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Stokes–Einstein relations and the fluctuation-dissipation theorem
in a supercooled colloidal fluid
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The Stokes–Einstein~SE! relation is a form of the fluctuation-dissipation theorem~FDT!, and
relates the diffusion coefficient of colloidal particles to the viscosity via the thermal energykBT. We
study the diffusion coefficient and viscosity of concentrated hard-sphere colloidal model systems in
the frequency domain. We show that for these metastable fluid systems strong deviations from the
SE relation occur, contrary to predictions of mode coupling theory. Using the FDT, these deviations
can be quantified by an effective temperature,Teff . The deviationTeff /T21 exhibits power-law
behavior over several decades in frequency. ©2003 American Institute of Physics.
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I. INTRODUCTION

A simple relation between the diffusion coefficient
colloidal particles,D, and the solvent viscosity,h0, is given
by the well-known Stokes–Einstein~SE! relation, D
5kBT/6ph0R. In this equationkBT is the thermal energy
andR the radius of a~spherical! colloidal particle. Although
strictly valid in diluted systems of colloidal particles onl
this relation works remarkably well at higher densities; s
for example Ref. 1. Moreover, even molecular systems se
to obey a relation similar to SE; see Ref. 2, and referen
therein.

There is a close connection between the Stokes–Eins
relation and the more general fluctuation-dissipation theo
~FDT!, which states that the response of a system to an
ternal perturbation is the same as that to a spontane
fluctuation.3 The FDT predicts that in equilibrium, the rati
of the correlation and response functions is constant, with
~inverse! temperature as proportionality constant. For t
diffusion of colloidal particles, the Einstein relationD
5BkBT, with B the mobility of the particles, is a manifes
tation of the FDT and is exact for systems in equilibriu
However, the mobilityB of hard-sphere colloids cannot b
determined directly, and an additional assumption is nec
sary to relate the FDT and SE; this is the Stokes relatioB
51/6ph0R.

For systems that are not in equilibrium, such as glas
or metastable fluids, there is noa priori reason that the FDT
and therefore also the SE relation, should hold. However
recent theoretical works4 it is proposed to extend the FDT t
nonequilibrium~but at most slowly evolving! systems such
as glasses. The degree these systems are out of equilib
can then be characterized by aneffective temperaturegiven
by the ratio of correlation and response functions. This
fective temperature, which has all the properties of a therm
dynamic temperature, then reflects the ‘‘memory’’ that glas
2000021-9606/2003/118(4)/2005/5/$20.00
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systems have from the quench into the glass phase. If
proposal can be justified, it would constitute a first step
wards developing a new statistical mechanical descrip
for nonequilibrium systems.

Unfortunately, for most of the systems~structural
glasses! studied to date, the correlation and response fu
tions are not easy to obtain experimentally. For this reas
progress has been mainly limited to a number of rec
model and simulation~Lennard-Jones glass! studies.5 There
are, in addition, some experimental indications of a violat
of the FDT in glassy systems, but the picture so far is
very clear.6–8

Since the SE relation provides a straightforward relat
between the correlation and response functions, which ar
addition relatively easy to measure, we study it here for c
loidal hard sphere systems close to the glass transition.
loidal hard-sphere glasses are ideal model glasses, and
probably fair to say that the strongest evidence for the ap
cability of the classical mode-coupling theory comes fro
studies on colloidal glasses.9 Recent mode coupling theor
calculations have shown that colloidal hard spheresobeya
generalized version of the SE relation up to densities v
closely approaching the glass transition.10 We show here
however that for colloidal hard spheres the generalized S
violated.

Also for molecular systems, there is increasing eviden
that close to the glass transition temperature, the SE rela
breaks down; see, e.g., Refs. 2 and 11. This breakdow
generally attributed to dynamical heterogeneity when
proaching the glass transition;12 however direct evidence
for this is lacking. The apparent discrepancy with mode c
pling theory could be due to the fact that the theory, be
effectively a mean-field description of the dynamics
density fluctuations, significantly underestimates dynam
heterogeneities;13 see also Refs. 14 and 15. However, if vi
5 © 2003 American Institute of Physics
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lation of the SE were caused by dynamical heterogene
then the timescales should correspond, i.e., breakdown o
should occur at a similar time scale as the occurrence
dynamical heterogeneity. We show here that for the colloi
hard spheres this is not the case; the SE deviation persist
long times, where heterogeneities become unimportant.

We study the hard-sphere colloidal systems at dens
below the glass transition. This is equivalent to thermal s
tems with temperatures above the glass transition temp
ture: in athermal systems such as hard spheres, inverse
sity roughly plays the role of temperature in thermal syste
Hard sphere colloids undergo a true thermodynamic~first-
order! phase transition from a fluid to a~fcc! crystal upon
increasing their volume fraction,f.16 This freezing transition
takes place atf50.494. In betweenf50.494 and 0.545,
fluid and crystal coexist and at higher densities a sing
phase crystal is stable. However, when colloidal hard sph
are rapidly quenched~by centrifugation! from a fluid state to
densities above approximately 0.575, the system is a co
dal glass.

In order to study the relation between diffusion and m
bility, we will use here the generalized Stokes–Einstein
lation D(v)5kBT/6ph(v)R,1 in which the diffusion coef-
ficient depends on frequency,v, and the solvent viscosity is
replaced by the~frequency-dependent! viscosity of the sus-
pension. This is a natural way to study the relation betw
diffusion coefficient and viscosity as a function of the tim
scale.

The ‘‘short-time version’’ of the generalized Stokes
Einstein relation can then be expressed, in reduced units

h`~f!5
1

Ds~f!
, ~1!

where h`(f)5h(v→`) is the high frequency limiting
shear viscosity in units ofh0 , the solvent viscosity.Ds is the
short-time self-diffusion coefficient in units ofD0 , the dif-
fusion coefficient of the particles at infinite dilution.

Similarly, in reduced units the frequency-depende
Stokes–Einstein relation is, see also Ref. 1,

h~v!5
1

D~v!
. ~2!

In this equation, D(v)5v2^Dr 2(v)&/6D0tB , where
v2^Dr 2(v)& is the mean-squared displacement in the f
quency domain~i.e., the Laplace-transform of the mea
squared displacement in time!. tB5R2/6D0 is the Brownian
time: the time it takes for a sphere to diffuse over its o
radiusR in an infinitely diluted system. In this work we tes
Eqs.~1! and~2! using viscosity and dynamic light scatterin
data from concentrated suspensions of colloidal hard sph
obtained from different sources in the literature. We do
consider the phase relations between frequency-depen
diffusion and viscosity here, i.e., we will not explicitly evalu
ate the real and imaginary parts of the viscosity as was d
in Ref. 1. However, since the real and imaginary parts of
response are related by the Kramers–Kronig relations, t
are not independent functions and knowing the frequen
dependence of the viscosity is sufficient.1
Downloaded 11 Feb 2003 to 131.211.153.220. Redistribution subject to 
y,
E

of
l

for

s
-

ra-
en-
s.

-
es

i-

-
-

n

as

t

-

res
t
ent

ne
e
ey
y-

The key characteristic of the approach of the glass tr
sition is the slowing down of the diffusion of the colloida
particles, which can be characterized by looking at the c
relation functions of particle positions by light scatterin
The mean squared displacement of the particles as a func
of time, ^Dr 2(t)&, can be extracted directly from the corre
lation function measured in such experiments. Usually,
results are described in terms of cage-diffusion; the partic
are thought to reside in dynamic cages formed by th
neighbors. For short times one observes a rapid diffus
within the cage, while for longer times, the particles esca
from these dynamic cages. This is the slow process
is responsible for the slowing down of the system near
glass transition; the higher the volume fraction, the mo
difficult it will be to escape from the cage. This sep
rates the diffusion in a short- and a long-time dynami
divided ~close to the glass transition! by a plateau in the
correlation functions. The short- and long-time diffusio
coefficient are defined asDS5 limt→0 ^Dr 2(t)&/6t , and
DL5 limt→` ^Dr 2(t)&/6t . In case of dense systems, th
short-time diffusion coefficient is sufficiently defined by r
quiring that time is much smaller than the time where^Dr 2&
reaches a plateau.

II. RESULTS

In Fig. 1 we plot the~reduced! short-time diffusion
coefficient17 as a function of the inverse high shear ra
viscosity,18 for volume fractions in between 0.032 and 0.5
covering the whole range from a dilute suspension to a gl
As can be observed in the figure, the data agree with Eq.~1!,
although the values of the short-time self-diffusion coe
cients seem slightly too large, or the viscosities slightly t
small. This small but significant deviation at short times h
already been reported before and can be attributed to hy
dynamic interactions.19 However, in comparison with wha
follows below for the long-time diffusion, the observed di
ferences are small. We therefore conclude that for short-t
diffusion in colloidal hard-sphere systems, the generaliz

FIG. 1. Short-time data of van der Werffet al. ~Ref. 18! ~reduced viscosi-
ties, i.e., viscosities in units of the solvent viscosity! and van Megenet al.
~Ref. 17! ~reduced short-time diffusion coefficients!.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Stokes–Einstein relation~and thus also the FDT! is reason-
ably well verified over all experimentally accessible volum
fractions.

Clearly, this is not the case for the intermediate- a
long-time diffusion, Eq.~2!. In Fig. 2, the~inverse of the!
frequency dependent viscosity obtained from Ref. 20 is p
ted as a function of frequency. The~reduced! viscosity data
were calculated from the storage modulusG8(v) and loss
modulus G9(v) via h(v)5AG82(v)1G92(v)/v. These
data correspond to the intermediate to long-time diffus
regime.21 The prediction of Eq.~2! is then that the inverse
reduced viscosity and reduced particle displacements are
and the same thing. We therefore plot in the same figure
reduced particle displacement in frequency space, obta
from the Laplace transform of the mean-squared displa
ment from Ref. 17. For convenience, the latter were fitted
a function of the form^Dr 2(t)&5a1b1t1/31b2t2/31b3t
~where t is in units of the Brownian time! in the
intermediate- to long-time regime and subsequently Lapl
transformed to the frequency domain. The functional fo
chosen agrees quantitatively with the data over several
cades in time, and the last term assures long-time limit
behavior. An independent check of this is that the coe
cientsb3 indeed were always close~to within a few percent!
to the long-time diffusion coefficients.17

It is clear from the figure that the generalized SE eq
tion @Eq. ~2!# gives a very satisfactory description of th
relation between diffusion and viscosity at the largest val
of tBv. These frequencies are still much smaller than th
of Fig. 1; they correspond to the intermediate regime
^Dr 2(t)&. Just before the onset of long-time diffusion b
havior ~roughly at the end of the plateau in^Dr 2(t)&), the
viscosity and diffusion data start deviating. For the long-tim
regime, significant deviations from Eq.~2! are observed; the
values of the inverse viscosity are significantly smaller th
the values of the diffusion coefficients.

FIG. 2. Viscosity data from Mason and Weitz~Ref. 20! ~points! and
Laplace-transformed intermediate and long-time diffusion data from
Megen and co-workers~Ref. 17! ~lines! as a function of radial frequencyv
made dimensionless by multiplying by the Brownian timetB . Upper to
lower lines in the left hand part of the figure correspond to increasing
ume fractions~same as the points!. Continuous and broken lines are draw
for the purpose of clarity only.
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As will be argued in the Discussion, there is no reason
believe that the Stokes relation, which relates the mobility
the particles to the viscosity, breaks down. We theref
quantify the deviation from the generalized SE relation@a
deviation from the FDT~Ref. 5!# by defining an effective
temperature as

Teff~v!

T
5h~v!D~v!. ~3!

From Eq.~2!, the producth(v)D(v) equals unity if the SE
is obeyed; in this case the effective temperature equals
real temperature. In order to deduce an effective tempera
equally spaced data are required. To this aim, the visco
data of Fig. 2 were fitted to functions of the form log(h)
5A1B1 log(tBv)1B2@log(tBv)#2. The coefficientsB1 deter-
mine the values ofh in Fig. 3. Fitting the data, we find tha
to a good approximationB1(f)'213f16.39, so thatB1

50 whenf'0.491, which is very close to the freezing vo
ume fraction off50.494. SinceD(v) in Eq. ~3! becomes
constant in the long-time diffusion limit, this immediate
implies that for volume fractions smaller than the freezi
density, the effective temperature no longer depends on
quency.

Figure 3 depicts the results; for high frequency,Teff /T
'1 is found, as would be expected. On the other hand,
small frequencies, the ‘‘FDT temperature’’ depends on f
quency, and an important difference with the ambient te
perature develops. This behavior can also be inferred fr
Fig. 2: the diffusion data reach a plateau while viscos
keeps increasing upon decreasing frequency.

Interestingly, the data of Fig. 3 collapse onto a sing
curve by rescaling the frequencies, leading to a ‘‘mas
curve’’ that is independent of the volume fraction. This ‘‘re
caling’’ was carried out as follows: If the data forf50.52
are taken as a reference, then the data forf50.53, 0.55, and
0.56 fall onto the reference curve if theirtBv values are
divided by @tBv#scaled50.6, 0.23, and 0.048, respectivel
This is shown in the inset of Fig. 3. From the data, it follow

n

l-

FIG. 3. Effective temperature@as defined by Eq.~3!# as a function of fre-
quency. Inset: Same as the main figure, but the frequencies have bee
vided by @tBv#scaled51 (f50.52), 0.6 (f50.53), 0.23 (f50.55), and
0.048~f50.56!.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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that ln(@tBv#scaled)5(3767)2(4068)(f/fg) ~with fg is
the volume fraction that corresponds to the glass transit
taken as 0.575!. This behavior is equivalent to the Arrheniu
behavior observed for~certain! molecular glass formers
Thus, although our experimental window is rather limited
appears that the observed rescaling with the volume frac
derives directly from the approach of the glass transition

In Fig. 4 we plotted the deviation, (Teff /T) 21, as a func-
tion of the rescaled frequencies. The interesting observa
is that the data follow a power law withTeff /T21}(tBv)a,
with a520.7760.05. As far as we know, no predictions a
available so far for this power law, although a continuo
variation of the temperature with frequency such as we fi
here is consistent with certain model calculations and so
of the experiments.8,11 More importantly, this power-law be
havior shows that characterizing the nonequilibrium syst
with a single effective temperature that follows from t
FDT is not sufficient; an infinite number of effective tem
peratures is found.

III. DISCUSSION AND CONCLUSION

We find that the generalized SE equation@Eq. 2# gives a
very satisfactory description of the relation between dif
sion and viscosity at relatively high frequencies, i.e., down
values oftBv corresponding to the intermediate regime
^Dr 2(t)& ~Figs. 2 and 3!. Just before the onset of long-tim
diffusion behavior~roughly at the end of the plateau i
^Dr 2(t)&), the viscosity and diffusion data start deviatin
For the long-time regime, significant deviations from the
relation are observed, suggesting that as soon as a slow m
develops upon approach of the glass transition, the SE r
tion is violated. At these relatively small frequencies, t
values of the inverse viscosity are significantly smaller th
the values of the diffusion coefficients. This implies th
upon the approach of the glass transition, momentum~i.e.,
viscosity! is more efficiently transported than mass on lo
time scales. In the ‘‘cage’’ picture of glassy dynamics
intuitive explanation would be that the particle can trans
momentum by collisions with its neighbors, but remai

FIG. 4. (Teff /T) 21 vs rescaled frequencies~as in Fig. 3, inset! in the log–
log plane.
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trapped in an effective cage consisting of those same ne
bors. However, this~simple! picture does not apply for the
longest time scales in systems with the lowest volume fr
tions, where inverse viscosity and diffusion coefficients ke
deviating. In that case the particles are expected to have
caped these cages. A possible explanation is14 that even for
long-time diffusion, the distinct Van Hove correlation fun
tion still shows significant memory of local structure.

Mode-coupling theory10 predicts that for both
intermediate- and long-time diffusion, the generalized SE
lation provides a good approximation for hard-sphere s
tems over the range of frequencies considered here; the
ference between the mode coupling theory and
generalized Stokes–Einstein relation is at most 20%. T
also implies that the Stokes relation should remain valid
this system. If the mode-coupling theory fails, this is like
to be due to dynamical heterogeneity, as mentioned in
Introduction section. Measurements show that dynam
heterogeneity is most prominent in these systems14 close to
the long time diffusion regime, just where the SE relati
breaks down. However, dynamical heterogeneitydisappears
over longer time scales14 whereas the deviation from the S
relation becomes more pronounced. Therefore our res
suggest in addition a violation of the more general FDT.

A possible caveat in our results might be that the diff
ent behavior is caused by subtle differences in the mo
systems as used in Refs. 17 and 20. In the system studie
Mason and Weitz,20 size polydispersity is approximatel
20% while in the other system17 it is about 5%. However, it
is expected that larger polydispersity leads to an increas
mobility and thus an increasing inverse viscosity. In fact,
opposite effect is observed in Fig. 2. Another subtle eff
may be that in concentrated hard-sphere suspensions,
small differences in volume fraction result in significant
different relaxation times. Although this might in principl
explain the deviations for the largest volume fractions
0.55 and 0.56, it does not account for the very similar beh
ior observed for the smallest volume fractions. For these
lutions, the relaxation times much less sensitively depend
volume fraction. This implies a nontrivial reason for the o
served behavior, which we interpret as a breakdown of
SE relation.

In conclusion, we have shown that for a supercoo
colloidal hard-sphere fluid even before the glass transiti
the SE relation is violated. This may in fact not be so s
prising, as the glass transition in hard-sphere systems,
possibly all systems, is not a well-defined~thermodynamic!
transition.22 The more surprising observation is that the r
sults do not agree with detailed mode-coupling calculatio
of Banchioet al.10 for exactly the same system. One reas
for this discrepancy might be due to the fact that experim
tal systems are more dynamically heterogeneous than
dicted by mode coupling theory. The time scales at which
SE breaks down correspond to the time scales where
namic heterogeneity is most prominent. Yet the systems k
deviating from the SE relation, even after longer time
where dynamic heterogeneity decreases.

Therefore our results suggest a violation of the mo
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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general FDT. If this were true, it may be related to the f
that the systems are metastable since all densities are a
the freezing density. This, in turn, suggests that violation
the FDT is a sensitive indicator of metastability and our
sult may not only be relevant from a fundamental point
view, but may also have impact in applications; so far,
only way of experimentally characterizing metastability is
simply wait and see if a system changes.
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