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Light Scattering Study of the Diffusion of Interacting Particles
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The diffusion coefficient of a water-in-oil microemulsion has been measured as a function of the
concentration of the suspended particles using photon correlation techniques. The data have been
analysed using an extension of the thermo-hydrodynamic theory of G. K. Batchelor to the case of a
potential of mean force between particles which consists of a hard-core repulsion and an attractive
part. The parameters for this potential are consistent with those obtained from the osmotic com-
pressibility as determined by static light scattering.

1. INTRODUCTION

The understanding of suspensions of interacting particles has recently been sub-
stantially advanced by the application of modern liquid state theories. In particular,
static properties of these systems have been successfully interpreted in terms of poten-
tials of mean force between the suspended particles.1"3

Interesting results for the dynamics of these systems have been obtained using
quasi-elastic light scattering.4"11 This technique provides information about the
diffusion coefficient D of the suspended particles, which depends markedly on the
concentration. The quantitative interpretation of these data has been confused by
the fact that even for hard spheres the recent literature contains a number of widely
different theoretical results.12"25 Basically two different approaches to the problem
can be distinguished. The first starts from a Smoluchowsky equation for the TV-
particle probability distribution in configuration space.26"28 This description must
then be reduced to a closed equation for the one-body density which contains the
diffusion coefficient. The second, much simpler, approach is based on an extension
of the Einstein argument29- 30 relating mobility and diffusion to the case of inter-
acting particles. The problem that then remains is the calculation of the density
dependence of the mobility and the osmotic compressibility. Recently, Felderhof2*
has shown by explicit calculation that the results obtained from the W-particle
Smoluchowsky equation are in complete agreement with those Batchelor obtained
from the generalized Einstein argument. He also pointed out the omissions of
previous authors which led to the various different results.

In this paper, measurements of the diffusion coefficient of a model system of
interacting Brownian particles as a function of their concentration are reported. The
observed decrease in D with concentration is analysed in terms of an extension of the
Batchelor approach to the case of an interparticle potential which contains, in addition
to a hard-core repulsion, an attractive part. The parameters for this potential are
consistent with the results obtained from the osmotic compressibility as determined
by static light scattering.1
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2. THEORETICAL

Consider a system of suspended particles with a number density n. Local
differences in this density will be smoothed out by the process of diffusion. This
tendency can be described by the diffusion equation 29

, O- (D

Einstein 30 has shown that the diffusion coefficient D in eqn (1) can be written as

D = b (2)

where b is the mobility of the suspended particles and II is their osmotic pressure.
At infinite dilution, where all interactions between the particles can be neglected,

the osmotic pressure is given by the Van't Hoff equation 31

n0 = nkBT, (3)

where kK is the Boltzmam constant, and for spherical particles the mobility reduces
to the Stokes 32 expression

b0 = A— - (4)6ntjaH

Here OH is the hydrodynamic radius of the suspended particles and r\ is the shear
viscosity of the suspending medium. Substituting eqn (3) and (4) in eqn (2) one
obtains the Stokes-Einstein 33 expression for the diffusion coefficient

(5)

In general, however, there will be both static and hydrodynamic interactions
between the particles affecting the osmotic pressure 34 and the mobility,35 respectively.
At low concentrations these effects can be taken into account by expanding II and b
in a power series of the concentration

H = kBT[n+B2n
2+ . . .] (6)

Here B2 is the second osmotic virial coefficient and 0H is the hydrodynamic volume
fraction

The coefficient B2 can be related to the potential Wl2(r) of mean force between
two particles in the medium 34

B2 - -2« f" [exp (- WWMV1] r2 dr. (8)
Jo
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The correct form of the coefficient A in eqn (7) can be obtained from the work of
Batchelor 35

~ r
aH J 2aH

4 T
«H J O

exp ( - W12lk3T)A(r) + 2ß(r) - s l + dr. (9)
L \ r / J

In eqn (9) b0A(r) is the mobility of a pair of suspended particles separated by a
distance r along the line connecting their centres and b0B(r) is the mobility perpendicu-
lar to this line. Exact expressions for A(r) and B(r) have been obtained by Stimson
and JefTery 36 and Goldman et al.,31 respectively. In the derivation of eqn (9) it has
been assumed that the suspended particles cannot penetrate into one another beyond
their hydrodynamic radius aH, i.e., the minimum distance of approach, which could
be called the hard-sphere diameter 2aHs> is assumed *t 2aH-

The results given in eqn (6)-(9) together with eqn (2) allow one to calculate the
concentration dependence of the diffusion coefficient for a given potential subject
to the above limitation.

We now briefly outline how the diffusion coefficient can be determined by quasi-
elastic light scattering.38- 39 Photon correlation techniques allow one to measure
the autocorrelation function of the intensity of the scattered light given by

Since the number of scattering particles is large the scattered light will show Gaussian
statistics so that the normalized intensity autocorrelation function satisfies the follow-
ing relation 40

T)|2. (10)

Here |#I(T)| is the modulus of the normalized electrical field autocorrelation function

and C is a constant for a given experiment.
Assuming that the scattering is due to N identical spherical particles which are small

compared with the wavelength A of the light in the medium, the electric field of single-
scattered light can be written as

IV

£s(f) = A exp (ieooO £ exP [j« • p/0]-

Here q is the scattering vector which is related to the scattering angle 0 by

4n
« - If! - j «in io,

A is the amplitude of the wave scattered by one particle, et(» denotes the position
of the/th particle and co0 is the circular frequency of the incident light.

Substituting the above result for the electric field of the scattered light in eqn (11)
one obtains
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where

<n(g,0)n*(0,T)> (13)

and
S(q) = F(* , 0).

In eqn (13) n(q, r) is the qih spatial Fourier component of the number density «(r, T).
According to the Onsager regression hypothesis 41 the time dependence of n(q, T)
can be obtained from the diffusion equation [eqn (1)] yielding

<»(?, *)>o = n(q, 0) exp (- Dq2*) (T > 0)

where <. . .>0 signifies a conditional average with n(q, 0) as initial value. Substituting
this time dependence in eqn (13) one obtains

, 0)|2> exp (-V-r)

(14)

Using the results expressed by eqn (14) and (12) in eqn (10) one finally finds that

). (15)

This expression establishes the link between diffusion coefficients and quasi-elastic
light scattering.

3. EXPERIMENTAL

The investigated system is a water-in-oil type microemulsion 42 composed of water (twice
distilled), potassium oleate [prepared from oleic acid (Merck) and potassium hydroxide
(Merck)], benzene and butanol (Merck, pro analysis). The suspended droplet sconsist of a
core (water + butanol) covered with a mixed surface layer of potassium oleate (soap)+
butanol. The continuous phase is a mixture of benzene + butanol. The particle size is
largely determined by the ratio of the number of water molecules NW to the number of soap
molecules NS which in the present case was N^/Ns = 66.6. The composition of the con-
tinuous phase was determined by titration 43 and it turned out that the ratio of benzene
molecules NO to the number of butanol molecules ATA is NQ/NA = 4.27+0.2. The density
of the continuous phase (p = 0.8572 g cnr3), required in order to calculate the viscosity
from a time-of-fall experiment, was measured with an Anton Paar DMA 10 digital densimeter.
The viscosity of the continuous phase (rç = 0.665 cP) was then determined with a Haake-
Kugelfall Precision model viscosimeter (falling ball type).

Systems with different concentrations of suspended particles were obtained by diluting
an initially prepared microemulsion with its continuous phase. The volume fraction 0 of
the suspended particles was calculated from the mass of the material that constitutes the
droplets assuming that there is no volume change on mixing. This volume fraction (ft
defines a radius a through $ = 4na3n/3. The estimated errors on $ were & 0.01 for all
concentrations. These errors are mainly due to the uncertainty in the distribution of the
alcohol over the continuous and the suspended phase.

The quasi-elastic light scattering data were obtained with a Malvern 4300 photon cor-
relation spectrometer. The light source was a 150mW He-Ne laser (OIP model 181E).
Data analysis was performed on-line with a HP 9825 A desk calculator.
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4. RESULTS AND DISCUSSION

In order to check whether the experimental data for #2(-r) exhibit deviations from
the single exponential form [eqn (15)] the data were fitted to the following expression
using a non-linear least-squares procedure 44

Here \i2 is a measure of the deviation from the single exponential form.45 /t2/F2

lies in the range 0.02-0.04, which is not significantly different from its estimated
statistical uncertainty. This implies that the suspended particles are monodisperse
and that the experimental data can be represented by eqn (15).

The diffusion coefficients calculated from D = Tjq2 are displayed in fig. 1 and
listed in table 1. The initial decrease of D with concentration can be represented
empirically by

D = A>(1 +*D0)

with D0 = 4.45±0.1 x 10-7 cm2 s-1 and kD = -5.6 ±0.2.

§
à 2-

i -•
0.05 0.10 0.15

FIG. 1. — Diffusion coefficient as function of the volume fraction.

From the above value for D0 and the viscosity of the continuous phase one obtains,
using eqn (5), aH = 80 ±2 A. If one assumes that the suspended particles are hard
spheres with radius aHs» *•£•»

oo for
for

r < 2ûHS

one obtains 5"s

As mentioned in section 2 the theory for the concentration dependence of the
mobility applies only if aHS ^ OH- Given this limitation the most reasonable assump-
tion appears to be to put OHS = aH. One then obtains lm = —6.55. Finally
assuming % = a the above results for the osmotic pressure and the mobility lead to 1Z

fc"s = 1.45. This result is clearly not in accordance with the experimental value.
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TABLE 1.—DIFFUSION COEFFICIENT AS FUNCTION OF THE VOLUME FRACTION

diffusion coefficient
volume fraction /10~7cm2 s"1

0.046 3.36 ±0.1
0.062 2.88 ±0.1
0.091 2.23 ±0.06
0.119 1.31 ±0.02
0.151 0.777±0.01

A possible explanation for the observed negative value for kD is to assume the
presence of attractive forces between the suspended particles. Indeed an analysis
of eqn (6) and (7) indicates that an attractive potential lowers the osmotic com-
pressibility more than it raises the mobility, the net result being a decrease of kD.
A simple way to account for the effect of attractive interactions has been proposed
by Batchelor.35 In this model one assumes that at a distance 2a from the centre
of a particle there are a<t> more particles than one expects on the basis of a uniform
distribution. This amounts to assuming that the pair correlation function g(r) to
zero'th order in the density consists of a hard-sphere part gm(r) and an attractive
part #ATT0)

where
for 0 < r < 2a
for r > 2a

and

0ATT(r) = ^(r_2a).

The coefficients B2 and A now contain, in addition to the hard-sphere part given above,
an attractive contribution

*"-V-f-'l
AATT = 0 44a j

This leads to fc£TT = — 0.56a. Combining the hard-sphere and attractive contribu-
tions one then obtains

D = A)[l+(1.45-0.56a)0 + ...].
Thus the attractive interactions in this model lead to a decrease of D with concentra-
tion for values of a > 2.6. The observed value of k0 = -5.6 corresponds to a
value of a ~ 13. This implies for example for a volume fraction $ = 0.05, the
number of excess particles is 0.65.

The effect of attractive contributions to the potential is commonly accounted for
by adding a van der Waals-type term to the second virial coefficient46
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where av<iw is a constant related to the attractive part of the potential. Comparing
eqn (17) and (18) we see that

Using this relation one obtains from the data for avdw given by Agterof et al.1

for a water-in-oil type microemulsion consisting of water, benzene, potassium oleate
and hexanol, a = 10.7 both for N^/Ns = 23.5 and N^/Ng = 49.5. This value
compares well with our result for a.

In order to obtain a more specific measure of the attractive interaction that could
lead to the observed value of kD, we consider a simple square-well potential,

I oo for 0 ̂ r ^2a
Wi2(r) = \ ~ykBT for 2a < r ̂  2a(l+x)

(0 for r>2a(l+x).

For this model potential the attractive contribution to the second virial coefficient
is of the form

In order to obtain an analytic expression for AATT for this potential we have used in
eqn (9) for A(r) and B(r) the accurate series expansions recently obtained by
Felderhof47

yielding

Combining these results one obtains for the coefficient k0

15 9 _75_ 1 369
8(1+x) 64(1+x)3 256 (1+x)4 256/

kD = 1.45+(e)'-l) -8x3-18x2-12x +

Clearly the two parameters x and y cannot be determined separately from the observed
value of k0. The latter value can be recovered with, e.g.,

x ~ 0.25 and y ~ 1
or

jc ~ 0.5 and y ~ 0.5.

5. CONCLUDING REMARKS

In the present paper we give evidence that the observed decrease of D with con-
centration can be explained by the thermo-hydrodynamic theory of Batchelor, sum-
marized in section 2, using a potential of mean force consisting of a hard-sphere
repulsion and an attractive term. The parameters for this potential are consistent
with the results obtained from the osmotic compressibility as determined by static
light scattering.
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In the analysis it has been assumed that the hydrodynamic radius of the suspended
particles is equal to the hard-sphere radius, which in turn was taken to be equal to
the radius that follows from the volume fraction. To what extent these assumptions
affect the results of the analysis is hard to assess. In particular for the case that
ÛHS < %> i-e., penetrating particles, no theory is available for the mobility coefficient L

To draw more definite conclusions about the applicability of the Batchelor theory
a systematic study of systems with different interaction potentials must be undertaken.
Measurement of the diffusion coefficient by quasi-elastic light scattering is potentially
a powerful technique to study such interaction forces.

This work has been supported by Interuniversitair Instituut voor Kernweten-
schappen (Belgium).
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