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The two-loop Yukawa coupling constant renormalization and the mass renormalization of the 
fermion for an arbitrary renormalizable field theory, including vector, scalar and of course fermion 
fields, has been calculated. This has been done in two different regularization schemes, i.e. 
dimensional regularization and dimensional reduction. Both calculations were done in the conven- 
tional way, and not with the use of the so-called background-field method. Only the reduction 
scheme is shown to preserve supersymmetry up to this level. 

Furthermore a simple example of a gauge theory is given to show that in general it is not 
possible to give an explicit transformation of the coupling constants in such a way that all 
B-functions become the same for the two regularization schemes, which proves that dimensional 
reduction, treated this way, is not a good regularization scheme. 

1. Introduction 

The two-loop fi-functions are relevant to physical processes (such as the lifetime of 
the proton - if it decays at all), where they give corrections to the known one-loop 
predictions for these processes. In a former article [l] we gave the two-loop 
&functions for the scalar potential and the gauge coupling constant(s) (the latter 
already known of course [2]) by means of the background-field method, for the 
lagrangian, which will be defined in sect. 2. 

For the renormalization of the fermion mass and the Yukawa coupling constant(s) 
the background-field method (in contrast with the scalar potential) is not of much 
use. The diagrams to be calculated, as will be discussed in sect. 3, are of the same 
order of difficulty, or even worse. 

This article is arranged as follows. 
First in sect. 2 we define the most general renormalizable lagrangian with some 

definitions used throughout the whole article. Then, in sect. 3, we argue why the 
background-field method is of no use whatsoever for diagrams with outgoing 
fermions. In sect. 4 we introduce a “massive calculation scheme”, which can be used 
for dimensional regularization [3] as well as for dimensional reduction [4], only for 
practical reasons. Working with the computer program Schoonschip [5] it is very 
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comfortable to reduce the number of integrals to be carried out as often as possible. 
In sect. 5 we determine the double poles from the renormalization group equations, 
with an extremely simplified equation which was derived in ref. [6], in order to get as 
many checks as possible on our final results. Sect. 6 is devoted to a short review of 
the two already mentioned regularization schemes. The way to compute the dif- 
ference between the single poles will be explained in ref. [14]. 

Within the framework of the massive calculation scheme all integrals can be 
transformed into 

// dnp d,q 
1 

(p2+??z2)yq2+m2)~((p-q)2+m~)Y’ 
0.1) 

because a p. q in the numerator can be written as 

p-q=3((p2+ “2)+(q2+m2)-((p-q)2+m2)-nz2). (1.2) 

In the case of outgoing fermions a few more nasty numerators can occur: 

(1.3) 

when computing the pure two-loop three-point function and 

(1.4) 

for the renormalization of the fermion wave function. Sect. ‘7 gives a method for 
both dimensional regularization as well as for dimensional reduction to get these 
integrals in the desired form (1.1). In sect. 8 we give the final results for the fermion 
mass and Yukawa coupling constant for both regularization schemes. Supersymmet- 
tic YangMills (N = 4) indeed yields a vanishing p-function as expected for dimen- 
sional reduction. In sect. 9 we use a toy model, already used in [l] and compute the 
two-loop &functions for the Yukawa coupling for both schemes. Together with the 
results of ref. [l], where the /&functions of the scalar coupling and the gauge 
coupling were determined, we investigated whether a finite transformation of diverse 
couplings existed that could transform all /%functions, computed in one scheme, into 
the /?-functions of the other scheme. The result was negative. Sect. 10 is devoted to 
conclusions and discussion. Appendix A gives all the relevant integrals, and appen- 
dix B gives a model used in sect. 5. 

2. The lagranglan 

For matter of convenience we first give the most general renormalizable field 
theory, with some definitions, used throughout the rest of the article: 

(2.1) 
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where 

G;” = a,A; - &,A; + fabcA,bA;, (2.2) 

(2.3) 

D,,J, = iI& + A;U”$ , (2.4) 

Furthermore we need 

(2.6) 

LP= u;- u;y5, (2.7) 

cab =fapqf bm , (2.9) 

Rub = - Tr( T”Tb) , (2.10) 

Qab = -Tr( U"Ub) . (2.11) 

In order for the theory to be renormalizable, S and P are at most linear in the scalar 
field, V may be maximal of order four. And, of course, no anomalies may occur. The 
gauge group need not necessarily be simple, and the scalar and spinors may occur in 
various reducible representations. Any number of gauge coupling constants may be 
absorbed in the structure constants fabc and the representation generators T” and 

U” (we left them out for compactness of the notation). Extension to Majorana 
spinors has already been discussed in [ll. 

3. Why the background-field method is not used 

In a former publication [l] we derived the full two-loop counter-lagrangian for an 
arbitrary (but of course renormalizable) field theory using the background-field 
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method. However this did not include the renormalization of the fermion mass and 
the Yukawa coupling. 

In this section we argue why it is no advantage at all to use this method to 
determine these renormalization coefficients instead of just doing ordinary perturba- 
tion theory (i.e. the conventional way). 

There are two ways of ,using the method. First the method described in ref. [l], the 
second one is the method used by Abbott [7]. 

Let us first discuss the method of ref. [l]. (For all notations see [l].) One always 
assumed that the propagator of each particle was of the form 

v.j.k-2, (3.1) 

where Kj could be any matrix (not containing k). The second assumption was that 
the vertex 

had the pleasant property that 

D”BGk = 0 (3.3) 

for all indices. This diminished the number of terms needed to be calculated in such 
a way that they were much fewer than the number of diagrams to be computed in 
the conventional way. In the case of ref. [l] there was always a transformation 
available for the fermion field (which cannot have a propagator of the desired form 
(3.1) without violating (3.3). 

But what happens in the case of outgoing fermions? We set A: equal to zero of 
course and the relevant piece of the lagrangian becomes, after splitting up the fields 
in their classical and quantum parts (for simplicity we took IV(+) = $) 

In order to get the right propagator behaviour (3.1) we have to look for a 
transformation such as 

But whatever one chooses for “anything”, the constraint (3.3) can never be fulfilled. 
The lagrangian becomes 
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the rest terms coming from “anything”. The reason that (3.3) cannot be met is that a 
covariant derivative has appeared which mixes two different kinds of particles 
(scalar-fermion in this case; the third term in (3.7), which cannot be eliminated by a 
suitable choice of “anything”). So, if we want to use the method of [l], the number 
of terms exceeds the number of diagrams, using the conventional way, and therefore 
this method is ruled out. 

Abbott’s approach [7] may at first sight be of some use (his method works with 
ordinary Feynman diagram calculations, but also after splitting up the relevant 
fields into quantum and classical parts). A closer examination however yields that 
the number of diagrams to be computed are exactly the same as in the conventional 
scheme. Using the gauge-fixing term as in ref. [l] (eq. (4.19)) could at first glance 
diminish the number of vertices, however the Faddeev-Popov ghost lagrangian yields 
more extra vertices than there were lost. 

The conclusion of this section can only be that for the determination of the 
infinities in the Yukawa coupling constant and the fermion mass the conventional 
way of all needed diagrams must be preferred. 

4. The “massive calculation scheme” 

Working with the computer program Schoonschip [5] it is extremely useful that 
the number of needed integrals is as minimal as possible. That is why we chose a 
trick that we call the “massive calculation scheme”. It can be used for dimensional 
regularization as well as for dimensional reduction. 

The trick consists of two parts. First, make the diagram logarithmically divergent 
by differentiating with respect to one of the inflowing momenta. (Note that we also 
have to determine the wave function renormalization of the fermion (linearly 
divergent) and that of the scalar field (quadratically divergent), both up two loops, 
too.) Then put all external momenta equal to zero and give any particle (scalar, 
fermion and even the gauge field) an arbitrary but equal mass in its propagator. Any 
integral now can be transferred into the following form: 

* 

(4-I) 
[p*+d]a[q*+d]P[(p-q)2+rn*]y ’ 

where 
(Y+p+y>/4 (4.2) 

is the only relevant case. (Note the > sign; subdivergencies may occur.) Observe the 
fact that the numerator in (4.1) is one. But any dot product p. q can be eliminated 

by 

P.4=4(P2+q2-(P-d2). (4.3) 

And any sort of integral with b4 or bq, in the numerator can be expressed in terms 
of p. q or p - qy,, respectively, but as these are dependent on the regularization 
scheme used they will be discussed later (sect. 7). 
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A table of all the identities and integrals needed for the full computation are 
depicted in appendix A. 

Two questions are now to be asked about the validity of this calculation scheme. 
(i) We break gauge invariance explicitly by giving the vector particle a mass too. 

Is this allowed? 
(ii) By giving all particles the same mass, will it yield correct results? (Think of, 

for example, a term proportional to the ratio of the masses of the different kinds of 
particles, which is equal to one in the present case but could be any other number.) 
Answer to the first question. 

As long as no subdivergencies occur there are no problems. After having per- 
formed the first and hence finite integral one integral remains to be done: 

/ (qi]. [q2+1m*]L?d”q’ P-4) 

if we have obeyed the rules. Of course only a + /I = 2 or (2 + 3~) contributes. But as 
1/(q2 + m2) = l/q2(1 - m2/(q2 + m2) + higher orders) the single pole of (4.4) be- 
comes equal to the integral (4.4) 

I[ 

1 

q2 + m2] u+B 
d,q. 

(Remember all integrals were logarithmically divergent, so terms like 

/ 
1 

[ q2 + m2] a+B+l 
d,q 

(4.9 

become finite, hence carry no poles.) 
In case subdivergencies exist we have to be more careful. Suppose that, after the 

first integration the rest is of the form 

J a Iq2]liy2 iq2 +lm2] /3 4q3 

or 

-- 
1: [ql’l” [q2+;2]B+e/2 d,q, 

with the corresponding counter-diagram: 

(4.7) 

V-8) 

/ 
1 1 1 --- 
& [q21U [q2+rn2y 

d,q, 
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whereas we take 

1 I[ 1 1 - - E ( q2 + m2)a+f9+e/2 
( q2 + *2)‘+P 1 d”cI. (4.10) 

(Y is an integer >, 0, /3 an integer > 0 (note that j3 = 0 is impossible for there will 
always be a scalar or fermion propagator in a diagram we computed). 

Moreover if a + /3 > 2 then ((4.7) + (4.9), ((4.8) + (4.9)) and (4.10) become finite. 
For example 

Wo) = / z (q2 + m2)u+B + O(E) 4zq ( 1 ln(q2+m2) 

I 
(4.11) 

obviously is (mere power counting). 
So the only problem is cy + B = 2 (with p > 0). Apart from the trivial factors of B, 

(4.10) becomes [3] 

(4.12) 

We have to consider four cases, ((4.7) + (4.9)) and ((4.8) + (4.9)) denoted as Z, and 
I,, for a=l, p=l and a=O, ~3=2. 

First the trivial one: Z2(~ = 0, /3 = 2) = (4.10). Then 

Z,(a=O, p=2)=:/d,q 
E [q2:m2]2 ( [q2;:+e/’ - 1) 
1 =- 

/.i 
‘d,qdx 

X(1 - xy2q2 r(3++) 2 -- 
E 0 [ q2 + dx] 3+E’2 Z(2)T(l + 3&) E2 

1 r(1+ f&)T(2 - &) =- 
E2 r( 3 - +&) 

(2 - $&) - $ 

=L (1-e) 2 1 1 --=--__ 
E2 (1 - $&) E2 82 2.5. (4.13) 
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We leave it to the reader that for Ii and I2 in the case a = b = 1 the same answer 
results. 

So, up to two loops, all relevant integrals yield the same infinite parts, whether we 
give the vector particle a mass or not. The important conclusion is that, hence, up to 
this level renormalizability is not violated. 

Answer to the second question. 
As shown above renormalizability is not violated. Thus as we know from renor- 

malization theory ratios of masses cannot occur in infinities of wave function and 
vertex renormalization (q.e.d.). 

As an illustrative example for the two preceding questions, consider the following 
diagram (fig. 1) with its counter-diagram (fig. 2) for the pure massless case as well as 
with the use of “massive calculation scheme”. (Integration over internal momenta is 
always assumed; the dashed line is a scalar field.) 
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4.1. MASSLESS CASE 

-k 

1 1 --- --- =__ 
r 

‘0 

k* (r-k)* 
WiF)(-i(t- HI r 

r- k 

I 2r*dx = 4r.k-4k2 = 

k*.(r- k)* J 
_ 8r2-e 1 

0 (k*-2r*k.x+r2x)* ’ / 
dxX-“/*(I _ +‘/* 

0 

= ~(r2)1-s’2(1 + E), 

and thus 

--- + - - -+2* 

(1 + 4 
fig.l= -: [(p_q)2,1+e,242= -$O+%L 

fig.2=8 
1 

=g(l+&). 
& (P-4)*4* &* 

so 

fig. 1 + fig. 2 = $ - 4 , 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

4.2. MASSIVE CALCULATION SCHEME 

We use the massive calculation scheme and break gauge invariance by using the 
fermion propagator 

- ib 
instead of 

-ib+m 

p*+m* p*+m* . 
(4.19) 
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-k 

PP - - - 
h-k-4k2 

---= 
r r [k=+m=][(r-k)=+m=] 

r- k 

2r2-2(k2+m2-m2)-2((r- k)=+m2-m2) 
= 

[k=+m=][(r-k)=+m=] 

-2 + -2 + 2r2 + 4m2 = 
(r-k)=+m= k=+m= [k2+m][(r-k)2+m2] 

= i(s r2 + 32m2). (4.20) 

so 

-- - -+ - - - = -i(8r2+32m2). 

Note we make extensive use of appendix A. 

1 (8(r2+m2)+24m2)(r2+m2-m2) 
f&.2=; 

(r2 + m2)4 

= ;(8w,(2) + 16W,(3) - 24W,(4)) = 5 + :, 

-r2(4r*k-4k2) 

fige1= [k2+m2][(r-k)2+m2][r2+m2]4 

16 16 = ---- 
82 E’ 

(4.21) 

(4.22) 

(4.23) 

The two diagrams add up to the same answer as in the massless case (4.Q although 
the single poles of each figure differ among each other. 
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5. Determination of the double poles of the Yukawa coupling constant and 
fermion mass renormalization 

In ref. [6] ‘t Hooft derived a relation between the higher-order poles in terms of 
the poles one order lower and the one-loop poles. We quote his result (5.11). Let the 
counterterms of the kth coupling constant be of the form Ca,k(l/~)~. Then 

where the dimension of the kth coupling constant, Dk, is 

Dk=u(k)--E-p(k); 

a;,,= (cY/i?&)a,k(h,). 

(5 4 

(5.3) 

As E in (5.2) is arbitrary it is easy to see that (5.1) decouples into separate equations, 
one with only u in it and another with only p: 

(5.4) 

b,k+l,mp(m)G - a,k+dk) = F a!,+( Cai,,p(m)G - sip(Q). (5.5) 
m m 

Formula (5.4) is self-consistent. (The naive idea that P-functions of masses are 
purely multiplicative is only true in special cases such as in Aq4 theory, but not in 
general. Even at the one-loop level, p-functions can even contain ratios of masses. 
See appendix B.) 

Formula (5.5) can be simplified considerably. Consider first the case of dimen- 
sionless coupling constants (a = 0, p Z 0). For any renormalizable theory p can be 
made equal to one-half. So p can be removed from eq. (5.5). Now consider a,” only 
up to all leading order in E. Then a,” only contain a string of coupling constants of 
(2~ + 1)th power. This means for the leading terms 

(2~ + l)a,” = Ca,k,,&, (5.6) 

or (5.5) converts into 

(v+ l)a,k+, = ca,“,,a;. (5.7) 
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For the mass renormalization 

p (mass) = 0 . (54 

So if k refers to a mass parameter then u,” will be a string of 2v coupling constants. 
So then the r.h.s. of eq. (5.5) converts into once the r.h.s. of (5.6) if 1 stands for a 
coupling constant plus once again the r.h.s. of (5.6) if 1 stands for a mass term 
(which must be there and remember that p(l) = 0). The 1.h.s. of (5.5) becomes 
2(v + l)a,k, so (5.6) and (5.7) are still valid for masses. 

There is one snag however. As shown in appendix B there are possible mass terms 
with a p unequal to zero. However, after a detailed and lengthy analysis we have 
been able to show that (5.7) remains valid for the cases where such a mass term 
appears in (5.5). 

So we see that for the two-loop double poles we only need to know the one-loop 
infinities. These can be found in ref. [8]. 

32n2eAW(‘)= (W&W+ h.c.) + 4( I+@~) + 6( WU2 + h.c.) + 4WiTr[ M-M,] . 

(5.9) 

Here and in the rest of the article the notation of ref. [l] and appendix C is used, 
where 

- a 
M= GM *&. 

i 1 (5.10) 

The last term in (5.9) causes a difference in behaviour of the Yukawa coupling 
constant versus the fermion mass under renormalization. 

Note that: 
(i) the double poles of W will not directly depend on the representation of the 

scalar field (i.e. the matrices T have been eliminated); 
(ii) the scalar potential does not occur in (5.9). As a consequence of the last 

observation we only need the one-loop renormalization of the gauge coupling 
constant, which is given by 

(5.11) 

Now everything is set to determine the two-loop counterterms proportional to 
1/.a2. As an illustration let us compute the pure WU4 double poles. The only 
relevant part in (5.9) is 

(32s2a)-’ x 6 x (WU’ + ir’W>, (5.12) 
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a2 = (32~~~)~~ X $ X 36( We U2* U2 + 02WU2 + 02WU2 + 02ti2W) 

= (32~~~)-~(18( We U2. U2 + h.c.) + 36(fi2WU2)). (5.13) 

A complete and straightforward calculation for the double poles in W gives 

(32~2~)~ A@& poles 

= $( Ff$eWj$W+ h.c.) + 4( Ff7@+$~ + h.c.) 

+ (WWWf?$W) + 4( Ff9@@W+ h.c.) 

+ 8( F?@7$‘~ + h.c.) + (w;@Ft#W+ h.c.) 

+ 4( FF7+7@-~ + h.c.) + 8( FP7@‘$~) 

+8Tr[M,.~iM,.;i;l](~)+16Tr[M,.M,M,.M](~) 

-8Tr[L,.L,L,.L](~)-16Tr[Lj.L,L,.L](~) 

+4Tr[Mi~Mj](W~W+h.c.)+16Tr[Mi~Mj](W~) 

+24Tr[Mi~Mj]Tr[Mj~@](W)+4Tr[Mi~~](W~W+h.c.) 

+16Tr[Mi.@](WWW)+48[M/@U2+Li*~X2](W) 

+24Tr[ Mi - M] ( KU2 + h.c.) + 12( WF&W7_12 + hc.) + 6( WWwu2 + h.c.) 

+24( W$‘WU2 + h.c.) + 24( WWU2W + h.c.) + 6( WW712W + h.c.) 

+ 36( U2WU2) + 18( WU2U2 + h.c.) 

+ ( Cob( -44) + R”“(2) + Qab(16))( WU”Ub + h.c.) . (5.14) 

(The double poles for the scalar potential in ref. [l] were checked in the same way.) 

6. Dimensional regularization versus dimensional reduction 

Of course everyone is familiar with the two regularizations themes used in 
practice, the original one first introduced by ‘t Hooft and Veltman [3], dimensional 
regularization, and the so-called regularization by dimensional reduction, introduced 
by Siegel [4]. Whereas the first one was invented to have a suitable way for 
renormalizing gauge theories (it guaranteed that all Ward identities were preserved, 
whereas an ordinary cut-off would ruin them), the second scheme was proposed 
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somewhere after the birth of supersymmetries [9]. In supersymmetries the number of 
degrees of freedom of the scalar particles must c0incid.e with those of the fermions in 
the lagrangian. And as dimensional regularization prescribes: perform all the 
momentum integrations and the y-matrix algebra in 4 - E dimensions. 

It is obvious that dimensional regularization camrot preserve supersymmetry when 
gauge particles (or particles with higher spin of course) occur in the theory. 

The prescription of dimensional reduction is: Perform all y-matrix algebra in four 
dimensions first (so that the gauge particle has still exactly four components), then 
perform the integrations in (4 - E) dimensions. 

We used these two ways of handling all the diagrams in order to get the results, 
which will be presented in sect. 8. 

7. The last hurdle 

There is one last minor problem to be discussed. In diagrams without outgoing 
fermions it is not always possible to arrive at an integral of the desired form 
(appendix A). 

7.1. THREE-POINT FUNCTION 

I4 
can occur in the numerator. 

As any diagram of the form 

P& 

[p2+m2]a[q2+m2]~[(p-q)2+m2]r 

must be proportional to spy (7.1) gives for the dimensional regularization 

6 
YpY*Pp4”=YpYv~ ‘P’4=P’4, 

and for dimensional reduction 

7.2. FERMION WAVE RENORMALIZATION 

Now 

p.q=$Pq. 

up Pp4v = Ypqw . ;p.q= q,., 

(74 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

for both schemes. 
Transformation (1.2) now can make all integrals of the desired form. 
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8. The final results 

The total renormalization of W is given by 

119 

+ ( AJ,~)A,~ + A@‘) AwCS) + ~$1) WA,J,(~) 

+ (WA+(*) + A$“W) + A$c’) A+“‘g + F A&)A\cI(‘) , (8.1) 

where the superscripts (1) and (2) stand respectively for one- and two-loop renormal- 
ization of W, 9, IJ and $. 

AK% 

= WO doub,epolcs+e(hl(~~~~W+h.c.)+h2(~~.~~~+h.c.) 

+h3(~~~~)+h4(Tr[M,.M,~~.M] -Tr[Li.LiLj.z])(y.) 

+h,(Tr[Mi.MjM;.@] -Tr[L,-L,L,.~])(F$$)+h,Tr[M,.M,](&$W+h.c.) 

+~~Tr[M,.~j](~~)+h,(Tr[M,.MU2] +Tr[L,-zX*])(&) 

+hg( mW;:U* + h.C.) +hlo( W;.@WU* + h-C*) + hll( Wi@‘W;.U* + h-c.) 

+h12(K#U2~+ h.c.) +h,,(WF@I*~+ h.c.) +h14(ti2WU2) 

+hls ( WU2U2 + h.c.) + ( h16Cab + h17Rub + h18Qab)( WU”Ub + h.c.) 
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TABLE 1 

Coefficients of (8.2) for both regularization schemes 

red. reg. red. reg. red. reg. red. reg 

h, -f 4 1 4 1 1 h 17 -: -+ hzs 4 4 

h, -2 -2 h,, -: -: h,, -y -$ hx -4 -4 

h, -4 -4 h,, -6 -6 h,, -4 -12 b 1 6 1 6 

h, -6 -6 h,, -14 -10 hzo 4 6 hz, -19 6 -49 z 
h, -4 -4 h,, -f -A+ hz, -3 -3 h,, -t 1 

h, -3 -3 h,, -8 0 hzz 4 12 h30 4 i 

h, -8 -8 h,, -3 -3 hz, 8 0 h3, 1% 12 

h, -28 -20 h,, E 3 97 3 h 24 24 24 h3, -21 -21 

Of course we made use of the two important identities, coming from gauge 
invariance, in order to reduce the terms as much as possible: 

[qyi] +i{vpo,si} =pjTj:!. (W 

And as expected [ll] the single poles differ for both regularization schemes. A 
straightforward calculation yields that the p-function for g in the Yukawa coupling 
of supersymmetric SO(4) Yang-Mills [12] vanishes when we use the coefficients from 
the reduction scheme but not when we use those of the regularization scheme. So 
dimensional reduction seems the only candidate in preserving supersymmetry. 

9. A toy model 

As a toy model we use the one already introduced in [l]: 

C= - $G;V~;P - $+$I,+” - $( q+a)’ - +A [ ~“1 2 - iyfabc@#A+!f, (9.1) 

where the gauge group is W(2). 
Using (5.9) and (8.2) for both regularization schemes, we got for the P-functions 

of the Yukawa coupling 

B’eg(Y)=--L(+8Y3-12Yg2) 
w2 

--!- ( - 43y5 + 92y3g2 - 5y3A - yyg4 + sy A’), 
+ (41r)2 

(9.2) 

&e,(Y)=- (41 )’ (+f3y3 - 12yg2) 
7r 

-L ( - 43y5 + 92y3g2 - 5y3A - yyg4 + $yP) . 
+ (47r)4 

(9.3) 
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As the j&functions for the two other coupling constants are also known for both 
regularization schemes [l], we tried to find a finite transformation for the three 
coupling constants 

Xi = xi +fi( g, y, A) (9.4) 

to transform the three @functions in one regularization scheme simultaneously into 
the p-function of the other scheme. We proved that already for such a relatively 
simple theory as (9.1) this transformation does not exist. A good regularization 
scheme is required to be the equivalent to others (such as dimensional regularization 
or Pat&Villars) via a substitution in C at lower orders. This clash will be discussed 
in ref. [14]. 

10. Discussion and conclusions 

Using a massive calculation method we computed the two-loop infinities in the 
Yukawa sector for a completely general renormalizable field theory. This was done 
with two different regularization schemes, dimensional regularization [3] and dimen- 
sional reduction [4] and as expected the two results for the single poles differ. The 
final result (8.2) yields immediately the P-function of the Yukawa coupling constant 
as it is proportional to the residues of the single poles in (8.2). For the p-function of 
the mass of the fermion some more work has to be done because it is inevitable that 
infinite constant shifts have to be carried out in the scalar field in order to get rid of 
infinite linear terms in the counter-lagrangian (appendix B). Furthermore we showed 
that in general it is not possible to transform all p-functions in a theory, computed 
in both regularization schemes, into each other simultaneously by a finite redefini- 
tion of the coupling constants involved. We therefore conclude that dimensional 
reduction in the way proposed by Siegel [4] is inconsistent. 

Appendix A 

IDENTITIES AND INTEGRALS USED 

Denoting I+‘,( a, j3, y ) (which is of course completely symmetric in its indices) and 

w,(a) by 

W,w%Y)= // 
(32~~)~ 

[p2+m2]n[q2+m2]B[(p-q)2+m2]Y 
d,pd,q, (A.1) 

%(4=! ip23:7i,i21a d,p, (A.21 

the only identities and integrals needed are the following. Identities: 

%(--2,a,8)= W,(~-2)w,(P)+~(cr)~(p-2) 

+(2+ ae)w,(+C(P)+(3+ ae)(w,(a-I)W,(B-l) 

- %(a - I>%@) - w,(GMa - I)), (A.31 
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%(-La&= w,(++‘#-l)+W,(a-l)%(P)-~~(~)~&% (A-4) 

K(OGTP)= W,(+W). (A-5) 
Integrals: 

W,(l)= -4/e-22, 
(A-6) 

K(2) = 4/E, 
(A-7) 

w,(3)=1, 
(A-8) 

W,(4)= +, 
(A.9 

W,(5) = &. 
(A.lO) 

w*(2,1,1)=8/&*+4/E, (A.ll) 

w,(3,1,1) =4/E, (A.12) 

W*(4,1,1)=4/3&, (A.13) 

W,(5,1,1) = 2/3e, (A.14) 

w,(O)=% (A.15) 

Appendix B 

EXAMPLE OF A THEORY WHERE THE MASS RENORMALIZATION IS NOT PURELY 
MULTIPLICATIVE 

Consider the following lagrangian 

Observe we added a +3 term, needed for renormalizability, as wiU be shown in the 
following. Moreover the K in front of this term, which is a m&s, has a p unequal to 
zero (p = $). 

According to [8] 

32n*~A = (+A+* + K+ + M*)* + 4( iA+ + )K+3 + M*$*) y* 

- (h+ + ?Tl)4 + (r( iA+ + $K+* + M*$) 

= COnSt + (p(2~hf* - 16ym3 + aM*) 

+$*( h&f* + K* - 24y2m2 + 4M2y2 + ftXK) 

03.2) 
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(Note a term proportional to C#J~ is present, so K was needed in the original 
lagrangian.) 

We added an infinite shift in Cp: 

in order to get rid of the linear term in AV, which we obviously do not want. 
Now a is fixed under this condition: 

a= -2K+16& 
M2 * 

After this shift the quadratic term in C#J becomes 

PW2) 
m3 

a aIM’ = AM* - 24y2m2 + 4y2M2 + 8~~3, 

m3 
,8(K) 0: a; = $K - 16y3m + 2KJ’* + @y--- . 

M2 

And the poles in one-loop for the fermion can also be determined from [8] 

32a2eW=6y2((y+a)+m)+4y3+, 

so 

/3(m) a a? = 6y2m - 2~y -I- 16~‘s. 

(B-3) 

(B-4) 

(B-5) 

(B.6) 

(B.7) 

(B.8) 

Note that dimensionless coupling constants can never get factors of m:/rnz in their 
P-functions as they can never be affected by a translation of a scalar field. 

For gauge theories nothing really changes as long as there is a scalar field that 
does not couple to any vector field. Take the only realistic theory we have so far, the 
standard model [13], there indeed we have such a particle, the Higgs field. But as one 
can see from (B.8) the effects will be extremely slight (m c M). 

One might expect that the fact that now ratios of masses occur, seems to 
undermine our “massive calculation scheme”, described in sect. 4. However /3-func- 
tions are determined after an infinite shift in the scalar field, whereas the infinities 
are computed before them. 

The author wishes to thank Gerard ‘t Hooft and Pierre van Baa1 for many fruitful 
discussions and encouragement. 
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