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We derive the atom-molecule theory for an atomic gas near a broad Feshbach resonance, where the energy
dependence of the atom-molecule coupling becomes crucial for understanding experimental results. We show
how our many-body theory incorporates the two-atom physics exactly. In particular, we calculate the magnetic
moment of a two-component gas of 6Li atoms for a wide range of magnetic fields near the broad Feshbach
resonance at about 834 G. We find excellent agreement with the experiment of Jochim et al. �Phys. Rev. Lett.
91, 240402 �2003��.

DOI: 10.1103/PhysRevA.71.063614 PACS number�s�: 03.75.�b, 39.25.�k, 67.40.�w

I. INTRODUCTION

By sweeping an external magnetic field in the right direc-
tion across a Feshbach resonance, it is possible to create
ultracold diatomic molecules in an atomic gas �1–5�. The
reason for this formation of molecules is that, by changing
the magnetic field, the energy of the molecular state that
causes the Feshbach resonance can be moved from above to
below the threshold of the two-atom continuum �6,7�. In an
atomic Fermi gas this experimental control over the location
of the molecular energy level offers the exciting possibility
to study in detail the crossover between the Bose-Einstein
condensation �BEC� of diatomic molecules and the Bose-
Einstein condensation of atomic Cooper pairs—i.e., the
Bardeen-Cooper-Schrieffer �BCS� transition �8–11�. In par-
ticular, the very broad resonance of 6Li at about 834 G is for
this purpose used by a number of experimental groups
�12–16�.

The use of this broad Feshbach resonance, however, seri-
ously complicates the theoretical analysis of the experimen-
tal results, because for such a broad resonance the atom-
molecule coupling can no longer be assumed to be
independent of the relative energy of the colliding atoms.
Physically, this implies that the atom-molecule coupling
shows retardation effects in this case. Dealing with these
retardation effects requires the development of an effective
atom-molecule theory that is suitable for many-body calcu-
lations and at the same time incorporates the exact energy
dependence of the two-body scattering process. It is the main
purpose of this paper to show how we can arrive at such an
effective atom-molecule theory by generalizing the quantum
field theory developed previously for atomic Bose gases in
Refs. �17,18� and extended to atomic Fermi gases in Refs.
�19,20�.

To achieve this goal we need to determine the energy and
lifetime of the Feshbach molecule in the presence of the
ultracold atomic gas, i.e., we need to determine the molecu-
lar self-energy. We therefore first present a many-body ap-
proach that can be used to calculate the self-energy exactly.
Having the above-mentioned application in mind, we focus
here on a two-component Fermi gas. However, our formal-
ism applies also to an atomic Bose gas or to an atomic Bose-
Fermi mixture. After we have obtained the exact expression

for the molecular self-energy in the presence of a medium,
we then consider the two-body limit of the theory. The rea-
son for considering this limit is twofold. First, any accurate
many-body theory for the BEC-BCS crossover in atomic 6Li
must incorporate the two-body physics exactly to be able to
make a successful comparison with experiments. Second, in
this limit we are already able to compare the theory with
experimental data on the magnetic moment of an atomic 6Li
gas and with coupled-channels calculations of the molecular
binding energy. We find excellent agreement in both cases.
We therefore conclude that our quantum field theory gives an
accurate account of the retardation effects occurring near a
broad Feshbach resonance. The theory can thus also be used
to investigate the BEC-BCS crossover phenomenon for a
broad Feshbach resonance, where subtle two-body threshold
effects and strong-coupling many-body physics merge to-
gether.

II. MOLECULAR SELFENERGY

From now on we consider an incoherent mixture of fer-
mionic atoms in two different hyperfine states, which we
denote by �↑� and �↓�. If this two-component Fermi gas is in
the vicinity of a Feshbach resonance, the effective quantum
field theory of the gas is defined by means of the atom-
molecule Hamiltonian �18,21,22�

H = �
k,�

��k − ��ak,�
† ak,� +

1

V
�

k,k�,q

Vbg�q�ak+q,↑
† ak�−q,↓

† ak�,↓ak,↑

+ �
k
� �k

2
+ �bare + ��B − 2�	bk

†bk

+
gbare


V
�
k,q

�bk
†ak/2+q,↑ak/2−q,↓ + H.c.� . �1�

Here, ak,�
† is the creation operator of an atom with momen-

tum �k and in the hyperfine state ���, and bk
† is the creation

operator of a bare molecule, i.e., the bound state in the closed
channel of the Feshbach problem when the coupling with the
open channel is absent. In addition, �k is the kinetic energy
of an atom, � is the chemical potential, Vbg is the nonreso-
nant or background interaction between the atoms, gbare is
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the bare or unrenormalized atom-molecule coupling, B is the
external magnetic field, �bare is the energy of a bare molecule
with zero total momentum, and �� is the difference in mag-
netic moment between the bare molecule and two atoms.

Given the above atom-molecule Hamiltonian, the molecu-
lar self-energy can, in the normal state of the atomic gas, be
calculated from the following procedure. We consider here
only the normal state of the atomic gas, because we ulti-
mately want to compare our results with the experiment of
Jochim et al. �4�. The generalization to the superfluid state is
also of interest, but will be reported elsewhere. We start by
expressing the self-energy ��m of a single molecule in the
atomic gas in terms of the exact atomic Green’s functions G�

and the exact �four-point� vertex function 	�,�� as

��m = −
1

�
gbare�G↑G↓ −

1

�
G↑G↓	↑,↓G↑G↓	gbare. �2�

Note that we are using an operator notation here that sup-
presses the dependence on momenta and Matsubara frequen-
cies of the various quantities involved. The diagrammatic
equivalent of Eq. �2� is shown in Fig. 1�a�.

This result can be clarified by introducing the exact atom-
molecule coupling g by means of �see Fig. 1�b��

g = �1 −
1

�
	↑,↓G↑G↓	gbare, �3�

since then the self-energy can be put into the expected form

��m = −
1

�
gbareG↑G↓g . �4�

Because the exact vertex function is one-particle irreducible,
it satisfies the Bethe-Salpeter equation

	↑,↓ = 	↑,↓
ir −

1

�
	↑,↓

ir G↑G↓	↑,↓, �5�

whose diagrammatic equivalent is shown in Fig. 1�c�. The
quantity 	�,��

ir is the exact vertex function that is two-particle
irreducible in the particle-particle channel. From Eqs. �4� and
�5� it appears that the self-energy depends on the bare atom-

molecule vertex. However, the definition of the exact atom-
molecule coupling can be used to eliminate the bare coupling
from the theory.

III. ATOMIC PHYSICS

The two-body limit is obtained by replacing in the above
procedure the exact atomic Green’s functions by the nonin-
teracting atomic Green’s functions and the two-particle irre-
ducible vertex function by Vbg. Performing the required cal-
culations, we then find that the energy-dependent dressed
atom-molecule coupling becomes

g2B�E� = g�B�
1

1 − �abg�B�/��
− mE+
, �6�

where E+=E+ i0 and both the background scattering length
abg�B� of the background interaction Vbg and the zero-energy
coupling constant g�B� are known experimental quantities.
Moreover, the molecular self-energy obeys

��2B�E� − ��2B�0� =

�B�
− E+

1 + �abg�B�/��
− mE+
, �7�

where the energy 
2�B�=g4�B�m3 /16�2�6 defines an impor-
tant energy scale in the problem, which is related to the
width of the Feshbach resonance.

The energy of the dressed molecular state with zero ki-
netic energy �m is determined by the poles of the full mo-
lecular propagator, which is equivalent to solving the equa-
tion

�m = ��B� +

�B�
− �m

+

1 + �abg�B�/��
− m�m
+

, �8�

where ��B�=��B+�bare+��2B�0�����B−B0� is known as
the detuning and B0 is the magnetic field location of the
Feshbach resonance. For positive detuning there only exists a
solution with a negative imaginary part, in agreement with
the fact that the molecule decays when its energy is above
the two-atom continuum threshold. For negative detuning the
dressed molecular propagator has a real pole at negative en-
ergy corresponding to the bound-state energy of the dressed
molecule.

Near resonance the bound-state energy �m�B� becomes
small and we are allowed to put the right-hand side of Eq. �8�
equal to zero. In this approximation the location of the pole
can be found analytically and yields the expected result

�m�B� = −
�2

ma2�B�
, �9�

where the total scattering length a�B� is given by

4��2a�B�
m

=
4��2abg�B�

m
−

g2�B�
��B�

. �10�

The general solution, which is required when we want to
know the bound-state energy over a large range of magnetic
fields, can only be found numerically as we show shortly.
The residue of the pole is in general given by

FIG. 1. Diagrammatic representation of �a� the exact molecular
self-energy, �b� the renormalization of the atom-molecule coupling,
and �c� the Bethe-Salpeter equation for the one-particle irreducible
vertex function. Note that triangles denote the atom-molecule cou-
pling, that squares refer to the two- particle vertices, and that the
internal lines connecting these quantities represent fully dressed
atomic propagators.
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Z�B� = �1 −
���2B�E�

�E


E=�m�B�

−1

, �11�

and it is always smaller than 1. This is because the dressed
molecular state near the Feshbach resonance obeys

�r�m;dressed� � 
Z�B�m�r��closed�

+ 
1 − Z�B�
1


2�a�B�
e−r/a�B�

r
�open� ,

where m�r� denotes the wave function of the bare molecular
state in the closed channel of the Feshbach problem. The
dressed molecular state therefore only contains with an am-
plitude 
Z�B� the bare molecular state �m;closed� of the
closed channel.

IV. MAGNETIC MOMENT

Since the open and closed channels of the Feshbach reso-
nance in atomic 6Li experiments correspond in an excellent
approximation to the electronic triplet and singlet states, re-
spectively, we have ��=2�B, with �B the Bohr magneton.
As a result, the magnetic moment of the dressed molecules
�m as a function of magnetic field is equal to

�m�B� = 2�B�1 − Z�B�� . �12�

Close to resonance where Z�B��1 and the contribution of
the open channel becomes large, the magnetic moment ap-
proaches the value 2�B characteristic of the triplet state. Far
off resonance we have Z�B��1 and the dressed state is al-
most equal to the bound state of the closed-channel potential
whose electronic spin is a singlet. In that case we thus have
that �m�B� goes to zero.

The magnetic moment of the molecules obtained with the
very broad Feshbach resonance at about 834 G in a gas of
6Li atoms has been measured by Jochim et al. �4�. For such
a broad resonance, the background scattering length abg�B�
and the zero-energy atom-molecule coupling constant g�B�,
which, together with the magnetic field B0, constitute the
only input parameters of our theory, depend strongly on the
magnetic field over the relevant experimental range. In con-
trast to narrow resonances, neglecting these magnetic field
dependences is not sufficiently accurate here. Therefore, we
use the field dependence of abg�B� that was calculated by von
Kempen et al. from a careful analysis of the experimental
knowledge of the singlet and triplet interatomic potentials
�23�. The field-dependent atom-molecule coupling constant
is deduced from abg�B� by using Eq. �10� and the known
total scattering length a�B� �24�. Nevertheless, it is worth
pointing out that our results do not depend sensitively on the
particular input used for abg�B�. We have checked explicitly
that other choices of abg�B�, which are compatible with the
general constraints on the background scattering length im-
posed by the atomic physics outside the Feshbach resonance
�23,24�, lead to the same results.

In Fig. 2 we show the comparison between the experi-
mental data and the theoretical result from Eq. �12�, after
solving numerically Eq. �8� for the molecular bound-state

energy and substituting this into Eq. �11�. It is important to
consider the full energy dependences in Eq. �7� to obtain
excellent agreement with experiment. Neglecting the energy
corrections in the denominator of the self-energy, the curve
for the magnetic moment would drop much slower to zero
such that, in the range considered in Fig. 2, it would essen-
tially be equal to the horizontal line �m�B�=2�B. Due to the
large values of the background scattering length, also an ex-
pansion of the self-energy for small energies in the spirit of
Fermi liquid theory �25�, i.e.,

��2B�E� − ��2B�0�

� 
�B�
− mE+ � �1 − �abg�B�/��
− mE+� , �13�

is a good approximation only very close to resonance when
��B��100 G. At larger negative detunings, over the range of
the magnetic field where the experimental points are taken,
the expansion breaks down and leads to unphysical results.

Our theoretical curve exhibits close to resonance the same
quantitative deviation from the experiment as the coupled-
channels calculation given in Ref. �4�. Jochim et al. �4� at-
tribute the origin of this systematic deviation to the fact that
in principle the atoms and molecules experience a different
optical trapping potential. We believe, however, that this ex-
planation is unlikely because the deviation between the the-
oretical and experimental results occurs close to resonance
where Z�B��1 and the dressed-molecule wave function con-
sists almost completely of atoms in the open channel. As an
alternative explanation we suggest that many-body effects
could be important in order to describe the reduction of the
molecular magnetic moment. Such many-body corrections
are expected to become important when the gas parameter
kFa�B� is no longer small, where kF refers to the Fermi mo-
mentum of the gas. For the densities used in Ref. �4� it turns

FIG. 2. Magnetic moment of the dressed molecules as a function
of the external magnetic field �B= �B−B0�. The dots represent the
experimental data of Ref. �4�, while the solid line is our theoretical
result. For the field-dependent background scattering length abg�B�
we have used the parametric expression obtained in Ref. �23�. The
inset also shows the molecular two-body bound-state energy as a
function of magnetic field, which shows excellent agreement with
the coupled-channels calculation given in Ref. �4�.
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out that in the range where the deviation occurs we have that
kFa�B��0.1. In contrast to coupled-channels calculations,
many-body corrections to the molecular magnetic moment
are easily incorporated in our quantum field theory approach.
They are simply determined by Eqs. �2�–�5� and are an im-
portant topic of further investigations.

V. CONCLUSIONS

In this paper we have developed a many-body atom-
molecule theory for broad Feshbach resonances where retar-
dation effects in the atom-molecule coupling cannot be ne-
glected. The theory is shown to reproduce the two-body
physics exactly. As an application, we have calculated the
magnetic moment of an atomic 6Li gas and the molecular

binding energy. The agreement with experimental data and
with coupled-channels calculations is excellent. We believe,
therefore, that the results obtained in this paper constitute a
minimal input for every theory that aims at a complete un-
derstanding of the BCS-BEC crossover physics in atomic 6Li
near the broad Feshbach resonance at about 834 G. Work in
this latter direction is presently being completed.
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