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Accurate values for the coefficients of the Re6 R-’ and R-lo in the series representation of the dispersion interaction 
between two heIium atoms at distance R are obtaied by a simpIe variation method. 

1. Introduction 

About ten years ago Chan and Dalgarno [I ] ob- 
tained with a simple variation procedure an analytic 
representation for the dynamic dipole polarizabitity 
of helium. From this they calculated an accurate value 
for the coefficient C6 of the Ru6 term in the disper- 
sion interaction between helium atoms. Later the coef- 
ficients C8 and Cl0 of the R-* and R-lo terms in the 
series representation of the dispersion energy were also 
calculated from first principles. However these calcula- 
tions are either more complicated [2,3] or less accurate 

[4] than those of Chan and Dalgamo. 
Surprisingly the original method of Chan and 

Dalgarno has, as far as we know, not been extended to 

calculate C8 and CIo. It is the purpose of this paper to 
fill this gap. Actually using an operator identity the 
calculations are materially simplified. Further it is 
shown that the variationaI procedure automaticalIy 
ensures that the 2[-pole oscillator strength sum rule is 
satisfied. This was first observed for the dipole polar- 
izability by Chan and Dalgamo [l] . 

2. Theory 

The dispersion interaction between closed sheil 
atoms can be represented as 

u(R) = -C6/R6 - Cs/Rs - C1o/R1o - . . . . 0) 

* Scholarshipholder I.W.O.N.L. CBelgium). 

The van der Waals coefficients C2,1, II = 3,4,5, .._ can 
be written as 

c2rl = c ‘AB(ll) i2)611+12tl,n - 
I~,I,=l 

(3 

Here CAB(Z1, 12) represents the contribution to the 
dispersion force due to the interaction of the 2ll -poIe 
on Awith the 21z -pole on B. These coefficients can be ex- 
pressed as integrals of products of dynamic polarizabil- 
ities evaluated at imaginary frequencies [S] ** 

c/&II, 12) = [(zr, + 212)!/4(?z1)!(2z2)!] (z/xi) 

The problem of calculating van der Waals coefficients 
is thus effectively reduced to the calculation of the 
dynamic polarizabilities. 

The dynamic 2f-pole poIarizability can be written 
as 

cu&) = [4n/(2Z f l)] 

where the function xl’ (w) is a solution of the perturba- 
tion equation 

** Eq_ (31 is expressed in atomic units, which are used through- 
out this paper. The atomic unit of Ieugth is 0.529 x La-lo m 
and the unit of energy is 4.36 X 10-rs J. 

L&7 
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This differential equation is equivalent to the variation 
principle that requires the functional 

L rxlfw = (x&4 IH() - q-j + c&J I x;(o)) 

-2(~0I~~~~Y~,0(si)lx;(w)), (6) 

to be stationary with respect to variations of x~(o). 
Following Ghan and Dalgarno [l] we adopt for the 

ground state wavefunction of helium the 20-parameter 
representation of Hart and Herzberg [6 ] and a trial 
function of the form 

(7) 

the coefficients C;(U) being variational parameters, 
one set for each 1. The operators Af) are defmed as 

A(‘) = g q!+p- 1 
P i=l 

yz ,(ei) _ 
9 

(8) 

Minimizing the variation functional L with respect to 
the variation parameters c,‘(w) one obtains 

c;(w) = [N-lM + ,I],-, , (9) 

where the matrices M and N are given by 

MPS 
= ( Jlo I A$‘(Ho - Eo)Ar’ 1 Go ) 

+WoIA~)(Ho -EoM~%,), (10) 

NW = 2(+, IA$z’A;z’I Go> : (11) 

The form of the coefficients c;(w) given by (9) is 
not very_ convenient for further calculations and anal- 
ysis. Using elementary matrix theory [7] it can be 
shown that the coefficients c;(h) can be written in 
the form 

(12) 

Here Al, AZ, . . . . Am are the eigenvahres of the matrix 
N-IM and Rb) is the residue matrix corresponding to 

188 

the eigenvahre A,u. These residue matrices can be ex- 
pressed in terms of the left and right eigenvectors of 
N-lM and they obey the relation 

m 
c ASR@) = N-1NI _ 

P=l .+ 
(13) 

Substituting the variationally obtained x;(w) in (4) 
one gets 

curfo) = pel &/(A; - w2), (14) 

where the strength factors Zrr are given by 

2, = [4x/(21 + l)] A,u[N R@] 11 _ (19 

We wish to point out that the elements of the ma- 
trix M given by (IO), can be written as 

M, = {[(z+p--l)(z+q-l)+z(zi1)]/4a} 

N 

x (Go IC r;z+p+q-41 Go) _ 
i=l 

(16) 

Indeed one easily verifies that 

Mvq=2 %&& -Cp -Cql9& 

where the operator Cp+4 is given by 

c p+q = t@ +A;‘), [Ho,Af) +A!)]] 

(17) 

(18) 

and the operators Cp and Cq are given by similar ex- 
pressions. Working out these commutators leads to 

N 

C p+q - Cp - Cq = 2rg (gradiA~‘)*(grad~A~‘)) . (19) 

Substituting (19) in (17) and making use of the spherical 
symmetry of the charge distribution of closed shell atoms 
one obtains (16). 

We also want to point out that @l(w) given by (14) 
satisfies the 2z-pole oscillator strength sum rule. Per- 
turbation theory gives for the dynamic polarizability 

al@)=G fs’)/[(E, -E,,)2 - w2J, (20) P 

where f:‘) is the 2z-poIe oscillator strength for the transi- 

tion to the vth excited state I),_ 
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Table 1 
Strength factors and effective excitation energies for al(w) [es. (1411 

15 May I977 

I = 1 (dipole) I= 2 (quadrupole) I = 3 (octupole) 

zcr AcI .& & zcr & 

. 0.44215 0.80484 0.63007 0.91538 2.0574 0.97059 
0.65762 1.1132 1.8734 1.2223 10.240 1.2999 
0.68175 2.0651 1.7899 2.095 1 9.4228 2.0980 
0.21848 6.3253 0.48000 5.3880 2.0917 4.7 165 

cc1 (0) = 1.379 ‘Ls (0) = 2.430 aj (0) = 10.48 

f(7) = [87r/(ZZ + l)] (E, - Eo) V 

One easily sees that 

N 

s,=cfJ"=zc~ol~lrizz-21~o), 
V 

(21) 

(22) 

which for I = 1 reduces to the well known Thomas- 

Reiche-Kuhn sum rule Sl = N, where N is the number 

of electrons. The sum of strength factors in the varia- 
tionally obtained expression for the dynamic polari- 
zability yields using (13) and (16) 

5 2~ = [4s/(21+ l)] P$I Ap[N R(p)] 11 
Jl=l 

= [4a/(21+ 1)] Ml1 

(23) 

We thus see that the 2[-pole oscillator strength sum 
rule (22) is satisfied by the variational expression for 
orlfw). As mentioned this was first observed by Chan 
and Dalgamo [l] for the dipole case. However as far 
as we know a general proof has not been given befon 

3. Results and discussion 

It was already noticed by Ghan and Dalgarno [I] that 

the convergence of the variational procedure is very rap- 
id and with four parameters accurate values for the 
dynamic polarizablllties and consequently for the in- 
teraction coefficients can be obtained. In table 1 we 
present the values for the strength factors ZP and the 

effective excitation energies & for a four term repre- 
sentation of the dipole, quadrupole and octupole dy- 
namic po!arizabilities of helium. 

Using the variationally determined polarizabilities 
given in table 1 we obtain for the dispersion energy 

U(R)=- C -+-I- 1.458 14.06 _ 118.4 i- 63.76 
R6 R8 R’O 

1 9 (24) 

where the dipole-octupole interaction contributes 
118.4 and the quadrupole-quadrupole interaction con- 
tributes 63.76 to the R-lo term. The results are in close 
agreement with the best estimate of Dalgamo and Victor 

[4] and the elaborate calculations of Davison [2] and 
Bartolotti and Tyrrell [3] _ 

The advantage of the method used in this letter is its 
simplicity which allows it to be extended to more com- 
plicated systems. Results of such calculations wili be 

published elsewhere. 
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