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We consider the binding energy and the wave function of Feshbach molecules confined in a one-dimensional
matter waveguide. We compare the binding energy with the experiment of Moritz et al. �Phys. Rev. Lett. 94,
210401 �2005�� and find excellent agreement for the full magnetic field range explored experimentally.
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I. INTRODUCTION

In a beautiful experiment, Moritz et al. recently reported
the observation of two-particle bound states of 40K confined
in a one-dimensional matter waveguide �1�. In the experi-
ment, an array of equivalent one-dimensional �1D� quantum
system is realized by trapping a mixture of two hyperfine
states of 40K atoms in a two-dimensional optical lattice. The
atoms are trapped at the intensity maxima and the radial
confinement is only a fraction of the lattice period. At a
given value of the magnetic field, the binding energy EB of
the bound states is probed by radio-frequency spectroscopy.

Although Moritz et al. noted its limitations, the descrip-
tion of the experiment mentions the use of a single-channel
model of radially confined atoms interacting with a pseudo-
potential �2,3�. Within this model, the bound-state energy EB
is related to the s-wave scattering length a of the atoms by

a

a�

= −
�2

��1/2,1/2 − EB/2����
, �1�

where a�=�� /m��, m is the atomic mass, and �� is the
radial trapping frequency. To vary the scattering length how-
ever the experiment makes use of a Feshbach resonance at a
magnetic field of B0=202.1 G. For such a Feshbach reso-
nance, a two-channel approach is physically more realistic.

For the Feshbach problem, the molecular binding energy
EB always satisfies the equation �4�,

EB − ��B� = ���EB� . �2�

Here the detuning ��B�=���B−B0� varies as a function of
the magnetic field and depends on the difference in magnetic
moments �� between the open and closed channels in the
Feshbach problem. The resonance is located at the magnetic
field strength B0. For the homogeneous Fermi gas the mo-
lecular self-energy is given by �4�

���E� = − �g2m3/2

4	�3 � i�E

1 − i�abg��mE/�2
, �3�

which leads to corrections to the single-channel result
−�2 /ma2. Here g=��4	abg�B�� /m is the atom-molecule
coupling, �B is the width of the Feshbach resonance, �� is
the difference in magnetic moments, and abg is the back-

ground scattering length. In Fig. 1 we show for this three-
dimensional case the molecular binding energy for both the
single and two-channel approaches, respectively. Whereas
the single-channel results deviate significantly from the ex-
perimental data, there is an excellent agreement with the
two-channel theory. It is therefore a priori not clear that in
the one-dimensional case the single-channel theory as given
by Eq. �1� is sufficiently accurate for the full range of mag-
netic fields explored by the experiment. In the following we
derive the self-energy for the confined case and make a com-
parisson with the experimental data.

II. THEORY

Two atoms in a waveguide near a Feshbach resonance are
described by the following Hamiltonian

H = Ha + Hm + Vam. �4�

Here Ha represents the atomic contribution, Hm describes the
bare molecules, and Vam is the atom-molecule coupling. Ex-
plicitly we have for the atoms

Ha = 	
i=1,2


Ki +
m��

2

2
�xi

2 + yi
2�� + Vaa��r� , �5�

with Ki=−�2�i
2 /2m the kinetic energy of atom i, Vaa the

strength of the nonresonant atom-atom interaction, and r the
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FIG. 1. Binding energies for 1D and 3D molecules as a function
of the magnetic field. The solid lines correspond to the single-
channel result. The dashed lines are calculated within the two-
channel theory.
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relative coordinate of the two atoms. The atoms are coupled
to a molecular channel with a coupling Vam. We show in Fig.
2 that near the resonance we have that Vaa
Vam, which al-
lows us to neglect the nonresonant atom-atom interaction in
that case. Note that outside the magnetic field range consid-
ered in Figs. 1 and 2 there are, in principle, corrections to the
molecular binding energy coming from the background
atom-atom scattering.

For two atoms in the waveguide, the two-channel Fesh-
bach problem in the relative coordinate, after splitting off the
center-of-mass motion, is then given by

� H0 Vam

Vam �B
�� ��a�

��m�
� = E� ��a�

��m�
� . �6�

Here the atomic Hamiltonian is H0=−�2�r
2 /m+m��

2 r�
2 /4,

where �r
2=��

2 +�z
2, and r� is the radial component of r. Only

the relative part is relevant here, since only this part contains
the interaction between the atoms. The bare detuning is de-
noted by �B. The eigenstates ��n,kz

� of H0 that are relevant for
an s-wave Feshbach resonance are a product state of a two-
dimensional harmonic oscillator wave function in the radial
direction and a plane wave along the axial direction. The
associated energies are given by En,kz

= �2n+1����

+�2kz
2 /m. The eigenstates of the two-dimensional harmonic

oscillator that are relevant for s-wave scattering can be writ-

ten as �n�r� ,��= �2	a�
2 �−1/2e−r�

2 /4a�
2

Ln
�0��r�

2 /2a�
2 �, where

Ln
�0��x� is the generalized Laguerre polynomial and ���

=�2 /ma�
2 . From Eq. �6� we obtain the following equation

determining the binding energy of the molecules:

�m�Vam
1

E − H0
Vam��m� = E − �B. �7�

Using the above-mentioned eigenstates of H0, Eq. �7� can be
written as

	
n=0

 � dkz

2	

��m�Vam��n,kz
��2

E − En,kz

= E − �B. �8�

Using the usual pseudopotential approximation for the
atom-molecule coupling, we have r�Vam��m�=g��r�. Substi-
tuting this and performing the kz integration we obtain

E − �B = lim
r�↓0

− g2m
�2�4	a��2�

� 	
n=0


e−r�

2 /4a�
2

Ln
�0��r�

2 /2a�
2 �

�n + 1/2 − E/2���

.

�9�

The inverse square root 1 /�n+1/2−E /2��� in the sum-
mand can be represented by the gaussian integral
�2/�	��0

dt e−�n+1/2−E/2����t2. To evaluate the sum over n we
substitute the above integral representation. The dependence
on n of the summand appears now in the exponent and in the
degree of the Laguerre polynomial. As a result, the sum can
be directly evaluated by making use of the generating func-
tions of the Laguerre polynomials,

	
n=0



Ln
�0��x�zn = �1 − z�−1 exp� xz

z − 1
� . �10�

In our case we have z=e−t2. Using this result and making the
transformation y= t2 we arrive at

E − �B = lim
r�↓0

− g2m
�2	�4	a��2�

�
0



exp� r�
2

2a�
2

e−y

e−y − 1
�

�
exp�− �1/2 − E/2����y�

�y�1 − e−y�
dy . �11�

For small values of y the integrand in the above equation
behaves as y−3/2e−r2/2y. Note that we have

1
�	
�

0



dy y−3/2e− r2/2y = �2/r . �12�

We add and subtract this integral from Eq. �11� and in
doing so we explicitly split off the 1/r divergence from the
sum. The divergence in the self-energy is energy independent
and is related to the ultraviolet divergence that comes about
because we have used pseudopotentials. To deal with this
divergence, we have to use the renormalized detuning in-
stead of the bare detuning. The former is defined as �=�B
−limr↓0mg2 /4	�2r, where �=���B−B0� is determined by
the experimental value of the magnetic field B0 at resonance
and the magnetic moment difference ��= 16� 9 Bohr magne-
ton for the 40K atoms of interest. Note that, as expected, the
required subtraction is exactly equal to the one needed in the
absence of the optical lattice. In the latter case we have to
subtract g2�dk m /�2k2�2	�3 �4–6�, which can be interpreted
as �=�B−limr↓0g2�dk eik·rm /�2k2�2	�3. Using the renor-
malized detuning, we find that the binding energy of the
dressed molecules satisfies the desired equation

EB − ��B� = ���EB� , �13�

where the molecular self-energy for the harmonically con-
fined one-dimensional system is given by

FIG. 2. �Color online� The ratio of the resonant part of the
s-wave scattering length and the background scattering length abg.
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���E� = −
mg2

�2�4	a��2�
��1/2,1/2 − E/2���� . �14�

III. RESULTS AND DISCUSSION

Using the self-energy for the confined gas we can now
solve for the binding energy in Eq. �13�. The result is also
shown in Fig. 1. We find an improved description of the
experiment, although the differences with the single-channel
prediction are small near resonance and only become large
for larger detunings. This presents one way in which to ex-
perimentally probe these differences. Alternatively, it is also
possible to directly measure the bare molecule fraction Z of
the dressed molecules �7�, which is always equal to zero in
the single-channel model. To be concrete, we have for the
dressed molecular wave function

��dressed� = �Z��closed� + �1 − Z��open� , �15�

where ��closed� is the wave function of the bare molecules and
��open� denotes the wave function of the atom pair in the
open channel of the Feshbach resonance. With this applica-
tion in mind, we have plotted in Fig. 3 the probability

Z, which is determined from the above self-energy by
Z=1/ �1−����EB� /�EB�.
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FIG. 3. The bare molecule fraction Z as a function of the mag-
netic field.

FESHBACH MOLECULES IN A ONE-DIMENSIONAL FERMI GAS PHYSICAL REVIEW A 72, 053625 �2005�

053625-3


