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1 Hadamard powers

Let A = (aij) and B = (bij) be matrices of the same size. Then their Hadamard product (also
called Schur product) A�B is de�ned by entrywise multiplication: A�B = (aijbij) . The Hadamard
unit matrix is the matrix U all of whose entries are 1 (the size of U being understood). A matrix
A is Hadamard invertible if all its entries are non-zero, and A�(�1) = (a�1ij ) is then called the
Hadamard inverse of A. If B is Hadamard invertible, then the Hadamard quotient A �=B of A
and B is (aijb

�1
ij ). The k-fold Hadamard product A�k of A with itself (k � 0) is called the k-th

Hadamard power of A; thus (aij)�k = (akij). In particular, A
�0 = U (conventionally we set 00 = 1).

If A is Hadamard invertible, then A�k can be de�ned for negative integers as well, in an obvious
manner. For more information on the Hadamard product, see [7, Chapter 5] and [5].

In this paper we restrict our attention to real matrices. If all entries of A are non-negative,
then we can also consider fractional Hadamard powers of A: if A = (aij) with aij � 0 for all i; j,
and � 2 R, � � 0, then A�� = (a�ij). If aij > 0 for all i; j, then A�� can be de�ned for all � 2 R.
Note that (A �B)�� = A�� �B�� whenever all these fractional Hadamard powers are de�ned.

Matrices of size n � 1 (`column vectors') will be identi�ed with elements of Rn. In this way
the Hadamard product v �w, Hadamard powers v�k (k � 0), and fractional Hadamard powers v��

(for suitable � 2 R) are de�ned for v; w 2 Rn. The Hadamard unit vector is the vector u all of
whose entries are 1. The transpose of a vector v will be denoted by v�.

There is an interesting di�erence between matrices of rank one and matrices of higher rank: if
a matrix has rank one, then the same holds for all its existing fractional Hadamard powers; but if
the rank is at least two and there are no evident obstructions (such as a row of zeros or two equal
rows), then almost all fractional Hadamard powers will have maximal rank.

2 Positive-de�nite matrices

A (real or complex) n � n matrix A will be called positive-de�nite (many authors use, more
accurately, positive semi-de�nite) if

v�Av � 0 for all v 2 Cn ; (1)

where v� is the transpose of the complex-conjugate of v. A real matrix A is positive-de�nite (in
the above sense) if and only if A is symmetric and satis�es

v�Av � 0 for all v 2 Rn : (2)

It is customary to call such real matrices symmetric positive-de�nite.
As in [2], we shall write Sn for the set of all (real) symmetric positive-de�nite n� n matrices,

and S+n for those matrices in Sn for which all entries are non-negative. The following proposition
is a fundamental result of Schur (1911) (cf. [6, 7.5.3]).

�The research of the second author was supported by a travel grant of the Netherlands Organization for Scienti�c
Research (NWO).

1



Proposition 2.1 Suppose that A;B 2 Sn. Then also A �B 2 Sn. In particular, if A 2 Sn, then
A�k 2 Sn for all non-negative integers k. 2

Let A = (aij) be an m � n matrix. For � 6= � � f1; : : : ;mg and � 6= � � f1; : : : ; ng, the
submatrix A�� is de�ned as A�� = (aij)i2�; j2�. If m = n and � 6= � � f1; : : : ; ng, then A�� is
called a principal submatrix of A. The determinant of a square submatrix is called a minor , of a
principal submatrix a principal minor of A (cf. [6, section 0.7.1]). In the next proposition another
fundamental fact from the theory of symmetric positive-de�nite matrices is given (cf. [6, 7.1.2 and
7.2.5]).

Proposition 2.2 A symmetric real n�n matrix A is positive-de�nite if and only if all its principal
minors are non-negative. 2

Consider the following problem: for a matrix A 2 S+n and a non-negative real number �, when
will A�� again belong to S+n ? For integer values of � this is always the case, by Proposition 2.1.
We can also make the following observation.

Proposition 2.3 Let A be an n � n matrix with non-negative entries. If there exist arbitrarily
small � > 0 such that A�� 2 Sn, then A�� 2 Sn for all � � 0.

Proof Let X be the set of all � � 0 for which A�� 2 S+n . From Proposition 2.2 it follows that X
is closed, while Proposition 2.1 implies that X is dense in [0;1). Thus X = [0;1). 2

Remark 2.4 Proposition 2.3 is of some interest in connection with the following criterion, men-
tioned in [5, p. 144]. There a matrix A 2 S+n such that A�� 2 S+n for all � > 0 is called in�nitely
divisible. Further, an n � n matrix A is called conditionally positive-de�nite if relation (2) holds
for all v 2 C

n for which u�v = 0 (i.e. all v whose entries sum to zero). It is then shown that
if A 2 S+n has strictly positive entries, then A is in�nitely divisible if and only if log�(A) (the
entrywise logarithm of A) is conditionally positive-de�nite.

It is known that A�� 2 S+n will hold for all A 2 S+n if and only if � is an integer or � > n� 2;
cf. [5, p. 144]. The necessity of the condition follows from a more general result proved by Horn
in 1969 [4, Theorem 1.2 and Corollary 1.3]. The su�ciency was proved in 1977, by an inductive
argument, in [3, Theorem 2.2]. In that same paper (p: 636) the necessity is proved again: an
explicit example is constructed, for � < n � 2 (and � not an integer, cf. Proposition 2.1) of a
matrix A 2 S+n , of rank 2 and very close to the Hadamard unit matrix U , for which A�� 62 Sn.
This example inspired us to do the research of the present paper; cf. Example 8.4.

In fact, we study the following question: if a matrix T 2 S+n of rank 1 and with strictly positive
entries is approximated by matrices of the form T + "V , with V 2 Sn, when will (T + "V )�� have
a negative determinant for su�ciently small " > 0 ? In other words, we approach T along straight
lines in T + Sn, the positive-de�nite cone at T , and study the behaviour of the determinant of
the �-th power. Some restriction in the choice of the matrices V will be necessary, though, for
the following reason. As was pointed out in Section 1, if A 2 S+n has rank at least 2, then in
general the rank of A�� will be maximal for most values of � > 0. However, for matrices A
whose elements are \not in general position" it will happen that no fractional power is of maximal
rank. For instance, if A has a row of zeros, or if two of its rows are equal, then the same will be
the case for A��. To avoid such exceptional matrices we shall introduce the notion of Hadamard
independent matrices (De�nition 5.12; see also Example 5.13). In this connection we introduce
the notion of a cloud to represent a symmetric positive-de�nite matrix.

Theorems 7.3 and 7.6 provide an answer to the above question. Of course, the answer depends
on the value of �, but in fact, as we shall see, only on [�], i.e. on the interval between two
consecutive integers to which � belongs. It further turns out that the sign of the determinant (for
" > 0 small enough) depends only on the value p of the rank of V in relation to the size n of the
matrix. For instance, if the approximation is done with a matrix V of rank p, then for 0 < � < 1
the determinant of the �-th power of T + "V will be positive for su�ciently small " > 0 when
p = n or p = n� 1, but negative if p = n� 2.
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3 Clouds

Consider an element v 2 Rn. The matrix product vv� is an element of Sn (this follows from (2))
of rank 1. Precisely: if v = (xi)i, then vv� = (xixj)i;j. In particular, one has uu� = U .

Conversely, each A 2 Sn of rank 1 can be written as A = vv� . To see this, one can argue
as follows. Let A = (aij) have rank 1. Then aii � 0 for all i (Proposition 2.2) and aij = aji =
sgn(aij)

p
aiiajj (because of the rank). Assume, without loss of generality, that a11 6= 0 (not all

aii can be zero, again because of the rank). For arbitrary i; j one has aij = ai1a1ja
�1
11 (because

of the rank), hence sgn(aij) = sgn(ai1) � sgn(aj1). Now take v = �(sgn(ai1)paii)i (two possible
choices). Then the i; j-th element of vv� is sgn(ai1)sgn(aj1)

p
aiiajj = sgn(aij)

p
aiiajj = aij, as

desired. This reasoning corrects an inaccuracy in [2, Section 2.4].
Now let v1; : : : ; vp be linearly independent elements of Rn. Then

A = v1v
�
1 + � � �+ vpv

�
p (3)

is a symmetric positive-de�nite matrix of rank p (cf. [6, Theorem 7.5.2]). Conversely, any matrix

A 2 Sn of rank p can be written as in (3). For instance, for A = (aij) one can take v1 =

�
ai1p
a11

�
i

(assuming that a11 6= 0; otherwise start the procedure with another column of A). Then v1v
�
1 =�

ai1a1ja
�1
11

�
ij
(recall that a1j = aj1 and that a11 > 0), and hence the �rst row and the �rst column

of A � v1v
�
1 are zero. One can therefore continue by choosing v2 with its �rst coordinate equal to

0, etc. Of course, this procedure is not unique, and the question arises when two representations
as in (3) give the same matrix. The answer is given in the following theorem.

Theorem 3.1 Let v1; : : : ; vp and w1; : : : ; wp be two sets of linearly independent vectors in R
n.

Then the matrices V = v1v
�
1 + � � �+ vpv

�
p and W = w1w

�
1 + � � �+ wpw

�
p will satisfy V = W if and

only if there exists an orthogonal p� p matrix S = (�ij) such that

wi =

pX
j=1

�ijvj (1 � i � p) :

Proof Write vk = (xik)1�i�n (1 � k � p). Then V = (yij) with yij =
Pp

k=1 xikxjk. Now de�ne
vectors evi = (xik)1�k�p 2 R

p (1 � i � n). Then yij = evi � evj, the dot denoting the usual inner
product. Moreover, the vectors evi span Rp, because the row rank of the matrix (xik) equals its
column rank, which is p. Now an orthogonal transformation of Rp transforms the system of the
n vectors evi into a similar system ewi with the same values for the inner products ewi � ewj , so that
the matrix W generated by the wi is equal to V .

Conversely, if the matrices V and W are equal, then the vectors evi and ewi (1 � i � n), de�ned
as above, are sets of vectors in Rp satisfying evi � evj = ewi � ewj for all i; j, and both sets span all of
R
p. By bilinearity it follows that for arbitrary scalars a1; : : : ; an the vectors a1ev1+ � � �+ anevn and

a1 ew1+ � � �+an ewn have the same length. In particular, if a linear combination of ev1; : : : ; evn equals
zero, then so does the corresponding linear combination of ew1; : : : ; ewn. Now choose i1; : : : ; ip such
that the vectors evi1 ; : : : ; evip form a basis of Rp. It follows from the observation above that the
corresponding vectors ewi1 ; : : : ; ewip form a basis of Rp as well. It further follows that if a vectorevk (1 � k � n) is written as a linear combination of the basis vectors evij (1 � j � p), then ewk is
equal to the same linear combination of the vectors ewij . The linear transformation that maps evij
to ewij (1 � j � p) therefore maps each evk to the corresponding ewk (1 � k � n). Finally, it follows
in the same way that this mapping preserves orthogonality and length, and hence is an orthogonal
transformation. 2

If S is a permutation matrix, then the wi are just a permutation of the vi. Furthermore, the
case p = 1 implies that if vv� = ww�, then v = �w, in accordance with the �rst paragraph of this
section. For a more intricate case see Example 5.13.

Theorem 3.1 motivates the following de�nition.
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De�nition 3.2 Let n � 1 be �xed. Consider ordered n-tuples (ev1; : : : ; evn) of elements in Rn. Two
n-tuples (ev1; : : : ; evn) and ( ew1; : : : ; ewn) will be called equivalent if there is an orthogonal transfor-
mation S of Rn such that Sevi = ewi (1 � i � n ). The equivalence class to which (ev1; : : : ; evn)
belongs will be denoted by [ev1; : : : ; evn] . A class [ev1; : : : ; evn] will be called a cloud of size n (or, sim-
ply, a cloud, when n is understood). Each representing element (ev1; : : : ; evn) of a cloud is called
a positioning of the cloud. The dimension of the linear subspace spanned by the vectors of any
positioning of a cloud will be called the dimension of the cloud.

Note that the dimension of a cloud is well-de�ned. If a cloud of size n has dimension p (with
0 � p � n ), then one can in particular consider those positionings (ev1; : : : ; evn) of the cloud for
which all evi (1 � i � n ) have their last n� p coordinates equal to zero. These positionings may
then be considered, in an evident way, as n-tuples of vectors in Rp. And then, clearly, two n-tuples
in Rp are equivalent (in the above sense) if and only if there is an orthogonal transformation S of
R
p that transforms one of the n-tuples into the other. We shall occasionally call a cloud of size n

and dimension at most p a cloud of size n in Rp.

De�nition 3.3 Let C be a cloud of size n, say C = [ev1; : : : ; evn]. The matrix AC 2 Sn, de�ned by
AC = (evi � evj)i;j, will be called the (symmetric positive-de�nite) matrix determined by C.

The matrix AC is well-de�ned because it is independent of the chosen positioning of the cloud.
In fact, if C has size n and dimension p, and (ev1; : : : ; evn) is a positioning of C in R

p, then
AC = v1v

�
1 + � � �+ vpv

�
p with vk = (xik)1�i�n (1 � k � p) if evi = (xik)1�k�p 2 Rp (1 � i � n).

The vk are the column vectors, the evi the row vectors of the n� p matrix X = (xik); cf. the proof
of Theorem 3.1 above.

Theorem 3.1 together with the computation preceding it can now be reformulated in the
following way.

Theorem 3.4 The mapping C 7! AC establishes a bijective correspondence between the clouds of
size n and the elements of Sn. Moreover, the dimension of C is equal to the rank of AC . 2

As an extension of De�nition 3.3 we can now de�ne, for a matrix A 2 Sn, the cloud of A to
be the cloud C such that AC = A.

Example 3.5 The zero matrix corresponds to the cloud [0; : : : ; 0], and (0; : : : ; 0) is the only
positioning of this cloud. If A 2 Sn has rank 1, then its cloud in R is given by an n-tuple of real
numbers; such a cloud has only two positionings in R. The cloud [1; 1; : : : ; 1] (with n identical
points in R) corresponds to the Hadamard unit matrix U (of size n). The cloud of size n whose
positionings are the orthonormal bases in Rn corresponds to the classical n � n unit matrix. A
matrix A 2 Sn will be close (in some natural sense to be speci�ed) to a matrix in Sn of rank p if
the elements of any positioning of its cloud are close to a p-dimensional subspace of Rn.

In (3) the vectors v1; : : : ; vp were required to be linearly independent, and this asssumption
was used in Theorem 3.1 and for the de�nition of clouds. For the representation as such, however,
linear independence is not necessary, and one can even take in�nitely many vectors, providing
that the sum (as in (3)) is convergent. Generalizing a result in [2], we prove a theorem about the
determinant of such matrices. We need a de�nition �rst.

De�nition 3.6 Consider an arbitrary index set K. Let vk, k 2 K, be vectors in Rn, and let � be
a subset of K with n elements (notation: j�j = n). Then the volume of the parallelepiped spanned
by the vectors vk (k 2 �) will be denoted by S�. Explicitly: if V� is a matrix whose columns are
the vk with k 2 �, in any order, then S� = j detV�j.

Furthermore, let also scalars ck, k 2 K, be given. Then c� is de�ned by c� =
Q

k2� ck. (In
fact, � might even be in�nite, provided the in�nite product is convergent.)
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Theorem 3.7 Let K be any index set and let for each k 2 K a column vector vk 2 R
n and a

scalar ck be given such that
P

k2K ckvkv
�
k is entrywise absolutely convergent. Then:

det

 X
k2K

ckvkv
�
k

!
=

X
��K;j�j=n

c�S
2
� :

Proof For �nite K this is Proposition 1 in [2]. The general case follows by continuity. 2

We end this section with a notion that will be needed in Sections 7 and 8. The multiplicative
trace mtr(A) of a square matrix A = (aij) is de�ned as follows:

mtr(A) =
Y
i

aii : (4)

If A 2 Sn, then mtr(A) � 0, and mtr(A) = 0 occurs only if A has a complete row (and corre-
sponding column) of zeros. One also has, for A 2 S+n and � � 0:

mtr(A��) = (mtr(A))�: (5)

Lemma 3.8 Suppose that A 2 Sn has rank 1. Let B be any n� n matrix. Then

det(A �B) = mtr(A) � det(B) :
Proof Write A = (aij) and B = (bij). There exists a vector a = (ai) such that aa� = A, thus
aij = aiaj . Then A � B = (aiajbij), and hence, by a standard property of the determinant:
det(A �B) = Qi ai

Q
j aj det(bij) =

Q
i aii � det(B) = mtr(A) det(B). 2

4 Polynomial coe�cients

In this section we collect some notation, de�nitions and formulae that will be needed in the sequel.
Let p be a positive integer. For m = (m1; : : : ;mp) 2 Np we de�ne:

jmj =
pX
i=1

mi; m! =

pY
i=1

mi! : (6)

For � � N
p we de�ne:

j�j = Card (�); k�k =
X
m2�

jmj: (7)

We shall denote the usual binomial coe�cients
�
m
k

�
by (m j k); thus:

(m j k) = 1

k!

k�1Y
i=0

(m � i) (0 � k � m) (8)

(by convention, an empty product (which occurs when k = 0) equals 1). Actually, it will be
convenient to use a more symmetric way to denote binomial coe�cients, by de�ning

(m k k) = (m + k j k) ; (9)

or, explicitly:

(m k k) = 1

k!

kY
i=1

(m + i) (m; k � 0) : (10)

Note that (m k k) = (k km). The well-known formula (m + 1 j k) = (m j k) + (m j k � 1) is trans-
formed into the equality

(m + 1 k k) = (m k k) + (m + 1 k k � 1) : (11)
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The following equalities are easily seen to hold for all integers p � 1 and k � 0.

Card fm 2 Np j jmj = kg = (p� 1 k k) ; (12)

Card fm 2 Np j jmj � kg = (p k k) : (13)

Let p and n be positive integers. We de�ne:

�(p; n) = f� j � � N
p; j�j = ng ; (14)

�(p; n; l) = f� j � 2 �(p; n); k�k = lg (l � 0) ; (15)

L(p; n) = minfk�k j � 2 �(p; n)g : (16)

Example 4.1 For n = 1 we have �(p; 1) = N
p, if fmg and m are identi�ed. Then �(p; 1; l) =

fm 2 Np j jmj = lg, in particular �(p; 1; 0) = f(0; : : : ; 0)g and L(p; 1) = 0. For 2 � n � p+ 1 we
have L(p; n) = n� 1.

For brevity we shall often write L instead of L(p; n). For instance, the set �(p; n; L(p; n)) of
all � 2 �(p; n) for which k�k is minimal will be denoted by �(p; n; L). We clearly have:

�(p; n) =
1[
l=L

�(p; n; l) : (17)

For i; j 2 Z the set fn 2 Z j i � n � jg will be denoted by [i; j] and will be called a (�nite)
interval in Z. We consider �nite intervals in N delimited by binomial coe�cients (m k k); they will
play an important part later on. Explicitly, we de�ne:

Dm(k) = [ (m k k); (m k k + 1)] (m � 1; k � 0) : (18)

For each �xed m � 1 the Dm(k) (k � 0) are subsequent intervals, two adjacent intervals having
one point in common. For instance, for m = 3 these intervals are: [1; 4], [4; 10], [10; 20], : : :. Note
that for m = 0 one would get D0(k) = f1g for all k.

The number of elements in Dm(k) (denoted as jDm(k)j ) is 1 more than the di�erence between
its last and its �rst element. Applying (11) (with k and m interchanged) we therefore obtain:

jDm(k)j = 1 + (m � 1 k k + 1) : (19)

Lemma 4.2 Let p and n be positive integers. Let k � 0 be such that n 2 Dp(k). Consider an
element � 2 �(p; n). Then � 2 �(p; n; L) if and only if

fm 2 Np j jmj � kg � � � fm 2 Np j jmj � k + 1g : (20)

Proof Denote the set fm j jmj � kg by Mk. From (13), (14) and the de�nition of k it follows
that

CardMk � Card� � CardMk+1 : (21)

If � 2 �(p; n) and Mk 6� �, then also � 6� Mk, by (21). Therefore, one can replace an element of
�nMk by an element ofMkn� and obtain an element �0 with k�0k < k�k. Thus k�k is not minimal
in �(p; n). A similar reasoning shows that k�k is not minimal in �(p; n) if � 6� Mk+1. So (20) is
a necessary condition for minimality of k�k. But it is also su�cient, because for all � satisfying
(20) k�k takes the same value. 2

Remark 4.3 In the special case where n = (p k k+1) for some k � 0 one has n 2 Dp(k)\Dp(k+1).
In this case, however, �(p; n; L) contains only one element: � = Mk+1, so that indeed (20) holds
for both k and k + 1.
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Remark 4.4 In general, to obtain a � � N
p with j�j = n and k�k minimal, one has to choose

n � (p k k) elements (with k as in Lemma 4.2) from a set of (p � 1 k k + 1) elements (cf. (12)).
Hence the number of elements � for which k�k is minimal is:

Card (�(p; n; L)) = ((p � 1 k k + 1) jn� (p k k)) : (22)

This agrees with the previous remark for the special values of n considered there.

Now some generalizations of the `classical' binomial coe�cients will be de�ned; see (6) for the
notation. For m 2 Np (p � 1) we de�ne the p-nomial coe�cients

(jmj jm) =
jmj!
m!

: (23)

The quantity (jmj jm) equals the number of ways in which jmj objects can be divided into p
numbered classes in such a way that the i-th class contains mi objects (1 � i � p). For p = 2
these are the usual binomial coe�cients, with a slightly di�erent notation.

The following formula is well known:

(a1 + � � �+ ap)
k =

X
m2Np;jmj=k

(k jm) am ; (24)

where for a = (a1; : : : ; ap), m = (m1; : : : ;mp) we have used the notation:

am =

pY
i=1

ami

i : (25)

For � 2 R and m 2 N one has the generalized binomial coe�cients:

(� jm) =
�(�� 1) � � � � � (� �m + 1)

m!
: (26)

They occur in the Taylor formula

(1 + x)� =
1X

m=0

(� jm)xm (� 2 R; �1 < x < 1) : (27)

We now de�ne for m = (m1; : : : ;mp) 2 Np (p � 1) the generalized p-nomial coe�cients:

(� jm) =
�(�� 1) � � � � � (�� jmj+ 1)

m!
: (28)

For � = jmj this de�nition coincides with the earlier de�nition (23). For p = 1 it coincides with
(26), if (� j fmg) and (� jm) are identi�ed.

Remark 4.5 The apparent discrepancy with our earlier observation that (23) coincides with the
usual coe�cients, not for p = 1 but for p = 2, is understood on observing that for integers k and
m with k � m one has (k j fmg) = (k j fm; k �mg).

The following equality follows trivially from (26), (23), and (28):

(� j jmj) (jmj jm) = (� jm) (� 2 R; m 2 Np (p � 1)) : (29)

We �nally de�ne,for � 2 R, p � 1, and � � N
p, � �nite:

(� j�) =
Y
m2�

(� jm) : (30)

Lemma 4.6 Let � be a real number and let p and n be positive integers. Let the integer k be such
that n 2 Dp(k). If � 2 �(p; n; L), then

(� j�) =
kY

j=0

(�� j)n�(j k p)

, Y
m2�

m! : (31)
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Proof Consider an element m 2 Np. The numerator of (� jm) as given in (28) contains a factor
��j if and only if jmj > j. For � 2 �(p; n; L) there are j�j�Card fm j jmj � jg = n�(j k p) such
elements m in � (cf. Remark 4.4)). Therefore, for such a � the numerator of (� j�) is equal to
kY

j=0

(��j)n � (j k p) : Finally, the denominator of (� j�), as given in (31), is obtained by combining

(30) and (28). 2

Corollary 4.7 Let �, p and n be as in Lemma 4.6. Then for � 2 �(p; n; L) the coe�cients (� j�)
all have the same sign.

Proof The numerator in (31) is the same for all � 2 �(p; n; L). 2

5 The Hadamard span

Let E be any set. For m = (mv)v2E 2 NE we de�ne, analogous to (6):

jmj =
X
v2E

mv : (32)

If E is in�nite, then jmj can be +1. We shall denote by NE
0 the set of all m 2 N

E for which
jmj <1 (i.e. the set of all functions from E to N with �nite support).

Now let E be a subset of Rn. Each m 2 NE
0 de�nes a Hadamard product vm of elements of

E, in the following way:

vm =
Y
v2E

� v�mv (m = (mv) 2 NE
0 ) (33)

(the diamond attached to the product sign indicates that the product is taken in the Hadamard
sense). If E has p elements, say E = fv1; : : : ; vpg, then NE

0 = N
E �= N

p and (33) becomes

vm =

pY
i=1

� v�mi

i = v�m1

1 � � � � � v�mp

p (m 2 Np) : (34)

The formulae (33) and (34) de�ne mappings m 7! vm from N
E
0 and Np, respectively, into Rn.

De�nition 5.1 Let E be a subset of Rn. Then the set

H(E) =
�
vm

�� m 2 NE
0

	
(the range of the above mapping) will be called the Hadamard span of E.

Note that, conventionally, H(�) = fug.
The following terminology was introduced in [2].

De�nition 5.2 A subset E of a �nite-dimensional vector space X is called quasi linearly inde-
pendent if for all linear subspaces Y of X with Y 6= X the set Y \ E contains at most dim(Y )
elements. Otherwise E is called quasi linearly dependent.

If, in the above de�nition, Y = X is not excluded, then the de�nition reduces to ordinary
linear (in)dependence. Some further easy observations are collected in the following proposition.

Proposition 5.3 Let E be a subset of a �nite-dimensional vector space X.

(i) E is quasi linearly independent if and only if every subset of E with at most dimX elements
is linearly independent.

(ii) If E has at least dimX elements, then E is quasi linearly independent if and only if every
subset of E with dimX elements is a basis for X.
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(iii) Write E = fv�g�. If E is quasi linearly independent and C = fc�g� is a set of non-zero real
numbers, then also EC = fc�v�g� is quasi linearly independent. 2

Example 5.4 If E � V is quasi linearly independent and dimV > 0, then 0 62 E. In R the set
Rnf0g is quasi linearly independent. In R2 any curve not containing the origin and intersecting
each line through the origin at most once, is quasi linearly independent.

The following de�nition is a combination of the two previous ones; yet another one in this
chain of de�nitions will follow at the end of this section.

De�nition 5.5 A subset E of Rn will be called Hadamard quasi linearly independent if

(i) the mapping m 7! vm from N
E
0 into Rn is injective;

(ii) the Hadamard span H(E) of E is quasi linearly independent.

If a set E is Hadamard quasi linearly independent, then so are all its subsets (including the
empty set). It is therefore of interest to examine the case of a single vector v 2 Rn more closely.
When will the singleton fvg be Hadamard quasi linearly independent? Condition (i) of De�nition
5.5 is satis�ed unless all coordinates of v are 0 or 1 or �1, in which case all even powers of v are
equal, likewise all odd powers, and even all powers if all non-zero coordinates of v have the same
sign. Condition (ii) is satis�ed if the vectors u; v; v�2; v�3 : : : form a quasi linearly independent set.
For this latter condition we obtain a characterization via the following straightforward lemma.

Lemma 5.6 Let v 2 R
n be given. Let r be a positive integer and let m1; : : : ;mr be integers

satisfying 0 � m1 < m2 < : : : < mr . Then the vectors v�m1 ; : : : ; v�mr are linearly dependent if
and only if there is a polynomial P of the form P (x) = c1x

m1 + : : :+ crx
mr with not all ci equal

to 0, such that all n coordinates of v are roots of P .

Proof This is obvious because c1v�m1+: : :+crv�mr = 0 is valid if and only if c1x
m1

i +: : :+crx
mr

i = 0
for all coordinates xi of v. 2

Proposition 5.7 Let v 2 R
n be given. Then the vectors u; v; v�2; v�3 : : : are quasi linearly de-

pendent if and only if there exists a non-zero polynomial P with at most n terms such that all
coordinates of v are roots of P .

Proof By (i) of Proposition 5.3 these vectors are quasi linearly dependent if and only if there are
integers mi (1 � i � n) with 0 � m1 < m2 < : : : < mn such that the vectors v�m1 ; : : : ; v�mn are
linearly dependent. An application of Lemma 5.6 now gives the result. 2

For the next proposition we need some notation. Let x1; : : : ; xn be the coordinates of some

v 2 Rn. Consider the polynomial Qv be de�ned by Qv(x) =
nY
i=1

(x� xi). Set

ei =
X

��f1;:::;ng; j�j=i

Y
j2�

xj (1 � i � n) ;

the elementary symmetric sums of the xi. Then

Qv(x) = xn +
nX
i=1

(�1)i ei xn�i :

Proposition 5.8 Let v 2 R
n be given, with coordinates x1; : : : ; xn and elementary symmetric

sums e1; : : : ; en. Then the following properties hold.

(i) The vectors u; v; v�2; : : : ; v�(n�1) are linearly dependent if and only if not all coordinates of
v are distinct.
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(ii) Suppose that all coordinates of v are distinct. Then the vectors u; v; v�2; : : : ; v�n are quasi
linearly dependent if and only if ei = 0 for some i (1 � i � n). More speci�cally: if ei = 0,
then the v�m with 0 � m � n and m 6= n� i are linearly dependent.

(iii) If v has at least one coordinate equal to 0, then the vectors v; v�2; : : : ; v�n are linearly depen-
dent.

Proof The determinant of the matrix with columns u; v; : : : ; v�(n�1) is a Vandermonde determi-
nant; its value is

Q
1�i<j�n(xi � xj). This proves (i).

Concerning (ii), it follows from Lemma 5.6 that the said vectors are quasi linearly dependent
if and only if there is a polynomial P of degree at most n and with at most n terms such that
all coordinates of v are roots of P . On the other hand, such a polynomial must be divisible by
Qv (notation as before; here we use that all coordinates of v are distinct). Because Qv has degree
n, the only possibility is that P is a (non-zero) multiple of Qv. By Proposition 5.7 quasi linear
dependence occurs if and only if Qv has at most n terms, thus if and only if at least one of the ei
equals 0. This proves the �rst part of (ii). The speci�c case follows from Lemma 5.6.

Finally, if v has at least one coordinate equal to 0, then en = 0, thus (iii) follows from (ii). Of
course, (iii) is also evident without (ii): even all v�m (m � 1) belong to the (n � 1)-dimensional
subspace of all vectors with that speci�c coordinate equal to 0. 2

It is instructive to verify the correctness of the above proposition, and its proof, when n = 1.

Theorem 5.9 Let a vector v 2 Rn be given.

(i) If v has a coordinate 0, or if two of its coordinates are equal, then the singleton fvg is not
Hadamard quasi linearly independent.

(ii) Suppose that the coordinates of v are non-zero, pairwise di�erent, and of the same sign.
Then fvg is Hadamard quasi linearly independent.

Proof In case (i) it follows from (iii) and (i) of Proposition 5.8, respectively, that the vectors
u; v; v�2; : : : ; v�n are quasi linearly dependent, and hence that fvg is not Hadamard quasi linearly
independent.

Now suppose that v satis�es the conditions given in (ii). Then either all its coordinates are
strictly positive, or they are strictly negative. Assume the former. Consider any polynomialP with
at most n terms. By Descartes' rule of signs { the number of positive roots of a real polynomial
is at most equal to the number of changes of sign in its sequence of non-zero coe�cients; if it is
less, then by an even number (cf. [8, Part V, Chapter 1]) { such a polynomial can have at most
n � 1 positive roots. The desired result now follows from Proposition 5.7. If all coordinates of
v are negative, the result follows by considering �v (cf. (iii) of Proposition 5.3) or by applying
Descartes' rule to P (�x). 2

Remark 5.10 In [2] we prove the stronger result that for a vector v as in (ii) above even the set
fv�� j � 2 Rg is quasi linearly independent; see Lemma 1 and the remark which follows it in [2].
The above proof of the more restricted result is simpler and more direct.

Remark 5.11 For a singleton fvg to be Hadamard quasi linearly independent it is not enough
to require only that its entries are non-zero and mutually distinct in absolute value. For instance,
if v� = (1; 3;�4), then, by (ii) of Proposition 5.8 (or by direct veri�cation), the vectors u; v; v�3

are linearly dependent (because e1 = 0); and if v� = (1; 3;�3=4), then u; v�2; v�3 are linearly
dependent (because e2 = 0). As another example, consider the polynomial x5 � 2x + 1. It has
three real roots, say x1, x2, x3, with x1 < �1 and 1=2 < x2 < x3 = 1. Let v be the vector with
coordinates x1, x2, x3. One veri�es that the corresponding numbers e1, e2, e3 are non-zero: e1 is
positive, while e2 and e3 are negative. Thus u, v, v�2, v�3 are quasi linearly independent, by (ii)
of Proposition 5.8. But the vectors u, v, v�5 are linearly dependent (explicitly: v�5� 2v+ u = 0),
thus fvg is not Hadamard quasi linearly independent. This example shows that the last condition
in (ii) of Theorem 5.9 cannot be dropped.
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Now consider the case of an arbitrary �nite subset E of Rn with p elements, say E =
fv1; : : : ; vpg. When will E be Hadamard quasi linearly independent? As we have seen, a necessary
condition is that each singleton fvkg (1 � k � p) is Hadamard quasi linearly independent. The el-
ements of H(E) are the vectors vm withm 2 Np. Let us write v�k = (x1k; : : : ; xnk) (1 � k � p). If

m = (m1; : : : ;mp), then the coordinates of vm are

pY
k=1

xmk

ik (1 � i � n). Now H(E) is Hadamard

quasi linearly independent unless there are n di�erent elements mj 2 Np (1 � j � n) such that
the vectors vmj

are linearly dependent. Writing mj = (mj1; : : : ;mjp) (1 � j � n), this is the
case if and only if

det

 
pY

k=1

x
mjk

ik

!
ij

= 0 : (35)

The left hand side of (35) is a polynomial in the np variables xik (1 � i � n, 1 � k � p), Moreover,

this polynomial is homogeneous of degree

pX
k=1

nX
j=1

mjk =
nX
j=1

jmjj. Equation (35) determines a

conic manifold in Rnp, call it W�, where � = (m1; : : : ;mn) = (mjk) 2 (Np)n �= N
np. We observe

thatW� has Lebesgue measure zero, and that hence so has the setW =
S
�2Nnp W�. Representing,

in a natural way, the set E as an element of Rnp, we conclude that E is Hadamard quasi linearly
independent unless E 2 W , a negligible subset of Rnp.

Any matrix A 2 Sn of rank p corresponds to a unique cloud of size n in Rp (cf. De�nition 3.2
and Theorem 3.4). As described after De�nition 3.2, each positioning (ev1; : : : ; evn) of this cloud in
R
p determines a p-tuple fv1; : : : ; vpg of vectors in Rn such that A = v1v

�
1 + � � �+ vpv

�
p . It may well

happen that some of these p-tuples are Hadamard quasi linearly dependent, whereas most others
are not. One can try to position the cloud of A in such a way that the corresponding p-tuple is
Hadamard quasi linearly independent.

These considerations motivate the following de�nition.

De�nition 5.12 A matrix A 2 Sn is called Hadamard independent if it has a representation of
the form A = v1v

�
1 + � � �+ vpv

�
p with a set fv1; : : : ; vpg (with p elements) which is Hadamard quasi

linearly independent.

For a matrix A 2 Sn to be Hadamard independent it is certainly necessary that the n points in
its cloud are all distinct and all di�erent from zero. Indeed, if evi = evj (notation as in De�nitions
3.2 and 3.3), then the i-th and j-th row of A will be equal (the columns as well), and the equality
of the two vectors persists after an orthogonal transformation; likewise if one of the vectors in
the cloud is the zero vector. Now consider a matrix A 2 Sn of rank p whose cloud consists
of n non-zero and distinct points. If A has rank 1, it can still happen that A is not Hadamard
independent, due to the fact that in R its cloud has only two positionings. For instance, if A = vv�

with v� = (1; 3;�4), as in Remark 5.11, then the only positionings of its cloud [1; 3;�4] in R are
� (1; 3;�4), and in both cases we get Hadamard dependency.

However, ifA (as above) has rank at least 2, it seems plausible that a positioning of its cloud can
be found for which the corresponding p-tuple of vectors is Hadamard quasi linearly independent.
The following example will illustrate this.

Example 5.13 We take n = 2. Consider the cloud (of size 2) C = [(1; 1); (a; b)] with a and b
positive and di�erent from 1 (as explained after De�nition 3.2, it makes sense to consider the
vectors in a cloud as row vectors). The matrix AC determined by C is the matrix A = v1v

�
1+v2v

�
2

with v�1 = (1; a) and v�2 = (1; b); thus A =

�
2 a+ b

a + b a2 + b2

�
.

Set E = fv1; v2g � R
2. The Hadamard span H(E) consists of all vectors v�m1 v�k2 = (1; ambk)�

with m; k 2 N. In this particular case condition (ii) in De�nition 5.5 is trivially satis�ed because
H(E) is contained in the line f(1; y) j y 2 Rg (cf. the last part of Example 5.4). One �nds that
condition (i) is satis�ed unless b is a rational power of a. More generally, if v1 and v2 each have
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positive and di�erent coordinates, say v1 = (x1; x2)
�, v2 = (y1; y2)

�, then E is Hadamard quasi
linearly independent unless x1=x2 and y1=y2 are rational powers of one another.

As a speci�c example, let us take a = 2 and b = 4. Then A =

�
2 6
6 20

�
, its rank is 2,

but its generating set E = fv1; v2g is not Hadamard quasi linearly independent, by the criterion
above (we have b = a2). Now apply an orthogonal transformation, say a rotation over �. Then
a generating set F = fw1; w2g is obtained with w1 = cos � v1 � sin � v2, w2 = sin � v1 + cos � v2,
thus w�

1 = (cos � � sin � ; 2 cos � � 4 sin �), w�
2 = (cos � + sin � ; 4 cos � + 2 sin �) (note that indeed

w1w
�
1 + w2w

�
2 = A). From the criterion above it follows that F is Hadamard quasi linearly

independent, for instance, for values of � close to 0 for which the quotient

log(cos � � sin �) � log(2 cos � � 4 sin �)

log(cos � + sin �) � log(4 cos � + 2 sin �)

is irrational.

For larger values of n and p the computations become rather complicated. One can for in-
stance embed the orthogonal group as a compact manifold Op of dimension p(p + 1)=2 in the
p2-dimensional vector space of all p � p matrices. Each choice M = fm1; : : : ;mng of n elements
in Np determines a polynomial, say PM , in the p2 variables of the vector space. It remains then to
show that the manifoldOp is not contained in the union of the countably many manifoldsPM = 0.
However, our computations are not conclusive so far.

6 A Taylor expansion

In this section we obtain an expansion of Taylor type for the determinant of fractional powers of
matrices near the unit matrix U .

Lemma 6.1 Let V be an n� n matrix all of whose entries are less than 1 in absolute value. Let
� be a real number. Then the �-th fractional Hadamard power of U + V is given by:

(U + V )�� =
1X
k=0

(� j k)V �k :

Proof Apply (27) entrywise. 2

Lemma 6.2 Let v1; : : : ; vp be vectors in Rn and let the matrix V be given by

V = v1v
�
1 + � � �+ vpv

�
p :

Then the integer Hadamard powers V �k (k � 0) are given by the formula (cf. (34) for the notation):

V �k =
X

m2Np; jmj=k

(k jm) vmv�m :

Proof Set vl = (xil)i (1 � l � p); then V =

 
pX
l=1

xilxjl

!
i;j

. Now apply (24) and (25) �rst, and

then (34). 2

Lemma 6.3 Let v1; : : : ; vp and V be as in Lemma 6.2 above. Let � be an arbitrary real number.
Then for " su�ciently close to zero the �-th fractional Hadamard power of the matrix U + "V is
given by

(U + "V )�� =
X
m2Np

(� jm) "jmjvmv�m : (36)
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Proof Take " so close to zero that all entries of "V are less than 1 in absolute value. Now combine
the Lemmas 6.1 and 6.2 and apply (29). 2

The following key result can now be proved (cf. (34), (30), (15), (16) and De�nition 3.6 for the
notation).

Theorem 6.4 Let v1; : : : ; vp be vectors in Rn and let the matrix V be given by

V = v1v
�
1 + � � �+ vpv

�
p :

Then for " su�ciently close to zero and any � 2 R the determinant of the matrix (U + "V )�� is
given by the formula

det((U + "V )��) =
1X
l=L

Cl "
l ; (37)

where L = L(p; n) and the Cl (l � L) are given by

Cl =
X

�2�(p;n;l)

(� j�)S2� : (38)

Proof Applying Theorem 3.7 to (36) in Lemma 6.3 we obtain:

det((U + "V )��) =
X

��Np; j�j=n

 Y
m2�

(� jm)"jmj

!
S2� :

Substitution of (14), (30), and (7) into this equality entails

det((U + "V )��) =
X

�2�(p;n)

(� j�) "k�kS2� : (39)

Finally, rearranging this sum according to the partition given in (17), formula (37) follows. 2

Remark 6.5 From Theorem 6.4 it is clear why integer values for the exponent � are exceptional
in the sense that integer powers of symmetric positive-de�nite matrices are again positive-de�nite
(Schur's theorem (Proposition 2.1)). Indeed, in this case the factors (� jm) (cf. (28)) don't take
negative values: they are positive for jmj � � and zero for jmj � � + 1; consequently, the
coe�cients (� j�) (cf. (30)) are 0 for � su�ciently large, the series (37) is �nite, and the sum is
positive.

Example 6.6 Consider the case n = 2. First suppose that p = 1. Take v =

�
x
y

�
; then

V = vv� =

�
x2 xy
xy y2

�
. We want to compute

det(U + "V )� =

���� (1 + "x2)� (1 + "xy)�

(1 + "xy)� (1 + "y2)�

���� :
For j"j small enough we can write (1 + "x2)� =

1X
r=0

(� j r)"rx2r, and similarly for the other terms.

Substituting this into the determinant we obtain

det(U + "V )� =
1X

r1=0

1X
r2=0

(� j r1)(� j r2) "r1+r2
�
x2r1y2r2 � xr1+r2yr1+r2

�
:
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The terms with r1 = r2 vanish, and the remaining terms can be combined pairwise. This gives

det(U + "V )� =
X

0�r1<r2

(� j r1)(� j r2) "r1+r2
�
x2r1y2r2 � 2xr1+r2yr1+r2 + x2r2y2r1

�
=

X
�2�(1;2)

(� j�) "k�k
���� xr1 xr2

yr1 yr2

����2 ;
which is equality (39).

Next take p = 2, the general case for a 2� 2 matrix. We have then

V = v1v
�
1 + v2v

�
2 =

�
x21 + x22 x1y1 + x2y2

x1y1 + x2y2 y21 + y22

�
;

and we �nd, as before, that det(U + "V )� is equal to

1X
r1=0

1X
r2=0

(� j r1)(� j r2) "r1+r2
�
(x21 + x22)

r1 (y21 + y22)
r2 � (x1y1 + x2y2)

r1+r2
�
:

For a �xed pair (r1; r2) the long expression in parentheses is equal to

r1X
s1=0

r2X
s2=0

(r1 j s1)(r2 j s2)
�
x2s11 x2t12 y2s21 y2t22 � xs1+s21 ys1+s21 xt1+t22 yt1+t22

�
;

where we have written ti = ri � si (i = 1; 2). Combining (r1; r2) and (r2; r1) we �nd that
det(U + "V )� is equal toX

0�r1�r2

(� j r1)(� j r2) "r1+r2
r1X

s1=0

r2X
s2=0

(r1 j s1)(r2 j s2)
�
xs11 x

t1
2 y

s2
1 yt22 � xs21 x

t2
2 y

s1
1 yt12

�2
:

The terms with r1 = r2 and s1 = s2 vanish. Now write N2 = f(s; t) j s � 0; t � 0g and
�(2; 2) = f� = f(s1; t1); (s2; t2)g j s1; s2; t1; t2 � 0; s1 + t1 � s2 + t2; s1 = s2 ) t1 < t2g:

Then (� j r1)(r1 j s1) = (� j (s1; t1)) (cf. (29) and Remark 4.5). Likewise for the index 2, and hence
(cf. (30)) (� j r1)(� j r2)(r1 j s1)(r1 j s2) = (� j (s1; t1))(� j (s2; t2)) = (� j�).
Further, r1 + r2 = s1 + t1 + s2 + t2 = k�k. Finally, we have

S2� =

���� xs11 xt12 xs21 x
t2
2

ys11 yt12 ys21 y
t2
2

����2 = �xs11 xt12 ys21 yt22 � xs21 x
t2
2 y

s1
1 yt12

�2
:

Making all these substitutions we again obtain (39).

7 The main theorem

To state our main theorem, we have to de�ne a certain pattern of plus and minus signs �rst; cf.(18)
for the notation.

De�nition 7.1 For integers p � 1 and a � 0 the function Tp;a : [ p;+1) ! f1;�1g is de�ned
according to the following rules:

(i) if p � n � (p k a+ 1) (i.e. if n 2 fpg [Dp(1) [ : : :[Dp(a)), then Tp;a(n) = 1;

(ii) for t � 0 the function Tp;a is constant on Dp(a+ t) when t is even, and alternating when t
is odd.

The functions Tp;a are well-de�ned because for each t � 0 the subsequent sets Dp(a + t) and
Dp(a + t + 1) have precisely one element in common, so that n 7! Tp;a(n) (n � p) is de�ned
successively on the sets Dp(a + t) (t � 0).
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Example 7.2 The smallest n for which Tp;a(n) is negative is the second element of Dp(a + 1).
Let us denote this element by Np;a. We have then:

Np;a = 1 + (a+ 1 k p) = 1 +
(a+ 2)(a+ 3) : : : (a+ p+ 1)

p !
: (40)

For instance, N1;a = a + 3, and N2;a = (a2 + 5a + 8)=2. Similarly, Np;0 = p + 2 and Np;1 =
(p2 + 3p+ 4)=2. We also note that Np;a = Na+1;p�1.

The following theorem is the main result of the paper.

Theorem 7.3 Let p and n be integers with 1 � p � n. Let V be a Hadamard independent
symmetric positive-de�nite n � n matrix of rank p. Let � be a positive non-integer real number.
Then

lim
"#0

(sgn(det((U + "V )��))) = Tp;[�](n) : (41)

Proof By De�nition 5.12, there is a Hadamard quasi linearly independent set of vectors v1; : : : ; vp
in Rn such that V = v1v

�
1 + � � �+ vpv

�
p . Write det((U + "V )��) as in (37) and (38) in Theorem

6.4. The Hadamard span fvm j m 2 N
pg is quasi linearly independent, in view of De�nition

5.5. Hence it follows from (ii) of Proposition 5.3 that S� 6= 0 for all � 2 �(p; n). Moreover, for
� 2 �(p; n; L) all coe�cients (� j�) have the same sign (Corollary 4.7). This implies that CL 6= 0.

When " # 0, the term CL"
L in the series (37) becomes dominant. In other words, the limit in

formula (41) will be the sign of CL. By (38) this is equal to the sign of the (� j�) for � 2 �(p; n; L).
It remains to show that this sign is equal to Tp;[�](n) for all n � p. This will be done by induction.

Let us denote the smallest elements of Np as follows: m0 = (0; : : : ; 0), mj = (�1j ; : : : ; �pj)
(1 � j � p), where �ij is the Kronecker symbol (�ij is 1 if i = j, and 0 if i 6= j). Then jm0j = 0
and jmjj = 1 (1 � j � p). Set �0 = fm0;m1; : : : ;mpg and �j = �0nfmjg (1 � j � p). For
instance, if p = 1 then �0 = f(0); (1)g and �1 = f(0)g, and if p = 2, then �0 = f(0; 0); (1; 0); (0;1)g,
�1 = f(0; 0); (0; 1)g and �2 = f(0; 0); (1; 0)g. For 1 � j � p we have j�j j = p, thus �j 2 �(p; p),
and k�jk = p � 1. It is also clear (cf. Remark 4.3) that these �j are the only � 2 �(p; p)
for which k�k is minimal. Thus L(p; p) = p � 1 and �(p; p; p � 1) = f�1; : : : ; �pg. Similarly,
j�0j = p + 1 and k�0k = p, and �0 is the only � 2 �(p; p + 1) for which k�k is minimal. Thus
L(p; p+1) = p and �(p; p+1; p) = f�0g. In the terminology of the proof of Lemma4.2: M0 = fm0g,
M1 = fm0;m1; : : : ;mpg, and M0 � �j � �0 = M1 (1 � j � p).

For any � 2 R, we have (cf. (30) and (28)):

(� j�0) =
pY

k=0

(� jmk) = �p; (� j�j) = (� j�0)=(� jmj) = �p�1 (1 � j � p) :

For � > 0 this implies that CL(= Cp�1) > 0 when n = p (and CL = Cp > 0 when n = p + 1).
Thus (41) is proved for n = p (and for n = p+ 1).

Now suppose that n > p (or, if one prefers, n > p+ 1), and that (41) has been proved already
for n� 1 instead of n. Let t � 0 be the unique integer such that

([�] + t k p) � n � 1 < n � ([�] + t+ 1 k p) :
Then both n � 1 and n belong to Dp([�] + t). Now apply Lemma 4.6 with k = [�] + t (cf. (16)).
The factor �� j is positive if and only if j � [�]. Therefore the number of negative factors in the
product in the numerator of (31) is equal to

kX
j=[�]+1

(n� (j k p)) = (k � [�])n�
kX

j=[�]+1

(j k p) ;

(recall that � is not an integer). This number is k � [�] more than the corresponding number for
n � 1. This shows that the limiting sign in (37) obeys rule (ii) in De�nition 7.1. This completes
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the proof. 2

It is worth observing that, for a given size n of the matrices and a �xed value of �, the limiting
sign of det((U + "V )��) when " # 0 (i.e. the left-hand side in (41)) depends only on the rank of
V , not on its particular shape otherwise.

Example 7.4 The equality Np;a = Na+1;p�1 (cf. Example 7.2) implies the following fact. The
smallest matrix size for which the limiting sign of det((U + "V )��) is negative in the case where
rank(V ) = p and a < � < a+1 is equal to the smallest size for which the limiting sign is negative
in the case where rank(V ) = a + 1 and p � 1 < � < p. To give an example, that smallest size
when V has rank 10 and 5 < � < 6 is the same as when V has rank 6 and 9 < � < 10. This
size is 1 + (10 k 6) = 8009 (the second element of D10(6), which is equal to the second element of
D6(10)). However, the �nal elements of D10(6) and D6(10) are not the same: for the former it is
(10 k 7) = 19448, whereas for the latter it is (6 k 11) = 12376. This implies (cf. (ii) of De�nition 7.1)
that in the former case the limiting sign is negative for all odd sizes from 8009 up to and including
19447, whereas in the latter case the limiting sign is negative for all odd sizes from 8009 up to and
including 12375 only. After these �nal values there is again a long stretch of size values n for which
the limiting sign is positive: in the former case from 19448 up to (10 k 8) = 18

8 � (10 k 7) = 43758,
in the latter case from 12376 up to (6 k 12) = 18

12 � (6 k 11) = 18564.
We shall say a little more about such `sign patterns' in Section 9.

Remark 7.5 In Theorem 7.3 the requirement that V be Hadamard independent was made to
guarantee that for all � � N

p with j�j = n the vectors vm (m 2 �) would be linearly independent,
so that all S� would be non-zero and CL 6= 0 would hold. But in each speci�c case a much weaker
condition will already su�ce. In fact, formula (41) holds as soon as S� 6= 0 holds for at least
one � 2 �(p; n; L). In particular, it does not matter if Hadamard dependency occurs for products
of higher powers of the generating vectors vj . To illustrate this, let us examine the cases n = p
and n = p + 1, considered in the proof of Theorem 7.3. We saw there that L(p; p) = p � 1 and
L(p; p+ 1) = p. If n = p, then

CL =
X

�2�(p;p;p�1)

(� j�)S2� = �p�1
pX

j=1

S2�j ;

where S�j is the volume of the parallelepiped spanned by the vectors u; v1; : : : ; vp except vj . If
n = p+ 1, then

CL =
X

�2�(p;p+1;p)

(� j�)S2� = �pS2�0 ;

where S�0 is the volume of the parallelepiped spanned by the vectors u; v1; : : : ; vp. To conclude
that CL 6= 0 we don't need Hadamard quasi linear independence of the vectors v1 : : : ; vp. Indeed,
from the way they are chosen it follows that these vectors are linearly independent. If p = n, then
they form a basis of Rn, and hence there is at least one index j, 1 � j � p, such that when vj is
replaced by u we have again a basis, and hence S�j 6= 0. If p = n� 1, then the only requirement
is that u does not belong to the space spanned by the vectors v1; : : : ; vp. Observe that this is
implied by Hadamard quasi linear independence. Loosely speaking, the larger n� p is, the more
the Hadamard quasi linear independence of the vj is needed.

Using Lemma 3.8 we can obtain a more general result, where U is replaced by an arbitrary
matrix T 2 S+n of rank 1 and with strictly positive entries. Let T be such a matrix, and let
V 2 Sn be a matrix of rank p for some p � n. Consider the matrix A = T + V (an element of the
positive-de�nite cone at T , cf. Section 2). Let us say that A is su�ciently close to T with respect
to a real number �, if det(T + "V )�� is of constant sign for 0 < " � 1.

Theorem 7.6 Suppose that T 2 S+n is a matrix of rank 1 with strictly positive entries. Let
V 2 Sn be a matrix of rank p for some p � n. Let � be a non-integer positive real number. If the
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Hadamard quotient V �= T is Hadamard independent, and A is su�ciently close to T with respect
to �, then the sign of detA�� is equal to Tp;[�](n).

Proof Take vectors v0; v1; : : : ; vp such that T = v0v
�
0 and V = v1v

�
1 + � � �+ vpv

�
p . All coordinates

of v0 are di�erent from 0, therefore we can consider the vectors wj = vj �= v0 (1 � j � p). Set
W = w1w

�
1+� � �+wpw

�
p. Then V = T �W , thus A = T �(U+W ). We have A�� = T ���(U+W )��,

and hence by Lemma 3.8: detA�� = (mtr(T ))�� � det(U + W )��. Now (mtr(T ))�� > 0, thus
det(A��) has the same sign as det(U +W )��, and the latter determinant is equal to Tp;[�](n), by
Theorem 7.3. 2

8 The case of lowest rank

In this section we take p = 1, in other words, we examine the case that the approximation is
done with a matrix V of rank 1, say V = vv� with v 2 R

n, v 6= 0. We identify Np with N by
identifying m = (m) with m. The set �(1; n) consists of all subsets � of N with n elements,
and �(1; n; l) consists of those � 2 �(1; n) for which k�k (the sum of all elements of �) is equal
to l. Clearly f0; 1; 2; : : :; n � 1g is the element � of �(1; n) for which jj�jj is minimal. Let us
denote this element by �0 (for n = 2 this is the same �0 as in the proof of Theorem 7.3). Thus
L(1; n) = jj�0jj = n(n � 1)=2, and �(1; n; L) = f�0g. For the case p = 1 we now obtain from
Theorem 7.3 the following result.

Theorem 8.1 Let n � 2 be given and let � be a positive non-integer real number. Let v 2 R
n

have pairwise distinct coordinates. Set V = vv� . Then

lim
"#0

(sgn(det((U + "V )��)))

is positive if � > n � 2 or n � 2 < � + 4k < n for some integer k � 1, and negative if n � 4 <
�+ 4k < n � 2 for some k � 0.

Proof As just observed, we have �(1; n; L) = f�0g. As was pointed out in Remark 7.5, the
conclusion of Theorem 7.3 (formula (41)) is valid if S� 6= 0 for at least one element of �(1; n; L),
thus if S�0 6= 0. Now S�0 = j det(u; v; : : : ; v�(n�1))j, and it follows from (i) of Proposition 5.8 that
this is the case if and only if the coordinates of v are pairwise di�erent.

Furthermore, we have D1(k) = fk + 1; k + 2g (k � 0) (cf. (18)). Thus T1;a(n) is positive if
1 � n � a+ 2, while for n = a+ 3 it is negative (thus N1;a = a+ 3, cf. Example 7.2). It is again
negative for n = a + 4, for the next two values of n it is positive, then negative for the next two
values, and so on. The theorem follows. 2

Remark 8.2 We can verify the above result in a more direct way. If � = fm1; : : : ;mng 2 �(1; n)

and � 2 RnZ, then (� j�) =
Y
m2�

(� jm) =
nY
i=1

� (�� 1) : : : (��mi + 1)

mi!
. In particular:

(� j�0) = �n�1(�� 1)n�2 : : : (�� n+ 3)2(�� n+ 2)

1! � 2! � � � (n� 1)!
:

It follows that (� j�0) is positive if �� n+ 2 > 0, thus for n � [�] + 2. When n = [�] + 3 we get
a minus sign, and we get two more minus signs for the next n. Therefore, (� j�0) is negative for
n = [�] + 3 and also for n = [�] + 4. For the next two values of n it is positive again because we
get three and four extra minus signs, respectively. Continuing this argument, the same pattern as
in the theorem is obtained.

In the next corollary the meaning of `su�ciently small' is: so small that the sign of the
determinant considered doesn't change anymore when the xi are replaced by "xi with 0 < " < 1;
cf. the terminology in Theorem 7.6.
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Corollary 8.3 Let n � 2 be given, and let � be a positive non-integer real number. Let x1; : : : ; xn
be pairwise di�erent real numbers such that either all xi are non-negative or all xi are at most one

in absolute value. Let A be the n� n matrix whose general element is
1 + xixjq

(1 + x2i )(1 + x2j)
. Then

if the xi are su�ciently small, det(A��) is positive if � > n � 2 or n � 2 < �+ 4k < n for some
integer k � 1, and negative if n� 4 < �+ 4k < n� 2 for some k � 0.

Proof Set v� = (x1; : : : ; xn) and V = vv�. We compute:

U + V = (1 + xixj)i;j =
�q

(1 + x2i )(1 + x2j )
�
i;j
�
0@ 1 + xixjq

(1 + x2i )(1 + x2j )

1A
i;j

= T �A ;

and hence (U +V )�� = T ���A�� (the `Hadamard calculus' is convenient for such computations!).
Now T has rank 1, hence so has T ��. We have mtr(T ��) =

Q
i(1 + x2i )

� (cf. (4)), and therefore
Lemma 3.8 implies that detA�� has the same sign as det(U + V )��. The result now follows from
Theorem 8.1. 2

Example 8.4 We prove Horn's result mentioned in Section 2. Let n � 3 be given and let � be
a positive non-integer real number satisfying � < n � 2. We can take m 2 Z with m � n such
that m� 3 < � < m� 2 . Take A" = U + "V as in Theorem 8.1, with " su�ciently small. It then
follows from that theorem that all principal minors of A�

" of size m are negative, and hence, by
Proposition 2.2, A�

" 62 Sn, as desired. We note that also the principal minors of the sizes m + 1,
m + 4, m + 5, m + 8, : : : are negative, whereas those with size less than m or with size m + 2,
m + 3, m + 6, m+ 7, : : : are positive.

The reader may �nd it instructive to compare the above with the concrete example in [3, p.
636]; there V = vv� with v� = (1; 2; : : : ; n) (all coordinates distinct!).

We note that it is essential that the matrices A" that produce negative principal minors (when
taken to a fractional power) have rank 2, i.e. are of as low a rank as possible. And the larger �
is, the more essential this low rank is. Indeed, if instead of p = 1 we take p = 2 (so that the A"

have rank 3), then, as N2;a = (a2 + 5a + 8)=2, no principal minor as desired is obtained when
n � (a+ 2)(a + 3)=2. For instance, if 10 < � < 11, the size n has to be at least 79 to obtain (by
our technique) negative principal minors of A�

" (and when p = 3 this minimal size is already 365).
One might say: `the larger the rank of a symmetric positive-de�nite matrix, the more stable its
positive-de�niteness is under taking fractional powers'.

Example 8.5 Consider the case n = 2. The positive-de�nite cone at U consists of all matrices A
of the form

A =

�
1 + x 1 + z
1 + z 1 + y

�
=

�
1 1
1 1

�
+

�
x z
z y

�
= U + V ;

with x � 0, y � 0 and jzj � p
xy. The rank of A is 2 unless (1 + x)(1 + y) = (1 + z)2, and, using

that jzj � p
xy, one sees that this happens only if x = y = z.

The rank of V is 1 if jzj = p
xy, and 2 if jzj < p

xy. This example illustrates that (also for
general n) the matrices V of rank p = n� 1 give only a minor part of the matrices U + V of rank
n in the positive-de�nite cone at U . Therefore, it is essential that in De�nition 7.1 and Theorem
7.3 also the case p = n is considered. In the same vein, observe that the rank of U + V is p+ 1 if
p < n (and V is Hadamard linearly independent), but it is only p if p = n.

But the case n = 2 is really trivial: if A 2 S+2 (hence detA � 0), then det(A��) � 0 for all
� � 0 because the relation x11x22 � x12x21 is preserved when a positive power is taken (likewise
if detA > 0). This agrees with the fact that (p k a+ 1) � (p k 1) = p+ 1 � 2, hence T1;a(2) = +1
(cf. De�nition 7.1) for all a � 0 (and p = 1 or p = 2).

Example 8.6 The case n = 3 (and p = 1) is a lot more interesting already. Take v� = (x; y; z)
with x; y; z pairwise di�erent and either all non-negative or all at most 1 in absolute value. Explicit
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computation of the 3 � 3 determinant, and an application of Corollary 8.3 gives the following
inequality, for 0 < � < 1 and x; y; z su�ciently small:

1 + 2

�
(1 + yz)(1 + xz)(1 + xy)

(1 + x2)(1 + y2)(1 + z2)

��
<

�
(1 + yz)2

(1 + y2)(1 + z2)

��
+

�
(1 + xz)2

(1 + x2)(1 + z2)

��
+

�
(1 + xy)2

(1 + x2)(1 + y2)

��
: (42)

For � = 1 we have equality, and for � > 1 the opposite inequality holds, by the same corollary.
We also remark that, when e.g. x = y, the relation reduces to an equality.

We shall now show, using a technique due to Thiemann [9], that for inequality (42) the unnat-
ural restriction to su�ciently small values of x; y; z can be avoided (cf. Remark 8.13). We start
with a de�nition.

De�nition 8.7 A triple fx; y; zg of real numbers will be called triangular if x � y+z and y � x+z
and z � x+ y, and strictly triangular if these inequalities are strict.

Remark 8.8 Suppose, without loss of generality, that x � y � z. If x < 0, then z > x + y.
Therefore, triangularity can occur only for non-negative real numbers. If x = 0, then triangularity
holds if and only if y = z, and in this case two of the inequalities are equalities (or even all three,
if x = y = z = 0). Finally, if x > 0, then triangularity holds if and only if z � x + y, and the
triangularity is strict unless z = x+ y (regardless of whether x and y are equal or not).

Lemma 8.9 Let p; q; r 2 [�1; 1] and let x; y; z 2 [0; �] be such that p = cos x, q = cos y, r = cos z.
Then 1+2pqr�(p2+q2+r2) � 0 if and only if fx; y; zg is triangular and 1+2pqr�(p2+q2+r2) > 0
if and only if fx; y; zg is strictly triangular.

Proof We compute: p2+ q2+ r2�2pqr�1 = (r�pq)2� (1�p2)(1� q2) = (cos z� cosx cos y)2�
sin2 x sin2 y. We shall write cos(x � y) = C1, cos(x + y) = C2, cos z = D, for short. Then

p2 + q2 + r2 � 2pqr � 1 =

�
D � C1 +C2

2

�2

�
�
C1 � C2

2

�2

= D2 � D(C1 + C2) + C1C2 =

(D � C1) (D � C2). Thus 1 + 2pqr � (p2 + q2 + r2) � 0 if and only if C1 � D � C2 (note that
C1 � C2 because C1 � C2 = 2 sinx sin y), thus if and only if jx � yj � z � x + y. But this is
equivalent to fx; y; zg being triangular. The other statement follows in the same way, using strict
inequalities. 2

Lemma 8.10 Let f be de�ned, non-negative and non-decreasing on [0; A], for some A > 0. Then
the following holds.

(i) If t 7! f(t)

t
is non-increasing on (0; A], then f preserves triangularity on [0; A].

(ii) If t 7! f(t)

t
is strictly decreasing on (0; A], then f transforms triangularity into strict trian-

gularity on (0; A].

Similarly with [0;1) instead of [0; A].

Proof First of all, we can assume, without loss of generality, that f is de�ned on all of [0;1).
Indeed, if f is as in the lemma, then its domain can be extended to [0;1) by setting f(t) =
f(A) + c (t� A) with 0 � c � A (t > A).

Now let x > 0 and y > 0 be given. In case (i) it follows that f(x + y) � x+ y

x
f(x) and

f(x + y) � x+ y

y
f(y) , and hence f(x) + f(y) � f(x + y) ; in case (ii) we even get f(x) + f(y) >

f(x + y). Using this and the fact that f is non-decreasing, we get for any z with 0 � z � x+ y
that f(z) � f(x + y) � f(x) + f(y), and in case (ii) even f(z) < f(x) + f(y). Therefore, both
results follow. 2
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Lemma 8.11 Let f be de�ned (and real-valued ) on [0; A], for some A > 0. If f(0) � 0 and f is

concave, then t 7! f(t)

t
is non-increasing on (0; A]. Moreover, if there are x; y with 0 < x < y � A

for which
f(x)

x
=
f(y)

y
, then f(t) = ct for some c 2 R and all t 2 [0; y].

Proof If 0 < x < y � A, then, by the concavity of f , we have f(x) � y � x

y
f(0) +

x

y
f(y), thus

f(x)

x
� f(y)

y
+ (

1

x
� 1

y
)f(0) � f(y)

y
. Thus

f(t)

t
is non-increasing on (0; A]. It also follows that

f(x)

x
=
f(y)

y
implies that f(0) = 0 and that

f(t)

t
is constant on [x; y].

Secondly, if 0 < z < x < y � A, then f(x) � y � x

y � z
f(z) +

x� z

y � z
f(y). Thus f(z) �

y � z

y � x
f(x) � x� z

y � x
f(y). If

f(x)

x
=

f(y)

y
, this gives

f(z)

z
� x(y � z) � y(x � z)

z(y � x)

f(y)

y
=

f(y)

y
.

The opposite inequality also holds (as was proved above), thus
f(t)

t
is constant on (0; y]. 2

From Lemma 8.11 it follows that in Lemma 8.10 concavity of f is a su�cient condition to have
f(t)=t non-increasing; moreover, f(t)=t is strictly decreasing, except possibly for an initial interval
[0; B] with 0 < B � A on which f is linear. On the other hand, it is easily seen that concavity
is not a necessary condition. For instance, the function f de�ned by f(x) =

p
x (0 � x � 1),

f(x) = x (x � 1) is not concave, but it satis�es the conditions of Lemma 8.10.

Theorem 8.12 Let p; q; r 2 [0; 1] be such that 1 + 2 pqr � (p2 + q2 + r2) � 0. Then the following
holds.

(i) 1 + 2 (pqr)� � (p2� + q2� + r2�) � 0 for all � � 1.

(ii) If p; q; r < 1, then 1 + 2 (pqr)� � (p2� + q2� + r2�) > 0 for all � > 1.

Proof The relation p = cosx establishes a one-to-one correspondence between the elements
p 2 [0; 1] and x 2 [0; �=2] (cf. Lemma 8.9; this time we take p � 0 because we want to consider
fractional powers). If p corresponds to x, then to p� corresponds arccos((cos x)�). Therefore we
de�ne, for each � > 0, the function f� by f�(t) = arccos((cos t)�) (0 � t � �=2).

It follows fromLemma8.9 that for the proof of (i) it su�ces to show that the f� (� � 1) preserve
triangularity for triples fx; y; zg with x; y; z 2 [0; �=2], and for the proof of (ii) that the f� (� > 1)
transform triangularity into strict triangularity for triples fx; y; zg with x; y; z 2 (0; �=2].

It is clear that the f� are non-negative and non-decreasing on [0; �=2]. Therefore, by Lemma
8.10, it su�ces to show that the f� satisfy the assumptions (i) and (ii), respectively, of that lemma,
for � � 1 and � > 1, respectively. By Lemma 8.11, to do this it su�ces to show that on [0; �=2]
the f� are concave for all � � 1, and even strictly concave for all � > 1. This, �nally, can be
proved by showing that for 0 < t < �=2 one has f 00�(t) � 0 for all � � 1, and even f 00�(t) < 0 for all
� > 1.

To determine f 00� , we rewrite the de�nition of f� in the form

cos(f�(t)) = (cos t)� : (43)

Logarithmic di�erentiation of (43) gives

f 0�(t) = �
tan t

tan f�(t)
(0 < t < �=2) (44)

(note that indeed f 0� > 0, even for all � > 0). Di�erentiating (44) and substituting (43) in the
result we obtain

f 00�(t) =
� tan2 t

tan f�(t) sin
2 f�(t)

�
sin2 f�(t)

sin2 t
� �

�
(0 < t < �=2) :
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Finally, substituting (43) once again and using a mean value argument, we �nd that

sin2 f�(t)

sin2 t
� � =

1� (cos2 t)�

1� cos2 t
� � = �

�
���1 � 1

�
;

for some � satisfying cos t < � < 1. It follows that, for all t 2 (0; �=2) , f 00�(t) is negative for � > 1,
zero for � = 1 and positive for 0 < � < 1. 2

Remark 8.13 Part (i) of the above theorem is Thiemann's result; his proof is a combination
of the proof of Lemma 8.9 and the above proof, starting from relation (43). Part (ii) is a slight
generalization, needed to clarify the link between the requirements `x; y; z distinct' and `p; q; r < 1'
in Corollary 8.14 below. De�nition 8.7 and the Lemmas 8.10 and 8.11 are added to obtain a wider
perspective.

As a corollary we obtain the general validity of the inequality in Example 8.6.

Corollary 8.14 Let x; y; z be pairwise distinct real numbers such that either x; y; z � 0 or x; y; z 2
[�1; 1]. Then inequality (42) holds for all � with 0 < � < 1; for � = 1 there is equality, and for
� > 1 the opposite inequality holds.

Proof Denote the di�erence between the left-hand side and the right-hand side of (42) by
P�(x; y; z). We have to show that P�(x; y; z) is negative when 0 < � < 1, zero when � = 1,
and positive when � > 1. First of all, we note that P�(x; y; z) = 0 for all � � 0 when x; y; z are
not pairwise di�erent. Secondly, an easy calculation shows that P1(x; y; z) = 0 (or one may observe

that P1(x; y; z) is the determinant of a 3� 3 matrix of rank 2). Now set p =
1 + yzp

(1 + y2)(1 + z2)
,

and similarly for q and r. Then P�(x; y; z) = 1+ 2(pqr)� � (p2�+ q2� + r2�). By the assumption
on x; y; z we have p; q; r � 0. We also have p; q; r < 1; for instance, p = 1 occurs if and only if
y = z.

As P1(x; y; z) = 0, it now follows from (ii) of Theorem 8.12 that P�(x; y; z) > 0 if � > 1. But
it also follows that P�(x; y; z) < 0 if 0 < � < 1. Indeed, suppose that P�(x; y; z) � 0 for such an
�; it would then follow, by applying (ii) of Theorem 8.12, not with p; q; r but with p1=�; q1=�; r1=�,
that P1(x; y; z) > 0. 2

9 Sign patterns

In this �nal section we say a few words on the patterns of plus and minus signs determined by
the functions Tp;a. From De�nition 7.1 we know that for �xed p and a the function n 7! Tp;a(n)
is constant (and positive) for p � n � (p k a + 1) = (a + 2)(a + 3) : : : (a + p + 1)=p!, after which
it is alternating for a while, then constant again, and so on. Let us call an interval Dp(a + t) an
`interval of constancy' (relative to p and a) when t is even, and an `interval of alternation' when t
is odd. Recall that adjacent intervals have one point in common.

Whether the value of Tp;a on two subsequent intervals of constancy is the same or opposite,
depends on the parity of the length of the interval of alternation between these two intervals. This
is speci�ed in the next lemma.

Lemma 9.1 Let p � 1 and a � 0 be integers and let t � 1 be an odd integer. The function
n 7! Tp;a(n) will have on Dp(a+t+1) the same (constant) value as on Dp(a+t�1) if (a+t+1 k p�1)
is even, and the opposite value if it is odd.

Proof If an interval of alternation has an odd number of elements, then the value of Tp;a will
be the same at its two end points, and hence on the two adjacent intervals of constancy; in the
opposite case the value on the two adjacent intervals will be opposite. The result now follows from
(19). 2

21



The parity of the binomial coe�cients in Lemma 9.1 can be visualized by a Pascal triangle that
gives only the parity (the pattern of this triangle is that of the Sierpi�nsky gasket; cf. [1, pp. 10-
11]). Binomial coe�cients are more often even than odd; for instance, among the 4N coe�cients
(m k k) with m; k < 2N there are only 3N odd ones. Hence, from N = 3 on the even ones are in
the majority. As a consequence, by Lemma 9.1, for matrices of not too small rank it will be more
common to have subsequent intervals of constancy of equal sign than of opposite sign.

Can it happen that Tp;a has the same (necessarily positive) sign on all intervals of constancy?
It turns out that this occurs surprisingly often; in fact, in one quarter of all cases. To prove this,
we need a lemma on the parity of binomial coe�cients; its (elementary) proof is left to the reader.

Lemma 9.2 Suppose that k and i are integers satisfying 0 � i � k. Then the following properties
hold.

(i) If k is even and i is odd, then (k j i) is even.
(ii) For even i there are arbitrarily large even k such that (k j i) is odd.
(iii) For arbitrary i there are arbitrarily large odd k such that (k j i) is odd. 2

Let us call an integer n an isolated element of a set of integers E if n 2 E but n� 1 62 E and
n+ 1 62 E. The following remarkable theorem can then be proved.

Theorem 9.3 Let p � 1 and a � 0 be given. Then the set of integers n � p for which Tp;a(n) = �1
has only isolated elements if and only if p is even and a is odd.

Proof Let a � 1, p � 0, and t � 1 be �xed. If a is odd and p is even, then p � 1 is odd and
a+ p+ 1 is even for all odd t, and hence, by Lemma 9.1 and (i) of Lemma 9.2, Tp;a has the same
value on all intervals of constancy. On Dp;a(0), the �rst interval of constancy, Tp;a is positive,
hence Tp;a is positive on all intervals of constancy.

It remains to show that (a+ t+ 1 j p� 1) can be odd for arbitrarily large odd t, whenever a is
even or p is odd. Now, if a is even and p is odd, this follows from (ii) of Lemma 9.2, while for a
and p both even or both odd, it follows from (iii) of the same lemma. 2

Example 9.4 Suppose that p = 2N for some positive N . Then (p � 1)! contains relatively few
factors 2, and hence (a+ t + 1 k p� 1) `has a good chance to be even'. Actually, it is easily seen
that the smallest k for which (k k 2N � 1) is odd is k = 2N � 1. Now take a = 0. By Theorem 9.3,
T2N ;0 has intervals of constancy where it takes the value �1. The �rst such interval is D2N (2

N ),
as follows from Lemma 9.1, together with the above-mentioned smallest k.

As an example, consider the case that N = 4, thus p = 16. For 16 � n � 601080389 the
value of T16;0(n) is negative for n = 18; 20; : : : ; 152; 970; 972; : : : ; 4844; 20350; : : : ; i.e. for all
even n such that (2s � 1 k 16) < n < (2s k 16) for an s with 1 � s � 8, altogether (cf. (11))

for
1

2

8X
s=1

(2s k 15) = 199650082 values of n (all even and all isolated), and positive for the other

401430292 values. But for the next 565722721 values of n the Tp;a(n) are all negative. The
number of negative values hence increases to 765372803, an increase from 33.2 to 65.6 percent.
To state a very concrete case: imagine a (Hadamard independent) matrix of size 109, of rank 17,
in the positive-de�nite cone of the unit matrix U and su�ciently close to U : a vast �eld of 1018

numbers, all very close to 1. Then the determinant of the Hadamard square root of that matrix
is negative. The same is the case for sizes n satisfying 601080390 � n � 1166803110; but not so
for the previous, nor for the next n.
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