numer-

ically, which grows with the inverse of the excitation gap, is two orders of magnitude

beyond the limits for which numerical calculations are feasible [30, 32, 33].

The field of quantum Hall physics has gained renewed interest since the exper-

imental isolation of graphene, the two-dimensional form of carbon, and the subse-

quent observation of the quantum Hall effect in this material [34, 35]. In graphene

samples, the IQHE is extremely robust, and appears even at room temperature [36].

The quantum Hall effect in graphene differs essentially from the one observed in semi-

conductor heterostructures, due to the difference in the dispersion relations. In semi-

conductors, the dispersion is quadratic in the momentum, and the Landau levels show

a linear dependence on the magnetic field strength, En ∝ B(n + 1
2 ). In graphene, the

electrons obey a Dirac dispersion, which is linear around zero energy, due to the hon-

eycomb lattice structure. As a consequence, the Landau-level energies scale as En ∝
±
p

nB . A second difference is that in graphene each Landau level is fourfold degen-

erate due to two spin and two valley degrees of freedom. The latter derives from the

fact that the first Brillouin zone features two inequivalent points, around which the

dispersion exhibits the linear behaviour. Due to the differences in the energy depen-

dence and conductivity steps with respect to those in semiconductor 2DEGs, this be-

haviour has been dubbed the anomalous quantum Hall effect (not to be confused with

the quantum version of the anomalous Hall effect).

Recent experiments have also shown evidence for the FQHE in graphene [37, 38].

In order to explain the FQHE in graphene theoretically using the argument of flux at-

tachments, one would require a Chern-Simons theory that includes multiple internal

degrees of freedom (e.g., spin and valley pseudospin). For semiconductors, these the-

ories have been developed with two internal degrees of freedom (spin only) [39–41].

Motivated by the four internal degrees of freedom in graphene, we extend these theo-

ries to systems with an arbitrary number of internal degrees of freedom. In Chapter 4,

we generalise the Hamiltonian theory by Shankar and Murthy and we show that it re-

covers the known single- and two-component theories as special cases. Here, we show

that the matrix K , that describes the number of attached flux quanta to one type of

particle due to the presence of another type of particle, plays the same role as the even

integer that connects the Laughlin wave function of the composite fermions to that of

the electrons, as described by Jain for the single-component case [10, 11]. In particular,

the interpretation of the wave functions by means of the plasma analogy [9] remains

valid for multi-component systems. Furthermore, we generalise the decoupling proce-

dure proposed by Shankar and Murthy [24], and we recover a set of excitation energies

that obeys Kohn’s theorem, namely, one of them equals the cyclotron energy, asso-



6 1. INTRODUCTION

ciated to a mode where all components contribute equally. In addition, we identify

the other energy eigenvalues and connect the corresponding modes to other linear

combination of the componentwise Hall currents. We also explore the several “singu-

lar” cases, e.g., the SU(2)-symmetric two-component system. In our formalism, these

cases are characterised by states with singular exponent matrix, and the correspond-

ing flux attachments are described by singular matrices K . In particular, we explore

the various possibilities for the flux attachments (both singular and nonsingular) in

the four-component case, relevant for graphene.

In 1988, Haldane [42] has described a mechanism to obtain a quantum Hall effect in

zero net magnetic field in a honeycomb lattice, by applying local flux of alternating sign

within different parts of the lattice unit cell. Initially, his paper did not receive much

interest, until the point that Kane and Mele realised that intrinsic spin-orbit coupling

in graphene is equivalent to two copies of the Haldane model with opposite signs for

spin up and down [43, 44]. Thus, the system is time-reversal symmetric. At zero energy

the bulk of the system is gapped, but the edge carries two edge states, of opposite spin

and propagating in opposite directions, so-called helical edge states, see Fig. 1.3. The

contributions to the Hall currents therefore cancel, but those to the spin current add

up. This state is known as the quantum spin Hall state, referring to the quantised spin

Hall conductivity. The latter is a topologically protected quantity. The protection is

provided by time-reversal symmetry (unlike the quantum Hall effect where this sym-

metry is absent), due to the fact that backscattered electrons interfere destructively

with each other [45]. The relevant topological invariant is known as the spin Chern

number. Unlike the ordinary Chern number which can take any integer value (i.e.,

in Z), the spin Chern number can take only two values, and is therefore known as a

Z2 topological invariant. This property derives from an even-odd effect that may be

explained as follows. (See Fig. 1.4 for an illustration.) A single Kramers pair (a time-

reversal invariant pair of edge states) cannot be gapped out while preserving time-

reversal symmetry, since they cross only at zero momentum. If there are two Kramers

pairs, then there are crossings at other (non-time-reversal invariant) momenta, which

are unprotected, i.e., they can be gapped out by disorder to form a trivial state. Thus,

an even number of Kramers pairs can all be gapped out and the system is topologically

equivalent to the trivial state. On the other hand, when the number of Kramers pairs

is odd, one cannot gap out all of them, and then the spin Hall conductivity is nonzero.

The two elements of the group Z2 (“integers modulo 2”) exactly represent these two

inequivalent topological classes.

Although the model proposed by Kane and Mele provides an elegant way to de-

scribe the quantum spin Hall effect, it is unresolvable in graphene (for which their

model was proposed), because this material has a very weak spin-orbit coupling [46].

In order to observe the quantum spin Hall effect, one should resort to materials with

much stronger spin-orbit coupling, using the heavier elements in the periodic table. In

2005, the group led by Molenkamp has found experimental evidence for the quantum
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(a) Spin-orbit coupling (b) Uniform magnetic field (a) Spin-orbit coupling (b) Uniform magnetic field

Chiral (Quantum Hall)(a) Helical (Quantum spin Hall)(b)

Figure 1.3: (a) A magnetic field induces the integer quantum Hall state, an example of a chiral

state: All edge states propagate in the same direction. (b) Spin-orbit coupling induces the quan-

tum spin Hall state which exhibits the helical edge-state structure: Edge states with opposite

spins propagate in opposite directions.
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(a)
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Figure 1.4: Explanation of the Z2 topological invariant. (a) When there is one Kramers pair,

they cross at zero momentum (k = 0). (b) One cannot gap out the edge states at this crossing,

while keeping time-reversal symmetry. Thus, the configuration (b) is forbidden if time-reversal

symmetry is present, and the crossing in (a) is protected. (c) When the number of edge states is

even, there are crossings at nonzero momenta. (d) These crossings can be gapped out without

violating time-reversal symmetry.
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spin Hall effect in quantum wells composed of a HgTe layer between HgCdTe layers

[47]. The existence of the quantum spin Hall state in these systems depends on the

thickness of the central HgTe layer. This behaviour can be understood from the band

structures of HgTe and HgCdTe: The former has an inverted band structure (in other

words, a negative gap), while the latter has a normal one. Only if the central layer

has sufficient thickness, the quantum spin Hall effect is observed. Theoretically, this

behaviour can been described by the four-band effective low-energy model proposed

by Bernevig, Hughes, and Zhang (BHZ) [48]. The parameters of this model control the

nature of the gap (either quantum spin Hall or trivial), and can be derived numerically

by integrating out the perpendicular direction, and by taking into account the high-

energy bands within perturbation theory [49].

An interesting question arises at this point: What happens if the elements trig-

gering the quantum Hall and quantum spin Hall effects, namely the magnetic field

and spin-orbit coupling, are combined? Arguing from the quantum spin Hall per-

spective, one could naively expect that an additional magnetic field would break the

time-reversal symmetry and destroy the quantum spin Hall state, so that a trivial state

remains. However, when one looks at the problem from the quantum Hall perspective,

namely adding spin-orbit coupling to a system in a magnetic field, one observes that

this naive expectation is false in some cases: If the spin components in the system

are not coupled, i.e., the Hamiltonian is diagonal in the spin components and there

are no magnetic impurities, then the Hamiltonian may be decomposed into two spin

sectors, both of which exhibit quantum Hall states. Taking these two sectors together,

one may end up with quantum spin Hall states surviving in the presence of a magnetic

field. The existence of such phases in the simultaneous presence of magnetic field and

spin-orbit coupling has, somewhat remarkably, been studied only recently [50, 51]. In

Chapter 2 of this thesis (Refs. [51, 52]), we explore the various topological phases in a

model for the honeycomb lattice in a magnetic field. The spinless version of this model

already shows very rich physics, where the energy bands as a function of the magnetic

field show a fractal structure, known as the Hofstadter butterfly [53, 54]. Adding the

Zeeman effect and intrinsic spin-orbit coupling to this model, we observe the time-

reversal symmetry broken quantum spin Hall phase, among several other quantum

Hall-like states. Tuning the spin-orbit strength induces phase transitions, where the

gaps close and change their edge-state structure. If the Rashba spin-orbit coupling is

also included, the spin components become coupled, so that the spins no longer re-

side in the up or down state. As a consequence, the spin Hall conductivity is no longer

well-defined, and for instance the quantum spin Hall state becomes a trivial one.

In ferromagnetic materials (and paramagnetic ones in an external magnetic field),

the Hall conductivity is affected by a contribution from the magnetisation of the ma-

terial, much stronger than would be expected on the basis of the magnetic field gen-

erated by this magnetisation. This effect is known as the anomalous Hall effect, and

was originally observed by Hall in 1892 [55]. (For a review, see e.g. Ref. [56].) Its quan-
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tum counterpart, the quantum anomalous Hall effect can generate a topologically non-

trivial bulk gap, and consequently a nonzero quantised Hall conductivity, without the

presence of a magnetic field and consequently without Landau levels [57]. In this case,

the magnetisation provides the breaking of time-reversal symmetry. In this aspect, the

quantum Hall effect at zero magnetic field described by Haldane in Ref. [42] could also

be understood as an example of the quantum anomalous Hall effect [57].

Now, a similar question arises as before: What is the effect of combining the mag-

netic field, magnetisation, and spin-orbit coupling? The answer to this question is rel-

evant for the Mn-doped HgTe quantum well, where the central layer is doped with a

small fraction of Mn ions. In this system, the magnetisation is provided by the Mn

ions, while HgTe provides the spin-orbit coupling. If the Mn doping fraction is less

than 0.07, the exchange coupling between the magnetic ions induces a paramagnetic

response to the magnetic field [58, 59]. The paramagnetic behaviour can be conve-

niently described in the four-band model as an effective Zeeman interaction, with a

field-dependent Landé g factor. Thus, the combination of the linear Zeeman effect and

the exchange coupling leads to an effective nonlinear Zeeman effect. In addition, the

Mn doping modifies the parameters of the four-band model. Most importantly, with

increasing doping, the size of the inverted gap decreases, or the trivial gap increases

in size. In Chapter 3, we show that the nonlinear Zeeman effect induces a bending

of the Landau levels in a way that the Hall conductivity and spin Hall conductivity

show reentrant behaviour for increasing magnetic field. This reentrant effect should

be contrasted to that in semiconductor quantum Hall systems, where it arises due to

interparticle interactions, whereas in HgTe quantum wells, it appears at the single-

particle level. In addition, when the gap is inverted, the spectra of these quantum wells

exhibit a Landau-level crossing which also give rise to a reentrant quantum Hall con-

ductivity. In fact, this mechanism has been employed as an indirect manner to detect

the quantum spin Hall effect in these systems, as it is experimentally easier to measure

charge currents than spin currents [47]. In Chapter 3, we explain how the reentrant

effects from the bending and from the crossings of the Landau levels differ, and we

show that these two features can be present simultaneously in the spectrum. In that

case, the (quantised) Hall and spin Hall conductivity show more intricate reentrant be-

haviour. From computation of the band parameters as a function of the well thickness,

the Mn concentration, and the temperature, we have identified the regimes where ei-

ther mechanism (or both) gives rise to reentrant behaviour. Furthermore, from the

Landau level energies, it is determined how well the reentrant effect could be resolved

in an experimental measurement.

As argued before, the quantum Hall and quantum spin Hall states differ in the sense

that only the latter preserves time-reversal symmetry, and this difference is reflected in

the different topological invariants (Z andZ2, respectively). This link between the sym-

metries and the topology of the system exists in more generality: For single-particle

Hamiltonians, the invariance properties under time reversal T , charge conjugation C ,
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and the parity operation P completely determine the topological nature of the system

[60, 61]. The system may either break time-reversal symmetry, or preserve it, where

T 2 can have eigenvalues +1 or −1. The same holds for charge conjugation. The parity

symmetry (also called chiral or inversion symmetry) is determined by the invariance

T and C unless the system breaks both the T and C invariances. Thus, ten differ-

ent symmetry classes may be obtained for a specific number of dimensions. For each

symmetry class, the topological property is described by the homotopy group of the

symmetry group of the Hamiltonian, which can be either Z, Z2, or the trivial group.

The homotopy group determines the topological invariant of the system. In the case

of the quantum Hall effect, the homotopy group is Z, which is linked to the TKNN

topological invariant. For the quantum spin Hall effect, the homotopy group is Z2,

related to the spin Hall conductivity. The classification based on the symmetry prop-

erties is known as the periodic table of topological states or as the ten-fold way [60, 61].

The mathematical properties of the homotopy groups are responsible for the highly or-

dered structure of this classification. For instance, in each dimension, there are exactly

five symmetry classes with a nontrivial homotopy group. In addition, the classification

is periodic, because the homotopy groups only depend on the dimension modulo 2 or

8 (depending on the symmetry class), a feature known as Bott periodicity [61]. Further-

more, these mathematical properties allow for the method of dimensional reduction,

where a d-dimensional theory is understood in terms of a (d +1)-dimensional theory

where one dimension has been integrated out [61, 62].

The topological states described in this thesis do not always fit directly in this sym-

metry classification. For instance, the weak quantum spin Hall effect of Chapters 2

and 3 does not preserve time-reversal symmetry, so in that sense it would be in the

same class as the quantum Hall effect. In fact, the weak quantum spin Hall effect may

be regarded as two copies of the quantum Hall effect, which are uncoupled. In this

case, the topological invariant lives in Z×Z, i.e., both spin components have a sepa-

rate TKNN integer associated with them. If the spin components are coupled, e.g., by

Rashba spin-orbit coupling, then this invariant breaks down to Z, namely, the TKNN

integer that describes the charge Hall conductivity.

The outline of this thesis is as follows. In Chapter 2, we investigate the topologi-

cal states in the fermionic honeycomb lattice in the presence of a perpendicular mag-

netic field within a tight-binding approach incorporating nearest-neighbour hopping,

Rashba and intrinsic spin-orbit coupling, and the Zeeman effect. In Chapter 3, we

study the reentrant effects of the charge and spin Hall conductivity in Mn-doped HgTe

quantum wells. In Chapter 4, we discuss the generalisation of the Hamiltonian Chern-

Simons theory formulated by Shankar and Murthy to systems with multiple internal

degrees of freedom. We present the conclusions and an outlook in Chapter 5.



Chapter 2
Topological phases in the fermionic honeycomb
lattice

In this chapter, we explore the rich variety of topological states that arise in two-di-

mensional systems, by considering the competing effects of spin-orbit couplings and

a perpendicular magnetic field on a honeycomb lattice. Unlike earlier approaches, we

investigate minimal models in order to clarify the effects of the intrinsic and Rashba

spin-orbit couplings, and also of the Zeeman splitting, on the quantum Hall states gen-

erated by the magnetic field. In this sense, our work provides an interesting path con-

necting quantum Hall and quantum spin Hall physics. First, we consider the properties

of each term individually and we analyse their similarities and differences. Secondly,

we investigate the subtle competitions that arise when these effects are combined. We

finally explore the various possible experimental realisations of our model.1

2.1 Introduction

Today, unprecedented efforts are devoted to the study of novel topological insulating

phases, which exhibit remarkable properties at their boundaries [63, 64]. In two di-

mensions, these quantum states are characterised by propagating edge states, which

carry dissipationless currents along one-dimensional boundaries. From a theoretical

point of view, these transport properties rely on the existence of large bulk gaps in

the energy spectrum, which host robust and gapless edge excitations. Different edge-

state structures and transport properties can be realised according to the nature of

the gaps: A magnetic field breaks time-reversal symmetry (TRS) and leads to chiral

edge states (i.e., particles propagating in a given direction) and quantised Hall currents

1This chapter is based on Topological phase transitions between chiral and helical spin textures in a lattice
with spin-orbit coupling and a magnetic field, N. Goldman, W. Beugeling, and C. Morais Smith, EPL 97, 23003
(2012) [51] and Topological phases in a two-dimensional lattice: Magnetic field versus spin-orbit coupling, W.
Beugeling, N. Goldman, and C. Morais Smith, Phys. Rev. B 86, 075118 (2012) [52].
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[1], whereas a large spin-orbit coupling preserves the TRS and produces helical edge

structures [43, 44]. In the latter situation, referred to as the quantum spin Hall (QSH)

effect, edge states with opposite spins counterpropagate and contribute to a vanishing

Hall current, while producing a spin Hall current [47, 48]. The origins of the quantum

Hall (QH) and QSH phases are fundamentally different, as the former is produced by

an external field, whereas the latter relies on the intrinsic properties of the material.

However, one can interpret the QSH phase as being two opposite QH phases, one for

each spin component. This observation is easily shown through the Kane-Mele lattice

model [43, 44], which realises the QSH effect by the inclusion of the intrinsic spin-orbit

coupling (ISO), and corresponds to two copies of the (QH) Haldane model [42].

In recent works, the ISO coupling has been combined with a magnetic field [51, 65],

or with a constant exchange term [50], in order to study the effect of the TRS breaking

on the QSH effect. It has been shown that the QSH effect persists in the presence of

magnetic field, leading to the “TRS-broken” [50] or “weak” QSH effect [51]. The term

“weak” refers to the absence of robustness against spin-flip scattering due to magnetic

disorder. In absence of this scattering process, the Hall and spin Hall conductivities are

protected and quantised.

In this work, we present a different approach to study the interplay between QH

and QSH physics. Contrarily to the general trend in the field of topological insula-

tors, which is to include many terms and study complicated Hamiltonians, here we

investigate the minimal models that can produce topological phases. We consider a

tight-binding model of the honeycomb lattice under a perpendicular magnetic field,

which includes the ISO coupling, the Rashba spin-orbit (RSO) coupling, and the Zee-

man effect. This spin- 1
2 model was introduced in one of our recent papers [51], where

we already studied the combined effects of some of these terms. Here, instead, we first

investigate the effect of each of these terms individually on the QH phases generated

by the magnetic field, in order to distill the problem. In particular, we demonstrate the

equivalence of the ISO and Zeeman terms in generating the weak QSH phase at zero

energy in the presence of a magnetic field. Then, we show that the ISO coupling can

drive topological phase transitions between different topological insulating phases, an

effect which totally relies on the combination of the ISO coupling and the magnetic

field.

Secondly, we study the interplay between the terms incorporated in our model.

For example, we discuss the competition between the ISO coupling and Zeeman effect,

motivated by the similarity of these terms for generating the weak QSH effect. We show

that the combination of these terms does not necessarily lead to a larger regime of pa-

rameters where the weak QSH effect is observed, which reveals the subtle competition

between each of these terms and the magnetic field. We also study the exquisite effects

produced by the Rashba coupling in the presence of a large exchange field, which is

shown to generate several QH gaps, even in the absence of a magnetic field. From an-

other perspective, we also discuss the fate of the weak QSH phase, as the RSO coupling
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is turned on, which introduces spin-flip terms into the Hamiltonian, so that the spins

are no longer aligned perpendicularly to the plane, and the spin Hall conductivity is no

longer protected.

An important motivation for the investigation of these topological phases and

phase transitions is the rich variety of systems where they may be observed. Despite

its weak ISO coupling, graphene remains an appealing candidate for the observation

of these phases, e.g., by increasing the ISO coupling artificially by adatoms [66]. Sec-

ondly, several experimental groups have reported on synthetic honeycomb lattices in

a condensed matter system, for instance arrays of quantum dots on a GaAs substrate

[67], and “molecular graphene”, where the lattice is created by using the repulsive in-

teractions of CO molecules deposited in a triangular array on a Cu(111) surface [68].

These systems have larger lattice constants, which lead to a higher flux per plaquette

at realistic magnetic field values, and allow for a more flexible control over the param-

eters than in real graphene. A third type of experiments that motivate our studies is

the recent realisation of a honeycomb optical lattice for ultracold atoms [69–71]. In

cold-atom systems, large magnetic fields [72] and spin-orbit couplings [73] are pro-

duced synthetically by adjustable lasers (see Ref. [74] for a review). In particular, such

artificial gauge potentials could be produced in optical lattices [74–80], thus leading to

the possibility to probe the high-flux regime. Furthermore, we note that optical square

lattices subjected to well-designed gauge potentials can reproduce the properties of

honeycomb lattice systems, exhibiting Dirac-type physics [81–85]. Cold-atoms sys-

tems carry the advantages of high tunability, necessary for studying phase transitions,

and allow for the study of topological phases in absence of interparticle interactions

[86] and disorder [87]. These possible experimental realisations are explored in detail

in the final part of this work.

This chapter is structured as follows. We introduce the lattice model in Sec. 2.2 and

present the four terms characterising our tight-binding Hamiltonian: the usual hop-

ping term, the two spin-orbit terms as well as the Zeeman splitting. Then, in Sec. 2.3,

we review the techniques used for our investigation and characterisation of topological

phases. Section 2.4 discusses the combined effect of the magnetic field and spin-orbit

coupling. Then, the combined effects of spin-orbit couplings, Zeeman splitting and

uniform magnetic flux are explored in Sec. 2.5. The possible experimental realisations

of our model, as well as the possibility to detect the effects presented in Secs. 2.4 and

2.5, are reported in Sec. 2.6. Finally, the conclusions are drawn in Sec. 2.7. The Appen-

dices provides further mathematical details of the calculations.

2.2 Model

We consider a tight-binding model of spinful electrons in a two-dimensional honey-

comb lattice, subjected to a uniform perpendicular magnetic field B = Bez . This model
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was introduced in Ref. [51] to investigate the effects of an external magnetic field on the

Kane-Mele model (cf. Refs. [43, 44]). The magnetic field induces a Zeeman effect, and

causes the hopping terms to acquire a phase. This phase is encoded by the so-called

Peierls substitution, where one replaces the momentum p by p− eA, where A is the

gauge potential associated with the magnetic field. Thus, any hopping term from site

k to site j picks up the phase factor e iθ j k , where θ j k = (e/~)
∫ r j

rk
A ·dl. In the remainder

of this text, we will express the magnetic field strength (flux density) in terms of the

dimensionless quantity φ, defined as the flux per unit cell of the lattice, expressed in

units of the elementary flux quantum h/e.

In our model, we include four effects into the Hamiltonian, written as H = HNN +
HZ +HI +HR, with

HNN =−t
∑
〈 j ,k〉

e iθ j k c†
j ck , HZ =−2πφλZ

∑
j

c†
jσz c j ,

HI =−i tI
∑

〈〈 j ,k〉〉
e iθ j kν j k c†

jσz ck , HR =−i tR
∑
〈 j ,k〉

e iθ j k c†
j (σ∧d j k )ck .

(2.1)

Here, ck = (ck ↑,ck ↓) is the annihilation operator for electrons at site k. The first term

HNN describes hopping between two nearest-neighbour (NN) sites j and k, where t de-

notes the hopping amplitude. The second term HZ describes the Zeeman effect, which

is an on-site term that assigns different potentials to the two spin components via the

Pauli matrixσz . Its amplitude is proportional to the magnetic fluxφ and the coefficient

λZ, which is related to the material’s Landé g factor by 2πφλZ = gµBB , where µB is the

Bohr magneton. Note that in a cold-atom emulation of this model, the parameters φ

and λZ are tuned individually (cf. Sec. 2.6.3). The Zeeman term lifts the degeneracy

by shifting the two spin-degenerate copies of the spectrum up and down by an equal

amount of energy. The third term HI describes the ISO coupling, which corresponds

to a next-nearest-neighbour (NNN) hopping with amplitude tI [43]. Here, the factor

ν j k =±1, where the sign depends on the value of dkl ∧dl j , i.e., the outer product of the

two bond vectors connecting site k to site j via their unique common neighbour at site

l . This hopping also involves the matrixσz , so that the sign of the hopping amplitude is

opposite for the two spin components ↑ and ↓. Thus, the two different spin species are

effectively subjected to opposite local (Haldane-type [42]) magnetic flux. In absence of

a magnetic field, this term opens a topologically nontrivial gap, and causes the QSH ef-

fect, characterised by so-called helical edge states, which are protected by TRS [43, 44].

The final term HR is the contribution to the NN hopping due to the RSO coupling. This

hopping has an amplitude tR, and involves the spin matrix σ∧d j k = σx d y
j k −σy d x

j k ,

where σ = (σx ,σy ), and d j k is the vector connecting sites k and j . The resulting spin

matrix has only off-diagonal elements, so that this hopping involves a spin flip. This

term couples the two spin components, and as a consequence, σz is no longer a good

quantum number for tR 6= 0. In practice, this means that spin states are no longer ex-

clusively up or down, but may also point in different directions. Finally, we remark that
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the model considered here preserves inversion symmetry. In particular, we disregard

the effect of an additional staggered potential, which was shown to induce topological

phase transitions between trivial and non-trivial phases in Refs. [43, 44]. The possible

physical realisations of our model (2.1) are discussed later in Sec. 2.6.

2.3 Tools for the topological analysis

In the following sections, we will perform an analysis of the various topological phases

produced by the terms in the model Hamiltonian (2.1). Before going into details, de-

scribing each term individually and their combined effects, we first present the frame-

work and tools which we will use for this analysis. Readers who are already familiar

with the notions of bulk and edge states, Chern numbers, and (spin) Hall conductivity

may choose to skip this section.

2.3.1 Harper equation and the Hofstadter butterfly

We will illustrate our framework by studying the spin-degenerate model, i.e., we set

λZ = tI = tR = 0 in Hamiltonian (2.1). We assume t > 0 throughout the whole text. The

bulk band structure can be computed numerically by applying periodic boundary con-

ditions, namely by considering a toroidal geometry. This requires to setφ= p/q , where

p and q are integers, in which case the system is periodic in both spatial directions.

Under these conditions, and by choosing a proper gauge for the Peierls phases e iθ j k ,

the system reduces to a q ×1 magnetic unit cell. (See Appendix 2.A for a description

of the gauge structure and its spatial periodicity.) By applying a Fourier transform and

invoking Bloch’s theorem, the Schrödinger equation reduces to a 4q × 4q eigenvalue

problem, known as the discrete Harper equation,2

(E/t )Ψn =DnΨn +RnΨn+1 +R†
n−1Ψn−1, (2.2)

whereΨn = (ψn A↑,ψn A↓,ψn B↑,ψn B↓) denotes the single-particle wave function at site

n = 1, . . . , q , and where the 4×4 matrices Dn and Rn are given in terms of the parame-

ters defined in Hamiltonian (2.1) (see Appendix 2.A for details). The four components

of the wave function Ψn are due to the two sublattice (A,B) and the two spin (↑,↓) de-

grees of freedom. The 4q ×4q Harper problem in Eq. (2.2) is analogous to the original

(spinless, square-lattice) Hofstadter problem [53], where the Harper equation involves

a q ×q matrix.

Solving the Harper equation (2.2) provides the bulk energy bands E = E(kx ,ky ). It

is instructive to evaluate the sizes of the bulk gaps as a function of the magnetic flux φ,

which results in a diagram known as the Rammal-Hofstadter butterfly [53, 54], shown

2In a more general form, the Harper equation is known as an almost Mathieu equation in mathematical
literature; see e.g., [88]. See also [53].
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Figure 2.1: (a) Hofstadter butterfly spectrum for the spin-degenerate model, Hamiltonian (2.1)

with λZ = tI = tR = 0. The bulk bands, i.e., the regions where the density of bulk states is positive,

are shown in black. In the bulk gaps, the colours and numbers indicate the quantised Hall con-

ductivity in units of e2/h. (b) A magnification of the region indicated by the red dashed rectangle

in (a) shows the low-energy, low-flux regime.

in Fig. 2.1(a). This figure may be obtained in the limit of large q , where the bands be-

come dispersionless. The fractal structure, which is periodic inφwith a period of 1, is a

result of the competition between two length scales: The magnetic length lB =
p
~/eB

and the lattice spacing. Here, φ parametrizes this competition, as the ratio between

the area of the unit cell and that of the cyclotron orbits (∼ l 2
B ).

2.3.2 Topological invariants

Each bulk gap in the spectrum shown in Fig. 2.1(a) may be characterised by a topo-

logical invariant, which encodes the Hall conductivity of this system when the Fermi

energy lies inside this gap. The integer values of the Hall conductivity are robust against

external perturbations: They remain constant as long as the bulk gaps remain open. In

the following, we recall the relation between this transport coefficient and the concept

of edge states and topological invariants.

Edge-state analysis

The edge-state analysis can be performed for a system featuring a boundary [89], such

as a cylinder, as shown in Fig. 2.2(a). When solving the Harper equation (2.2) on a

cylinder, namely by applying periodic boundary conditions along one spatial direction

only, the spectrum consists of bulk bands and topological edge states [89]. Indeed, we
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Figure 2.2: (a) The cylinder geometry representing a ribbon with periodic boundary conditions

in the x direction. (b) Spectrum at φ= 1/3 for the spin-degenerate model (λZ = tI = tR = 0). The

colours represent the expectation value 〈y〉: Red and blue indicate edge states at the bottom and

top edge, respectively, and gray represents bulk states. The spin-degenerate edge states shown

in (a) correspond to those in the QH gap at the Fermi energy indicated by the dashed line in (b).

typically find a few edge states within the bulk gaps, some of which cross the gap from

one bulk band to the other; see Fig. 2.2(b). Importantly, each edge state contributes

e2/h (one quantum of conductivity) to the Hall conductivity of the system. The total

Hall conductivity is therefore equal to an integer number (i.e., the number of edge-

state branches) times e2/h. The topological invariance of the Hall conductivity is due

to the fact that the number of edge states inside the bulk gap cannot be altered unless

the gap is closed. This result can be used to derive the topological invariant associated

to any of the bulk gaps, leading to the colours in the spectrum in Fig. 2.1. For this spin-

degenerate model, all topological invariants are multiples of 2 because the system is

twofold spin degenerate.

More precisely, in order to evaluate the Hall conductivity of a bulk gap, we count

the edge states whose dispersions intersect the Fermi energy, taking into account their

location and direction of propagation. The location of each state is derived by com-

puting its expectation value 〈y〉 from the eigenstate, which provides the colouring of

Fig. 2.2(b). Secondly, the direction of propagation can be obtained from the sign of its

momentum derivative dE/dk, where k is the momentum parallel to the edge. Edge

states with opposite directions contribute with opposite signs to the Hall current and

therefore to the Hall conductivity,

σH = (NR −NL)
e2

h
, (2.3)

where NL and NR denote the number of left- and right-moving states, respectively. The

Hall conductivity does not depend on the magnitude of the velocity (∝ dE/dk), but

instead is given by the number of edge-state channels [90]. In this spin-degenerate

model, the states are all either left- or right-moving, i.e., they are chiral states. The chi-
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rality of the edge modes provides protection of the Hall conductivity against backscat-

tering due to disorder in the presence of broken TRS.

Bulk topological invariants

Remarkably, the number of edge states is directly related to topological invariants, the

Chern numbers, a quantity associated with each of the bulk bands. The Chern number

is an integer topological index defined in the toroidal geometry [91, 92],

Cn = 1

2π

∫
BZ

(
∂Ay

n,k

∂kx
−
∂Ax

n,k

∂ky

)
dk, (2.4)

where An,k = i 〈un,k|∇∇∇k|un,k〉 is the Berry connection associated to the eigenstate |un,k〉,
and where BZ denotes the (toroidal) Brillouin zone. The number of edge states Nr

inside the r th bulk gap, or equivalently the Hall conductivity assigned to this gap (cf.

discussion above), is then equal to the sum of all the Chern numbers associated to the

occupied bands [7, 63],

Nr =
∑

n∈occupied bands
Cn . (2.5)

This identity is known as the bulk-boundary correspondence [89, 92], as it relates the

topological indices associated to the bulk bands to the number of edge excitations.

This correspondence provides us with an important observation: Although the disper-

sions of the edge states depend on the shape of the edges (e.g., zigzag, bearded, or

armchair) and on the system size, the number of edge-state branches does not: This

number is a bulk property and therefore does not depend on the specific form of the

edge. In the remainder of this chapter, we will study systems with zigzag and bearded

edges, without any loss of generality concerning the topological properties.

In the next sections, we will characterise the topological phases by their associated

Hall conductivity and edge-state structures. As described in the following, the edge

states produced by the magnetic field are affected in the presence of strong perturbing

terms, such as the spin-orbit couplings and Zeeman splitting. For the sake of simplic-

ity, we will show these effects using the edge-state analysis obtained from a cylindrical

geometry, rather than focusing on the analysis of the bulk topological invariants.

The Středa formula

An efficient method to compute the Hall conductivity can be formulated in terms of

the normalised integrated density of states. Inside a bulk gap, the integrated density of

states Nφ(E) is defined as the fraction of all states that lie below the gap, i.e., as l /4q

where l is the number of bands below the gap. The Hall conductivity is then propor-

tional to the φ derivative of this quantity,

σH = 4
e2

h

∂N

∂φ
. (2.6)
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a result known as the Středa formula [93–96]. We have used this powerful formula to

compute the Hall conductivity, and generate the colourful butterfly spectra presented

in the remainder of this chapter.

The validity of the Středa formula is based on the following semiclassical quanti-

sation condition: For an electron in a bulk band (or equivalently, Landau level), the

area of its cyclotron orbit in reciprocal space is equal to 2πl−2
B (l +γ) [97, 98], where lB

is the magnetic length, l is the band index and 0 ≤ γ< 1 is a constant that depends on

the shape of the dispersion. Furthermore, electrons follow the energy contours of the

dispersion, so that the area of the interior of its cyclotron orbit is equal to N (E)ABZ,

where AB Z = 8π2/3
p

3 is the area of the Brillouin zone. Now let us consider a gap that

exists at a fluxφ0, energy E0, and with integrated density of states Nφ0 (E0). We compare

the area of the interior of a cyclotron orbit at flux φ and energy E to the one at flux φ0

and energy E0. The difference Nφ(E)−Nφ0 (E0) is proportional toφ−φ0 due to the con-

stant derivative ∂N /∂φ and can also be related to the band index via the quantisation

condition, written as

(φ−φ0)
∂N

∂φ
= Nφ(E)−Nφ0 (E0) = (φ−φ0)(l +γ).

Here, the second equality is the quantisation condition in terms of the flux. Hence, it

follows that ∂N /∂φ= l +γ. The latter quantity is equal to the Hall conductivity in units

of 4e2/h, where the factor 4 arises from the total number of bulk bands.3 This obser-

vation completes the proof of the Středa formula, Eq. (2.6). Note that in this analysis,

we have assumed that the integrated density of states varies only slowly in φ, so that

we could approximate Nφ(E) ≈ Nφ0 (E). The advantage of this method is that we could

pick φ0 with a small denominator, where the dispersion and subsequently Nφ0 (E) can

be computed easily.

The quantisation condition given above can also be used to approximate semiclas-

sically the energy dependence of the thin bulk bands (Landau levels) in the spectrum

close to a flux value for which the dispersion is known. For instance, in the spin-

degenerate model (i.e., tR = tI = λZ = 0), around φ= 0 and E = 0, the dispersion is ap-

proximately linear around the two Dirac points [99]. The area of the cyclotron orbits is

then quadratic in energy, so that the quantisation condition yields bulk-band energies

that are proportional to
√
φ, consistent with the observed behaviour in the Hofstadter

butterfly spectrum (see Fig. 2.1). Near E/t =±3, this dispersion has a quadratic regime

(around the point Γ), thus yielding band energies linear in φ, also consistent with the

spectrum.

3This factor may be compared with the fourfold degeneracy of the Landau levels for graphene in the low-
field limit.
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Charge and spin Hall conductivities

In the presence of terms involving the matrix σz in the Hamiltonian, the spin SU(2)

symmetry is broken. If spin-flip terms (i.e., linear combinations of σx and σy ) are ab-

sent, the spin in the z direction is conserved, i.e., it is a good quantum number. In this

case, which happens if the ISO coupling or the Zeeman splitting is present while the

RSO is not, the Hamiltonian may be decomposed into the two spin components (↑,↓).

Thus, one is able to define the component-wise Chern numbers C↑,n and C↓,n and Hall

conductivities σH↑ and σH↓. The charge Hall conductivity of the whole system is the

sum of the two component-wise conductivities, σH = σH↑+σH↓, since both of them

contribute equally to the Hall current. Considering their contributions to the spin cur-

rent, spin-up and spin-down edge modes have opposite “spin charges” ±~/2. Thus,

the spin Hall conductivity is equal to the difference of the two component-wise con-

ductivities,σsp
H /(e/4π) = (σH↑−σH↓)/(e2/h), where e/4π is the elementary quantum of

spin Hall conductivity.

In the spin-degenerate model discussed earlier, the two component-wise Hall con-

ductivities are always equal, so that all spin Hall conductivities vanish. This is certainly

different if the spin degeneracy is broken. For instance, in the presence of ISO, the QSH

gap at zero magnetic field and at zero energy [44] is characterised by σH↑ = −σH↓ =
−e2/h. Here, the contributions to the charge Hall conductivity cancel, but the contri-

butions to the spin Hall conductivity add up to σsp
H =−2e/4π.

If the Hamiltonian contains spin-flip terms, e.g., the Rashba coupling, then the spin

is not conserved, and the aforementioned definition of the spin Hall conductivity is no

longer valid. However, the related spin Chern numbers, which equal C sp
n =C↑,n −C↓,n if

spin is conserved, remain well-defined topological invariants, even in absence of spin

conservation [100, 101].

2.4 Effects of the magnetic field

2.4.1 The spin-degenerate model: Landau Levels and the anomalous
quantum Hall effect

Zooming in on the butterfly of Fig. 2.1(a) near φ ≈ 0, we observe that the thickness of

the bands decreases in the low-flux regime [see Fig. 2.1(b)]. Thus, in this limit we can

treat the bands as being infinitely thin, i.e., as Landau levels. In the low-energy regime,

between the Van Hove singularities at E/t =±1, the band structure at low flux coincides

with the Landau-level spectrum known from graphene [99, 102], with energies E ∝
±

√
2πlφ (where l = 0,1,2, . . . is the Landau-level index).

Moreover, computing the Hall conductivity in this region, we find the “anomalous”

Hall-conductivity sequence σH = 4(n + 1
2 )e2/h (n ∈ Z), as observed in graphene [34,

35]. The breakdown of this structure around E/t = ±1 can be understood from the
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large density of states near the Van Hove singularities and from the Chern numbers

associated to these many bands [103]. The edge-state structures, Hall conductivity

plateaus and topological aspects of spinless electrons in a honeycomb lattice subjected

to a magnetic field have been thoroughly described in Ref. [103].

2.4.2 Intrinsic spin-orbit coupling

Since the seminal work of Kane and Mele [43], it is known that the ISO coupling opens

a topologically nontrivial gap of size ∆ = 6
p

3tI at zero magnetic field. This bulk gap

hosts two counterpropagating edge modes per edge, with opposite spins (one Kramers

pair): These helical edge states are related by TRS. This topological phase is known as

the QSH state, and may be regarded as two opposite QH phases (i.e. each spin performs

the QH effect, with opposite chirality). The system preserves TRS (due to absence of the

magnetic field), which protects the QSH state against scattering processes caused by

disorder. Although for any edge state a reversely propagating mode would be available

to scatter to, the spin has to be flipped, and the two different ways to flip the spin

interfere destructively with each other, due to a mutual phase factor of e iπ =−1 [104].

The combination of the ISO coupling and a magnetic field leads to the breaking of

the TRS satisfied by the QSH phase. However, due to the absence of spin-flip terms in

the Hamiltonian, the helical edge-state structure persists. In terms of charge and spin

Hall conductivity, the resulting state is equivalent to the QSH state. As announced in

the introduction of this chapter, this state is called the weak QSH phase [51] or TRS bro-

ken QSH phase [50]. From the Hofstadter butterfly in Fig. 2.3, we observe that the size

of the weak QSH gap at zero energy tends to decrease if the flux is increased (but not

monotonically), and closes eventually. In Fig. 2.3, in which tI = 0.1t , the QSH gap at E =
0 remains open in the range 0 ≤φ≤ 0.2. Here we observe the competition between the

ISO coupling, which opens the (weak) QSH gap, and the magnetic field, which “tries”

to destroy the weak QSH state by its TRS breaking property. Throughout the weak QSH

gap, the edge states remain crossing at zero energy, which indicates that this phase is

robust at least in the absence of magnetic disorder. We finally note that the spectrum

remains particle-hole symmetric, as in the spinless case.

2.4.3 Zeeman effect

The Zeeman term models an on-site spin-splitting effect that is always present in real

materials subjected to magnetic fields. Studying Hamiltonian (2.1) with λZ 6= 0 and

tR = tI = 0, we observe that the spin degeneracy is lifted by merely shifting the two spin

states up and down in energy by 2πλZφ. The spectrum is otherwise left invariant. With

respect to the Hofstadter butterfly represented in Fig. 2.1, this means that the spin-

up and spin-down copies are “skewed” in opposite directions, as shown in Fig. 2.4.

Because the lowest and highest bands of the spin-degenerate model are situated at
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Figure 2.3: Hofstadter butterfly spectrum for the system with ISO coupling (tI/t = 0.1). Although

the periodicity in φ is 6 rather than 1 (see Appendix 2.A), we present only the range 0 ≤φ≤ 1 for

the sake of comparison with the other terms.

approximately E/t = ±3, the two spin components are completely separated above a

certain flux value, approximately equal to φ = 3/(2πλZ). Furthermore, the Zeeman

shift breaks the periodicity of the butterfly spectrum along the φ axis.

The Zeeman-induced weak QSH phase

As we already mentioned, the spectrum of the spin-degenerate model shows Landau

levels for low values of the flux (cf. Sec. 2.4.1). The Hall conductivities in the gaps are

σH/(e2/h) = . . . ,−6,−2,2,6, . . .. If we concentrate on the bulk gaps around zero energy,

we observe one and then three doubly degenerate edge states [see Fig. 2.5(a)]. When

the Zeeman splitting is nonzero, the two copies of these states shift up and down, as

shown in Fig. 2.5(b) for φ = 1/61. Assuming that the splitting is sufficiently large, a

new gap opens at zero energy, where the original band was situated. The spin-up and

spin-down edge states now connect to bulk bands that have been shifted up and down,

respectively. As a consequence, in the newly opened gap at zero energy, we have N↑ =
−1 and N↓ = +1. Thus, the charge Hall conductivity vanishes, and the spin Hall con-

ductivity is equal to σ
sp
H = −2e/4π. Based on these values, we find that this state is a

weak QSH phase.

Comparing this state to the one generated by ISO [see Fig. 2.5(c)], we observe the

similarity between them. In both cases, the Landau levels for the two spin components

shift in opposite directions. The difference between the two terms lies in the different

values of the shift: The Zeeman shift ±2πφλZ is linear in the flux, so that it vanishes for
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Figure 2.5: Comparison of dispersions at φ= 1/61 for (a) the spin-degenerate case, (b) the sys-

tem with Zeeman effect (λZ/t = 0.5) and (c) with ISO (tI/t = 0.01). The coupling constants λZ

and tI have been chosen such that the (weak-QSH) gap sizes at zero energy become equal.

φ→ 0, while the Landau-level shift induced by the ISO coupling equals ±3
p

3tI [43].

A recent study shows that a flux-independent Zeeman term (called an exchange term)

may also generate the QSH state at zero magnetic field [50].

The similarity between the Zeeman and ISO terms may be understood at a formal

level, in terms of the respective linearised (low-energy) Hamiltonians: The linearised

Zeeman term acts asΨ†(σ↑↓
z ⊗1AB⊗1K K ′

)Ψ, where the factors indicate the proper spin,

sublattice pseudospin, and valley pseudospin, respectively. On the other hand, the ISO

coupling acts asΨ†(σ↑↓
z ⊗σAB

z ⊗σK K ′
z )Ψ. A priori, these Hamiltonians act differently on

the eight-component field vector Ψ = (ψσ,τ,ξ)σ=↑↓,τ=AB ,ξ=K K ′ . In the lowest Landau

level, the four components ψ↑,A,K ,ψ↓,A,K ,ψ↑,B ,K ′ ,ψ↓,B ,K ′ vanish [102]. Substituting the

remaining field components into the linearised Hamiltonians yields equality up to a

sign,

Ψ†
(
σ↑↓

z ⊗1AB ⊗1K K ′)
Ψ=ψ†

↑,A,K ′ψ↑,A,K ′ −ψ†
↓,A,K ′ψ↓,A,K ′ +ψ†

↑,B ,Kψ↑,B ,K −ψ†
↓,B ,Kψ↓,B ,K

=−Ψ†
(
σ↑↓

z ⊗σAB
z ⊗σK K ′

z

)
Ψ, (2.7)

which shows that the Zeeman effect and the ISO coupling act equivalently on the low-

est Landau level. We remark that this reasoning is only valid at this specific Landau

level: For higher Landau levels, all the eight fields are present, and the two terms be-

come inequivalent.

The spin-imbalanced quantum Hall phases

So far, most of the studies on the QSH effect have generally concentrated on the be-

haviour of the system at zero energy. However, very interesting features also emerge at

nonzero energies in the presence of external fields. For instance, in the low-flux regime,

a Zeeman gap is formed at the n = 1 Landau level (at E/t ≈ 0.42), as shown in Fig. 2.5(b).

Similarly to the zero-energy gap, this gap also shows a difference between the number
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Figure 2.6: High-energy spectra for the model without spin-orbit couplings (tR = tI = 0) at φ =
1/61. (a) Spectrum for the spin-degenerate model (λZ = 0), with quantum Hall gaps correspond-

ing to σH = 2,4,6, . . . (in units of the conductivity quantum). (b) Spectrum with Zeeman effect

(λZ = 0.2t ), showing the spin-filtered quantum Hall state with N↑ = 1 and N↓ = 0. The other gaps

show (alternatingly) quantum Hall phases (N↑ = N↓) and spin-imbalanced quantum Hall phases

(|N↑| = |N↓|+1).

of edge states with spin up and spin down components, N↑ = 1 and N↓ = 3, which may

be understood from the values above and below the corresponding Landau level of the

spinless model. Again, the spin Hall conductivity is nonzero, σsp
H = −2e/4π, but the

difference with the weak quantum spin Hall gap is that the charge Hall conductivity is

also nonzero, σH = 4e2/h, as can be deduced from Fig. 2.5(b). Furthermore, the edge

states in this gap all propagate in the same direction (i.e., they are chiral), thus provid-

ing robustness against disorder. Here, we refer to this phase as the spin-imbalanced

quantum Hall phase [51].

A special instance of the spin-imbalanced quantum Hall phase may occur if edge

states of one of the spin-components are absent, i.e., either N↑ = 0 or N↓ = 0, in which

case one speaks about the spin-filtered quantum Hall phase. In this state, the magni-

tudes of the charge Hall and spin Hall currents are therefore equal when expressed in

units of their respective conductance quanta. The spin-filtered quantum Hall phase

appears at high energies and low flux in the presence of Zeeman coupling, as we now

explain. In the absence of Zeeman coupling, we observe equally spaced Landau levels,

each of which has Chern number −2, see Fig. 2.6(a). If the Zeeman term is present, the

gap that forms between the two copies of the original highest-energy Landau level ex-

hibits a spin-filtered quantum Hall phase, characterised by the presence of edge states

of only one spin component; in this case, N↑ = 1 and N↓ = 0, see Fig. 2.6(b). The other

gaps visible in Fig. 2.6(b) are spin-imbalanced and ordinary spin-degenerate quantum

Hall gaps, alternatingly. Let us mention that the spin-filtered and spin-imbalanced

quantum Hall phases are ubiquitous in systems with Zeeman-split Landau levels, e.g.,

the quantum Hall plateaus corresponding to odd-integer filling factors in GaAs/AlGaAs



26 2. TOPOLOGICAL PHASES IN THE FERMIONIC HONEYCOMB LATTICE

heterostructures [5], or in HgTe quantum wells, which have strong Zeeman effect and

are thus ideal candidates for observation of these phases [105].

2.4.4 Rashba spin-orbit coupling

The RSO coupling differs in an essential way from the ISO coupling and the Zeeman

effect, in the sense that the hopping involves a spin flip. In other words, the spin matri-

ces involved in the Rashba hopping are off diagonal (i.e.,σx andσy ), whereas the other

terms in the Hamiltonian involve diagonal spin matrices. This has a profound effect on

the spin structure of the system: If the RSO interaction is nonzero, mixing occurs be-

tween the spin components and we find that the spin orientation of the eigenstates is

generally site-dependent. The spin direction is confined to the two-dimensional plane

and is perpendicular to the momentum: Aside from the out-of-plane component (z

direction), the component perpendicular to the cylinder edge may also be nonzero,

while the component parallel to the edge always vanishes. In other words, the helicity

(σx ,σy ,σz ) ·~k of the (edge) states remains zero. This effect is caused by the nature of

the Rashba coupling in the Hamiltonian (2.1), which involves the outer product of the

spin vectorσwith the bond vectors d j k , so that the spin is always perpendicular to the

hopping direction. Because the edge-state spins are no longer in the up or down state,

the Chern numbers for the respective spin components are no longer well-defined.

Thus, the spin conductivity no longer takes quantised values. Nevertheless, the spin

Chern number remains a well-defined integer-valued topological invariant [100], that

can be used as a tool to distinguish between trivial and nontrivial gaps.

The second difference with the ISO coupling is that the zero-flux spectrum remains

gapless and the spin degeneracy is lifted by the RSO coupling (considering tR 6= 0 and

tI = λZ = 0). Indeed, upon setting tR 6= 0, the two Dirac cones from the spinless model

(at the special points K and K ′) are broken into four cones each: A central isotropic

cone at K or K ′, and three anisotropic “satellite” cones around it. This effect is known

as trigonal warping [106, 107]. Between the main cones and the satellite ones, there

is a Van Hove singularity at low energy, which scales as ±(tR/t )3 for small tR/t . The

Berry phases associated to the main and satellite cones are −π and π, respectively,

which add up to the Berry phase 2π of the Dirac cones in the spin-degenerate model

(π for each spin component).4 For energies |E/t | < (tR/t )3, the low-flux Landau-level

spectrum is characterised by two different sets of Landau levels with Chern numbers 2

and 6. Outside this regime, there are only twofold-degenerate Landau levels, because

the satellite cones can no longer be resolved. Around |E/t | ≈ (tR/t )3 there is a crossover

regime where the sixfold-degenerate bands split into three, each one being twofold

degenerate.

4For bilayer graphene, which is characterised by a Hamiltonian that is formally equivalent to HNN +HR,
these Berry phases have been derived in Ref. [108].
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Figure 2.7: Hofstadter butterfly spectrum (with RSO coupling, tR/t = 0.2). The inset shows a

magnification of the region surrounded by the dashed lines. In the inset, the dashed line indi-

cates the flux value φ= 7/15.
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Figure 2.8: Dispersions at φ= 7/15, showing the rotation of spin directions as the Rashba cou-

pling tR is increased.
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Adding a nonzero Rashba term to the spin-degenerate model discussed in Sec. 2.3.1

will cause a spin-splitting of some bulk bands in the Hofstadter butterfly, see Fig. 2.7.

In particular, at low energies, the Rashba term splits the fourfold-degenerate Landau

levels into twofold-degenerate Landau levels. In the limit φ→ 0, we also note that the

spectrum indeed remains gapless and particle-hole symmetric. However, this is not

true for other Dirac regimes in the spectrum. For instance, at φ = 7/15 and E/t ≈ 1.7

(see the inset of Fig. 2.7), the RSO coupling splits the central Landau level, and the

resulting gap exhibits two counterpropagating edge modes on each edge. However,

the spin Hall conductivity is undefined because the spin direction varies as a function

of the Fermi energy. Nevertheless, at each energy inside the gap the spins of the two

edge states are approximately equal, so that the spin current nearly vanishes. Besides,

the charge Hall conductivity is exactly zero when the Fermi energy is located in this

gap.

The RSO coupling has drastic effects on the edge states, as their spins no longer

align perpendicularly to the sample plane, but get an additional in-plane component

perpendicular to the edge. Besides, the direction of the edge-state spins depends on

the Fermi energy. This observation distinguishes the Rashba effect from the Zeeman

effect in a tilted field, which puts all edge-state spins in the same direction. In addition,

the in-plane component is opposite for edge states at the opposite edges, whereas the

perpendicular component is the same. Importantly, due to the dependence of the spin

direction on the Fermi energy, the latter can be conveniently used for spin manipula-

tions (in addition to the amplitude of the Rashba coupling itself).

We illustrate this phenomenon around the Rashba-split bulk band at φ= 7/15 and

E/t ≈ 1.7. In Fig. 2.8(a), we show that in the limit of tR → 0, the eigenstates are in-

plane (indicated as “left” and “right” in the figure, meaning that the spin direction is

±ŷ). This result shows that for infinitesimal RSO coupling, it is more natural to de-

compose the states in terms of the eigenstates of the Pauli matrix σy than those of

σz . If the Rashba coupling is then increased, the gap opens, and in the vicinity of the

bulk bands, the edge states tend to rotate to the vertical direction, see Fig. 2.8(b). In

addition, we observe that not all spins have the same length. This phenomenon oc-

curs because the spins displayed in this plot represent the expectation values of the

spin components (see Appendix 2.A). Since the spin direction depends on the lattice

position (y coordinate), the length of this expectation value may be less than unity. In

Appendix 2.B, we give a qualitative explanation for the behaviour of the edge-state spin

direction.

We expect that the canting of the spins is most easily observed in gaps with a single

edge state on each edge. For instance, in Ref. [51], it has been demonstrated that the

RSO coupling cants the spin in a spin-filtered gap generated by the Zeeman effect. In

this setting, the spin textures may be controlled at will by tuning the coupling parame-

ters and the Fermi energy.



2.5 COMPETITION AND PHASE TRANSITIONS 29

2.4.5 Comparison between the low-flux and “half-flux" regimes

As shown before in the low-flux limit φ→ 0, the ISO coupling and the Zeeman effect

affect the zero-energy modes equivalently in the sense that they both open a weak QSH

gap. Indeed, it has been shown that for this mode, the ISO coupling and Zeeman effect

are formally equivalent [102]. On the other hand, the RSO coupling does not open

a gap at zero energy. This fact hampers the comparison of the RSO coupling to the

aforementioned two terms in this energy regime.

From the Hofstadter butterfly shown in Fig. 2.1, one observes that the Landau-level

structure in the low-flux, low-energy limit is not unique. In fact, similar structures ap-

pear wherever the shape of the dispersion is characterised by Dirac cones. For exam-

ple, atφ= 1/2 and for energies close to E/t =±
p

3, the dispersion can be approximated

by a Dirac dispersion of the form |E/t | =
p

3±
√

3
2 |k|− 1

4

p
3|k|2 +O (|k|3), where k is the

momentum relative to the position of one of the two Dirac cones. The linear term is re-

sponsible for the square-root behaviour of the (fourfold-degenerate) Landau levels for

flux values close to φ= 1/2. The quadratic term causes the asymmetry of the Landau-

level spectrum with respect to the energy |E/t | =
p

3. Furthermore, we observe that

the energy |ELL,0/t | ≈
p

3− (π/3)|φ−1/2| of the central Landau level is linear in the flux

rather than constant.

The approximate linear dependence of the spectrum E(k) at φ = 1/2 and |E/t | ≈p
3 suggests that the Zeeman and ISO terms should behave similarly in this regime, in

direct analogy to the case φ,E ≈ 0 discussed in Sec. 2.4.3. Although the energy of the

lowest Landau level is no longer constant in φ, the approximation holds, thus leading

to a similar behaviour with regard to the opening of the gaps, as shown in Figs. 2.9(a–d)

for the flux value φ= 7/15 which lies close to φ= 1/2. The Zeeman effect and ISO cou-

pling split the central Landau level at E/t ≈ 1.7 and open up a weak QSH gap, similar

to the zero mode in the low-flux regime. As discussed in Sec. 2.4.4, the RSO coupling

splits the central Landau level, unlike the case for φ→ 0, see Figs. 2.9(e) and (f). Al-

though there are edge states inside the gap, it is a trivial state, because the spin Hall

conductivity approximately vanishes. This comparison shows an important difference

between Zeeman coupling and ISO coupling on one hand, and the Rashba coupling

on the other hand: The former two create the weak QSH phase, while the latter does

not. In the following section, we show that in the presence of Zeeman or ISO coupling,

the Rashba coupling tends to destroy the weak QSH phases generated by the former

effects.

2.5 Competition and phase transitions

After analysing the effects of the three terms HI, HR, and HZ in Hamiltonian (2.1) inde-

pendently, a natural question arises: What effects emerge when these terms are com-

bined? Here, we study the competition featuring two terms, by tuning the ratio be-
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Figure 2.9: Spin splitting in an example at flux φ= 7/15 and near E/t = 1.7t . Zeeman effect: (a)

λZ → 0 and (b) λZ = 0.01t ; ISO coupling: (c) tI → 0 and (d) tI = 0.01t ; RSO coupling: (e) tR → 0

and (f) tR = 0.2t .



2.5 COMPETITION AND PHASE TRANSITIONS 31

1.8

2.6

E/t

k

tI/t = 0.35

N↑ = 1, N↓ = −1

weak QSH

k

tI/t = 0.4285

gap closes

k

tI/t = 0.5

N↑ = 1, N↓ = 2

spin-imbalanced QH(a) (b) (c)

Figure 2.10: Spectra for φ = 1/3, with (a) tI/t = 0.35, (b) tI/t = 0.4285, (c) tI/t = 0.5. In (a), we

observe a (weak) QSH gap, where N↑ = −N↓ = 1. (b) By increasing the ISO coupling constant,

the bulk gap closes for tI/t ≈ 0.4285. (c) If tI is increased further, the gap reopens, but with a

different number of edge states, namely, N↑ = 1 and N↓ = 2, so that it enters a spin-imbalanced

phase. Thus, the system undergoes a topological phase transition from a helical phase (weak

QSH) to a chiral phase (spin-imbalanced QH).

tween their corresponding coupling constants. Tuning these coupling constants gen-

erally leads to opening and closing of gaps, so that the topological nature of the gaps

may change. In that case, we deal with topological phase transitions. We recall that

Kane and Mele [43] have studied the phase transition from a (time-reversal symmetric)

QSH state to a trivial state, by increasing the ratio tR/tI. Here, we extend this study and

we explore the more exotic phase transitions that occur in the presence of a magnetic

field and the Zeeman effect.

2.5.1 Phase transitions driven by the ISO coupling

Let us analyse the interplay between the ISO coupling and the magnetic field by inves-

tigating a gap at a fixed flux value, in absence of the Zeeman effect and of the Rashba

coupling. By tuning the value of the ISO coupling amplitude tI, we can close the gaps

and obtain different topological phases at both sides of the transition. In Fig. 2.10, we

have shown the dispersions for φ= 1/3, for values of tI below, at, and above the values

where the gap around E/t = 2.3 closes. Around this energy, there are three bulk bands:

Two (overlapping) ones above and one below the gap. For values of tI < tI,0 ≈ 0.4285t ,

below the critical value, we observe the weak QSH phase, i.e., two counterpropagating

edge modes with opposite spins on each edge, N↑ = 1 and N↓ = −1. The spin-down

pair of edge modes connects the top and bottom bulk bands visible in this plot, and

the spin-up pair connects the middle band to a lower band. For tI = tI,0, the gap disap-

pears: The bulk bands touch each other in three points at E/t ≈ 2.3, and two of these

points are connected by the spin-down edge states in the middle of the figure. If the
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value of tI is increased further, a gap opens again, and a new pair of edge states (with

spin down) appears. Moreover, the existing spin-down edge states have inverted their

direction of propagation. Thus, for tI > tI,0, we have a spin-imbalanced quantum Hall

state with N↑ = 1 and N↓ = 2. Note that only the spin-down states are modified in this

phase transition, while the spin-up states remain the same.

In Ref. [51], this phase transition was investigated in the presence of a nonzero Zee-

man coupling in addition to the ISO coupling. Here, we emphasise that the Zeeman

effect is actually superfluous and that this transition is driven exclusively by the ISO

coupling. Variation of λZ has no qualitative effect on the transition, but only shifts the

energies of the bands and gaps. Within a large range of values for λZ, we obtain an

identical phase transition as in Fig. 2.10. The critical value tI,0 of the ISO strength is

independent of λZ.

The phase transition presented here differs in a fundamental way from a crossing

of Landau levels. In the latter case, the Chern numbers associated to the Landau lev-

els do not change at the transition, and as a consequence the number of edge states

inside de gap between them remains unmodified as well. For the phase transition pre-

sented here, the number of edge states does change at the transition. Consequently,

this means that the Chern numbers of the bands must also change. Focusing on the

spin-down edge states, we observe that N↓ = −1 for tI < tI,0 and N↓ = 2 for tI > tI,0, a

difference of ∆N↓ = 3. The Chern numbers of the bands below and above the gap are 1

and 1 in the former case and −2 and 4 in the latter. The sum of these Chern numbers is

unchanged, as required by the bulk-boundary correspondence, Eq. (2.5).

The question arises as to whether the difference in the number of edge states at

both sides of the transition may be predicted. A priori, this difference cannot be pre-

dicted since it is the result of a complicated interplay of the ISO coupling and the mag-

netic flux. However, the difference is always a multiple of the denominator q of the

flux φ= p/q . This result may be understood from the fact that at a given flux value φ=
p/q , the Chern numbers of all the Hofstadter bands obey Cn ≡ c (mod q). Here, c is

the modular multiplicative inverse of p modulo q , defined as the unique integer c (0 ≤
c < q) such that cp ≡ 1 (mod q).5 Consequently, the difference between two possible

values of the Chern numbers is always a multiple of q , which proves the aforemen-

tioned claim. This property may also be understood from the superlattice structure:

The magnetic field produces q copies of the original unit cell, and each of them reacts

in the same way to the perturbation leading to the phase transition.

In Fig. 2.11, we show the phase diagram as a function of the ISO coupling tI and the

Fermi energy EF with the flux value φ= 1/3 held fixed. From this figure, we can easily

read off the values of tI and the energies EF where the gaps close and the topological

5This result has been verified empirically for the spinless model. The observation that Cn ≡ c (mod q) for
all n implies automatically that cp ≡ 1 (mod q), assuming that the Středa formula and the bulk-boundary
correspondence hold. These results are valid more generally for the model described by Hamiltonian (2.1)
as long as the two spin components are decoupled.
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Figure 2.11: Phase diagram as a function of the ISO coupling tI and the Fermi energy EF for the

fixed flux valueφ= 1/3. In the shaded regions, the system is metallic. The colours red (dark gray)

and blue (light gray) distinguish the spin-up and -down components, respectively. In the white

regions, the bulk is insulating, and the edges conduct. There, the pairs of numbers indicate the

number of edge states N↑ and N↓ for spin up and down, respectively.

phase transitions occur. A few points must be noticed: First of all, we clearly identify

the weak-QSH phase at half-filling for tI/t = 0.4. The (spin-degenerate) QH phases

are progressively destroyed for tI/t < 0.3. For tI/t > 0.3, we get spin-filtered QH [e.g.,

(N↑, N↓) = (−1,0)], spin-imbalanced QH [e.g., (N↑, N↓) = (+1,+2)] and the weak QSH

phase. In addition, there are also more exotic phases where the edge states are neither

chiral nor helical, e.g., (N↑, N↓) = (+1,−2). The spin-degenerate phases do not arise for

tI/t > 0.3. Secondly, the gaps are large (of the order of t ) in wide regions of the parame-

ters, which is favourable for the detection of the transitions in cold-atoms experiments.

In addition, the property that the number of edge states changes by a multiple of 3 at

each phase transition is clearly observed in Fig. 2.11. Finally, the energies where the

phase transitions occur may be shifted by tuning the strength of the Zeeman effect.

Since the spin-up and spin-down components are uncoupled, the Zeeman effect will

shift all red (blue) areas in Fig. 2.11 up (down) by a fixed amount of energy. We note

that the Zeeman effect alone does not induce the same type of phase transitions as

the ISO coupling. The Zeeman effect can only close and open gaps between bands of

different spin components, and does therefore not modify the Chern numbers of the

bands, whereas the ISO coupling can also close gaps between two bands of the same

spin component. Nevertheless, tuning the Zeeman coupling strength λZ allows one to

modify the nature of the phase transitions driven by ISO coupling.
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Figure 2.12: Hofstadter butterfly spectrum with ISO coupling (tI/t = 0.1) and Zeeman effect

(λZ). The vertical dashed line indicates the flux value where the two effects are comparable in

strength. At this value, the crossover from the ISO-dominated (lowφ) to the Zeeman-dominated

(high φ) regime takes place.

2.5.2 Intrinsic spin-orbit coupling and Zeeman effect for φ 6= 0

If the Zeeman effect and ISO coupling are present simultaneously, the interplay be-

tween the two terms is governed by the value of the flux φ, because the amplitude

of the former is linear in φ while that of the latter is constant. Thus, in the butterfly

spectrum illustrated in Fig. 2.12, we observe the ISO-dominated regime at low flux (cf.

Fig. 2.3), and the Zeeman-dominated regime at high flux (cf. Fig. 2.4). The crossover be-

tween these two regimes takes place where the two terms are comparable in strength,

approximately where 4πφλZ ∼ 6
p

3tI, indicated by the vertical dashed line in Fig. 2.12

atφ≈ 0.165. We remark that this crossover effect is present more generally in the situa-

tion where the Zeeman term competes with any other term with a constant amplitude:
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Due to the linear φ dependence of the Zeeman term, it will always dominate the other

one at sufficiently high values ofφ. Naturally, this phenomenon only occurs in systems

where the Zeeman splitting depends linearly on the magnetic flux φ. In more com-

plicated cases, the Zeeman term may exhibit a nonlinear dependence on the applied

magnetic flux due to magnetic impurities, as discussed in Ch. 3 for Mn-doped HgTe

quantum wells.

Although the Zeeman effect dominates over the ISO coupling for φÀ 0.165, the

effect of the ISO coupling is still visible in the high-flux spectrum: At φ= 1/2 and φ= 1,

there are gaps at E/t ≈ 3 (see Fig. 2.12), which are absent in the butterfly without the

ISO coupling (see Fig. 2.4). We note that the dispersions around these points are of

Dirac type for tI = 0, consequently, the ISO coupling opens these gaps in a way analo-

gous to the gaps at zero flux and zero energy. However, the gaps at φ = 1/2 and φ = 1

are spin-filtered QH phases and not QSH, due to the subtle competition between the

ISO coupling and the TRS-breaking effects.

2.5.3 Rashba spin-orbit coupling and exchange term at φ= 0

In two recent works [109, 110], it has been shown that the combination of RSO and an

exchange field, similar in structure to the Zeeman term, leads to chiral edge states at

zero energy. In addition, the problem has been investigated for a sodium/lithium iri-

date model which involves NN and NNN hopping terms [111]. In the latter and more

complex setup, nontrivial QH gaps appear also away from half filling. Here, we con-

sider the combined effects of the Zeeman and Rashba couplings, away from half-filling

and in the absence of ISO coupling. We demonstrate that several QH gaps appear in

the absence of NNN hopping terms, without including any gauge field (i.e., the Peierls

phases): Namely, non-trivial QH phases are produced in our model by setting φ= tI =
0, tR 6= 0 and by applying a flux-independent Zeeman, or exchange [50, 109, 110], term

Hex = gex
∑

j
c†

jσz c j , (2.8)

which differs from Hz by the fact that the strength gex no longer depends on the flux

φ (which we now set to zero). We stress that it is the simple association of a constant

exchange term with a NN Rashba hopping term that leads to non-trivial topological

phases, at half-filling but also at EF ≈ gex, as discussed in detail below.

When the exchange term is added to the tight-binding model with strength 0 <
gex < 3t , the energy bands associated to the spin-up and spin-down components are

shifted in opposite directions but overlap at half-filling. In this situation, which is illus-

trated in Fig. 2.13(a), the system is a semi-metal for EF = ±gex and a metal otherwise.

When the Rashba coupling is turned on, bulk gaps open not only at half-filling E = 0

but also at E = ±gex [cf. Fig. 2.13(b)]. We have computed the edge-state structures as

well as the topological indices associated to the gaps: we obtain that all these gaps are
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Figure 2.13: (a-d) Energy spectra E = E(k) for φ = tI = 0. The Zeeman (exchange) and Rashba

coupling strength are indicated. (e) Phase diagram in the parameter space defined by the cou-

pling strengths gex and tR. The number triplets indicate the charge Hall conductivity in the

lower, middle, and upper gaps, respectively. The solid lines indicate the phase transitions for the

gap at zero energy. At the dashed lines, the lower and upper gaps close and the trivial gap at zero

energy remains open [as in (c)], and at the dotted lines, all three gaps close [as in (a)]. At the

dashed and dotted lines, the charge Hall conductivities in the gaps do not change.

related to non-trivial QH phases. More precisely, we find that the gaps at E = ±gex

host a single edge state per edge, whose spin orientation is given by 〈σz〉 ≈ ±1: these

gaps correspond to spin-filtered QH phases, with equal (resp. opposite) charge (resp.

spin) Hall conductivities. We observe that the spin orientation of these isolated edge

states is nearly vertical, which is due to the fact that the exchange term is important

in this high-energy regime. At half-filling, the bulk gap hosts two edge states per edge,
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with same velocity and quasi-horizontal spin orientation. This bulk gap corresponds

to a topological QH phase with σH = 2 and a non-trivial spin orientation. Therefore,

the spin orientation of the edge states highly depends on the Fermi energy. We note

that the gap openings occur for large exchange coupling, but for arbitrarily low Rashba

coupling.

When the exchange strength gex > 3t , the energy bands associated to the spin-

up and spin-down components are well separated: a trivial gap opens at half-filling,

while the Dirac points are shifted to the energies E = ±gex, cf. Fig. 2.13(c). In this sit-

uation, the Rashba coupling still opens two non-trivial QH phases at EF = ±gex, cf.

Fig. 2.13(d). Again, these phases are characterised by spin-filtered edge states with

nearly vertical spin orientation. Therefore, for sufficiently large exchange coupling, it

is necessary to set the Fermi energy away from half-filling in order to detect nontrivial

topological phases. This behaviour is summarised in the phase diagram of Fig. 2.13(e):

For nonzero Rashba coupling tR, the Hall conductivity at zero energy is σH = ±2 for

|gex/t | < 3 and zero otherwise. Thus, topological phase transitions of the zero-energy

gap take place at the gap closings at gex/t = ±3. The lower and upper gaps (at EF ≈
±gex) always exhibit a Hall conductivity of ±1, where the sign depends on that of gex/t

but not on that of tR/t . Inverting the sign of gex inverts the directions of the edge cur-

rents, as well as the z component of the spins. Inverting the sign of tR inverts the in-

plane component of the spins. Continuous variation of tR through zero changes the

spin direction continuously, where the spins tend to the z direction in the limit tR/t →
0. Thus, the gap closing at tR = 0 does not constitute a topological phase transition.

Let us emphasise the fact that the chiral QH phases presented here are not the con-

sequence of the external magnetic flux (i.e., Peierls phases), since they are produced

when φ= 0, and solely in the presence of the exchange and Rashba terms. When φ 6= 0,

new QH gaps open in the system, altering the exchange-Rashba-induced phases pre-

sented in Figs. 2.13(b) and 2.13(d). This competition between QH gaps of different

origins leads to complex and rich quantum phase transitions.

2.5.4 Zeeman effect and Rashba spin-orbit coupling for φ 6= 0

In the low-energy regime, where the (weak) QSH phase is generated by either ISO cou-

pling or the Zeeman effect, the additional inclusion of the Rashba coupling has several

profound effects on the physics. First of all, the RSO coupling tends to decrease the size

of the gap (cf. Ref. [43]), eventually completely closing it. Secondly, the combination

of RSO coupling with ISO coupling and/or Zeeman effect destroys the particle-hole

symmetry of the spectrum. Finally, at finite magnetic field, the RSO coupling opens

up a gap (i.e., an avoided crossing) between the edge states at their crossing around

zero energy. Around this crossing, the spin direction rotates from down to up (or vice

versa), as illustrated in Fig. 2.14. The size of this gap is approximately linear in φ and

in tR (in the limit φ→ 0 and tR → 0). Thus, the bulk gap is trivial in the sense that no
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edge states cross it from one bulk band to the other. However, in the limit where the

edge-state gap is small, one would still observe a weak QSH state. At finite tempera-

tures, the thermal energy can “bridge” the edge-state gap, so that the charge carriers

may tunnel from one edge state to another. As the edge-state gap size is increased, the

backscattering is enhanced, due to the decrease in the amount of tunneling across the

edge-state gap. Here, we expect that the value of the spin Hall conductivity will deviate

from its quantised value ±2e/4π. The amount of deviation increases when the gap size

increases.

Beyond the low-flux limit, a remarkable spin-manipulation process can be envis-

aged by combining the effects of the Rashba spin-mixing perturbation and the Zeeman

splitting. As already mentioned above, the Zeeman splitting generates spin-filtered

edge states in the QH gaps. In the example illustrated in Fig. 2.15 (b), a single spin-

down particle propagates along the edge of the sample when EF ≈ −2.25t , for φ =
1/3 and λZ = 0.5t . As shown in Fig. 2.15 (c), one can then progressively increase the

Rashba coupling and control the spin orientation 〈σµ〉 = 〈Ψ|σ̂µ|Ψ〉 of this specific and

unique chiral edge state. This process indeed modifies the band structure, as well as

the spin textures associated with the edge current, leading to a chiral Rashba phase

(see Fig. 2.15): The spin components of this single edge state are now σz = −0.5 and

σ⊥ = 0.5, where σ⊥ is the spin component in the direction perpendicular to both the

direction of propagation and the applied magnetic field. The canting of the edge-state

spin is a hallmark of the competition between the Rashba term, which tends to rotate

the spin direction towards the x y plane, and the Zeeman term, which tends to align

the spins in the vertical direction. For tR = t , a large but realistic value for a Raman-

induced tunneling amplitude, this single edge state can be reached by adjusting the

Fermi energy to the value EF ≈−3.25t , as shown in Fig. 2.15(c). Interestingly, the spin

direction of the edge states within this gap highly depends on the Fermi energy [112].

Thus, the spin direction of the edge states can be tuned by varying the filling factor.

We emphasise that this effect is notably different from the constant spin orientation

that would result from the Zeeman effect in a tilted magnetic field. We finally stress

that the variation of tR does not close the topological bulk gap, and therefore, its asso-

ciated Chern number remains unaltered. In this sense, there is no topological phase

transition involved in this manipulation of the edge-state spin.

2.6 Experimental realisations

In this section, we will discuss the several experimental approaches that allow for the

observation of the topological phases and phase transitions discussed in Secs. 2.4 and

2.5. For each of them, we present the opportunities and challenges, and we discuss the

range of parameters that can be probed.
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Figure 2.15: Generating a chiral Rashba phase on the edges. The energy spectrum E = E(k) is

represented as a function of the momentum, in a cylindrical geometry with zigzag edges. (a)

Several QH phases are generated by a magnetic flux φ= 1/3. When the Fermi energy lies in the

gap at E ≈−t , a single spin-degenerate edge state propagates on each edge. (b) The inclusion of

the Zeeman splitting lifts the spin degeneracy and creates spin-filtered QH phases at E =±2.25t

and E = ±3t . At half-filling, the Zeeman splitting opens a “weak" QSH gap. (c) The addition of

the Rashba term then allows for flipping the spin of the edge state to an arbitrary orientation.

When the Fermi energy EF ≈ −3.25t , the single edge state has spin components σz ≈ −0.5 and

σ⊥ ≈ 0.5 (cf. orange dot). Here, the bulk energy bands are depicted in dark blue.



40 2. TOPOLOGICAL PHASES IN THE FERMIONIC HONEYCOMB LATTICE

2.6.1 Condensed-matter systems

Condensed-matter systems typically have a lattice spacing in the order of 1 Å, so that

one flux quantum per unit cell (φ = 1) corresponds to a magnetic field in the order of

104–105 T. Thus, only the low-flux limit is relevant with respect to realistic condensed-

matter realisations of our model. The prime example of a two-dimensional system

with a honeycomb lattice is graphene, which has received much attention both at

the theoretical and experimental levels [99, 102]. In the presence of a magnetic field,

graphene shows an anomalous quantum Hall effect, where the Landau-level energies

[34, 35] depend on the magnetic field as
√
φ, showing a radically different behaviour

than in semiconductor heterostructures (e.g., GaAs/AlGaAs).

Besides, the effects of spin-orbit coupling have been extensively studied for graph-

ene, leading to the concept of Z2 topological insulators [43]. However, recent analysis

has shown that graphene exhibits only a very weak ISO coupling (tI/t ∼ 10−6–10−5,

where t ∼ 2.8 meV) [46, 107], which unfortunately prevents the observation of the QSH

state in this material. Nevertheless, the ISO interactions may be enhanced by putting

heavy adatoms on top of the graphene surface [66], which would open up a route to

build a topological heterojunction [65]. The Zeeman effect is of appreciable order of

magnitude, g ∼ 2, which corresponds to gaps of 100 K at a magnetic field of 30 T [113].

Values of the Rashba coupling as high as tR ∼ 0.1t have been reported for graphene

on a Ni(111) substrate [114]. High values of the RSO coupling (accompanied by the

spin re-orientation at the edges) may also be induced by curving graphene nanorib-

bons [115]. In addition, large effective pseudomagnetic fields, greater than 300 T, have

been recently realised in strain-induced graphene nanobubbles [116]. In summary, the

observation of the topological phases presented here remains elusive in graphene, but

should not be definitively ruled out.

The QSH effect has nevertheless been observed in other two-dimensional com-

pounds that have considerably larger values of tI, such as Hg(Cd)Te quantum wells

[47, 48], where values of the order tI ∼ 1–10 meV have been reported [49, 117]. Ad-

ditionally, this material exhibits a strong Zeeman effect as well (g ∼ 20) [118]. The

spin-filtered QH states have already been observed in these systems at low fields [119].

Hg(Cd)Te quantum wells doped with magnetic ions (e.g., Mn) exhibit an exchange in-

teraction leading to the quantum anomalous Hall effect at zero magnetic field [59], and

to a nonlinear Zeeman effect that causes reentrant behaviour of the topological phases

[105].

2.6.2 Artificial honeycomb lattices

The experimental limitation of the low flux values can be overcome by studying sys-

tems with a larger lattice spacing. Recently, several approaches have led to the engi-

neering of artificial honeycomb lattices. First of all, arrays of quantum dots on a GaAs,

arranged in a honeycomb pattern, have been engineered to simulate actual graphene
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[67, 120]. The lattice spacing in these systems is of the order of 100 nm, so that high

flux values (φ ∼ 1) are obtained already with small magnetic fields. However, this

large lattice constant leads to a small hopping amplitude, which has hampered the ob-

servation of the Hofstadter butterfly until now. Patterned superlattices able to probe

the Hofstadter regime with usual magnetic field intensities have been realised in the

past, but for square geometries [121, 122]. To probe the physics described here, one

needs a superlattice with a smaller lattice constant, grown on a substrate that could

lead to the generation of a strong Rashba interaction, for example. In this case, chi-

ral topological states could be probed also away from zero energy, as we discuss in

Sec. 2.4.5.

Secondly, artificial graphene lattices have been created by manipulating CO mole-

cules with the tip of a scanning tunneling microscope and arranging them in a trian-

gular lattice on a Cu(111) substrate [68]. These molecules repel the electrons on the

Cu surface, thus creating a honeycomb array of sites between which the electrons hop.

Measurements of the density of states show that the electrons indeed exhibit a Dirac

dispersion. The typical lattice constants of these systems are approximately 7 times

larger than in real graphene, thus allowing for flux values ∼ 50 times larger than in

graphene, with reasonable magnetic fields. In addition, effective magnetic fields up to

60 T can be induced by triaxial strain of the artificial lattice. It can be speculated that

by using a heavier metal as substrate, it may be possible to engineer such a lattice with

strong spin-orbit coupling, leading to the QSH phase.

2.6.3 Ultracold atoms in optical lattices

Although the parameters of the Hamiltonian (2.1) can be controlled to some extent in

condensed-matter systems, the possibility to engineer the physics discussed here with

ultracold atoms in optical lattices is very appealing. The advantage of the ultracold-

atom realisation of this model is the flexibility to control the parameters separately

across a large range, compared to condensed-matter systems where these parameters

are generally fixed by the material properties and the sample geometry. A second ma-

jor advantage of ultracold atoms over condensed-matter systems is that the magnetic

fields are produced synthetically, i.e., the Peierls phases are not due to a real magnetic

field, but induced by external fields acting on atomic internal states [74]. In this way,

large effective magnetic flux can be produced (i.e., φ ∼ 1), which allows the system to

be studied beyond the low-flux limit [75]. The spin-orbit couplings can also be synthe-

sised in optical lattices using similar methods [77–80]. Moreover, in these configura-

tions, the Zeeman coupling can be controlled independently, as it is not related to the

synthetic magnetic fields [123] (see Sec. 2.5.3, where we study the extreme situation

where the effect of the Zeeman coupling is investigated in the absence of synthetic

magnetic field, in which case this term is called an “exchange term”). Another impor-

tant feature offered by optical-lattice setups is the possibility to control the interactions
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between the particles: By exploiting Feshbach resonances [87], it is possible to reach

the non-interacting regime and from there on, to include interactions in a controlled

way to explore the robustness of topological order against interactions. Let us mention

that these systems are usually free of disorder, although disorder can also be generated

and tailored at will in optical lattices [124]. These outstanding features allow us to study

the TRS broken QSH phase, namely the survival of the QSH phase in the presence of a

TRS breaking perturbation [51]. Indeed, contrarily to condensed-matter experiments,

the absence of (magnetic) disorder can stabilise the helical (counterpropagating) edge

states even when TRS is broken. Let us also comment on the fact that all the topological

phases and edge-state excitations discussed here rely on the existence of robust bulk

energy gaps. Therefore, when the temperature of the system approaches the size of the

topological gaps of interest, one expects the effects to be strongly affected, and eventu-

ally to disappear. For the ultracold temperatures achieved in cold-atom laboratories,

the gaps of interest should typically be of the order ∆ ∼ t , where t is the tunneling

amplitude. Therefore, we anticipate that only the largest topological gaps presented in

our figures should be considered from the cold-atom point of view.

The quantum phase transitions presented in this work could be equally charac-

terised either by a change in the topological invariants associated to the bulk gaps

of interest, or by the modification of the edge-state structures. Although cold atoms

do not offer the possibility to directly measure transport coefficients, several methods

have been proposed to detect the topological invariants related to the quantised con-

ductivities [95, 125, 126]. These proposals are based on the fact that non-trivial band

structures modify the atomic densities, leading to several signatures that can be di-

rectly seen in time-of-flight or density measurements. On the other hand, it is possible

to directly probe edge-state structures using Bragg spectroscopy techniques [127–130].

In a recent work [129], it was shown that a state-dependent light probe, focused on the

edge of the cloud and transferring angular momentum to the atoms, clearly identifies

the presence of chiral edge states in a QH optical lattice. This method allows us to

project the topological edge states on a dark background, making them visible in in

situ density measurements. In principle, this efficient scheme could be generalised

to spin- 1
2 systems in order to detect and distinguish between chiral and helical edge

structures.

2.7 Conclusions

We have shown an in-depth analysis of the edge-state structures generated by the com-

bination of the ISO coupling, the RSO coupling, and the Zeeman effect, together with

a uniform and perpendicular magnetic field. In Sec. 2.4, we have studied each term in-

dividually in order to pinpoint their effect on the quantum Hall states generated by the

magnetic field. In the low-field limit, the ISO coupling and Zeeman effect are formally
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equivalent, and give rise to the weak QSH phase. Away from zero energy, we observe

spin-filtered, spin-imbalanced, and ordinary quantum Hall phases. The RSO coupling

is different in the sense that it involves spin-flip terms, which causes the spin states to

acquire an in-plane component. In addition, the spin direction inside the gap depends

on the Fermi energy, and consequently the spin Hall conductivity of the system is ill

defined. In the case of high magnetic fields, we observe Dirac-type regimes away from

zero energy. Here, the Zeeman and ISO coupling open weak QSH gaps in a way anal-

ogous to the low-flux limit, whereas the RSO coupling opens a trivial gap (unlike the

case at low flux, where the spectrum remains gapless). In addition, topological phase

transitions driven by tuning the amplitude of the ISO coupling have been analysed in

detail.

A combination of the spin-orbit terms and the Zeeman effect leads to subtle com-

petitions, several examples of which have been discussed in Sec. 2.5. We have shown

that, although the Zeeman effect and ISO coupling both give rise to the QSH phase,

they do not always reinforce each other, which has been illustrated by the size of the

parameter regime of the weak QSH phase in the low-flux limit. At high flux, the Zeeman

effect dominates over the ISO coupling, but the effects of the latter are still well visible

in the spectrum. Interestingly, a combination of the Rashba term with an exchange

coupling leads to nontrivial topological phases at zero magnetic field, away from half-

filling. Finally, inclusion of the Rashba coupling in the case where we have a weak QSH

gap generated by the Zeeman effect opens a gap at zero energy between the edge states,

which provides an illustration of the breakdown of the QSH effect in the absence of TRS

and spin conservation.

This work emphasises the various topological phase transitions and edge-state

structures that could be observed in a wide range of materials and quantum emula-

tors. Although we focused our analysis on the honeycomb lattice, where the spin-orbit

couplings and the magnetic field configurations are expressed by specific tunneling

terms and Peierls phases, we note that our results do not rely on this specific geometry.

The topological phases and the phase transitions discussed here are universal, in the

sense that they only rely on the inclusion of general ingredients, which can be found or

engineered in many different contexts and geometries. Indeed, this universal property

can be understood in the low-energy limit, in which various (a priori, very different)

tight-binding models actually reduce to the same (Dirac-type) equations. In general,

we observe that the main ingredients needed to generate such physics are nontrivial

gauge fields, which are coupled to the particles of interest (e.g., electrons in materials

and atoms in optical lattices). In this work, we have aimed to emphasise the effects

produced by each of these ingredients independently: We have investigated the effects

of spin splitting, spin mixing, and gauge potentials leading to magnetic or Haldane-

type local flux. We hope that our detailed analysis will deepen the understanding of

topological insulating phases and that it will motivate further developments in this

exciting and rapidly developing field.
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Figure 2.16: (a) The honeycomb lattice. We indicated the NN vectors e j ( j = 1,2,3) and the

lattice vectors a1 and a2. The sites of the sublattices A and B are indicated with solid and open

circles, respectively. The dashed lines define boundaries of the unit cells, labeled as (n,m). (b)

Hopping phases θ j k /2π for the unit cell (n,m). The phases for the NN hopping are in green. The

phases for the NNN hopping are in red and blue for the sublattices A and B, respectively.

2.A Geometry and gauge

Geometrically, the honeycomb lattice is equivalent to a distorted square lattice where

each unit cell has the shape of a rhombus. Since there are two inequivalent sets of sites,

there are two sites per unit cell, and hence two sublattices, labeled A and B. The sites,

labeled as j and k in the Hamiltonian (2.1), may be uniquely identified by two integer

labels n and m for the unit cell and A or B for the sublattice: In the following, we shall

write j = (n,m,τ) (where n,m ∈Z and τ ∈ {A,B}) to uniquely identify the sites.

The coordinates of the sites are given as follows. We choose the bond vectors e1,

e2 and e3 as displayed in Fig. 2.16(a), where their length a ≡ 1 is chosen as the unit of

length throughout this text. Subsequently, the lattice vectors are given by a1 = e1 −e2

and a2 = e1 −e3, so that the coordinates of the sites are

rn,m,A = na1 +ma2, rn,m,B = na1 +ma2 +e1.



2.A GEOMETRY AND GAUGE 45

Furthermore, the reciprocal space is spanned by the two vectors b1 and b2, defined by

bi ·a j = 2πδi j . We note that the results derived in this chapter do not depend on the

values of the vectors ei ; the only effect of a change of the ei is that the lattice vectors

and the reciprocal lattice vectors will be different. A convenient choice for the bond

vectors is e1 = (0,0), e2 = (−1,0) and e3 = (0,−1), effectively putting both sites of the

unit cell (n,m) on the coordinate (n,m).

The phases due to the magnetic field, associated with the hopping, are given in

terms of the gauge potential A as θ j k = (e/~)
∫ r j

rk
A ·dl, where the integral is over the line

between sites k and j . We may employ the gauge freedom for the gauge potential to

choose it in such a way that the phase θ j k for two sites j = (n,m,τ) and k = (n′,m′,τ′)
(NNs or NNNs) does not depend on the unit cell index m. The hopping phases result-

ing from such a choice are given in Fig. 2.16(b) for hopping from the sites of the unit cell

(n,m). The reader may check that the phase picked up from hopping around a loop is

proportional to the area of the loop. In particular, when one considers one hexagon as

the loop, the phase picked up is 2πφ, which corresponds to an enclosed flux of φ (in

units of the flux quantum). Here, we note that the area of one hexagon is 3
p

3/2, so that

φ is related to the magnetic field strength B as φ= (3
p

3/2)eB/h.

In addition to the gauge choice, let us furthermore assume that the flux value is

a rational number, φ = p/q , where p and q are coprime integers. Then, the phase

assigned to each hopping is periodic in the index n with periodicity q . In other words,

the unit cell of the superlattice (i.e., the lattice together with the hopping phases) is q×1

unit cells of the original lattice. With this observation, we may invoke Bloch’s theorem,

which states that we could write the electron wave functions ϕn,m,τ as

ϕn,m,A =ψn Ae i k·(na1+ma2),

ϕn,m,B =ψn Be i k·(na1+ma2+e1).
(2.9)

With this ansatz, the Schrödinger equation which the fields have to satisfy reduces to

a 4q-component matrix equation: The degrees of freedom are all fields Ψn = (ψn A↑,

ψn A↓,ψn B↑,ψn B↓) in the unit cell of the superlattice, so that n = 1, . . . , q , and there are

two sublattice and two spin components per unit cell of the original lattice. This ma-

trix equation is then merely an eigenvalue equation of a 4q ×4q matrix, known as the

Harper equation [53, 131],

E

t



Ψ1

Ψ2

Ψ3
...

Ψq−1

Ψq


=



D1 R1 0 · · · 0 R†
q

R†
1 D2 R2 · · · 0 0

0 R†
2 D3 · · · 0 0

...
...

. . .
. . .

. . .
...

0 0 0 . . . Dq−1 Rq−1

Rq 0 0 . . . R†
q−1 Dq





Ψ1

Ψ2

Ψ3
...

Ψq−1

Ψq


. (2.10)
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Here, the 4×4 matrices Dn = D(NN)
n +D(R)

n +D(I)
n +D(Z)

n and Rn = R(NN)
n +R(R)

n +R(I)
n

encode hopping between unit cells with the same index n and from unit cells with

index n + 1 to n. (Note that the Zeeman term is diagonal.) Thus, Eq. (2.10) can be

written equivalently as Eq. (2.2).

The 4×4 matrices Dn and Rn may be written in terms of the sum of four contribu-

tions, that correspond to each of the terms in Hamiltonian (2.1). The contributions for

the ordinary NN hopping are given by

D(NN)
n =

(
0 e i k·e1 e2πi nφ+e i k·e3

e−i k·e1 e−2πi nφ+e−i k·e3 0

)
⊗1spin, (2.11)

R(NN)
n =

(
0 0

e−i k·e2 e−2πi (n+ 1
2 )φ 0

)
⊗1spin. (2.12)

The Zeeman effect is encoded by D(Z)
n = (2πλZφ/t )1AB⊗σz and R(Z)

n = 0. The matrices

for the ISO coupling are

D(I)
n =−i

tI

t
× (2.13)(

−e−2πi (n− 1
6 )φe i k·f2 +e2πi (n− 1

6 )φe−i k·f2 0

0 e−2πi (n+ 1
6 )φe i k·f2 −e2πi (n+ 1

6 )φe−i k·f2

)
⊗σz ,

R(I)
n =−i

tI

t
× (2.14)(

−e2πi (2n+ 2
3 )φe i k·f3 +e2πi (n+ 1

3 )φe−i k·f1 0

0 e2πi (2n+ 4
3 )φe i k·f3 −e2πi (n+ 2

3 )φe−i k·f1

)
⊗σz ,

where f1 = e2 − e3, f2 = e3 − e1, and f3 = e1 − e2 denote the NNN vectors. Here, the

phase factors due to the flux correspond to those in Fig. 2.16(b). Due to the fact that

the phases involve fractions of φ which are all multiples of 1
6 , the φ periodicity of the

butterfly spectra is 6, rather than the periodicity of 1 which is observed in absence of

the ISO coupling. Finally, for the RSO coupling, the hopping matrices are given by

D(R)
n = tR

t


0 0 0 −a(R)

−
0 0 a(R)

+ 0

0 a(R)∗
+ 0 0

−a(R)∗
− 0 0 0

 , (2.15)

R(R)
n = tR

t


0 0 0 0

0 0 0 0

0 b(R)∗
+ 0 0

b(R)∗
− 0 0 0

 , (2.16)

where a(R)
± = e2πi nφe i k·e1 +e±2πi /3e i k·e3 and b(R)

± = e−2πi (n+ 1
2 )φe∓2πi /3e i k·e2 .
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The solution of the Harper equation yields the dispersions of the bulk states, which

are periodic over the so-called magnetic Brillouin zone, q times smaller than the orig-

inal Brillouin zone. Effectively, the geometry of the system is a torus, in this case.

However, to study edge states, a cylindrical geometry (as displayed in Fig. 2.2) is more

convenient. The edge-state spectrum is obtained from the Harper equation similar to

Eq. (2.10), but with a matrix of dimension 4w ×4w , where w is the width of the ribbon

in unit cells, and with the blocks in the top-right and bottom-left corner replaced by

zeros (i.e. Rw ≡ 0). In this case, the dispersion depends on just one component of k,

and its periodicity is the reciprocal lattice vector.

To determine states as bulk states or edge states, we derive the density profile |Ψn |2
as a function of the unit cell index n (or equivalently, the coordinate component y).

For convenience, we choose n = 0 to be the center of the ribbon, so that n =−w̃ , . . . , w̃ ,

where w = 2w̃ + 1 is the width of the ribbon. The expectation value of this position,

〈n〉 =∑
n n|Ψn |2 is used to distinguish edge states and bulk states. Edge states are char-

acterised by a density profile that is sharply peaked at one edge, so that 〈n〉 ≈ ±w̃ . On

the other hand, if the expectation value 〈n〉 is close to zero, then it means that there is

a significant contribution of the density away from the edge; such a state is identified

as a bulk state. In the edge state spectra of this chapter, we have used this expectation

value to colour the states: Red and blue colours indicate the two opposite edges, while

gray is used for the bulk states. In the same way, we use the spin expectation values

〈σi 〉 =
∑

nΨ
†
nσiΨn (i = x, y, z) to gain information about the spin states. We note that

this expectation is only reliable in the case that the spin is constant (or almost constant)

where the density of the state is concentrated. This may not be the case in the presence

of Rashba coupling. In the case when the spin strongly depends on position, the length

of the vector 〈σ〉 is less than unity.

2.B Spin direction in case of nonzero Rashba coupling

In contrast to the other terms in the Hamiltonian (2.1), the Rashba term does not pre-

serve the spin component in the z direction. Therefore, in the presence of the Rashba

coupling, the states will carry also a nonzero component in the direction perpendicular

to the z direction and to the sample edges.

Examination of the spin direction of the edge states shows that it is close to the z di-

rection where an edge state is close to a bulk band, while the spins are horizontal deep

inside the bulk gaps, as is illustrated in Fig. 2.8. In order to explain this phenomenon,

let us consider hopping along the edge governed by the Hamiltonian (2.1) where only

NN hopping is possible (i.e., tI =λZ = 0), either with or without spin flip,

HNN +HR =−
∑
〈 j ,k〉

(
e iθ j k c†

j

(
t tRα j k

−tRα
∗
j k t

)
ck +h.c.

)
, (2.17)
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where α j k = i dy −dx is given in terms of the hopping vector d j k = (dx ,dy ) between

sites j and k. We consider the hopping to the adjacent unit cell along the edge, which

consists of the NN hopping along two differently oriented bonds. Thus, we multiply

the two hopping matrices associated with these hoppings. Here, we neglect the bulk, or

equivalently, we consider just a “chain” of sites. The spin eigenstates ψ of that product

are then used to find the spin expectation values 〈ψ|(σx ,σy ,σz )|ψ〉. For a system with

the zigzag edge parallel to the y axis, we obtain

〈ψ|(σx ,σy ,σz )|ψ〉 = 1√
4+ t̃ 2

R

(±2,0,±t̃R
)

, (2.18)

where t̃R = tR/t and the signs depend on the edge state under consideration. We ob-

serve that in the limit t̃R À 2, the spins will be in the z direction, while in the opposite

limit t̃R ¿ 2, the spins will be in-plane. The behaviour of the spin direction of the edge

states is then explained as follows. Here, we consider t as an effective hopping parame-

ter, that incorporates also the difference between the Fermi energy and the bulk-band

energy. Then, the Rashba coupling dominates over the effective hopping parameter

close to the bulk bands, so that the spins are vertical, whereas in the gaps, the ordinary

hopping dominates, leading to in-plane spins. Furthermore, the analysis also explains

the rotation of the spin from horizontal to vertical if the Rashba coupling tR is increased

from zero to a finite value. However, in this analysis, the bulk has been neglected. Due

to the fact that the edge states may extend a few unit cells into the bulk, the explanation

given here is only qualitatively correct.



Chapter 3
Reentrant topological phases in Mn-doped HgTe
quantum wells

Quantum wells of HgTe doped with Mn display the quantum anomalous Hall effect

due to the magnetic moments of the Mn ions. In the presence of a magnetic field,

these magnetic moments induce an effective nonlinear Zeeman effect, causing a non-

monotonic bending of the Landau levels. As a consequence, the quantised (spin) Hall

conductivity exhibits a reentrant behaviour as one increases the magnetic field. Here,

we will discuss the appearance of different types of reentrant behaviour as a function

of Mn concentration, well thickness, and temperature, based on the qualitative form

of the Landau-level spectrum in an effective four-band model.6

3.1 Introduction

The study of topological states of matter has undergone a vertiginous growth since the

theoretical prediction [43, 48, 132] and the experimental observation [47] of the quan-

tum spin Hall (QSH) effect. Unlike the quantum Hall (QH) effect, which is generated

by an external magnetic field, or the quantum anomalous Hall (QAH) effect, which re-

quires time-reversal symmetry (TRS) to be spontaneously broken without applying an

external magnetic field, the QSH state is characterised by TRS and is generally driven

by the intrinsic spin-orbit (ISO) coupling [63]. Nevertheless, it has been recently shown

that in the absence of spin-flip terms, the QSH effect survives even if the TRS is bro-

ken. This state has been dubbed a weak QSH state (see Ch. 2 and Refs. [51, 52]) or TRS

broken QSH state [50], where the weakness refers to the absence of protection by TRS.

Indeed, the gap and the topological Chern and spin Chern numbers associated with

the topological phase remain robust if the TRS is broken by an exchange term [50] or

6This chapter is based on Reentrant topological phases in Mn-doped HgTe quantum wells, W. Beugeling,
C. X. Liu, E. G. Novik, L. W. Molenkamp, and C. Morais Smith, Phys. Rev. B 85, 195304 (2012) [105].
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by an additional magnetic field [51, 101, 133], and there is a quantum phase transition

to a topologically distinct or to a trivial phase only when the gap is closed [50, 51].

An interesting open question is what kind of competition could originate in sys-

tems where there is an externally applied magnetic field in addition to intrinsic mag-

netic moments, which on their own would lead to the QAH effect. Recently, the QAH

effect has been studied thoroughly for several theoretical models of two-dimensional

topological insulators, including HgTe quantum wells [59] and thin films of Bi2Se3

[134–136] doped with transition metal elements such as Mn, Fe, or Cr. In addition,

graphene has been proposed as a candidate for the observation of this effect [50, 109,

137–139]. The influence of a magnetic field on Mn-doped HgTe quantum wells has

been partially investigated in Ref. [59], with the aim of polarising the Mn magnetic

moment to be eventually able to generate the QAH effect upon shutting down the mag-

netic field. However, here we concentrate on aspects not considered so far. Unexpect-

edly, in the presence of a magnetic field, the Zeeman term can also lead to the TRS

broken QSH phase, even in the absence of SO coupling [51, 52, 102, 133]. Therefore it

is interesting to explore the interplay between the usual Zeeman term, which is linear

in the applied magnetic field, and the non-linear effect arising from the exchange cou-

pling with the magnetic moment of the Mn atoms. In this chapter, we show that within

a model with a spin-conserving Hamiltonian, the TRS broken QSH phase occurs, and

that a reentrant behaviour is present for a certain range of parameters.

A reentrant integer QH effect was experimentally observed a few years ago in GaAs

quantum wells for filling factors between ν= 3 and ν= 4, in the first Landau level (LL)

[140]. The phenomenon was later understood to occur due to a sequence of first-order

quantum phase transitions between electron-solid (Wigner crystal or bubble phases)

and electron-liquid phases [141, 142], and it was grounded in the strong electron-

electron interactions that dominate the physics at non-integer filling factors. Due to

the self-similarity of the Hall conductance curve [30, 143], which displays a fractal be-

haviour, a similar phenomenon was predicted to occur also for a second-generation of

composite fermions [31]. In that case, a series of reentrant plateaus would turn out to

be quantised at the nearby fractional Laughlin values [144].

A second possibility is to observe reentrant integer QH effects solely due to the LL

structure of the system. For instance, in Si/SiGe heterostructures, reentrant behaviour

can be driven at the single-particle level by varying the in-plane magnetic field while

keeping the perpendicular field fixed, as to modify the ratio between the cyclotron en-

ergy and the Zeeman splitting [145]. In these systems, the crossings of the LLs for spin

up and spin down are responsible for the reentrant behaviour of the quantised Hall

conductivity. For HgTe [118] and InAs/GaSb [146, 147] quantum wells, the reentrance

of the Hall conductivity has been used as a practical method to prove the existence of

such a LL crossing and consequently the inverted order of the bands.

In this chapter, we show that by applying a magnetic field perpendicular to a Mn-

doped HgTe quantum well, the charge and spin Hall conductivities may reenter con-
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comitantly, i.e., there can be a reentrance of the same topological phase, characterised

by both its charge and spin topological invariants. This effect is caused by the non-

monotonic behaviour of the LL energies due to the nonlinear dependence of the Zee-

man term on the externally applied magnetic field. A rich panoply of LL crossings,

combined with the nonmonotonicity of the LL energies, provides us with regimes

of parameters where this reentrant behaviour could be experimentally accessed.

Hg1−Y MnY Te quantum wells are ideal candidates for the observation of these effects,

because they have a strong ISO coupling and a large Zeeman g factor. We use the effec-

tive four-band model of Ref. [48] to compute the LL spectrum [118] together with the

relevant Chern numbers in order to identify the QSH state and other QH-like states.

Band structure calculations are performed for different values of the quantum-well

thickness and of the Mn doping fraction to set realistic parameters for this model. We

then study the LL spectra including the charge and spin Hall conductivities and deter-

mine the conditions for the observation of reentrant topological phases.

The outline of this chapter is as follows. In Sect. 3.2, we define the effective model

that we use to derive our results. In Sect. 3.3, we compute the LL spectrum, explain the

mechanisms that lead to the reentrant effects, and explore the parameter regimes for

which they can be observed. We conclude by discussing in Sect. 3.4 the possibilities to

resolve the reentrant effects in experiments.

3.2 The model

HgTe and related materials have a zinc-blende lattice structure, so that the physics of

the low-energy electronic bands is well described by the eight-band Kane model [49,

148]. By using perturbation theory (see the Appendix for details), higher-energy bands

are projected out in order to reduce this model to an effective four-band model [48, 49].

In this reduced model, the bands under consideration are referred to as |E1+〉 , |H1+〉 ,

|E1−〉 , |H1−〉, in this order. Here, E and H refer to electron- and hole-like bands, respec-

tively, and + and − distinguish the two members of each of the two Kramers pairs |E1±〉
and |H1±〉, hereafter referred to as spin components. The symmetry properties under

the parity and time-reversal transformations dictate the quadratic-order Hamiltonian

H = H0 +HZ +Hex, with [47, 48, 118]

H0 =
(

h(k) 0

0 h∗(−k)

)
, (3.1)

where
h(k) = ε(k)12 +dα(k)σα, ε(k) =C −D(k2

x +k2
y ),

dα(k) = (A kx ,−A ky ,M (k)), M (k) =M −B(k2
x +k2

y ).
(3.2)

Here, σα denotes the Pauli matrices, and M , A , B, C , and D are parameters that

depend on the material composition and on the thickness of the quantum well. In
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particular, the variations of these parameters induce the topological phase transition

from a regime where the electronic bands are ordered normally to a regime where the

order is inverted and where the QSH effect is present [48].

The system is subjected to a perpendicular magnetic field Bez , which we will ex-

press in terms of the dimensionless variable φ, which denotes the magnetic flux per

unit cell measured in units of the flux quantum h/e. With these definitions,φ relates to

the magnetic field B and to the magnetic length lB as 2πφ= eB a2/~= a2l−2
B . For HgTe,

with lattice constant a = 0.646 nm, the flux value φ = 10−3 corresponds to a magnetic

field of B = 9.91 T. In the remainder of this text, we set C = 0 for convenience, and we

set a ≡ 1 as the unit of length, so that M , A , B, and D all have the dimension of energy.

The materials under consideration show a large Zeeman effect, with Landé g fac-

tors of the order of 20 [118]. We therefore consider the Zeeman term in the Hamilto-

nian, with different g factors for electrons and holes,

HZ = diag(g̃E, g̃H,−g̃E,−g̃H)(2πφ) (3.3)

where g̃E(H) = gE(H)µB~/ea2 ≈ gE(H) ×91.30 meV is a rescaled Zeeman parameter, pro-

portional to the Bohr magneton µB and to the g factor gE(H) for electrons (holes) [118].

In quantum wells of HgTe doped with Mn (with molar fraction Y , i.e., we consider

Hg1−Y MnY Te), the presence of Mn has a significant effect on the magnetic properties

of the material. It has been found that for low Mn concentrations (Y . 0.07), the ma-

terial behaves paramagnetically, so that its response to the magnetic field is nonlinear:

In addition to the Zeeman effect (linear in the magnetic field strength), there is also

a nonlinear contribution from the exchange interaction between Mn ions and band

states. The exchange interaction term is given by [58, 149]

Hex = diag(χE,χH,−χE,−χH)B5/2(λex2πφ) (3.4)

where χE and χH are the exchange energies for the electron and hole bands, respec-

tively,

B5/2(x) = 6
5 coth( 6

5 x)− 1
5 coth( 1

5 x) (3.5)

is the Brillouin function [150],

λex =
5

2

gMnµB~/ea2

kB(T +T0)
≈ 5297 K

T +T0
(3.6)

is an exchange parameter, with gMn = 2, and T +T0 is an effective temperature, where

T0 ≈ 2.6 K [149]. Since the electron wave function |E1±〉 is a linear combination of the

wave functions of the Γ6 and Γ8 bands, the exchange energy χE is a linear combination

of the exchange energies∆s and∆p associated with these bands, respectively. The only

contribution to the hole wave function |H1±〉 comes from the Γ8 bands, so that χH is

proportional to ∆p [58, 59]. For a more detailed explanation, we refer the reader to the

Appendix.
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The energy splitting due to the exchange interactions can be considered as an ef-

fective Zeeman splitting, by virtue of the similarity between Hamiltonians (3.3) and

(3.4). Here, one writes the Zeeman energy as g̃ eff
E(H)2πφ, where

g̃ eff
E(H)(φ) = g̃E(H) +

χE(H)

2πφ
B5/2(λex2πφ) (3.7)

is the effective, field-dependent g factor for the electron (hole) band. In the low-field

limit (2πφλex ¿ 1), the effective g factor is approximately constant, g̃ eff
E(H)(φ → 0) =

g̃E(H) + (7/15)χE(H)λex, derived by using a linear approximation to B5/2(x). In the high-

field limit 2πφλex À 1, the exchange interaction energy is almost constant (≈ χE(H))

as a function of the field, because B5/2(x) → 1 for x → ∞, and as a consequence, it

depends also very weakly on the temperature.

3.3 Results

In order to derive the LL spectrum, we model the effect of the magnetic field Bez by

the Peierls substitution: In the Hamiltonian, the momentum ~k is replaced by ~k−
eA, where A is the gauge potential, such that Bez = ∇×A. The freedom of the gauge

choice allows us to choose the symmetric gauge, A = (B/2)(−y, x,0). Subsequently, we

replace k+ = kx + i ky and k− = kx − i ky by the ladder operators a† and a, respectively.

These operators raise and lower the LL index by 1, and their prefactors are chosen such

that [a, a†] = 1 [118]. In the model presented here, we neglect the coupling between

the two spin bands which would arise in the presence of bulk-inversion asymmetry

and Rashba spin-orbit coupling. By virtue of this decoupling, the two spin bands can

be treated separately. Thus, the eigenvalues and eigenvectors of the Hamiltonian are

given by the solutions to the equation hσ(a, a†)(|n +1〉 ,c |n〉) = E (i )
σ,n(φ)(|n +1〉 ,c |n〉),

with the appropriate values for c. Here, the eigenvalues E (i )
σ,n(φ) give the energies of the

LLs, where n = 0,1,2, . . . is the LL index, σ=+,− refers to the spin components, and i =
1,2 distinguishes between the two solutions that exist for each spin component [118,

119]. For the Hamiltonian that includes the (effective) Zeeman effect, the resulting LL

energies are given by [118, 119]

E (1,2)
σ,n = [−2nD−σB+ 1

2σg̃ eff
+ ](2πφ)

±
√

[M + (−σD−2nB+ 1
2σg̃ eff− )(2πφ)]2 +2nA 2(2πφ) (n ≥ 1),

E+,0 =M − (D+B− g̃ eff
E )(2πφ), E−,0 =−M − (D−B+ g̃ eff

H )(2πφ), (3.8)

where g̃ eff
± ≡ g̃ eff

E ± g̃ eff
H are the sum and the difference of the effective (field-dependent)

g factors given by Eq. (3.7), including the effect of the Mn doping.

The LL spectra presented here are computed using Eq. (3.8), where the relevant pa-

rameters have been derived numerically from band structure calculations based on the
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eight-band Kane model [49, 148], as explained in more detail in the Appendix. These

parameters have been computed for several values of the quantum-well thickness d

and Mn fraction Y . In particular, the dependence of M on Y has dramatic conse-

quences: Increasing Y leads to an increase of M , such that it drives the system from

the inverted regime (M < 0) to the topologically trivial regime (M > 0) [49].

The charge (spin) Hall conductivity in a specific bulk gap is defined as the sum of

the charge (spin) Chern numbers over all occupied LLs below it. Here, by virtue of

the decoupling of the two spin components in the Hamiltonian, the charge and spin

Chern numbers of each LL are equal to the sum and difference of the Chern numbers

C±,n associated with each of the two components. These Chern numbers are well-

defined due to the spin-conserving nature of the Hamiltonian. Thus, the charge and

spin Hall conductivity expressed in units of their respective quanta, e2/h and e/4π, are

computed as

σH =
∑
n

(C+,n +C−,n), σ
sp
H =

∑
n

(C+,n −C−,n), (3.9)

where the summation is over the occupied LLs. These values are robust, even in the

absence of TRS [101]. In this model, each LL contributes a Chern number of 1, so that

the analysis is simplified to merely counting the LLs. The presented values have been

verified by analysis of the edge states in a ribbon geometry; see e.g. Refs. [51, 52] for the

details of this alternative approach.

The absence of coupling between the two spin states has an important conse-

quence for the QSH phase. Since the QSH state may be viewed as a combination of two

independent QH effects for spin up and spin down, it persists even in the absence of

time-reversal symmetry [50, 151]. Additional symmetry-breaking terms, for instance

due to bulk-inversion asymmetry and Rashba spin-orbit coupling, would cause an

opening of a small gap between the edge states, which allows for some backscattering

in the presence of impurities [50, 51].

In Fig. 3.1(a), we have displayed the LL spectrum for an undoped (Y = 0) quan-

tum well with d = 7.5 nm. This system is in the inverted regime, so that the spec-

trum displays a (weak) QSH gap, [with (σH,σsp
H ) = (0,2)], for magnetic fields up to B =

7.6 T, where the LLs cross, at φcross = M /[2π(B − g̃ eff
+ /2)]. In addition to the (weak)

QSH gap, we observe several spin-filtered [e.g., (σH,σsp
H ) = (±1,1)], spin-imbalanced

[e.g., (σH,σsp
H ) = (3,1)], and ordinary [e.g., (σH,σsp

H ) = (2,0)] QH gaps, and a trivial gap

[(σH,σsp
H ) = (0,0)]. The (weak) QSH gap is the only gap which exhibits a helical edge

state structure; all other nontrivial gaps are chiral. Within this formalism, no other

inverted gaps form besides the one at φ = 0, because the involved LLs do not cross

anywhere else other than at φ = φcross. In contrast, a tight-binding description of a

honeycomb lattice in a perpendicular magnetic field does allow for other gaps with he-

lical edge structures at higher flux and Fermi energy values (see Ch. 2 and Refs. [51, 52]).

The LL spectrum of Fig. 3.1(a) shows two mechanisms that lead to reentrant be-

haviour of the Hall conductivity and spin Hall conductivity. The first mechanism is
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Figure 3.1: (a) LL spectrum for the quantum well with d = 7.5 nm without Mn doping. Red and

blue curves indicate the + and − spin components, respectively. For clarity, only the LLs with

n ≤ 10 are shown. The numbers inside the gaps indicate the charge and spin Hall conductivity,

σH and σ
sp
H . On the horizontal axes, the flux value φ and the equivalent magnetic field strength

B are given. The dashed lines indicate Fermi energies where reentrant QH effect is observed.

(b,c) Charge Hall (solid curves) and spin Hall (dashed curves) conductivity as a function of the

flux (in terms of their respective flux quanta) for the indicated Fermi energies. The red (thick)

curves indicate the effect of broadening due to disorder (Γ0 = 0.3 meV) and temperature (T =
0.4 K), compared to the results without broadening (black, thin curves). (d,e,f) Equivalent plots

for d = 7.5 nm and Y = 0.004. The inset in (d) is a magnification of the energy region near the LL

crossing.
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illustrated for a Fermi energy of 11.0 meV (lower dashed line), which lies just below

the energy value at which the two lowest Landau levels (LLLs), i.e., the LLs with ener-

gies E+,0 and E−,0, cross. Holding the Fermi energy fixed and increasing the magnetic

field, we successively traverse the weak QSH gap with (σH,σsp
H ) = (0,2), the spin-filtered

QH gap with (σH,σsp
H ) = (−1,1), and the trivial gap, where (σH,σsp

H ) = (0,0). Thus, the

charge Hall conductivity is 0 for low and high magnetic fields, and −1 for intermediate

values, which characterises a reentrance of a charge-insulating state [see Fig. 3.1(c)].

At a Fermi energy slightly above the crossing [e.g., E = 13.5 meV, see Fig. 3.1(b)], a sim-

ilar sequence is observed, but with a different intermediate state (σH = +1). In both

cases, the spin Hall conductivity takes the values 2, 1, and 0, and therefore does not

show reentrant behaviour. Clearly the reentrance of the Hall conductivity is caused by

the structure of the spectrum around the crossing of the LLLs. To observe the reen-

trance of the charge Hall conductivity, it is essential that the derivatives dE/dφ of the

two LLLs at the crossing differ in sign, which can happen only in the inverted regime.

Thus, experimental observation of this type of reentrance provides proof that the HgTe

quantum well can indeed be described as an inverted Dirac system [47]. One may ver-

ify that if the signs of the derivatives are equal, then the charge Hall conductivity does

not reenter. Instead, we would observe reentrant spin Hall conductivity. We note that

crossings of the latter type are ubiquitous for higher LLs (n > 0), but they are difficult to

observe due to the vicinity of other LLs. However, later we will show that, under some

circumstances, the crossings of the LLLs may also be of this type.

In Fig. 3.1(d), we show the effect of doping (Y = 0.004) on the LL spectrum. Two

effects are visible. First, the size of the (weak) QSH gap has decreased, consistent with

the increase of M . Secondly, the energies E±,0 of the two LLLs are no longer linear in

the magnetic field. In fact, one of these LLLs shows a nonmonotonic dependence on

the field. As can be observed in Fig. 3.1(d), this nonmonotonic LLL attains its maxi-

mum for a flux value less than φcross. Thus, if the Fermi energy is located between the

energy of the crossing and that of the maximum [e.g., if E = 12.0 meV, see the inset of

Fig. 3.1(d) and Fig. 3.1(e)], the spin-filtered QH gap reenters, and the intermediate state

is the (weak) QSH gap. Thus, the system goes from a chiral, to a helical, and back to the

(same) chiral phase again. This simultaneous reentrance of the charge and spin Hall

conductivity should be contrasted with the reentrant behaviour around the LLL cross-

ing, where only one of them reenters, but not both. We remark that such a sequence is

possible only if the intermediate phase is the (weak) QSH phase, and consequently only

if the LL involved is one of the LLLs, since the higher LLs are all monotonic. Therefore,

this behaviour cannot be observed in the undoped system, where the LLL energies are

linear.

As can be observed in the inset of Fig. 3.1(d), the maximum of this LLL has an

energy close to that of the LL crossing. The sequence of charge and spin Hall con-

ductivities is therefore affected by both mechanisms. We shall call this phenomenon

compound reentrant behaviour. Above the energy of the crossing, the aforementioned
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sequence (spin-filtered QH, weak QSH, spin-filtered QH) is followed by the trivial gap,

so that we get an additional reentrance of the zero charge Hall conductivity. Just be-

low the crossing energy [e.g., E = 11.3 meV; see Fig. 3.1(f)], the sequence of gaps is

spin-filtered QH (1,1), weak QSH (0,2), spin-filtered QH (−1,1), and trivial (0,0). In

this situation, the two spin-filtered QH phases are different gaps, unlike the sequence

above the crossing. These examples show that the rich compound reentrant behaviour

will appear if the crossing and the maximum of the LLLs are close to each other.

In order to be able to observe the reentrant effects in experiments, we study the

qualitative structure of the LL spectrum as a function of the well width d , the doping

fraction Y , and the temperature T . More specifically, for a fixed choice of parameters,

we analyse whether one of the LLLs is nonmonotonic, and whether the LLLs cross. Fur-

thermore, if the nonmonotonicity and crossing appear at the same time, we determine

the relative positions of the maximum/minimum and of the crossing. For simplicity,

we restrict ourselves to the structure of the two LLLs.

The bottom row of Fig. 3.2 displays five qualitatively different LLL spectra, which

distinguish the regimes as given by Fig. 3.2(a)–(c). These regimes are characterised

as follows. For regimes (i)–(iii), the band gap has inverted order (i.e., M < 0), and

therefore it shows the QSH phase at zero magnetic field. In regime (i), the LLLs are

monotonic, so that the only mechanism that leads to reentrant effects is the crossing.

In regimes (ii) and (iii) one LLL is nonmonotonic, so that we have compound reentrant

behaviour. These two regimes are distinguished by the flux value of the maximum,

which is smaller (ii) or greater (iii) than the flux value of the crossing. In case (iii), both

LLLs are increasing at the crossing, so that we observe reentrant spin Hall conductivity,

as argued before. In regimes (iv) and (v), the band gap is normally ordered (i.e., M > 0),

so that we find a trivial phase at zero magnetic field. In this situation, the LLLs do not

cross, and the only mechanism that can lead to reentrant behaviour is the presence of

a nonmonotonic LLL, as is the case (iv). For regime (v), both LLL are monotonic and

do not cross, thus preventing any type of reentrant behaviour.

3.4 Discussion

Let us comment finally on the ability to resolve these reentrant effects, based on the

range of the Fermi energies for which they are present. In order to estimate the observ-

ability, we compare this energy range to the broadening of the LLs, which will cause

the change of conductivity across a LL to be smooth rather than step-like. Here, we

consider a gaussian broadening with width Γ [49], which incorporates both LL broad-

ening due to disorder and the smooth variation of the fermionic filling function at fi-

nite temperatures. The broadening due to disorder has a field-dependent width Γdis =
Γ0

p
B/B0, where Γ0 ∼ 0.1–2 meV and B0 ≡ 1 T [49]. The thermal broadening is approx-

imated by a gaussian with width Γth =
p

2/3πkBT . In Figs. 3.1(b), (c), (e), and (f), we
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illustrate the smooth transitions of the conductivities due to the combined effects of

both types of broadening.

We consider the compound reentrant effects displayed in Fig. 3.2(ii) and (iii) to be

well resolvable if the difference between the energies at the crossing and at the maxi-

mum exceeds twice the broadening width 2Γ. Indeed, in that case, the difference be-

tween the actual conductivity values and the quantised ones in the absence of broad-

ening effects is . 0.08. However, the value of 2Γ is not a hard limit: Variations of the

quantised Hall conductivity, even if they are far from the quantised values, may al-

ready be considered as a signature for a reentrant effect, for example as demonstrated

in Fig. 3.1(e). In the diagrams of Fig. 3.2(a)–(c), the different shadings indicate this

distance compared to Γ. In the brightest regions, the distance between the LLs is larger

than 2Γ, sufficient for the reentrant effect to be observed. We find that for Γ0 = 0.3 meV,

situation (ii) is difficult to observe due to the small energy difference between the LLs,

whereas the observation of (iii) is easier close to the critical doping, above which the

system goes to the trivial regime (iv). For the observation of the compound reentrant

effects, thicker wells are favourable because the energy range where the effects appear

is larger. The simple reentrant effect due to nonmonotonicity, as in situation (iv), is

generally present in a large energy regime and therefore its observation is less affected

by the LL broadening.

Transport experiments with HgTe quantum wells have so far concentrated on the

charge Hall conductivity of the system. For example, the reentrance of the charge Hall

conductivity has been utilised to identify the possible regime of the QSH phase [118].

Observation of the simultaneous reentrant behaviour of the charge and spin Hall con-

ductivity would also require the availability of a spin-sensitive detector, e.g., a contact

consisting of a tunneling barrier and a ferromagnet [152]. However, this technique

has the drawback that it only works at low fields, within the hysteresis range of the

ferromagnet. Another detection mechanism could be a local magneto-optical Kerr ef-

fect (MOKE) experiment [153], although this measurement would be difficult due to

the small band gap of the semiconductor. The inverse spin Hall effect may provide a

way to measure the spin polarisation of the edge states [154, 155]. Nevertheless, the

measurement of the charge Hall conductivity at multiple Fermi energies together with

knowledge of the structure of the spectrum may provide indirect evidence for the exis-

tence of these reentrant effects.

In conclusion, we have demonstrated that the nonmonotonic behaviour of the LLs

in the presence of Mn doping leads to reentrant topological phases, and that the vicin-

ity of LL crossings leads to rich compound reentrant behaviour. Five different quali-

tative forms of the structure of the LLLs were shown to occur in the parameter space

characterised by Mn doping, well thickness, and temperature. Furthermore, we have

investigated the effects of LL broadening to estimate the ability to resolve the reentrant

effects in experiments.
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3.A The four-band effective model—Numerical methods

In this appendix,7 we illustrate the used numerical method and relate it to the pertur-

bation theory, which allows us to determine the parameters of a four-band effective

model. In the Kane model, the band structure of the material consists of eight bands

[148]. However, the two bands |Γ7,±1/2〉 are separated by approximately 1 eV from

the other six bands and will be neglected here. The resulting six-band modified Kane

Hamiltonian is written in the basis |Γ6,1/2〉, |Γ6,−1/2〉, |Γ8,3/2〉, |Γ8,1/2〉, |Γ8,−1/2〉
and |Γ8,−3/2〉, which we denote as |1〉, |2〉, |3〉, |4〉, |5〉, and |6〉 for short in the following.

The Hamiltonian can then be written as

H = H0 +HZ +Hex, (3.10)

where H0 is the six-band Kane Hamiltonian [148, 156], HZ is the linear Zeeman term,

and Hex is due to the exchange interaction between the Mn ions and the band states in

a magnetic field B in the z direction. The Zeeman term reads

H c
Z = g0

2
µBBσz ,

H v
Z = κ′µBB Ĵz , (3.11)

for the (decoupled) conduction (|1〉 and |2〉) and valence (|3〉, |4〉, |5〉, and |6〉) band

parts of the Hamiltonian. Here Ĵz is the angular momentum operator, g0 is the bare

Zeeman g -factor of HgTe, and κ′ is a phenomenological parameter [49]. The exchange

term, induced by the sp-d coupling between the Mn d level electrons and conduction

or valence band electrons, has a form similar to the Zeeman term, and reads

H c
ex =−∆sσz

H v
ex =−2

3
∆p Ĵz (3.12)

where∆s = 0.2 eV×Y 〈S 〉 and∆p =−0.3 eV×Y 〈S 〉 are the coupling constants between

the Mn spin S and the conduction band (∆s ) or the valence band (∆p ), respectively,

and Y is the mole fraction of Mn2+ ions. The polarisation of the Mn spin S is assumed

to be in the z direction. We regard the Mn spin as a classical spin and use the mean

field value 〈S 〉 instead of S , which yields

S ≡ 〈S 〉 =−S0B5/2

(
5gMnµBB

2kB(T +T0)

)
, (3.13)

where B5/2 is the Brillouin function as given by Eq. (3.5), S0 = 5/2, gMn = 2, and T0 ≈
2.6 K for Mn [149]. The argument of B5/2 in this equation is equal to λex2πφ; cf.

Eqs. (3.4) and (3.6).

7This appendix is based on calculations performed by C. X. Liu and E. G. Novik, and is included here for
completeness. Further details on this method may be found in Ref. [49].
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Now, we consider the above model in a periodic superlattice grown in the z-direc-

tion with well width d and barrier width L −d . In the limit of large L −d , it becomes

equivalent to a single quantum well. Due to the periodic boundary condition along the

z-direction, according to Bloch’s theorem, we can write the wave function as

Ψξ =
1

2π
e i (k∥·r∥+kz z)|U ξ

k (z)〉, (3.14)

where k = (k∥,kz ) = (kx ,ky ,kz ) and (r∥, z) = (x, y, z). The in-plane wave vector k∥ is

a good quantum number for the system, and kz is the superlattice wave number in

the z direction, taken to be zero, because the quantum wells are effectively decoupled

for large barrier thickness L −d . U ξ
k (z) is a multi-component periodic wave function

U ξ
k (z +L) =U ξ

k (z) of the ξ-band, which is expanded in terms of a plane-wave basis as

|U ξ
k (z)〉 =

∑
n,λ

aξn,λ|n,λ〉 =
∑
n,λ

aξn,λ

1p
2π

e i (2πn/L)z |λ〉, (3.15)

where |λ〉 denotes the component λ= 1, . . . ,6 of the wave function, and the expansion

coefficients aξn,λ are functions of k∥. The eigenequation for these states is given by

ĤΨξ = EξΨξ, where Eξ depends on k∥. With the expansion (3.15), we find∑
n′,λ′

〈n,λ|Ĥ |n′,λ′〉aξn′,λ′ = Eξaξn,λ. (3.16)

A truncation method is applied and a finite number of basis vectors (n = −N ,−N +
1, . . . , N −1, N ) is used to solve this eigenvalue problem to obtain the coefficients aξn,λ.

Given the fact that we are only interested in the low-energy physics, taking N = 20

yields a solution that is sufficiently accurate.

Next, we relate the perturbation theory to the previous numerical method. The

Hamiltonian (3.10) is divided into

H = Hk∥=0 +H (1)
k∥

, (3.17)

where Hk∥=0 is treated as the zero-order Hamiltonian and H (1)
k∥

as the perturbation. The

wave function at the Γ point (k∥ = 0) can be obtained from the numerical calculation,

which is denoted as

|U ξ
k=0(z)〉 =

∑
λ

fξ,λ(z)|λ〉 (3.18)

with fξ,λ(z) = ∑
n aξn,λ|n〉. Only the subbands |E1+〉, |H1+〉, |E1−〉, |H1−〉, which are de-

noted as |A〉, |B〉, |C〉, |D〉 for short, are considered in this calculation. Using symmetry

arguments, we obtain

|A〉 = f A,1(z)|1〉+ f A,4(z)|4〉, |B〉 = fB ,3(z)|3〉,
|C〉 = fC ,2(z)|2〉+ fC ,5(z)|5〉, |D〉 = fD,6(z)|6〉, (3.19)
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Figure 3.3: Comparison of the energy dispersion calculated from the full Hamiltonian (blue solid

curves) and from the effective model (red dashed curves) for d = 7.5 nm and Y = 0.02. The two

results exhibit a good overlap in the low-energy regime, which demonstrates the reliability of the

effective model.

where f A,1 = fC ,2, f A,4 = fC ,5, fB ,3 = fD,6. Under two-dimensional spatial reflection,

f A,1, fC ,2, fB ,3, fD,6 have even parity and f A,4, fC ,5 have odd parity. Furthermore, in order

to take into account the contribution of the other subbands in second-order perturba-

tion theory, additional states |E2±〉, |LH±〉, |H H2±〉, and |H H3±〉 (the second electron,

light-hole, and second and third heavy-hole bands, respectively) are also solved nu-

merically and can be written in a similar way [156].

With the obtained zero-order wave function, we apply the second-order perturba-

tion formalism [156]

Hm′m = 〈m′|H |m〉+
∑

s

1

2
〈m′|H (1)

k∥
|s〉〈s|H (1)

k∥
|m〉

(
1

Em′ −Es
+ 1

Em −Es

)
, (3.20)

to obtain the effective model given by Eqs. (3.1)–(3.4). Here |m〉, |m′〉 are the states cho-

sen from |A〉, |B〉, |C〉, and |D〉 while |s〉 is one of the intermediate states |E2±〉, |LH±〉,
|H H2±〉, and |H H3±〉. With this approach, we relate the parameters of the effective

model (3.1)–(3.4) to the parameters of the six-band modified Kane model (3.10)–(3.12).

We find that for the effective mass parameters D and B and for the effective g factor

gE, we need to take into account the second-order perturbation, while for the other

parameters the first-order term is accurate enough for our purposes. As the derivation

is straightforward and the expressions for the parameters are quite lengthy, we do not

write them explicitly here. As an example, the exchange parameters χE and χH are
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d Y C M A B D gE gH F1 F4

(nm) (meV) (meV) (eV) (eV) (eV)

5.5 0.00 −16.9 8.8 0.60 −1.15 −0.73 15.8 1.22 0.62 0.37

5.5 0.01 −5.8 20.0 0.62 −1.05 −0.63 14.4 1.29 0.64 0.35

5.5 0.02 5.6 31.5 0.64 −0.96 −0.55 13.2 1.36 0.66 0.33

5.5 0.03 17.4 43.3 0.66 −0.89 −0.48 12.2 1.42 0.68 0.31

6.5 0.00 −24.4 −4.9 0.58 −1.45 −1.04 20.0 1.22 0.58 0.41

6.5 0.01 −13.9 5.7 0.60 −1.30 −0.88 18.0 1.28 0.61 0.38

6.5 0.02 −3.0 16.6 0.62 −1.17 −0.75 16.3 1.35 0.63 0.36

6.5 0.03 8.4 28.0 0.65 −1.06 −0.65 14.9 1.42 0.66 0.34

7.5 0.00 −29.9 −14.6 0.55 −1.87 −1.45 24.3 1.21 0.55 0.44

7.5 0.01 −19.9 −4.6 0.58 −1.62 −1.20 21.8 1.28 0.58 0.41

7.5 0.02 −9.5 5.8 0.61 −1.42 −1.00 19.5 1.34 0.61 0.39

7.5 0.03 1.4 16.8 0.63 −1.26 −0.85 17.6 1.41 0.64 0.36

Table 3.1: Parameters for the four-band effective model [Eqs. (3.1)–(3.4)], obtained by perturba-

tion theory from the full Kane model.

given by

χEB5/2(λex2πφ) =−(F1∆s +F4∆p /3),

χHB5/2(λex2πφ) =−∆p , (3.21)

where F1 = 〈 f A,1| f A,1〉 and F4 = 〈 f A,4| f A,4〉, and λex2πφ is the argument of B5/2 in

Eqs. (3.4) and (3.13). In Table 3.1, we show the numerical values of these parameters for

several different well thicknesses and different Mn doping. In Fig. 3.3, the energy dis-

persion calculated from the effective model using the parameters in Table 3.1 is shown

to fit well with that calculated from the full Kane model at small k. This result justifies

the use of the effective model to discuss the low-energy physics, in particular in the

energy range where the reentrant behaviour occurs. In this chapter, we have restricted

ourselves to wells with a thickness d < 8.1 nm, because above this value, the H2 band

lies between the E1 and H1 bands, and in that case the four-band model is no longer

accurate, especially in the energy regime of the valence band. Nevertheless, the mech-

anisms for the appearance of the reentrant effects may still be present for thicker wells.





Chapter 4
Chern-Simons theory of multicomponent quan-
tum Hall systems

The Chern-Simons approach has been widely used to explain fractional quantum Hall

states in the framework of trial wave functions. In this chapter, we generalise the con-

cept of Chern-Simons transformations to systems with any number of components

(spin or pseudospin degrees of freedom), extending earlier results for systems with

one or two components. The motivation is to understand fractional quantum Hall

effect in multicomponent systems such as graphene. We treat the density fluctua-

tions by adding auxiliary gauge fields and appropriate constraints. The Hamiltonian

is quadratic in these fields and hence can be treated as a harmonic oscillator Hamil-

tonian, with a ground state that is connected to the Halperin wave functions through

the plasma analogy. We investigate conditions on the coefficients of the Chern-Simons

transformation and on the filling factors under which our model is valid. Furthermore,

we discuss several singular cases, associated with states with ferromagnetic properties.

In addition, we include the momentum degrees of freedom to arrive at the full Hamil-

tonian theory. The resulting set of excitation energies satisfies Kohn’s theorem, i.e., it

includes the cyclotron energy. Subsequently, the microscopic operators for the den-

sities and constraints are derived. We derive the total Hall conductivity of the system

from the density operator associated to the mode at the cyclotron energy. We prove

that the results generalise those of the single-component theory, and that they agree

with experimental results. 8

8This chapter is partially based on Chern-Simons theory of multicomponent quantum Hall systems, W.
Beugeling, M. O. Goerbig, and C. Morais Smith, Phys. Rev. B 81, 195303 (2010) [157].
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4.1 Introduction

In understanding the fractional quantum Hall effect (FQHE), the now famous trial

wave function proposed by Laughlin [9] proved to be a successful approach to de-

scribe the physics of incompressible quantum liquids at certain fractional filling fac-

tors. Laughlin’s wave function is furthermore the inevitable starting point for several

generalisations, such as Jain’s composite-fermion proposal [10, 11], Halperin’s two-

component wave function [39], or more complicated wave functions describing states

possessing quasi-particle excitations with non-Abelian statistics [18, 19].

A field-theoretical approach, complementary to the above-mentioned one, con-

sists of so-called Chern-Simons theories, which formalise the idea of flux attachment

that is also implicit in the trial wave functions. Chern-Simons theories have been suc-

cessfully elaborated to study incompressible [16] and compressible [158] quantum liq-

uids in one-component systems as well as two-component systems [21, 40, 41, 159–

161], which comprise e.g. bilayer quantum Hall systems or single layer systems in situ-

ations where the spins are not completely polarised. Multicomponent Chern-Simons

approaches have also been proposed in the study of edge excitations of the incom-

pressible quantum Hall liquids [162]. An undeniable advantage of these Chern-Simons

theories consists of their transparent insight into the exotic properties of these quan-

tum liquids, such as their topological degeneracy, the fractional charges of their quasi-

particle excitations or the statistical properties of the latter [21, 159, 160]. However, the

Chern-Simons theories are usually less adapted when it comes to calculating quanti-

ties involving energy scales. Indeed, Chern-Simons transformations act on the kinetic

part of the electronic Hamiltonian, whereas they leave the interaction part invariant.

The kinetic part gets therefore renormalised but continues to determine the overall en-

ergy scale whereas the physical energy scale in the FQHE must be set by the electron-

electron interactions.

A successful generalisation of Chern-Simons theories, that does not suffer from the

problem of the correct energy scale, is the Hamiltonian theory proposed by Shankar

and Murthy [23–26, 28]. This theory is a very powerful tool for the computation of

physical quantities, [26, 28] and even for the description of higher-generation compos-

ite fermion states [30, 31, 163]. However, it is limited by the fact that it does not incor-

porate internal degrees of freedom. The success of the single-component Hamiltonian

theory justifies a generalisation that can be applied to describe systems for which in-

ternal degrees of freedom (spin and/or pseudospin) are relevant. The main interest in

such a generalisation stems from realistic systems with more than two internal degrees

of freedom, such as graphene with its four-fold spin-valley degeneracy [99] or bilayer

quantum Hall systems with non-polarised electron spins.

In this chapter, we analyse a multicomponent Chern-Simons theory within the

framework of the microscopic theory by Shankar and Murthy [23–26, 28]. This ap-

proach has two main advantages over the previously proposed ones. First, it allows one



4.1 INTRODUCTION 67

to distinguish between physically relevant Chern-Simons theories from those which

are ill-defined. The basic ingredient for this distinction is the κ×κ charge matrix K ,

which was first introduced by Wen and Zee [21, 159, 160]. We find that matrices with

negative eigenvalues need to be discarded in the study of physically relevant Chern-

Simons theories because they would lead to ground-state wave functions that can-

not be normalised. This structural feature of Chern-Simons theories finds its physical

interpretation within Laughlin’s plasma analogy [9] that indicates a tendency of the

different components to undergo a phase separation and thus to form spatially inho-

mogeneous states. We show that zero eigenvalues of the charge matrix K , in contrast

to the unphysical negative eigenvalues, find a compelling interpretation in terms of

ferromagnetic quantum Hall states. Our results thus generalise previous work on two-

component systems by Lopez and Fradkin [40] to an arbitrary number of components

κ.

A second advantage of the present approach consists of a transparent connection

between multicomponent Chern-Simons theories with trial wave functions. It has

been shown, in the simpler one-component case, that treating the fluctuations of the

Chern-Simons vector potential within the harmonic approximation (Gaussian model)

yields Laughlin’s and Jain’s (unprojected) composite-fermion wave functions [28, 164].

Similarly, we obtain here, within the Gaussian model of κ-component fluctuating

Chern-Simons vector potentials, multicomponent trial wave functions [165] that are

generalisations of Halperin’s two-component wave functions [39, 40]. Furthermore,

we obtain in the same manner composite-fermion-type wave functions that may be

viewed as particular multicomponent generalisations of Jain’s original proposal [10,

11].

An additional motivation for this model is its role as an interacting theory for com-

posite fermions. In order to interpret the model in this manner, one must include

also the momentum degrees of freedom beyond the oscillator Hamiltonian. Within

the random-phase approximation [24] at small momenta, the oscillator and momen-

tum degrees of freedom can be decoupled. The excitation energies resulting from the

decoupling procedure include the cyclotron energy, in agreement with Kohn’s theo-

rem [24]. From the microscopic density and constraint operators, one can indicate the

expressions valid at all momenta [25], such that they satisfy the magnetic translation

algebra. In this framework, the theory is understood in the same way as an integer

or fractional QH state of composite fermions. In particular, at a fractional composite-

fermion filling factor, this theory allows for an additional flux attachment leading to

second-generation composite fermions. Such a model has been proposed to explain

the FQHE at filling factor 4
11 , which cannot be obtained by a single flux attachment

[30, 31, 163].

Another motivation to study the decoupling transformation is that the transformed

density operator can be rewritten conveniently in terms of the currents. This observa-

tion provides the ability to compute the Hall currents. For single-component systems,
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this computation leads to the well known Hall conductivity relation σH = νe2/h in

terms of the (fractional) filling factor ν [23, 24]. In the generalised theory for multicom-

ponent systems, one obtains an identical relation for the total filling factor, but there

are additional Hall conductivity values associated to other modes (e.g., the difference

of the two layer filling factors in two-layer systems [40]).

This chapter is organised as follows. In Sec. 4.2, we define the Chern-Simons trans-

formations for systems with κ components and introduce, in Sec. 4.3, extra degrees of

freedom, in the form of the auxiliary gauge fields, as described by Shankar and Murthy.

We subsequently diagonalise the harmonic oscillator Hamiltonian and investigate the

connection of the resulting wave function with trial wave functions through the plasma

analogy. In Sec. 4.4, we extend our results to the situation of singular K matrices and

discuss the relation between residual symmetries and underlying ferromagnetic prop-

erties of the quantum Hall states. In Sec. 4.5, we include the momentum degrees of

freedom, and we generalise the decoupling procedure used by Murthy and Shankar.

We apply the results of this section to several examples. In Sec. 4.6, we discuss the

transformation of the densities and the constraints, and we derive the Hall conduc-

tivities from those. Our conclusions are presented in Sec. 4.7. In the Appendices we

provide extra details of our calculations and an overview of the notation.

4.2 Chern-Simons transformations

We consider a quantum Hall system with κ internal states, hereafter referred to

as “components”. In the simplest case of a two-dimensional electron gas at a

GaAs/AlGaAs interface, one has κ= 2 for the two possible orientations of the electron

spin. The case κ= 4 is relevant for bilayer quantum Hall systems, where a second pseu-

dospin mimics the layer index, or in graphene due to its two-fold valley degeneracy, in

addition to the physical spin of the electrons. Higher values of κ are rarely discussed

in the literature, but may play a role in the context of multilayer systems or of bilayer

graphene, where the zero-energy level consists of the n = 0 and n = 1 Landau levels

[99]. The Chern-Simons transformation [10, 166] is defined by the relation between

the κ original electronic fields ψα(r) and the κ transformed fields ψCS
α (r) as

ψα(r) = exp

(
−i

∫
d2r′θ(r− r′)

κ∑
β=1

Kαβρβ(r′)

)
ψCS
α (r), (4.1)

where θ(r) = arg(x + i y) indicates the angle between the vector r = (x, y) and the ex

direction, and ρβ(r) =ψ†
β

(r)ψβ(r) =ψCS†
β

(r)ψCS
β

(r) is the density operator of the parti-

cles of component β. The κ×κ matrix Kαβ encodes the topological properties of the

underlying quantum liquids, such as its degeneracy, the charges of its quasi-particle

excitations and the statistics of the latter [21, 159, 160]. Physically, it indicates the num-

ber of flux quanta attached to particles of component α due to the density of particles
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of component β. This transformation is a singular transformation for the reason that

θ(r− r′) has a singularity at r′ = r.

The gauge transformation is defined such that it generates the gauge potentials9

ACS
α (r) =−~

e
∇r

∫
d2r′θ(r− r′)

∑
β

Kαβρβ(r′), (4.2)

and such that the one-particle Hamiltonian [−i~∇+ e A(r)]2/2m for the component α

is transformed to

Hα = 1

2m

[−i~∇+e A(r)+e ACS
α (r)

]2
.

Here, m is the mass of the particles, and e is the electron charge. By using ∇×∇θ(r) =
2πδ(r), we derive the corresponding magnetic fields,

BCS
α (r) =−h

e

∑
β

Kαβρβ(r)ez .

Since ACS
α is a gauge field, its Fourier transform ACS

α (q) may be fixed to a convenient

gauge. We choose it to be transverse, i q ·ACS
α (q) = 0, so that it fixes the direction of

ACS
α (q) to be ez ×q/|q|, up to a sign. For the magnitude, we use that under a Fourier

transform B(r) =∇×A(r) transforms to B(q) = i q×A(q), such that we obtain

ACS
α (q) = ACS

α (q)e⊥q =− h

e|q|
∑
β

Kαβρβ(q)e⊥q , (4.3)

where we define the transverse unit vector as e⊥q = i ez ×q/|q|.
The effective magnetic field seen by the composite particles of type α is

B∗
α = B+〈BCS

α 〉 = B

(
1−

∑
β

Kαβνβ

)
ez , (4.4)

where νβ are the component filling factors, given by νβ = h
eB nβ = 2πl 2

B nβ in terms

of the electronic densities nβ and of the magnetic length lB =
p
~/eB . This result is an

extension of the two-component case presented in Refs. [41, 161]. Notice that each par-

ticle type has its own effective magnetic field, and hence also its own magnetic length

lB∗
α
=

√
~/eB∗

α. The composite particle filling factors ν∗α are expressed in terms of the

electronic filling factors να as [41]

ν∗α
να

=
l 2

B∗
α

l 2
B

= B

B∗
α

= 1

1−∑
βKαβνβ

. (4.5)

9Throughout this chapter, all sums over the component indices (α,β, . . .) are over the values 1, . . . ,κ, unless
indicated otherwise.
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This result generalises the one-component relation

ν∗ = ν

1−2sν
↔ ν= ν∗

2sν∗+1
, (4.6)

in terms of the Chern-Simons charge K = 2s.

The statistical angle associated with the exchange of the transformed fieldsψCS
α and

ψCS†
α can be derived by using their definition, Eq. (4.1), and the fact that the original

fields are fermionic. Under the condition that the charge matrix Kαβ is symmetric,

which is a generalisation of the condition discussed in the two-component case [41],

we obtain

ψCS
α (r1)ψCS

β (r2)+e iπKαβψCS
β (r2)ψCS

α (r1) = 0

and

ψCS
α (r1)ψCS†

β
(r2)+e iπKαβψCS†

β
(r2)ψCS

α (r1) = δαβδ(r1 − r2).

Thus, we have found that the statistical angles of the exchange are πKαβ, i.e., propor-

tional to the entries of the charge matrix. The parity of the diagonal elements Kαα of the

charge matrix K determines the statistical properties of the Chern-Simons fieldsψCS
α . If

they are even integers, the originally fermionic electron fields ψα are transformed into

fermionic Chern-Simons fields. However, one may also change the statistical proper-

ties of the fields from fermions to bosons by using odd integers for the diagonal com-

ponents Kαα. In the following sections, we mainly discuss fermionic Chern-Simons

fields, in order to make a connection with the composite-fermion theory, although the

main conclusions of the chapter also apply to bosonic fields.

4.3 Gaussian theory

4.3.1 Auxiliary gauge fields

The formalism proposed by Shankar and Murthy [24, 28] allows us to treat the fluc-

tuations of the Chern-Simons vector potential via the introduction of κ real-valued

transverse gauge fields a◦
α(r jα ) [167]. The extended Chern-Simons Hamiltonian in first

quantisation, with Nα particles of each type α, reads

HC S = 1

2m

∑
α

Nα∑
jα=1

[
p jα +e A∗

α(r jα )+e δACS
α (r jα )+e a◦

α(r jα )
]2, (4.7)

where we absorb the average value of the Chern-Simons potential (4.2) into an effective

vector potential A∗
α(r) = A(r)+〈ACS

α 〉. This definition yields the effective magnetic field

∇×A∗
α(r jα ) = B∗

α(r jα ) given in Eq. (4.4). In Fourier space, the fluctuations δACS
α (q) are

transverse, similar to the gauge field itself, as given by Eq. (4.3). Here, we have

δACS
α (q) = δACS

α (q)e⊥q = h

e|q|
∑
β

Kαβδρβ(q)e⊥q .
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Since we have artificially added the auxiliary gauge field a◦
α(r), we have enlarged the

Hilbert space, where the physical states form only a subspace {|φphys〉} characterised by

a◦
α(q) |φphys〉 = 0, (4.8)

for all components α. In other words, the gauge field operator acting on any physical

state vanishes.

Additionally, we introduce a longitudinal field P◦(q) = i P◦(q)e∥q (with e∥q ≡ q/|q|),

conjugate and perpendicular to the newly introduced gauge field a◦(q) = a◦(q)e⊥q , ac-

cording to the commutation relation in Fourier space

[a◦
α(q),P◦

β(−q′)] = i~δαβδq,q′ .

Since the operator P◦
α is conjugate to a◦

α, it generates translations in a◦
α, as may be seen

from the definition

U = exp

(
i

~
∑
α

∑
q′

P◦
α(−q′)δACS

α (q′)

)
,

which translates a◦
β

by the vector −δACS
β

(q) as U †a◦
β

(q)U = a◦
β

(q)−δACS
β

(q). By using

this shifting property of U , which is also valid in r space, and with [p jα ,U ]

= (h/eL2)
∑
βKαβP◦

β
(r jα ), we may eliminate δACS

β
(q) from Hamiltonian (4.7), which

then transforms into

HCP =U †HCSU = 1

2m

∑
α

Nα∑
jα=1

[
p jα +e A∗

α(r jα )+e a◦
α(r jα )+ h

eL2

∑
β

KαβP◦
β(r jα )

]2

,

while transforming the states to ψCP = U−1ψCS. In these equations, L2 is the area of

the system. By transforming the states, we also transform the constraint (4.8) to

(
a◦
α(q)−δACS

α (q)
) |φphys〉 =

(
a◦
α(q)− 2π~

e|q|
∑
β

Kαβδρβ(q)

)
|φphys〉 = 0. (4.9)

The Hamiltonian may be decomposed into three terms, HCP = H∗+Hcoupl +Haux,

given by

H∗ = 1

2m

∑
α

Nα∑
jα=1

Π2
jα

, (4.10)

Hcoupl =
1

m

∑
α

Nα∑
jα=1

Π jα ·
[

ea◦
α(r jα )+b

∑
β

KαβP◦
β(r jα )

]
, (4.11)

Haux =
1

2m

∑
α

Nα∑
jα=1

[
e2a◦

α
2(r jα )+b2

∑
β

∑
γ

P◦
β(r jα )KβαKαγP◦

γ(r jα )

]
, (4.12)

where Π jα ≡ p jα + eA∗
α(r jα ) and b = h/eL2, which has the dimensions of a magnetic

field. Notice that for Haux we have used that a◦
α(q) and P◦

β
(q) are perpendicular.

In Secs. 4.3.2–4.4, we discuss Haux that involves the auxiliary gauge fields. The full

Hamiltonian HCP, including also the other terms, is discussed in Secs. 4.5–4.6.
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4.3.2 Gaussian model of the auxiliary gauge fields

In this section we will analyse Haux in detail. By observing that
∑

jα δ(r− r jα ) = ρα(r) =
nα+δρα(r), we can rewrite Eq. (4.12) as

Haux =
1

2m

∑
α

∫
d2rρα(r)

(
e2a◦

α
2(r)+b2

∑
β

∑
γ

P◦
β(r)KβαKαγP◦

γ(r)

)
.

Up to this point, all equations are exact. Now, we approximate Haux by assuming that

the density fluctuations δρα are small with respect to the average densities nα. Since

the resulting Hamiltonian becomes quadratic, this approximation is called the har-

monic approximation. We should keep in mind that this approximation breaks down

if the fluctuations are not small with respect to the average densities. In particular, the

approximation is certainly invalid if one of the average densities is zero. We therefore

assume that none of the average densities nα vanishes. However, in the case of a sin-

gular charge matrix K , a redefinition of the filling factors might lift this problem, as

will be discussed in more detail in Sec. 4.4. The Hamiltonian Haux in Fourier space is

approximated by

Hosc =
∑

q

∑
α

nαL2

2m

(
e2a◦

α(−q)a◦
α(q)+b2

∑
β

∑
γ

P◦
β(−q)KβαKαγP◦

γ(q)

)
, (4.13)

where we note that a◦(−q) = (a◦(q))† and P◦(−q) = [P◦(q)]†. Because the Hamiltonian

(4.13) is quadratic in the gauge fields a◦
α and its conjugate fields P◦

α, it is possible to

write it in terms of ladder operators. However, due to the appearance of the matrices

K in the term with P◦’s, it is a nontrivial task to define suitable ladder operators Aα(q)

such that the commutators between them are of the form [Aα(q),A †
β

(q′)] = δαβδq,q′ .

In order to diagonalise the Hamiltonian, we define N = diag({να}) as the dimen-

sionless diagonal matrix of filling factors, Nαβ = ναδαβ, and also write the fields and

their conjugates as vectors in the component space, a◦ = (a◦
1, . . . , a◦

κ) and P◦ = (P◦
1 , . . . ,

P◦
κ). We omit the q dependence for a while. In this concise notation, the oscillator

Hamiltonian can be written as

Hosc =
L2

2m

eB

h

[
e2a◦†N a◦+b2P◦† K †N K P◦

]
. (4.14)

The prefactor can also be written as L2ωc/2h, where ωc = eB/m is the cyclotron fre-

quency. We recall that the matrix K is real and symmetric, so that K † = K . We perform

the diagonalisation in two steps. First, we define a′ =
p

N a◦ and P ′ =
p

N−1P◦, so that

the Hamiltonian becomes

Hosc =
L2ωc

2h

[
e2a′†a′+b2P ′†pN K N K

p
N P ′

]
.

The matrix between the P ′’s is the square of the matrix E ≡
p

N K
p

N , which is real and

symmetric. Therefore, it can be diagonalised in terms of a diagonal matrix D and an
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orthogonal matrix C , such that E = C−1D C . The matrix D has the eigenvalues λα of

E on its diagonal, and C T contains the corresponding eigenvectors as columns. The

ability to choose C as an orthogonal matrix (i.e., C−1 =C T) is provided by the property

that the matrix E is symmetric, so that the eigenvectors can be chosen such that they

form an orthonormal basis. Having found the diagonalisation E =C TD C , we define

a =C a′ =C
p

N a◦, P =C P ′ =C
√

N−1P◦, (4.15)

so that the Hamiltonian becomes

Hosc =
L2ωc

2h

[
e2a†a +b2P

†
D2 P

]
(4.16a)

= L2ωc

2h

∑
α

[
e2a†

αaα+b2P
†
αλ

2
αPα

]
, (4.16b)

written in matrix form and in components, respectively. For the derivation we have

used that
∑
α a†

αaα = a†a = a′†a′ by virtue of the orthogonality of C ,
∑
γCαγCβγ =∑

γCαγC T
γβ

= δαβ. For this transformation to be well defined, it is required that νβ 6=
0 for all components β, which we already assumed in order for the harmonic approx-

imation to be valid. The definition is such that the commutator between a and P is

given by

[aα(q),Pβ(−q′)] = i~δαβδq,q′ , (4.17)

which holds also by virtue of the orthogonality of C .

By setting P◦
α =−i~ ∂

∂a◦
α

and consequently Pα =−i~ ∂
∂aα

, we can derive that

χosc = exp

(
− e

2~b

∑
q

∑
α

aα(−q)ξαaα(q)

)
(4.18)

is a ground state of the Hamiltonian (4.16) if we set ξα = |λα|−1. Evidently, ξα is only

well defined if the matrix E is nonsingular, i.e., if none of its eigenvalues is zero. More-

over, the eigenvalues appearing in the eigenstate are actually not the eigenvalues of E

itself, but the square roots of the eigenvalues of E 2 =
p

N K N K
p

N , namely
√
λ2
α = |λα|.

The ground state (4.18) can then be written in matrix form as

χosc = exp
(
− e

2~b
a†D−1a

)
= exp

(
− e

2~b
a◦†K −1a◦

)
(4.19)

where we used a†D−1a = a◦†K −1a◦ in order to write the ground state in terms of the

original auxiliary gauge fields a◦. Notice that, had we chosen the negative square roots

−
√
λ2
α for the eigenvalues of E , the ground-state wave function (4.19) could not be

normalised. Negative eigenvalues are indeed unphysical because they would lead to

an instability of the electron liquid, the components of which phase-separate, as may



74 4. CHERN-SIMONS THEORY OF MULTICOMPONENT QUANTUM HALL SYSTEMS

be seen within the plasma picture of the FQHE [168]. It is therefore important, for the

structure of the Chern-Simons theory to be well defined, to discard negative eigenval-

ues λα. This is namely the case for the analysis presented in Sec. 4.3.3, where we as-

sume a positive definite K . The case of zero eigenvalues is treated separately in Sec. 4.4.

Acting with Hamiltonian (4.16) on the ground state (4.18) gives its energy eigenval-

ues ∑
α

L2ωc

2h
~eb|λα| =

~ωc

2

∑
α
|λα| =

~
2

∑
α
ωα,

whereωα = |λα|ωc are the characteristic frequencies, given in terms of the eigenvalues

λα and the cyclotron frequency ωc.

At this point, we define the ladder operators as

Aα(q) = L√
4π~2λα

(
e aα(q)+ i bλαPα(q)

)
,

A †
α(q) = L√

4π~2λα

(
e aα(−q)− i bλαPα(−q)

)
,

(4.20)

still under the assumption that the eigenvalues λα are positive. The commutator of

the rescaled ladder operators becomes [Aα(q),A †
β

(q′)] = δαβδq,q′ , so that A †
α(q)Aα(q)

is the number operator for the oscillator states in the componentα of the diagonalised

basis. The Hamiltonian can be conveniently written in terms of the ladder operators

as

Hosc =
∑

q

∑
α
~ωα

(
A †
α(q)Aα(q)+ 1

2

)
. (4.21)

This result also proves that the “ground state” (4.18) is indeed the lowest-energy state.

Notice that the energies ~ωα play the role of quasi-particle gaps in the

Chern-Simons theory, and the ground state is well defined for det(K ) 6= 0 [21]. Zero-

energy gaps are obtained if one of the eigenvalues λα = 0, i.e., when the matrix K is

singular, det(K ) = det(E) = 0. Contrary to what one may naively expect, this situation

is not in contradiction with an incompressible quantum liquid, where all (collective)

charge modes must be gapped. As we discuss in more detail in Sec. 4.4, the zero-gap

modes associated with λα = 0 reveal ferromagnetic properties of the underlying state

[165], which in the presence of interactions evolve into spin-wave modes while keeping

the charge modes gapped.

4.3.3 Connection with trial wave functions

In order to obtain the wave functions corresponding to the ground state (4.19), we may

rewrite it in terms of the density fluctuations δρα(q), using the constraint (4.9). Once

again, it is more convenient to do the computation in matrix notation. The constraint
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is then given by a◦ = (h/e|q|)K (δρ) for physical states, with (δρ) = (δρ1, . . . ,δρκ) the

vector of the density fluctuations. Hence, we find

χosc = exp

(
−1

2
(δρ)† 2πL2

|q|2 K (δρ)

)
. (4.22)

Notice that, written in terms of density fluctuations, the ground-state wave function is

no longer confronted with the problem of zero-eigenvalues of E (or K ) because it is the

matrix K , and not its inverse K −1, which appears here.

As shown in Ref. [164], we may relate the expression (4.22) to the plasma picture

proposed by Laughlin in his original publication [9]. In this picture, we regard |χosc|2
as the Boltzmann weight exp(−βH ) of the plasma Hamiltonian H , where one sets

β= 2 (Ref. [168]). Then H can be identified as the Hamiltonian of particles interacting

due to the Coulomb potential in two dimensions, − log |r|, which equals 2πL2/|q|2 in

momentum space. As discussed in Appendix 4.A, the wave function that we obtain is

ψ({z jα }) =
∏
α

∏
jα,kα

jα<kα

(z jα − zkα )Kαα
∏
α,β
α<β

∏
jα,kβ

(z jα − zkβ )Kαβ

×exp

(
−

∑
α,β

ναKαβ

∑
kβ

|zkβ |2

4l 2
B

)
φ{ν∗α}({z jα }), (4.23)

where we write z = x − i y . This wave function is a product of the oscillator func-

tion and the wave function φ{ν∗α}({z jα }), which encodes the residual degrees of free-

dom for particles in the reduced field Bα, i.e., at the effective filling factors ν∗α given

by Eq. (4.5). Quite generally, one may describe the same system in the framework

of different Chern-Simons theories, according to how much flux is absorbed in the

transformation by the matrix Kαβ. It is often convenient, if possible, to choose the

Chern-Simons transformation such that the residual wave function is factorisable into

single-component wave functions φ̃ν∗α ,

φ{ν∗α}({z jα }) =
κ∏

α=1
φ̃ν∗α ({z jα }), (4.24)

so that each component may be treated independently after the transformation. No-

tice, however, that this aim may be in conflict with the above-mentioned condition

of positive eigenvalues of the charge matrix Kαβ, namely in the context of symmetric

states with ferromagnetic properties that we discuss in Sec. 4.4.2.

The simplest state of a factorisable residual wave function according to Eq. (4.24)

consists of a product of states at an effective filling factor ν∗α = 1 for each component,

each of which involves a Slater determinant, in the form

φ̃ν∗α=1({z jα }) =
∏

jα<kα

(z jα − zkα )exp

(
−

∑
kα

|zkα |2
4l 2

B∗
α

)
. (4.25)
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Such a state would then correspond to a Halperin wave function that is described by

an exponent matrix Mαβ = Kαβ+δαβ. In order to have a fermionic wave function, the

elements Kαα must naturally be even integers, and we thus have a Chern-Simons the-

ory that transforms fermions into (composite) fermions. Alternatively, one may have

chosen the bosonic version of the Chern-Simons theory, in which case the diagonal

elements of the matrix Kαβ = Mαβ would be odd. The same state [Eq. (4.23)] would

then be described as a product of the oscillator wave function χosc, which absorbs all

the flux, and a bosonic wave function for zero net magnetic field B∗
α = 0, for all compo-

nents, φ{B∗
α=0}({z jα }) = 1.

Until now, we have discussed states that may be described in terms of generalised

κ-component Halperin wave functions [165], where the residual wave function

φ{ν∗α}({z jα }) is itself a (typically simpler) Halperin wave function described by a “resid-

ual” exponent matrix M∗
αβ

such that Mαβ = Kαβ+M∗
αβ

(see also Appendix 4.A). Notice,

however, that the Chern-Simons theory discussed above may also provide us with an-

other class of factorisable trial wave functions if we replace the Slater determinants

(4.25) for the effective filling factors ν∗α = 1 by Slater determinants for pα completely

filled composite-fermion levels φ(α)
pα ({z jα }) in each component. The resulting wave

function Eq. (4.23) is related to the κ-component Halperin wave function in the same

manner as Jain’s one-component composite-fermion [10, 11] to Laughlin’s wave func-

tion [9]. Naturally, the proposed Slater determinants contain non-analytic compo-

nents in the polynomial, and, in the same manner as for Jain’s wave functions, one

needs to project the resulting wave function to the subspace of analytic functions in

order to satisfy the lowest-Landau-level condition.

Ultimately, the theory may be generalised to the case where the ν∗α’s can take any

fractional value, as to allow the multicomponent generalisation of higher-generation

FQHE states. An example of the latter in one component is the ν= 4
11 state, which can

be understood as a second generation FQHE state [30, 31, 33, 163, 169].

4.4 Singular transformations

The analysis in the previous section demonstrates that a Chern-Simons transforma-

tion with a nonsingular charge matrix is already interesting in itself. However, trans-

formations with singular charge matrices play an important role in the study of states

with (partial) ferromagnetic order, since these states are described by singular expo-

nent matrices [165]. In this section, we investigate the consequences of the symmetry

properties of the exponent matrices M and M∗ and the charge matrix K for the results

of the previous section.
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4.4.1 Conditions on the ranks of the matrices

Without performing the diagonalisation of the oscillator Hamiltonian, it is already pos-

sible to give some conditions on the exponent matrices and the charge matrix. Con-

sider a state that is described by a singular exponent matrix M . As a consequence,

not all filling factors are defined separately. Suppose furthermore that the electronic

and composite-fermion filling factors are given by
∑
β Mαβνβ = 1 and

∑
β M∗

αβ
ν∗
β
= 1,

respectively, with M = M∗ +K . We note that Eq. (4.5) has to be satisfied simultane-

ously, which does not necessarily follow from the other conditions.10 From the fact

that M , M∗ and K are required to be nonnegative definite, it follows that also K and

M∗ are singular. More specifically, it follows that the null spaces of M∗ and K may

be of higher dimension than that of M . As a consequence, the dimension of the null

space of the exponent matrix is either increased or kept invariant by the Chern-Simons

transformation. In other words, if before applying the Chern-Simons transformation

the theory involves a certain number of independent combinations of filling factors,

then the number of independent combinations after the transformation is either the

same or lower. In terms of the ranks of the matrices, which is equal to their size minus

the dimension of the null space (i.e., dimker M + rank M = κ), we find that the ranks of

K and M∗ must both be smaller than or equal to the rank of M .

For the case that rank M∗ < rank M , which is not ruled out by the above discussion,

some problems may arise. In this case, Eq. (4.5) fixes the filling factors ν∗α to be con-

fined to a subspace of the space of all solutions of
∑
β M∗

αβ
ν∗
β
= 1. For example, if M =(

3 1
1 3

)
and K = (

2 0
0 2

)
, we have M∗ = (

1 1
1 1

)
, so that, based on the exponent matrices, the

electronic and composite-fermion filling factors are given by (ν1,ν2) = ( 1
4 , 1

4 ) and ν∗1 +
ν∗2 = 1, respectively. However, based on Eq. (4.5), the composite-fermion filling factors

are fixed at (ν∗1 ,ν∗2 ) = ( 1
2 , 1

2 ). Therefore, the matrix M∗ does not appropriately describe

the possible composite-fermion filling factors of the system. We would expect that this

leads to problematic results, if we would use the Chern-Simons approach to obtain a

separation between high-energy and low-energy degrees of freedom. For this reason,

we will only analyse the case that M and M∗ share their ranks. We stress that there is

no problem in using a singular charge matrix K if M and M∗ are both nonsingular.

4.4.2 The oscillator Hamiltonian

Here, we discuss how the singularity of the matrix K affects the analysis that we used to

study the harmonic oscillator. Apart from the zero modes in the harmonic oscillator,

we must also take into account that the number of independent constraints [Eq. (4.9)]

is reduced, since these also involve the matrix K . Indeed, the number of independent

constraints is given by the rank r of the matrix K , whereas the number of zero modes

10The given conditions are satisfied simultaneously if M∗ is a block-diagonal matrix where the entries
within each block are equal to each other, which includes most physically interesting cases.
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is κ− r . Before we derive the fully general results, we find it instructive to illustrate the

procedure first with a simple example.

We consider a two-component system, where we choose the charge matrix of the

Chern-Simons transformation to be the singular matrix K = (
2 2
2 2

)
. The eigenvalues of

K are 4 and 0, and the respective eigenvectors are (1,1)/
p

2 and (1,−1)/
p

2. We can

write the constraints in components as

0 =
[

a◦
α(q)− h

e|q|
(
2δρ1(q)+2δρ2(q)

)] |φphys〉 ,

for α = 1,2. The two components a◦
1 and a◦

2 of the gauge field satisfy the same con-

straint, so that they are fixed to the fluctuations of the total density δρ1 +δρ2. On the

other hand, the difference of density fluctuations δρ1 −δρ2 (associated with the zero

eigenvalue) is absent, implying that one may have zero-energy fluctuations that lower

the particle number in one component while increasing that in the other component.

Eventually such a reorganisation of the particles on the two components may even

completely polarise the system, with ν1 = ν and ν2 = 0. Inversely this means that in the

case of a singular matrix K , we may always choose both filling factors nonzero or even

equal, i.e., N nonsingular, such as to render the harmonic approximation Eq. (4.13)

valid.

We now turn to the harmonic oscillator Hamiltonian. We write N = diag(ν1,ν2),

where ν1,2 are the electronic filling factors. For this example, we compute

E =
p

N K
p

N = 2

(
ν1

p
ν1ν2p

ν1ν2 ν2

)
.

This matrix is diagonalised as C TDC , where D = diag(λ1,λ2) is the diagonal matrix

with the eigenvalues λ1 = 2(ν1 +ν2) and λ2 = 0. The corresponding eigenvectors are

proportional to (
p
ν1,

p
ν2) and (−pν2,

p
ν1), respectively. The diagonalised Hamilto-

nian is given by Eq. (4.16b), where α= 1,2 and(
a1

a2

)
= 1p

ν1 +ν2

(
ν1a◦

1 +ν2a◦
2p

ν1ν2 (−a◦
1 +a◦

2)

)
,

(
P 1

P 2

)
= 1p

ν1 +ν2

(
P◦

1 +P◦
2

−
√

ν2
ν1

P◦
1 +

√
ν1
ν2

P◦
2

)
.

We note that P 2 is not present in the Hamiltonian since the term P
†
2λ

2
2P 2 vanishes due

to λ2 = 0. The term a†
2a2 also vanishes, since a2 = 0, due to the constraint a◦

1 = a◦
2. In

the end, we obtain a harmonic oscillator Hamiltonian with only one coordinate (a1)

and one momentum (P 1) component.

The Hamiltonian restricted to this single coordinate has a ground state χosc,1 =
exp[−(e/2~b)a†D̂ a], where we define D̂ = diag( 1

2 (ν1+ν2)−1,0). We note thatχosc,1 only

involves a1, but not a2. Transforming back to the coordinates (a◦
1, a◦

2) and imposing the

constraints a◦
1 = a◦

2 = (h/e|q|)(2δρ1 +2δρ2
)
, we obtain

χosc,1 = exp

(
−1

2
(δρ1 +δρ2)† 2πL2

|q|2 (2)(δρ1 +δρ2)

)
,
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where the notation (2) is to point out that it should be interpreted as a matrix. At this

point, we observe that (δρ1 + δρ2)†(2)(δρ1 + δρ2) is exactly equal to

(δρ1,δρ2)†K (δρ1,δρ2). This means that in this example Eq. (4.22) is valid without

change, and the other results concerning the Halperin wave functions hold as well, as

we have already mentioned in the discussion of the general oscillator function (4.22).

We remark that the linear combination of filling factors ν1 −ν2 is not present at all in

the diagonalised theory.

Another important point is that we can make the connection with ferromagnetic

Laughlin states in two-component systems [168]. For instance, the exponent matrix

M = (
3 3
3 3

)
defines a state for which the total filling factor is ν1+ν2 = 1

3 , but the separate

filling factors are not defined, since the exponent matrix is singular [168]. Using the

Chern-Simons transformation of the example above, we may understand this state in

terms of a composite-fermion theory with exponent matrix M∗ = (
1 1
1 1

)
. This state has

total composite-fermion filling factor ν∗1 +ν∗2 = 1, and again the separate filling factors

are undefined. We remark that although the intermediate steps in the procedure con-

tain the separate filling factors ν1 and ν2, the results are completely independent of

ν1 −ν2.

In contrast to the ferromagnetic Laughlin state discussed in the preceding para-

graph, we may also discuss the two-component state at total filling factor ν = 2
5 , de-

scribed by the matrix M = (
3 2
2 3

)
and the reduced exponent matrix M∗ = (

1 0
0 1

)
. Although

the Chern-Simons transformation is described by a singular charge matrix K and does

therefore not impose a constraint on the relative particle distribution on the two com-

ponents, the constraint is imposed by M∗, ν∗1 = ν∗2 = 1. The state thus described is then

a spin-unpolarised state, as one could have also expected from the original exponent

matrix M .

The reasoning given for the example above can be readily generalised to any sit-

uation in which K is singular. Here, we assume that the rank r of the matrix K is

smaller than the number of components κ. As argued in Appendix 4.B, the ground

state can be decomposed as a product of the usual ground state (4.19) restricted to

the r independent components, χosc,r and the degenerate part χ̃ [see Eqs. (4.144) and

(4.145)]. Moreover, Eq. (4.22) remains valid even in the singular case, despite the fact

that the original derivation involves the inverse of K . Hence, the Halperin connection

in Sec. 4.3.3 is valid in the singular case without modification.

The equivalence of the decomposition (4.144) for the κ-component oscillator wave

function may be interpreted in a straightforward physical manner. Indeed, the de-

composition indicates that, in the case of a charge matrix K of rank r , the “reduced”

r -component wave function corresponds to an r -component Halperin wave function

with gapped oscillator frequencies ωα. The other factor χ̃ in Eq. (4.144) corresponds

to the κ− r zero eigenvalues of the matrix K with an associated space spanned by the

oscillator components aα, with α = r +1, . . . ,κ. The ground-state manifold comprises

therefore any possible combination of these components aα, and a particular choice
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spontaneously breaks the residual ground-state symmetry, which may be related to the

ferromagnetic properties of the Halperin state, and χ̃ may then be interpreted as the

ferromagnetic part of the wave function.

In order to see this particular point, consider the r constraints to fix the filling fac-

tors of the first r −1 components. The last constraint then imposes simply the sum of

the fillings of all other components α = r, . . . ,κ. This is naturally a simplified assump-

tion, because the r constraints do not in general fix particular components, but the

dependencies may be more complicated.11 One is then free to distribute the involved

particles over these components in a quantum mechanical manner. All different distri-

butions define the ground-state manifold. Schematically, this may be formalised with

the help of a wave function

χ̃= ur |α= r 〉+ur+1 |α= r +1〉+ . . .+uκ |α= κ〉 ,

where the complex amplitudes uα are subject to a normalisation condition, which

plays the role of the last constraint. These complex amplitudes may be viewed as

the components of a CPκ−r field.12 The ground-state manifold may then be described

by spatially constant CPκ−r fields with a global SU(κ− r +1) symmetry, which is pre-

cisely the symmetry group that describes the ferromagnetic properties of the oscillator

wave function. In summary, this argument shows that, in the case of a Chern-Simons

transformation with a matrix K of rank r , one may decompose an arbitrary oscillator

wave function into a product of a reduced r -component Halperin wave function and a

SU(κ− r +1)-symmetric ferromagnetic part. Naturally, this symmetry may be further

reduced if the components of the Chern-Simons field fix further filling factors.

We finally mention that the spontaneous breaking of the SU(κ− r + 1) symmetry

yields Goldstone modes, which are physical (pseudo)spin waves. On the level of the

Gaussian model, these Goldstone modes are dispersionless and remain at zero energy.

This is no longer the case if one takes into account interactions between the parti-

cles associated with the different components. One may indeed treat rather easily a

density-density interaction within the present model. This interaction may be trans-

lated, via the constraints (4.9), into an interaction between the oscillator fields, which

one can then diagonalise within the Gaussian model. Notice that these fields are cou-

pled to the Πα [see Eq. (4.11)], which describe the low-energy electronic degrees of

freedom. A discussion of collective Goldstone-type modes is therefore more involved

and requires a decoupling of the oscillator and the electronic degrees of freedom. How-

ever, the Chern-Simons analysis within the Gaussian model yields valuable insight into

11 Other continuous subgroups of SU(κ) may appear as well as symmetry groups. These include product
groups like SU(2)× SU(2), which is relevant for four-component systems with two SU(2) symmetries of a
different origin, such as spin and pseudospin.

12The κ− r +1 complex components uα, α= r, . . . ,κ may indeed be viewed as an element of the complex
projective space CPκ−r in which one identifies all elements that differ only by a global (complex) factor c,
(ur , . . . ,uκ) ≡ (cur , . . . ,cuκ).
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the ferromagnetic properties of the states, which are governed by symmetry, as well as

into the number of their Goldstone modes.

4.5 Decoupling of the full Hamiltonian

The harmonic oscillator Hamiltonian on its own does not have a physical eigenvalue

spectrum. Kohn’s theorem [170] predicts that the physical spectrum must contain at

least one mode at the cyclotron frequency ωc. Since this mode is not present in the

spectrum of the harmonic oscillator, this spectrum cannot be physical. This result is

not surprising, because in the previous model we have omitted the two terms H∗ and

Hcoupl [Eqs. (4.10) and (4.11), respectively], which contain also the momentum degrees

of freedom. In this section, we will compute the eigenvalue spectrum of the full Hamil-

tonian, H = H∗+Hcoupl +Hosc.

For pedagogical reasons, we will first focus on the Hamiltonian of one-component

systems, reviewing the procedure proposed by Murthy and Shankar [24]. However, we

perform their analysis in a slightly different way, such that is generalised more easily

to the multicomponent case. The review of the decoupling procedure in the single-

component case will provide us an insight into how it works. Then, we will generalise

this procedure step by step to systems with multiple components.

4.5.1 Review: One-component systems

Hamiltonian in random-phase approximation

Let us first rewrite the momentum operators Π j , as defined in Eq. (4.10), in a different

way. After definingΠ±
j =Πx

j ± iΠy
j , we can compute that

H∗ = 1

2m

∑
j
Π j ·Π j =

1

2m

∑
j

1
2 (Π+

j Π
−
j +Π−

j Π
+
j ) = 1

2m

∑
j

(Π+
j Π

−
j + 1

2 [Π−
j ,Π+

j ]),

where the commutator is given by [Π−
j ,Π+

k ] = 2eB∗~δ j ,k . Next, we define13

c(q) = 1

L

∑
j

q̂+Π−
j e−i q·r j , c†(q) = 1

L

∑
j

q̂−Π+
j e i q·r j , (4.26)

where q̂± = (qx ± i qy )/|q|. Using this definition, we compute

∑
q

c†(q)c(q) = 1

L2

∑
q

∑
j ,k
Π+

j Π
−
k e i q·r j e−i q·rk . (4.27)

13Some authors, e.g., Shankar and Murthy in Refs. [23, 24], use a different sign convention. Therefore,
the expressions in this work and in Refs. [23, 24] may show sign differences, but the conclusions remain
compatible.
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At this point, we use the random-phase approximation (RPA) [24, 28], which implies

that ∑
j

e i (q−q′)·r j ≈ δq,q′nL2 and
∑

q
e i q·(r j −rk ) ≈ δ j ,k nL2, (4.28)

where n is the electronic density, and nL2 is the total number of electrons. Within this

approximation,
∑

q c†(q)c(q) = n
∑

j Π
+
j Π

−
j , which can be used to rewrite the effective-

field Hamiltonian H∗ to

H∗
RPA = 1

2mn

∑
q

c†(q)c(q)+
∑

j

~eB∗

2m
. (4.29)

The last term is just a constant energy offset, that we will neglect for the time being.

The oscillator Hamiltonian is given by Hosc = ~ω
∑

q A †(q)A (q) (up to a constant

energy offset). Here, A and A † are the ladder operators of the oscillator,

A (q) = Lp
4π~2K

(
e a◦(q)+ i bK P◦(q)

)
,

A †(q) = Lp
4π~2K

(
e a◦(−q)− i bK P◦(−q)

)
,

(4.30)

where a◦ and P◦ are now single-component vectors. These are derived from Eq. (4.20),

together with the definitions a = p
νa◦ and P =

p
ν−1P◦ in Eqs. (4.15), and from the

fact that E =
p

N K
p

N is in this case a 1×1 matrix with the single eigenvalue λ = νK ,

where K is the charge of the Chern-Simons transformation. The eigenfrequency of the

oscillator is ω=λωc = νKωc.

The coupling Hamiltonian (4.11) can be rewritten as

Hcoupl =
p

4π~2K

2m

∑
q

(
c†(q)A (q)+A †(q)c(q)

)
. (4.31)

For a detailed proof, we refer the reader to Appendix 4.C. We can rewrite the prefactor

of the coupling Hamiltonian conveniently by defining

θ = 1

2~n
p
πK

= θ0
1

ν
p

K
, (4.32)

with

θ0 =
p
π

eB
=

l 2
B

p
π

~
, (4.33)

which yields
p

4π~2K /2m = (~/m)
p
πK = ~ωθ. Moreover, we can compute

~ωθ2 = 1

2m

2π~
eB

1

ν
= 1

2mn
, (4.34)

which is exactly the prefactor of the first term of H∗
RPA in Eq. (4.29).
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With these observations, we combine the three terms H∗
RPA, Hosc and Hcoupl into

HRPA ≡ ~ωθ2
∑

q
c†(q)c(q)+~ω

∑
q

A †(q)A (q)+~ωθ
∑

q

(
c†(q)A (q)+A †(q)c(q)

)
,

which can be written conveniently in matrix form as

HRPA = ~
∑

q

(
c†(q) A †(q)

)(
ωθ2 ωθ

ωθ ω

)(
c(q)

A (q)

)
. (4.35)

Diagonalisation

The Hamiltonian in matrix form can be used to redefine the operators c and A so

that the coupling term disappears. This is nothing more than diagonalisation of the

matrix. Before we perform the diagonalisation, we use rescaled forms c ′ and A ′ of the

operators c and A , so that their commutators become of equal magnitude. In other

words, the operators c ′ and A ′ are defined such that the commutators [c ′(q),c ′†(q′)]

and [A ′(q),A ′†(q′)] become equal. Because [A (q),A †(q′)] = δq,q′ , let us define A ′ =
A . In order to obtain the scale factor for the operators [c ′(q),c ′†(q′)], we can compute

[c(q),c†(q′)] = 1

L2

∑
j ,k

q̂−q̂ ′
+e i (q′·rk−q·r j )[Π+

j ,Π−
k ] ≈ 2eB∗~nδq,q′ , (4.36)

where ≈ indicates that we are using the RPA, thereby neglecting terms of order O (q).

The commutators [c(q),c(q′)] and [c†(q),c†(q′)] vanish up to this order. Due to the

neglect of terms of higher order, our analysis is only a reasonable approximation in the

limit of small q. We set c ′ = (θ/µ)c, where µ is determined by the requirement that

[c ′(q),c ′†(q′)] = δq,q′ , so that the condition

µ2 = 2eB∗~nθ2 = 1

ν∗K
(4.37)

follows from Eq. (4.36).

In terms of the rescaled fields c ′ and A ′, the Hamiltonian reads

HRPA = ~ω
∑

q

(
c ′†(q) A ′†(q)

)(
µ2 µ

µ 1

)(
c ′(q)

A ′(q)

)
. (4.38)

The Hamiltonian matrix H ′
mat =

(
µ2 µ
µ 1

)
in this equation is diagonalised by the (nor-

malised) eigenvectors

1√
1+µ2

(
1

−µ

)
and

1√
1+µ2

(
µ

1

)
,

with corresponding eigenvalues 0 and 1+µ2, respectively. In other words, we can write

H ′
mat = STH̃matS, with

ST = 1√
1+µ2

(
1 µ

−µ 1

)
and H̃mat =

(
0 0

0 1+µ2

)
. (4.39)
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We define (c̃ ′,Ã ′) = S(c ′,A ′), which is nothing more than a rotation in the (c ′,A ′)
plane, since the matrix S is just an element of SO(2); the rotation angle u satisfies

sinu = µ/
√

1+µ2 and cosu = 1/
√

1+µ2. This observation shows that our reasoning

is equivalent to the one in Ref. [24], where the decoupling procedure is understood in

terms of a rotation.

The diagonalised Hamiltonian is given by

HRPA = ~ω
∑

q

(
c̃ ′†(q) Ã ′†(q)

)(
0 0

0 1+µ2

)(
c̃ ′(q)

Ã ′(q)

)
= ~ω(1+µ2)

∑
q

Ã ′†(q)Ã ′(q). (4.40)

The operators c̃ ′ and c̃ ′† are completely absent from this Hamiltonian, which means

that in the RPA, the diagonalised momentum operators do not contribute to the Hamil-

tonian. By using µ2 = 1/ν∗K [Eq. (4.37)] and relation (4.5) (which implies ν∗ = ν/(1−
Kν) in the single component case), we derive that the eigenfrequency associated to the

mode Ã ′(q) is given by

ω(1+µ2) =ων
∗K +1

ν∗K
=ω 1

νK
=ωc. (4.41)

Hence the oscillator frequency is equal to the cyclotron frequency ωc, which agrees

[28] with Kohn’s theorem [170]. To summarise the result, the RPA Hamiltonian can be

concisely written as

HRPA = ~ωc
∑

q
Ã †(q)Ã (q), (4.42)

in which we have set Ã (q) ≡ Ã ′(q).

There are two energy offsets that we have neglected so far: The constant term∑
q~ω/2 from the oscillator Hamiltonian, and the term

∑
j ~eB∗/2m from H∗. Sum-

ming both contributions, we obtain

Hconst ≡
∑

q

~
2
ω+

∑
j

~eB∗

2m
=

∑
q

~
2
ωcνK +

∑
j

~eB

2m
(1−νK ) = nL2 ~ωc

2
,

using Eq. (4.5) to rewrite B∗ in terms of B . Here, we have assumed that the sums over

j and over q contain the same number of terms, namely, the number of particles nL2.

In other words, we set the number of oscillators to be equal to the number of particles

[23, 25]. As a result, the constant energy contribution per particle is ~ωc/2. Adding

these contributions to the diagonalised Hamiltonian HRPA of Eq. (4.42) yields

HRPA +Hconst = ~ωc
∑

q

(
Ã †(q)Ã (q)+ 1

2

)
. (4.43)

Hence, the total contribution of the zero energy is ~/2 times the eigenfrequency of the

transformed oscillators. This feature was also present for the oscillator Hamiltonian by
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itself, although for a different frequency. Remarkably, adding the terms H∗ and Hcoupl

to the oscillator Hamiltonian and subsequently diagonalising it, effectively rescales the

eigenfrequency and the zero energy by the same factor.

In this analysis, we have neglected the errors due to the RPA. On one hand, we have

neglected the difference

Hnon-RPA = 1

2mnL2

∑
q

∑
j ,k
Π+

j Π
−
k e i q·r j e−i q·rk − 1

2mn

∑
q

c†(q)c(q),

and on the other hand, the O (q) terms from the approximation of [c,c†] in Eq. (4.36).

An estimation of these errors lies outside the scope of this work.

4.5.2 Multicomponent systems

It is possible to generalise the previous analysis to multicomponent systems, although

we shall see that some steps become more complicated because we will have to use

matrices instead of single numbers. To avoid more difficulties, we shall assume the

matrix K (and subsequently E and D) to be invertible and positive definite. The case

where K is singular is discussed at the end of this section.

Hamiltonian in random-phase approximation

As with the one-component case, we first write the RPA Hamiltonian in a matrix from,

analogous to Eq. (4.35). We define Π±
α, jα

=Πx
α, jα

± iΠy
α, jα

, which satisfy [Π−
α, jα

,Π+
β,kβ

] =
2eB∗

α~δα,βδ jα,kβ , and subsequently

cα(q) = 1

L

Nα∑
jα=1

q̂+Π−
α, jα

e−i q·r jα and c†
α(q) = 1

L

Nα∑
jα=1

q̂−Π+
α, jα

e i q·r jα . (4.44)

Using the derivation of Sec. 4.5.1 for each component separately eventually yields

H∗
RPA =

∑
α

(
1

2mnα

∑
q

c†
α(q)cα(q)+

Nα∑
jα=1

~eB∗
α

2m

)
. (4.45)

Again, we will neglect the constant terms for the moment.

The oscillator Hamiltonian is given by

Hosc =
∑

q

∑
α
~ωαA †

α(q)Aα(q),

according to Eq. (4.21), up to a constant energy. We remark that it is written in terms of

the diagonalised ladder operators Aα and A †
α as defined in Eq. (4.20), while the original

form before diagonalisation Eq. (4.13) is given in terms of non-diagonalised operators.
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This also holds for the coupling Hamiltonian (4.11). For the latter, it is convenient to

define the operators

A ◦
α(q) = Lp

4π~2

(
e a◦

α(q)+ i b
∑
β

KαβP◦
β(q)

)
,

A ◦
α

†(q) = Lp
4π~2

(
e a◦

α(−q)− i b
∑
β

KαβP◦
β(−q)

)
.

(4.46)

These operators are not ladder operators, since the commutator [A ◦
α(q),A ◦

β
†(q′)] is not

proportional to δαβδq,q′ . We use these operators to rewrite the coupling Hamiltonian

(4.11): If we apply the result (4.31), which we have proved in Appendix 4.C, to each

component, we obtain

Hcoupl =
p

4π~2

2m

∑
α

∑
q

(
c†
α(q)A ◦

α(q)+A ◦
α

†(q)cα(q)
)
. (4.47)

In order to write also the coupling term in terms of the Aα and A †
α rather than the A ◦

α

and A ◦
α

†, we express the former in terms of the latter. Equation (4.20) may be written

concisely as

A = Lp
4π~2

√
D−1

(
e a + i bD P

)
,

where we recall that D is the diagonal matrix of eigenvalues of E =
p

N K
p

N . Then we

rewrite this expression using Eqs. (4.15) in terms of a◦ and P◦, as

A = Lp
4π~2

(
e
√

D−1C
p

N a◦+ i b
p

D C
√

N−1P◦
)

= Lp
4π~2

√
D−1C

p
N

(
e a◦+ i b

√
N−1C−1

p
D
p

D C
√

N−1P◦
)

= Lp
4π~2

√
D−1C

p
N

(
e a◦+ i bK P◦

)
=

√
D−1C

p
NA ◦,

using that C−1DC = E =
p

N K
p

N . Thus, we obtain

A ◦ =
√

N−1C T
p

D A and A ◦† =A †
p

D C
√

N−1, (4.48)

which we substitute into the coupling Hamiltonian (4.47), which is then converted to

Hcoupl =
p

4π~2

2m

∑
q

(
c†(q)

√
N−1C T

p
D A (q)+A †(q)

p
D C

√
N−1c(q)

)
. (4.49)

By taking together H∗
RPA, Hosc, and Hcoupl, given by Eqs. (4.29), (4.13), and (4.49), re-

spectively, we obtain the full Hamiltonian (up to some constant energy offset),

HRPA = 1

2m

2π~
eB

∑
q

c†(q)N−1c(q)+~ωc
∑

q
A †(q)D A (q)

+
p

4π~2

2m

∑
q

(
c†(q)

√
N−1C T

p
D A (q)+A †(q)

p
D C

√
N−1c(q)

)
.



4.5 DECOUPLING OF THE FULL HAMILTONIAN 87

In order to make the connection with the RPA Hamiltonian (4.35) for one com-

ponent, we define the matricesΩ=ωc D and Θ= θ0

p
D−1C

p
N−1, with θ0 =

p
π/eB as

in Eq. (4.33) as generalisations ofω and θ, respectively. Then we can write the coupling

term as p
4π~2

2mωcθ0

∑
q

(
c†(q)ΘTΩA (q)+A †(q)ΩΘc(q)

)
,

where
p

4π~2/2mωcθ0 = 2~
p
π/2eBθ0 = ~. Moreover, we can compute that

~ΘTΩΘ= ~θ2
0ωc

(√
N−1C T

√
D−1

)
D

(√
D−1C

√
N−1

)
= ~

π

(eB)2

eB

m
N−1 = 2π~

2m eB
N−1,

(4.50)

where we used C TC =1 in the second step. Hence, the full Hamiltonian reads

HRPA = ~
∑

q

[
c†(q)ΘTΩΘc(q)+A †(q)ΩA (q)+ c†(q)ΘTΩA (q)+A †(q)ΩΘc(q)

]
= ~

∑
q

(
c†(q) A †(q)

)(
ΘTΩΘ ΘTΩ

ΩΘ Ω

)(
c(q)

A (q)

)
, (4.51)

which clearly generalises Eq. (4.35).

Diagonalisation

We again rescale c and c† so that the commutator of the transformed quantities is of

unit magnitude, as is also the case with the commutator of A and A †. We first write

the commutator (in RPA)

[cα(q),c†
β

(q′)] ≈ 2eB∗
α~nαδαβδq,q′ = 2eB~

(
1−

∑
γ

Kαγνγ

)
eB

h
ναδαβδq,q′ ,

where we used να = (h/eB)nα, and B∗
α expressed in terms of B according to Eq. (4.5).

Defining the diagonal matrix R as

Rαβ =
(

1−
∑
γ

Kαγνγ

)
δαβ =

να

ν∗α
δαβ, (4.52)

we can write [cα(q),c†
β

(q′)] = [(eB)2/π]Rαβνβ = θ−2
0 (RN )αβ. Then, we define

c ′ = θ0

√
(RN )−1c, (4.53)

or in components c ′α = θ0(RN )−1/2
αα cα, so that [c ′α(q),c ′†

β
(q′)] = δαβδq,q′ . Here, we note

that the (diagonal) matrix θ0

√
(RN )−1 plays the same role as θ/µ, defined by Eqs. (4.32)

and (4.37), for single-component systems. For consistency of notation, we define A ′ =
A .
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The Hamiltonian in terms of the rescaled fields (c ′,A ′) is therefore

HRPA = ~
∑

q

(
c ′†(q) A ′†(q)

)( 1
θ2

0

p
RNΘTΩΘ

p
RN 1

θ0

p
RNΘTΩ

1
θ0
ΩΘ

p
RN Ω

)(
c ′(q)

A ′(q)

)

≡ ~ωc
∑

q

(
c ′†(q) A ′†(q)

)
H ′

mat

(
c ′(q)

A ′(q)

)
, (4.54)

where

H ′
mat =

(
R

p
R C T

p
Dp

D C
p

R D

)
(4.55)

is the Hamiltonian matrix, consisting of 2κ×2κ dimensionless entries. The four κ×
κ blocks will be called quadrants in the following. The diagonal quadrants are both

diagonal κ×κ matrices. The off-diagonal quadrants are each other’s transpose, which

proves that H ′
mat is a symmetric matrix. From Eq. (4.54) it is clear that the eigenenergies

of the Hamiltonian are given by ~ωc times the eigenvalues of H ′
mat.

Now, we proceed with the diagonalisation of the Hamiltonian matrix H ′
mat. First

of all, already from the form of Eq. (4.51) it is visible that the Hamiltonian matrix is

singular. Indeed, the vectors

vα =
(

eα
−
p

D−1C
p

R eα

)
, (4.56)

with eα (α = 1, . . . ,κ) being the (κ-dimensional) unit vectors, are eigenvectors of H ′
mat

with eigenvalue 0. This means that the Hamiltonian matrix has at least κ zero eigen-

values. These eigenvalues and their corresponding eigenvectors are associated with

the transformed fields c̃ ′α, c̃ ′†α , which subsequently do not appear in the diagonalised

Hamiltonian. This behaviour is similar to what we have seen for the one-component

case.

The other κ eigenvalues and eigenvectors can be identified as follows. Define the

2κ-component vector

wα =
( p

RN g̃αp
D C

p
N g̃α

)
, (4.57)

where g̃α is a κ-component vector, the properties of which will be derived later. Multi-

plying H ′
mat by the vector wα yields

H ′
matwα =

(
R3/2

p
N g̃α+

p
R C TD C

p
N g̃α

p
D C R

p
N g̃α+D3/2C

p
N g̃α

)
.

Now we use that C TD C = E =
p

N K
p

N or equivalently D C =C E =C
p

N K
p

N . Then,

the previous expression can be rewritten as

H ′
matwα =

(
R3/2

p
N g̃α+

p
R
p

N K N g̃α
p

D C R
p

N g̃α+
p

D C
p

N K N g̃α

)
=

( p
RN

(
R +K N

)
g̃α

p
D C

p
N

(
R +K N

)
g̃α

)
, (4.58)
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where we have used that D , R and N are diagonal so that commute with each other.

Hence, wα is an eigenvector of H ′
mat if g̃α is an eigenvector of the matrix R +K N . In-

deed, if (R +K N )g̃α = µαg̃α, then H ′
matwα = µαwα. In other words, κ of the eigenvec-

tors of H ′
mat are constructed using the eigenvectors of R +K N , and the corresponding

eigenvalues coincide.

The vector 1 = (1, . . . ,1) = ∑
α eα plays a special role here. This vector is always an

eigenvector of R +K N , with eigenvalue equal to 1. Indeed, by the definition of R in

Eq. (4.52), we have (R 1)α = 1−∑
γKαγνγ, and moreover, (K N 1)α = ∑

γKαγνγ, so that

(R +K N )1 = 1. Consequently, the 2κ-component vector

w1 =
( p

RN 1p
D C

p
N 1

)
(4.59)

is always an eigenvector of H ′
mat, with eigenvalue 1. Therefore, the Hamiltonian (4.54)

has the cyclotron energy ~ωc as one of its energy eigenvalues, which is a requirement

for Kohn’s theorem [170] to be satisfied. The presence of other eigenvalues unequal to

1 does not contradict Kohn’s theorem, which only states that at least one mode with the

cyclotron energy must be present.

For some purposes it is more convenient to write the eigenvectors of H ′
mat in terms

of the eigenvectors gα of R +
p

N K
p

N = R +E . Since this matrix is symmetric, it is

possible to find an orthonormal basis of its eigenvectors. In other words, there is an

orthogonal matrix G and diagonal matrix F such that R +E = GT F G . The columns of

GT are the normalised eigenvectors gα, and the diagonal elements of F are the cor-

responding eigenvalues µα. The eigenvalues of R +E are equal to those of R +K N ,

and their eigenvectors (gα and g̃α, respectively) relate as gα =
p

N g̃α. In terms of the

eigenvectors of R +E , the eigenvectors wα as defined by Eq. (4.57) can also be written

as

wα =
( p

R gαp
D C gα

)
. (4.60)

This is an important result since it shows that the problem of diagonalisation of the

2κ×2κ matrix H ′
mat is reduced to diagonalisation of the κ×κ matrix R +E .

From the property that H ′
mat is symmetric, it is possible to find an orthonormal ba-

sis of eigenvectors. It is straightforward to prove that the zero-eigenvalue eigenvectors

vα given by Eq. (4.56) are perpendicular to the vectors wβ. The orthogonality of the wα

is a direct consequence of the orthonormality of the gα. We have

wT
αwβ = gT

αR gβ+gT
αC T

p
D
p

D C gβ = gT
α(R +E)gβ = gT

αµβgβ =µαδαβ, (4.61)

employing the fact that gβ is an eigenvector of R +E with eigenvalue µβ, and that the

vectors gβ form an orthonormal basis.14 Note however that the eigenvectors vα of H ′
mat

14If the gβ are not normalised, we would instead find wT
αwβ =µαδαβ|gα|2.
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for the zero eigenvalue given by Eq. (4.56) are not orthogonal among themselves. Nev-

ertheless, defining an orthonormal basis for the span of the vectors is possible, but

there is a priori no preferred way to do this. Interestingly, the physical quantities that

we may compute, such as the Hall conductivities and the quasiparticle charges, do

not depend on how this basis is chosen. We will discuss this issue in more detail in

Sec. 4.6.2.

Analogous to the single-component case, we assign the labels c̃ ′α to the normalised

eigenvectors corresponding to the zero eigenvalues (i.e., the vα) and Ãα = Ã ′
α to the

normalised eigenvectors with nonzero eigenvalues (the wα). Then the Hamiltonian

can be written conveniently as

HRPA =
∑

q

∑
α
~ωcµαÃ †

α(q)Ãα(q), (4.62)

with µα being the eigenvalues of R+E as described before. Like in the one-component

case, the operators c̃ ′α are absent from the RPA Hamiltonian. As a consequence, the

choice of a basis for the span of the c̃ ′α (i.e., the κ-dimensional eigenspace belonging

to the zero eigenvalues) has no effect on the Hamiltonian. Moreover, the cyclotron en-

ergy is always present among the eigenvalues of the Hamiltonian, in line with Kohn’s

theorem [170]. These observations clearly indicate that Eq. (4.62) is therefore a gener-

alisation of Eq. (4.42).

The trace of the Hamiltonian matrix

An interesting quantity to study is the sum of eigenvalues of H ′
mat, in other words, its

trace. From Eq. (4.55) it follows that the tr H ′
mat = trR + trD = trR + trE . The trace of R

is given by

trR =
∑
α

Rαα =
∑
α

(
1−

∑
γ

Kαγνγ

)
= κ−

∑
α,γ

Kαγνγ. (4.63)

By the cyclicity property of the trace, we find trE = tr
p

N K
p

N = trK N . Substituting

the definition that N is the diagonal matrix of the filling factors να proves that trD =
trK N =∑

αKαανα. Together with Eq. (4.63), this yields

tr H ′
mat = trR + trE = κ−

∑
α,γ

Kαγνγ+
∑
α

Kαανα = κ−
∑
α

∑
γ6=α

Kαγνγ. (4.64)

The trace of D cancels the diagonal part of the sum on the right hand side of Eq. (4.63),

so that only the contribution for the off-diagonal part remains. Hence we may state

that having positive off-diagonal elements in the Chern-Simons matrix K reduces the

sum of the eigenvalues of the Hamiltonian matrix.

This trace formula is very useful for two-component systems. Since there are only

two nonzero eigenvalues, of which one is equal to 1, the other can be computed directly
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from the trace formula. For example, let M = (m n
n m

)
while M∗ = (

1 0
0 1

)
, and K = M −M∗,

with associated filling factors ν1 = ν2 = 1/(m +n) and ν∗1 = ν∗2 = 1. We compute the

energies to be ~ωc and

~ωc

(
1−

∑
α

∑
γ6=α

Kαγνγ

)
= ~ωc

m −n

m +n
,

where the latter result was derived using the trace formula, without explicit diagonali-

sation. These energies agree with those given in Refs. [171, 172].

The trace of the Hamiltonian matrix is also related to the zero-point energy per

particle. As with the one-component case, we have neglected two constant contribu-

tions. First, we have the contribution from the oscillator Hamiltonian, for which the

zero-point energy is
∑
α

∑
q

1
2~ωcλα, where λα are the eigenvalues of E . Secondly, we

neglected the difference

1

2ml 2
B

∑
α

∑
q

c†
α(q)N−1

ααcα(q)− 1

2m

∑
α

∑
jα

Πα, jα ·Πα, jα

in the derivation of H∗
RPA. Using the commutator [cα(q),c†

α(q)] = θ−2
0 (RN )αα, we com-

pute that this difference is equal to

1

2ml 2
B

1

2θ0

∑
α

∑
q

Rαα = ~
2
ωc

∑
α

∑
q

Rαα,

in RPA. These two neglected constant contributions are then simply 1
2~ωc

∑
q trD and

1
2~ωc

∑
q trR, respectively. They add up to 1

2~ωc
∑

q tr H ′
mat. Writing the trace of H ′

mat as

the sum of its eigenvalues, which is equal to
∑
αµα, we can write the full RPA Hamilto-

nian including the zero-point energy as

HRPA +Hconst =
∑

q

∑
α
~ωcµα

(
Ã †
α(q)Ãα(q)+ 1

2

)
. (4.65)

which may be compared to the single-component analogue (4.43). Since the sum over

q has as many terms as there are degrees of freedom (i.e., particles) in the system, we

derive that the average zero-point energy per particle is 1
2~ωc tr H ′

mat. This agrees with

the single-component result, since in that case tr H ′
mat = 1.

Single-component case as special case

We now show that the results for one-component system described in Sec. 4.5.1 is a

special case of the results derived from the results of Sec. 4.5.2. We first make the con-

nection between the Hamiltonians. For one component, the Hamiltonian is given by

Eq. (4.54) with the 2×2 Hamiltonian matrix

H ′
mat =

(
ν/ν∗

p
ν/ν∗

p
νKp

ν/ν∗
p
νK νK

)
.
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Here, we have used that R = 1−νK = ν/ν∗ and D = νK . With the identities ωc =ω/νK

and µ2 = 1/ν∗K this result yields the one-component Hamiltonian (4.38). Moreover,

the two eigenvectors of the Hamiltonian matrix, given by Eqs. (4.56) and (4.59) are pro-

portional to (1,−µ) and (µ,1), respectively, as discussed in Sec. 4.5.1. The trace formula

(4.64) holds trivially in the case of one component: The matrix K has no off-diagonal

elements, so the sum of the eigenvalues is simply equal to κ= 1. This is in agreement

with the two eigenvalues of the Hamiltonian matrix being equal to 0 and 1.

Decomposable systems

In many cases, some off-diagonal elements of the Chern-Simons matrix and the expo-

nent matrix may be zero, so that the system “decouples” into multiple systems with a

smaller number of components than the full system. For instance, for a system with 2

pseudospin and 2 proper spin internal degrees of freedom, we might imagine Chern-

Simons transformations which mix for instance only the spin components, but leave

the pseudospin alone, or vice versa. A system is decomposable if we can define multi-

ple sectors (sets of components), such that for indices α and β in different sectors, the

entries Kαβ of the charge matrix and Mαβ of the exponent matrix are zero.

For simplicity, we assume that the components are ordered such that the sectors

are ranges of subsequent components. Otherwise we have to do a permutation of the

components first. The assumption means that K can be written in block form,

K =


K1 0 . . . 0

0 K2 . . . 0
...

...
. . .

...

0 0 . . . Ks

 , (4.66)

where Ka (a = 1, . . . , s) are square symmetric matrices along the diagonal. The num-

ber of components in each sector a is denoted by κa , i.e. Ka is a κa ×κa matrix. The

number of sectors is denoted by s, and the total number of components is κ=∑s
a=1κa .

We furthermore assume that the exponent matrix M can be written in the same block

form, i.e., with the same sectors as K .

It is not difficult to see that the diagonalisation procedure in Sec. 4.3.2 can be per-

formed for each sector independently. The harmonic oscillator Hamiltonian can then

be written as the sum of the harmonic oscillator Hamiltonians of each sector. In other

words, the matrix E =
p

N K
p

N has the same block form as K and M . The ground

state of the full oscillator Hamiltonian is then the product of the ground states of the

Hamiltonian of each sector. This observation may be used to simplify the problem of

diagonalising the oscillator Hamiltonian by splitting it into several smaller diagonali-

sation problems. As a consequence, the orthogonal matrix C can also be written in the

same block form as K . Each of the blocks of C is itself an orthogonal matrix.
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By virtue of the block form of C , the off-diagonal quadrants of the Hamiltonian

matrix of Eq. (4.55) also have this block form. The diagonal quadrants of H ′
mat are di-

agonal, so that each quadrant has the same block form. Hence, the diagonalisation of

H ′
mat reduces to the diagonalisation of the Hamiltonian matrix in each of the sectors.

Each sector a has 2κa eigenvalues, of which κa are zero. The corresponding eigenvec-

tors are given by Eq. (4.56) with the component α in the sector a. In addition, for each

sector, this matrix has at least one eigenvalue equal to 1, associated to the eigenvectors

wa 1 =
( p

RN 1ap
D C

p
N 1a

)
,

defined by Eq. (4.60) with g̃α = 1a ≡ ∑
α∈(a) eα the vector with ones for all components

in the sector a and zeros elsewhere, which is an eigenvector of R+K N with eigenvalue

equal to 1.15 This result proves that Kohn’s theorem applies to each sector separately.

Since the matrix R +K N has the same block form as K , this feature is also exten-

sible to the remaining eigenvectors of R +K N . Given that the block (R +K N )a (the

κa ×κa matrix consisting only of the rows and columns belonging to sector a) has an

eigenvector g̃aα, then the vector g̃α, consisting of the components of g̃aα in sector a

and zero components elsewhere, is an eigenvector of the full matrix R +E . In other

words, we may diagonalise each of the blocks separately.

As a consequence, the trace formula (4.64) can also be applied to each sector sep-

arately, by which we mean that for each sector a the sum of associated eigenvalues of

either R +E or H ′
mat is equal to∑

α∈(a)
Rαα+Dαα = κa −

∑
α,γ∈(a)

Kαγνγ+
∑
α∈(a)

Kαανα = κa −
∑
α∈(a)

∑
γ∈(a)
γ6=α

Kαγνγ,

which denotes the partial trace of H ′
mat, in which we sum only over the diagonal el-

ements of the sector a. These results are very useful for determining the eigenvalues

and eigenvectors of the Hamiltonian matrix, especially if the blocks are small. If there

are only 1×1 or 2×2 blocks, then all eigenvalues can be computed easily. Each 1×1

block contributes the eigenvalues 0,1, and each 2×2 block contributes the eigenvalues

0,0,1 and a fourth eigenvalue which can be computed using the trace formula. If K

is diagonal, we may view it as a matrix with κ 1× 1 blocks. In that case we find that

the eigenvalues of the Hamiltonian matrix are 0 and 1, both with multiplicity κ. This

is also the result that we would have expected based on Kohn’s theorem, by treating

diagonal transformations as κ independent one-component Chern-Simons transfor-

mations. We will treat some examples exhibiting this feature in Sec. 4.5.3.

15 We compute (R 1a )α = 1−∑
γ∈(a) Kαγνγ, which vanishes for α outside sector a, since for α and γ in

different sectors we assumed that Kαγ = 0. We also have (K N 1a )α =∑
γ∈(a) Kαγνγ, which is also zero for α

outside sector a. Then, we prove that (R 1a )α+(K N 1a )α is equal to 1 for α in sector a and 0 otherwise. This
is exactly the same as the component α of 1a , so that (R +K N )1a = 1a .
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Decoupling of the Hamiltonian in the singular case

The previous analysis was performed under the assumptions that the matrix K is non-

singular and that the filling factors are uniquely defined. However, there are many in-

teresting cases violating these assumptions, like the two-component (mmm) Halperin

state. In Sec. 4.4, we have proved that the oscillator formalism may be extended to the

case of singular K by replacing the inverse of K by its pseudoinverse. Moreover, the fact

that the filling factors are not uniquely determined does not lead to problems. Here, we

may replace the inverses of D by their pseudoinverses in the derivation of the Hamilto-

nian matrix in Eq. (4.55). Then, this matrix may be diagonalised as in the nonsingular

case. However, due to the appearance of
p

D−1 in Eq. (4.56), this expression cannot be

used to define the eigenvectors of H ′
mat with eigenvalue 0. Instead, the eigenvectors

with zero eigenvalue are given by

vα =
(p

R−1C T
p

D eα
−eα

)
. (4.67)

In the nonsingular case, this expression defines an alternative basis [with respect to

the one defined by Eq. (4.56)] for the zero-eigenvalue eigenspace. Equations (4.57) and

(4.60) for the eigenvectors for the nonzero eigenvalues are valid without modification.

The latter observation shows that the diagonalisation of the Hamiltonian still reduces

to the diagonalisation of the matrix R +E or R +K N .

The eigenvalues of R +K N can be computed without more difficulty than in the

nonsingular case. However, in the singular case, some of the filling factors να may not

be uniquely determined, but only subject to a number of mutual dependencies. Then

the matrix R +K N may depend explicitly on the separate filling factors. Therefore, the

eigenvalues of H ′
mat generally depend on the filling factors as well. On the other hand,

since these eigenvalues are connected to physical quantities, they must not depend

on any undetermined parameter in the system. Whether or not the latter condition is

satisfied depends on the form of the dependencies between the filling factors, which

in turn depend on the matrices K and M∗.

Fortunately, this physical requirement is satisfied if M∗ and K are both propor-

tional to the κ×κ matrix of only ones, i.e.,

M∗ = m


1 · · · 1
...

...

1 · · · 1

 , K = k


1 · · · 1
...

...

1 · · · 1

 .

Indeed, in this situation, the eigenvalues of the Hamiltonian matrix are κ copies of 0, a

single 1, and κ−1 copies of 1−kνT, where νT = 1/(m∗+k) is the (constant) total filling

factor of the system. If the matrices M∗ and K can be decomposed into blocks of this

form (see the previous subsection), then the requirement is satisfied as well, and the

eigenvalues of the Hamiltonian matrix will then be independent on the separate filling
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factors. These examples have in common that the dependencies between the filling

factors are given by equations of the form

να1 +να2 + . . .+να j = const. (4.68)

From a physical perspective, dependencies of a form different than Eq. (4.68) cannot

appear due to the requirement that the total number of electrons (or equivalently, total

filling factor) is conserved. In other words, one particle of a certain component can be

exchanged only for exactly one particle of a different component. A counterexample

(for κ= 3), where the matrix K is singular but not equal to a constant times the matrix

of ones is given by

K =

4 2 0

2 2 2

0 2 4

 , M∗ =

1 1 1

1 1 1

1 1 1

 ,

which leads to the equations ν1+ν2+ν3 = 1
3 and ν1 = ν3, the latter of which is not of the

form in Eq. (4.68). Here, tr H ′
mat = tr(R +K N ) = 5

3 +4ν1, which is explicitly dependent

on ν1. This proves that at least one of the eigenvalues depends on ν1. This example

shows that if Eq. (4.68) is not satisfied, then the eigenvalues may depend on the filling

factors, which is an unphysical situation. Although here the total filling factor seems to

be conserved, an exchange of a particle 2 with a particle of another component violates

the conservation of total particle number, due the condition ν1 = ν3, which means a

particle of component 2 can only be exchanged for two particles (one of component 1

and one of component 3). In the following, we will avoid this unphysical situation by

assuming that all dependencies of the filling factor are of the form (4.68).

4.5.3 Examples

Since after the diagonalisation of the full Hamiltonian we find physical eigenvalues, we

will elaborate some examples with physical significance. We will discuss and compare

the results for examples of systems with 1, 2, and 4 components.

First, we investigate the two-component example discussed before. Given M∗ =(
1 0
0 1

)
and K = (

m−1 n
n m−1

)
, the matrix R +E has the eigenvalues µ1 = 1 and µ2 = (m −

n)/(m+n). The eigenvector belonging to the eigenvalue 1 is g1 = (1,1)/
p

2, as expected.

This mode is always present at the cyclotron energy, and is called the in-phase mode

[40], since all components contribute to it with the same amount. The other mode

is the so-called out-of-phase mode, with the corresponding eigenvector equal to g2 =
(1,−1)/

p
2, which is perpendicular to the eigenvector of the in-phase mode.

Secondly, we investigate the results of adding an SU(2) symmetry to a Laughlin

state. Physically speaking, we compare a spin-polarised and a spin-symmetric state at

the same filling factor. To reach this aim, we analyse the Laughlin ν = 1/m state and

the Halperin (mmm) state (ν↑ +ν↓ = 1/m). Starting with the latter, with M∗ = (
1 1
1 1

)
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and K = (
m−1 m−1
m−1 m−1

)
, we find that the nonzero eigenvalues of the Hamiltonian matrix

are µ1 = 1 and µ2 = 1/m. The eigenvectors of R +E are proportional to (
p
ν↑,

p
ν↓) and

(−pν↓,
p
ν↑), corresponding to the in-phase and out-of-phase modes, respectively. In

the case of equal filling factors, these eigenvectors are equal to those of the in-phase

and out-of-phase modes in the non-SU(2)-symmetric case. If the modes are expressed

in terms of eigenvectors of R +K N instead, then the in-phase mode becomes propor-

tional to (1,1) for all filling factors, while the out-of-phase mode still depends on the

filling factors.

The in-phase mode corresponds to the single mode of the Laughlin state, while

the out-of-phase mode is only present in the two-component case, because the latter

is related to spin degrees of freedom which are absent in the single-component case.

Although this idea looks quite trivial when comparing two-component states with one-

component states, it becomes more interesting for systems with more components.

In order to demonstrate this mechanism, we will show a comparison between a four-

component and a two-component state further on.

The study of our model for four components is relevant for systems that contain

two pseudospin and two (proper) spin degrees of freedom, as is the case for bilayers

with the real spin included. The four-component case is particularly interesting, since

it allows for a partial symmetry as well as the full symmetry: Instead of the full symme-

try SU(4), it is possible to have a partial symmetry in either the spin (SU(2)sp) or in the

pseudospin (SU(2)ψsp), or in spin and pseudospin separately (SU(2)sp ×SU(2)ψsp). We

label the four components by 1↑,1↓,2↑,2↓, where 1,2 label the pseudospin and ↑,↓ the

spin components. In this basis, we use the specific form

K =


k+ k− k ′

+ k ′
−

k− k+ k ′
− k ′

+
k ′
+ k ′

− k+ k−
k ′
− k ′

+ k− k+

 (4.69)

of the charge matrix, where k+,k−,k ′
+,k ′

− are integer coefficients. Following the results

of Sec. 4.4.1, we will assume that this matrix is nonnegative definite, which translates

into the conditions

k++k−+k ′
++k ′

− ≥ 0,

k++k−−k ′
+−k ′

− ≥ 0,

k+−k−−k ′
++k ′

− ≥ 0,

k+−k−+k ′
+−k ′

− ≥ 0.

(4.70)

Furthermore, assuming that all components are equally filled, ν1↑ = ν1↓ = ν2↑ = ν2↓ ≡
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ν0, we compute that the eigenvalues and eigenvectors of R +K N are given by

µ1 = 1, g̃1 = 1
2 (1,1,1,1),

µ2 = 1−2(k ′
++k ′

−)ν0, g̃2 = 1
2 (1,1,−1,−1),

µ3 = 1−2(k−+k ′
−)ν0, g̃3 = 1

2 (1,−1,1,−1),

µ4 = 1−2(k−+k ′
+)ν0, g̃4 = 1

2 (1,−1,−1,1).

(4.71)

Besides the fully-in-phase mode g̃1 at the cyclotron energy, we now also have the mode

g̃2 where the spin is in phase and the pseudospin is out of phase, the mode g̃3 where

the spin is out of phase and the pseudospin is in phase, and the mode g̃4 where both

spin and pseudospin are out of phase.

We will demonstrate this behaviour with a specific example, for which the total

filling factor is 4ν0 = 4
9 , which is mentioned in Ref. [173] in the context of SU(4) states

in graphene. We start with the choice ν∗1↑ = ν∗1↓ = ν∗2↑ = ν∗2↓ = 1, or, in other words, we

take M∗ to be equal to the 4×4 identity matrix. Given these assumptions and the matrix

equation
∑
β Mαβνβ = 1 (where M = K +M∗), we find that the possible choices of the

charge matrix must satisfy 1+k++k−+k ′
++k ′

− = 1/ν0 = 9 together with the conditions

(4.70). In the following, we limit ourselves to the case k+ ≥ k− ≥ k ′
+ ≥ k ′

− ≥ 0.

In Sec. Sec. 4.3.3, we have observed that larger coefficients in the exponent ma-

trix lead to larger exponents in the Halperin wave function. In the plasma analogy,

larger exponents correspond to larger repulsive interactions between the correspond-

ing components [168]. With our assumptions, this correspondence means physically

that the interaction of an electron of a certain component with another electron of the

same component is the strongest, followed by the interaction between electrons in the

same layer, but with a different spin. Interactions between electrons in different layers

are even weaker, and those with different spins are the weakest in the case k ′
+ ≥ k ′

−.

This is the most relevant physical situation in a bilayer system. In order to apply this

analysis also to other situations, one may perform permutations of the off-diagonal

coefficients k−, k ′
+, and k ′

−.

In Table 4.1 we list all possible choices of coefficients under the aforementioned

conditions, and we give the eigenvalues of R+E for each of them. Several observations

can be made. For (k+,k−,k ′
+,k ′

−) = (8,0,0,0), the matrices K and M are both diagonal,

so that all components decouple. In other words, the system may be treated as four

separate one-component systems. Applying Kohn’s theorem to each of the compo-

nents, we find that all eigenvalues of R +E must be equal to 1. This is in accordance

with the result in Table 4.1, by the observation that the basis of the single-component

eigenvectors (i.e., the unit vectors of four components) is the same as the basis of the

eigenvectors given by Eq. (4.71).

In the same manner, only the pseudospin components may be decoupled. This

happens for (k+,k−,k ′
+,k ′

−) = (6,2,0,0) and (k+,k−,k ′
+,k ′

−) = (4,4,0,0). In those cases,

the system may be treated as two separate layers; both are two-component systems.
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k+ k− k ′
+ k ′

− dimkerK µ1 µ2 µ3 µ4

8 0 0 0 0 1 1 1 1

6 2 0 0 0 1 1 5
9

5
9

6 1 1 0 0 1 7
9

7
9

5
9

4 4 0 0 2 1 1 1
9

1
9

4 3 1 0 1 1 7
9

1
3

1
9

4 2 2 0 1 1 5
9

5
9

1
9

4 2 1 1 0 1 5
9

1
3

1
3

2 2 2 2 3 1 1
9

1
9

1
9

Table 4.1: Eigenvalues of the four-component system with total filling factor 4
9 , with M∗ equal to

the identity matrix, and K given by Eq. (4.69). We assume k+ ≥ k− ≥ k ′+ ≥ k ′− ≥ 0. The “co-rank”

of K , dimkerK ≡ κ− rankK denotes the number of zero eigenvalues of K , or equivalently, the

number of conditions in Eq. (4.70) that become equalities. The eigenvalues µα and the corre-

sponding eigenvectors are listed in the same order as in Eq. (4.71).

Since Kohn’s theorem applies to both layers, both pseudospin components have one

eigenvalue equal to 1. The two modes at the cyclotron energy have the spin compo-

nents in phase, while the pseudospin components can be either in-phase or out-of-

phase. (The cyclotron modes can be described equivalently as linear combinations of

the pseudospin-decoupled modes, (1,1,0,0)/
p

2 and (0,0,1,1)/
p

2). The modes with

the spin out of phase (g̃3 and g̃4) have equal eigenvalues, by virtue of k ′
− = k ′

+. We note

that the eigenvalues of the spin-out-of-phase modes are equal to those of the two-

component system in the state (m,m,n) = (k+ + 1,k+ + 1,k−), which shows that we

may indeed treat the system as if the pseudospin components were decoupled. This

example demonstrates the results derived in Sec. 4.5.2 for decomposable systems. For

the fully symmetric charge matrix, (k+,k−,k ′
+,k ′

−) = (2,2,2,2), the three out-of-phase

modes have equal eigenvalues.

4.6 Densities and constraints

The decoupling transformation described in the previous section affects also the den-

sity operator ρ(q) = L−2 ∑
j e−i q·r j (where r j are the coordinates of the electrons), an

essential quantity in the formulation of the theory of the fractional quantum Hall ef-

fect. This quantity satisfies the magnetic translation (or Girvin-MacDonald-Platzman

[174]) algebra. Thus, in order to formulate the Hamiltonian theory of the compos-

ite fermions, one needs to compute how this operator transforms under the decou-

pling transformation presented in the previous section. For single-component sys-

tems, the transformations of the density and constraint operators have been computed

by Murthy and Shankar in Ref. [24]. In this description, the transformation is computed
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in linear order in the momentum. However, the algebra for the approximate trans-

formed operators does not close. Shankar [25] realised that the resulting expressions

should be considered as the low-order terms in the expansion of two exponentials,

which can be interpreted as density operators for the electron guiding center and for a

pseudovortex (the latter of which is does not appear in the Hamiltonian). A linear com-

bination of this operators gives the composite-fermion density operator, necessary to

compute the form factors in the resulting theory.

This result motivates the need to formulate a similar theory for multicomponent

systems. However, this theory is more involved than the single-component version,

since the decoupling transformation also involves a mixing of different components,

rather than only a rotation between the operators c̃(q) and Ã (q). This mixing com-

plicates the extension of the linearised transformed density and constraint operators

to an all-momentum theory. However, another motivation to derive the approximate

expressions is that they can be rewritten in terms of current operators, from which one

can derive the response to the application of an external electric potential. This re-

sponse is the Hall conductivity of the system. In this section, we generalise this deriva-

tion to multicomponent systems in order to find the Hall conductivity. Although a

full derivation as for the single-component theory in Ref. [24] is not required, we do

present a generalised version of this theory because it serves as the basis for the all-

momentum Hamiltonian theory, possibly to be formulated in a future work. As with

the previous section, we first review the single-component derivation of Ref. [24] to

present the framework that we generalise.

4.6.1 Review: One component

Transformation of full density

In order to obtain the density ρ(q) in terms of the oscillators, we will follow an analo-

gous procedure as the one presented by Murthy and Shankar in Ref. [24]. Let us first de-

fine the action of the transformation S, which is an SO(2) rotation in the space (c ′,A ′).

Recalling that S, given by Eqs. (4.39), is just an SO(2) rotation, we can write its generator

(in operator form) as

S0 =
∑

q

(
c ′†(q)A ′(q)−A ′†(q)c ′(q)

)
.

For a given operator Z , let us define its image Z (u) under a rotation with angle u, as

Z (u) = e−i uS0 Z (0)e i uS0 (Z (0) ≡ Z ).

The identity

d

du

(
e−i uS0 Z (0)e i uS0

)
|u=0 = i e−i uS0 [Z (0),S0]e i uS0 |u=0 = [Z (0),S0]
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shows that the commutator [Z (0),S0] determines how Z transforms under infinitesi-

mal rotations.

Now, we investigate how the full density operator

ρ(q) = L−2
∑

j
e−i q·r j (4.72)

transforms under the rotation S in the (c ′,A ′) plane. The density ρ(q) represents a

physical quantity, so that it is invariant under this transformation; the result of the

transformation is the same quantity, but represented in a different basis. To compute

the transformation rules for ρ(q), we compute the commutator

[ρ(q),c(q′)] =
∑
j ,k

[
L−2e−i q·r j ,L−1q̂ ′

+Π
−
k e−i q′·rk

]= 1

L3

∑
j ,k

q̂ ′
+~|q|q̂−δ j k e−i q·r j e−i q′·rk

= 1

L3

∑
j

q̂ ′
+~|q|q̂−e−i (q+q′)·r j ≈−~|q|nL−1δq,−q′ , (4.73)

where we have used the RPA [Eq. (4.28)] and we recall that q̂± = (qx ± i qy )/|q|. Here we

have also used the identity

[e−i q·r j ,Π−
k ] = ~q−δ j k e−i q·r j = ~|q|q̂−δ j k e−i q·r j ,

which follows from

[e−i q·r j ,Πµk ] =
∑
ν

∂

∂r νj
(e−i q·r j )[r νj , pµk +e A∗µ

k ] =
∑
ν

(−i qν)e−i q·r j (i~δ j kδ
µν)

= ~qµδ j k e−i q·r j ,

where the superscripts µ and ν denote spatial indices (x, y). Analogously, we derive

[ρ(q),c†(q′)] = ~|q|nL−1δq,q′ , (4.74)

(in RPA). Moreover, ρ(q) commutes with the oscillators A (q) and A †(q). Then, we

derive the commutator of ρ(q) with the generator S0,

[ρ(q),S0] =
∑
q′

(
[ρ(q),c ′†(q′)]A ′(q′)−A ′†(q′)[ρ(q),c ′(q′)]

)
= ~|q|nθ

Lµ

(
A ′(q)+A ′†(−q)

)
,

where we recall that c ′ = (θ/µ)c. On the other hand, we have

[c ′(q)+ c ′†(−q),S0] =
∑
q′

(
[c ′(q),c ′†(q′)]A ′(q′)−A ′†(q′)[c ′†(−q),c ′(q′)]

)
=A ′(q)+A ′†(−q),
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by which we observe that

ρ′(q) ≡ Lµ

~|q|nθρ(q) (4.75)

transforms in the same way as c ′(q)+ c ′†(−q) does. Thus,

ρ(q,u)−ρ′(q,0) = (
c ′(q,u)+ c ′†(−q,u)

)− (
c ′(q,0)+ c ′†(−q,0)

)
. (4.76)

In the following, let us write the result of the transformation as(
c̃ ′

Ã ′

)
= S

(
c ′

A ′

)
= 1√

1+µ2

(
1 −µ
µ 1

)(
c ′

A ′

)
, (4.77)

Therefore, the transformed quantity ρ̃′(q) ≡ ρ′(q,u) satisfies the equation

ρ̃′(q)−ρ′(q) = (
c̃ ′(q)+ c̃ ′†(−q)

)− (
c ′(q)+ c ′†(−q)

)
. (4.78)

We write this quantity in terms of the transformed operators c̃ and Ã , and their conju-

gates. With c ′ = (c̃ ′+µÃ ′)/
√

1+µ2, we obtain

ρ̃′(q)−ρ′(q) = (
c̃ ′(q)+ c̃ ′†(−q)

)− 1√
1+µ2

[(
c̃ ′(q)+ c̃ ′†(−q)

)+µ(
Ã ′(q)+ Ã ′†(−q)

)]
=− 1√

1+µ2

[(
1−

√
1+µ2

)(
c̃ ′(q)+ c̃ ′†(−q)

)+µ(
Ã ′(q)+ Ã ′†(−q)

)]
.

(4.79)

Now, we undo the rescaling of the densities and operators, as set by Eq. (4.75), by c ′ =
(θ/µ)c, and by A ′ =A , with similar relations for the transformed quantities (ρ̃, c̃, and

Ã ). Then, we find

ρ̃(q)−ρ(q) =−~|q|nθ
Lµ

1√
1+µ2

[(
1−

√
1+µ2

)θ
µ

(
c̃(q)+ c̃†(−q)

)+µ(
Ã (q)+ Ã †(−q)

)]

=−~|q|n
L

[(
1√

1+µ2
−1

)
θ2

µ2

(
c̃(q)+ c̃†(−q)

)+ θ√
1+µ2

(
Ã (q)+ Ã †(−q)

)]
.

(4.80)

We substitute the identities

µ2

θ2 = 2eB∗~n = 2eB(1−νK )~n, (4.81)

~nθ = 1

2
p
πK

, (4.82)

1+µ2 = 1

νK
, (4.83)



102 4. CHERN-SIMONS THEORY OF MULTICOMPONENT QUANTUM HALL SYSTEMS

which follow from the definitions Eqs. (4.32) and (4.37), into Eq. (4.80), and we obtain

ρ(q) = ρ̃(q)+ |q|
2LeB(1−νK )

(p
νK −1

)(
c̃(q)+ c̃†(−q)

)+ |q|
p
νK

2L
p
πK

(
Ã (q)+ Ã †(−q)

)
= ρ̃(q)− |q|

2LeB(1+
p
νK )

(
c̃(q)+ c̃†(−q)

)+ |q|
p
νK

2L
p
πK

(
Ã (q)+ Ã †(−q)

)
.

At this point, we rewrite

ρ̃(q) =
∑

j
e−i q·r j , (4.84)

|q|(c̃(q)+ c̃†(−q)
)=−2i L−1

∑
j

(q∧Π j )e−i q·r j , (4.85)

where the notation q∧Π̃ j stands for qxΠ̃
y
j − qy Π̃

x
j . Here, we note that these identi-

ties are similar to the ones in the “untransformed” setting, since the represent physi-

cal quantities, the values of which are unaffected by the transformation. Substituting

Eqs. (4.84) and (4.85), we obtain

ρ̃(q) = ρ̄(q)+ρosc(q), (4.86a)

with

ρ̄(q) = 1

L2

∑
j

[
1+

i l 2
B

~(1+
p
νK )

(q∧Π j )

]
e−i q·r j (4.86b)

and

ρosc(q) = |q|
p
νK

2L
p
πK

(
Ã (q)+ Ã †(−q)

)
, (4.86c)

which agrees with the result found by Shankar and Murthy [23, 24]. The transformed

density is given as the sum of two terms ρ̄(q)+ρosc(q), where ρ̄(q) is the term containing

the momentum operators Π̃ j , and ρosc(q) is the term involving the ladder operators

Ã (q) and Ã †(−q). We observe that the difference between ρ̄(q) and ρ(q) is of the form

e−i q·r̃ j multiplied by an expression linear in q.

Transformation of the constraint

We treat the transformation of the constraint (4.9), which we write as χ(q) |φphys〉 = 0,

in the same fashion as the density operator. The constraint operator χ(q) is given by

χ(q) = δρ(q)− e|q|
2π~K

a◦(q). (4.87)
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For clarity, we switch to the notation

χ′(q) ≡ Lµ

~|q|nθχ(q) = δρ′(q)− L

2nπ~2K

µ

θ
e a◦(q), (4.88)

analogous to Eq. (4.75). The second term on the right-hand side is equal to

L

2nπ~2K

µ

θ
e a◦(q) = L

2nπ~2K

µ

θ

1

2

p
4π~2K

L

(
A (q)+A †(−q)

)=µ(
A (q)+A †(−q)

)
,

where we used the identity 2nπ~2Kθ =
p
π~2K , which follows from Eq. (4.82), and we

have written a◦ in terms of A and A † by virtue of Eqs. (4.30). Furthermore, we recall

that A ′ =A , so that we may write the constraint as

χ′(q) = δρ′(q)−µ(
A ′(q)+A ′†(−q)

)
. (4.89)

Next, we write the constraint in terms of the transformed quantities δρ̃, c̃ and Ã .

We may write the δρ′(q) on the right-hand side of Eq. (4.89) in terms of its trans-

formed version δρ̃′(q) by using Eq. (4.79), thereby noting that δρ(q) = ρ(q) and sim-

ilarly δρ̃(q) = ρ̃(q) for all nonzero q.16 The second term on the right-hand side of

Eq. (4.89) can be rewritten as

µ
(
A ′(q)+A ′†(−q)

)= µ√
1+µ2

[(
Ã ′(q)+ Ã ′†(−q)

)−µ(
c̃ ′(q)+ c̃ ′†(−q)

)]
,

in terms of transformed operators c̃ ′ and Ã ′. Then, we find that the constraint (4.89) is

written in terms of the transformed quantities as

χ′(q) = δρ̃′(q)+ 1√
1+µ2

[(
1−

√
1+µ2

)(
c̃ ′(q)+ c̃ ′†(−q)

)+µ(
Ã ′(q)+ Ã ′†(−q)

)]
− µ√

1+µ2

[(
Ã ′(q)+ Ã ′†(−q)

)−µ(
c̃ ′(q)+ c̃ ′†(−q)

)]
.

The oscillator terms cancel, so that we are left with

χ′(q) = δρ̃′(q)−
(
1−

√
1+µ2

)(
c̃ ′(q)+ c̃ ′†(−q)

)= δρ̃′(q)−
(
1− 1p

νK

)(
c̃ ′(q)+ c̃ ′†(−q)

)
.

(4.90)

Undoing the rescaling of χ(q) defined in Eq. (4.88), we obtain

χ(q) = δρ̃(q)− ~|q|nθ
Lµ

θ

µ

(
1− 1p

νK

)(
c̃(q)+ c̃†(−q)

)
,

recalling that c ′ = (θ/µ)c and 1+µ2 = 1/νK . Using Eq. (4.81), we proceed in the same

way as for the transformed density, which yields

χ(q) = δρ̃(q)+ |q|
2LeB

p
νK (1+

p
νK )

(
c̃(q)+ c̃†(−q)

)
.

16For q = 0, we have δρ(q) = 0 and |q|a◦(q) = 0, so that χ′(0) = 0 automatically.
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By employing the identities (4.84) and (4.85), we find

χ(q) = 1

L2

∑
j

[
1−

i l 2
B

~
p
νK (1+

p
νK )

(q∧Π j )

]
e−i q·r j . (4.91)

There are no oscillators Ã and Ã † present in the transformed constraint. This is what

we desire, since the decoupling of the Hamiltonian is of no use if the constraint still

couples the c’s and A ’s [23, 24]. Our result agrees with Refs. [23–25], up to a sign that is

caused by our different definition of c and c† (see footnote on page 81).

From Eq. (4.89), we note that the constraint χ′(q) transforms in the same way as

(c ′+ c ′†)−µ(A ′+A ′†). The latter expression is equal to
√

1+µ2(c̃ ′+ c̃ ′†), which is in-

dependent of the transformed oscillators Ã ′ and Ã ′†.

The results at this stage [Eqs. (4.86) and (4.91)] have been used by Shankar [25] to

propose the all-momentum extension. Since this all-momentum theory lies beyond

the scope of this thesis, we do not review it here.

Currents and conductivity

The RPA Hamiltonian can be rewritten conveniently in terms of the current density J,

which is defined in terms of the Hamiltonian (4.35) as

Jσ(q) = 1

L2

δHRPA

δAσ(q)
(σ= x, y),

where Aσ(q) are the components of the vector potential of the external magnetic field

B. The factor 1/L2 is due to the fact that the current density is defined as the deriva-

tive of the Hamiltonian density with respect to the vector potential, while HRPA is the

Hamiltonian of the entire system. It is convenient to write the currents in complex

notation by defining J± = Jx ± i Jy , so that

J±(q) = 2

L2

δHRPA

δA∓(q)
, (4.92)

where A±(q) = Ax (q)± i Ay (q).

We will now write the currents in terms of A (q) and c(q). The operator A (q) de-

pends only on the auxiliary gauge fields (the operators a, P , and their hermitian con-

jugates), so that
δA (q′)
δA±(q)

= 0.

On the other hand, we have

δc(q′)
δA±(q)

=
∑

j

δA j ,±
δA±(q)

δc(q′)
δA j ,±

=
∑

j
e i q·r j

δ

δA j ,±

(
1

L

∑
k

q̂ ′
+Π

−
k e−i q′·rk

)
,
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where we use the definition (4.26) for c(q′), and we have written A j ,− = A−(r j ). We

recall thatΠ−
k = pk,−+e Ak,−+e〈ACS,k,−〉, so that we obtain

δc(q′)
δA−(q)

= e

L

∑
j

q̂ ′
+e i (q−q′)·r j = enLq̂ ′

+δq,q′

using that
∑

j e i (q−q′)·r j = nL2δq,q′ , where nL2 is the total number of particles. SinceΠ−
k

does not depend on Ak,+, we find

δc(q′)
δA+(q)

= 0.

We proceed in a similar way for the derivatives of c†(q). The results are

δc†(q′)
δA+(q)

= e

L

∑
j

q̂ ′
−e i (q+q′)·r j = enLq̂ ′

−δq+q′,0 =−enLq̂−δq,−q′

and
δc†(q′)
δA−(q)

= 0.

In the computation of J−(q), we observe that c†(q) is the only quantity in the RPA

Hamiltonian Eq. (4.35) with a nontrivial derivative with respect to A+(q). We therefore

derive

J−(q) = 2

L2

(
~ωθ2

∑
q′

δc†(q′)
δA+(q)

c(q′)+~ωθ
∑
q′

δc†(q′)
δA+(q)

A (q′)

)

= 2~ωθ
L2

∑
q′

(−enLq̂−δq,−q′ )
[
θ c(q′)+A (q′)

]
.

We can rewrite this into a more convenient form by recalling that ~ωθ2 = 1/2mn [from

Eq. (4.34)], so that we obtain

J−(q) =− e

mLθ
q̂−

(
θ c(−q)+A (−q)

)
.

With c ′ = (θ/µ)c and A ′ = A , we can write θ c(−q)+A (−q) = µc ′(−q)+A ′(−q). In

view of Eq. (4.39), this linear combination is exactly the transformed ladder operator

Ã ′(−q), up to a factor. Hence, we can write

J−(q) =− e

mLθ

√
1+µ2 q̂−Ã ′(−q) =− e

mLθ
p
νK

q̂−Ã (−q) =− e

L
ωc

p
νp
π

q̂−Ã (−q),

(4.93)

by using Eqs. (4.83) and (4.32). The current J+(q) can be determined in a similar man-

ner, or by noting that J+(q) is the complex conjugate of J−(−q),

J+(q) = e

mLθ
p
νK

q̂+Ã †(q) = e

L
ωc

p
νp
π

q̂+Ã †(q). (4.94)
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Equations (4.93) and (4.94) show that the ladder operators after the final diagonali-

sation procedure are just proportional to the currents of the RPA Hamiltonian. The

diagonalised version of this Hamiltonian, HRPA = ~ωc
∑

q Ã †(q)Ã (q), can be written in

terms of the currents as

HRPA = ~ωc
∑

q

(
L
p
π

eωc
p
ν

)2

J+(q)J−(−q) = π~L2

e2ωc

∑
q

J+(q)ν−1 J−(−q), (4.95)

or equivalently

HRPA = π~L2

e2ωc

∑
q
ν−1(Jx (q)Jx (−q)+ Jy (q)Jy (−q)

)
. (4.96)

The oscillator part ρosc(q) of the density in Eqs. (4.86) can also be rewritten conve-

niently in terms of the current. Using Eqs. (4.93) and (4.94), we find

ρosc(q) = |q|pν
2L

p
π

(
Ã (q)+ Ã †(−q)

)= |q|
2eωc

(
q̂+ J−(−q)− q̂− J+(−q)

)
.

Because |q|q̂± = q± = qx ± i qy and J± = Jx ± i Jy , this expression is equal to

ρosc(q) = 1

eωc

(
i qy Jx (−q)− i qx Jy (−q)

)=− i

eωc
q∧J(−q). (4.97)

We may derive the Hall conductivity by coupling this oscillator term [Eq. (4.97)] to

an external electric potentialΦext [24], described by

Hext =−eL2
∑

q
Φext(q)ρosc(q) =− L2

2ωc

∑
q

(
Φext(q)q∗

− J−(−q)+Φext(−q)q− J †
−(−q)

)
,

writing q+ = q∗
− and J+(q) = J †

−(−q). We add this term to the RPA Hamiltonian (4.95),

HRPA +Hext =
π~L2

e2ωcν

∑
q

J †
−(−q)J−(−q)− L2

2ωc

∑
q

(
Φext(q)q∗

− J−(−q)+Φext(−q)q− J †
−(−q)

)
.

In order to obtain the average current 〈J−(−q)〉 and its hermitian conjugate, we com-

plete the squares in this Hamiltonian, i.e., we write HRPA +Hext as

HRPA +Hext =
π~L2

e2ωc

∑
q

(
J−(−q)−〈J−(−q)〉)†(J−(−q)−〈J−(−q)〉)+const,

where we neglected a constant term, quadratic in 〈J−(−q)〉. Then we obtain

〈J−(−q)〉 = e2ν

2π~
q−Φext(−q) and 〈J †

−(−q)〉 = e2ν

2π~
q∗
−Φext(q).
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The external electric field is related to the potential as E(q) =−i qΦext(q). Writing E± =
Ex ± i Ey , we find

〈J−(q)〉 =− e2ν

2π~
q−Φext(q) =−e2ν

h
i E−(q) (4.98a)

and

〈J+(q)〉 = e2ν

2π~
q+Φext(q) = e2ν

h
i E+(q). (4.98b)

The conductivity tensor is defined by(
Jx

Jy

)
=

(
σxx −σx y

σx y σxx

)(
Ex

Ey

)
, (4.99)

where σxx and σx y denote the longitudinal and transverse (or Hall) conductivity, re-

spectively. In the complex basis, the conductivities are given by J± = σ±E±, where

σ± = σxx ± iσx y . Hence, from Eqs. (4.98) we read off that σ± = ±i e2ν/h, so that the

Hall conductivity is

σx y =
e2ν

2π~
= e2

h
ν, (4.100)

equal to the filling factor times the conductivity quantum e2/h [24]. This result is in

agreement with measurements of the Hall conductivity for fractional quantum Hall

states, both in the lowest Landau level (ν ≤ 1) [4, 8, 175–178] and in higher Landau

levels (ν> 1) [179, 180].

4.6.2 Multicomponent systems

Density transformation

As in the one-component case, we will compute the density in terms of the trans-

formed density and the transformed operators. Again, the transformation in the

(c ′,A ′) space can be regarded as a rotation, but in the multicomponent case it is gen-

erated by multiple generators

S(cA )
βγ

=
∑

q

(
c ′†
β

(q)A ′
γ(q)−A ′†

γ (q)c ′β(q)
)
,

S(A A )
βγ

=
∑

q

(
A ′†
β

(q)A ′
γ(q)−A ′†

γ (q)A ′
β(q)

)
,

S(cc)
βγ

=
∑

q

(
c ′†
β

(q)c ′γ(q)− c ′†γ (q)c ′β(q)
)
.

In order to compute the commutators of the full density of component α,

ρα(q) = L−2
Nα∑

jα=1
e−i q·r jα (4.101)
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with the generators of the rotation, we compute the commutators of ρα(q) with cβ(q′)
and c†

β
(q′) first:

[ρα(q),cβ(q′)] =−~|q|nαL−1δαβδq,−q′ ,

[ρα(q),c†
β

(q′)] = ~|q|nαL−1δαβδq,q′ ,

in RPA, similar to Eqs. (4.73) and (4.74). Now, we recall that c ′α = θ0

√
(RN )−1

αα cα
[Eq. (4.53)], so that

[ρα(q),S(cA )
βγ

] =−~θ0

√
(RN )−1

αα |q|nαL−1δαβ
(
A ′
γ(q)+A ′†

γ (−q)
)
,

[ρα(q),S(A A )
βγ

] = 0,

[ρα(q),S(cc)
βγ

] =−~θ0

√
(RN )−1

αα |q|nαL−1(δαβc ′γ(q)−δαγc ′β(q)

+δαβc ′†γ (−q)−δαγc ′†
β

(−q)
)
.

Furthermore, we have

[c ′α(q)+ c ′†α (−q),S(cA )
βγ

] = δαβ
(
A ′
γ(q)+A ′†

γ (−q)
)
,

[c ′α(q)+ c ′†α (−q),S(A A )
βγ

] = 0,

[c ′α(q)+ c ′†α (−q),S(cc)
βγ

] = δαβc ′γ(q)−δαγc ′β(q)+δαβc ′†γ (−q)−δαγcβ
′†(−q).

Thus, ρα(q) has the same transformation rules as ~θ0

√
(RN )−1

αα |q|nαL−1[c ′α(q) +
c ′†α (−q)]. We subsequently define

ρ′
α(q) = L

p
(RN )αα

θ0~|q|nα
ρα(q), (4.102)

which transforms infinitesimally in the same way as c ′α(q)+c ′†α (−q). Recalling that θ0 =
l 2

B

p
π/~ [Eq. (4.33)] and nα = να/2πl 2

B , we can write Eq. (4.102) concisely in matrix

notation as

ρ′(q) = 2L
p
π

|q|
√

R N−1ρ(q). (4.103)

The full transformation in the (c ′,A ′) space is given by the orthogonal 2κ×2κ ma-

trix S which follows from the diagonalisation of the Hamiltonian matrix H ′
mat, i.e. S is

such that H ′
mat = STH̃matS. We define the four κ×κ matrices T , U , V , and W such that

S =
(

T U

V W

)
and H̃mat =

(
0 0

0 F

)
, (4.104)

where F is the diagonal matrix of the nonzero eigenvalues of H ′
mat. In Appendix 4.D

we establish the relations between the matrices T , U , V , and W , and their relations
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to the four quadrants of the Hamiltonian matrix. In the appendix, we find that T and

U are not fixed. On the other hand, V and W are fixed, up to a permutation of the

eigenvectors gα. The transformation of (c ′,A ′) is then given by (c̃ ′,Ã ′) = S(c ′,A ′) =
(T c ′ +UA ′,V c ′ +W A ′), and the inverse is given by (c ′,A ′) = S−1(c̃ ′,Ã ′) = (T Tc̃ ′ +
V TÃ ′,U Tc̃ ′+W TÃ ′), by virtue of S−1 = ST.

We now return to the transformations of the densities. We have defined ρ′
α(q) such

that it transforms in the same way as c ′α(q)+ c ′†α (−q). For a single component this is

expressed in Eq. (4.76), which is also valid for the case of multiple components if we

interpret it as a matrix equation, thereby replacing c ′† and A ′† by c ′‡ and A ′‡, respec-

tively, which denote the column vectors (c ′†1 , . . . ,c ′†κ ) and (A ′†
1 , . . . ,A ′†

κ ), respectively.17

Writing the original fields c ′ (under S−1) explicitly in terms of the transformed fields c̃ ′

and Ã ′, we obtain

ρ̃′(q)−ρ′(q) = (
c̃ ′(q)+ c̃ ′‡(−q)

)− (
c(q)+ c‡(−q)

)
= (

c̃ ′(q)+ c̃ ′‡(−q)
)−T T(

c̃ ′(q)+ c̃ ′‡(−q)
)−V T(

Ã ′(q)+ Ã ′‡(−q)
)

= (1−T T)
(
c̃ ′(q)+ c̃ ′‡(−q)

)−V T(
Ã ′(q)+ Ã ′‡(−q)

)
. (4.105)

The aim is to express ρ′(q) in terms of the transformed quantities ρ̃′(q), Ã ′(q)+Ã ′‡(q),

and c̃ ′(q)+ c̃ ′‡(q). By rearranging terms, we obtain

ρ′(q) = ρ̃′(q)+ (T T −1)
(
c̃ ′(q)+ c̃ ′‡(−q)

)+V T(
Ã ′(q)+ Ã ′‡(−q)

)
, (4.106)

where the right-hand side now contains transformed quantities only.

The next step is to undo the rescaling to the primed quantities, given by Eq. (4.103)

for ρ and ρ̃, and Eq. (4.53) for c and c‡. We have to take into account that the trans-

formed quantities scale differently than the original ones. We define ρ̌, ˇ̃ρ and ˇ̃c + ˇ̃c‡ by

ρ̌(q) =G
√

N−1ρ(q), (4.107a)

ˇ̃ρ(q) =G
√

N−1ρ̃(q), (4.107b)

ˇ̃c(q)+ ˇ̃c‡(q) =G
√

N−1
(
c̃(q)+ c̃‡(−q)

)
. (4.107c)

This definition is just a change of basis to the basis of the eigenvectors of the matrix

R +K N . Indeed, the columns of the matrix
p

N GT = (
G
p

N−1
)−1 are the eigenvectors

g̃α of R +K N , as given by the reasoning in Sec. 4.5.2. Together with Eq. (4.103) for ρ

and ρ̃, and Eq. (4.53) for c and c‡, the definitions (4.107) may be rewritten in terms of

17We introduce this notation here, because strictly speaking, writing c ′(q)+ c ′†(−q) makes no sense, since
c ′ is a column vector and c ′† is a row vector. Therefore we will adopt the notation c ′‡ for the column vector
with components c ′†α . We note that if c ′ is transformed by left-multiplication by a real matrix that acts only
on the component indices α, then c ′‡ is also left-multiplied by the same matrix.
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the primed quantities as

ρ̌(q) = |q|
2L

p
π

G
√

R−1ρ′(q), (4.108a)

ˇ̃ρ(q) = |q|
2L

p
π

G
√

R−1ρ̃′(q), (4.108b)

č(q)+ č‡(−q) = θ−1
0 G

p
R

(
c̃ ′(q)+ c̃ ′‡(−q)

)
, (4.108c)

with θ0 as in Eq. (4.33). Left-multiplying both sides of Eq. (4.106) by |q|/(2L
p
π) and

using definitions (4.108), we obtain

ρ̌(q) = ˇ̄ρ(q)+ ρ̌osc(q), (4.109a)

with

ˇ̄ρ(q) = ˇ̃ρ(q)+ |q|
2LeB

Γ
(
č(q)+ č‡(−q)

)
(4.109b)

and

ρ̌osc(q) = |q|
2L

p
π

√
F−1(Ã (q)+ Ã ‡(−q)

)
, (4.109c)

where we used that V T =
p

R GT
p

F−1 from Eq. (4.154), and we have defined the matrix

Γ as

Γ=G
√

R−1(T T −1)
√

R−1GT. (4.110)

In Eqs. (4.109), we have split the density into a low-energy part ˇ̄ρ(q) involving the mo-

mentum operators and a high-energy part ρ̌osc(q) involving the oscillators, like we have

done in the single-component case.

To illustrate the analogy with the one-component case, we will write the low-energy

part in components, using

ˇ̃ρα(q) = 1

L2

∑
β

∑
j

Gαβ

√
ν−1
β
εβ, j e−i q·r j (4.111)

|q|(čα(q)+ č†
α(−q)

)=−2i L−1
∑
β

∑
j

Gαβ

√
ν−1
β

(q∧Πβ, j )εβ, j e−i q·r j , (4.112)

where we define the ε symbol by setting εβ, j = 1 if particle j is of type β and εβ, j = 0

otherwise. Equation (4.112) is the multicomponent generalisation of Eq. (4.85). The

low-energy part of the density Eq. (4.109b) written out in components is

ˇ̄ρα(q) = 1

L2

∑
β,γ

∑
j

[
δαβ−

i l 2
B

~
Γαβ(q∧Πγ, j )

]
Gβγ

√
ν−1
γ εγ, j e−i q·r j . (4.113)

In order to make the connection with the single-component case, we observe that in

that case we may replace G → 1, T T →
p
νK and R → 1−νK , so that Γ→−(

p
νK +1)−1.

We recall that ˇ̄ρα = (G
p

N−1ρ̄)α →
p
ν−1ρ. With these observations, (4.113) reduces to

(4.86b), as desired.
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Gauge invariance

It is important to notice that the expression for ˇ̄ρ involves only the matrix T , but not W .

On the other hand, from Eq. (4.148) (see Appendix 4.D) it follows that the Hamiltonian

matrix does not involve T , but only W , which is related to the fact that the eigenvalues

associated with c̃ ′ and c̃ ′† are zero and hence these drop out of the diagonalised Hamil-

tonian. As discussed in Appendix 4.D, the transformations (4.155) change T , but leave

all the given conditions (Eqs. (4.147) and (4.151)) invariant. Changing T according to

these transformations is equivalent to selecting a different orthonormal basis for the

null eigenspace of H ′
mat (i.e., the c̃ ′α). However, physical quantities may not depend on

the choice of the matrix T . In other words, the transformations on T define a gauge

invariance, and physical quantities must be gauge invariant.

The density ˇ̄ρ(q) is not invariant under the transformations (4.155), because the

matrix Γ explicitly depends on T (i.e., Γ is not invariant under these transformations).

In other words, ˇ̄ρ(q) depends on the specific choice of the basis for the c̃ ′α, and therefore

it cannot represent a physical quantity. However, when the result Eq. (4.113) would be

extended to an expression valid at all momenta analogous to Shankar’s extension [25],

we expect that the commutators [ ˇ̄ρα(q), ˇ̄ρβ(q′)] of the density operators will be gauge

invariant. These commutators are therefore expected to describe the physics.

On the other hand, the oscillator density ρ̌osc(q) [Eq. (4.109c)] involves only the

matrix F (i.e., the eigenvalues of R +E) and there is no dependence on T , so that it is

invariant under the transformations (4.155). This invariance is related to the fact that

the oscillator density does not involve the low-energy degrees of freedom (the oper-

ators c̃ ′ and c̃ ′†), but only the high-energy degrees of freedom Ã (q) and Ã †(q). The

latter are determined by the matrix W , which is fixed, so that there is no freedom in

choosing a basis for them. The invariance of ρ̌osc(q) suggests that it may be connected

to a physical quantity. Indeed, as we will see in Sec. 4.6.2, the oscillator density ρ̌osc(q)

is related to the Hall conductivity, clearly a physical observable.

Transformation of the constraint

We continue with the constraint (4.9), which we write in the form χα(q) |φphys〉 = 0,

with

χα(q) = δρα(q)− e|q|
2π~

∑
β

(K −1)αβa◦
β(q).

Now we switch to matrix notation again, i.e., we write χ = (χ1, . . . ,χκ). We rescale the

constraint similar to the one-component case [Eq. (4.88)],

χ′(q) = 2L
p
π

|q|
√

R N−1χ(q). (4.114)
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By using Eq. (4.46), we can rewrite χ′(q) as

χ′(q) = δρ′(q)− 2L
p
π

|q|
|q|

2π~
1

2

p
4π~2

L

√
R N−1K −1(A ◦(q)+A ◦‡(−q)

)
.

Expressing A ◦ and A ◦‡ in terms of A and A ‡ according to Eq. (4.48), we obtain

χ′(q) = δρ′(q)−
p

R
√

N−1K −1
√

N−1C T
p

D
(
A (q)+A ‡(−q)

)
.

We recall that
p

N−1K −1
p

N−1 = E−1 =C TD−1C , so that we obtain

χ′(q) = δρ′(q)−
p

R C T
√

D−1
(
A (q)+A ‡(−q)

)= δρ′(q)−QT(
A ′(q)+A ′‡(−q)

)
, (4.115)

with Q given by Eq. (4.152), and with A ′ = A . Now, we write A ′ and A ′† in terms

of the transformed operators c̃ ′, Ã ′, and their hermitian conjugates. Moreover, we

express δρ′(q) in terms of δρ̃′(q) by using (4.105) together with the observation that

δρ̃′(q)−δρ′(q) = ρ̃′(q)−ρ′(q) for q 6= 0, analogous to the one-component case discussed

in Sec. 4.6.1. Then the constraint can be written as

χ′(q) = δρ̃′(q)− (1−T T)
(
c̃ ′(q)+ c̃ ′‡(−q)

)+V T(
Ã ′(q)+ Ã ′‡(−q)

)
−QT[

U T(
c̃ ′(q)+ c̃ ′‡(−q)

)+W T(
Ã ′(q)+ Ã ′‡(−q)

)]
. (4.116)

Using the relations U = −T QT and V = W Q, as given by Eq. (4.151), we see that the

term with A ′(q)+A ′‡(−q) vanishes, while the remaining terms are

χ̃′(q) = δρ̃′(q)− (−QTQ T T −T T +1)
(
c̃ ′(q)+ c̃ ′‡(−q)

)
= δρ̃′(q)− (

1− (1+QTQ)T T)(
c̃ ′(q)+ c̃ ′‡(−q)

)
.

By virtue of Eq. (4.153a), we have 1+QTQ = (T TT )−1 = T −1(T T)−1, so that

χ′(q) = δρ̃′(q)− (1−T −1)
(
c̃ ′(q)+ c̃ ′‡(−q)

)
.

It is clear that this equation generalises the one-component analogue (4.90).

With the relations (4.108) and the definition

χ̌(q) = |q|
2L

p
π

G
√

R−1χ′(q), (4.117)

we find

χ̌(q) = δρ̃(q)− |q|
2eBL

∆
(
c̃(q)+ c̃‡(−q)

)
, (4.118)

where the matrix ∆ is given by

∆=G
√

R−1(1−T −1)
√

R−1GT. (4.119)

Using Eqs. (4.112) and (4.111), we find that

χ̌α(q) = 1

L2

∑
β,γ

∑
j

[
δαβ+

i l 2
B

~
∆αβ(q∧Πγ, j )

]
Gβγ

√
ν−1
γ εγ, j e−i q·r j , (4.120)

analogous to Eq. (4.113). We may prove that Eq. (4.120) reduces to Eq. (4.91) in the case

of one component.
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Currents and conductivity

In line with the deduction of the Hall conductivity as derivatives of the Hamiltonian

for the single-component case, we will show here that this procedure generalises to

the multicomponent case. As before, we start by computing the derivatives of cα and

c†
α with respect to the vector potentials A±(q). Application of the chain rule,

δcα(q′)
δA±(q)

=
∑
β

Nβ∑
kβ=1

δAkβ,±
δA±(q)

δcα(q′)
δAkβ,±

,

yields
δcα(q′)
δA−(q)

= enαLδq,q′ q̂+ and
δcα(q′)
δA+(q)

= 0,

where we have used
∑

jα e i (q−q′)·r jα = nαL2δq,q′ , where nαL2 is the number of particles

of component α. We also find

δc†
α(q′)

δA+(q)
=−enαLδq,−q′ q̂− and

δc†
α(q′)

δA−(q)
= 0.

In order to determine J−(q), we derive the Hamiltonian (4.51) with respect to A+(q).

Using that only the terms containing c†
α(q′) have a nontrivial derivative, we obtain

J−(q) = 2

L2

δHRPA

δA+(q)

= 2~
L2

∑
q′

∑
α,β

(
δc†

α(q′)
δA+(q)

(ΘTΩΘ)αβcβ(q′)+ δc†
α(q′)

δA+(q)
(ΘTΩ)αβAβ(q′)

)
.

Substituting the derivative of c†
α(q′), we get

J−(q) = 2~
L2

∑
q′

∑
α,β

(−enαLδq,−q′ q̂−)
(
(ΘTΩΘ)αβcβ(q′)+ (ΘTΩ)αβAβ(q′)

)
.

We recall that the matrixΘTΩΘ is proportional to N−1 according to Eq. (4.50). We also

rewrite nα = να/2πl 2
B . These observations yield

J−(q) =−2e

L

2π~
2m eB

1

2πl 2
B

∑
α

q̂−N−1
αανα

(
cα(−q)+

∑
β

(Θ−1)αβAβ(−q)

)

=− e

mL

∑
α

q̂−

(
cα(−q)+

∑
β

(Θ−1)αβAβ(−q)

)
.

We can decompose the current as J−(q) =∑
α Jα,−(q) with

Jα,−(q) =− e

mL
q̂−

(
cα(−q)+

∑
β

(Θ−1)αβAβ(−q)

)
.
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The currents Jα,− can also be obtained directly by taking the derivative of the Hamilto-

nian with respect to Aα,+ ≡∑
jα e i q·r jα A+(q).

In the expression for Jα,−(q), we find a linear combination of c(−q) and A (−q). In

analogy with the one-component case, we attempt to connect this linear combination

to the transformed ladder operator Ã (−q). In the multicomponent case, this linear

combination is the α component of

c(−q)+Θ−1A (−q) = c(−q)+ 1

θ0

p
N C T

p
D A (−q).

Performing the rescaling c ′ = θ0

√
(RN )−1c according to Eq. (4.53), we find that

Jα,−(q) =− e

mLθ0
q̂−

(p
RN c ′(−q)+

p
N C T

p
DA ′(−q)

)
α

=− e

mLθ0
q̂−

[p
N C T

p
D

(√
D−1C

p
R c ′(−q)+A ′(−q)

)]
α.

Let us compare this expression to the α component of Ã (−q) = Ã ′(−q). The result of

the rotation in (c ′,A ′) space is

Ã ′(−q) =V c̃ ′(−q)+W Ã ′(−q) =W
(
Q c̃ ′(−q)+ Ã ′(−q)

)
,

where we used V = W Q, with Q =
p

D−1C
p

R, as given by Eqs. (4.151) and (4.152).

This shows that we can write
p

D−1C
p

R c ′(−q)+A ′(−q) in the expression for Jα,−(q)

as W −1Ã ′(−q). We therefore obtain

Jα,−(q) =− e

mLθ0
q̂−

(p
N C T

p
D W −1Ã ′(−q)

)
α =− e

mLθ0
q̂−

(p
NGT

p
F Ã (−q)

)
α,

(4.121)

rewriting W −1 using Eq. (4.154). Here again, G and F are the orthogonal and diagonal

matrices, respectively, obtained from the diagonalisation of R+E . By noting thatΘ−1 =
θ−1

0

p
NC T

p
D , we can also write the current as

Jα,−(q) =− e

mL
q̂−

(
Θ−1 W −1Ã ′(−q)

)
α,

which is similar to the one-component analogue, in particular the first form men-

tioned in Eq. (4.93): The one-component quantities 1/θ and
√

1+µ2 have been re-

placed by the matricesΘ−1 and W −1, respectively. The currents Jα,+(q) can be derived

in the same manner or by the fact that they are the hermitian conjugates of Jα,−(−q):

Jα,+(q) = e

mLθ0
q̂+

(
Ã †(q)

p
FG

p
N

)
α = e

mL
q̂+

(
Ã †(q)(W −1)T(Θ−1)T)

α. (4.122)

With Eqs. (4.121) and (4.122), we can rewrite the diagonalised Hamiltonian in a very

convenient form. Recalling that F = diag({µα}, we write the diagonalised RPA Hamilto-

nian [Eq. (4.62)] as

HRPA = ~ωc
∑

q
Ã †(q)F Ã (q) = ~ωc

∑
α

∑
q

Ã †
α(q)FααÃα(q). (4.123)
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In this expression, we rewrite the ladder operators Aα(q) and A †
α(q) in terms of

Jα,−(−q) and Jα,+(q), respectively. We then obtain

HRPA = ~ωc

(
mL

e

)2 ∑
α

∑
β,γ

∑
q

Jβ,+(q)
(√

N−1GT
√

F−1
)
βαFαα

(√
F−1G

√
N−1

)
αγ Jγ,−(−q).

Simplification of the matrix between the current operators to N−1 yields

HRPA = ~ωcm2L2

e2 θ2
0

∑
α

∑
q

Jα,+(q)N−1
αα Jα,−(−q) = π~L2

e2ωc

∑
α

∑
q

Jα,+(q)ν−1
α Jα,−(−q),

(4.124)

where we have used Eq. (4.33) and ωc = eB/m. It is clear that the Hamiltonian written

in this form generalises the one-component formula (4.95).

Some expressions in the above reasoning become more elegant if we define the

currents in the eigenvector basis as

J̌± =G
√

N−1 Jβ,±, (4.125)

or in components,

J̌α,± =
∑
β

Gαβν
−1/2
β Jβ,±. (4.126)

With this definition, Eqs. (4.121) and (4.122) reduce to

J̌α,−(q) =− e

mLθ0
q̂−

p
µαÃα(−q) and J̌α,+(q) = e

mLθ0
q̂+

p
µαÃ †

α(q),

where µα are the entries of the diagonal matrix F . Then it is straightforward to derive

from Eq. (4.123) the RPA Hamiltonian in terms of the currents J̌α,− and J̌α,+ as

HRPA = π~L2

e2ωc

∑
α

∑
q

J̌α,+(q) J̌α,−(−q). (4.127)

This expression can also be derived directly from Eq. (4.124).

Also the oscillator part ρ̌osc,α of the transformed density in Eq. (4.109c) can be writ-

ten in terms of the currents given by Eq. (4.125), as

ρ̌osc,α(q) = |q|mθ0

2e
p
π
µ−1
α

(
q̂+ J̌α,−(−q)− q̂− J̌α,+(−q)

)
. (4.128)

The oscillator density in the original basis and the eigenvector basis relate as ρ̌osc(q) =
G
p

N−1ρosc(q), so that ρosc(q) can be written in terms of the original currents as

ρosc,α(q) = |q|mθ0

2e
p
π

∑
β

(p
N GTF−1G

√
N−1

)
αβ

(
q̂+ J̌β,−(−q)− q̂− J̌β,+(−q)

)
. (4.129)
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The matrix
p

N GTF−1G
p

N−1 can be simplified using GTF G = R + E , as defined in

Sec. 4.5.2. Hence, GTF−1G = (R +E)−1, where E =
p

N K
p

N , so that we obtain
p

N GTF−1G
√

N−1 =
p

N (R +E)−1
√

N−1 = (R +N K )−1.

Substituting this equality into Eq. (4.129), we arrive at

ρosc,α(q) = |q|mθ0

2e
p
π

∑
β

(
(R +N K )−1)

αβ

(
q̂+ J−,β(−q)− q̂− J+,β(−q)

)
=− i

eωc

∑
β

(
(R +N K )−1)

αβ

(
q∧Jβ(−q)

)
. (4.130)

Of special interest is the sum of oscillator parts,
∑
αρosc,α(q). This sum may be evalu-

ated by computing the inner product of the vector 1 = (1, . . . ,1) with the vector (ρosc,1,

. . . ,ρosc,κ). This computation involves the matrix multiplication 1T(R +N K )−1, which

can also be written as the transpose of (R +K N )−11. From the discussion of the eigen-

vector of H ′
mat with eigenvalue 1, we recall that R +K N leaves the vector 1 invariant,

i.e., (R+K N )1 = 1. Hence, the same must be valid for the inverse, i.e., (R+K N )−11 = 1,

so that 1T(R +N K )−1 = 1T. Then we obtain the result∑
α
ρosc,α(q) =− i

eωc

∑
α,β

1α
(
(R−1 +N K )−1)

αβ

(
q∧Jβ(−q)

)
=− i

eωc

∑
β

1β
(
q∧Jβ(−q)

)=− i

eωc

∑
β

q∧Jβ(−q) =− i

eωc
q∧JT(−q), (4.131)

where JT(−q) = ∑
β Jβ(−q) is the total current. The analogy with the one-component

case, Eq. (4.97), is obvious.

The eigenvectors g̃α of R+K N , discussed in Sec. 4.5.2, also play a special role here.

The eigenvalue equation involving g̃α implies that g̃T
α(R +N K )−1 = g̃T

αµ
−1
α , where µα is

the eigenvalue of R +K N associated with the eigenvector g̃α. Hence, we find∑
β

(g̃α)βρosc,β(q) =− i

eωc

∑
β,γ

(g̃α)β
(
(R−1 +N K )−1)

βγ

(
q∧Jγ(−q)

)
=− i

eωc

∑
β

(g̃α)β
(
q∧Jβ(−q)

)
. (4.132)

Since 1 is an eigenvector of R +K N with eigenvalue 1, Eq. (4.131) is a special case of

Eq. (4.132).

In order to obtain the conductivities, we couple the oscillator part of the density

to an external electric potential, like in the single-component case. However, for mul-

tiple components, each component has its own potential Φα(q), which we couple to

ρosc,α(q), which yields the coupling term

Hext =
−eL2

2ωc

∑
α

∑
q
Φα(q)ρosc,α(q)
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in the Hamiltonian. For clarity, we study the coupling in matrix notation, i.e., we de-

fine Φ(q) = (
Φ1(q), . . . ,Φκ(q)

)
and similar expressions for the currents. Moreover, we

write J+,α(q) = J †
−,α(−q) and Φ†

α(q) = −Φα(−q) for all α. In this notation, the coupling

between the potential and ρosc is given by

Hext =− L2

2ωc

∑
q

(
Φ†(−q)q∗

−(R−1 +N K )−1 J−(−q)J †
−(−q)(R−1 +K N )−1q−Φ(−q)

)
,

and the original Hamiltonian (4.124) is written as

HRPA = π~L2

e2ωc

∑
q

J †
−(−q) N−1 J−(−q).

As in the single-component case, we add these terms together, and we “complete the

squares”. For convenience, we use
p

N−1 J−(q) and its hermitian conjugate as the vari-

ables for which we compute the averages. Writing (R + N K )−1 =
p

N (R +E)−1
p

N−1,

we obtain the vector-valued equations

〈
√

N−1 J−(−q)〉 = e2

2π~
q−(R +E)−1

p
NΦ(−q),

and

〈J †
−(−q)

√
N−1〉 = e2

2π~
q∗
−Φ

†(−q)
p

N (R +E)−1.

From these expressions, we derive the currents

〈J−(q)〉 =−e2

h
q−

p
N (R +E)−1

p
NΦ(q) =−e2

h
q−(R +N K )−1NΦ(q) (4.133)

and

〈J+(q)〉 = e2

h
q+Φ†(−q)

p
N (R +E)−1

p
N = e2

h
q+Φ†(−q)N (R +K N )−1. (4.134)

Similar to the one-component case, we derive the conductivity by recalling that the

electric fields are given by Eα =−i qΦα(q). In the multicomponent case, the definition

of the conductivity tensor is(
Jα,x

Jα,y

)
=

∑
β

(
(σxx )αβ −(σx y )αβ
(σx y )αβ (σxx )αβ

)(
Eβ,x

Eβ,y

)
, (4.135)

which generalises the single-component conductivity tensor of Eq. (4.99). In complex

form, the conductivities are given by Jα,± = ∑
β(σ±)αβEβ,±, with (σ±)αβ = (σxx )αβ ±
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i (σx y )αβ. Writing the currents (4.133) and (4.134) in components and in complex form,

as

〈J±,α(q)〉 =±i
e2

h

∑
β

[
(R +N K )−1N

]
αβE±,β(q),

we obtain the Hall conductivities

(σx y )αβ =
e2

h

[
(R +N K )−1N

]
αβ =

e2

h

[p
N (R +E)−1

p
N

]
αβ (4.136)

The latter form shows that the matrix of Hall conductivities is proportional to
p

N (R +
E)−1

p
N = (RN−1+K )−1, a symmetric matrix. As a consequence of the invariance of the

oscillator density under the transformations (4.155) acting on T , discussed in Sec. 4.6.2,

the currents and conductivities are invariant as well, as should be the case for any phys-

ical quantity. We remark that Eq. (4.136) agrees with two-component results derived by

Lopez and Fradkin [40].

The eigenvectors g̃α of R +K N also play a special role with respect to the Hall con-

ductivities. Indeed, left-multiplication by g̃T
α yields

∑
β

(g̃α)β(σx y )βγ =
e2

h
µ−1
α (g̃α)γνγ. (4.137)

In particular, left-multiplication of the currents by the eigenvector g̃α = 1 (with eigen-

value µα = 1) yields the total Hall current

〈J y
T (q)〉 ≡

∑
α
〈J y
α(q)〉 =

∑
α

∑
β

(σx y )αβE x
β(q) = e2

h

∑
β

νβE x
β(q). (4.138)

where we used
∑
β(σx y )βγ = νγe2/h, which follows from Eq. (4.137). Hence, if the elec-

tric fields of all components are equal, then the total Hall current is proportional to

the conductivity quantum e2/h times the total filling factor, which is equivalent to the

familiar relation for single component systems, Eq. (4.100). This behaviour has been

seen in experiments with bilayer systems [181, 182] and triple-layer systems [183–185].

Systems of this type have also been studied theoretically in the framework of a Chern-

Simons theory [186, 187]. The results are also relevant for systems with other pseu-

dospin degrees of freedom (e.g., valley pseudospin), such as graphene [37, 38] and

silicon-based structures [188, 189].

At this point, it might be instructive to apply the results to the two-component

Halperin state (mmn). As discussed before in Sec. 4.5.3, the eigenvectors of R +K N

are given by (1,1)/
p

2 and (1,−1)/
p

2, corresponding to the in-phase mode and out-of-

phase mode. In view of the discussion above, we define the in-phase and the out-of-

phase current by

Ji(q) = J↑(q)+ J↓(q) and Jo(q) = J↑(q)− J↓(q),
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respectively, where the components are indicated by ↑ and ↓. The in-phase current, or

total current, is equal to

〈J y
i 〉 =

e2

h

∑
β

νβE x
β = e2

h
(ν↑E x

↑ +ν↓E x
↓ ) = e2

h
( 1

2νT)(E x
↑ +E x

↓ ), (4.139)

where νT = ν↑+ν↓ = 2/(m+n) is the total filling factor. If the electric fields of both com-

ponents are equal, E x
↑ = E x

↓ = E x
0 , then we find 〈J x

i 〉 = (e2/h)νTE x
0 . In other words, if the

electric fields are equal for both components, then we find the same Hall conductivity

as we would find for a single-component system with filling factor equal to νT.

For the out-of-phase current, we compute

〈J y
o 〉 =

(
1 −1

)(〈J y
↑ 〉

〈J y
↓ 〉

)
= (

1 −1
)
σx y

(
E↑,x

E↓,x

)
.

Substituting the matrix σx y = (e2/h)(R + N K )−1N , and using that (1,−1) is an eigen-

vector of R +K N with eigenvalue µ2 = (m −n)/(m +n), we find

〈J y
o 〉 =

e2

h
µ−1

2

(
1 −1

)(ν↑E x
↑

ν↓E x
↓

)
= e2

h

1

m −n
(E x

↑ −E x
↓ ).

We remark that in the case of equal electric fields, the out-of-phase current is absent.

In the case of opposite electric fields, E x
↑ = −E x

↓ = E x
0 , the total current vanishes and

the out-of-phase current is equal to 〈J y
o 〉 = 2(m−n)−1(e2/h)E x

0 . This situation could be

reached by counterflow experiments in bilayers (see e.g. Refs. [190–192] for counter-

flow experiments at νT = 1).

For the SU(2)-symmetric (mmm) state, with M = (
1 1
1 1

)
and ν↑+ν↓ = 1/m, we have

found (in Sec. 4.5.3) that the eigenvectors of R + K N are proportional to (1,1) and

(ν−1
↑ ,−ν−1

↓ ), with eigenvalues 1 and 1/m, respectively. We therefore define the in-phase

and the out-of-phase current as

Ji(q) = J↑(q)+ J↓(q) and Jo(q) = J↑(q)

ν↑
− J↓(q)

ν↓
,

respectively. Using the same reasoning as above, we find that the total current satisfies

〈J y
i 〉 =

e2

h
( 1

2νT)(E x
↑ +E x

↓ ),

which is the same as Eq. (4.139) for the (mmn) state, but now with νT = 1/m. The

out-of-phase current is given by

〈J y
o 〉 =

e2

h
µ−1

2

(
ν−1
↑ −ν−1

↓
)(ν↑E x

↑
ν↓E x

↓

)
= e2

h
m(E x

↑ −E x
↓ ).
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From the definition of Jo, we observe that generally J↑ and J↓ depend on the filling

factors. However, in order to have a fully symmetric system, also the currents and the

electric fields of both components have to be equal. In that case, the out-of-phase

current vanishes, and the in-phase (or total) current satisfies 〈J x
i 〉 = (e2/h)νTE x

0 , where

E y
0 = E x

↑ = E x
↓ . This result shows that from the point of view of the conductivity, we may

treat an SU(2)-symmetric two component system at total filling factor νT as if it were a

single-component system at filling factor νT. As expected, the presence of SU(2) spin

degrees of freedom has no effect on the conductivity.

Strictly speaking, one may object against this result, because some parts in the

derivation in this section cannot be performed with a singular matrix K , since they

involve the inverse D−1 which does not exist. However, the results for the nonsingular

case do not involve inverses of any matrix which becomes singular if K is singular. For

example, the definitions of the currents, Eqs. (4.121) and (4.122), remain valid if K is

singular. Thus, the results, in particular the one for the Hall conductivity [Eq. (4.136)]

are valid without modification.

4.7 Conclusions

In conclusion, we have studied a microscopic Chern-Simons approach to general

multicomponent quantum Hall systems (with κ components). Beyond the mean-field

approximation, which yields a renormalisation of the magnetic field that depends on

the average particle densities for each component, their fluctuations are taken into ac-

count within a Gaussian model of auxiliary gauge fields. These gauge fields, introduced

by Shankar and Murthy in the framework of the Hamiltonian theory of the FQHE [23–

26, 28], are indeed connected via constraints to the component density fluctuations.

The analysis of the Gaussian model —although it may be viewed as a first step in

the discussion of a more complete Hamiltonian theory for multicomponent quantum

Hall systems— already yields valuable insight into the structure and the correctness

of the Chern-Simons theory, which is characterised by a symmetric κ×κ charge ma-

trix K [159, 160]. Most saliently, one needs to discard charge matrices with negative

eigenvalues because the associated Chern-Simons theories yield oscillator ground-

state wave functions that are not normalised. This is in line with physical insight ob-

tained from a multicomponent version of Laughlin’s plasma picture [9] according to

which charge matrices with negative eigenvalues yield inhomogeneous ground states

where the components phase-separate [168].

Whereas singular charge matrices, with zero eigenvalues, had originally been dis-

cussed by Lopez and Fradkin [40] only for the SU(2)-symmetric case, we have argued

here that the associated Chern-Simons theories reflect underlying ferromagnetic states

in a more general setting. Indeed, we have shown that the density fluctuations of the κ

components are then determined by only r < κ constraints, such that κ− r particular
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combinations of the component densities may be chosen freely in the ground-state

manifold, which is thus described by the SU(κ− r +1) group. This symmetry is spon-

taneously broken by a particular ferromagnetic state, which can be described by κ− r

different Goldstone modes that may be viewed as generalised spin waves. Our results

encompass the particular SU(2) case of two-component Chern-Simons theories dis-

cussed in the literature [21, 40, 41, 159–161].

We emphasise moreover that the analysis of the microscopic multicomponent

Chern-Simons theory within the Gaussian approximation heuristically yields trial

wave functions for multicomponent quantum Hall systems that may be further stud-

ied numerically. As an example, we have discussed generalised κ-component Halperin

wave functions that play a similarly central role as Laughlin’s wave functions do in one-

component quantum Hall systems. Beyond these generalised Halperin wave func-

tions, we have briefly discussed a second class of states, where the residual wave func-

tion that is not encoded in the Chern-Simons oscillator part χosc is a product of Slater

determinants of pα completely filled (α-component) composite-fermion levels. This

construction is reminiscent of Jain’s generalisation of one-component Laughlin wave

functions to filling factors ν= p/(2sp +1) [10, 11, 16].

Within the oscillator framework, the energy ~ωc is generally not present among

the eigenvalues. Hence Kohn’s theorem, which states that the eigenvalue ~ωc must

be present, implies that the spectrum of this Hamiltonian is unphysical. This result

is not very surprising, because the electronic degrees of freedom, in the form of the

momentum operators p + e〈A∗〉 associated with the average gauge fields, have been

neglected in this analysis. Therefore, the electronic degrees of freedom have to be in-

cluded in order to obtain the physical eigenvalues. For the single-component case, this

procedure has been described by Shankar and Murthy [23–26, 28]. The full Hamilto-

nian, which includes both the ladder operators of the oscillator Hamiltonian and the

electronic momentum operators, is studied in the RPA. Here, we have shown that in the

multicomponent version of the decoupling procedure the eigenvalue ~ωc is recovered,

among other eigenvalues, so that Kohn’s theorem holds and the spectrum is considered

to be physical in this sense.

In this multicomponent theory, the eigenvector 1 associated to the energy ~ωc

indicates that every component of the system contributes equally to this mode; it is

therefore called the in-phase mode. The other eigenvectors are associated with modes

where components are out of phase. For instance, in a two-component system where

both components have equal filling factors, the second eigenvector of R +K N is pro-

portional to (1,−1); the corresponding mode is therefore called the out-of-phase mode.

In Sec. 4.5.3, we have demonstrated several properties of the eigenvalues and the

modes by giving examples of states in two- and four-component systems.

The final part of this chapter deals with the densities and the constraints in terms

of the diagonalised operators. For the single-component case, these results eventu-

ally lead to a connection between this microscopic theory, valid at low momenta, to
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a theory valid at all momenta [26]. By a coupling between the oscillator part of the

density and an electric potential, one is able to derive the Hall conductivity. In Sec. 4.6,

we have generalised the method of Murthy and Shankar to multicomponent systems.

For the conductivities, we have found that the eigenvectors of the Hamiltonian matrix

also play an important role here. In particular, the vector 1 is connected to the total

Hall conductivity, which is shown to be equal to e2/h times the total filling factor νT.

This is equal to the familiar value for single-component systems. In other words, this

proves that the presence of internal degrees of freedom does not affect the value of

the Hall conductivity for fractional quantum Hall states. This behaviour has been ob-

served experimentally in multicomponent systems, like bilayer [181, 182] and trilayer

[183–185] systems, graphene [37, 38], and silicon-based structures [188, 189]. In ad-

dition to the total Hall conductivity, our approach also gives conductivities related to

other linear combinations of components, e.g., the difference (out-of-phase mode) in

the two-component case.

4.A Multicomponent plasma analogy

The single-component plasma analogy proposed by Laughlin [9] is readily generalised

to the multicomponent case. Here, we use the ground state

χosc = exp

(
−1

2

∑
q

∑
β,γ
δρβ(−q)

2πL2

|q|2 Kβγδργ(q)

)
, (4.140)

which is Eq. (4.22) written out in components. Recalling that 2πL2/|q|2 is the Fourier

transform of − log |r|, we perform an inverse Fourier transformation and we substitute

the density fluctuations δρα(r) =∑
jα δ(r− r jα )−nα. Then, we can rewrite χosc as

χosc = exp

[
1

2

∑
α,β

Kαβ

∫
d2rd2r′

(
Nα∑

jα=1
δ(r− r jα )−nα

)
log |r− r′|

( Nβ∑
kβ=1

δ(r′− rkβ )−nβ

)]
.

By evaluating the integrals, one finds

χosc = const ·
∏
α,β

∏
jα,kβ

jα 6=kβ

|r jα − rkβ |Kαβ/2 exp

(
−π

2

∑
α,β

nαKαβ

∑
kβ

|rkβ |2
)

.

Using that να = 2πl 2
B nα, and changing to complex notation, with z = x − i y ,18 we can

explicitly write this expression as

χosc = const ·
∏
α

∏
jα,kα

jα<kα

|z jα − zkα |Kαα
∏
α,β
α<β

∏
jα,kβ

|z jα − zkβ |Kαβ exp

(
−

∑
α,β

ναKαβ

∑
kβ

|zkβ |2

4l 2
B

)
.

18This counterintuitive definition is used in order to have analytic lowest Landau level wave functions. This
is due to the negative charge −e of the electrons, for which the basic Hamiltonians are defined. Therefore,
one has θ(r) = arg(x + i y) = arg z∗ =−arg(z).
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The Jastrow-type products in this expression only contain distances between the par-

ticles, i.e., only the moduli |z jα − zkβ |. Phase factors of the form

[(z jα − zkβ )/|z jα − zkβ |]Kαβ = exp[i Kαβ arg(z jα − zkβ )] = exp[−i Kαβθ(r jα − rkβ )]

are obtained from substitution of the full density ρα(r) =∑
jα δ(r− r jα ) into the Chern-

Simons transformation (4.1). Applying this transformation to χosc, we obtain the prod-

uct of the latter with the phase factors,

ψ({z jα }) =
∏
α

∏
jα,kα

jα<kα

(z jα − zkα )Kαα
∏
α,β
α<β

∏
jα,kβ

(z jα − zkβ )Kαβ

×exp

(
−

∑
α,β

ναKαβ

∑
kβ

|zkβ |2

4l 2
B

)
φ{ν∗α}({z jα }), (4.141)

where φ{ν∗α} denotes the composite-particle wave function for filling factors ν∗α, which

will be investigated in the following. The magnetic lengths appearing inφ{ν∗α}({z jα }) are

the reduced magnetic lengths lB∗
α

given by Eq. (4.5).

As an example, we consider the situation in which ν∗α can be determined by an

exponent matrix M∗ [159, 160, 165, 168], such that φ{ν∗α} is the Halperin wave function

φ{ν∗α}({z jα }) =
∏
α

∏
jα,kα

jα<kα

(z jα−zkα )M∗
αα

∏
α,β
α<β

∏
jα,kβ

(z jα−zkβ )
M∗
αβ exp

(
−

∑
α

∑
kα

|zkα |2
4l 2

B∗
α

)
. (4.142)

Combining Eqs. (4.141) and (4.142), we obtain the full electronic wave function,

ψ({z jα }) =
∏
α

∏
jα,kα

jα<kα

(z jα − zkα )Kαα+M∗
αα

∏
α,β
α<β

∏
jα,kβ

(z jα − zkβ )
Kαβ+M∗

αβ exp

(
−

∑
α

∑
kα

|zkα |2
4l 2

B

)
,

(4.143)

which is the Halperin wave function for the exponent matrix Mαβ = M∗
αβ

+Kαβ [165].

Here, we have expressed the effective magnetic lengths in the exponential of Eq. (4.142)

in terms of the original one, as 1/l 2
B∗
α
= (1−∑

βKαβνβ)/l 2
B , by virtue of Eq. (4.5).

4.B Ground state in the singular case

The reasoning given for the two-component example in Sec. 4.4.2 can be extended to

any number of components. Suppose that the charge matrix K (being aκ×κ symmetric

nonnegative definite matrix) is of rank r , which means that it has r independent rows

or columns. In particular, there are κ− r rows or columns that can be written as a

linear combination of the other r independent rows or columns. This also means that

the dimension of the null space, or equivalently, the multiplicity of zero eigenvalues is

equal to κ− r .
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Since the constraints [Eq. (4.9)] are expressed as a linear relation involving the ma-

trix K , there are only r independent constraints. Hence, the vector a◦ = (a◦
1, . . . , a◦

κ) lives

only in an r -dimensional subspace; κ− r of its components can be written as a linear

combination of the other r .

Now we analyse the Hamiltonian (4.13). Since we have assumed that the matrix

of densities N is nonsingular (i.e., all filling factors are nonzero, as required for the

harmonic approximation to be valid), the rank of E =
p

N K
p

N is equal to the rank of

K . This means that E has r positive eigenvalues and κ− r zero eigenvalues, just as the

matrix K . We diagonalise E as usual in terms of a diagonal matrix D and an orthogonal

matrix C such that E = C TD C . Note that the order of the eigenvalues on the diagonal

of D (and simultaneously the order of the rows of C ) may be chosen at will, so that we

may choose for simplicity D = diag(λ1, . . . ,λr ,0, . . . ,0), where λ1, . . . ,λr are the positive

eigenvalues of E . In the diagonalised Hamiltonian (4.16), the components P r+1, . . . ,Pκ

are absent since they are multiplied with the zero eigenvalues of D . We still have κ

components of a in the Hamiltonian, but we should remember that only r of them are

independent.

The diagonalised Hamiltonian contains r nonzero eigenvalues, which depend on

the filling factors να. However, some variations in the filling factors will leave the eigen-

values, and hence the diagonalised Hamiltonian, invariant, namely, those satisfying

the equation

0 = (∇λβ) ·δν=
∑
α

∂λβ

∂να
δνα for all β.

In other words, the desired variations are the vectors in the null space of the gradient

matrix (∇λ) of the eigenvalues, which is defined as the matrix of derivatives of λ, with

respect to ν, (∇λ)βα = ∂λβ/∂να. Since κ− r of the eigenvalues λβ are zero, the rank of

the gradient matrix is at most r , and this consequently means that we can find at least

κ−r independent variations in the filling factors which leave the eigenvalues invariant.

In the example discussed in Sec. 4.4.2, we observed that ν1 −ν2 does not appear in

the diagonalised Hamiltonian. In order to demonstrate the procedure sketched in the

preceding paragraph, we compute the gradients of the eigenvalues 0 and 2(ν1+ν2). Ob-

viously, in this example the gradient matrix is (∇λ) = (
0 0
2 2

)
and its null space is spanned

by the single vector (1,−1). Since this vector is independent of the filling factors ν1

and ν2, we can state that all eigenvalues, and hence the diagonalised Hamiltonian,

are invariant under the transformation {ν1 → ν1 +δν,ν2 → ν2 −δν}. This means that

the linear combination ν1 −ν2 is completely absent from the Hamiltonian, as argued

earlier. We remark that the variation that leaves the Hamiltonian invariant need not

always be constant in the filling factors να. However, for physically relevant systems,

the variations are constant, describing particle exchange among different components.

We now return to the diagonalised Hamiltonian, and try to find the lowest-energy

states, in the same way as we have done for the example in Sec. 4.4.2. For the moment,

we do not impose the constraints, thus regarding all components aα as independent.
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Only the first r components aα̃ (α̃= 1, . . . ,r ) have a corresponding momentum opera-

tor P α̃ in the Hamiltonian, while the other κ− r components do not. This means that

the resulting states are degenerate in the coordinates ar+1, . . . , aκ. Thus, we may write

the lowest-energy states as

χosc(a1, . . . , aκ) =χosc,r (a1, . . . , ar ) χ̃(ar+1, . . . , aκ), (4.144)

where χ̃ is the degenerate part of the wave function (further discussed in Sec. 4.4.2),

and

χosc,r (a1, . . . , ar ) = exp

(
− e

2~b

r∑
α̃=1

a†
α̃λ

−1
α̃ aα̃

)
(4.145)

is the nondegenerate part. Notice that the components associated with the zero eigen-

values of the matrix E do not contribute. By the observation that the pseudoinverse

[193, 194] of D = diag(λ1, . . . ,λr ,0, . . . ,0) is equal to D̂ = diag(λ−1
1 , . . . ,λ−1

r ,0, . . . ,0), we

may also rewrite χosc,r as

χosc,r = exp
(
− e

2~b
a†D̂ a

)
= exp

(
− e

2~b
a◦†K̂ a◦

)
,

where we used that a†D̂ a = a◦†K̂ a◦. This result is nothing else than Eq. (4.19) with the

inverses of D and K replaced by the pseudoinverses. Substituting the density fluctua-

tions δρα for the gauge fields a◦
α using the constraint Eq. (4.9) yields exactly Eq. (4.22)

by virtue of the property of K̂ that K K̂ K = K . This result is exactly equal to the steps we

followed before, but only with K −1 replaced by K̂ . Therefore, the ground state Eq. (4.22)

found for the case of strictly positive eigenvalues is also valid if there are zero eigenval-

ues. All subsequent steps concerning the connection to the trial wave functions remain

valid as well.

4.C The coupling Hamiltonian

In this appendix we will prove expression (4.31) for the coupling Hamiltonian, starting

from the one-component version of Eq. (4.11),

Hcoupl =
1

m

N∑
j=1
Π j ·

(
e a◦(r j )+bK P◦(r j )

)
. (4.146)

We first convert the fields a◦(r j ) and P◦(r j ) to their counterparts in Fourier space, and

subsequently we recall that a◦(q) = a◦(q)e⊥q and P◦(q) = i P◦(q)e∥q. This yields

Hcoupl =
1

m

∑
q

N∑
j=1

e i q·r jΠ j ·
(
e a◦(q)e⊥q + i bK P◦(q)e∥q

)
.
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We now write the vectors explicitly in their x and y components. We recall thatΠ±
j has

been defined as Πx
j ± iΠy

j so that Πx
j = (Π+

j +Π−
j )/2 and Πy

j = (Π+
j −Π−

j )/2i . Moreover,

we recall the definitions e∥q = (qx , qy )/|q| and e⊥q = i (−qy , qx )/|q|. Hence we may write

Hcoupl =
1

m

∑
q

N∑
j=1

e i q·r j

2|q|

(
Π+

j +Π−
j

(Π+
j −Π−

j )/i

)
·
(

e a◦(q)(−i qy )+ i bK P◦(q)qx

e a◦(q)(i qx )+ i bK P◦(q)qy

)
.

Computing the inner product explicitly and gathering terms, we obtain

Hcoupl =
1

2m

∑
q

N∑
j=1

e i q·r j
(
e a◦(q)q̂−Π+

j −e a◦(q)q̂+Π−
j

+bK P◦(q)i q̂−Π+
j +bK P◦(q)i q̂+Π−

j

)
.

Here, we used the notation q̂± = (qx ± i qy )/|q|. For the second and fourth term, we

substitute q →−q, so that

Hcoupl =
1

2m

∑
q

N∑
j=1

[
e i q·r j

(
e a◦(q)+ i bK P◦(q)

)
q̂−Π+

j

+e−i q·r j
(
e a◦(−q)− i bK P◦(−q)

)
q̂+Π−

j

]
.

With the definitions of c(q) and c†(q) [Eq. (4.26)], and of the ladder operators A (q) and

A †(q) [Eq. (4.30)], we immediately observe that

Hcoupl =
p

4π~2K

2m

(
c†(q)A (q)+A †(q)c(q)

)
,

which is identical to Eq. (4.31) that we wished to prove.

4.D Diagonalisation of the Hamiltonian matrix

The Hamiltonian matrix H ′
mat can be diagonalised abstractly by a diagonal matrix H̃mat

and an orthogonal matrix S, such that H ′
mat = STH̃matS. We write the resulting matrices

as

S =
(

T U

V W

)
and H̃mat =

(
0 0

0 F

)
,

where F is the diagonal matrix of the nonzero eigenvalues of H ′
mat, and T , U , V , and

W are four κ×κ matrices. In the following, we will investigate how they are related.

The condition that S is orthogonal, STS = 12κ×2κ and S ST = 12κ×2κ, yields the fol-

lowing conditions on the matrices T , U , V , and W :
T TT +V TV =1,

U TU +W TW =1,

T TU +V TW = 0.


T T T +U U T =1,

V V T +W W T =1,

T V T +U W T = 0.

(4.147)
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Moreover, the fact that S diagonalises H ′
mat according to H ′

mat = STH̃matS gives the con-

ditions
V TF V = R,

W TF W = D,

W TF V =
p

D C
p

R,

(4.148)

with H ′
mat given by Eq. (4.55).

Knowing the eigenvectors with zero eigenvalue from Eq. (4.56), it is possible to

specify a relation between T and U . By virtue of the diagonalisation of H ′
mat, the first κ

columns of the matrix ST form a basis of eigenvectors for the eigenspace corresponding

to the eigenvalue 0. We can put the eigenvectors vα from Eq. (4.56) side by side, writing

a 2κ×κ matrix equal to (
1

−
p

D−1C
p

R

)
. (4.149)

However, this specifies only one particular basis for the eigenspace with eigenvalue 0.

An arbitrary basis is spanned by κ independent linear combinations v ′
β
= ∑

α tβαvα of

the vectors vα. Here, the coefficients tβα form a nonsingular κ×κ matrix. We now

suppose that this nonsingular matrix is T T, so that the new basis of eigenvectors is

given by right multiplication by T T of both κ×κ matrices in Eq. (4.149). The result is

equal to the first κ columns of ST, i.e.(
T T

−
p

D−1C
p

R T T

)
=

(
T T

U T

)
, (4.150)

so that we find the condition U =−T
p

R C T
p

D−1.

We can derive a similar condition for V and W . Given the eigenvalue equation

SH ′
mat = H̃matS, we derive V R +W

p
D C

p
R = F V and V

p
R C T

p
D +W D = F W . By

right-multiplying both sides of the latter equation with
p

D−1C
p

R, its left hand side

becomes equal to the left hand side of the other equation. Subsequently combining

them yields

F W
√

D−1C
p

R =V R +W
p

D C
p

R = F V.

Since F is nonsingular, we obtain V = W
p

D−1C
p

R. Summarising, we may write the

relations between T and U and between V and W as

U =−T QT and V =W Q, (4.151)

respectively, where we have defined

Q =
√

D−1C
p

R. (4.152)

At this point, we use the orthogonality conditions (4.147) to derive more conditions

on T and W . From T TU +V TW = 0 we obtain T TT QT = QTW TW , with Q as defined
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in Eq. (4.152). Then T TT +V TV = 1 and U TU +W TW = 1 yield the conditions T TT +
T TT QTQ = 1 and Q QTW TW +W TW = 1, respectively. It follows that T and W must

satisfy

T TT = (1+QTQ)−1 = (
1+

p
R C TD−1C

p
R

)−1, (4.153a)

W TW = (1+Q QT)−1 = (
1+

√
D−1C RC T

√
D−1

)−1. (4.153b)

Since the eigenvectors of H ′
mat with nonzero eigenvalues are known, expressions

for V and W may be given in terms of the eigenvectors and eigenvalues of R +E . Un-

like T and U , these expressions are unique (up to permutations), since the eigenspaces

belonging to the nonzero eigenvalues are generally nondegenerate. In Sec. 4.5.2 we de-

rived that the eigenvalues of H ′
mat are the eigenvalues of R +E , and the corresponding

eigenvectors of H ′
mat can be written as (

p
R gα,

p
D C gα), as in Eq. (4.60). Since R +E

is a symmetric matrix, we may define an orthonormal basis of eigenvectors gα. We

define G to be the orthogonal matrix such that the normalised eigenvectors gα are the

columns of its transpose GT. Then G diagonalises R +E as R +E = GT F G , where we

recall that F is the diagonal matrix of eigenvalues. With the same reasoning as used

above to connect T T and U T to the eigenvectors vα, we find that the columns of
(

V T

W T

)
are multiples of the vectors

( p
R gαp

D C gα

)
. Let us write the columns of

(
V T

W T

)
as rα

( p
R gαp

D C gα

)
.

The orthonormality of these eigenvectors is expressed either by V V T +W W T or by

Eq. (4.61). From the latter it follows that we must set rα = 1/
p
µα. Writing the eigen-

vectors side by side, we find that W and V are determined by

W T =
p

D CGT
√

F−1, and V T =
p

R GT
√

F−1, (4.154)

using that GT has gα as its columns, and that F is the diagonal matrix with entries µα.

These definitions are consistent with V T = QTW T and with all other aforementioned

conditions involving V and/or W .

On the other hand, the matrix T (and along with it U ) is not fixed. It can be shown

that the two transformations

T → X T (4.155a)

and

T → T (1+QTQ)1/2X (1+QTQ)−1/2, (4.155b)

with X an arbitrary orthogonal matrix, leave all conditions invariant. For some pur-

poses, it is convenient to choose T in a particular way. For physical quantities, a spe-

cific gauge choice is not necessary since they are gauge invariant. However, it may

prove convenient to specify a relation between T and W , the latter of which is fixed.

Let us give one example of such a relation, where T satisfies all given conditions. For
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this example, let us write the polar decomposition of Q as Q =QU
√

QTQ. Here,
√

QTQ

is a positive definite matrix, and QU ≡ Q(QTQ)−1/2 is an orthogonal matrix. We also

have Q =
√

Q QTQU, with the same QU.19 Then it follows that QU f (QTQ) = f (Q QT)QU

for any function f that can be expanded as a power series in its argument. Choose

T = QUTW QU. Using the properties of QU we can show that all conditions on T and

U =−T QT are satisfied.

There is an additional argument in favour of this particular choice of T , which in-

volves the computation of the logarithm of S, i.e., the matrix logS that is defined by

exp(logS) = S. Since S is orthogonal, the eigenvalues of S are complex numbers of

unit length. Therefore, the eigenvalues of logS are purely imaginary. Moreover, the

orthogonality of S implies that logS is antihermitian, (logS)† =− logS. For our choice

T =QUTW QU, we find20 that logS is real, and hence also antisymmetric. We may write

logS =
(

Y −Z

Z T Ỹ

)
,

where Y and Ỹ are antisymmetric matrices, and Z is arbitrary. In addition, we find that

Y and Ỹ have the same set of eigenvalues for this specific choice of T . In other words,

we may write Y =Ξ†(iΦ)Ξ and Ỹ = Ξ̃†(iΦ)Ξ̃, whereΦ is a real diagonal traceless21 ma-

trix, andΞ and Ξ̃ are unitary matrices, withΞΞ̃† real, and Z is arbitrary. Remark that for

κ = 2, the quadrants Y and Ỹ are both proportional to
(

0 −1
1 0

)
. Since their eigenvalues

are equal, we must have Y = ±Ỹ . Then Φ is a (real) multiple of
(

1 0
0 −1

)
. Recalling that

logS defines the generators of the O(2n) rotation S, we observe that the generators Y in

the c†c sector (upper left quadrant of logS) have the same “strength” as the generators

Ỹ in the A †A sector (lower right quadrant of logS). This indicates that T =QUTW QU

is in this sense a “natural” choice. Summarising, this choice, together with the relations

linking U to T and V to W , leads to

S =
(

T U

V W

)
=

(
QUTW QU −QUTW

√
Q QT

W
√

Q QT QU W

)
.

At this point it might be instructive to compare the results in this appendix to the one-

component case. Recall that for one component, we have R = 1− νK and D = νK .

The matrix S is given by Eq. (4.39), so that we have T = W = 1/
√

1+µ2. Since νK =
1/(1+µ2), we derive that Q = (1−νK )/νK = µ. Then (1+QTQ)−1 = 1/(1+µ2), which

is indeed equal to T TT and W TW . This shows that one might think about the matrix

Q =
p

D−1C
p

R as being the multicomponent generalisation of µ.

19Proof: Assume that Q = QU
√

QTQ. Then we can write Q QT = QU(QTQ)1/2(QTQ)1/2QUT. Now, in-

sert QUTQU in the middle to obtain Q QT = QU(QTQ)1/2QUTQU(QTQ)1/2QUT. It follows that (Q QT)1/2 =
QU(QTQ)1/2QUT. Multiplying on the right by QU gives the desired equation.

20This observation and the following were made by several numerical trials with κ= 2,3,4.
21For each entry φα in the matrixΦ, there is also an entry equal to −φα.
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4.D.1 Singular case

In Sec. 4.5.2, we proved that in the case that K is singular, Eq. (4.56) is invalid since the

inverse of D does not exist. As a consequence, Eqs. (4.149) and (4.150) are invalid as

well. From Eq. (4.67), we derive that we have to replace Eq. (4.150) by(
−
p

R−1 C T
p

D U T

U T

)
=

(
T T

U T

)
, (4.156)

which is also valid in the nonsingular case. Equations (4.154) defining V and W remain

valid in the singular case.

Also the definition of Q [Eq. (4.152)] contains an inverse of D , so that it is invalid in

the singular case. However,

Q−1 =
√

R−1 C T
p

D (4.157)

does exist in the singular case. In this case, Q−1 cannot be regarded as the inverse of a

matrix Q, but it has to be treated as a matrix formally defined by Eq. (4.157). Then we

must also replace Eq. (4.151) by

T =−U (Q−1)T and W =V Q−1. (4.158)

In the same way as before, we also derive

T TT =Q−1(
1+ (Q−1)TQ−1)−1(Q−1)T

=
√

R−1 C T
p

D
(
1+

p
D C R−1C T

p
D

)−1pD C
√

R−1, (4.159a)

W TW = (Q−1)T(
1+Q−1(Q−1)T)−1Q−1 =

p
D C (R +C TDC )−1C T

p
D , (4.159b)

which replaces Eqs. (4.153) in the singular case, and which is equivalent to Eqs. (4.153)

in the nonsingular case (i.e., when Q exists). We remark that U and V have full rank

(i.e., are invertible), while the ranks of T and W equal the rank of K . Consequently, the

inverses of T and W do not exist if K is singular.

4.E Index of notations

1 = (1, . . . ,1) κ-component vector with all components equal to 1

1 identity matrix

A magnetic gauge field

A (q), Aα(q) ladder operators Eq. (4.20)

ACS
α Chern-Simons gauge field Eq. (4.2)

A∗ average gauge field Eq. (4.7)

aα auxiliary gauge field Sec. 4.3.1

b = h/eL2 Sec. 4.3.1

B = Bez magnetic field
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C orthogonal matrix in diagonalisation of E Sec. 4.3.2

c(q), cα(q) momentum operators Eqs. (4.26), (4.44)

c ′α(q) Eq. (4.53)

D diagonal matrix of eigenvalues of E Sec. 4.3.2

∆=G
p

R−1(1−T −1)
p

R−1GT Eq. (4.119)

E =
p

N K
p

N

e electron charge

F diagonal matrix of eigenvalues of R +E Sec. 4.5.2

G orthogonal matrix in diagonalisation of R +E Sec. 4.5.2

gα eigenvectors of R +E Sec. 4.5.2

g̃α eigenvectors of R +K N Sec. 4.5.2

Γ=G
p

R−1(T T −1)
p

R−1GT Eq. (4.110)

J, Jα, JT currents Secs. 4.6.1, 4.6.2

K Chern-Simons charge matrix

κ number of components

L2 area of the system

λα eigenvalues of E Sec. 4.3.2

lB =
p
~/eB magnetic length

m electron mass

M∗ exponent matrix of the composite-fermion system

µα eigenvalues of R +E Sec. 4.5.2

N diagonal matrix of filling factors

nT = νT/2πl 2
B total density

NT = nTL2 total number of particles

να filling factors

νT =∑
ανα total filling factor

ν∗α composite fermion filling factors

ωα =ωcλα oscillator frequencies Sec. 4.3.2

ωc = eB/m cyclotron frequency

Pα conjugate of auxiliary gauge field aα Sec. 4.3.1

Πα, j momentum operator

Π±
α, j =Πx

α, j ± iΠy
α, j

q̂± = (qx ± i qy )/|q|
Q =

p
D−1C

p
R Eq. (4.152)

R = diag(1−Kν) = diag({να/ν∗α}) Eq. (4.52)

S 2κ×2κ orthogonal matrix in diagonalisation of H ′
mat

T , U , V , W κ×κ submatrices of S App. 4.D

Θ= θ0
p

D C
p

N Sec. 4.5.2

θ0 =
p
π/eB = l 2

B

p
π/~ Eq. (4.33)

∧q = (qy ,−qx )

q∧q′ = (qx q ′
y −qy q ′

x )





Chapter 5
Conclusion and outlook

In this thesis, we have investigated topological phases in two-dimensional systems

from different perspectives. The systems studied have in common that they exhibit

multiple internal degrees of freedom, i.e., spin and/or pseudospin.

In Chapter 2, we have studied how a tight-binding model of a honeycomb lattice in

a perpendicular magnetic field with spin-orbit couplings and the Zeeman effect leads

to many different topological phases, characterised by the number of edge states in the

bulk gaps and by their spins. In this Chapter, we have shown that the quantum spin

Hall state, which is usually considered in a time-reversal symmetric setting, persists in

the presence of a magnetic field; we have called this state the weak quantum spin Hall

phase. In the latter case, the edge states are not protected by time-reversal symmetry,

but if there is no coupling between the two spin components, i.e., if there is no Rashba

spin-orbit coupling and if there are no magnetic impurities, then the two spin compo-

nents can be treated as two uncoupled quantum Hall systems, which provide robust

chiral edge states. This phenomenon also leads to a change in the character of the

topological invariant: In the time-reversal symmetric case, the topological invariant

lives inZ2, while the two uncoupled quantum Hall states lead to aZ×Z topological in-

variant. Thus, in the latter case, it is possible to find gaps with nonzero charge and spin

Hall conductivity, reminiscent of both the quantum Hall and the quantum spin Hall

effect. In addition, we have found that in the low-energy, low-flux limit the Zeeman

term produces the weak quantum spin Hall phase in the same manner as the intrinsic

spin-orbit coupling.

In this framework, the combination of the magnetic field, the intrinsic spin-orbit

coupling, and the Zeeman effect leads to a rich interplay between the quantum phases.

At a fixed magnetic flux value, modifying the amplitude of the intrinsic spin-orbit cou-

pling leads to many bulk-gap closures. Where the bulk gaps close, the Chern num-

bers of the touching bulk bands may change, accompanied by a change of the num-

ber of edge states in the gap that closes. The change of Chern numbers is mostly

unpredictable, as the system is subject to a subtle interplay of effects. However, the
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sum of the Chern numbers of the involved bands is always invariant, and the change

is a multiple of q , the denominator of the rational flux value φ = p/q . We have ex-

plained this feature from the multiplicity q of the touching points inside the Brillouin

zone.

The Rashba spin-orbit is different from the other terms in the model Hamiltonian,

because it couples the spin components. In the presence of this coupling, one can

no longer distinguish spin up and spin down states, since the spin is no longer a con-

served quantum number. Instead, the spin direction on the edges gains an additional

component in the plane of the sample perpendicular to the edge. This spin direction

is no longer a topological invariant: The direction of the edge-state spin varies when

the Fermi energy is modified, even when staying within one bulk gap. We have shown

that variation of the Fermi energy provides an interesting tool to rotate the edge-state

spin at will. In this aspect, we note that these edge states differ fundamentally from

those generated by the Zeeman effect in a tilted magnetic field. Finally, in this chap-

ter we have also demonstrated that a weak Rashba coupling indeed destroys the weak

quantum spin Hall state: The edge states become gapped, and the system goes into a

topologically trivial phase.

In Chapter 3, we have presented a phenomenological model of HgTe quantum

wells, where topological phases of the same nature are observed due to the simulta-

neous presence of the magnetic field and of spin-orbit coupling. This system, unlike

the one in Chapter 2, is treated within a low-energy approximation. We have studied

the Landau-level spectra, consisting of bands which have Chern number ±1, rather

than bands which can have any Chern number as it is the case for Dirac systems in the

presence of a rational flux.

In HgTe quantum wells doped with Mn ions, the magnetisation due to these ions

modifies the band structure and the response to the magnetic field. This modified

response leads to a bending of the Landau levels, and therefore to a reentrant be-

haviour of charge and/or spin Hall conductivity. In addition to this mechanism, also

Landau-level crossings may be responsible for reentrant effects. We have investigated

the regimes in parameter space (doping fraction, quantum-well thickness and temper-

ature) where the different reentrant effects occur. Moreover, we have estimated the ex-

perimental conditions to observe these reentrant effects, by studying the energy ranges

in which they appear, taking into account broadening of the Landau levels by disorder

and by temperature (effectively, due to a smearing of the fermionic occupation func-

tion).

Chapter 4 describes the extension of the Hamiltonian theory for flux attachment in

quantum Hall systems with internal degrees of freedom. In this theory, we study trial

wave functions similar to those proposed by Laughlin [9], Jain [10, 11], and Halperin

[39]. These theories provide an approximate, but very powerful method to understand

the physics of these highly correlated electron systems. In this chapter, we have gen-

eralised the theory by Shankar and Murthy to multi-component systems, motivated
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by the many systems of this type, e.g. multilayer heterostructures and graphene. In

this framework, the (even) number of attached flux quanta k is replaced by the ma-

trix K . When we only treat the oscillator degrees of freedom in this theory, Laughlin’s

plasma analogy remains valid, even when the system is in a “symmetric state”, where

the flux-attachment matrix K and the exponent matrices are singular. If in addition to

the oscillators we include also the momentum degrees of freedom, then Kohn’s theo-

rem (stating that there must be a mode at the cyclotron energy ~ωc) remains valid in

the multi-component case. We have identified these Kohn modes as being associated

with the total particle density. The other modes usually have a lower energy, and are

typically the so-called out-of-phase modes. We have also presented the generalisation

of the coupling between the oscillator part of the transformed density operator and the

electric field, which allows us to compute the Hall conductivities associated with the

aforementioned modes.

It remains to be emphasised that although the systems discussed are very specific,

the topological phases they exhibit are present in a very general setting, as may be

understood from the classification of topological states (the tenfold way [60, 61]) dis-

cussed earlier. Other lattices showing the same type of topological phases and phase

transitions include the Lieb lattice, the kagome lattice, and the T3 lattice [195, 196].

An additional route is to include real next-nearest neighbour hopping to the tight-

binding model, in addition to the imaginary next-nearest-neighbour hopping such as

the intrinsic spin-orbit coupling. It can be shown that this type of hopping may induce

topological phase transitions in the Lieb lattice and the kagome lattice at zero magnetic

field, and in the honeycomb lattice only with nonzero magnetic field [197].

The systems discussed in this thesis have in common that they are (effectively)

non-interacting. Even in the case of the fractional quantum Hall effect discussed in

Chapter 4, the interacting system is described in terms of a noninteracting theory,

namely the integer quantum Hall effect. In this aspect, an interesting question arises:

Could we find interacting theories associated to any one of the (non-interacting) topo-

logically nontrivial theories in the tenfold way? The fractional quantum Hall effect is

known to be related to the integer quantum Hall effect through the flux attachment.

One may speculate that also for the other symmetry classes with nontrivial homotopy

groups similar interacting theories exist. In particular, one may raise the question

whether arguments similar to the flux attachment give rise to a fractional quantum

spin Hall effect. Recently, there have been proposals for the generalisation of the no-

tion of the topological invariant to interacting systems in two and four dimensions

[198]. It has also been shown that interactions can have a profound effect on the group

structure of the invariants: In a model of Majorana chains, the Z invariant in the non-

interacting model breaks down to Z8 when interactions are included [199, 200]. Cur-

rently, it is an open question whether a classification for interacting theories is pos-

sible. It might be speculated that the generalisation of the flux attachment and trial

wave functions may lead to new topological phases with possibly exotic topological
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invariants. Although a full classification of interaction-driven topological phases might

be elusive, the argument of flux attachments could provide valuable insight into their

structure.
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[74] J. Dalibard, F. Gerbier, G. Juzeliūnas, and P. Öhberg, Rev. Mod. Phys. 83, 1523

(2011).

[75] M. Aidelsburger, M. Atala, S. Nascimbène, S. Trotzky, Y.-A. Chen, and I. Bloch,

Phys. Rev. Lett. 107, 255301 (2011).

[76] N. R. Cooper, Phys. Rev. Lett. 106, 175301 (2011).

[77] N. Goldman, I. Satija, P. Nikolic, A. Bermudez, M. A. Martin-Delgado, M. Lewen-

stein, and I. B. Spielman, Phys. Rev. Lett. 105, 255302 (2010).

[78] L. Mazza, A. Bermudez, N. Goldman, M. Rizzi, M. A. Martin-Delgado, and

M. Lewenstein, New J. Phys. 14, 015007 (2012).

http://stacks.iop.org/1367-2630/12/i=6/a=065010
http://stacks.iop.org/1367-2630/12/i=6/a=065010
http://dx.doi.org/10.1103/PhysRevB.78.195424
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/ 10.1103/PhysRevX.2.031004
http://dx.doi.org/ 10.1103/PhysRevX.1.021001
http://dx.doi.org/10.1126/science.1204333
http://dx.doi.org/10.1126/science.1204333
http://dx.doi.org/ 10.1038/nature10941
http://dx.doi.org/ 10.1038/nature10941
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/ 10.1038/nature10871
http://dx.doi.org/ 10.1038/nature10871
http://dx.doi.org/ 10.1103/PhysRevA.80.043411
http://dx.doi.org/ 10.1103/PhysRevA.80.043411
http://dx.doi.org/10.1038/nature08609
http://dx.doi.org/10.1038/nature08609
http://dx.doi.org/10.1038/nature09887
http://dx.doi.org/ 10.1103/RevModPhys.83.1523
http://dx.doi.org/ 10.1103/RevModPhys.83.1523
http://dx.doi.org/ 10.1103/PhysRevLett.107.255301
http://dx.doi.org/10.1103/PhysRevLett.106.175301
http://dx.doi.org/ 10.1103/PhysRevLett.105.255302
http://dx.doi.org/ 10.1088/1367-2630/14/1/015007


141

[79] K. Osterloh, M. Baig, L. Santos, P. Zoller, and M. Lewenstein, Phys. Rev. Lett. 95,

010403 (2005).

[80] B. Béri and N. R. Cooper, Phys. Rev. Lett. 107, 145301 (2011).

[81] L.-K. Lim, C. Morais Smith, and A. Hemmerich, Phys. Rev. Lett. 100, 130402

(2008).

[82] L.-K. Lim, A. Hemmerich, and C. Morais Smith, Phys. Rev. A 81, 023404 (2010).

[83] N. Goldman, A. Kubasiak, A. Bermudez, P. Gaspard, M. Lewenstein, and M. A.

Martin-Delgado, Phys. Rev. Lett. 103, 035301 (2009).

[84] A. Bermudez, L. Mazza, M. Rizzi, N. Goldman, M. Lewenstein, and M. A. Martin-

Delgado, Phys. Rev. Lett. 105, 190404 (2010).

[85] Z. Lan, N. Goldman, A. Bermudez, W. Lu, and P. Öhberg, Phys. Rev. B 84, 165115

(2011).

[86] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev. Mod. Phys. 82, 1225 (2010).

[87] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885 (2008).

[88] J. Bellissard and B. Simon, J. Funct. Anal. 48, 408 (1982).

[89] Y. Hatsugai, Phys. Rev. B 48, 11851 (1993).

[90] M. Büttiker, Y. Imry, R. Landauer, and S. Pinhas, Phys. Rev. B 31, 6207 (1985).

[91] M. Kohmoto, Ann. Phys. 160, 343 (1985).

[92] Y. Hatsugai, Phys. Rev. Lett. 71, 3697 (1993).
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Samenvatting

In de klassieke mechanica van Newton beschrijft men deeltjes in termen van bijvoor-

beeld zijn plaats en zijn snelheid. Deze grootheden zijn continue variabelen: Zij kun-

nen binnen zekere grenzen alle mogelijke waarden aannemen. In de golfmechanica

zien we grootheden die een zeker aantal discrete waarden aannemen; denk bijvoor-

beeld aan de frequentie van de trillingen in een snaar van een muziekinstrument. Zo

op het eerste gezicht gedragen golven en deeltjes zich dus heel verschillend. Aan het

begin van de twintigste eeuw heeft men echter aangetoond dat ook deeltjes zich ge-

dragen als golven. De grootheden zoals plaats, snelheid en energie zijn geen continue

variabelen, maar ook zij kunnen slechts bepaalde waarden aannemen. De theorie die

dit beschrijft heet de kwantummechanica. Hierin refereert het woord “kwantum” aan

het feit dat de grootheden gekwantiseerd zijn, ofwel, dat ze alleen in vaste, discrete

stapjes voorkomen.

In het dagelijks leven werkt de klassieke mechanica heel goed, en zien we van de

kwantummechanica weinig terug. De kwantisatiestappen van de eerder genoemde

grootheden zijn zo klein, dat het lijkt alsof ze continue variabelen zijn. Pas op micro-

scopisch niveau speelt kwantummechanica een belangrijke rol, bijvoorbeeld bij de be-

schrijving van de structuur van atomen. In dit proefschrift beschrijven we echter sys-

temen waarbij de kwantummechanica ook observeerbaar is “in het groot”; de groot-

heden die hierbij een rol spelen zijn gekwantiseerd in stappen die met “huis-, tuin-, en

keukenapparatuur” te meten zijn.

Een voorbeeld hiervan is het kwantum-Halleffect, waar dit proefschrift o.a. om

draait. Dit effect is de kwantummechanische versie van het klassieke Halleffect, dat

in 1879 is ontdekt door Edwin Hall. In zijn experiment in 1879 heeft hij stroom laten

lopen door een plat stuk goudfolie, terwijl hij loodrecht daarop een magnetisch veld

heeft aangebracht. Hall observeerde dat hij loodrecht op de stroom een spanning kon

meten, die evenredig is met het product van de stroomsterkte en de sterkte van het

magnetisch veld. Of vanuit een ander oogpunt gezien, is de zogenaamde Hallweer-

stand (de verhouding tussen het gemeten voltageen de aangelegde stroom) evenredig

met het magnetisch veld. Ongeveer een eeuw later heeft Klaus von Klitzing een soort-

gelijk experiment gedaan, alleen dan met als geleider een dunne laag elektronen22 op

22Elektronen zijn de geladen deeltjes die voor de elektrische stroom zorgen. Elektronen behoren tot de
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Figuur 1: (a) Een kwantum-Hallsysteem. Op het grensvlak (rood in de figuur) tussen de half-

geleidermaterialen GaAs en AlGaAs ontstaat een dunne laag die geleidend is voor elektronen.

Loodrecht op dit grensvlak wordt een magnetisch veld B aangebracht, en in het vlak laat men

een stroom I lopen. Dan wordt met een voltmeter loodrecht op de stroom het Hallvoltage VH

gemeten. De Hallweerstand is de verhouding tussen spanning en stroom RH = VH/I . (b) De

Hallweerstand RH als functie van het magnetisch veld B . De stippellijn geeft aan wat men in

een klassiek systeem meet (het experiment van Hall in 1879), nl. dat de Hallweerstand evenre-

dig is met het magnetisch veld. Bij een zeer zuiver systeem bij lage temperaturen, zoals bij het

experiment van Von Klitzing in 1980, gedraagt de Hallweerstand zich zoals weergegeven door de

continue lijn: Men ziet een trapvormige curve, met “treden” op 25813Ω, 1
2×25813Ω, 1

3×25813Ω,

een teken dat er kwantisatie in het spel is.

het grensvlak tussen twee halfgeleiders [zie Fig. 1(a)]. Als de halfgeleiders zeer zuiver

zijn, en als de temperatuur dicht bij het absolute nulpunt (ongeveer −273◦C) ligt, dan

blijkt de Hallweerstand niet meer evenredig te zijn met het magnetisch veld, maar stap-

jes te vertonen op 25813Ω, 1
2 ×25813Ω, 1

3 ×25813Ω, etc., zoals weergegeven in Fig. 1.

Deze waarden zijn niet microscopisch klein, maar heel alledaags. Zulke weerstands-

waarden liggen ruim binnen het bereik van algemeen verkrijgbare voltmeters (bijv. de

multimeters bij de doe-het-zelfzaak).

Het experiment van Von Klitzing laat zien dat de Hallgeleiding (1 gedeeld door de

Hallweerstand) gekwantiseerd is in gelijke stappen, nl. 1/(25813Ω). Deze waarde, het

zogenaamde geleidingskwantum, is eenvoudig uit te drukken in universele natuurcon-

stanten: Het is e2/h, waarbij e de lading is van het elektron en h de constante van

Planck. Opvallend genoeg hangt de waarde van het geleidingskwantum alleen af van

universele natuurconstanten en niet van andere variabelen zoals de grootte van het

systeem of van de materialen die worden gebruikt. Vanwege de universaliteit van het

geleidingskwantum zijn kwantum-Hallexperimenten zeer bruikbaar om weerstands-

waarden te ijken. De universele waarde, de Von Klitzingconstante, is bekend tot een

fermionen, een meer algemene groep deeltjes, waaraan de titel van dit proefschrift refereert.
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g = 0 g = 1 g = 2(a)
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Figuur 2: Topologie. (a) Driedimensionale objecten die in elkaar omgevormd kunnen worden

door te “kneden” zonder te scheuren, gaten te maken of te plakken zijn topologisch equivalent,

aangegeven met het symbool “∼=”. Zo is een beker zonder oor equivalent met een bol, een mok

met één oor equivalent met een torus (donut), en een soepkom met twee oren equivalent met

een dubbele torus. Het “aantal oren” (ofwel het “genus”) g is een topologische invariant, want

het aantal oren kan niet veranderd worden door te “kneden”. (b) Een strook papier kan aan de

uiteinden aan elkaar worden geplakt tot een cilinder (links), maar door de uiteinden één slag

of twee slagen te draaien ontstaan nieuwe, topologisch inequivalente structuren. Het aantal

randen r van het oppervlak is een topologische invariant, maar kan anders dan het genus in (a)

slechts twee waarden aannemen, r = 1 of r = 2. Dit is een voorbeeld van een “even-oneven”

topologische invariant.

precisie van 1 op 3 miljard.23

Dat de kwantisatie van de Hallgeleiding zo nauwkeurig is bepaald komt doordat de

waarde van de Hallgeleiding niet kan worden beïnvloed door kleine verstoringen zoals

onzuiverheden in het materiaal of afwijkingen in de vorm van het systeem. Vanwege

deze eigenschap wordt het kwantum-Halleffect topologisch genoemd. Deze term is

ontleend aan het vakgebied topologie in de wiskunde. In dit onderdeel van de meet-

kunde bestudeert men van objecten de eigenschappen die niet veranderen bij een con-

tinue vervorming: Twee oppervlakken of lichamen worden beschouwd als topologisch

equivalent als zij in elkaar om te vormen zijn zonder te “scheuren” of te “plakken”, zie

Fig. 2. In de topologie spelen topologische invarianten een belangrijke rol. Dit zijn

getallen die nauw verbonden zijn aan de topologische structuur van een object: Als

twee objecten topologisch equivalent zijn, dan moeten die topologische invarianten

gelijk zijn.24 Een continue vervorming van een object verandert zijn topologische ei-

genschappen niet, en daarom blijven ook de topologische invarianten behouden. In

die zin is de Hallgeleiding een topologische invariant, omdat kleine (continue) veran-

23Naast zijn eigen constante heeft Von Klitzing voor zijn werk ook de Nobelprijs voor Natuurkunde van
1985 gekregen.

24Omgekeerd hoeft het niet altijd te gelden.
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deringen geen invloed erop hebben. Hierbij moet vermeld worden dat deze topologi-

sche invariant los staat van de topologische structuur van het kwantum-Hallsysteem

zelf; de topologie die verband houdt met de Hallgeleiding heeft een abstractere defini-

tie (die ter sprake komt in hoofdstuk 2 van dit proefschrift).

We hebben nu vastgesteld dat de Hallgeleiding gekwantiseerd en topologisch is,

maar we hebben nog geen antwoord gegeven op de vraag waarom. Het magnetisch

veld zorgt ervoor dat alleen de elektronen die zich aan de rand bevinden kunnen bij-

dragen aan de stroom. Elektronen ver van de rand blijven op dezelfde plaats. Dit is

een bijzonderheid van het kwantum-Hallsysteem: Het inwendige (“de bulk”) van het

systeem is isolerend (d.w.z. er loopt daar geen stroom) terwijl de randen elektrisch ge-

leidend zijn. Het feit dat de stromen alleen langs de randen kunnen lopen en dat het

magnetische veld deze stromen in één bepaalde richting dwingt heeft een belangrijke

consequentie. Als een elektron botst tegen een onzuiverheid in het materiaal, dan kan

onmogelijk zijn bewegingsrichting omdraaien. Botsingen hebben dus geen effect op

de stroom. Aangezien deze randstromen verantwoordelijk zijn voor de Hallgeleiding,

is deze dus immuun voor de aanwezigheid van zulke onzuiverheden. In vergelijking: In

een normale geleider veroorzaken onzuiverheden een elektrische weerstand doordat

elektronen botsen met deze onzuiverheden. Bij zulke botsingen kunnen de elektronen

teruggekaatst worden in een willekeurige richting, wat zorgt voor een afname in de

elektrische stroom, en dus een toename in de elektrische weerstand.

Een ander voorbeeld van topologie in een tweedimensionaal systeem is het kwan-

tum-spin-Halleffect, theoretisch beschreven en experimenteel aangetoond rond 2005.

Het kwantum-spin-Halleffect is een variant van het kwantum-Halleffect waarbij de

randstromen niet veroorzaakt worden door een magnetisch veld, maar door een mate-

riaaleigenschap die intrinsieke spin-baankoppeling genoemd wordt. Hierdoor hebben

elektronen met tegengestelde spin25 een tegengestelde bewegingsrichting op de rand,

waardoor er netto geen elektrische lading verplaatst wordt, maar wel “spinlading”. De

bijbehorende topologische invariant is in dat geval de spin-Hallgeleiding. Anders dan

de gewone Hallgeleiding kan deze invariant slechts twee waarden aannemen, “even”

en “oneven” [zie Fig. 2(b)]. Materialen die het kwantum-spin-Halleffect vertonen wor-

den ook wel topologische isolatoren genoemd; op dit moment wordt er zeer veel onder-

zoek gedaan naar zulke materialen en hun eigenschappen, zowel in tweedimensionale

als in driedimensionale systemen.

In dit proefschrift onderzoek ik verschillende tweedimensionale (d.w.z. platte) sys-

temen met topologische invarianten zoals de Hallgeleiding en spin-Hallgeleiding. In

hoofdstuk 2 onderzoek ik systemen waarin zowel een magnetisch veld (dat aanleiding

geeft tot het kwantum-Halleffect) als spin-baankoppeling (dat leidt tot het kwantum-

25Deeltjes zoals elektronen hebben in de kwantummechanica een extra vrijheidsgraad genaamd “spin”.
Spin heeft geen klassiek analogon, maar gedraagt zich als een impulsmoment (rotatie om zijn as). Het elek-
tron heeft kan twee spintoestanden hebben ,“up” of ”down”.
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spin-Halleffect) aanwezig zijn. Hierbij laat ik zien dat er ook toestanden bestaan waar-

bij tegelijkertijd de Hallgeleiding en de spin-Hallgeleiding gekwantiseerd zijn (en niet

nul). Dit doe ik door een analyse te maken van de kwantumtoestanden van de elektro-

nen op de rand. Ik geef ook een overzicht van het soort systemen waarin zulke toestan-

den experimenteel geobserveerd kunnen gaan worden. Hierbij passeren bijvoorbeeld

grafeen en optische roosters de revue, beide ook vakgebieden waarin op dit moment

zowel op theoretisch als op experimenteel gebied zeer veel interesse is.

In hoofdstuk 3 bestudeer ik een systeem van het materiaal HgTe, dat een sterke

spin-baankoppeling heeft. Als het niet wordt blootgesteld aan een magnetisch veld,

dan is in dit systeem het kwantum-spin-Halleffect te meten. In een magnetisch veld

gedraagt het zich als een kwantum-Hallsysteem. Door Mn ionen toe te voegen ver-

anderen de magnetische eigenschappen van het materiaal, wat leidt tot een bijzonder

verloop van de Hallgeleiding als functie van het magnetisch veld.

In hoofdstuk 4 beschrijf ik een formalisme waarmee het fractioneel kwantum-Hall-

effect kan worden verklaard. Het fractioneel kwantum-Halleffect is zichtbaar in een

meting van de Hallgeleiding van een kwantum-Hallsysteem als kwantisatiestappen die

niet op een geheel veelvoud maal het geleidingskwantum e2/h liggen, maar op een

breuk maal e2/h. Dit wordt veroorzaakt doordat het magnetisme aan de elektronen

“kleeft”. Dit effect wordt beschreven met het zogenaamd Chern-Simonsformalisme. In

dit proefschrift geef ik aan hoe dit formalisme moet worden toegepast wanneer de in-

terne vrijheidsgraden van de elektronen, zoals spin, een niet verwaarloosbare bijdrage

leveren aan de fysische eigenschappen (bijv. de Hallgeleiding).

De motivatie om deze onderwerpen te onderzoeken ligt in de (toekomstige) toe-

pasbaarheid van topologische toestanden bijvoorbeeld bij kwantumcomputers. De

topologische bescherming van zulke toestanden, namelijk de immuniteit voor kleine

verstoringen, zou een van de belangrijkste problemen uit dit vakgebied, het verloren

gaan van de kwantumdata door invloeden van buitenaf, kunnen oplossen. Tevens zijn

er mogelijkheden om topologische toestanden te gebruiken in de spintronica, waarbij

niet de elektrische lading van de elektronen, maar hun spin wordt gebruikt om scha-

kelingen mee te maken.
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