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CHAPTER 1

Introduction
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1.1 Motivation

In the light of demographic change and decreasing mortality rates, research on

the development of life expectancy has received much interest. Life expectancy

has been increasing steadily over the past decades in most countries in the

world. It describes the average mortality conditions in a country. While the

average life expectancy for the world as a whole is estimated to be 67.6 years

in 2005-2010 (United Nations, Department of Economic and Social Affairs, Po-

pulation Division, 2010), there is considerable variation in the life expectancies

of individual countries. It ranges from less than 45 years in developing coun-

tries –e.g. Afghanistan and Zimbabwe– to over 83 years in Japan. The initial

question that motivated the research in this thesis was how to model the trend

in life expectancy over time and more importantly how to describe the frontier

of life expectancy. The frontier can be considered as an upper limit to life ex-

pectancy. There is ongoing discussion about an upper limit to life expectancy

(e.g. see discussion in Oeppen and Vaupel, 2002).

Before being able to find an answer to the modelling questions, it is first neces-

sary to define life expectancy at birth (e0) in a statistical and yet demographic

context. Life expectancy1 is a theoretical measure that captures the current

mortality conditions of the period for which it is calculated. It expresses how

many years a person would live if the mortality rates of his or her birth year

would prevail until death. It is not equivalent to age at death, but rather an

artificial measure of the current mortality conditions and it summarizes a life

table. Nevertheless it is extremely useful for giving a snapshot of the mortality

experience of the population of a country or other population groups. In the

following the focus is on national life expectancy data. It has been routinely

calculated over long time in a large number of countries worldwide. Recent

e0 values can be retrieved from national statistical offices, e.g. Statistics Ger-

many (Statistisches Bundesamt Deutschland, 2011) or Statistics Netherlands

(Centraal Bureau voor de Statistiek, 2011), as well as from comprehensive data

bases run by international organizations such as the United Nations (United

Nations, 2011), the World Health Organization (World Health Organization

WHO, 2011) or the World Bank (World Bank, 2011).

1In the following I will use the expression life expectancy equivalent to (period) life ex-
pectancy at birth e0 unless stated differently.
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Many historical events of national impact are reflected in the demographic data

of a country. A look at the time series of life expectancy per country can provide

an interesting insight. In Figure 1.1 the German average life expectancy series

from 1900 to 2005 is shown. The influences of the second world war as well

as the change in e0 after reunification can be easily seen. The latter can be

mainly attributed to compositional effects in the population. In the beginning

of the 20th century population data were not frequently collected, therefore life

expectancy has only been calculated every ten years. After the second world

war the quality of population data improved considerably and e0 is calculated

for every year.
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Figure 1.1: Development of average life expectancy in (West) Germany 1900-
2005.

Sweden’s population records date back to the 17th century. In other Western

(European) countries population documentation started much later than in

Scandinavia. Oeppen (2006) gives an overview of life expectancy development

and related research since 1820.

Over decades researchers have speculated about the limits to life expectancy.

Oeppen and Vaupel (2002) review these hypotheses. The article’s main finding

is that record life expectancy has been increasing linearly by 2.5 years per

decade over 140 years (Figure 1.2). Record life expectancy is the maximum life

expectancy in a certain year for all countries with available data. Record life
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expectancy can be considered as a frontier to life expectancy and this statistical

concept promotes the interest in investigating limits and appropriate methods

for their estimation. The insights on record life expectancy also sparked further

interest in comparative studies of life expectancy for neighboring countries or

in a global context.
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Figure 1.2: Linear trend in record life expectancy from 1840-2000. Source:
(Oeppen and Vaupel, 2002).

There are many factors influencing mortality decline. Better sanitation and

medical treatments, accessible to large parts of the population, certainly play

major roles. Improvement of nutrition and its provision is also a contributor

(McKeown, 1976). Research on which of these determinants is the most im-

portant one is beyond the scope of this thesis. Instead this thesis focusses on a

common factor that is believed to have strong influence on life expectancy (and

vice versa): the economic performance of a country. Although other choices

are possible, economic performance will be expressed in (log) Gross Domestic

Product per capita (GDPpc) measured in a comparable monetary unit (such

as purchasing power parity adjusted dollars PPP$). GDPpc is a routinely cal-

culated measure and it was introduced by Simon Kuznets in 1934 who later

received the Nobel prize for his research on economic growth. GDPpc is avai-

lable in long time series and for a large number of countries (e.g. from World

Bank, 2011).
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For describing the relationship between the economic situation of a country

and its life expectancy appropriate methodology is needed. The aim is to find

a model that describes the spread and location in a scatterplot conditional

on the explanatory variable GDPpc. Figure 1.3 shows a typical example with

cross-sectional data from the year 2000. Life expectancy seems to level off at

higher levels of GDPpc. The countries with the highest economic performance

are Norway, the United States and Luxembourg, while Japan has the highest

life expectancy. The Democratic Republic of Congo is the poorest country in

this data set. Another interesting data point is South Africa, which does have

an intermediate level of economic performance (comparable to countries such

as China, Peru and Jordan), but falls back in terms of life expectancy. The low

life expectancy must be mainly attributed to a high prevalence of HIV/AIDS

in South Africa.
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Figure 1.3: Average life expectancy versus log Gross Domestic Product per
capita in 1990 PPP dollars. Data for the year 2000 including 126 countries
(C=Democratic Republic of Congo, S=South Africa, J=Japan, N=Norway,
U=USA, L=Luxembourg).

It is not the sole statistical and demographic interest to model the mean rela-

tionship of life expectancy and economic performance. One is also interested in

understanding the relation in extremal regions of the data: what are the limits

and how can one model an upper or lower frontier of the relationship?
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Questions of frontier estimation are commonly encountered in productivity ana-

lysis. Stochastic frontier modeling (SFA) (Kumbhakar and Lovell, 2000) and

data envelopment analysis (DEA) (Charnes et al., 1978) are the main economet-

ric approaches. DEA is based on linear programming techniques resulting in a

convex hull. SFA is a commonly used parametric tool based on a linear model

with a two-fold error term. Both econometric frontier models lack flexibility

in formulating the underlying functional form of the curves. Additionally SFA

includes strong distributional assumptions for the error term. These properties

are counterproductive when the aim is to find a flexible model that describes

the characteristics of the data well. Therefore alternative models for frontier

modelling should be investigated.

Quantile regression is another popular method for frontier estimation. It was

presented by Koenker and Bassett (1978) as a generalization of the linear model.

Based on asymmetrically weighting the sum of absolute residuals, it estimates

the conditional quantile functions of the underlying density. Any quantile of

interest can be calculated. Quantile regression is usually based on linear pro-

gramming techniques.

Expectile estimation has been first introduced by Newey and Powell (1987)

and Eilers (1987). The name “expectiles” was coined by the former authors

who proposed them as a least squares alternative to quantiles. They defined

the method in a regression context and investigated its properties. Asymme-

tric least squares was used for the estimation of expectiles. In the following

LAWS, least asymmetrically weighted squares, will be used as the acronym for

the method to prevent potential confusion with the common abbreviation of

alternating least squares. LAWS is a weighted generalization of ordinary least

squares. An expectile curve is fitted by iteratively reweighted least squares. A

distribution can be characterized by its expectiles similar to its characterization

by quantiles. More details can be found in Section 1.2.

Quantiles have a strong intuitive appeal, but expectiles are easier to compute

(namely with least squares techniques) and are more efficient. Newey and Po-

well named three advantages of LAWS over quantile regression: computational

advantages, the efficiency of the LAWS estimator and the calculation of the co-

variance matrix without the need for calculating the explicit density of the data.

Due to more recent algorithmic developments the computational disadvantage
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of linear programming for quantile regression has disappeared (Portnoy and

Koenker, 1997). However, least squares techniques are more natural to stati-

sticians, widespread and well investigated. Also, expectiles are calculated using

iteratively reweighted least squares and are easily combined with other (least

squares) methods.

In this thesis expectile curves using least asymmetrically weighted least squares

are proposed as a solution for the initial application of estimating the frontier

of life expectancy and GDPpc. Beyond this purpose expectile estimation is a

fruitful yet relatively unexplored statistical subfield. While being around for

more than 20 years expectile estimation has not yet received a lot of attention.

The main concepts are described in this manuscript. Furthermore a number of

new developments and more advanced model extensions are presented.

1.2 A short introduction to expectiles

1.2.1 Expectiles in practice

In ordinary least squares (OLS) the trend is estimated by minimizing the sum

of squares

SOLS =

n∑

i=1

(yi − µi)
2, (1.1)

where n is the sample size, yi is the response variable and µi is the expected

value according to some model. A commonly used univariate model is the linear

one with µi = β0 + β1xi. In Figure 1.4 (a) a large collection of life expectancy

data is presented along with the linear regression line.

As described in the demographic motivation upper or lower frontiers are of more

interest than the mean trend. In Figure 1.4 (b)2 the upper line could be an

upper linear frontier while the lower line might be regarded as a lower frontier.

The user has to choose the value for the asymmetry parameter p leading to

an upper respectively lower frontier. For a fixed p the frontiers are estimated

2For a full color version of the figures the reader is kindly referred to the electronic version
of this thesis. In general, expectile curves with a high asymmetry (p → 1) are indicated in
shades of red while expectile curves with low asymmetry (p → 0) are indicated in shades of
blue. The 0.5-expectile is usually depicted in light orange. An exemplary set of expectile
curves is also featured on the cover of this thesis.
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Figure 1.4: Average life expectancy versus log Gross Domestic Product per
capita in 1990 PPP dollars. Pooled data from 1900-2005, each point in the
scatterplot is the life expectancy of a country and its logGDPpc. (a) Linear
regression line. R2 = 0.72. (b) Upper (red) line: example for an upper frontier
(p = 0.99). Lower (blue) line: example for a lower frontier (p = 0.01).

using least asymmetrically weighted squares, a weighted generalization of OLS,

by minimizing

SLAWS =

n∑

i=1

wi(p)(yi − µi(p))
2, (1.2)

with weights

wi(p) =

{
p if yi > µi(p)

1− p if yi ≤ µi(p)
, (1.3)

with respect to µi. yi is the response and µi(p) is the population expectile for

different values of the asymmetry parameter p with 0 < p < 1. The model

is fitted by iteratively reweighted least squares. From a set of starting values

for the weights the expectile curve is calculated (1.2). With these results new

weights (1.3) are determined for each data point. Then a new expectile curve is

estimated. These steps are alternated until the weights do not change anymore.

Ordinary least squares is a special case of LAWS with asymmetry parameter

p = 0.5. Figure 1.4 (b) shows linear expectile curves for the relationship be-
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tween logGDPpc and average life expectancy. Visual inspection suggests that

a more flexible model is needed.

LAWS is combined with P -splines as introduced by Eilers and Marx (1996).

This method combines B-splines with penalties controlling the smoothness of

the curve. B-splines consist of polynomial pieces that are joined together at the

knots (de Boor, 1978; Dierckx, 1993). They can be summarized in the spline

basis matrix B. Therefore a smooth curve can be described as µi =
∑

j bijaj ,

or µ = Ba, where B = [bij ] is the matrix of B-spline basis functions and

a the coefficient vector. A penalty λ controls the smoothness of the curve.

Figure 1.5 (a) shows the estimated mean trend by using a B-spline basis with

20 knots based on truncated power functions (displayed in the lower part of

the graph). When combining P -splines and LAWS it is possible to estimate

flexible curves in any region of the data. Examples for an upper and a lower

frontier can be seen in Figure 1.5 (b). In the examples smoothing parameters

were arbitrarily chosen. In this thesis cross-validation and other techniques will

be used to choose the optimal amount of smoothing.
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Figure 1.5: Average life expectancy versus log Gross Domestic Product per
capita in 1990 PPP dollars. (a) Black line: estimated trend using P -splines.
B-spline bases with equally spaced knots, λ = 5. (b) Upper (red) line: example
for an upper frontier (p = 0.99). Lower (blue) line: example for a lower frontier
(p = 0.01). In both cases λ = 5.
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1.2.2 Expectiles in theory

In the above section expectiles were motivated using a data based approach.

However, it is also possible to approach expectiles from a theoretical point

of view. For every distribution its expectiles can be determined theoretically.

An analytic result is only possible for selected families of distributions, but a

numeric approximation is always possible. Vice versa a distribution can be

fully characterized by its expectiles.

For a probability density function f(x) the distribution function F (x), i.e. the

cumulative density, and the partial (first) moment G(x) can be defined as

F (x) =

x∫

−∞

f(u)du and G(x) =

x∫

−∞

uf(u)du. (1.4)

The theoretical expectile is denoted by ep where p, p ∈ (0, 1), is the asymmetry

parameter. ep is defined as the minimizer of

M = (1− p)

ep∫

−∞

(u− ep)
2f(u)du+ p

∞∫

ep

(u− ep)
2f(u)du (1.5)

with respect to ep. After some algebra and introduction of F (x) and G(x) an

explicit equation for p given ep follows

p =
G(ep)− epF (ep)

2(G(ep)− epF (ep)) + (ep − µ)
(1.6)

with µ being the expected value of the distribution F (x) and G(∞) = µ.

For a given expectile ep it is straightforward to compute the corresponding

asymmetry p. Unfortunately this is not the case for ep given p for which only

an implicit equation can be given. Instead one has to use numerical inversion

to find the expectile ep that corresponds to an asymmetry p.

1.2.3 Statistical challenges

The combination of LAWS and P -splines provides a flexible tool for expectile

curve estimation. It also poses some interesting statistical challenges: how does
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one choose the optimal amount of smoothing, and how can crossing curves be

avoided?

Two recipes will be provided for data-driven optimization of the smoothing pa-

rameter. One is an asymmetric version of classic leave-one-out cross-validation.

The other one uses mixed model ideas and adapts Schall’s (1991) algorithm for

the estimation of variances.

Crossing of expectile curves is often considered a problem. In theory it cannot

happen, but it is often encountered in practice in small data sets or due to

sampling variation. While this problem has been discussed extensively for

quantile regression (see literature review in Chapter 4), this thesis makes a

contribution to this issue in expectile estimation. Two extensions to the basic

expectile model are proposed. The expectile bundle model is a location-scale

model which estimates all expectile curves simultaneously. It consists of three

components: a smooth trend (modelled by P -splines), an asymmetry function

describing the spread and a smooth function that representing the local width of

the expectile bundle (also formulated as a P -spline). The model is estimated in

an iterative procedure using iteratively reweighted least squares. The expectile

bundle model is an attractive approach if the data can be well described in

a location-scale model. For coping with more complicated data an expectile

sheet is proposed. A surface over (x, p) is a natural description of a sufficiently

dense set of non-crossing expectile curves. An expectile sheet estimates this

surface directly. It is set up as a two-dimensional model smoothing both over

the dimension of the independent variable x and asymmetry parameter p. The

estimation is based on a tensor product of two B-splines and makes use of

efficient computation in array regression.

1.3 Thesis outline

This thesis consists of five papers to be found in Chapters 2-6. They focus on

theory and application of expectile curves. While Chapters 2 and 4-6 focus

on the development of methodology, Chapter 3 provides an extensive applica-

tion to demographic data and proposes a model for the initial question that

motivated this research.
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In Chapter 2 the basics of expectile estimation are presented as well as the

formal concept. The method is first motivated from theory including a descrip-

tion of expectile-expectile (E-E) plots as compared to Q-Q plots. The practi-

cal estimation of individual expectile curves is done by LAWS – an iterative

least squares estimation using asymmetric weights. Due to choosing penalized

splines for a flexible functional form of the curves, it is necessary to determine

a smoothing parameter. Two approaches are proposed that adapt existing ap-

proaches to LAWS: an asymmetric adaptation of classic cross-validation and

an approach based on Schall’s algorithm that makes use of the parallelism be-

tween penalized splines and mixed models. Several examples of expectiles for

common distributions are presented as well. A simulation study as well as two

real data examples complete the chapter.

Chapter 3 consists of an extensive application of expectile estimation to de-

mographic data which initially motivated this research. An extensive literature

review of the relationship between life expectancy and GDPpc of a country as

well as descriptions of frontier estimation methods form the introduction of

this chapter. Expectile curves are used to define the upper frontier of the re-

lationship between life expectancy of a country and its economic performance.

Additionally methods for identifying extreme observations are proposed. A

measure of individual performance is discussed and used to compare countries.

The methods are illustrated using life expectancy data of more than 120 coun-

tries.

In Chapter 4 the expectile bundle model is explained. It is a location-scale

model that estimates smooth non-crossing expectile curves. Like in quantile

smoothing crossing of curves is considered problematic. While theoretically

impossible, this problem occurs in practise due to sampling variation and

small data sets. The expectile bundle model consists of three components:

a smooth trend (modelled by P -splines), an asymmetry function for the spread

and a smooth function for the local width of the bundle (also formulated as a

P - spline). The model is estimated using iteratively reweighted least squares.

The smoothing parameters are determined by cross-validation. Additionally

this chapter describes the connections between a density and its expectiles and

viceversa. From a set of expectiles the underlying conditional (and a priori

unknown) density can be estimated.
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Chapter 5 introduces the estimation of expectile curves using an expectile

sheet. This method is a natural extension of the simple LAWS and the expectile

bundle model. Every (sufficiently dense) set of non-crossing expectile curves

naturally forms a surface. An expectile sheet estimates this surface directly

over the domain of the independent variable and the asymmetry parameter.

The estimation is based on a tensor product of two B−splines and makes use

of efficient computation in array regression. It is performed using iteratively

reweighted least squares with asymmetric weights. By choosing appropriate

smoothing parameters in both dimensions an expectile sheet also results in

non-crossing expectile curves. The expectile curves are the level curves of the

sheet.

Chapter 6 adapts the concept presented in the previous chapter to estimate a

quantile sheet. It is defined as a surface over the independent variable and the

probability. Any quantile curve is obtained by cutting through the quantile

sheet for a fixed probability. The sheet is modeled by penalized splines in

form of tensor products of B-splines with difference penalties on the array of

coefficients. The amount of smoothing is optimized by cross-validation. A

smooth quantile sheet also results in non-crossing quantile curves. Quantiles

are widely used, especially in public health to provide guidelines e.g. in the

development of children. Therefore a smooth quantile sheet is used to estimate

reference curves for growth and weight development of children. Based on

iteratively reweighted least squares estimating a quantile sheet avoids the use of

linear programming techniques that are usually employed in quantile regression.

The thesis concludes with a summary and a short discussion of the methods in

Chapter 7. It also gives an overview about future possible research directions

in expectile estimation.





CHAPTER 2

Optimal expectile smoothing

Abstract

Quantiles are computed by optimizing an asymmetrically weighted L1 norm,
i.e. the sum of absolute values of residuals. Expectiles are obtained in a
similar way when using an L2 norm, i.e. the sum of squares. Computation
is extremely simple: weighted regression leads to the global minimum in a
handful of iterations. Least asymmetrically weighted squares are combined with
P -splines to compute smooth expectile curves. Asymmetric cross-validation
and Schall’s algorithm for mixed models allow efficient optimization of the
smoothing parameter. Performance is illustrated on simulated and empirical
data.

Published as: Sabine K. Schnabel and Paul H.C. Eilers. Optimal expectile
smoothing (2009). Computational Statistics and Data Analysis, 53, pp.4168–4177,
doi:10.1016/j.csda.2009.05.002.
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2.1 Introduction

The goal of (linear) regression is to estimate expected values of a response vari-

able as a function of covariates. A much broader view is offered by quantile

regression: it generalizes rank statistics to the regression setting. One obtains

not only medians, but also lower and higher quantiles, allowing both the loca-

tion and the spread of the response to be studied.

Quantile regression and smoothing is an effective tool for studying both lo-

cation and spread in scatterplots. This idea was first elaborated in Koenker

and Bassett (1978) and described as a generalization of the linear model. A

comprehensive overview of quantile regression and its further development to

date can be found in Koenker (2005). There is much interest also in quantile

regression and smoothing, e.g. COBS (Constrained B-splines) (He and Ng,

1999), for which an R package is available. Recent development on these topics

reported in this journal are Yuan (2006) and Zou and Yuan (2008).

In general, quantile regression is based on an asymmetric L1 norm (the sum of

absolute values of residuals). Asymmetry here means that negative and positive

residuals get different weights. It is less well-known that the L2 norm (the sum

of squares of residuals) can be made asymmetric in the same way. Newey and

Powell (1987) proposed it in a regression setting. In their paper they define

the method and investigate the properties of the estimator. As an analog

of quantiles, they coined the name expectiles for the results of asymmetric

least squares (ALS) estimation. In the following we will use LAWS, i.e. least

asymmetrically weighted squares, as abbreviation for the method in order to

avoid mix-up with the common abbreviation for alternating least squares.

Newey and Powell stated three advantages of LAWS over quantile regression:

computational advantages, efficiency of the LAWS estimator and the calcula-

tion of the covariance matrix without going via the density of the distribu-

tion. Independently Eilers (1987) used LAWS for regression and scatterplot

smoothing. Efron (1991, 1992) discussed asymmetric least squares and asym-

metric likelihood in a generalized linear setting. Already earlier Breckling and

Chambers (1988) proposed M-quantiles as a generalization of the M-concept

based on asymmetric loss functions. Jones (1994) showed that expectiles and
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M-quantiles are quantiles. He proved that expectiles are indeed quantiles but

for a transformation of the original distribution.

Quantile regression and smoothing lead to linear programming. Portnoy and

Koenker (1997) showed that modern (interior point) algorithms allow very ef-

ficient computation. An unfortunate consequence for smoothing is that rough-

ness penalties have to be expressed in an L1 norm to fit into the linear pro-

gramming framework. In contrast, LAWS can be implemented in a very simple

way in any least squares-based model by iterative asymmetrically weighted

regression. In a linear model convergence is guaranteed, because the objec-

tive function is convex. The L1 norm is also convex, but computation is less

straightforward.

The combination of P -splines (Eilers and Marx, 1996) and least asymmetrically

weighted squares provides a flexible smoothing tool for exploring trends and

spread in bivariate data. An important issue is the choice of the smoothing pa-

rameter, i.e. the weight of the penalty. We propose two methods: asymmetric

cross validation (ACV) and a variant of Schall’s algorithm (Schall, 1991). We

analyze performance with simulations and compare results for empirical data

with quantile smoothing.

The plan of the paper is as follows: In the following section we lay out our

motivation to study expectiles. Section 2.3 gives a short introduction to least

asymmetrically weighted squares and expectile smoothing. Section 2.4 presents

two methods for selecting the optimal amount of smoothing. These techniques

are applied to simulated data (see Section 2.5) as well as to the LIDAR data

set and to data on age and height of Dutch children in Section 2.6. The paper

closes with a discussion and an outlook on future work.

2.2 Motivation to investigate expectiles

With quantile regression and quantile smoothing available the question can

be raised why one would want to use and study expectiles. In this section

we will give a short motivation. The key point is that a distribution can

be characterized by its expectiles similar to its characterization by quantiles.

Quantiles have a strong intuitive appeal, but expectiles are easier to compute

and more efficient. The ease of computation (only iteratively re-weighted least
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squares is needed) will become clear in the following sections. Here we will

concentrate on “sufficiency” (for characterization) and efficiency. This section

is not meant to be a full treatment of the basics of expectiles. The formal

introduction to the method follows in Section 2.3.

For a probability density function f(x) we define

F (x) =

x∫

−∞

f(u)du and G(x) =

x∫

−∞

uf(u)du. (2.1)

Here F (x) is the distribution function, i.e. the cumulative density, and G(x) is

the partial moment function.

Quantile qp can be obtained by inversion: qp = F−1(p). Alternatively, it is the

minimizer of a function

min
qp

(
(1− p)

qp∫

−∞

|u− qp|f(u)du+ p

∞∫

qp

|u− qp|f(u)du

)
. (2.2)

This the basis of quantile regression (Koenker, 2005). The more complicated

definition has the advantage, compared to the inverse of the distribution, that

it allows a regression model for qp, for given covariates.

The theoretical expectile is denoted by ep. In expectile estimation we seek to

minimize

min
ep

(
(1− p)

ep∫

−∞

(u− ep)
2f(u)du+ p

∞∫

ep

(u− ep)
2f(u)du

)
. (2.3)

Minimizing this form leads to

(1− p)

ep∫

−∞

(u− ep)f(u)du+ p

∞∫

ep

(u− ep)f(u)du = 0. (2.4)
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After some algebra and introduction of F (x) and G(x) we get the implicit

equation for the theoretical expectile

ep =
(1− p)G(ep) + p(m−G(ep))

(1− p)F (ep) + p(1− F (ep))
, (2.5)

with m the mean of the underlying distribution F and G(∞) = m. Solving for

p we get the explicit equation

p =
G(ep)− epF (ep)

2(G(ep)− epF (ep)) + (ep −m)
. (2.6)

To find the theoretical expectile ep for a given p, we have to invert the last

equation by some numerical means. The relationship is monotone, so any

decent root finder will do the job.

One way to compare a sample with a theoretical distribution is to make an E-E

(expectile-expectile) plot, analogous to the well-known Q-Q (quantile-quantile)

plot for a number of values of p. An example for an E-E plot with simulated

data from a normal distribution is given in Figure 2.1. Notice that the E-E

plots look less noisy than the Q-Q plots.

−2 −1 0 1 2

−2
−1

0
1

2

E−E plot

Theoretical expectiles

O
bs

er
ve

d 
ex

pe
ct

ile
s

−2 −1 0 1 2

−2
−1

0
1

2

Q−Q plot

Theoretical quantiles

O
bs

er
ve

d 
qu

an
til

es

Figure 2.1: Simulated data from a standard normal distribution. Ten simula-
tions of 20 observations each. Normal expectile-expectile plot in the left graph,
normal quantile-quantile plot in the right graph.
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In some cases we might want to estimate the cumulative distribution F (x)

corresponding to f(x) from a given set of expectiles. This can be done, but

the estimated expectiles have to increase monotonically. This is generally not

the case when individual smooth expectile curves are estimated, as done in this

paper. Hence we will not discuss this further here. Notice the difference with

one-to-one correspondence between expectiles and the quantiles of a related

distribution (Jones, 1994). Here we are interested in the quantiles of the same

distribution.

The efficiency of expectiles is also recognized when smoothing small data sets.

This is no surprise: least asymmetrically weighted squares makes use of the

distance to data points in estimating a curve. Quantile smoothing only knows

whether an observation is below or above the curve. Of course, the increased

efficiency comes at a price: expectiles will be much much more sensitive to

outliers than quantiles. So there will be situations where quantile smoothing

might be preferred (see the example in Figure 2.6 in Section 2.6).

Unfortunately, expectiles have not the strong intuitive appeal of quantiles. We

hope that this will change with experience.

2.3 Formal introduction to LAWS

In ordinary least squares (OLS) estimation one seeks to minimize the sum of

squares

S∗
2 =

n∑

i=1

(yi − µi)
2, (2.7)

where n is the sample size, yi is the response variable and µi is the expected

value according to some model. LAWS minimizes

S =
n∑

i=1

wi(p)(yi − µi(p))
2, (2.8)

with

wi(p) =

{
p if yi > µi(p)

1− p if yi ≤ µi(p)
, (2.9)
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where yi is the response and µi(p) is the population expectile for different values

of an asymmetry parameter p with 0 < p < 1. The model is fitted by alternating

between weighted regression and recomputing weights until convergence (when

the weights do not change anymore). Equal weights (p = 0.5) give a convenient

starting point.

Quantile regression minimizes the weighted sum of absolute distances

S∗
1 =

n∑

i=1

wi(p)|yi − µi(p)|, (2.10)

where here µi(p) is the population quantile and the weights are defined as in

(2.9).

For bivariate data (x, y) P -splines (Eilers and Marx, 1996) minimize

‖y −Ba‖2 + λ aTDTDa, (2.11)

with respect to the coefficients a with B a B-spline basis for the variable x and

D a difference matrix. The last term in (2.11) is the roughness penalty. The

idea is to choose a large basis (say 20 to 100 B-splines) and tune smoothness

with the non-negative parameter λ.

Combining P -splines and LAWS we minimize an asymmetrically weighted sum

of squares and get the slightly modified solution

âw = (BTWpB + λDTD)−1BTWpy = (BTWpB + P )−1BTWpy, (2.12)

where Wp = diag(w(p)) is a diagonal matrix with weights w(p) on the main

diagonal and the weight vector w(p) is composed of {p, 1− p} with p ∈ (0, 1)

according to whether the observation is located above or below the estimated

function. For simplicity we suppress the dependence on p in the notation in

the following.

Equation (2.12) describes the situation after convergence. To arrive there, we

iteratively perform two steps: first, solve

âw̃ = (BT W̃B + P )−1BT W̃ y, (2.13)



22 CHAPTER 2. OPTIMAL EXPECTILE SMOOTHING

with W̃ = diag(w̃) the current weight matrix; second, recompute weights, using

the signs of y −Ba.

The objective function is convex and therefore a unique minimum is guaran-

teed. The whole estimation procedure is equivalent to the use of the Newton-

Raphson algorithm on a piece-wise quadratic function. The proof can be found

in Eilers (1987). In theory, a large number of iterations can be necessary until

convergence, but in practice five to ten iterations are usually sufficient.

An example of estimated expectiles for different distributions is depicted in

Figure 2.2 where we use the same curve (a sine function) with different di-

stributions for the error term: uniform, normal and gamma distribution. The

pattern of the distances between neighboring expectiles gives a good impression

of the (symmetry or lack of symmetry in the) spread of the errors.

2.4 Optimal smoothing

For the functional form of the expectiles we assume a penalized spline. The

construction of this type of spline requires a smoothing parameter. In any

kind of smoothing context, the analyst always aims for the optimal amount of

smoothing. In the following paragraphs we present two approaches for finding

the optimal smoothing parameter: an asymmetric variant of ordinary and ge-

neralized cross-validation and an adaptation of the Schall algorithm that was

originally designed for parameter estimation in generalized linear models with

random effects.

2.4.1 Asymmetric cross validation

In the case of symmetric least squares the ordinary cross validation score (OCV)

is defined as

Vo =
1

n

n∑

i=1

(yi − µ−i)
2 , (2.14)

where µ−i is the estimated value from a model fitted to all data except (xi, yi),

i = 1, . . . , n. This is also known as the leave-one-out cross validation score.

The score is to be minimized. Since it is not efficient to fit n models to the
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Figure 2.2: Simulated data from a sine function with three different di-
stributions for the error term: uniform, normal and gamma (shape=0.2).
p = 0.01, 0.02, 0.05, 0.10, 0.20, 0.50, 0.80, 0.90, 0.95, 0.98, 0.99; bottom to top;
blue to red. Sample size 500. Top row: estimated expectiles (fixed smoothing
parameter), bottom row: theoretical expectiles.

data set, the score can be reformulated as

Vo =
1

n

n∑

i=1

(yi − µi)
2

(1− hii)2
, (2.15)

where hii is the ith diagonal element of the hat matrix H defined as

H = B(BTB + P )−1BT , (2.16)

and µi is the estimated value at xi and P as in (2.12). For details on this

reformulation please see Wood (2006, chapter 4).

The denominator of the sum can be replaced by the mean weight (tr(I−H)/n)2

according to Craven and Wahba (1979). This leads to the generalized cross



24 CHAPTER 2. OPTIMAL EXPECTILE SMOOTHING

validation score (GCV):

Vg =

n
n∑

i=1

(yi − µi)
2

[tr(I −H)]2
. (2.17)

To define an asymmetric ordinary cross validation (AOCV) score, we take the

weights wi at convergence as given by (2.9) and calculate the score as

Vw
o =

1

n

n∑

i=1

wi(yi − µi)
2

(1− hwii)
2
, (2.18)

where hwii is the ith diagonal element of the hat matrix Hw as given below in

(2.20) below. Similarly, the asymmetric generalized cross validation (AGCV)

score is defined as

Vw
g =

n
n∑

i=1

wi(yi − µi)
2

[tr(I −Hw)]2
, (2.19)

with the hat matrix Hw defined analogously to the non-weighted case as

Hw =W 1/2B(BTWB + P )−1BTW 1/2. (2.20)

The incorporation of the weighting scheme requires an investigation of whether

or not this scheme is affected by the (theoretical) change of the data set by one

point each time. This is done in the leave-one-out cross-validation. The weight

of a certain observation might change in the absence of another observation, i.e.

the estimated curve changes slightly its location and the point “changes sides on

the curve”. However, in the formula above we assume that the weight vector is

not susceptible to single missing observations. We checked this assumption with

simulated data and performed a step-by-step leave-one-out cross-validation and

checked the weights in each step. The weight of an observation changed in less

than 1% of the possible cases. Therefore we assume constant weights in general

for asymmetric cross-validation.

Using either of these scores we perform a grid search over a range of values

for the smoothing parameter λ in order to find the minimal score which is

associated with the optimal smoothing parameter. In our example with simu-
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lated data (see Section 2.5.2) we saw that the two scores may lead to a slightly

different choice in smoothing parameter λ.

In the standard set-up one would estimate a vector of cross-validation scores

for different values of λ and, given that there is only one minimizer, end up

at the optimal value for the smoothing parameter. In the LAWS model we

usually aim at estimating a range of p-expectiles. For each of the p-expectiles

we get a candidate optimal smoothing parameter.

2.4.2 The Schall algorithm

In this part we describe another approach to choose the optimal amount of

smoothing in a LAWS model by adapting the algorithm proposed by Schall

(1991). This algorithm was originally designed as an iterative estimation pro-

cedure for fixed effects, random effects and components of dispersion in Gene-

ralized Linear Models (GLMs) with random effects, i.e. mixed models. We will

make use of the estimation of the components of dispersion.

The Schall algorithm replaces the typical estimation of GLMs in which one has

to specify a (family of) distribution(s) for the random effects and subsequently

estimates the regression parameters by Maximum Likelihood (ML) estimation

based on the marginal distribution of the response. The Schall algorithm over-

comes the necessity to assume a distribution as well as numerical problems that

arise from integrating out the random effects in the ML estimation based on

the response’s marginal distribution. Schall’s approach consists of two steps

which are used iteratively and for the normal random effects model yield at

ML estimates of the parameters without encountering the above mentioned

two drawbacks to the classical procedure.

There is a formal equivalence between (symmetric least squares) P -spline smoo-

thing and mixed models. We can write Ba = Xβ + Zu, where X is a matrix

with a column of ones and column x, and Z has a special structure, such that

u = Da, see Eilers (1999) and Lee et al. (2006, chapter 9). We can apply the

Schall algorithm in the context of classical P -splines. It consists of two alter-

nating steps. In the first step the P -spline coefficients a are estimated for a

given value of λ. In the second step variance components are estimated: σ2
ε for
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the errors y−µ and σ2
u for the contrasts u = Da. A new value of the smoothing

parameter is computed as λ = σ2
ε/σ

2
u and the next iteration is started.

We adapt the Schall algorithm in the LAWS context and calculate the parame-

ters aw with the asymmetric weighting scheme as defined in (2.9) and choose

a starting value for λw . In the second step we determine σ2
εw of the weighted

errors and σ2
uw

of the contrasts uw = Daw according to

σ2
εw =

(y − µ̂)TW (y − µ̂)

n−ED
, σ2

uw
=

||ûw||
2

ED
, (2.21)

where n is the sample size, ED = tr(Hw) the effective model dimension and D

a difference matrix. We recompute λw as λw = σ2
εw/σ

2
uw

and iterate between

smoothing and estimating variances estimation until convergence of λw .

2.5 Simulation study

2.5.1 Simulation set-up

In this section we apply the above described LAWS model as well as the criteria

for finding the optimal amount of smoothing to simulated data. We simulate

data with sample size n = 200. The simulation includes 50 replications of the

same set-up. The independent variable x is uniformly distributed on [0, 3]. The

response y is of the following form

y = 1.5x2 + 4 + cos(3x) + ε, (2.22)

where ε is a standard normal distributed error term. According to Theorem 1

in Newey and Powell (1987) expectiles shift and scale like expected values with

changes in mean µ and standard deviation σ of f(x|µ, σ). Therefore in this

situation the theoretical expectiles are determined by

e(x, p) = 1.5x2 + 4 + cos(3x) + eN (p), (2.23)

where eN (p) is the p-expectile of the standard normal distribution. We choose a

spline base of degree 2 (with truncated power base functions, see e.g. Ruppert

et al., 2003) and include 19 inner knots on [0, 3]. For the derivation of the

theoretical expectile we refer to Section 2.2.
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2.5.2 Results

To find the optimal smoothing parameter using an asymmetric cross-validation

(ACV) criterion we search for its minimum on a grid for λ on [10−2, 105], using

20 values equidistant on logλ. Generally AGCV and AOCV give similar results.

We measure performance by the root mean squared error (RMSE):

RMSE(p) =

(
1

n

n∑

i=1

(e(xi, p)− µ(xi, p))
2

)1/2

, (2.24)

where e(xi, p) is the theoretical p-expectile, µ(xi, p) = Bâpw is the estimated

value for the p-expectile using LAWS estimation. Figure 2.3 shows a graph for

each of the two cross-validation criteria with box-plots over a range of values

of p. RMSE values tend to increase with increasing asymmetry (i.e. p is away

from 0.5). Median and variance of RSME values are larger for AGCV than for

AOCV for increasing asymmetry.
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Figure 2.3: Root mean squared error (RMSE) for simulated data with n = 200
using the optimal smoothing parameter. Selected expectiles p = 0.02, 0.05, 0.1,
0.2, 0.5, 0.8, 0.9, 0.95, 0.98. Asymmetric OCV score in graph on the left, asym-
metric GCV in graph on the right.

For sample size n = 100 the estimation procedure still works quite well, al-

though visual inspection showed that some of the curves are under-smoothed.
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In addition to the selection of the smoothing parameter using asymmetric cross-

validation we also applied the Schall algorithm adapted for optimal smoothing.

This iterative procedure is slightly faster than using a grid search on λ for

ACV. The results are qualitatively comparable. Figure 2.4 depicts box-plots

comparing the RMSE over a range of estimated p-expectiles. They show that

both approaches give similar results in terms of RMSE. However, it seems that

optimal smoothing according to Schall has a slight advantage over the ACV

criteria.
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Figure 2.4: Comparison in terms of root mean squared error (RMSE) of
smoothed curves vs the theoretical curves with selected smoothing parame-
ter according to the adapted Schall algorithm (filled boxplots) and AOCV
(boxplots with grey contour).

2.6 Applications

We use the well-known and widely used LIDAR (light detection and ranging)

data set (as described also in Ruppert et al., 2003) as a first example. This data

set consists of 221 observations. The independent variable is the distance the

light traveled before it was reflected back to its source. The dependent variable
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is the logarithm of the ratio of received light from two laser sources. We

compare COBS (He and Ng, 1999) using automatic smoothness selection with

LAWS using the AOCV criterion and Schall’s algorithm. We use a scaling that

facilitates the direct comparison of expectiles and quantiles and additionally

offers a better grasp on the magnitude of a certain level of p. Here, we use

a scale based on the standard normal distribution. We choose equally spaced

z values in [−2σ, 2σ] and calculate the quantile values q = Φ(z) with Φ the

distribution function of the standard normal distribution. For the p-expectiles

we set z = ep and use equation (2.6) to determine the corresponding values p.

Figure 2.5 shows that COBS leads to rather wiggly quantile curves that cross

each other in a number of places. LAWS leads to smooth expectiles that hardly

cross and show a more even spacing.

We modified the LIDAR data set in order to compare the performance of

LAWS AOCV and COBS (automatic smoothing) for a data set with outliers.

After introducing four outlying observations into the data set (indicated with

diamonds around the respective data points in Figure 2.6) we estimated a set of

expectiles (respectively quantiles). Both estimations are affected by the “new”

observations, but fewer quantile curves seem to be perturbed as compared to

the estimated set of expectile curves.

Our second example concerns human growth. The Fourth Dutch Growth study

collected cross-sectional data on height, weight and head circumference of

Dutch children (Van Buuren and Fredriks, 2001). The relation between age

and height of about 7000 Dutch boys is depicted in the top panel of Figure 2.7.

The data are available via Van Buuren (2007). To follow the steep parts of the

curve at lower ages smoothing cannot be too strong. Apparently this leads to

under-smoothing at higher ages, as the wiggles around age 20 show. After ex-

perimenting with different transformations it turned out that taking the square

root of age gives pleasing results. This transformation is commonly used in the

literature, e.g. in Dissanayake et al. (2006), and especially the fit in lower range

of x-values is improved compared to the fit to the original data as shown in the

lower part of Figure 2.7.
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Figure 2.5: Analysis of the LIDAR data set with COBS and LAWS. For better
comparison we use p-expectiles (respectively q-quantiles) that are equivalent
to [−2σ, 2σ] of a standard normal distribution. The blue colored lower curves
are indicating the low quantiles (respectively expectiles), the red colored upper
curves are indicating high quantiles (respectively expectiles).
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For large data sets like this one, it is not efficient to compute the entire hat

matrix as defined in (2.20). Only the diagonal is needed. In order to overcome

computational problems with large data sets we use influence measures of R in

combination with the procedure lsfit for efficient calculation.

2.7 Discussion

We have shown that the combination of P -splines and least asymmetrically

weighted squares provides a powerful tool for exploring conditional location

and spread. Our adaptation of the Schall algorithm leads to a fast automatic

choice of the amount of smoothing. Compared to the COBS implementation

of quantile smoothing –as applied to the LIDAR data– our results appear more

realistic: expectile curves rarely cross and their smoothness looks convincing.

These advantages become more clear for small data sets. However, expectile

curves are less robust against outliers, which can be a disadvantage in some

cases.

Quantile and expectile smoothing allow for a lot of flexibility. In fact too much,

because for every value of the asymmetry parameter a separate curve is being

computed. There is no guarantee that the curves will not cross. Another class

of models specifies a conditional distribution with smooth curves for parame-

ters like location, spread and optional Box-Cox transformation. The foremost

example is GAMLSS (Rigby and Stasinopoulos, 2005). Between these extremes

we have experimented with the model e(x; p) = b(x) + a(x)g(p), where b(x) is

the trend, g(p) a standardized expectile function and a(x) the “amplitude” that

sets the local spread. In this model expectile curves inherently cannot cross.

The three components of the model are easily interpreted. Our first results

look very promising. Details will be reported elsewhere.

Expectile smoothing (still) has the disadvantage that, compared to quantiles,

it is harder to develop an intuitive appreciation of the meaning of the asym-

metry parameter p. When we present a p-percentile curve, we know that we

can expect that a fraction p of the data points will be found below this curve.

The p-expectile lacks such a simple characterization. A simple solution, that

contributes to other explanations in the paper, is to compute ps that corre-

spond to multiples of the standard deviation of a reference distribution like the

standard normal distribution.
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Because LAWS is easily integrated into (penalized) regression models, it can

be used in a wide variety of settings. Mixed models are an interesting example.

Say that our data x and y belong to clusters, as indicated by a 0/1 matrix R

(with only one 1 in each row). The model µ(p) = Bα(p) + Rγ would make

sense: it introduces the intercept γk for cluster k. A (ridge) penalty on γ,

κ||γ||2, would implement the mixed model idea. Pawitan (2001) states the

equivalence of ridge penalties and mixed models. Schall’s algorithm can be

used to optimize multiple penalty parameters at the same time.
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Figure 2.6: Analysis of LIDAR data including outliers with LAWS and COBS.
For better comparison we use p-expectiles respectively q-quantiles that are
equivalent to [−2σ, 2σ] of a standard normal distribution.The blue colored lower
curves are indicating the low quantiles (respectively expectiles), the red colored
upper curves are indicating high quantiles (respectively expectiles).Outliers are
indicated with a diamond around the data point.
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Figure 2.7: Top panel: Height (in cm) against age (in years) of Dutch boys
from the Fourth Dutch Growth Study. Bottom panels: Estimated expectiles
for p=0.01,0.02,0.05,0.10,0.20,0.50,0.80,0.90,0.95,0.98,0.99 (bottom to top, blue
to red). Left graph: fit to original data, right graph: fit to data with transfor-
mation of the independent variable.





CHAPTER 3

An analysis of life expectancy and economic production

using expectile frontier zones

Abstract

The wealth of a country is assumed to have a strong non-linear influence on
the life expectancy of its inhabitants. We follow up on research by Preston
and study the relationship with gross domestic product. Smooth curves for
the average but also for (upper) frontiers are constructed by a combination
of least asymmetrically weighted squares and P -splines. Guidelines are given
for optimizing the amount of smoothing and the definition of frontiers. The
model is applied to a large set of countries in different years. It is also used to
estimate life expectancy performance for individual countries and to show how
it changed over time.

Published as: Sabine K. Schnabel and Paul H.C. Eilers. An analysis of life expectancy
and economic production using expectile frontier zones (2009). Demographic Research, 21
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3.1 Introduction

It is well known that life expectancy at birth (e0) is higher in wealthy countries.

This is supported by Figure 3.1. This association was first investigated by

Preston in Preston (1975, 1976). There is a curvilinear relationship between

period life expectancy and gross domestic product per capita (GDP). Large

scatter is observed around the trend, generally wider at low GDP. A natural

question to ask is whether we can estimate a “frontier”, a curve of the highest

attainable e0 against GDP. Such a frontier would be of value to demographers

who study groups of countries. It could also be an important tool for policy

makers in individual countries in order to set goals for public health systems.

In this article we propose a new methodology for smooth frontier estimation,

and we apply it to recent and historical data on GDP and period life expec-

tancy for a large group of countries. We propose this frontier approach as

generalization of Preston’s model. This framework is an extension of an estab-

lished smoothing method for trend estimation. Whereas the original method

gives equal weights to data points above and below a trend curve, we use asym-

metric weights. If we increase the weights of the points above the curve, the

curve will be drawn upward. Strong asymmetry leads to the desired frontier

curve. The principle we use is known as asymmetric least squares or least

asymmetrically weighted squares (LAWS1).

In this paper we will use the word frontier in a soft interpretation, i.e. as a

frontier zone that is located in the upper part of the data. Most data points will

be located under the estimated curve, but some of the observation might also be

found above the curve due to sampling variation and other factors. Therefore

in the following the use of the word frontier is equivalent to a frontier zone and

not used as an absolute boundary.

Smoothing with LAWS is a simple and easily implemented idea. It also poses

new and interesting challenges. One is the choice of the optimal amount of

smoothing. We show that ideas from mixed model technology can be applied

fruitfully for this purpose, leading to an automatic choice of the amount of

1A common abbreviation is ALS, but we like to avoid it for two reasons: first ALS is
also commonly used as abbreviation of alternating least squares and second ALS also means
amyotrophic lateral sclerosis i.e. a fatal neurodegenerative disease.
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smoothing. A second problem is the choice of the amount of asymmetry that

defines the frontier. We have no statistical answer to that, but we provide a

practical rule of thumb.
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Figure 3.1: Average life expectancy versus Gross Domestic Product per capita
in 1990 PPP dollars. Data for the year 2000 including 126 countries. Countries
with the highest GDP are the United States, Luxembourg and Norway.

The relationship between GDP and e0 has been studied extensively. In Section

3.2.1 we give an overview of the literature. As far as we know, we are the first to

propose and apply a general framework for frontier estimation in the context of

life expectancy. In other areas, especially for frontier and efficiency estimation

in econometrics, other approaches have been used. We give a short overview

of them in Section 3.2.2. The demographic data that motivated our research

is presented in detail in Section 3.2.3. Section 3.3 presents LAWS and its

application to smoothing, including the determination of the optimal amount of

smoothing. We also discuss the issue of (removal of) influential data points and

outliers. We show how to compute LAWS statistics for theoretical distributions

and use it to propose guidelines for setting the amount of asymmetry. Section

3.4 lays out the extensive application of LAWS to life expectancy data that

motivated this research. The proposed method is also useful for other relations

and other explanatory variables than the one presented in the example. In the

final Section 3.5 we discuss our results, desirable improvements and possible

extensions.
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3.2 An overview of previous research

This section offers an overview of previous research. Because of the intended

demographic audience we give a presentation of what has been published on the

relationship between life expectancy and gross domestic product (per capita).

We give less space to the literature on quantile regression and models for effi-

ciency estimation.

3.2.1 Life expectancy and GDP

Historically the development of life expectancy has been an important topic in

population studies. In Bengtsson (2006) a collection of articles on the linear

rise in life expectancy and its history and prospects can be found. For our in-

vestigations the contribution of Oeppen (2006) is of special interest. It reviews

life expectancy development and related research since 1820. Over decades

researchers have hypothesized about the limits to life expectancy. In Oeppen

and Vaupel (2002) the authors review these hypotheses. However, the article’s

main finding about the development of life expectancy is that record life expec-

tancy has been increasing linearly over the last 150 years. This measure can

be considered as a frontier to life expectancy and thus promotes the interest in

investigating limits and appropriate methods for their estimation.

In the 1970s the demographer Samuel Preston investigated the influence of

economic conditions on life expectancy (Preston, 1975, 1976). For the mean

curve of this relationship he used a logistic model with fixed coefficients. Three

waves of data from 1900, 1930 and 1960 were used in this cross-sectional ana-

lysis. As a measure of economic performance Preston used national income per

head as the independent variable to model the mean trend. The logistic model

that Preston used to describe the relationship is a restrictive assumption of

the functional form of this relationship. To our knowledge Preston’s work has

never been formally extended to measure the frontier but focusses on describing

the mean trend, although Easterlin (1996) stated that Preston’s curve could

be described as a production frontier of income as input and life expectancy as

output.

Preston’s research was reprinted 30 years later in Preston (2007a) and joined

by an extensive discussion and rejoinder by the author (Preston, 2007b). The
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contributions in the discussion stress the importance of health interventions on

mortality development (Kunitz, 2007), the contribution of technical progress

to population health (Bloom and Canning, 2007) and discuss why the same

amount of income can buy progressively more health over time (Wilkinson,

2007). Riley (2007) highlights the fact that more research is needed in order

to determine other factors influencing life expectancy than income alone and

stresses that countries’ mortality histories need more attention.

Deaton (2004) also refers to Preston’s study and fits a non-parametric popula-

tion weighted regression function for the mean relationship between per capita

GDP and life expectancy for the year 2000.

Rodgers (1979) suggests that there is a relationship between life expectancy at

birth and income at the individual level and observes an asymptotic behaviour

from empirical data. He proposes a non-linear model using the inverse, loga-

rithm or other transformation for income as the independent variable. In his

paper he continues to investigate in detail the relationship between life ex-

pectancy, income and income distribution. This contribution was reprinted in

Rodgers (2002) and joined by a discussion including Wilkinson (2002), Porta

et al. (2002), Deaton (2002) and Lynch and Smith (2002).

Others argue that the mean level of income is not as important to life expec-

tancy as how this money is distributed. Wilkinson also contributed to this

field of research concluding in Wilkinson (1990) that there is a lack of associa-

tion between gross national product (GNP) per capita (measured in 1985 US

dollars) and life expectancy in developed countries. But he argues that with

better comparability of international data in terms of GNP this association

needs more research. When instead he uses purchasing power parity adjusted

GNP per capita in a later paper (Wilkinson, 1992) he finds a weak associa-

tion between GNP per capita and combined life expectancy for the 23 OECD

countries.

Becker et al. (2003) investigated longevity convergence and also the relation-

ship between income and longevity referring to and confirming Preston’s study

using a logarithm function for data from 1965 and 1995. They conclude that

there is no convergence in income per capita in this period despite longevity

convergence. This is consistent with a shift over time of the cross-sectional
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relationship. While the described relationship holds for the mean trend of e0

and GDP, it has never been tested to model frontiers.

3.2.2 Models for frontier estimation

Quantile regression

Quantile regression is a popular tool for the purpose of frontier estimation. It

was originally presented in Koenker and Bassett (1978) as a generalization of

the linear model. Quantile regression is based on asymmetrically weighting

the sum of absolute values of residuals. It estimated the conditional quantile

functions of the underlying distribution. In contrast to quantile regression we

propose asymmetrically weighting the sum of squared residuals that leads to so

called expectiles as introduced by Newey and Powell in 1987. LAWS is based on

ordinary least squares modeling and thus shares its properties and the simple

concept of this approach.

Econometric methods for efficiency estimation

Questions of frontier estimation are discussed in productivity analysis, i.e. an

area of econometrics. Here, researchers model the production or cost frontier

using so called Data Envelopment Analysis (DEA) or Stochastic Frontier Ana-

lysis (SFA). DEA is based on linear programming techniques aiming at a convex

hull as explained in Charnes et al. (1978). SFA is a popular parametric tool

to investigate productivity frontiers. It is a linear model with a two-fold error

term accommodating the variation of the frontier and the technical inefficien-

cies of the individual observations. The book of Kumbhakar and Lovell (2000)

gives a comprehensive overview about SFA. Assuming a certain error distribu-

tion it can be shown that LAWS is equivalent to SFA. This relationship can be

deduced from Aigner et al. (1976) and Newey and Powell (1987). Both DEA

and SFA are used to estimate frontiers of a (multiple) input-output relation to

measure the efficiencies of the individual observations. For example they were

used to describe the relationship between (healthy) life expectancy and health

care status of a country (Evans et al., 2001; Hollingsworth and Wildman, 2003).

In addition to DEA and SFA Kokic et al. (1997) propose M-quantiles to model

production frontiers. It can be shown that there is a relationship between ex-
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pectiles and M-quantiles (Jones, 1994). Kokic et al. also describe how to use

M-quantiles to measure productive efficiency.

3.2.3 Data description

In the analysis in Section 3.4 we focus on the same variables as Preston and

investigate the relationship between life expectancy at birth (average as well as

sex-specific) and the logarithm of gross domestic product per capita (logGDPpc)

expressed in 1990 purchasing power parity (PPP) adjusted Geary-Khamis dol-

lars. PPP adjustment goes back to Karl Gustav Cassel who developed this

concept in the 1920s. The Geary-Khamis method combines the concepts of

PPP and average international prices. This technique was first introduced in

Geary (1958) and further developed by Khamis in Khamis (1969, 1970, 1972).

It is the most widely used method in this field, e.g. by the United Nations,

OECD, the statistical office of the European Union and others. For our ana-

lysis we use data from 1900 to 2005. The sample size in the waves is varying.

Therefore we limit further analysis to years with at least 20 countries in the

sample. This is the case for 66 years between 1900 and 2005 (1900, 1910,

1920, 1930, 1940 and every year between 1945 and 2005). Life expectancy data

come from a range of sources including the HMD (Human Mortality Database,

2007), national statistical offices, the Penn World tables (Heston et al., 2002)

and the United Nations. Information on logGDPpc was also gathered from

a range of sources that include the above, contributions by Maddison e.g. in

Maddison (2001) and data from the Total Economy Database (The Conference

Board and Groningen Growth and Development Centre, 2006). Some descrip-

tive measures of the data set can be seen in Figure 3.2. The data includes over

200 countries at different points in time. In order to get a better impression

of the data, it is helpful to have a closer look at an individual country and its

e0 development over time. This is a purely descriptive look at the data. In

Figure 3.3 we plotted all data pooled over all times (average life expectancy

against logGDPpc, for 66 years in 1900-2005) and indicated the development

of life expectancy in Japan and Sweden. Japan is the current leader in life ex-

pectancy (especially for females). Historically Japan experienced big gains in

this measure after World War II and increasing development ever since. Swe-

den is a country with a long time series of data and it has always been among

the countries with the highest life expectancy worldwide. We observe different
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Figure 3.2: Box-plots of life expectancy of women (left/red) and men
(right/blue) 1950–2000 in five year intervals. The number of countries avai-
lable in each year is given by the sample size n indicated below each box-plot.
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Figure 3.3: Pooled data over all years. Development of average life expectancy
over time in Japan (red circles) and Sweden (blue triangles).
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trajectories for the earlier years for the two countries. Sweden had an average

period life expectancy of about 52 years in 1900 which has steadily increased

to more than 80 years in 2005. On the other hand Japan had a low average life

expectancy of 37 years in 1900 and a mixed mortality history until after World

War II. Then Japan experienced a rapid increase in life expectancy well up to

82 years in 2005 for the two sexes combined.

3.3 Least Asymmetrically Weighted Squares

Smoothing

In the following we propose Least Asymmetrically Weighted Squares estimation

as a suitable technique for modeling frontier curves. We will apply this method

to life expectancy and economic performance in Section 3.4.

3.3.1 LAWS in a nutshell

In ordinary least squares (OLS) estimation one seeks to minimize the sum of

squares

SOLS =
∑

i

(yi − µi)
2 (3.1)

where yi is the response and µi is the estimated value. For example in linear

regression is µi = β̂0 + β̂1xi with β̂ the estimated coefficient vector.

Least asymmetrically weighted squares estimation (LAWS) seeks to minimize

the following objective function for a range of values p, 0 < p < 1:

S =
∑

i

wi(p)(yi − µi(p))
2 (3.2)

with weights
wi(p) =

{
p if yi > µi(p)

1− p if yi ≤ µi(p)
(3.3)

where yi is the response variable and µi(p) is the estimated value according

to a statistical model. The obtained functions µ(p) are called p-expectiles as

introduced by Newey and Powell in 1987. LAWS is a weighted version of

ordinary least squares where the weights depend on the sign of the residuals.

For estimating an expectile we fix a value p between 0 and 1. For an upper



44 CHAPTER 3. LIFE EXPECTANCY AND GDP

frontier we may choose e.g. p = 0.98. In the iterative fitting procedure each

point i of the data set is assigned a weight wi(p = 0.98) according to (3.3).

This means a point located above the estimated curve µ(0.98) receives a weight

wyi>µi(0.98) = 0.98. A data point below or on the estimated curve is assigned

weight wyi≤µi(0.98) = 0.02. OLS estimation is a special case of LAWS for

p = 0.5. It is extremely easy to fit any LAWS model: simply iterate between

weighted regression and re-compute the weights. The objective function is

convex, so a unique minimum is guaranteed.

For simplicity we suppress the dependence on p in the following notation.

For implementing a flexible functional form of the expectile we combine LAWS

with P -splines (Eilers and Marx, 1996): µi =
∑

j bijaj , where B = [bij ] is

the matrix of B-spline basis functions and a the coefficient vector. A penalty

tunes the smoothness. Thus we are seeking to minimize the penalized LAWS

function:

S∗ = (y −Ba)TW (y −Ba) + λ ‖Dda‖
2

(3.4)

with respect to coefficient vector a. Dd is a matrix that forms d-th order

differences of a.

The model parameters are computed iteratively according to

â = (BT W̃B + P )−1BT W̃ y (3.5)

with current weights in W̃ = diag(w̃) and the penalty P = λDT
dDd.

To optimize the smoothing parameter λ we can use so called leave-one-out cross-

validation. The idea is to remove each observation (xi,yi) in turn, predict it

(µ−i) from the remaining ones and measure prediction performance by the cross

validation score CV = 1/n
∑n

i=1(yi − µ−i)
2. The asymmetric variant includes

the weights according to (3.3):

ACV =
1

n

∑

i

wi(yi − µ−i)
2 =

1

n

∑

i

wi(yi − µi)
2/(1− hii)

2, (3.6)
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where we have used the fact that yi − µ−i = (yi − µi)/(1 − hii) with the hat

matrix H = (hij)i,j=1,...,n defined as

H = W 1/2B(BTWB + P )−1BTW 1/2. (3.7)

We search for the minimum ACV for a range of values of λ on a grid (linear

for logλ). This is done separately for every p. In the ACV we assume that the

weight vector is invariant to single missing observations. Simulation studies

show that this assumption holds for more than 99 % of the considered cases.

Alternatively, using the formal equivalence between penalized least squares

smoothing and mixed models (Lee et al., 2006; Pawitan, 2001), we have that

the smoothing parameter λ = σ2/τ2, with σ2 the variance of the weighted

errors and τ2 the variance of the contrasts Da. We estimate these variances by

σ̂2 = (y − µ)
T
W (y − µ) /(n− ED), τ̂2 = ‖Da‖

2
/ED (3.8)

where n is the sample size and ED = trace(H) the effective model dimension.

We iterate between smoothing asymmetrically with λ, estimating variances

(and a new λ) until convergence (in λ and ideally also in weights). This is a

variant of Schall’s (1991) method for generalized linear mixed models.

In the application in Section 3.4 we use optimal smoothing according to Schall’s

algorithm. This technique gives very similar results to the use of cross-validation

criteria, but due to its iterative set-up it is computationally less intensive par-

ticularly with large data sets.

For details of the model, a simulation study and comparison between optimal

smoothing judged by cross-validation criteria versus the use of Schall’s algo-

rithm we refer to Schnabel and Eilers (2009b).

3.3.2 Extreme observations

In order to improve the quality and robustness of the estimation outlier de-

tection is commonly used in regression methods. This can be also done in the

model framework presented above. We make use of the hat matrix from the

estimation procedure in order to identify outliers or so called extreme observa-

tions. For linear regression Hoaglin and Welsch (1978) suggested as a rule of
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thumb those points with

hii >
2ED

n
(3.9)

to qualify for an extreme point i.e. an influential observation. In our context

we use the hat matrix H of the model as defined in (3.7) and for n the respec-

tive sample size of the analyzed wave. We suggest that the points which were

commonly classified as extreme observation for at least 80 of the 99 expectiles

with 0.01 ≤ p ≤ 0.99 (in increments of 0.01) are excluded from the analysis

and the entire set of expectiles re-estimated. In order to further check for ex-

treme observations in the vertical direction we suggest checking for candidates

against the mean curve for p = 0.5. A point i will be classified as an extreme

observations in the vertical direction if

|yi − µi(0.5)| > 3 SD (3.10)

as a rule of thumb. SD is the empirical standard deviation of the residuals. We

propose to remove the detected points to improve the data quality.

With this methodology we propose a statistical criterion for judging about

potential extreme observations and their removal from the data set. However,

in any application it might be also useful to exclude other observations from

the data under consideration based on particularities of the data, data quality

or other arguments.

3.3.3 Theoretical expectiles

Expectiles can also be computed for theoretical distributions. Assume we have

a probability density function f(x) with

F (x) =

x∫

−∞

f(u)du and G(x) =

x∫

−∞

uf(u)du. (3.11)

Here F (x) is the distribution function, i.e. the cumulative density, and G(x)

is the partial moment function. The theoretical expectile is denoted by ep. In

expectile estimation we seek to minimize (3.2) with weights according to (3.3).
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For a continuous distribution this is equivalent to

min
ep

(1− p)

ep∫

−∞

(u− ep)
2f(u)du+ p

∞∫

ep

(u− ep)
2f(u)du. (3.12)

Minimizing this form leads to

(1− p)

ep∫

−∞

(u− ep)f(u)du+ p

∞∫

ep

(u− ep)f(u)du = 0. (3.13)

After some algebra and replacement for F (x) and G(x) we can determine the

theoretical p-expectile ep by

ep =
(1− p)G(ep) + p(m−G(ep))

(1− p)F (ep) + p(1− F (ep))
(3.14)

with m the mean of the underlying distribution F and G(∞) = m. Solving for

p, with z = ep, we get

p =
G(z)− zF (z)

2(G(z)− zF (z)) + (z −m)
. (3.15)

This relationship follows from Newey and Powell (1987) and Jones (1994).

According to Theorem 1 in the latter article expectiles shift and scale like

expected values with changes in meanm and standard deviation σ of f(x|m,σ).

In order to determine the theoretical expectiles of a distribution we choose a

sensible grid for z and compute the corresponding vector of ps by numerical

inversion.

3.3.4 What do we call a frontier?

In the methodological context of this paper we do not use the notion of frontier

in an absolute way but as a frontier zone. In contrary to an upper envelope of

the data, we employ a rather soft definition of a frontier, i.e. a curve that is

located above most of the data, but some points may exceed this soft frontier

due to random variation. This concept of a “soft” frontier is consistent with the

notions in the literature of efficiency analysis using Stochastic Frontier Analysis

e.g. in Kumbhakar and Lovell (2000) (as detailed in Section 3.2.2). A frontier
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as the upper envelope is more consistent with the concept of Data Envelopment

Analysis based on linear programming. This approach is not pursued here. In

the framework of expectile estimation it is up to the user what to choose as an

upper frontier in terms of parameter p.

As seen above it is possible to estimate the expectile at almost any p ∈ (0, 1). In

the context of frontier estimation we are looking to identify a suitable frontier

for the given relationship. Therefore we have to decide on an appropriate value

for p. We may use a common distribution as the reference distribution, e.g.

the standard normal distribution. According to (3.15) in the standard normal

case we have p as

p =
φ(z) + zΦ(z)

2φ(z) + 2zΦ(z)− z
(3.16)

with φ, Φ the respective density and distribution function of the standard

normal distribution N(0, 1). Choosing z equidistant in [−3, 3] covers values of

p in almost the entire range from 0 to 1. It is up to the user to decide which

standard p cumulative
deviation density

0 0.5 0.5
0.5 0.7791 0.6915

0.5531 0.8 0.7099
0.8577 0.9 0.8045

1 0.9286 0.8413
1.1383 0.95 0.8725
1.4749 0.98 0.9299

1.5 0.9812 0.9332
1.7154 0.99 0.9569

2 0.9958 0.9772
2.5 0.9992 0.9938
3 0.9999 0.9987

Table 3.1: Asymmetry p expressed in standard deviations from the mean of a
standard normal distribution.

value of p to choose for a frontier to be estimated. With the help of Table 3.1 the

user can get a better insight into what a certain value for p would be in terms

of the normal distribution as a reference. In our opinion 2 standard normal

deviations (or p = 0.9958) might be a good choice for a frontier. However,
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this is a subjective choice for the user. The use of a reference distribution also

allows for performance comparison in terms of standard deviations.

Note that the reference distribution is being used here only as a guide for se-

lecting values of p. It is possible and useful to compare the empirical expectiles

with theoretical expectiles of the reference distribution, but we do not pursue

this approach here.

3.3.5 Individual performance measures

Kokic et al. (1997) proposed M-quantiles to model production frontiers and to

measure productive efficiency. According to Jones (1994) there is a relationship

between expectiles and M-quantiles. From previous applications in this area

(see Hollingsworth and Wildman, 2003) as well as from the theoretical con-

nections we suggest efficiency analysis in the context of LAWS. As a variant

of the definition suggested in Kokic et al. (1997) we assign as value for the so

called performance the value p of the closest p-expectile (in terms of absolute

distance):

performance(xi) = min
p

arg |yi − µi(p)| . (3.17)

In order to receive a wide range of possible performance values in a sample we

estimate a dense grid of p-expectiles. In the analysis in Section 3.4.2 we applied

this performance measure to data on life expectancy and GDP in an investiga-

tion of sex-specific reactions to improvement in the economic performance of a

single country and include as well comparisons between countries.

This relative performance measure is an approximation on the grid of used

ps. It will be possible to develop a technique that helps us to find the exact

p-expectile for a given data point.

3.4 Data analysis

3.4.1 Expectile estimation for different periods

In this section we present results from the analysis of selected waves. We chose

the years 1950, 1960 and 2000 (with sample sizes of 101, 99 and 126 countries
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respectively). After estimating a set of expectiles –namely 99 curves with

0.01 ≤ p ≤ 0.99– we proceeded by searching for extreme points in the data

sets in order to improve the estimated curves according to the methodology

presented in Section 3.3.2. We removed the points which were classified as

extreme and re-estimated the set of expectiles. In Figure 3.4 on page 51 the

results after detecting extreme observations are presented with the influential

points depicted in grey circles. We removed three data points from the 1950,

1960 and 2000 data. The removed points in 1950 and 1960 corresponded mostly

to countries in the Gulf area that showed a GDP inflated by profits from oil

trading and comparably low life expectancy for the level of nominal wealth.

After removing these observations the estimated expectiles improved. This can

be seen in Figure 3.5 where we present the estimated set of expectiles for 1950

before and after removing extreme observations. It has also been pointed out in

Yee (2008) that expectiles are more susceptible to outliers than the more robust

quantile estimation. This supports our approach to combine outlier detection

with estimating expectiles.

We chose the years 1950 and 1960 in order to see potential e0 increases asso-

ciated with increases in GDP following the post-war economic boom. Range,

variance and composition of the three data sets differ. This leads to different

characteristics of the estimated curves. The spread of the estimated expectiles

is smaller in 1960 than in 1950. However, the mean distance between e0.9 and

e0.1 is about the same. The smaller spread of expectiles is continued in 2000.

The expectiles confirm the hypothesis of longevity convergence by Becker et al.

(2003) and are in line with their statement of no obvious convergence in GDP

as the standard deviation for GDP is largest in 2000 of the three years under

consideration.

3.4.2 Performance estimation

While in Figure 3.3 we plotted the development of life expectancy over time

of individual countries in a purely descriptive way, in the following we present

plots that can be used to illustrate the performance of individual countries

as introduced in Section 3.3.5. Estimated frontiers and therefore also perfor-

mance values depend on the composition of the sample in the respective waves.

As mentioned above data on 200 countries were available at different points in

time. However, the maximum sample size in the analysis below is 127 countries.
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Figure 3.4: Average life expectancy versus logGDPpc. Selected expectiles for
three waves 1950, 1960, 2000. p = 0.01, 0.02, 0.05, 0.10, 0.20, 0.50, 0.80, 0.90,
0.95, 0.98, 0.99; bottom to top, here: red to blue. Extreme observations indi-
cated in grey.
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Figure 3.5: Data for 1950. Left panel: estimated curves for all data, right panel:
re-estimated curves after removing three extreme observations (grey triangles).

Only complete observations in both e0 and GDP can be used. The heterogene-

ity of the sample needs further consideration. Only data of 10 countries are

present in all 66 waves (i.e. data are available and included in the analysis).

These are mainly developed countries that have recognized good data quality.

Nevertheless the countries represented in the years multiple of 5 is a heteroge-

neous mix of geographical areas, stage of development and population size. In

the data set used for our analysis some information on low GDP countries were

excluded from source by lack of data. All performance values are relative to the

respective sample and not to be interpreted as absolute performance values. In

Figure 3.6 we plot the relative performance values according to (3.17) for Swe-

den and Japan for 1900-2005. As already seen in Figure 3.3 Japan has a mixed

mortality history. This is also true for its relative performance as its values

stretch the entire range between 0.01 and 0.99. The median performance for

the displayed years is p = 0.86 and in about 30% of the displayed years Japan

is closest to the highest estimated frontier curve (with p = 0.99). Japan has

been in the top group in terms of life expectancy, economic level and relative

performance in the last 25 years. In comparison Sweden historically always

had a high level of relative performance. The series of p covers the range from

0.79 to 0.99. The median performance is p = 0.97 and in more than half of the

shown years relative performance p is at least 0.95. Figure 3.6 shows the scale
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Figure 3.6: Relative performance of Sweden and Japan (average life expectancy
versus logGDPpc) on a scale in standard deviations from the mean of a standard
normal distribution (left) and a scale of relative performance p (right).

for relative performance p and additionally a scale in standard deviations from

the mean of the standard normal distribution as a reference distribution.

With our data set it is possible to analyze data for females and males separately

and to have a look at possible sex-specific differences in the development of life

expectancy. This analysis is motivated by the hypothesis that an increase in

GDP translates differently into life expectancy gains for males and females.

This is especially observed after the second World War when women showed a

higher increase in life expectancy while GDP increased.

In Figure 3.7 we depict sex-specific relative performance for four European

countries: France, Finland, Germany and the Netherlands. Historically France

has been a country with big gaps between female and male life expectancy. This

gender gap in life expectancy stays quite constant during the period covered by

our data set. On average women lived more than seven years longer than men.

Moreover, female life expectancy lies near higher frontiers in the analysis than

males. In addition to the gender gap in life expectancy alone we find a similar
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Figure 3.7: Comparison between female and male relative performance for four
countries. On a scale in standard deviations from the mean in a standard
normal distribution (left) and a scale of relative performance p (right).
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gap in performance of the two groups. Finland shows a similar pattern in

sex-specific life expectancy differences and differences in relative performance.

Finnish women lived on average more than 7.5 years longer than Finnish men

from 1900 to 2005. As the figure makes clear the gap in relative performance

is also persistent over time. Germany is the third country in this example. We

notice that both sexes are very similar in terms of relative performance with

the level increasing in recent years. The Netherlands is an example of a country

with a rapid decline in relative performance over the last 30 years, with the

exception of the most recent period. This is especially pronounced for females.

Figure 3.8 on page 57 depicts the case of Denmark. We present the relative

performance of males and females in the lowest graph. The other two graphs

show the life expectancy of Danish males and females along with the estimated

expectiles at Denmark’s value of GDP for the respective year. The set of three

graphs helps to relate the relative performance values to the absolute level of

e0 and gives a good impression of the spread in expectiles. The gender gap in

life expectancy in Denmark widened considerably from 1950 to 1980, increasing

from 3 to a peak of more than 6.5 years. This is followed by a decline to a level

of less than 5 years. Females also seem to have systematically lower relative

performance values and show a drop in performance during and beyond the

period where the gap between female and male life expectancy widened. The

causes of stagnating Danish life expectancy, particularly for females, have been

explored in Fiig Jarner et al. (2008).

3.5 Discussion

We developed and applied a new statistical framework to model the relationship

between GDP and life expectancy. The core idea is to use least asymmetrically

weighted squares (LAWS) to explore not only the central tendency but also

extreme regions of the conditional distribution. LAWS leads to a very simple

iterative estimation algorithm, it is easily combined with P -splines (B-splines

with a discrete roughness penalty) to model trends and frontiers. By borrowing

ideas from mixed models, the weight of the penalty can be optimized straight-

forwardly. The result is a powerful asymmetric smoother. We compared it to

quantile smoothing splines and observed our smoother to be superior (Schnabel

and Eilers, 2009b).
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The smoother was applied to big samples of countries, at different point in

recent history. Not only did we compute trends and frontier curves, we also

computed performance measures, a kind of “relative LAWS ranking” to quan-

tify how well each country did over time. We present time series for a number

of countries.

Comparing of results over time is influenced by the changes in sample com-

position. Relative performance is always relative to the sample. In order to

overcome this problem and enable better comparability over time a model in-

cluding time and GDP will be needed.

What is a frontier? We believe it is a matter of convention, like choosing

a 95th or 98th percentile. The LAWS equivalent of quantiles is expectiles.

Unfortunately, statisticians and applied scientists (as yet) have little “feel” for

expectiles. We show how to compute expectiles for theoretical distributions

and use the results to relate expectiles to familiar z-scores from the standard

normal distribution.

We are convinced that our asymmetric smoother is a valuable tool for de-

mographers and policy makers, because it allows to visualize and quantify life

expectancy (performance). The computations are fast. Our software is written

for the R system (R Development Core Team, 2008) and we will be happy to

share it.

A serious problem remains as well in quantile estimation as in expectile es-

timation: the curves can cross. Theoretically this is impossible, but due to

sampling variation it is common in practice. Because the LAWS curves are

computed in isolation (for each different value of the asymmetry parameter p),

neighboring curves are not taken into account in the estimation procedure and

cross-overs can occur. In the literature one can find several proposals to get

non-crossing (smooth) quantile curves. In principle these apply to LAWS, too.

Our experiments indicate that a bilinear or “bundle” model is a promising al-

ternative: µ(x, p) = a(x)g(p)+b(x), where µ(x, p) is the p-expectile curve, b(x)

is a trend, g(p) an asymmetry function and a(x) represents the local width of

the expectile bundle. Details will be presented elsewhere.
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Figure 3.8: Relative performance of Danish males and females (lowest panel).
For comparison estimated expectile curves at the respective GDPpc are indi-
cated in the top panels.





CHAPTER 4

A location scale model for non-crossing expectile curves

Abstract

In quantile smoothing, crossing of the estimated curves is not desirable, but
it does occur, in particular with small data sets and closely spaced quantiles.
Similar problems arise in expectile smoothing. We propose a novel method
to avoid crossings. It is based on a location-scale model for expectiles and
estimates all expectile curves simultaneously in a bundle using iterative least
asymmetrically weighted squares (LAWS). In addition we shown how to esti-
mate a density non-parametrically given a set of expectiles. The model is
applied to two data sets.

Submitted.
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4.1 Introduction

The mean and median describe only the central tendency of a data sample.

Standard deviations and (inter-quartile) ranges inform us about spread. A

set of quantiles provides an almost complete description of the distribution of

the data. The same is true for expectiles which were proposed by Newey and

Powell (1987) as a least squares based analog of quantiles. In recent years

there has been a growing interest in quantile and –to a lesser extent– expectile

smoothing. Both provide powerful tools for visualizing the central tendency

and spread of data in a scatterplot.

A common problem in quantile and expectile smoothing, especially with small

data sets, is that the curves for different amounts of asymmetry can cross.

In theory this is not possible, but in practice this situation is commonly en-

countered, due to sampling variation. This behavior is visually disturbing and

it might hamper further analysis for which monotone behavior is mandatory.

There have been a number of proposals for improving quantile smoothing to

avoid crossing curves. In the next section we provide a short literature overview.

In our previous work on expectile smoothing (e.g. in Schnabel and Eilers,

2009a,b) we also encountered minor problems with crossing expectile curves.

However, in our experience intersecting curves are a less frequent problem in

expectiles than with the currently available quantile estimation techniques.

Nevertheless, as a remedy to crossing expectile curves we propose the expectile

bundle model. It is a location-scale model and assumes that the relative spacing

between expectiles is the same everywhere, but that the absolute size of the

spacing changes smoothly along the independent variable. In addition, it as-

sumes a smooth central tendency. All expectile curves follow from three curves:

the smooth trend, the smooth amplitude curve and a (possibly smooth) asym-

metry function which represents the standardized expectiles. The two smooth

functions are modeled by P -splines (Eilers and Marx, 1996). The components

of the bundle model are estimated by iterative asymmetrically weighted (pe-

nalized) least squares. Expectile curves generally are smoother and seem to do

more justice to the data than quantile curves. They give good impression of

the central tendency and the spread of the data in a scatterplot.
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We also present an algorithm that estimates a smooth non-negative density

from a set of empirical expectiles. A color-scale representation of this density

can be plotted together with a scatterplot of the data in order to give a good

impression of their conditional distribution.

The manuscript is structured as follows: In the next section we give an overview

of the existing literature on quantile crossing. Section 4.3 describes the deriva-

tion of least asymmetrically weighted squares (LAWS). The bundle model as

an extension of the simple LAWS model is proposed in Section 4.4. In Section

4.5 we show first the calculation of theoretical expectiles from given distribu-

tions. Subsequently we estimate the underlying density from the standardized

expectiles as a result of the bundle model. We apply these methods to two data

sets: the first one is the well-known textbook data from the LIDAR experiment

and the second a data set monitoring growth of children. The results of which

can be found in Section 4.6. The manuscript concludes with a short discussion

in Section 4.7.

4.2 Literature review

In this section we give a short overview of recent developments in the literature

on quantile smoothing that attempt to solve the problem of crossings.

Already in He (1997) two methods were proposed to avoid crossing quantiles:

The first, restricted regression quantiles, provides a flexible framework with fa-

vorable computational properties. The second was a model for non-parametric

conditional quantile functions. The properties of these restricted regression

quantiles were explored in Zhao (2000). A comparison of He (1997)’s approach

and our expectile bundle model can be found here on page 66. Yu and Jones

(1998) suggested a double kernel estimator for quantiles with the property of

non-crossing curves. The paper by Hall et al. (1999) was motivated by Yu and

Jones (1998) and uses their class of estimators to estimate a conditional distri-

bution. Shortly after this Heagerty and Pepe (1999) published on a related area.

Although they did not explicitly propose a non-crossing method for quantile es-

timation, their semi-parametric location-scale model included this property. A

non-parametric quantile estimator and several possible extensions to the model

were described in Takeuchi et al. (2006). They also suggested an approach of

how to overcome the problem of crossing quantiles. Chernozhukov et al. (2010)



62 CHAPTER 4. EXPECTILE BUNDLE MODEL

investigated the natural monotonization of empirical quantile curves in order

to prevent possible crossings. This approach can be seen as a simple regulari-

zation for estimating conditional quantiles using rearrangement. They showed

that the transformed curves were true curves in a finite sample. In contrast

to this approach Dette and Volgushev (2008) proposed a new non-parametric

estimator for conditional quantiles in order to prevent crossing curves. Their

procedure uses an initial estimate of the conditional distribution function and

solves inversion and monotonization of the distribution simultaneously. Re-

cently Shim et al. (2009) suggested a new method for non-crossing quantile

regression that uses a doubly penalized kernel machine with four free parame-

ters. This location-scale model can be also used in a multi-dimensional context.

The paper includes suggestions for model selection criteria.

The above-mentioned papers attempt to solve the problem of crossing quan-

tile curves using different approaches such as restricted regression quantiles,

non- and semi-parametric techniques as well as natural monotonization. To

our knowledge none of these techniques have been successfully applied to the

problem of crossing expectiles. This is why we propose in the following a

location-scale model to estimate non-crossing expectile curves. The expectile

bundle model is based on least asymmetrically weighted squares and determines

all expectile curves simultaneously.

4.3 Theory of Least Asymmetrically Weighted

Squares

In ordinary least squares (OLS) estimation one seeks to minimize the sum of

squares

SOLS =
∑

i

(yi − µi)
2 (4.1)

where yi is the response variable and µi is the expected value to be estimated.

For example in linear regression it is µi = β0 + β1xi with β the coefficient

vector.

Least asymmetrically weighted squares estimation (LAWS) is a weighted ge-

neralization of OLS and seeks to minimize the following weighted objective
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function for a range of values of the asymmetry parameter p, 0 < p < 1:

S =
∑

i

wi(p)(yi − µ(xi, β, p))
2 (4.2)

with weights

wi(p) =

{
p if yi > µ(xi, β, p)

1− p if yi ≤ µ(xi, β, p)
(4.3)

where yi is the response variable and µ(xi, β, p) is the value to be estimated

according to a statistical model evaluated at xi for asymmetry p and with

parameters β. The obtained functions µ(xi, β, p) are called p-expectiles as in-

troduced in Newey and Powell (1987). To simplify the notation we will drop the

dependence on x, β or p where convenient and unambiguous. Ordinary least

squares estimation is a special case of LAWS with p = 0.5. Fitting the LAWS

model is done by iterating between weighted regression and re-computing the

weights. The objective function is convex, guaranteeing a unique minimum. In

most examples convergence is reached only after a few iteration steps.

To estimate each p-expectile we combine LAWS with a flexible functional form

for the expectile. We chose penalized B-splines (Eilers and Marx, 1996): µi =∑
k bikak where B = [bik] is the matrix of B-spline basis functions and a the

coefficient vector. The basis covers the domain of x with a generous number of

splines. P -splines include a penalty for assuring a smooth function. Thus we

are seeking to minimize the penalized LAWS function:

S∗ = (y −Ba)TW (y −Ba) + λ ‖Dda‖
2 (4.4)

with respect to coefficient vector a. W is a matrix with weights (4.3) on the

main diagonal. Dd is a matrix that forms d-th order differences of a. In practise

second or third order differences are used. This estimation is done separately for

each p-expectile. We have a different specification for each curve for the selected

values of asymmetry p. Using P -splines requires a choice of the smoothing

parameter λ. To tackle this issue we adapted two methods for the simple LAWS

model: the classic concept of cross-validation for this asymmetric setting and

Schall’s algorithm (Schall, 1991) – originally designed for the estimation of

variance components in mixed models. These two approaches for finding the
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Figure 4.1: Expectile curves (p = 0.01, . . . , 0.99; bottom to top, blue to red)
with smoothing according to generalized cross-validation for the LIDAR data
(for data description see Ruppert et al., 2003). Crossing expectiles can be found
for p = 0.01 and p = 0.02 up to values of 550 for the independent variable.

optimal smoothing parameters are described in detail in Schnabel and Eilers

(2009b).

4.4 Extension of the basic model: the expectile

bundle model

In the previous approach the estimated expectile curves can cross. Theore-

tically this is impossible, but it is commonly encountered in practice due to

sampling variation. The curves are estimated in isolation (for different values

of p), neighboring expectiles are not taken into account, and so cross-overs may

occur. Examples for the occurrence of this problem are shown in Figure 4.1

where we use the simple LAWS model to estimate a range of expectile curves.

In this estimation we used asymmetric generalized cross-validation to choose

the optimal amount of smoothing (see Schnabel and Eilers (2009b) for a de-

tailed description). We observe that the expectiles for p = 0.01 and p = 0.02

intersect at a few places.

With the expectile bundle model we offer a solution to this problem. As seen

from the literature review in Section 4.2 there are some suggestions for the
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solution of a similar problem in quantile estimation. However, to our knowledge

this problem has not been investigated for expectiles. In the following we

present a technique for estimating non-crossing expectiles using the expectile

bundle model.

4.4.1 Theory

In the simple LAWS model each expectile curve is modeled by a P -spline

µi =
∑

k bikak separately for each asymmetry parameter p. In the expectile

bundle model the expectiles µ(x, p) are defined by

µ(x, p) = t(x) + c(p)s(x) (4.5)

where t(x) is a common smooth trend of all expectile curves specified by a

P -spline. c(p) is the asymmetry function of the bundle describing the spread,

i.e. the set of standardized expectiles. s(x) represents the local width of the

expectile bundle and is also formulated as a P -spline.

The objective function to be minimized can be stated as

Sb =
m∑

i=1

n∑

j=1

wij [yi − t(xi)− cjs(xi)]
2, (4.6)

where the vector c with elements cj = c(pj), j = 1, . . . , J contains the stan-

dardized expectiles and wij is the asymmetric weight that follows from the sign

of yi − (t(xi) + cjs(xi)) according to (4.3). The expectile bundle model can be

considered a location-scale model.

The estimation procedure consists of two steps. In Step 1 we use straightfor-

ward P -spline estimation for the trend curve and we minimize

St = (y −Bat)T (y −Bat) + λt
∥∥Dda

t
∥∥2 (4.7)

with t(x) = Bat, i.e. the common trend is described by a penalized B-spline

over the independent variable x including the smoothing parameter λt. The

estimated coefficients are at.
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In Step 2 we use the detrended response, i.e. the residuals r are determined by

ri = yi − t(xi) (4.8)

and model r as the product of functions c(p) and s(x). This is done in

an iterative procedure alternating between calculating the amplitude function

s(x) = Bas with smoothing parameter λs and determining the asymmetry

function c(p) until convergence – usually after only a few iterations. To make

the model identifiable, the norm of as is set to some arbitrary value: we use
∑K

k=1(a
s
k)

2 = K.

In the present set-up smoothing is involved in both steps of the estimation

procedure, namely in modeling the common trend t(x) of all expectiles and in

estimating the amplitude function s(x). Generally for determining the optimal

smoothing parameters there are several options. Here we opted to use cross-

validation. We define the weighted (leave-one-out) cross-validation score as

WCV =
1

nJ

n∑

i=1

J∑

j=1

wij(yi − µ̂−i,j)
2 (4.9)

where n is the sample size, J the number of estimated p-expectiles and µ̂−i,j =

µ̂(x−i, pj) is the predicted value at xi from the remaining observations. In this

context we use this score to perform a 10-fold cross-validation over a 10 by

10 values grid of possible combinations of the smoothing parameters (λt, λs).

This score will be used in order to find the optimal amount of smoothing in the

examples in Section 4.6. Further techniques for choosing the optimal amount

of smoothing for an expectile bundle model are currently being investigated

and will be reported elsewhere.

As already mentioned in the literature review in Section 4.2 the model presented

in He (1997) has similarities to our expectile bundle model. This model for

computing non-parametric conditional quantile functions takes the following

form

y = f(x) + s(x)e (4.10)

The estimation procedures of both approaches differ substantially. He (1997)

determines first the conditional median function and then in a second step

estimate the smooth non-negative amplitude function. The third step consists
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of the step-wise calculation of the “asymmetry factor” cα for each α−quantile

curve separately. In our expectile bundle model we also first determine the

smooth trend function. But in the second step the estimation of the smooth

amplitude function s(x) and the asymmetry function c(p) is done iteratively,

using all values of asymmetry parameter p simultaneously.

4.5 From densities to expectiles and vice versa

In this section we lay out the connection between expectiles and the underlying

distribution of the data. First we show the theoretical derivation of expectiles

from the distribution function. Then in Section 4.5.2 we present a novel ap-

proach to estimate the underlying density from a given set of expectiles.

4.5.1 From densities to expectiles

The theoretical derivation of an expectile can be found in more detail in Newey

and Powell (1987). In short, assume we have a probability density function f(x)

with

F (x) =

x∫

−∞

f(u)du and G(x) =

x∫

−∞

uf(u)du. (4.11)

Here F (x) is the distribution function, i.e. the cumulative density, and G(x) is

the (first) partial moment function. In this context we denote the theoretical

p−expectile by ep. In expectile estimation we minimize (4.2) with weights

according to (4.3). For a continuous distribution this is equivalent to

min
ep

(1− p)

ep∫

−∞

(u− ep)
2f(u)du+ p

∞∫

ep

(u− ep)
2f(u)du. (4.12)

Minimizing this form leads to

(1− p)

ep∫

−∞

(u− ep)f(u)du+ p

∞∫

ep

(u− ep)f(u)du = 0. (4.13)



68 CHAPTER 4. EXPECTILE BUNDLE MODEL

After some algebra and insertion of F (x) and G(x) we can determine the theo-

retical p-expectile ep by

ep =
(1− p)G(ep) + p(µ−G(ep))

(1− p)F (ep) + p(1− F (ep))
(4.14)

with µ the mean of the underlying distribution F and G(∞) = µ. Solving for

p, we get

p =
G(ep)− epF (ep)

2(G(ep)− epF (ep)) + (ep − µ)
. (4.15)

This relationship follows from Newey and Powell (1987) and Jones (1994).

According to Theorem 1 in the former publication expectiles shift and scale like

expected values with changes in mean µ and standard deviation σ of f(x|µ, σ).

Equation (4.15) gives an explicit relation for p given ep. Thus for a given ex-

pectile it is straightforward to compute the corresponding asymmetry. Unfor-

tunately this is not the case for ep in (4.14): one has to use numerical numerical

inversion to find the expectile ep that corresponds to a given asymmetry p.

4.5.2 From expectiles to densities

In addition to calculating the expectiles from a known density, we can also

determine the underlying distribution from a given set of expectiles.

Equation (4.13) implicitly defines expectiles as roots of an equation. If we write

ψ(u, p) =

{
(1− p)(u− ep) u < ep

p(u− ep) u ≥ ep
, (4.16)

then ψ(u, p) is an (asymmetric) estimating function (Godambe, 1991) and

∞∫

−∞

f(t)ψ(t, p)dt = 0 (4.17)

has to hold for every pair (p, ep). Suppose we know ep for a number of values of

p. Then we can define the inverse problem: estimate a density from expectiles.

For a finite number of values of p this is an ill-conditioned problem: one can

construct infinitely many densities that are compatible with the given expectiles

– assuming that the expectiles are consistent: ep′ > ep for p′ > p. We need
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to constrain the density to get a well-posed problem. A natural choice is to

require smoothness. To simplify the computations we assume a fine grid for u.

We index u by i and p by j. Let αij = ψ(ui, pj) and ϕ a discrete approximation

to the density f . Then we have that

∑

i

ϕiαij = 0 ∀j.

In addition
∑

i ϕi = 1 has to hold. We add this equation and give it a large

weight. Let the roughness of ϕ be determined by
∑

(∆3ϕi)
2, i.e. a third order

difference penalty. We form the penalized least squares problem and minimize

D =

J+1∑

j=1

(kj −
∑

i

αijϕi)
2 + λd

∑

i

(∆3ϕi)
2. (4.18)

Here k is a vector of J zeros and one 1. We have extended the matrix A = [αij ]

with a row of ones to accommodate the additional condition on ϕ for a discrete

density. We can reformulate this in matrix notation

V =

(
A

1

)
and k = [0, . . . , 1]T ,

D = ||V ϕ− k||22 + λd||D
3ϕ||22, (4.19)

where ||.||2 is the L2 norm.

There is no guarantee that all elements of the discrete density ϕ will be non-

negative. Indeed in practice we encounter negative values (see also the first

example in Section 4.6). Therefore we refine the computation and set ϕ =

eκ with a roughness penalty on κ. The modified objective function can be

optimized by Newton-Raphson iterations using log(ϕ−min(ϕ) + 0.02max(ϕ))

from the results of the unconstrained estimation as starting values. This is to

prevent taking logarithms of negative numbers.

We can use any set of estimated expectiles, irrespective of how they were esti-

mated. It is also possible to calculate the density from the results of the simple

LAWS model where each p-expectile curve is determined individually. This

estimation would result in a set of densities determined at every value of the
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independent variable. For some situations this approach might be of interest.

We show an example using growth data in Section 4.6.2. However, in the fol-

lowing we describe how to use the results of the bundle model for the estimation

of one underlying density. Using the asymmetry function c(p) for the density

estimation results in the advantage that we have only a single density that is

modulated over the independent variable. We choose a grid for u that is in the

same order of magnitude of c(p), e.g. by having a closer look at the range of the

standardized residuals (y− t(x))/s(x). From there we set up the model matrix

V and then proceed to calculate the discrete density ϕ as described above. By

this set-up we can estimate the underlying global discrete density at values of

asymmetry p. It is on the scale of c(p) which can be linked to the associated

values of the response y via the standardized residuals. An example for the

density estimation is shown in Section 4.6.

Additionally the estimation of the underlying density gives us the opportunity

to determine quantiles from expectiles. With this density we can express a

set of quantiles of interest on the scale of the asymmetry function c(p). Using

the location-scale model (4.5) with the relevant values of c(p) we can calcu-

late quantile curves. Due to the construction of the expectile bundle model

this procedure results in smooth non-crossing quantile curves. More details

and comparison with existing implementations of non-crossing quantile curves

exceed the scope of this paper and will be reported elsewhere.

4.6 Applications

4.6.1 LIDAR data

As a first example we use the LIDAR (light detection and ranging) data set

(as described also in Ruppert et al., 2003). This data set consists of 221 ob-

servations. The independent variable is the distance the light traveled before

it was reflected back to its source. The dependent variable is the logarithm of

the ratio of received light from two laser sources. The smoothing parameters

were determined via 10-fold cross-validation over a 10 by 10 grid of (λt, λs) on

log10(−2, 5). The results are depicted in Figure 4.2.

The estimated expectiles are a smooth bundle of non-crossing curves. As laid

out above it is possible to estimate the underlying density from the results
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Figure 4.2: Expectile curves of the LIDAR data using the expectile bundle
model. Asymmetry p = 0.01, . . . , 0.99; bottom to top, blue to red.

of the bundle model. The unconstrained and the non-negative densities are

depicted in Figure 4.3.

For these data the underlying density seems to be unimodal and has a fairly

symmetric shape. We can overlay the density with the data as depicted in

Figure 4.4. This is helpful to have a better impression of the density. Darker

shaded areas indicate a higher density while lighter regions symbolize a lower

density level. The density is modulated over the abscissa and we observe a

wider spread for longer distances traveled by the light.

4.6.2 Dutch data on age and height of boys

Our second example concerns human growth. The Fourth Dutch Growth

study collected cross-sectional data on height, weight and head circumference

of Dutch children (Van Buuren and Fredriks, 2001). The used subset consists of

about 7000 observations of age and height of Dutch boys (Van Buuren, 2007).

Given this large sample size simple LAWS estimation will by itself already re-

sult in smooth non-crossing curves. However, in the context of growth curves

it might be more interesting to have a look at the side result of the bundle

model: namely the possibility to estimate the underlying global density. By
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Figure 4.3: Estimated density from expectile bundle results for the LIDAR
data. Black line: unconstrained estimation. Light-colored/Red line: estimated
non-negative density.
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Figure 4.4: LIDAR data with estimated density. Light to dark colors express
increasing levels of the underlying density.
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Figure 4.5: Data on age and height of Dutch boys with estimated density. Light
to dark colors express increasing levels of the underlying density. Data points
represent a 10% random sample of the whole data set.

modulating the density along the x-axis we can overlay the density with the

data as depicted in Figure 4.5.

In addition to the density estimation using the bundle model we directly esti-

mated the density from the results of the LAWS simple model and determined

the corresponding densities for different values of x. In Figure 4.6 we compare

the results at different ages (10 age points between 10 days and 17.5 years).

One can observe that the estimated densities are very similar and that both

techniques lead to approximately the same results. This confirms the validity

of density estimation irrespective of the expectile estimation procedure. How-

ever, the results from the bundle model seem to give smoother densities with

the additional advantage of a smaller computational effort as the density only

has to be calculated once.

4.7 Conclusion

In this paper we discuss the problem of crossing expectiles and propose an ap-

proach to overcome this complication. In theory expectiles for different values

of asymmetry p (as well as quantiles) cannot cross, but it is often encountered

in practice. Our approach consists of a location-scale model with three func-
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Figure 4.6: Comparison density estimation at different ages (10 days to 17.5
years - from left to right) using the results from the bundle model (solid lines)
and from the simple LAWS estimation (dashed lines).

tions: a smooth trend function, a smooth function of the amplitude of the

residuals and an asymmetry function. As implied by the model set-up we can

estimate non-crossing smooth expectile curves. An additional feature of the

model comes from the asymmetry function. We can make use of this mono-

tonically increasing function for estimating and smoothing a global underlying

density of the data. Furthermore the cumulative distribution of the density

could be used to determine smooth non-crossing quantiles. The presented ex-

pectile bundle model can also be extended to a two-dimensional location-scale

model to accommodate two explanatory variables.

A package for R, expectreg, is available in (Sobotka et al., 2010). It can fit

the simple LAWS model (Schnabel and Eilers, 2009b) well as the expectile

bundle described in this manuscript. Figures 4.1 and 4.2 can be produced with

this package. In an upcoming package update we will also include the density

estimation based on the expectile bundle model along with illustrating plots.

The location-scale model decomposes the pattern in the data into a trend and a

distribution of which the shape is independent of x but with a variable width.

If the model holds, it is attractive, but of course real data will not always

allow this simple view of their nature. To handle more complicated data, we
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have developed expectile sheets, a two dimensional surface on the (x, p)-domain.

The surface is estimated with penalized tensor products of B-splines, increasing

monotonically with the asymmetry p everywhere. To compute expectile curves

for any p, one computes the value of the surface at the chosen p. Expectile

sheets present a very general approach to expectile smoothing. With small

changes they also work for quantiles. First results on quantile sheets can be

found in Schnabel and Eilers (2010c).





CHAPTER 5

Expectile sheets for joint estimation of expectile curves

Abstract

Expectile smoothing is an attractive alternative for quantile smoothing. It uses
more information from the data and computation is easily implemented by
iteratively weighted linear smoothing with asymmetric weights. Generally the
curves so obtained show less crossings then the results of quantile smoothing.
In an earlier paper we proposed a location-scale model to avoid crossing. Here
we present a more flexible alternative, the expectile sheet. This is a surface
on the domain of the independent variable x and the asymmetry parameter p.
The surface is estimated by iterative two-dimensional smoothing with tensor
product P -splines. Expectile curves are level curves of the expectile sheet.
From the theoretical relationships between densities and expectiles follows a
recipe for the computation of conditional densities. Practical application is
illustrated with two data sets.

Submitted.
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5.1 Introduction

All statisticians –and many other scientists– are familiar with quantiles. For

univariate data, they have a strong intuitive appeal, because it is easy to

compute them from sorted observations. Additionally they have a theoreti-

cal counterpart as the inverse of the cumulative distribution. When explana-

tory variables are available, quantile regression offers a powerful generalization

(Koenker, 2005).

The key ingredient of quantile regression is an asymmetric objective function

that gives different weights to positive and negative residuals. The usual sum

of squares of residuals as a measure of fit of a model is replaced by a sum

of (asymmetrically weighted) absolute values. This results in a linear pro-

gramming problem, which can be solved efficiently by modern (interior point)

algorithms (Portnoy and Koenker, 1997).

Asymmetric weights can be used for sums of squares as well, leading to ex-

pectile regression (Newey and Powell, 1987), also known as asymmetric least

squares. We will abbreviate it as LAWS, least asymmetrically weighted squares,

to avoid confusion with the common abbreviation of alternating least square.

Every model for quantiles has a LAWS counterpart. Computationally this

is very attractive, because no specialized algorithms are needed. Iteratively

re-weighted least squares regression is sufficient.

A special area of LAWS is the estimation of smooth expectile curves. In re-

cent publications we have promoted a combination with P -splines (Eilers and

Marx, 1996) for the exploration of location and spread of data in scatterplots.

Smooth expectile curves were used in Schnabel and Eilers (2009a) to explore

the relationship between gross domestic product and life expectancy for a large

set of countries. There we also showed how to use the asymmetry parameters

to characterize relative performance over time of individual countries. The

theoretical basis and issues like optimal smoothing were presented in a more

theoretical paper (Schnabel and Eilers, 2009b).

In the cited papers the expectile curves are estimated in isolation, each for a

different value of the asymmetry parameter. Depending on the size of the data

set and the chosen spacing of the asymmetries, the curves can cross, although
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generally far less than smooth quantile curves. This is disappointing, because

theoretically it is impossible that the curves cross.

We have explored a location-scale, or “bundle”, model for expectile curves. It

contains a trend curve for the location and one for the local scale, combined with

a global curve that gives standardized expectiles as a function of the asymmetry

parameter (Schnabel and Eilers, 2010b). This is an attractive model, because

its interpretation is straightforward. But of course it is mainly useful if the

data allow for it, i.e. when the conditional distribution has the same shape

everywhere.

In this paper we propose a very general alternative, the expectile sheet. It is a

surface, defined on the two-dimensional domain with the covariate, x, and the

asymmetry parameter, p, as dimensions. Cutting the sheet at a given, x, we

get the conditional expectiles for all values of p. For a given p a cut through

the sheet shows how the corresponding expectile changes with x.

The surface is modeled by tensor products of B-splines. Smoothness is tuned

by difference penalties on the matrix of coefficients (Currie et al., 2006; Eilers

and Marx, 2003). We pay extra attention to fast computation, because our

algorithm replicates the data, proportional to the number of values of the

asymmetry parameter used to estimate the expectile sheet. Fortunately we can

make use of the fast algorithm offered by the generalized linear array model

(GLAM). It avoids the explicit computation and manipulation of the Kronecker

product of the two one-dimensional B-spline bases.

Once an expectile sheet has been computed, it is of interest to derive conditional

densities from it, for any desired x. We present an efficient algorithm for that

purpose.

The plan of the paper is as follows: in Section 5.2 we give an introduction to

least asymmetrically weighted squares (LAWS) and explain the simple LAWS

model as well as the expectile bundle model. The estimation of an expectile

sheet is presented in Section 5.3. Additionally we describe the algorithm to

estimate the density from a set of expectile curves. Performance of expectile

estimation in comparison with quantiles is demonstrated in a small simulation

study in Section 5.4. Additionally we apply expectile sheets to two data sets.

The paper closes with a short discussion and an outlook on future work.
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5.2 Introduction to expectile estimation using

LAWS

In this section we first describe the basics of least asymmetrically weighted

squares estimation. Details of the simple LAWS model and methods for the

optimal choice of the smoothing parameter can be found in Schnabel and Eilers

(2009b). Furthermore we present shortly the expectile bundle model which is

explained in more detail in Schnabel and Eilers (2010b).

5.2.1 The simple least asymmetrically weighted squares

model

In the estimation of ordinary least squares (OLS) we minimize the sum of

squares

SOLS =

n∑

i=1

(yi − µi)
2 (5.1)

where yi is the response variable, i = 1, . . . , n, and µi is the expected value

according to a statistical model (e.g. the linear model).

LAWS is a weighted generalization of OLS. It minimizes the weighted sum of

squared residuals for a fixed asymmetry parameter p, 0 < p < 1:

SLAWS =

n∑

i=1

wi(p)(yi − µi(p))
2 (5.2)

with weights

wi(p) =

{
p if yi > µi(p)

1− p if yi ≤ µi(p)
. (5.3)

The estimated functions µ(p) are the so-called p-expectiles as introduced in

Newey and Powell (1987). Ordinary least squares estimation is a special case

of LAWS for p = 0.5. A LAWS model is fitted by iteratively reweighted least

squares. In practice only a few iteration steps are needed. The objective

function is convex. This guarantees a unique minimum.



5.2. EXPECTILE ESTIMATION USING LAWS 81

For the estimation of each p-expectile we combine LAWS with a flexible func-

tional form for the expectile. We choose penalized B-splines (Eilers and Marx,

1996): µi =
∑

k bikak where B = [bik] is the matrix of B-spline basis functions

with a generous number of equally spaced knots and a the coefficient vector.

In the simple LAWS estimation we calculate each p-expectile separately and

thus have a different specification for each curve. Using P -splines creates the

problem to choose the optimal amount of smoothing. To tackle this issue we

adapted two methods: the classical concept of cross-validation for our asym-

metric setting and Schall’s algorithm (Schall, 1991) – originally designed for

the estimation of variance components in mixed models. Details of these two

approaches are described in Schnabel and Eilers (2009b).

5.2.2 The expectile bundle model

The simple LAWS model formulates the expectile curve for each asymmetry

parameter p separately. The calculation of an individual p-expectile does not

take the neighboring curves into account. Therefore the resulting expectile

curves for different values of the asymmetry parameter p can cross. This is

theoretically not possible, but often encountered in practice due to sampling

variation – especially in small data sets. With the expectile bundle model

we will be able to estimate a whole set of p−expectile curves simultaneously.

It is set up in the style of a location-scale model. This is a valuable model

when the data permits for its use. It is a step between the simple LAWS

model (as described above) where all curves are separately estimated and the

more encompassing expectile sheet (a bundle of expectile curves estimated via

a plane) that will be presented in Section 5.3. The expectile bundle model is a

first step to simultaneous estimation of all curves together.

In this set-up the expectiles µ(x, p) are defined by

µ(x, p) = t(x) + c(p)s(x) (5.4)

where t(x) is a common smooth trend of all expectile curves specified by a

P -spline and c(p) the asymmetry function of the bundle describing the spread.

The local width of the bundle is represented by s(x) using P -splines.
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The objective function to be minimized is

SB =

n∑

i=1

J∑

j=1

wi(pj)[yi − µ(xi, pj)]
2

=

n∑

i=1

J∑

j=1

wi(pj)[yi − t(xi)− cjs(xi)]
2, (5.5)

where the vector c with elements cj = c(pj), j = 1, . . . , J, contains the stan-

dardized expectiles at selected values of pj , 0 < pj < 1, and wi(pj) is the

asymmetric weight for p = pj that follows from the sign of yi− (t(xi)+ cjs(xi))

according to (5.3). The expectile bundle model is a location-scale model. Its es-

timation is a two-step procedure involving two smoothing parameters currently

chosen by cross-validation. A more detailed description of the model can be

found in Schnabel and Eilers (2010b). The set-up of the expectile bundle model

allows for the simultaneous estimation of all expectiles curves together and re-

sults in non-crossing smooth expectile curves. The model has the advantage

of a simple and straightforward interpretation of its components. All smooth

expectile curves are estimated simultaneously. However, the assumption of a

location-scale model can be restrictive if not supported by the data.

5.3 The expectile sheet

In both approaches described above –the simple LAWS and the expectile bundle

model– we can also write the set of expectile curves for a large number of

values of asymmetry p as a function of both x and p. This construction can be

reinterpreted to describe a surface over the domain (x, p) for the independent

variable x and the asymmetry p. Therefore a surface is a natural description

of a comprehensive set of expectile curves. We inverse this line of reasoning

and we will estimate this surface directly. We call it an expectile sheet. In the

following we develop the procedure for its estimation. It is set up as a two-

dimensional model which uses smoothing both over the independent variable

x as well as over the dimension of asymmetry p. An expectile sheet should not

be called a surface to avoid possible confusion with a model that includes more

than one covariate. In our case we have x as single covariate and extend the

model by an asymmetry dimension along p. In this construction we impose

smoothness in both directions and thus avoid crossing over of expectile curves.
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Figure 5.1: Schematic representation of a tensor product between two B-splines
based on the data in Section 5.4.2. Only every second B-spline basis displayed
in both dimensions.

5.3.1 Method

An expectile sheet also uses LAWS. Therefore the following form has to be

minimized:

S =

n∑

i=1

J∑

j=1

wi(pj)[yi − µ(xi, pj)]
2 (5.6)

with weights defined in (5.3). Here µ(x, p) is the expectile sheet. It is formu-

lated using a tensor product of two B-spline bases. B = [bik] is the n by K

basis of the B-splines Bk(x) on the domain of x. For a basis on the domain of

p, 0 ≤ p ≤ 1, let B̆ = [b̆jl] be a J by L basis matrix of B-splines B̆l(p). A sim-

plified example of a tensor product of two B-spline bases is depicted in Figure

5.1.

For an expectile sheet µ(x, p) we have a K by L matrix A = [akl] of coefficients

for the tensor products. Therefore it can be defined as

µ(x, p) =

K∑

k=1

L∑

l=1

aklBk(x)B̆l(p). (5.7)
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For the estimation we define an objective function of two parts. Its first part

contains the asymmetrically weighted sum of squared residuals. The difference

to the simple estimation of expectile curves is that we do not only sum over

all observations, but also over a set of asymmetries p. The second part of the

objective function is a penalty to control the roughness of coefficients in matrix

A with different weights for the rows and the columns. We minimize

SES =
n∑

i=1

J∑

j=1

wij(yi −
K∑

k=1

L∑

l=1

aklbik b̆jl)
2 + P, (5.8)

where P is a penalty

P = λx||DdA||F + λp||AD̆d||F , (5.9)

with ||U ||F the Frobenius norm of matrix U , i.e. the sum of squares of all its

elements, andDd a difference matrix of order d. The weight wij is the weight for

observation i with p = pj as defined in (5.3). In the penalty term P we penalize

the differences of subsequent coefficients along each column (controlled by λx)

and along each row (controlled by λp). This is the classic penalization concept

which originates from one-dimensional P -splines (Eilers and Marx, 1996).

5.3.2 Optimal smoothing

The estimation of a smooth expectile sheet involves the choice of two smoothing

parameters: λx to control for the roughness of the fit over the independent

variable x and λp for a smooth fit over the asymmetry dimension p. Cross-

validation is a classic method for choosing an optimal model. We adapt the

definition of the cross-validation criterion to this situation with weights. This

can be used to perform n-fold cross-validation. We introduce a function g indi-

cating whether or not observation i is included in the training set. This vector

is multiplied element-wise with the weights w to form the effective weights w̃:

w̃ij = wijgi (5.10)

where wij is the weight at xi for p = pj as defined in (5.3). The effective

weights are used in the fitting procedure and reflect the included and excluded
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observations. We define the weighted cross-validation criterion as

WCV =
1

nJ

n∑

i=1

J∑

j=1

(1− gi)ŵij(yi − µ̂(x−i, pj))
2 (5.11)

where µ̂(x−i, pj) is the predicted value at xi from the remaining observations.

The introduction of effective weights simplifies the calculation of n-fold cross-

validations since the fitted values and weights for the excluded observations are

automatically determined in one step.

5.3.3 Computation with array regression

Especially when dealing with large data sets and dense grids of asymmetry

values p the calculation of an expectile sheet can be computationally costly. In

order to speed up this computation we make use of the fast array algorithm for

multidimensional P -spline fitting (Currie et al., 2006; Eilers et al., 2006).

There are two ways to perform the calculations for fitting the expectile sheet

given the weights. One of the approaches is the replication of the response

vector y J-times in order to form a vector y∗ of length nJ . In parallel the

columns of the weight matrix W with W = [wij ], i = 1, . . . , n, j = 1, . . . , J,

are arranged below each other to form the vector w∗. Here wij is the weight

defined in (5.3) at xi for p = pj . We perform a penalized weighted regression

on the basis B̆ ⊗ B where B̆ is the B-spline basis over p and B the B-spline

basis over x. This procedure is simple and straightforward, but it comes at the

expense of high memory needs and long computation time. It results in solving

[(B̆ ⊗B)′W ∗(B̆ ⊗B) +Q]â = (B̆ ⊗B)′W ∗y, (5.12)

whereW ∗ = diag(w∗). The solution â consists of the columns of the matrix Â of

tensor product coefficients. The matrix Q is constructed from the combination

of row and column penalties on the coefficient matrix A:

Q = λxIJ ⊗D′
dDd + λpD̆

′
dD̆d ⊗ In, (5.13)

where Ic is the identity matrix of size c and Dd is a difference matrix of order d.
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More attractive is array regression as presented in Currie et al. (2006) and

Eilers et al. (2006). The authors avoid the construction and manipulation

of the Kronecker product of the bases. The n by J weight matrix W stays

untouched and the n by J response matrix Y is formed by repeating the vector y

J− times. The details of the algorithm are non-trivial and will not be presented

here. However, we provide a short sketch of its concept.

Let C = B2B be the row-wise Kronecker product of B with itself. Each row of

C is the Kronecker product of the corresponding row of B with itself. Similarly

let C̆ = B̆2B̆. We can rewrite the system (5.12) as

(G+Q)â = r. (5.14)

By setting up two matrices G∗ and R∗ according to

G∗ = C ′WC̆ and R∗ = B′(W � Y )B̆ (5.15)

it can be shown that they contain the elements of G and r but in a permuted

order. In (5.15) the notation W � Y stands for the element-wise product of

the two matrices. In order to get r it is enough to vectorize R∗ column-wise.

To re-order the elements of G∗ in the right way to get G, one has first to

write it as a four-dimensional J by J by n by n array, reorder the dimensions

from 1, 2, 3, 4 to 1, 3, 2, 4 and transform back to a two-dimensional Jn by Jn

array. Because the row-wise tensor products are much smaller than the full

Kronecker product B̆⊗B, substantial savings in memory use can be achieved.

Additionally, depending on the size of the problem, computations are sped up

by an order of magnitude. More details can be found in Currie et al. (2006).

5.3.4 From expectiles to densities

Since expectile curves describe the location and spread of the data, they can

be also used to estimate the underlying conditional density. The approach

described below has the advantages over the direct methods that shape con-

straints on the expectile curves can be easily included in the estimation, e.g.

monotonicity or convexity constraints. Additionally from the curves we can

estimate the conditional density at any point of the independent variable. This

is also possible for regions of x with few or no data as we make use of the curves
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that interpolate between data points. In general the estimation of a 2D-density

is a non-trivial problem. Especially monotonicity is often difficult to address.

Density estimation through expectile curves is possible alternative.

In Schnabel and Eilers (2010b) we described how to estimate the underlying

density from expectiles focussed on the use of results from the bundle model.

We recall the procedure here and concentrate on the estimation of the condi-

tional density at different points on the x-axis.

We define an (asymmetric) estimating function ψ(u, p) according to Godambe

(1991) by

ψ(u, p) =

{
(1− p)(u− ep) u < ep

p(u− ep) u ≥ ep
(5.16)

and it has to hold

∫ ∞

−∞

f(t)ψ(t, p)dt = 0. (5.17)

ep is the p-expectile. Suppose we know ep for a number of values of p. Then

we can estimate a reasonable density f from this set of expectiles. This is an

ill-conditioned problem for a finite number of values of p. One can construct

an infinite number of densities that are compatible with the given expectiles

– assuming that the expectiles are ordered consistently: ep′ > ep for p′ > p.

Thus we need to impose constraints on the density to get a well-posed problem

by requiring smoothness. For simplification we assume a fine grid for u, index

u by i and p by j. Let αij = ψ(ui, pj) and ϕ be a discrete approximation of

the density f . We can write

∑

i

ϕiαij = 0 ∀j (5.18)

as the discrete formulation of (5.17). Furthermore with ϕ being a discrete

density
∑

i ϕi = 1 has to hold and this condition receives a large weight in the

estimation. The smoothness of the discrete density ϕ is governed by a third

order difference penalty
∑

i(∆
3ϕi)

2. We aim at minimizing the penalized least
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squares problem

D =

J+1∑

j=1

(
∑

i

αijϕi − kj)
2 + λd

∑

i

(∆3ϕi)
2. (5.19)

Here k is a vector of J zeros and one 1. We complement matrix A = [αij ]

with a row of ones to accommodate the additional condition on ϕ for a discrete

density. Then in matrix notation (5.19) can be rewritten as

V =

(
A

1

)
and k = [0, . . . , 1]T ,

D = ||V ϕ− k||22 + λd||D3ϕ||
2
2, (5.20)

where ||.||2 is the L2 norm. In order to ensure non-negativity for the density

elements we refine the problem to ϕ = eκ, with the roughness penalty on

κ. The modified goal can be optimized by Newton-Raphson iterations using

log(ϕ −min(ϕ) + 0.02max(ϕ)) from the unconstrained estimation as starting

values.

This is the general procedure to estimate a density from expectile curves. In

the case of an expectile sheet we can estimate a density of the data at every

point of the independent variable x. The calculation uses the set of expectile

curve values for a range of asymmetry values p at xi. The choice of asymmetry

values p is subjective, but a reasonable number (ten or more levels) as well as

a near uniform coverage of [0, 1] is advised. We use only light smoothing in

order to (almost) interpolate the expectiles. There is no immediate need to

optimize the smoothing parameter λd. The presented technique is more of a

practical tool to density estimation and a good device to present the spread

and structure of the data.

5.4 Examples

After a simulation study we present two applications of an expectile sheet

and also visually compare the results from simple LAWS estimation and the

expectile bundle model.
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Figure 5.2: Simulated data (n=50) from a standard normal distribution.
(a) Boxplots of the expectile error for a range of asymmetries (expressed in z-
scores). (b) Boxplots of the quantile error for a range of probabilities (expressed
in z-scores).

5.4.1 Simulation study

We simulated data from a standard normal distribution and estimated selected

expectiles to be compared to the respective theoretical expectiles of the distri-

bution. For simplicity this is done in a univariate context (Figure 5.2 (a)).

As expected the error is smaller for expectiles closer to the mean, but also the

expectile estimation in the tails seems to work quite well. A simulation study

including a covariate can be found in Schnabel and Eilers (2009b) using the

simple LAWS model.

For comparison we also estimated quantiles from the same data. We can observe

that the performance is similar to that of the estimated expectiles, but for

the tail probabilities we see a slight advantage of expectiles over quantiles as

expressed in a smaller bias (Figure 5.2 (b)).

5.4.2 Old Faithful data

The Old Faithful data set (geyser in R) contains 272 observations. At first

glance we observe two clusters in these data. Therefore it is challenging how

expectiles will pick up this property in the final results. We compare the results
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of expectile estimation using the simple LAWS model, the expectile bundle

model and an expectile sheet in Figure 5.3. An additional comparison with

estimated quantile curves using COBS (He and Ng, 1999) as implemented by

Ng and Maechler (2009) is also shown. In order to guarantee a fair comparison

between expectile and quantile curves we use a so-called reference scale. We

choose the standard normal distribution and calculate the asymmetry values

p and the quantiles q from a grid of z-scores in (−2σ, 2σ). We can see from

the plots that the expectile bundle model does not capture well the dynamics

of the data. This behaviour was expected since the data shows two different

clusters which cannot be well captured by a location-scale model. In contrast

the simple LAWS model seems to do well and also the results from the expectile

sheet look promising.

For the estimation of quantile curves using COBS we used the standard settings

for automatic choice of optimal smoothing that are built into the procedure.

When applying smoothing with parameters judged by eye –see Figure 5.4– we

can arrive at more pleasant curves, but this is a very subjective choice of the

smoothing parameter. In comparison the presented expectile curves rely on

choosing the smoothing parameters by cross-validation and Schall’s algorithm

without any further necessary tuning.

Using the expectile sheet we can calculate the conditional data density at differ-

ent values of x. The technique to estimate conditional densities from expectile

curves is sketched in Section 5.3.4. In Figure 5.5 we depict a set of estima-

ted p-expectile curves together with the conditional densities at four different

x-values. We notice the variation in the shape as well as the width of the

densities. The conditional density at 64 minutes waiting time between two

eruptions illustrates that density estimation is possible also in areas where few

data points are located.

5.4.3 Demographic data

As a second application of an expectile sheet we are using data on life expec-

tancy and economic production as presented in detail in Schnabel and Eilers

(2009a). Here we are interested to model average life expectancy for 123 coun-

tries in the year 2000 as a function of the logarithm of Gross Domestic Product
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Figure 5.3: Data of the old faithful geyser in the Yellowstone National
Park. Expectile and quantile curves for waiting time and eruption length.
Reference scale in standard deviations of the standard normal distribution.
(z = −2σ, . . . , 2σ; bottom to top, blue to red.)
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Figure 5.4: Data of the old faithful geyser in the Yellowstone National Park.
Comparison of quantile curves estimated with COBS. Reference scale in stan-
dard deviations of the standard normal distribution. (z = −2σ, . . . , 2σ; bottom
to top, blue to red.) Left side: Fixed smoothing parameter for all quantiles
λ = 75. Right side: Hand-tuned smoothing parameters.
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Fitted expectile curves for different asymmetries p using an expectile sheet
together with local conditional densities.
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Figure 5.6: Full expectile sheet for the relation between life expectancy and
logGDPpc.

per capita (logGDPpc). A comprehensive view of the whole expectile sheet can

be seen in Figure 5.6.

Figure 5.7 shows the expectile curves for a selection of values for the asymmetry

p. We observe that the width of the set of expectile curves is decreasing with

increasing wealth of a country. It seems that for higher levels of GDPpc the

countries are converging as well in wealth as in health (with life expectancy as

a proxy). Two countries stick out from the data set and the modelled expectile

curves. In the Republic of Cuba average life expectancy is high compared to

the level of GDPpc. This might be attributed to universal access to health

care in this socialist country. Another interesting data point is South Africa

which does have a intermediate level of economic performance (comparable

to countries such as China, Peru and Jordan), but falls back in terms of life

expectancy. The low life expectancy must be mainly attributed to a high

prevalence of HIV/AIDS in South Africa.

5.5 Discussion

We have presented the smooth expectile sheet, a surface that gives the expectile

function for any value of the covariate. Expectiles are less familiar than quan-

tiles, but they are equally important, because they contain all the information
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Figure 5.7: Contours of the smooth expectile sheet for the relation between life
expectancy and logGDPpc (year 2000). (z = −2σ, . . . , 2σ; bottom to top, blue
to red.)

about a distribution. Expectiles are much easier to compute than quantiles:

any least squares regression model can be extended with iteratively updated

asymmetric weights.

From expectiles one can compute a smooth density estimate, as we have shown.

This is also the route from empirical expectiles to quantiles. As far as we know

no general formula for a direct conversion is available.

According to our small simulation study, expectiles are not less efficient than

quantiles.

Expectile sheets could be extended in the direction of additive models. This is a

useful generalization, which could probably be implemented as a sum of “partial

expectile sheets” including one for each covariate. Maybe it is also possible to

combine the expectile sheet with a single index model. The single index, an

optimal linear combination of the covariates, makes one of the dimensions for

the domain of the sheet.

Bollaerts et al. (2006) showed how to impose shape constraints on a surface

that is modeled by tensor products of B-splines. The idea is to impose heavy

asymmetric penalties on the spline coefficients, which only flash into action
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where the constraints are violated. Thus it is easy to force positive, monotone

or concave/convex behaviour in both direction and in arbitrary combinations,

like convex monotone decreasing. Because the penalties work on the coeffi-

cients, they do not interfere with the fast array algorithm that computes inner

products.

In view of their many attractive computational and statistical properties, it is

a pity that expectiles do not have a strong intuitive appeal. We hope that this

will change gradually, if statisticians and users will start using them. If one

uses a set of curves to get an impression of how the variance of errors changes

with a covariate, it does not matter if they are based on quantiles or expectiles.

Finally we like to point out that a quantile sheet is a straightforward analog.

Iteratively reweighted least squares can be used effectively to approximate the

asymmetrically weighted sum of absolute values (Schlossmacher, 1973). We

have obtained good results with this approach which we will report elsewhere

(Schnabel and Eilers, 2010c).





CHAPTER 6

Simultaneous estimation of quantile curves using quantile

sheets

Abstract

The results of quantile smoothing often show crossing curves, in particular for
small data sets. We define a surface, called a quantile sheet, on the domain
of the independent variable and the probability. Any desired quantile curve is
obtained by evaluating the sheet for a fixed probability. The sheet is modeled
by P -splines in form of tensor products of B-splines with difference penalties
on the array of coefficients. The amount of smoothing is optimized by cross-
validation. Applications to real data are presented.

Submitted.
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6.1 Introduction

In the wake of quantile regression (Koenker, 2005; Koenker and Bassett, 1978)

quantile smoothing has become a popular research subject. It is also an effective

tool to study how the conditional distribution of a response variable changes

with a covariate like time or age. Many proposals have been published and

several software implementations are available for the popular R system, e.g.

quantreg (Koenker, 2010) , cobs (Ng and Maechler, 2009) or VGAM (Yee, 2010).

In theory conditional quantile curves cannot cross, but in practice they do,

especially for small data sets. In many cases this is only a visual annoyance,

but it may also jeopardize further analysis, e.g. when one wishes to study

conditional distributions at specific values of the independent variable.

In the statistical literature one can find several proposals to prevent cross-

ing of quantile curves. Especially in recent years this problem has received

considerable attention. Among the most recent publications on the topic are

approaches using natural monotonization (Chernozhukov et al., 2010), non-

parametric techniques (Dette and Volgushev, 2008; Shim et al., 2009; Takeuchi

et al., 2006) as well as constraints enforcing non-crossing (Koenker and Ng,

2005).

We propose an alternative approach. The basic idea is to introduce a surface

on a two-dimensional domain. One axis is for the covariate x, the other is for

the probability p. The quantile curve for any probability is found by cutting

the surface at that probability. We call this surface a quantile sheet. We prefer

the name sheet over surface to avoid possible confusion with the generalization

of quantile curves to multiple covariates. Effectively all possible quantile curves

are estimated at the same time and the crossing problem disappears completely

if the sheet is monotonically increasing with p for every x. We describe the

tools to make this happen.

The quantile sheet is constructed as a sum of tensor products of B-splines.

In the spirit of P -splines (Eilers and Marx, 1996), a rather large number of

tensor products is used that generally lead to over-fitting and a quite wobbly

sheet, but additional difference penalties on the model coefficients allow proper
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tuning of the smoothness. We use separate penalties along the x- and the

p-axes, because in general isotropic smoothing will be too restrictive.

The majority of quantile smoothing software is based on linear programming.

It is an elegant approach, especially when interior point algorithms are being

used. However, we fall back on the classic iteratively re-weighted least squares

approach (Schlossmacher, 1973) with a small modification. The reason for

using Schlossmacher’s proposal is that we wish to apply the fast array algorithm

for multidimensional P -spline fitting (Currie et al., 2006; Eilers et al., 2006).

It is not at all clear to us how to combine that with linear programming.

Examples in Bassett and Koenker (1992) raise doubts about the convergence

of Schlossmacher’s approach, but this seems wrong. We analyzed the examples

but found convergence to the right solution.

With moderate or large amounts of smoothing (in the direction of p) the quan-

tile sheet will be monotonically increasing. This is what we observed when we

optimized the smoothing parameters by asymmetric cross-validation. But if one

is not willing to trust that all will be well, additional asymmetric difference

penalties can be adopted to enforce monotonicity, as pioneered by Bollaerts

et al. (2006).

The manuscript is structured in the following way: In Section 6.2 first we

describe quantile smoothing using P -splines in general. Then we present quan-

tiles sheets as well as the application of fast array computations and optimal

smoothing in this context. Applications to empirical data from a longitudi-

nal study monitoring growth of children can be found in Section 6.3. The

manuscript closes with a conclusion and an overview of open questions and

further research.
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6.2 Model description

6.2.1 Quantile smoothing with P -splines

Quantile smoothing estimates, for a given probability p, a smooth curve µ(x; p)

that minimizes the weighted sum of absolute distances

S1 =

n∑

i=1

wi(p)|yi − µ(xi; p)|, (6.1)

where y is the response and µ(x; p) is the population quantile and with weights

wi(p) =

{
p if yi > µ(xi; p)

1− p if yi ≤ µ(xi; p)
, (6.2)

for probability p with 0 ≤ p ≤ 1, p = pj , j = 1, . . . , J and sample size n. This

is equivalent to the classic description of quantile regression (see also Koenker

(2005) for a comprehensive description).

Most algorithms for quantile regression and smoothing use linear programming.

We wish to avoid that, because when doing the two-dimensional smoothing (see

the next subsection) with tensor products of B-splines, we want to exploit the

fast array algorithm (Currie et al., 2006; Eilers et al., 2006). Schlossmacher

showed in Schlossmacher (1973) how to approximate a sum of absolute val-

ues S =
∑

i |ui| as a sum of weighted squares S̃ =
∑

i u
2
i /|ũi|. Here ũi is an

approximation to the solution. The idea is to start with ũi ≡ 1 and to repea-

tedly apply the approximation until convergence. In practice it is more safe to

use the approximation uk/
√
ũ2k + β2, with β a small number of the order of

10−4 times the maximum absolute value of the elements of the solution û.

Using the approximation described above, we iteratively minimize

S2 =
n∑

i=1

vi(yi − µ(xi; p))
2, (6.3)

where

vi = wi/
√
r̃2i + β2 with r̃i = yi − µ̃(xi; p). (6.4)



6.2. MODEL DESCRIPTION 101

with wi(p) given by (6.2). The model is fitted by alternating between weighted

regression and recomputing weights until convergence. Equal weights (p = 0.5)

give a convenient starting point. For notational convenience we will omit the

dependence on x or p of the quantile curve wherever suitable and unambiguous.

We model a quantile curve µ(x; p) with P -splines: µ(x; p) = Bap where B is a

basis of B-splines and ap, the coefficient vector. In its general form for bivariate

data (x, y) P -splines (Eilers and Marx, 1996) minimize

Q = ||y −Bap||
2 + λ||Ddap||

2, (6.5)

with respect to the coefficients ap. The basis B contains a generous number

of B-splines. The second term in (6.5) is a roughness penalty. The matrix Dd

forms the dth differences. In practice mainly second and third differences are

used. Here we apply second order differences. The smoothness of the estimated

function is tuned by λ.

Our model includes a weight vector v which we can easily integrate into (6.5)

and the solution can be expressed as

âp = (BTV B + λDT
dDd)

−1BTV y (6.6)

= (BTV B + P )−1BTV y, (6.7)

where V = diag(v) is a diagonal matrix with weights v on the main diagonal

as defined in (6.4).

6.2.2 Quantile sheets

When estimating smooth quantile curves as described above, we choose a hand-

ful of values for p and separately compute a curve for each of them. Imagine

a large number of values of p and a corresponding set of non-crossing quantile

curves. Taking this to the limit we have a surface, above a rectangular domain

defined by the dimensions x and p. If we invert this reasoning, we assume the

existence of a surface µ(x, p), which we call a quantile sheet and we have to

develop a procedure to estimate it for a given data set.

We use tensor product P -splines. We already have the n by K basis matrix

B = [bik ] of the B-splines Bk(x) on the domain of x. Let B̆ = [b̆il] be a similar,
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J by L, basis matrix on the domain 0 ≤ p ≤ 1, containing the B-splines B̆l(p).

For quantile curves we have a vector ap of B-spline coefficients for each separate

p. For the sheet we have aK by L matrix A = [akl] of coefficients for the tensor

products, in such a way that

µ(x, p) =
K∑

k=1

L∑

l=1

aklBk(x)B̆l(p). (6.8)

To estimate the quantile sheet, we define an objective function containing two

parts. The first part defines an asymmetrically weighted sum of absolute values

of residuals, equivalent to the one used for quantile curves estimation. The

differences is that we do not only sum over all observations, but also over a

set of probabilities. The second part of the objective function is a penalty on

the roughness of coefficients in A, with different weights for the rows and the

columns. Thus we minimize

S =

n∑

i=1

J∑

j=1

wij |yi −

K∑

k=1

L∑

l=1

aklbik b̆jl|+ P, (6.9)

where P is the penalty part defined by

P = λx||DdA||F + λp||AD̆d||F , (6.10)

where ||U ||F indicates the Frobenius norm of matrix U , i.e. the sum of squares

of all its elements. The weight wij is the weight for observation i, as defined

in (6.2) with p = pj . The meaning of P is that we penalize sums of squares of

differences for each column, weighted by λx and sums of squares of differences

along each row, weighted by λp.

6.2.3 Computation with array regression

There are two ways to perform the calculations for fitting the quantile sheet

given the weights. One is to repeat the response vector y J-times in order to

form a vector y∗ of length nJ . Parallel to it the columns of the weight matrix

V with V = [vij ], i = 1, . . . , n, j = 1, . . . , J are put below each other to form

the vector v∗. Here vij is the weight v defined in (6.4) at xi for p = pj . Then

penalized weighted regression is performed on the basis B̆ ⊗B where B̆ is the

B-spline basis over p and B the B-spline basis over x. This approach has the
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charm of simplicity, but it consumes a lot of memory and computation time.

The system to be solved in this case is

[(B̆ ⊗B)′V ∗(B̆ ⊗ B) +Q]â = (B̆ ⊗B)′V ∗y, (6.11)

where V ∗ = diag(v∗). The solution â gives the columns of the matrix Â of

tensor product coefficients. The matrix Q follows from the combination of

penalties on rows and columns of A:

Q = λxIJ ⊗D′
dDd + λpD̆

′
dD̆d ⊗ In, (6.12)

where Ic is the identity matrix of size c.

More attractive is array regression as presented in Currie et al. (2006) and

Eilers et al. (2006). Here the construction and manipulation of the Kronecker

product of the bases is avoided. The weight matrix V is kept as is, and the

n by J response matrix Y is formed by J-times repeating y. The details of

the algorithm are complicated and will not be presented here, but we provide

a short sketch of its essential features.

Let C = B2B be the row-wise Kronecker product of B with itself. This means

that each row of C is the Kronecker product of the corresponding row of B

with itself. Let C̆ = B̆2B̆. The system in (6.11) could also be written as

(G+ P )â = r. One can prove that

G∗ = C ′V C̆ and R∗ = B′(V � Y )B̆ (6.13)

respectively contain the elements of G and r but in a permuted order. In (6.13)

the notation V � Y stands for the element-wise product of the two matrices.

In order to get r it is enough to vectorize R∗ column-wise. To re-order the

elements of G∗ in the right way, one has first to write it as a four-dimensional

array, interchange dimensions and transform back to two dimensions. Because

the row-wise tensor products are much smaller than the full Kronecker product

B̆ ⊗ B, we can obtain substantial savings in memory use. Additionally, de-

pending of the size of the problem, computations are sped up by an order of

magnitude. Details can be found in Currie et al. (2006).
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6.2.4 Optimal smoothing

In the presented model we have to choose two smoothing parameters (λx, λp)

for smoothing in direction of the independent variable x and the probability p

respectively. In principle it would be conceivable to use individual smoothing

parameters for each value of p. However, an optimal choice for these parameters

is not straightforward and further research is needed.

Cross-validation is a classic criterion for choosing an optimal model. We will

adapt the classic definition of the score to our situation with weights. This can

be used to perform n-fold cross-validation. First we introduce g as an indicator

function whether or not an observation i is included in the training set. This

vector will be multiplied element-wise with the weights v to form the effective

weights ṽ:

ṽij = vijgi

where vij is the weight at xi for p = pj . The effective weights are then used

in the fitting procedure and the additional weight vector reflects the included

and excluded observations. We define the weighted cross-validation score as

WCV =
∑

i

∑

j

(1− gi)v̂ij |yi − µ̂(xi, pj)|.

The introduction of effective weights simplifies the calculation for n-fold cross-

validations as the fitted values and weights for the excluded observations are

automatically determined in one step. A comparison of smooth quantile sheets

chosen by weighted cross-validation and quantile curves estimated by con-

strained B-splines COBS and its automatic smoothing will be shown in Section

6.3.2.

6.3 Application

6.3.1 Example

As an example we are going to analyze growth data for Dutch children (Van Bu-

uren and Fredriks, 2001) from the R package expectreg (Sobotka et al., 2010).

The relation between age and weight and also height and weight –especially for

babies– is often illustrated by means of percentiles e.g. by the World Health
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Organization (WHO Multicentre Growth Reference Study Group, 2009) issu-

ing child growth standards. Standards and comparisons for these measures are

commonly expressed in terms of quantiles. Therefore it is of special interest to

provide good and reliable methods for quantile curve estimation. We computed

quantile sheets for these data. In Figure 6.1 the resulting quantile curves are

shown the relation between age (in months) and weight (in kg) for Dutch boys

from birth to the age of two years. The sample consists of more than 1700

observations. This type of chart is also often used in practice by pediatricians

informing parents about the developmental status of their small children and

to judge whether or not the child is developing normally in terms of weight.

Another commonly studied relation is the one between the age of the child and

its height (in cm). The result of this model is depicted in Figure 6.2.
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Figure 6.1: Data: Dutch boys aged 0 months to 2 years. Estimated quantile
curves using quantile sheets for the relation of age and weight (in kg).
(p = 0.05, . . . , 0.95; bottom to top, blue to red.)

6.3.2 A comparison with COBS

In Section 6.2.4 we described our approach to choose the optimal amount of

smoothing both for the independent variable x and for the probability p. In

the above example we opted for twofold cross-validation. The results look

convincing. For the comparison between quantile sheets and quantile curves
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Figure 6.2: Data: Dutch boys aged 0 months to 2 years. Estimated quantile
curves using quantile sheets for the relation of age and height (in cm).
(p = 0.05, . . . , 0.95; bottom to top, blue to red.)

estimated with COBS we use its automatic selection of the smoothing parame-

ter. We used a random sample of size 200 from the data used in the examples

above. Figure 6.3 depicts on the left side the estimated smooth quantile curves

from quantile sheets for selected quantiles with choosing the smoothing para-

meter by weighted cross-validation. On the right side quantile curves are shown

estimated using COBS and its automatic smoothing. This set of curves shows a

considerable number of over-crossings.

6.4 Conclusion

We have introduced a fundamentally new approach to the estimation of smooth

non-crossing quantile curves. Each curve is interpreted as a level curve of a

sheet (a surface) above the (x, p) plane. Tensor product P -splines are used to

estimate the sheet. Regular difference penalties allow tuning of the smoothness

and additional asymmetric difference penalties can enforce monotonicity (in

direction of probability p). Application to simulated and real data showed

convincing results.

If we take a wider perspective, quantile sheets are an interesting new statistical

formalism, not only a tool to avoid crossing curves. In fact the estimation of
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Figure 6.3: Data: Dutch boys aged 0 months to 2 years. Subsample of 200
observations. Left panel: selected quantile curves using quantile sheets. Right
panel: selected quantile curves using COBS.

quantile curves can be seen as a far from perfect way to estimate the more

fundamental quantile sheet. Also the smooth quantile sheet we obtain, as sum

of tensor products of (cubic) splines can easily be differentiated and/or inverted

to obtain estimates of the joint density or conditional cumulative distributions.

Quantile sheets result in smooth surfaces. Derivatives of our quantile sheets

are smooth, too, and piecewise quadratic. The iteratively reweighting approach

allows the use of squares of differences in the penalties. The results compare fa-

vorably with the piecewise linear derivatives obtained with the triogram smoo-

thing (Koenker, 2005) where the penalty is based on total variation (sums of

absolute values of differences).

Another advantage of our technique is that it can be extended to the case

of two or more covariates resulting in “quantile volumes”. If we write it as

µ(x, t, p) in two dimensions, the quantile surface above the (x, t) plane, for a

chosen probability p∗ is obtained by evaluating µ(x, t, p∗) at a chosen grid for

x and t.
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Instead of asymmetrically weighted absolute values of residuals, one can use

asymmetrically weighted squares, resulting in an expectile sheet (or volume).

Expectiles have been introduced in Newey and Powell (1987) as a least squares

alternative to quantile curves. Optimal smoothing for expectile curves has

been studied in Schnabel and Eilers (2009b). We have obtained very promising

results for expectile sheets (Schnabel and Eilers, 2010a).

One issue needs further study. To estimate the quantile sheet, we introduced

a grid of values for the probability p. The objective function we minimize is

a sum of the asymmetric objective functions we know from the estimation of

individual smooth quantile curves. The result does depend on the choice of

grid for p. In the limit, with a large uniform grid, we are approximating an

integral over the domain of p. A non-uniform grid implies a weighted integral.

An interesting question is whether a non-uniform grid is better, and if so, what

the optimal grid should be.

In addition there is the challenge to combine array regression with the interior

point algorithm. In principle this looks feasible, because the core of the interior

point algorithm boils down to weighted regression. We hope to work on this in

the future.
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7.1 Summary

While initially motivated from a demographic application, the present manu-

script develops methodology for expectile estimation. To this end first the

basic model for expectile curves using least asymmetrically weighted squares

(LAWS) was introduced as well as methods for smoothing in this context. The

simple LAWS model was successfully applied to the original demographic data

problem.

Expectile curves from the simple LAWS model can cross. This is an undesi-

rable, theoretically impossible, yet practically encountered phenomenon when

estimating expectiles separately. In addition to the considerable (quantile) li-

terature about this problem, the expectile bundle model is proposed to avoid

crossings. Smooth non-crossing expectile curves are the result of this location-

scale model. All curves are estimated simultaneously. Another side product

is the possibility to estimate a single conditional density of the data. How-

ever, it is also possible to estimate a conditional (local) density with any set of

estimated expectiles – irrespective of the estimation method.

A location-scale model is an attractive approach when supported by the data.

Empirical data cannot always be modelled with this set-up. Therefore another

application of asymmetric least squares, an expectile sheet, is introduced here.

It also estimates a set of expectile curves simultaneously without the use of a

restrictive assumption such as the expectile bundle model. A set of expectile

curves can always be interpreted as a surface over the independent variable x

and asymmetry p. By proceeding this way the surface is following from separate

expectile curves. An expectile sheet is the direct estimation of this surface over

(x, p). It is based on a tensor product of B-splines covering both dimensions.

Smoothing is applied in both directions. p-expectile curves are the contours of

the expectile sheet for fixed p and along x.

LAWS is based on iteratively reweighted least squares with asymmetric weights

that are recalculated in each step. The expectile algorithm can be easily modi-

fied to estimate smooth quantile curves by dividing the original weights by the

absolute value of the residuals. The new weights are updated in each itera-

tion step. Each of the described expectile methods can be adapted to estimate

quantiles by using the new weights. As an example for this adaptation of the
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weights quantile sheets are finally proposed in this thesis. They are based on

expectile sheets with this modified weight vector.

7.2 Discussion and outlook

The papers resulting from this thesis present already a number of different

approaches for estimating expectile curves. Expectiles have not received a lot

of attention in the statistical literature since their introduction in 1987. This

work contributes to an expectile “revival” and hopes to spark further interest

in this versatile method to describe spread and location in a scatterplot. The

basic approach as well as more advanced techniques were described. However,

there are still a number of open questions on the expectile research agenda.

Applications Expectile estimation is a multifunctional tool to estimate smooth

non-crossing curves in non-central parts of the data. Following up on the

application to life expectancy frontiers, many more connections can be

made with frontier estimation. Especially the flexible functional form of

the curves is an advantage over the existing methods which are mainly

based on linear models. More applications in the field of productivity

analysis but also in finance can be thought of. Especially the latter is an

upcoming research topic in econometrics and produces large amounts of

data. In Chapter 6 an example for reference curves for growth of children

was presented. This field of public health is a very interesting area for

expectile estimation, e.g. for new reference curves for body mass indices.

Extension to higher dimensional data New fields of application will also

bring more complex data sets. An extension of expectile estimation to

more than one covariate is straightforward. Techniques for finding the

optimal set of smoothing parameter will need some more research. Inter-

pretation of the expectiles are less direct in more dimensions, but this is

an interesting direction for further investigations.

Mixed models Because of their combination with P -splines, LAWS are ea-

sily integrated into a variety of different settings. The combination of

expectile estimation and mixed models is of special interest. Data often

come as repeated measurements or other forms of clustered data. For

estimating a mixed model in this context an indicator matrix R of clu-
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ster affiliation could be constructed and joined to construct an expectile

µ(x, p) = Bxa
p+Rγ. This introduces a cluster specific intercept. A ridge

penalty on the coefficients γ realizes the mixed model idea. More complex

models with more than one shift per cluster can also be imagined. So far

only cross-sectional data has been considered. With the help of mixed

models one can also estimate expectiles for longitudinal data. These data

are commonly collected in many applications.

Robustness In the 3rd chapter one can find a few short comments on out-

liers (in y-direction) and influential data points (in x-direction). Due to

LAWS being a least squares technique, estimation results are less robust

to extreme observations than e.g. quantiles. However, in the analyzed

data outliers were hardly encountered and did not pose further problems.

Influential observations are more often a problem. Chapter 3 adapted an

approach from linear regression and proposed a rule of thumb for expec-

tiles. But there is still more need for research on robustness of expectile

estimation using LAWS.

Measures of fit The presented methods in this manuscript did not include

extensive treatment of goodness of fit. In Chapter 2 quality of the esti-

mation procedure is judged by root mean squared error in a simulation

study. For judging the fit in non-simulated data conventional measures

have to be adapted to the asymmetric weights. Additional new concepts

for judging the fit in an asymmetric situation need more investigation.

Furthermore it might be possible to make use of the data distribution

for assessing the quality of the fit: either from a priori knowledge about

the data or from the global density estimated using the expectile bundle

model. The analogy of penalized splines and mixed models might also be

exploited for developing new measures of goodness of fit.

Density The manuscript touches on the possibility to estimate the conditional

density of the data. While initially being a side product, this is an impor-

tant result. The density is a priori unknown, but it is often of interest.

Irrespective of the estimation method any set of expectiles can be used

to estimate the density. With the simple LAWS model and the expectile

sheet local conditional densities are estimated. Using the results of the ex-

pectile bundle model it is possible to estimate a single conditional density

which is modulated by the amplitude function. Comparisons with local
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densities showed that the results are similar when the expectile bundle is

appropriate for the data.

Quantiles The global density from the bundle model has an advantage: it can

be used to estimate a quantile bundle. As already shown in Jones (1994)

expectiles and quantiles are directly connected. To arrive at a bundle of

smooth non-crossing quantile curves first an expectile bundle is estimated.

From the result the global density can be estimated and evaluated at

the probabilities of interest. A smooth quantile can be rewritten in a

location-scale form based on these results. This is a novel approach to

non-crossing smooth quantiles and compares favorably with the presently

available methods.

In Chapter 6 it was also shown that a quantile sheet can be estimated

using the technology of an expectile sheet by adapting the weight vector.

This principle could be applied to all of the presented expectile models.

It would be interesting to see how those results compare to conventional

quantile methods. Estimating quantiles using LAWS is an interesting

topic for further research.

Expectile function In Parzen (1979) published a seminal paper on nonpara-

metric statistical data analysis discussing the quantile function. To date

it was cited 250 times and has a big influence on statistical data analysis.

A similar discussion as evoked in this paper might also be possible based

on expectiles. So far the intuition for expectiles is still missing for most

statisticians, but hopefully this will change with time.

Comparison of theoretical and empirical expectiles In some applications

a reference scale (based on the standard normal distribution) was used

to facilitate interpretation of the level of asymmetry p. It also allows for

better comparison with quantile curves. More generally, the comparison

between theoretical expectiles of a certain distribution and the empiri-

cal expectiles from a data set may also lead to conclusions about the

underlying distribution.

Intuitiveness of expectiles So far expectiles have not the strong intuitive

appeal of quantiles. This will hopefully change with experience and over

time. Quantiles are still a more common concept and easier to grasp for

most researchers. However, expectiles are an asymmetric generalization
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of the mean – a concept which is equally widespread than the median

as a summary measure. This thesis promotes the use of expectiles and

hopefully contributes to the awareness and use of this method in applied

statistics. The reference scale in comparison to the normal distribution

might also help to get a better feeling of what a certain asymmetry para-

meter p means. This kind of concept might be extended to other distribu-

tions based on prior knowledge about the data. Nevertheless, hopefully

expectiles will become a more common method to express spread and

location in a scatterplot in the future and asymmetry could become a

more familiar concept such as the quantiles for describing a distribution.
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Samenvatting

Dit proefschrift vond zijn oorsprong in een demografische toepassing. De vraag

was hoe men de trend en, belangrijker nog, de bovengrens van de levensver-

wachting kan modelleren. De levensverwachting bij geboorte (e0) is een theo-

retische grootheid, die uitdrukt hoelang een persoon naar verwachting zou leven

als de (leeftijdsafhankelijke) relatieve sterfte in het geboortejaar voor altijd zou

blijven gelden.

Levensverwachting wordt door vele factoren bëınvloed. Hier beperk ik me tot

ontwikkelingen in de economie. Daarvoor neem ik de logaritme van het bruto

binnenlands product per hoofd van de bevolking, afgekort tot GDPpc (Gross

Domestic Product per capita).

De gegevens bestaan uit paren GDPpc en e0 voor een groot aantal landen, in

een groot aantal jaren. Uitgezet in een grafiek (voor een gekozen jaar) leveren

die een puntenwolk op. Het doel is statistische modellen te ontwikkelen voor

curven die de trend en de spreiding van de gegevens nauwkeurig beschrijven.

Belangrijk daarbij is dat de curven een goede beschrijving van de onder- en

bovengrens geven.
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In de econometrie bestudeert men een soortgelijk probleem, dat bekend staat

als “frontier estimation”. Het gaat daar om de productiviteit van bedrijven in

afhankelijkheid van de gebruikte hoeveelheden productiemiddelen. Populaire

methoden zijn Stochastic Frontier Analysis (SFA) en Data Envelopment Ana-

lysis (DEA). Daarnaast wordt kwantielregressie (quantile regression) veel ge-

bruikt om curven te schatten voor het niet-centrale gedeelte van puntenwolken.

In de kwantielregressie word de som van asymmetrisch gewogen absolute waar-

den (van de residuen) geminimaliseerd.

De genoemde methoden voldoen onvoldoende voor de demografische vraag-

stelling. Daarentegen blijkt expectielregressie zeer geschikt voor deze toepas-

sing. Expectielregressie is een combinatie van asymmetrische weging met het

bekende principe van kleinste kwadraten. Dit leidt tot Least Asymmetrically

Weighted Squares (LAWS). De gewichten worden door de asymmetriepara-

meter p ∈ (0, 1) bepaald. Stel dat je een expectiel met asymmetrie p∗ wil

berekenen, dan heeft een punt, dat boven het geschatte expectiel ligt, gewicht

p∗. Gegevens op of onder het expectiel worden met (1 − p∗) gewogen. Door

deze constructie van de gewichten wordt een expectiel met behulp van een ite-

ratief process berekend. Daarin worden in elke stap nieuwe gewichten bepaald

en vervolgens ook het expectiel opnieuw berekend. Deze twee stappen worden

herhaald tot convergentie optreedt. In combinatie met P -splines (B-splines met

een penalty-functie om de gladheid van de curven te controleren) heeft men zo

een zeer bruikbaar instrument voor het schatten van flexibele expectielcurven.

Het proefschrift begint in Hoofdstuk 1 met een inleiding tot de theorie en

praktijk van expectielen. Daarna worden er ook de statistische problemen

beschreven die in de latere hoofdstukken worden behandeld. De twee belang-

rijkste zijn: hoe bepaalt men de optimale mate van smoothing voor de cur-

ven, en hoe voorkomt men dat expectielcurven voor verschillende asymmetrieën

elkaar snijden?

Hoofdstuk 2 beschrijft de basis van expectielschattingen. De theoretische on-

derbouwing wordt gevormd door een vergelijking van expectiel-expectiel (E-E)

grafieken met kwantiel-kwantiel (Q-Q) grafieken. Individuele expectielcurven

worden geschat met LAWS. De curven worden gemodelleerd met P -splines en

het is dus nodig een goede waarde voor de smoothing-parameter te bepalen.

Dit probleem wordt op twee manieren aangepakt. De eerste is asymmetrische
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kruisvalidatie en de tweede een aanpassing van Schall’s algoritme, dat gebruik

maakt van de analogie tussen P -splines en gemengde modellen. Daarnaast wor-

den voorbeelden gegeven van expectielen voor veelvoorkomende verdelingen.

Het hoofdstuk wordt afgerond met een simulatiestudie en twee toepassingen op

bestaande waarnemingen.

InHoofdstuk 3 worden bovengenoemde methoden toegepast op de oorspronke-

lijke demografische vraagstelling en worden gegevens van ruim 120 landen ge-

analyseerd. Het hoofstuk begint met een uitgebreid literatuuronderzoek naar

het verband tussen GDPpc en levensverwachting, alsmede naar methoden voor

het schatten van grenzen. Met behulp van expectielcurven wordt vervolgens

een bovengrens voor levensverwachting geschat, gegeven de economische situ-

atie van een land. Er wordt een maat voor de individuele prestaties van landen

beschreven, die gebruikt wordt om deze te vergelijken. Tenslotte worden er

methoden voorgesteld voor het detecteren van extreme waarnemingen.

In Hoofdstuk 4 komt het expectielbundel-model aan de orde. Het is een

model voor locatie en schaal dat niet-snijdende expectielcurven schat. Net zo

als bij kwantielsmoothing vormen elkaar snijdende curven een probleem. In

theorie kan het snijden niet voorkomen, maar in de praktijk is dat wel het

geval, hetgeen komt door toevallige variaties met name bij kleine dataverzame-

lingen. Een expectielbundel bestaan uit drie componenten: een gladde curve

voor de trend, een gladde curve voor de lokale breedte van de bundel, en een

asymmetriefunctie (gestandaardiseerde expectielen). De curven worden opge-

bouwd met P -splines en geschat met LAWS. De mate van smoothing wordt

met kruisvalidatie bepaald. Aan de orde komen ook de berekening van expec-

tielen voor een gegeven kansdichtheid, en het omgekeerde problem: hoe schat

men een verdeling als een aantal expectielen gegeven zijn?

Hoofdstuk 5 introduceert een veralgemenisering van expectielcurven en -bun-

dels, het “expectielvel”. De grondgedachte is dat expectielcurven contourlij-

nen zijn van een gladde tweedimensionale functie f(x, p). De onafhankelijke

coördinaten zijn de covariaat (x) en de asymmetrieparameter p. Met tensor-

producten van B-splines wordt de functie gemodelleerd en de gladheid wordt

met penalty-functies gecontroleerd. Ook hier is de implementatie gebaseerd op

LAWS en kruisvalidatie. Om de berekeningen te versnellen wordt zogenaamde

array-regressie gebruikt.
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Hoofdstuk 6 is een parallel van Hoofdstuk 5, maar dan gebaseerd op kwantie-

len in plaats van expectielen. Kwantielcurven zijn contourlijnen van een glad

”kwantielvel”. De doelfunctie van kwantielen is een som van asymmetrisch

gewogen absolute waarden (van de residuen). Door iteratieve weging en het

aanpassen van de gewichten kan die doelfunctie geschreven worden als een som

van asymmetrisch gewogen kwadraten (van de residuen). Daardoor is het algo-

ritme voor het expectielvel gemakkelijk aan te passen. Kwantielen zijn populair

in statistiek en epidemiologie. Een toepassing op referentiecurven, voor de ont-

wikkeling van lengte en gewicht van kinderen, wordt beschreven.

Het proefschrift wordt in Hoofdstuk 7 afgesloten met een samenvatting en

een korte discussie. Ook worden voorstellen gedaan voor verder onderzoek en

nieuwe of meer uitgebreide toepassingen. De conclusie is dat expectielen een

rijk terrein vormen voor nieuwe ontwikkelingen in theorie en praktijk.



Zusammenfassung

Die Idee zu dieser Doktorarbeit ist durch eine demografische Anwendung ent-

standen. Die ursprüngliche Fragestellung war dabei: “Wie kann man die Ent-

wicklung der Lebenserwartung bzw. wichtiger noch die Obergrenze der Le-

benserwartung statistisch modellieren?” Die Lebenserwartung bei Geburt (e0)

gibt die durchschnittliche Zahl der Jahre an, die Neugeborene leben würden,

wenn die allgemeine Sterblichkeit zum Zeitpunkt der Geburt auch in Zukunft

unverändert bliebe.

Die Lebenserwartung wird durch viele Faktoren beeinflusst. Diese Arbeit be-

schränkt sich dabei auf die Betrachtung des Einflusses der ökonomischen Be-

dingungen eines Landes. Sie werden durch den Logarithmus des Bruttoinlands-

produkts pro Kopf (GDPpc) modelliert.

Die gegebenen Daten bestehen damit aus Paaren von GDPpc und e0 für ei-

ne Reihe von Ländern, gemessen über einen größeren Zeitraum. Für ein aus-

gewähltes Jahr kann man sich diese Beobachtungen bildlich als eine Punktwolke

vorstellen. Das Ziel ist es, statistische Modelle zu entwickeln, die es ermöglichen,

Kurven zu schätzen, die den Trend und die Streuung der Daten passend be-
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schreiben. Dabei ist eine gute Beschreibung der Unter- und Obergrenze von

besonderem Interesse.

Auch die Produktivitätsanalyse, als ein Teilgebiet der Ökonometrie, widmet

sich der Untersuchung von Grenzfunktionen (“frontier estimation”). Hier wird

die Produktivität einzelner Unternehmen in Abhängigkeit der verwendeten

Ausgangsgüter geschätzt. Die meistverwendeten Methoden sind die Stochastic

Frontier Analysis (SFA) und die Data Envelopment Analysis (DEA). Zudem

wird Quantilregression auch sehr häufig gebraucht, um Kurven in Randgebie-

ten von Punktwolken zu schätzen. Bei der Quantilregression wird die Summe

der asymmetrisch gewichteten Beträge der Residuen minimiert.

Jedoch haben sich die genannten Methoden zur Analyse der eingangs be-

schriebenen demografischen Fragestellung nicht bewährt. Expektilregression

dagegen eignet sich für diese Anwendung sehr gut. Expektilregression ist eine

Verallgemeinerung der Mittelwertsregression. Hierzu werden in die Kleinste-

Quadrate-Schätzung asymmetrische Gewichte eingeführt, ähnlich dem Vorge-

hen der Quantilregression. Diese Verbindung führt zu der Methode der asym-

metrisch gewichteten kleinsten Quadrate (Least Asymmmetrically Weighted

Squares, LAWS). Die Gewichte werden durch den sogenannten Asymmetrie-

parameter p ∈ (0, 1) bestimmt. Beispielsweise erhält bei der Berechnung des

Expektils mit Asymmetrie p∗ ein Datenpunkt, der oberhalb des geschätzten

Expektils liegt, das Gewicht p∗. Liegt er auf oder unterhalb des Expektils,

so wird er mit (1 − p∗) gewichtet. Bedingt durch die Konstruktion des Ge-

wichtsvektors wird also ein Expektil durch ein iteratives Verfahren ermittelt,

in dem in jedem Schritt die Gewichte neu bestimmt werden. Anschließend wird

das Expektil selbst neu berechnet. Diese Schritte werden bis zur Konvergenz

wiederholt. Zusammen mit P -Splines – B-Splines mit einem Strafterm, der die

Glattheit der Kurven bestimmt – ergibt sich dann ein einfach zu handhabendes

Modell für die Schätzung flexibler Expektilkurven.

Die vorliegende Arbeit beginnt in Kapitel 1 mit einer Einleitung in die theo-

retischen und praktischen Aspekte von Expektilen. Ebenso werden dort die

statistischen Probleme beschrieben, die in den folgenden Kapiteln weiter un-

tersucht werden. Die beiden wichtigsten Aspekte sind dabei die Bestimmung

des optimalen Glättungsparameters der Expektilkurven und die Vermeidung

von Überschneidungen der Kurven für benachbarte Asymmetriewerte.
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Kapitel 2 beschreibt die Grundlagen der Schätzung von Expektilen. Die Theo-

rie wird dabei u.a. anhand eines Vergleiches von Expektil-Expektil-Diagrammen

(E-E-Plot) mit Quantil-Quantil-Diagrammen (Q-Q-Plot) herausgearbeitet. Ein-

zelne Expektilkurven werden mit Hilfe von LAWS angepasst. Dadurch, dass die

Kurven durch P -Splines modelliert werden, ist die Bestimmung des optima-

len Glättungsparameters sehr wichtig. Hierzu werden zwei Ansätze vorgestellt.

Der erste Ansatz ist eine asymmetrische Variante der klassischen Kreuzvali-

dierung. Als Zweites wird vorgeschlagen, den Schall-Algorithmus anzupassen.

Aufgrund der Korrespondenz von penalisierten Splines und generalisierten ge-

mischten Modellen kann dieser Algorithmus auf Expektile angewendet werden.

Zusätzlich werden Expektilkurven einer Reihe von bekannten Verteilungen ge-

zeigt. Das Kapitel schliesst mit einer Simulationsstudie sowie zwei beispielhaft

analysierten Datensätzen mit realem Bezug.

Kapitel 3 greift die ursprüngliche demografische Fragestellung wieder auf und

nutzt Lebenserwartungsdaten aus mehr als 120 Ländern für ein umfangreiches

Anwendungsbeispiel. Zunächst wird jedoch ein ausführlicher Literaturüberblick

über den Zusammenhang von GDPpc und Lebenserwartung sowie über Metho-

den zur Schätzung von Grenzkurven gegeben. Mit Hilfe von Expektilkurven

wird dann eine Obergrenze für die Lebenserwartung eines Landes berechnet

bedingt auf seine wirtschafliche Situation. Außerdem stellt das Kapitel eine

Kenngröße vor, mit deren Hilfe man die Leistung (“performance”) einzelner

Länder vergleichen kann. Zusätzlich werden zwei Verfahren zur Erkennung von

Ausreißern vorgeschlagen und mit einem Beispiel illustriert.

In Kapitel 4 wird das Problem von sich schneidenden Expektilkurven ver-

schiedener Asymmetrien näher betrachtet. Theoretisch können sich Expektil-

kurven nicht schneiden. In der Praxis jedoch kommt dies insbesondere durch die

zufällige Streuung in kleinen Stichproben vor. Sowohl in der Quantil- als auch

in der Expektilregression sind sich schneidende Kurven ein häufig auftretendes

Problem. Um diesem Problem entgegen zu treten, wird hier das sogenannte

Expektilbündel (expectile bundle model) eingeführt. Dieses fällt in die Familie

der Lokation-Skalen-Modelle und wird hier verwendet, um überschneidungsfreie

Expektilkurven zu schätzen. Ein Expektilbündel besteht aus drei Komponen-

ten: einer glatten Trendkurve, einer ebenfalls glatten Kurve, die die lokale

Streuung des Bündels beschreibt, sowie einer Asymmetriefunktion (standardi-

sierte Expektile). Die Kurven des Expektilbündels bauen auf P -Splines auf und
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werden mit Hilfe von LAWS geschätzt. Die Glättungsparameter werden durch

Kreuzvalidierung bestimmt. Weiterhin wird die Berechnung der Dichtefunk-

tion mit Hilfe von Expektilen in diesem Kapitel erläutert. Damit ist es neben

der Berechnung von Expektilen für eine gegebene Verteilung auch möglich, die

Dichte auf Basis von Expektilen zu bestimmen.

Kapitel 5 beschäftigt sich mit einer Verallgemeinerung von Expektilkurven

und -bündel: der sogenannten Expektilebene (expectile sheet). Ihr Grundge-

danke ist, dass Expektilkurven Höhenlinien einer glatten zweidimensionalen

Funktion f(x, p) sind. Die unabhängigen Koordinaten sind dabei die Kovaria-

te x und der Asymmetrieparameter p. Die Funktion f wird mit Hilfe eines

Tensorprodukts von zwei B-Spline-Basen modelliert und ihre Glattheit wie-

derum durch Strafterme kontrolliert. LAWS und die durch Kreuzvalidierung

ermittelten Glättungsparameter bilden auch hier die Grundlage der beschrie-

benen Methode. Um die Rechenzeit zu verkürzen, wird von der sogenannten

Array-Regression Gebrauch gemacht.

Kapitel 6 ist als Parallele zu Kapitel 5 zu sehen. Jedoch werden hier Quanti-

le statt Expektile geschätzt. Quantilkurven können auch als Höhenlinien einer

glatten Quantilebene (quantile sheet) aufgefasst werden. Bei der Berechnung

von Quantilen ist die zu minimierende Zielfunktion die Summe der asymme-

trisch gewichteten Beträge der Residuen. Durch das iterative Gewichtungsver-

fahren und die Anpassung der Gewichte kann man diese Zielfunktion auch

als die Summe von asymmetrisch gewichteten Quadraten der Residuen schrei-

ben. Dadurch kann der im vorigen Kapitel entwickelte Algorithmus adaptiert

werden. Quantile finden insbesondere in der Epidemiologie Anwendung. Daher

wird in Kapitel 6 eine Quantilebene verwendet, um Referenzkurven für Grösse,

Gewicht und Alter von Kindern zu bestimmen.

Das abschließende Kapitel 7 der vorliegenden Doktorarbeit besteht aus einer

Zusammenfassung sowie einer kurzen Diskussion. Hierin wird ein Ausblick auf

zukünftige Forschungsfragen und weitere Anwendungsgebiete von Expektilen

gegeben. Als Fazit ergibt sich, dass Expektilregression als Forschungsfeld bis-

her zu wenig beachtet und bearbeitet ist. Dabei bietet es vielversprechende

Möglichkeiten für neue Entwicklungen in der nicht- und semiparametrischen

Regression.
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