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essential compared with that of the dilution with other
substances, ("hange of the phase from solid lo liquid
gives a drastic change of the yield of 115mln;i+ ion.
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Generalized solutions to the Kisenschitz and London perturbation equations are derived. It is pointed
out that the results obtained in the formalisms proposed by Hirschfelder (HAV), by Hirschfelder and
Silbey, by Murrell and Shaw, and by Musher and Amos are special cases of the generalized treatment.

I. INTRODUCTION
The recent literature contains a number of proposals
for including the exchange effect in perturbation formalisms for short-range intermolecular forces.1 Since most
°f these methods give different results for second- and
higher-order energies, one might well ask which of the
Perturbation methods is most satisfactory. Certain et
a
l? have tried to answer this question on the basis of
numerical calculations. Aside from their numerical comparison one might also examine the theoretical basis of
the various approaches in an attempt to elucidate their
relation to one another. In this paper generalized solutions to the perturbation equations originally derived
by Eisenschitz and London3 (see also Van der Avoird4)
will be obtained and it will be shown that the results
of various formalisms, which have currently received
attention, can be related to these generalized solutions.
H. GENERALIZED PERTURBATION TREATMENT
Consider the interaction between two molecules R
nd T with N-R and NT electrons, respectively, and let
!&nRj and ji/<„T) be the complete sets of orthonormal
Wavefunctions for these molecules. The product functions $i = ^,„IVnT are eigenfunctions of the sum Hamiltonian H0=HR+HT with eigenvalues E?=Rm*EJ.
The total Hamiltonian H for the interacting system
R+T can be written as H=Ho+U where U contains

a

all the interaction terms between R and T. The Schroedinger equation (S.E.) for the ground state of the
interacting system will be denoted by
ƒƒ*• =ƒ*['.

(1)
3

In their classic treatment Eisenschitz and London expand the wavefunction in terms of antisymmetrized
product functions
*=/l$o+ EM*;.

(2)

The antisvmmetrizer A is denned as
I = O-1/2

(3)
^BT

where Q is the total number of permutations of electrons between the two molecules and the summation
over PRT includes all Q permutations of electrons between R and T and SPRT is ±1 depending on whether
PRT is an even or odd permutation. The expansion
given by Eq. (2) yields the perturbation equations
(//o- W) $„=0,

(4)

A (//„-E,,") E i/"*,- = A (EV-U) $„,

(5)

= A (£<»- U)
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etc., where the nth-order correction to the wavefunction has been written as

dependent on g, they nevertheless restricted their solutions; that is, instead of carrying out a perturbation
treatment using the generalized coefficients given by
( V ) Kq. (12), they selected the expansion which has the
property that the sum of the absolute squares of the
Eischenschitz and London derived solutions for Eqs. expansion coefficients is a minimum, i.e., they used the
(5) and (6) by expanding the right-hand sides of these expansion for which g=0.
equations in terms of the functions {A<f>i} and equating
At present many of the difficulties with respect to
the coefficients of these functions on both sides of their the perturbation theory for short-range intermolecular
equations. Since the functions M0;} are not linearly forces are related in one way or the other to the nonindependent the expansion coefficients for the expan- uniqueness of the expansion of an antisymmetric funcsion of an arbitrary antisymmetric function ƒ in terms tion in terms of the functions {^44?,-}. It appears to us
of these functions are not unique and therefore the re- that a rigorous justification of the choice of Eisenschitz
sults of a perturbation treatment based on such an ex- and London is not available, nor indeed is there an
pansion are not unique.
adequate justification for any other specific expansion.
Following Eisenschitz and London we write the Therefore a perturbation treatment starting from Eqs.
general relation between the functions {A3>i} as
(4) -(6), using the general expansion coefficients (12)>
has been carried out. The advantages of such a treatA$i= X TjiAQj.
(8) ment are that it enables one to investigate the explicit
i
dependence of Em, SP0', £(2), etc., on the choice of g.
Substituting for TU the form T^= (<&,• | T \ $;), one
Expansion of the right-hand side of Eq. (5) according
obtains
toEq. (12) yields
-4<ï?i=.4E ($j| T\<bi)$j= AT$i.
(9)
A general form of T which satisfies Eq. (9) can be
written as
(13)

where AT'=0. Using this general form of the matrix
T in Eq. (8) the consequences of an expansion in
terms of the functions {^44>ij can be elucidated. Writing
ƒ as ƒ= '52idiA$i and substituting for /!$,• according
to Eq. (8) yields

ƒ= E E

>= E

(ii)

Where the subscript 1 of the function g indicates the g
function used in the first-order perturbation equation.
Since the generalized expansion coefficients are used
on the right-hand side of Eq. (13), the coefficients of
the functions {v4<f>i} may be equated on both sides of
that equation without loss of generality. This yields for
i=0

where

AU,

E>

_,

,

($o I A
(12)

Since the only requirement on T' is AT'=0, the function E« diT'$i can be written as Bg, where g is an
arbitrary function depending on the coordinates of
(NR+NT) electrons and B= (I-Q-^A}.
From Eq. (12) it follows that the individual coefficients e j are not uniquely determined by/, although
the set of coefficients jeyj as a whole uniquely determines/. The nonuniqueness of the individual coefficients
Cj would be without any importance if the results of a
perturbation treatment, in which an expansion in terms
of the functions {y!4>ij is used, would be dependent
only on the function to be expanded. Although Eisenschitz and London noticed that the results of the separate perturbation equations would be dependent on
which expansion coefficients were used, i.e., would be

<£<>)•

For JT^O one obtains
bi(n

Ef-Ef
(15)

If the coefficient oo(1) is taken to be zero, then

(16)

The second-order perturbation Eq. (6) is resolved in an
analogous fashion, i.e., by expanding the right-hand sio
of Eq. (6) according to Eq. (12) and equating the coefficients of the functions {A$>-} on both sides of the
equation obtained after expansion.
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For E(v> one obtains

Substitution of b,w according to Eq. (15) into Eq. (17) yields
1

($0
*

The Eqs. (14), (16), and (18) for £<•>, ^<«, and E< 2 >,
respectively, constitute the results of our generalized
treatment.
III. DISCUSSION OF THE GENERALIZED
SOLUTIONS AND RELATION TO
OTHER FORMALISMS
The generalized expressions for £(1), ^m, and E <2)
which show the explicit dependence of these quantities
on the functions gi and g-> could be very useful in an
investigation of the physical meaning of these functions,
especially since we have not been able to select a specific
g function on mathematical grounds. It is clear that if
one carries out a perturbation treatment to infinite
order one should use the same g function for each order
to obtain unique results. However, if the perturbation
treatment is taken to second order only one might ask
the question which gi and g-> yield the best results for
the correction to the energy and the wavefunction.
As has already been mentioned in Sec. II, the Eisenschitz-London treatment corresponds to using an expansion in which g=0 and indeed setting gi=g2=0 in
the generalized expressions for Ew,^w, and £(2) yields
their well-known results.
Comparing the HAV formalism 5 and the generalized
perturbation treatment presented here it can easily be
seen that setting each of the <j>j equal to zero in Eq. (2)
of Ref. 5 is equivalent to setting g=0. Thus the choice
made by Hirschfelder corresponds to selecting a specific
expansion of an antisymmetric function in terms of
the functions {A<t>i\.
Effectively the formalism of Hirschfelder and Silbey6
corresponds to choosing7

(19)
where
(BU)0= (*o | BU | $„)/{*<, | B *„>.

(20)

From the generalized expression for £(1), Eq. (14),
it follows that one can obtain the Hei tier-London VB
result whenever ($01 Bgi) = 0. This requirement is fulfilled in the Eisenschilz-London and HAV formalisms
since there gi=0, and also fulfilled in the Hirschfelder-

\

"/

Silbey treatment as can be seen from Eqs. (19)
and (20).
In order to make contact with the results for Em
and £(2) obtained in the Murrell-Shaw8 and MusherAmos9 formalisms, it is necessary to use functions gi
and gs which are not the same. Substituting
gi = 0,

into the generalized expressions for Ew and £(2) yields
the same expressions for these quantities as the ones
obtained by the aforementioned authors.
IV. SUMMARY
This generalized treatment shows clearly that the
nonuniqueness of the individual expansion coefficients
in the representation of an antisymmetric function in
terms of the functions |^4$i| is the basic reason why
so many different results for the first- and second-order
equation could be obtained. Using the generalized expressions it can be seen that the difference between the
various perturbation formalisms is effectively a result
of variations in the choice of the g function.
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