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Abstract

For certain dopants, luminescence measurements allow one to distin-
guish between single-ion and pair-state dopant emission in a (semicon-
ductor) host. In a bulk crystal the concentration of each of these dopant-
states can be calculated from the dopant fraction present in the material,
and is found to correlate with luminescence measurements. However, for
a nanocrystalline host-lattice, these concentrations cannot be calculated
due to the difference in coordination numbers for ions at the surface (a
substantial fraction in nanocrystals) and in the bulk. Here simulations of
dopant pair-state distributions are presented for a zincblende nanocrystal.
The probability of finding at least one pair-state in the nanocrystal and
the percentage of dopants forming part of a pair-state were calculated
on the basis of a statistical average of 1 · 105 simulations for the same
crystal size and dopant concentration. Furthermore, the distribution of
nanocrystal lattice positions over the surface and the bulk of the crystal
are computed from the simulations and found to agree well with a first-
order theory. Finally, a closed-form approximation of the probabilities
(valid in any crystal lattice) and a rigorous upper bound for the error in
the approximation are discussed.
PACS -codes: 61.46, 68.65.-k, 68.66.Hb, 78.67.Hc, 81.07.

1 Introduction

There is a strong current interest in materials with nanometer dimensions [1–5].
This research area is driven not just by scientific curiosity; new applications
based on nanosized building blocks are expected [6, 7]. Synthesis procedures to
make very small (1−10 nm) nanocrystals are well established and fundamental
research on the changing properties as a function of particle size has resulted in
fascinating results [1–3, 7, 8]. Applications are suggested in electroluminescent
devices, where electrical current can be converted into visible light by generating
luminescence from the semiconductor dots or from luminescent ions inside the
dots [5, 6].

The most obvious difference between nanometer-sized materials and bulk
materials is the much larger surface area of the former. An effect that has not
been studied is the influence of the particle size on the formation of pairs of
dopant (impurity) ions in nanometer-sized particles. The formation of pairs of
dopant-ions can be important for the magnetic and optical properties [9, 10]. For
example, the luminescence lifetime of the Mn2+ emission in ZnS:Mn2+ decreases
and the emission shifts to longer wavelengths when Mn2+ pairs are formed. This
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is due to magnetic interaction between the ions [11–14]. For studies on a single
magnetic quantum dot (containing one magnetic dopant ion) [15] it is also useful
to determine the fraction of nanocrystals with one or more magnetic dopant
ions. In oxide nanocrystals (e.g. YVO4 and Y2O3) the luminescence properties
of rare earth ions like Ce3+, Sm3+, Eu3+, Tb3+ and Dy3+ have been studied in
detail [16–18]. Also here, the luminescence properties are significantly influenced
by dopant pair formation. For example, the emission from higher 5DJ levels of
Eu3+ or Tb3+ is quenched by cross-relaxation processes in pairs, whereas this
is not observed for single ions [19].

For bulk crystals the probability for the formation of dopant pairs as a
function of the dopant concentration can be analyzed analytically [20–24]. For
nanocrystalline semiconductor quantum dots this is not possible. The main
problem is that the coordination number (i.e. the number of nearest neighbours
with the same valence) of ions at the surface is lower than that of ions in the
bulk. The contribution of ions in surface sites becomes increasingly important
as the quantum dots decrease in size and this complicates the determination of
the number of pairs. As a result, for the same concentration of dopant ions the
fraction of pairs will be different for different particle sizes.

It is the aim of this paper to provide a better understanding of the probabil-
ity of pair formation as a function of particle size in nanocrystalline particles.
To this end an algorithm has been developed which allows numerical simu-
lations to be made to determine both the probability of finding at least one
pair-state in the nanocrystal, and the percentage of dopants that are part of a
pair-state in the quantum dot as a function of the particle size. In addition,
the fraction of bulk and surface sites is also determined as a function of parti-
cle size. Furthermore, a mathematical probabilistic theory (Stein-Chen Poisson
approximation) is presented which yields a closed-form approximation of these
probabilities which is valid in any crystal structure, thus obviating the need for
further numerical simulations.

The simulations are performed assuming a random distribution of the dopant
ions, i.e. it is assumed that there is no preferential pair formation or preference
of dopant ions over host lattice ions for surface or bulk sites. In the case of
the rare earth oxide nanocrystals this assumption is expected to be valid: the
rare earth ions are chemically quite equivalent and a random distribution is
expected. For 3d transition metal ions a random distribution is not expected
and the results of the model will give a lower limit for the fraction of pairs.

2 Simulations and numerical results

2.1 Definition of the algorithm

Through the introduction of the dimensionless parameter ρ ≡ (r/a) a formalism
is described that does not depend on the lattice parameter a and holds for any
crystal with the same crystallographic structure. The method presented here is
generally applicable to every nanocrystalline system. In the remainder of this
section, the zincblende structure (space group F 4̄ 3m − T 2

d ) is chosen, as an
example. This crystal structure is found in a wide range of semiconductors that
are also interesting as nanocrystalline materials, such as CdSe, ZnS, HgTe, InP
and GaAs.
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The number of available lattice positions in a spherically chosen crystal of
radius ρ is denoted by n. The value of n is determined by analysis of the overlap
of the zincblende crystal with a sphere of radius ρ centered at a lattice position.
The complete lattice of the nanocrystal is defined by the set of n vectors {pi}
that point to each of the lattice positions. The nearest-neighbour distance ζ is
the smallest (non-zero) distance between any two vectors in this set. For the
zincblende crystal structure, ζ = a/

√
2.

The complete crystal consists of n lattice positions. The situation in which
a fraction f of these lattice positions is filled with dopant ions, is simulated by
choosing a random subset {qb} of k = fn different vectors from the complete
set {pa}. A pair-state in this crystal configuration is now defined to occur if
and only if

∃λ > σ ∈ Z : |qλ − qσ | = ζ . (1)

Note that the set {qb} does not contain duplicate vectors and because of the
symmetry only the λ > σ part needs to be evaluated. By choosing the random
subset {qb} ⊂ {pa} a very large number of times, one approximates the actual
probability for pair-state formation. Let Φ(n, k) and Ψ(n, k) represent the prob-
ability for at least one pair-state, and the percentage of positions that are part
of a pair-state (relative to the number of dopants present in the nanocrystal),
respectively.

To find the probability for the presence of at least one pair-state in the
nanocrystal, a set of 1 ·105 nanocrystals of identical size and number of dopants
is simulated and Φ(n, k) is identified with the fraction of all the nanocrystals
that contained at least one pair-state (i.e. a valid solution to equation (1)). The
algorithm replaces in each nanocrystal a fixed fraction f of the n lattice positions
with dopant ions. However, a realistic procedure would be to replace each lattice
position with a dopant ion with a probability f because a random distribution
of dopants in the nanocrystal is assumed, as was explained in the Introduction.
This will result in a binomial distribution of the number of dopant ions present
in the nanocrystal with expectation value k. Using this fact, combined with
the knowledge of ρ(n), the expression for finding at least one pair-state in the
nanocrystal is given by [25]

P(ρ, f) =

n
∑

i=2

(

n
i

)

f i(1− f)n−iΦ(n, i) , (2)

where the summation begins with i = 2, because at least two dopant ions are
required to form a pair-state. The percentage of dopants forming part of a pair-
state in the nanocrystal is found through a similar argument as was used for
equation (2). For small f , the percentage of dopants that are part of a pair-state
is given by the sum over the binomial coefficients times 2Ψ(n, i)/k · 100[%]. The
factor 2 is due to symmetry.

Two typical simulations are shown in figure 1. These examples were calcu-
lated using ρ = 4 (i.e. n = 1048) and f = 0.01 (i.e. k = 10). In the simulation on
the left, a pair-state has formed as can be seen in the top right part of the simu-
lated crystal. The simulation on the right did not result in a pair-state. For this
specific case, values were found of P(4, 0.01) = 0.3921 and Q(4, 0.01) = 10.80 %.

The calculations were performed using the bare 4.0.1 Mathematica kernel on
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Figure 1: Two typical simulations obtained for ρ = 4 and f = 0.01. The small
dots (·) represent the lattice and the large dots (•) indicate the dopants present
in this lattice. The figure is discussed further in the text.

a Compaq ES40 Alpha (Tru64 Unix 4.0d) system. The stepsize in the calcula-
tions was ∆k = 0.001n and ∆ρ = 0.5.

2.2 Probability for at least one pair-state

The results of the calculations for 0.5 ≤ ρ ≤ 8.5 are shown in figure 2. Note
that for large ρ the probability distribution converges to a step function. This
result is straightforward, since P(ρ, f) denotes the probability of finding at least

one pair-state in the crystal.
Upon close inspection of figure 2, it is noted that for small particles (i.e.

ρ < 5) the surface contribution to the probability distribution is very large.
The fact that lattice positions on the surface have only 8 neighbours, instead
of the usual 12 for bulk lattice positions, results in a drastic increase of the
probability for pair-state formation compared to larger crystals. This is seen
clearly from the following argument: For ρ = 7 the surface contribution will be
relatively small and the simulation shows P(7, 0.0052) = 0.57. If the surface
did not influence the probability distribution, then P(2, f) = 0.57 can be solved
easily through f = (7/2)3 · 0.0052 = 0.22 because of the cubic dependence of n
on ρ. However, the simulations show that P(2, 0.043) = 0.57. The much smaller
(about 5 times) dopant-fraction required is a direct result of the larger surface
contribution to the probability distribution.

2.3 Pair-state concentration

In this section the results obtained from the simulations of Q(ρ, f) in the low-
dopant concentration regime are described. It is important to stay roughly in
the 0 < f < 0.1 range, because for larger f triple-states (i.e. one dopant that has
at least two nearest neighbour dopants) need to be taken into account. For these
states the symmetry of the problem can no longer be exploited because a triple-
state in the zincblende structure can be three particles on a line (which would
count as four dopants forming part of a pair-state in the algorithm presented
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Figure 2: The probability distribution P(ρ, f), which describes the probability
of finding at least one pair-state in a zincblende nanocrystal with expanded
radius ρ and dopant fraction f . Note the logarithmic scale for the f -axis.

in section 2.1), or three particles in a triangle shape (counting as six dopants
forming part of a pair-state). The combinatorial problems associated with these
“higher-order” corrections become increasingly more difficult and require much
more computer-time to be correctly evaluated. Therefore, the remainder of this
analysis will only focus on the low dopant range (0 < f < 0.1), and triple-states
will be ignored.

Figure 3 shows the resulting Q(ρ, f) for 1 ≤ ρ ≤ 7. The influence of the
surface can be seen clearly in the data, just as in the previous section. If the
surface did not influence the results, then one would expect Q(2, f) = Q(7, f)
for all f . However, the data show that Q(2, 0.04) = 1.73%, while Q(7, 0.04) =
0.77%. This difference is explained by the increased probability for pair-state
formation of a dopant at the surface of the nanocrystal with respect to a bulk
dopant (due to the difference in coordination number). All data presented in
this figure could be fitted well using a linear relation of Q(ρ, f) as a function of
f , which is also expected. For low-dopant fractions, there are almost no triple-
states, and this is the reason that the definition of Q(ρ, f) has the factor 2
(ascribed to symmetry, shown below equation (2)). In other words, for small f ,
if no triple-state is present in the nanocrystal, then addition of one more dopant
pair-state will most likely also not result in a triple-state. This means that the
concentration of pair-states increases linearly with the number of dopants.

3 General formulation of the problem

This section is devoted to deriving closed-form approximations of P(ρ, f) and
Q(ρ, f) as well as a measure of the uncertainty in the approximation. The re-
sults have general applicability and therefore involve a description of the crystal
structure. This is done by making the results dependent on the number of
neighbours of a bulk lattice position (the bulk connectivity, Cb), the number of

5



7
6

5
4

3
2

1

10

20

30

40

50

60

70

80

10-2

10-1

Q
 [%

]

fρ

Figure 3: The probability distribution Q(ρ, f), which describes the expected
percentage of dopants part of a pair-state in a zincblende nanocrystal. Note the
logarithmic scale for the f -axis.

neighbours of a surface lattice position (the surface connectivity, Cs) and the
number of lattice positions present in the unit-cell (ψ).

3.1 Lattice position configuration

The number of bulk and surface lattice positions, denoted as nb(ρ) and ns(ρ)
respectively, can be found from the simulations. A lattice position is defined to
be a surface position if it contributes to n(ρ) but not to n(ρ − 1). The total
number of lattice positions in the zincblende crystal structure can be generally
defined as

n(ρ) =
∑

∀p

1 ≈ 4πψρ3/3 , (3)

where ψ represents the number of lattice positions in the crystal unit cell. The
evaluation of the summation was used in section 2.1 and gives an exact value
for n(ρ).

When the assumption indicated in the second part of equation (3) is made,
then the number of surface lattice positions ns(ρ) = n(ρ) − n(ρ − 1) and the
number of bulk lattice positions nb(ρ) = n(ρ−1) can be found analytically. The
fraction of lattice positions that are located on the surface of the nanocrystal is
expressed as δn(ρ) ≡ ns(ρ)/n(ρ), which no longer depends on ψ.

The squares in figure 4(a)−(d) show the values that were found for n(ρ),
ns(ρ), nb(ρ) and δn(ρ) respectively. For these values the exact crystal configu-
ration was used by means of the simulation-data presented in section 2 (i.e. the
complete sum in equation (3) was evaluated). The lines through the data, result-
ing from the approximation in equation (3) with ψ = 4, show a good agreement.
From the data in figure 4 it is concluded that the approximation in equation (3)
works very well in the zincblende case, even for very small nanocrystals (such
as ρ = 2).
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Figure 4: Comparison between the exact summation and the approximation
presented in equation (3). The squares in (a) through (d) represent the values
found for n(ρ), ns(ρ), nb(ρ) and δn(ρ) from the simulations presented in section 2
(i.e. the evaluation of the sum in equation (3)). The lines through the data are
predictions from the approximation in equation (3), using ψ = 4.

3.2 Poisson approximation

In this section, an approach is discussed which enables the computation of ap-
proximations of P(ρ, f) and Q(ρ, f) for any given crystal, without any simula-
tions. In addition, a rigorous upper bound of the error in the approximation of
P(ρ, f) is provided. The method used is a special case of the Stein-Chen Poisson
approximation method [27]. The main idea is that the number of pair-states
is close in distribution to a Poisson random variable. This is due to the fact
that the pair-states are almost independent. If the pair-states were completely
independent, then the total number of pair-states would have a binomial distri-
bution. The binomial distribution is, under the circumstances that are relevant
to this paper, very close to a Poisson distribution [25].

The number of nearest neighbour lattice positions in the crystal is denoted
by N = (nsCs + nbCb)/2. The probability that a lattice position contains a
dopant is denoted by f . Therefore, the expected number of dopant pair-states
will simply be given by Nf2 ≡ λ. The number of pair-states in the nanocrystal
will have approximately a Poisson distribution with expectation value λ. This
implies that the probability of finding x pair-states in the nanocrystal will be
approximated by P (x) ≡ e−λλx(x!)−1. Therefore, the probability of finding at
least one pair-state in the nanocrystal will be approximately P = 1 − P (0) =
1 − e−λ. Because λ represents the (expected) number of dopant pair-states,
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the percentage of dopants that are part of a pair-state is approximated by
Q = 2λ/k · 100[%]. Using the approximation of n(ρ) shown in the previous
section, P and Q can be written as

P = 1− exp

[

−2πψf2

3

{

Cb(ρ− 1)3 + Cs(3ρ(ρ− 1) + 1)
}

]

, (4)

and

Q =
[1 + 3ρ(ρ− 1)]Cs + [ρ− 1]3Cb

ρ3
f · 100[%] . (5)

Using the total variation norm dTV [26] and Corollary 2.N.1 in Ref. [27] it
can be proven that the error introduced in equations (4) and (5) is bounded by

|P(ρ, f)−P| ≤
(

1− e−Nf2
)

{4πψ(f + f2)

3N
[(ρ− 1)3Cb(Cb − 1) + (6)

(1 + 3ρ(ρ− 1))Cs(Cs − 1)] + f2} .

The values resulting from equations (4), (5) and (6) can be easily computed,
and this means that simulations are no longer needed. As long as the upper
bound for the error in P , as found from the evaluation of equation (6), remains
small, the Stein-Chen Poisson approximations for P and Q can be used directly.
However, as can be seen from the example in section 4, a large bound does not
necessarily imply a large discrepancy between the Poisson approximation and
the simulated data. This is caused by the fact that equation (6) is a ‘worst-
case’ scenario. Apparently, the error introduced by the Poisson approximation
is much smaller than this worst-case error.

As an example, consider the zincblende crystal discussed in section 2.1, where
ψ = 4, Cb = 12 and Cs = 8. A simple evaluation for ρ = 4 and f = 0.01 leads
to P = 0.405 and Q = 10.4%. These numbers are in very good agreement
with the simulations presented in section 2.1. The upper bound of the error is
|P(ρ, f) − P| = 0.074, which shows that the actual error (0.013) is even much
smaller than the theoretical upper bound. Further examples are shown in the
next section.

4 An example

As a typical example, the probability for pair formation and the average percent-
age of pair-states in a ZnSe:Mn2+ sample with an average nanocrystal radius
of 3.4 nm are calculated. The ZnSe lattice has a zincblende structure (ψ = 4,
Cb = 12 and Cs = 8) with a lattice parameter a = 5.6676 Å (i.e. r = 3.4 nm ⇔
ρ = 6) and the Mn2+ dopant ions are located on the Zn2+ lattice positions.

The results from the simulations presented in sections 2.2 and 2.3 can be
used directly. These nanocrystals contain 3564 lattice positions, 785 (22 %) of
which are on the surface of the crystal. Table 1 shows both the simulated result
and the results obtained in the Poisson approximation. The expectation value
for the total number of dopants present in the lattice, k, is also shown.

The results from the Poisson approximation are in very good agreement with
the simulation data. Even for the larger dopant fractions very small differences
are observed. This result is important because for this ZnSe nanocrystal the
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Simulations Poisson theory

f k P(6, f) Q(6, f) P Q
0.002 8 0.073 1.56 % 0.072 2.06 %
0.004 15 0.277 3.82 % 0.258 4.13 %
0.007 26 0.638 6.96 % 0.599 7.22 %
0.009 33 0.789 9.11 % 0.780 9.28 %
0.012 44 0.943 12.3 % 0.932 12.4 %
0.015 55 0.989 15.4 % 0.985 15.5 %
0.02 73 0.999 20.8 % 0.999 20.6 %
0.05 181 1.000 52.9 % 1.000 51.6 %

Table 1: Results based on a ZnSe nanocrystal with a radius of 3.4 nm and a
dopant fraction f . Both the results from the simulations (section 2) and from
the Poisson approximation (section 3.2) are shown.

upper-bound of the error in the approximation will become large for f > 0.01.
However, as can be seen from the table, the difference between the Poisson ap-
proximation and the simulation data remains small, indicating that the Poisson
approximation will continue to yield reliable data for higher dopant fractions.

5 Conclusions

This paper discusses an algorithm, simulations and a mathematical approxima-
tion for determining the probabilities of finding dopant pair-states in a nanocrys-
tal that have general applicability in nanocrystal science. The probability of
finding at least one pair state and the percentage of dopants that are part of a
pair-state are calculated explicitly for a nanocrystal with the zincblende struc-
ture. The results are made independent of the lattice parameter and adaptation
of the algorithm to other crystal structures is possible.

The fraction of lattice positions present on the surface of the nanocrystal
is simulated and compared with a first-order theory. Very good agreement is
reached. Through the Stein-Chen Poisson approximation, the pair-state proba-
bilities are estimated. A closed-form approximation is presented that is applica-
ble to any nanocrystal, regardless of size and crystallographic structure. These
results are valid for all dopant fractions for which the density of triple-states is
neglibly small.
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