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The one-fluid model of equation of state and thermodynamic description of boundary states are used to study global 
equilibrium surface of two-component Lennard-Jones fluids. The global phase diagram for equal size molecules with 
seventeen separate regions is reported. The new type of phase behaviour is distinguished. 

The great variety of phase behaviour which was 
found for binary fluid mixtures is conditioned by 
intermolecular interaction. The successive theoretical 
approach to the analysis of the observed phase phe- 
nomena in terms of microscopic characteristics is 
usually restricted by the models of lattice gas in the 
local regions of the thermodynamic equilibrium sur. 
face. The global analysis of the equilibrium surface of 
coexisting fluid phases was reported only for the bi- 
nary van der Waals mixtures [1,2]. The topological 
structure, created by the one-fluid van der Waals 
model, is of such a kind that it reflects many qualities 
of phase behaviour which were discovered by means 
of the binary systems that were already studied ex- 
perimentally. There are, however, some reasons to 
require this model to be defined more exactly. In the 
first place, there is no direct correlation between the 
equation of state parameters and the characteristics 
of the intermolecular potentials; secondly, essential 
quantitative discrepancy in predicting the properties 
for the given binary mixtures is observed; thirdly, the 
true asymptotic behaviour of the equation of state at 
the high density limit is not realized. Among more 

1 Permanent address: Physical Department, Technological 
Institute of Refrigerating Industry, 1/3 Petra Velikogo St., 
270000 Odessa, USSR. 

0.375-9601/84/$ 03.00 © Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 

realistic models of mixtures, in which the faults, men- 
fi0ned above, can be eliminated, the most explored 
one is the binary fluid mixture of LennardJones (LJ) 
molecules. We have presented the equation of state 
for the mixture of LJ molecules in Ree form [3] 
in the well.known [4] one fluid approximation with 
the potential parameters of the mixture eo 3 and o 3 
quadratically dependent on the mole fractions of the 
components. The expression for the molar Helmholtz 
free energy of a binary LJ mixture has the form: 

4 5 

f= ~ Bi yi/i + BloylO/lO - (T*) - l /2  ~ CiY i 
i=1 i=1 

5 

+ ( T*) - I  ~ D i y i / i + f o ,  
i=1 

where 

f0 = - In  v +x Inx + (1 - x) In(1 - x )  

+ x ~ 2 ( T  ) + (1 - x) ¢:1(T), 

Bi, Ci, D i are the coefficients of the Ree equation [3], 
y = p*/(T*) 1/4, p* =NAO3/o, T* = kT/e, o: molar 
volume of the mixture, k: Boltzmann constant, N A : 
Avogadro's constant, T: temperature. 

This paper presents the results of the study of the 
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global equilibrium surface for the two-component LJ 
fluid. The global equilibrium surface is the result of 
applying the thermodynamic conditions, correspond- 
ing to the description of the coexisting phases, critical 
states and some other features in the space of the field 
variables S × Z, where S is the space of the state param- 
eters, which are the same in all phases; Z is the space 
of parameters for the regarded model of the equation 
of state: 

z 1 = (e22 -- ell)/(e22 + e l l ) ,  

z 2 = (e22 -- 2e12 + e'll)/(e22 + e l l ) ,  

Z 3 = (022 -- Oll)/(O22 + Oll),  

Z 4 = (022 -- 2012 + Oll)/(O22 + Oll). 

The following phenomena: (1) coexistence of two 
phases; (2) critical states; (3) three-phase equilibrium; 
(4) azeotropie lines; (5) specific points of equilibrium 
surface - the critical and the azeotropic end points, 
the critical azeotropic state, the equilibrium points of 
four fluid phases - these completely describe the sec- 
tions of the global equilibrium surface, given by the 
mapping ~k: S X Z ~ S X (z), z E Z and make it pos- 
sible to carry out their classification [2]. 

To study more general properties of the global 
equilibrium surface, we have considered the boundary 
states, corresponding to the transition of one phase 
behaviour type to the other and have described them 
thermodynamically. The boundary state, characteriz- 
ing the transition between types III and IV (by the 
van Konynenburg and Scott classification [2]) is pre- 
sented by the double critical end-point (DCEP). The 
thermodynamic description of the DCEP is: 

f l = p ( 1 ) - p ( 2 ) = O ,  f2 =/a~l) -/a~2) = 0 ,  

f3 = u~ 1) - u~ 2) = 0 ,  f4  = (aEg/ax2)(pl,~ " = o ,  

f5 = (03 g/Ox3)(1,~ " = 0 ' 

n ( A ,  f 2,.f  3,.r4, .rs) 
f6 D(x (1), v (1), T, X (2), 0 (2)) = 0 ,  

where ~i)  are the chemical potentials of component / 
in phase i, g: molar Gibbs free energy, p, T, v, x: pres- 
sure, temperature, molar volume and mole fraction of 
second components, respectively, f6: jacobian of the 
set of eqtmtions f l - f  5. The boundary between the 

types I and V, I-A and V-A, II and IV, III and IV-i, 
III-A and IV-A is determined by the description of tri. 
critical points. In the tricritical point of the two-com- 
ponent system the second, third, fourth and fifth Gibbs 
free energy derivatives as to their composition are equal 
to zero: 

(02g/Ox2)p,T = (03g/OX3)p,r = O, 

(a4g /ax4)p , r  = (aSg/aXS)p,r  = o . 

On transition of the systems with azeotropy to the 
systems without azeotropy the boundary state is given 
by the critical azeotropic point on the stability- 
metastability boundary, on one side, i.e. by the critical 
azeotropic phase in coexistence with the normal phase; 
and on the other side, by the critical azeotropic states 
coinciding with the critical points for the pure compo- 
nents. Another boundary state is the point of coexis- 
tence of three phases, one of which is the critical phase. 

From the mathematical point of view, the determi- 
nation of the boundaries between the types is equiv- 
alent to searching out all the roots of the systems of 
nonlinear algebraic equations. However, the lack of 
a priori information concerning the solution structure 
makes the numerical analysis for nontrivial models of 
the equation of state considerably more complicated. 
The constructive approach which combines generaliza- 
tion and reliability lies in formulating the thermo- 
dynamic models as the problems of multiextrema of 
nonlinear programming [5]. The simplified example 
for DCEP is: 

min F O , ) { F ( x  (1), off), T, x (2), v (2), z 2 ) = Y.6= 1 j~2), 
y E Y  

wher ef i  are the functions comprising the thermo- 
dynamic description of DCEP. 

The projection H z: S X Z ~ Z, converts the global 
equilibrium surface into the global phase diagram, one 
section of which is shown in fig. 1. This section corre- 
sponds to the case of equal size molecules, i.e. z 3 = z 4 
= 0. The continuous lines separate the regions of the 
energetic characteristic values, corresponding to differ- 
ent types of phase behaviour. The locus of the bound- 
ary lines is determined exactly by solving respective 
sets of equations with the aid of a computer. In the 
case considered here, Oll = o12 = o22, we can mark 
out seventeen types of phase behaviour. Their position 
in the global phase diagram (fig. 1) is not equivalent. 
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Fig. 1. Global phase diagram for binary mixtures of  equal 
size Lennard-Jones molecules. 

Thus, the IV.I and IV-A types occupy a very narrow 
region between II and III, II.A and III-A respectively, 
and they are not shown in fig. 1. The boundaries 
between the types I and II and the other pair of types, 
V and IV are not shown as well, because there is no 
boundary state, characterizing these transitions, 
when the existence of the solidification line is ignored. 

The analysis of the global equilibrium surface made 
it possible to mark out the III-A type region, which 
has not been described previously in the literature 
(fig. 2). The systems with phase behaviour of this type 
are characterized by two critical lines, one of which 
connects the critical point of the first component C 1 
with the critical end-point C E on the three-phase line, 
when passing through the critical azeotropic point, 
C A ; the second critical line begins at the critical point 
of the second component C 2 and goes away to the 
high pressure region. A positive azeotrope is observed 
in the restricted range from the azeotropic end-point 
A E on the three phase line to C A. 

One can expect the display of  phase behaviour for 
the III-A type in the real two-component systems, 

P / 
1 

Fig. 2. Schematic p, T projection of II-A phase behaviour 
type. 

since a greater part of the types discovered have ana- 
logues among the systems that were already studied 
experimentally. 

There is a region - F, shown in fig. 1, which is 
analogous to the "shield" region discovered by 
Furman and Griffits [1] for binary van der Waals 
mixtures, for which the equilibrium of  four fluid 
phases is possible. Schematically it is shown in fig. 3, 
where five types of phase behaviour, possible in this 
region, are marked out. Three tops of it correspond to 
the tricritical points, coexisting with normal phases, 
and boundaries determine the points of coexistence 
of the critical phase with two normal ones. The lines 
of tricritical and those of double critical end-points 
run in the F-region so close to each other that the 
difference between them can be neglected. Thus we 
do not distinguish here the types, corresponding to 
this very narrow band, which serves as continuation 
to the region IV-A. 

The topological features of the global equilibrium 
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Fig. 3. Region F in global phase diagram (schematically). 

417 



Volume 104, number 8 PHYSICS LETTERS 17 September 1984 

surface for the one-fluid van der Waals model  and the 
one-fluid model  of  LJ binary fluid mixture in many 
respects coincide, but  the boundary relations o f  the 
parameters for the IA fluid are more realistic. Com- 
parison of  the equations o f  state indicates the exis- 
tence o f  a correlation o f  phase behaviour types, not  
only with relation to the critical parameters of  the 
pure components,  but  also with relation to the satura- 
t ion lines on the whole, - besides not  only for the 
case of  close critical parameters of  the components.  
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