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ABSTRACT

We have looked at the hypermultiplet moduli space of the effective su-
pergravity theory obtained from type IIA superstring theory compactified
on a Calabi-Yau manifold. It is possible to give this space hypermultiplet
moduli space a more intrinsic description as a fibre bundle over the mod-
uli space of deformations of the Calabi-Yau manifold used in the compact-
ification procedure. The fibres may can be interpreted as the symplectised
spaces for a compact quotient of the Heisenberg group constructed from
the (Weil) intermediate Jacobian of the Calabi-Yau manifold and viewed
as a contact manifold. We use the complex structure on the Weil inter-
mediate Jacobian to define a Sasakian (contact metric) structure on this
Heisenberg group that can be extended to a metric on the fibres.
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INTRODUCTION

One of the most important problems in modern physics is the apparent incompatibility be-
tween quantum field theory and general relativity. General relativity provides a very elegant
description of gravity that is not only consistent with both Newton’s law of gravitation and
special relativity in the appropriate limits, but also explains numerous observations of the
universe at large scales. Meanwhile, physics at the subatomic level is governed by quan-
tum mechanics. Quantum field theory, and in particular the standard model succeeds at
describing the known elementary particles and fundamental forces except gravity (electro-
magnetism and the weak and strong nuclear forces). While it is not as elegant as general
relativity, the standard model is consistent with nearly all experimental observations in par-
ticle physics and often describes measurements with great accuracy. Although both theories
have been hugely successful in their own domains, attempts to combine the two into a
unified quantum theory of gravity have generally proven unsuccessful.

One of the more promising candidates for such a theory is string theory. The principal
idea behind string is that the fundamental objects in physics are one dimensional objects,
which we call strings, rather than point particles. This simple idea is used to construct an
enormously complicated quantum mechanical string theory in which elementary particles
correspond to the modes of oscillation of a single type of fundamental string. Amazingly
enough, gravity appears naturally in string theory and in a way that is consistent with gen-
eral relativity at low energies.

An interesting property of string theory is that it puts a restriction on the number of
dimensions of space-time, as it can only be formulated consistently for a very specific critical
dimension. Although this property could in itself be considered an advantage over theories
that say nothing about the dimension of space-time, the fact that this critical dimension
equals ten does conflict with the prevailing idea that space-time should in fact be four-
dimensional (three spatial dimensions and one time dimension).

One way to get around this discrepancy is through compactification. Instead of consider-
ing space-times that extend to infinity in all directions, one considers space-times that are
small in six dimensions. This is done by wrapping these unwanted dimensions around a
(compact) internal space that is assumed to be so small that we are unable to observe it
with current techniques. The resulting effective theory in four dimensions is largely depen-
dent on the geometry of the internal space used in the compactification procedure, which
introduces a great amount of freedom to the theory that it did not have before. Calabi-Yau
manifolds are of particular interest as the internal spaces used for the compactification be-
cause in the low-energy limit these produce four dimensional theories that not only contain
gravity, but are also supersymmetric, which is considered desirable. For type ITA, with which
this thesis is concerned, this effective low-energy theory is called type IIA supergavity.

Apart from a sector corresponding to gravity, this effective four-dimensional theory con-
tains a number of other fields that split into vector multiplet and hypermultiplets. Because
vector multiplets and hypermultiplets do not interact with each other except through gravity,
the vector multiplet and hypermultiplet sector may be studied separately. The hypermulti-
plet fields are described by a non-linear sigma model and parametrise a space, called the



hypermultiplet moduli space, that comes with a metric that is known to define a quaternion-
Kahler structure. Although we have an explicit description of this metric and this quaternion-
Kahler structure, we would like to be able to understand it in terms of the geometry of the
Calabi-Yau manifold used in the compactification procedure.

This thesis is the results of the research I have done under the supervision of dr. S.J.G. Van-
doren and dr. J. Stienstra to conclude my Masters in Theoretical Physics and Mathematical
Sciences. The starting point for the research presented in this document was the point
where T.A.F. van der Aalst [1] left off, which is with a description of the hypermultiplet
moduli space as a fibre bundle over the complex structure moduli space of the Calabi-Yau
manifold with fibres that should be interpreted as the total space of a C*-bundle over the
Weil intermediate Jacobian of the Calabi-Yau. By making use of isometries of the metric,
these fibres were given an interpretation as a coset space of an extended version of the
Heisenberg group, which was appropriately named the dilated Heisenberg group.

We have taken one one step back from this approach and have used the (unextended)
Heisenberg group instead of the dilated version to describe these fibres. By equipping this
Heisenberg group with a natural contact structure and using the structure of the Weil in-
termediate Jacobian to extend it to a strictly pseudoconvex Cauchy-Riemann structure we
have found a nearly complete description of the fibre metric through a 1-dimensional family
of (Sasakian) contact metric structures. The complete expression is obtained by symplectis-
ing this structure and extending these contact metric structures to a Kihler structure on the
fibres. Finally, we have made a start with a description of the quaternion-Kihler structure
on the total space in terms of this construction.

The first chapter deals with some standard definitions and results from mathematics,
knowledge of which will be required to be able to understand the chapters that follow it.
Chapter 2 discusses the definition of a Calabi-Yau manifolds, the structures on their moduli
space and their intermediate Jacobians. In the third chapter an overview of the physical
context in which the obtained results should be viewed is provided and the hypermultiplet
moduli space is introduced. In chapter 4 contact geometry and CR geometry are discussed
and applied to the Heisenberg group that we have used to construct the hypermultiplet
moduli space in chapter 5. In the final chapter, we try to give a more intrinsic interpretation
to the explicit description of the quaternion-Kahler structure on the hypermultiplet moduli
space that was found by Ferrara and Sabharwal [2].
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1. SOME PRELIMINARY MATHEMATICS

In this chapter we will introduce some of the mathematical concepts that are used through-
out this document. We will discuss some of the most important definitions and results for
complex and Kahler manifolds and introduce cohomology groups for these spaces. Some
important definitions and results for non-degenerate Complex tori will furthermore be dis-
cussed. Everything in this chapter can be found in a variety of standard textbooks, such
as [3,4], [5,6] and [7,8,9]. The reader is assumed to know some of the basics of differen-
tial and Riemannian geometry.

1.1 Summation convention

We will very often make use of Einstein summation convention, or index notation. This
notational convention saves space and is very common in theoretical physics, but not as
common among mathematicians. Einstein summation convention states that any unspec-
ified index that appears twice in an expression should be summed over (contracted). For
instance, if the indices ¢, j, k, ... are understood to run from 1 to n, then an equation such
as

(1.1)

: Nix XF XNy, ;
dyi + Zijda’ = dy; + (Fz —i = e;) dz’

“XmN,, Xn
should be read as

. : ¢ Dot N X XN\
j=1 j=1 Zm,n:l X Nm”X

Moreover, because the index i was also left unspecified, this equation is understood to hold
forany i € {1,...,n}. When there is a distinction between upper indices and lower indices,
an expression with contracted indices will in general only be meaningful if all repeated
indices come in pairs of one upper index and one lower index.

1.2 Homology and cohomology

1.2.1 Singular (co)homology

On any topological space X we can define singular homology and cohomology groups using
formal sums of so-called singular simplices.

The standard k-simplex A is defined as the convex set in R"*! generated by the basis vec-
tors eg, €1, - . ., ey, Where eg = (1,0,...,0), e; = (0,1,0,...,0) etc. A singular k-simplex on
X is a continuous map o: A*¥ — X and we call a (finite) formal sum > o Mo o of k-simplices
with n, € Z a singular k-chain. The set of all such k-chains is a free group, generated by
the k-simplices, that we denote by C;(X,Z). Instead of using integer coefficients, we can



CHAPTER 1. SOME PRELIMINARY MATHEMATICS

write down chains with coefficients in any Abelian ring R and write
Cw(X,R) = {za Iy ‘a; AF X, 1y € R} ~ C(X,Z) ® R. (1.3)

On this group we have a boundary map 9: Cx(X, R) — Cx_1(X, R), which sends a singular
k-simplex to the sum of its faces with appropriate signs. More explicitly, for a generator

o: AF — X we get 9o = Zfzo(fl)iaia with

8i0(t0, s 7tk—1) = U(to, s ati—hoat’ia s atk‘—l) (14)

A k-chain 0 € Ci(X, R) for which 0o = 0 is called a (singular) k-cycle and it is called
a boundary if ¢ = Ot for some chain 7 € Ci11(X, R), ker(0: Cy(X) — Cr—1(X)) and
im(9: Cj41(X) — Ci(X)) are the spaces of k-cycles and k-boundaries respectively. Because
the boundary operator 9 satisfies 9> = 0 any boundary is also a cycle, i.e.

1m(8 Ck+1(X) — Ck(X)) < ker(@: Ck(X) — Ok_l(X)), (15)
which enables us to define singular homology groups.

Definition 1.2.1 (Singular homology). Let X be a topological space, then its k-th singular
homology group with coefficients in the Abelian ring R (e.g. R = Z,R, C) is defined as

ker(@: Ck(X, R) - Ck_l(X, R))

Hy(M,R) = im(@: Cri1(X, R) — Cp(X, R))

(1.6)

The chain groups Ci(X, R) can be dualised to obtain the cochain groups C*(X,R) =
Hom(Cy(X,Z), R), which come with a coboundary map § = 9*: C*(X, R) — C**1(X, R)
defined by o = a0 9. Since this coboundary map also satisfies §2 = 0 we obtain a definition
for singular cohomology groups that is analogous to that of the singular homology groups.

Definition 1.2.2 (Singular cohomology). Let X be a topological space, then its k-th singular
cohomology group with coefficients in the Abelian ring R (e.g. R = Z,R,C) is defined as

ker(0: C*(X,R) — C**1(X, R))

Hk(M’ R) = 1m(3 Ckil(Xv R) — Ck(X, R))

1.7

The universal coefficient theorems for homology and cohomology tell us that the homol-
ogy groups and cohomology groups with coefficients in any ring R are completely deter-
mined by the groups Hy(X,Z) and H*(X,7Z). A particular consequence of this theorem is
the following result.

Proposition 1.2.3. Let X be a topological space and let K be either R or C , then we have
natural identifications

Hy(X,K)~H,(X,Z)® K and H"X,K)~H"X,Z)® K (1.8)
for any k € N.

This identification gives us canonical maps i: H*(X,Z) — H*(X, K), which has the tor-
sion subgroup Tor = {a € H¥(X,Z) | In: na = 0} as its kernel. Instead of using the
full integer cohomology groups H*(X,Z); we will generally work with the torsion free in-
teger cohomology groups H*(X,Z); := H*(X,Z)/Tor ~ i(H*(X,Z)) < H*(X,R) (and
analogously for homology groups).

8 A.G. Baarsma



1.2. HOMOLOGY AND COHOMOLOGY

1.2.2 De Rham cohomology

When we talk about the cohomology groups of a smooth manifold, we will mainly be in-
terested in the De Rham cohomology groups. The real and complex De Rham cohomology
groups are defined using the complexes

0— Q%) Lk L ko Lok L (1.9)

for K = R, C, where Q% (M) is the set of K-valued k-forms on M and d denotes the exterior
derivative.

Definition 1.2.4 (De Rham cohomology). Let M be a (smooth) manifold and let K be either
R or C, then the k-th De Rham cohomology group is defined as

_ ker(d: Qf (M) — QM)

HE (M, K .
on ) im(d: QEH(M) — QF (M)

(1.10)

In the setting of (smooth) manifolds, any singular k-simplex o: A* — M is homologous
to a smooth k-simplex. For a smooth k-chain o = ), a,0; and a k-form a on M we can

o = E a g . 1.11
/ - (3 / R ( )

Stokes’ theorem can subsequently be used to show that [, o = 0 and [ df = 0 if « is
closed and 7 is a k-cycle, which means that this defines a pairing

[+ Hy(M,R) x HE (M,R) — R, <J,a>([a],[a})r—>/a. (1.12)

De Rham’s theorem gives us an identification between the De Rham cohomology groups
HE (M,R) and the singular cohomology groups H*(M,R).

Theorem 1.2.5 (De Rham’s theorem). For an n-dimensional manifold, k € Ny the map
U: HE (M, R) — H*(M,R), o () (1.13)

is an isomorphism of groups.

Proof: See [7], [3] or [6]. O

Since De Rham’s theorem basically tells us that we may view the De Rham cohomology
groups and the singular cohomology groups as the same spaces, we will from now on no
longer use the label DR to emphasise that we are working with De Rham cohomology groups.
It is important to note that De Rham’s theorem in particular enables us to naturally view the
torsion free integer cohomology groups H*(M,Z); as a subgroup of the real cohomology
group H3(M,Z).

Another important result for the cohomology groups of manifolds is Poincaré duality,
which in its most general form gives us an isomorphism between the homology groups
H%(M,7Z) and the cohomology groups Hy(M,Z) for compact oriented manifolds. In terms
of De Rham cohomology, it can be written as follows:

Theorem 1.2.6 (Poincaré duality). Let M be an n-dimensional compact, oriented manifold
and let K = R, C. The intersection pairing

Q: H*(M,R) x H" *(M,R) — R, (a,ﬁ)H/Ma/\ﬁ (1.14)

defines an isomorphism between H*(M, R) and (H""*(M,R))" ~ H,_(M, R).

The hypermultiplet moduli space 9



CHAPTER 1. SOME PRELIMINARY MATHEMATICS

We end our discussion of the cohomology groups of manifolds by stating a result that
will allow us to choose a symplectic basis for the middle cohomology groups of Calabi-Yau
3-folds (cf. section 2.1.1).

Proposition 1.2.7. Let M be a compact oriented n-dimensional manifold and let o € H*(M, Z);
be a cochain that cannot be written as o = n 3 for some n. > 1 and 3 € H*(M,Z);. There
exists an element 3 € H"~*(M,Z) such that Q(a, 3) = 1.

On a manifold of even dimension 2n with n € N odd, the intersection form
Q: H"(M,R) x H"(M,R) — R, (a,ﬁ)n—>/ alp (1.15)
M

is a symplectic form on H™(M,R) and the proposition above can be used to obtain the
following result.

Corollary 1.2.8. Let M be a compact oriented manifold of even dimension 2n with n € N an
odd number. There exists a set a, ..., a4, 3%, ..., 3% of generators for H™(M,Z) < H"(M,R)
such that

Qi) = Q(B, ) =0 and Q(ay, ) = 4. (1.16)

These generators are said to form an (integral) symplectic basis for H3(M,R).

By Poincaré duality we can also find set of generators v',...,v%, 7y, ...,n, for the integer
homology groups H3(M, Z); that is dual to the symplectic basis (c;, 3%); in the sense that

/aj:f 3 =¢  and /aj:/ B =0. (1.17)
v i i v

These cycles form a set of generators for H,,(M, Z); that satisfy
YNy =npnn =0 and Wiﬂnj:—njﬂvi:§§7 (1.18)

where N is the intersection product on H,, (M, Z). Conversely, for any set of generators for
H, (M,Z)s a unique dual symplectic basis for H™ (M, Z)s may be found.

Any element o € H"(M,R) can now be written as

=Y An, — B3 = ; — i (1.19)
0= An -5 Z(/)n (/)6

K2

where A’ = fv?‘ aand B; = fn- « are called the periods of o with respect to the basis (7%, 7;);

1.3 Complex and Kahler geometry

1.3.1 Complex geometry

Many of the spaces we will be working with will be complex manifolds, which may be
viewed as an analogue of real manifolds, but with holomorphic charts. They may also be
viewed as real manifolds that admit an integrable almost complex structure.

Definition 1.3.1 (Almost complex structure). An endomorphism J: TM — TM on the
tangent space of an even dimensional manifold is called an almost complex structure if
J? = —idtpy. A manifold (M, J) equipped with an almost complex structure is called an
almost complex manifold.

10 A.G. Baarsma



1.3. COMPLEX AND KAHLER GEOMETRY

The fact that almost complex manifolds have an even dimension is not actually part of the
definition, but rather a consequence of the existence of the endomorphism J. Another con-
sequence of this definition is that any almost complex manifold is automatically orientable.
Since an almost complex structure satisfies J?> = —id its complex linear extension to the
complexified tangent space TcM = TM ® C splits into two bundles of eigenspaces for J
that correspond to the eigenvalues +i and —i. We have TcM = THOM @ T%! M, with

T ={XeTcM|JX=iX} and T ={XeTcM|JX=-iX}. (1.20)

A section of TH0M (resp. T%1 M) is said to be a vector field of type (1,0) (resp. (0,1)).

Similarly, a complex-valued 1-form « on M is respectively called a (1,0)-form or a (0, 1)-
form if J*a := a o J = +ia or J*a — ia. If we denote the set of complex-valued (1,0)
and (0, 1)-forms by on M by Q1°(M) and Q%! (M) respectively, then the set of all complex-
valued 1-forms Q} (M) can be written as the direct sum Q' (M) = Q10(M) & Q%1 (M). More
generally, we can define the set of (p, ¢)-forms as

QPa(M) = NQUO(M) A NQO (M) (1.21)

and we have QF(M) = @, ,_, (M)
We may define a complex manifold as a manifold that admits holomorphic charts.

Definition 1.3.2 (Complex manifold). A complex manifold of complex dimension n M is a
real manifold of even dimension 2 n that can be covered by charts (U;, k;); that embed U; C M
in C™ in such a way that the transition functions k; o Hj_l : k;(U;NU;) — C™ are holomorphic.

The complex vector space C™ comes with a natural almost complex structure J: C* — C"
defined by J (z1,...,2,) = (iz1,...,i2n). If (U,k) is a chart for a complex manifold M of
(complex) dimension n, then this almost complex structure on C" can be pulled back along
k:U — C"to U C M. For any point z € M the endomorphism J,: T,M — T,M does
not depend on what chart is chosen to define it exactly because the transition functions are
holomorphic, so we see that any complex manifold comes with a unique induced almost
complex structure. An almost complex structure that is defined in such a way is called a
complex structure and it can be verified to be integrable.

Definition 1.3.3 (Integrability). An almost complex structure J: TM — TM is said to be
integrable if for any two vector fields X and Y of type (1,0) the commutator [X,Y] is again a
vector field of type (1,0).

A very important theorem when dealing with complex and almost complex structures is
the Newlander-Nirenberg theorem, which states that integrability is not only a necessary for
an almost complex structure to be a complex structure, but also a sufficient.

Theorem 1.3.4 (Newlander-Nirenberg). Let M be an even-dimensional manifold and let
J: TM — TM be an almost complex structure on M, then J is a complex structure if and only
if it is integrable.

An equivalent condition for the integrability of the almost complex structure J is the vanishing
of the Nijenhuis tensor,

N(X,Y)=[X, Y]+ JJX, Y]+ J[X,JY] + [J X, Y] (1.22)

Proof: The proof of the first statement is very complex and a little beyond the scope of this
text. A partial proof can be found in [6]. The second statement can easily be verified. O

Proposition/Definition 1.3.5 (Dolbeault operators). Let J be a complex structure on the
manifold M and let 779 denote the projection Q&YY(M) — QP4(M). For any (p,q)-form
w®9 we have dw®®) = (7P+19 o d)w P9 4 (7P 1+ o d)w P,

The hypermultiplet moduli space 11



CHAPTER 1. SOME PRELIMINARY MATHEMATICS

The operators 9 = w?*%% o d and & = 7"9*! o d on QP9(M) are called the Dolbeault
operators and can naturally be extended to QL (M) = @, . _, QP9(M). We have 9> = 9> =0
and 90 = —90.

pt+q=

The Dolbeault operators @ and 0 can be defined for any almost complex manifold, but
only if the almost complex structure is integrable do they satisfy d = 9 + 9 and 9% = 0 (both
are in fact equivalent conditions).

A function f: M — C is said to be holomorphic if it is holomorphic on each of the charts
of M. This is the case exactly when df is of type (1,0), which in turn is true exactly when
df = 0. The Dolbeault operator d can be used to generalise this notion to differential forms
of arbitrary ranks.

Definition 1.3.6 (Holomorphicity). A k-form w®) on a complex manifold (M, J) of (com-
plex) dimension n is said to be holomorphic if it is of (pure) type (k,0) and dw™ = 0.
We denote the set of holomorphic p-forms on M by QP(M) = {a € QP°(M) | 0o = 0}.

A chart k: U — C" for a complex manifold M provides local complex coordinates
21,...,2n. The differentials dz’ form a local basis of (1, 0)-forms, while their complex con-
jugates dz; form a basis of of (0, 1)-forms. In general, The forms

Az AL AdZ P AdFD AL A dF D (1.23)
with 0 < (1) < ... < i(p) < nand 1 < j(1) < ... < j(q) < n describe a basis for all

(p, q)-forms on U;.

We can define Dolbeault-cohomology groups H?(M,QP(M)) for a complex manifold in
a way that is similar to how we had defined the De Rham cohomology groups on a (real)
manifold.

Definition 1.3.7 (Dolbeault cohomology). For p,q € Ny the Dolbeault cohomology group
HY(M,QP(M)) for a complex manifold M may be defined as the quotient

B ker(é: Qp,q(M) N QP’QH(M))
N im(é: Qp.a=1(M) — qu(M)) .

HY(M, QP (M)) (1.24)

1.3.2 Kahler geometry

A very important notion that we will use at several stages in the next chapters is the notion
of a Kahler structure. A Kéhler structure combines the notion of a symplectic structure with
a Hermitian metric.

Definition 1.3.8 (Hermitian metric). Let (M, J) be a complex manifold. A Riemannian
metric g on M 1is said to be Hermitian if it is compatible with J in the sense that

g(J X, JY)=g(X,Y) (1.25)

for any two vector fields X and Y on M.
Given a Hermitian metric g, the bilinear form w = g(.J «, +) is antisymmetric (¢(J X,Y) =
g(Y,JX) = —g(JY, X)) and can thus be viewed as a differential form. This form is called
the fundamental form for g and it can furthermore be verified to be of type (1,1). The

complex-valued sesquilinear form h = g —iw is often called the Hermitian metric instead its
real part g.

Definition 1.3.9 (Kdhler structure). A Kahler manifold (M, J,g) is a complex manifold
(M, J), together with a Hermitian metric g whose fundamental form w = g(J «, ) is closed.

12 A.G. Baarsma



1.3. COMPLEX AND KAHLER GEOMETRY

The metric g is called the Kahler metric and w is said to be the Kahler form for the Kdhler
structure (J, g).

Any Kéhler manifold (M, J, g) locally admits a so-called Kdhler potential. A Kahler po-
tential is a real function K on M such that the Kéhler form for g is given by w = i 00K . Any
two Kéhler potentials are related by a Kéhler transformation, which are transformations of
the form K +— K + f + f for a (locally defined) holomorphic function f on M.

An equivalent way to characterise Kdhler metrics uses the Levi-Civita connection. Al-
though we will not use this characterisation for most of this text, it is useful because it
shows the link with the definition for quaternion-Kéhler structures, which is discussed in
section 1.5.

Corollary 1.3.10. Let M be an even dimensional manifold, g a Riemannian metric and J an
almost complex structure on M such that g(J X,JY) = g(X,Y) for all vector fields X and Y
on M. The pair (g, J) defines a Kdhler structure on M if and only if VJ = 0, where V denotes
the Levi-Civita connection for the metric g.

Proof: Suppose that VJ = 0, then J(VxY) = Vx(JY) for all vector fields X and Y.
Flatness of the Levi-Civita connection then tells us that [X,Y] = VxY — Vy X and hence the
Nijenhuis tensor becomes
NX,Y)=[X, Y|+ JJX, Y|+ JX,JY]|-[JX,JY]
=VxY - VWX + J(VJXY — Vy(JX))
+J(Vx(JY)=VvX)—-V;x(JY)+ Vv (J X) (1.26)
=VxY - WX+ V;x(JY)+ WX
- VxY — ij(JX) — VJX(JY) + ij(JX) =0.
Theorem 1.3.4 thus tells us that .J is integrable.
Since Z(g(X,Y)) = g(VzX,Y) + g(X,VzY) by definition of the Levi-Civita connection,
Vz(JX) = J(VzX)and w = g o (J x id) we have that
Z(w(X,)Y))=9g(JVzX,)Y)+g(JX,VzY) =w(VzX,Y) + w(X,VzY) (1.27)

for any three vector fields X, Y and Z on M. The exterior derivative of the fundamental
form, dw, can be expressed through

(dw)(X,Y,Z2)=X(w,2))+Yw(Z,X))+ Z(w(X,Y))

—w([X,Y],2) —w([Z,X],Y) —w([Y, Z], X) (1.28)

and we see that this vanishes if we plug in [X,Y] = VxY — Vy X and use equation (1.27).
Kéhlerity of (M, g, J) follows. The converse statement can also be proven [6]. O

A property of Kéhler manifolds that we will repeatedly make use of is the fact that their
Dolbeault cohomology groups can be used to define a decomposition of its complex coho-
mology groups. We just present this result now without much explanation, but we will say
more about it in section 1.3.3

Theorem 1.3.11 (Hodge decomposition). Let (M, J, g) be a compact Kdhler manifold, then
there exists a decomposition of the cohomology group H*(M,C) as

H*M,C)= & HP*(M), (1.29)
p+q=k

where the spaces HP4(M) are complex vector spaces that are canonically isomorphic to the
Dolbeault cohomology groups H4(M, 2P). This decomposition depends on the complex structure
J on M, but not on its Kdhler metric g.

The hypermultiplet moduli space 13
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1.3.3 Harmonic forms

Harmonic forms play a very important role in the compactification process described in
section 3.2, as well as in the proof of theorem 1.3.11. To define what we mean by a harmonic
form on a Riemannian manifold we should first extend the metric on this space to a metric
on k-forms for arbitrary k.

Let (M, g) be an oriented Riemannian manifold and let e;,...,e, be an oriented local
orthonormal basis of vector fields with respect to ¢ and let e!,...,e" be the dual basis of
1-forms. We can define a metric on the bundle /\k T*M by demanding that the basis

{ei(l) Ane® | ) <L <ik)) C 1L, ,n}} (1.30)

is orthonormal with respect to it. This does not depend on the choice made for the original
basis eq, ..., e,. The standard volume form p; on M is given by pup; = el A ... Ae™.

If M is compact, then we can use this to define the L?-metric on the space QF (M) of
k-forms on a Riemannian manifold (M, g) by setting

(o, B)p2 = /Mg(a,ﬁ) J15%4 (1.31)

for any o, 3 € Q(M). Directly related to this metric are the notions of the Hodge star
operator and the formal adjoint of the exterior derivative d.

Definition 1.3.12 (Hodge star operator). Let (M, g) be a compact n-dimensional Rieman-
nian manifold. The Hodge star operator is the unique linear map : QF (M) — Qp *(M)
for which

a8 = gla,B)pum and thus (o, BYyp2 = / aAx03 (1.32)
M

for any two k-forms o, 3 € QF(M).

On a complex manifold the Hodge star operator can be extended to an operator on
QE(M) ~ QF(M) ® C through complex linear extension. This complex Hodge star oper-
ator is characterised by the equation

(o, B) 2L = /Ma/\@: /M puarh(a, B) (1.33)

fora,B € Q(’é(M ), where h is the sesquilinear extension of g.

The volume form pj; on an n-dimensional complex manifold is an (n,n)-form, which
tells us that for two pure forms a»9 e QP4(M) and g®"4) e Q"¢ (M) with p + ¢ +
p+¢ =2n,but p+p # n (and thus ¢ + ¢ # n), a A3 = 0. As a consequence of
this, w9 will necessarily be a pure (n — p,n — ¢)-form for w»? € QP4(M) and thus
x QP 9(M) = Q=P (M).

Definition 1.3.13 (Formal adjoint of d). The formal adjoint d' of the exterior derivative d
on a Riemannian manifold (M, g) is the operator d': Q& (M) — QL' (M) that is determined
by the relation

(da, B) 12 = (a,dT3) 12 (1.34)

forany a € Q]’fg_l (M) and any 3 € Qk(M). If M is a complex manifold we can similarly define
adjoint operators 0t and ' for its Dolbeault operators.

It can be shown that the Hodge star operator satisfies > = (—1)*("~*) and that moreover
df = (=1)F+~1dx, 0" = — %0 and 0" = — * 9. We can now define the Laplace operator, or
Laplacian, on a Riemannian manifold as a generalisation of the standard Laplace operator
>, 02 on R™ (equipped with the standard inner product).
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Definition 1.3.14 (Laplace operator). The Laplace operator on a Riemannian manifold
(M, g) is defined as the operator Aq = dd' +dfd. A k-form a on (M, g) is said to be harmonic
if Aa = 0 and we denote the (linear) space of real Harmonic k-forms by H*(M, R).

It can be shown that a form w € Q& (M, R) is harmonic if and only if dw = dfw = 0, which
means first of all that any harmonic form w € H*(M, R) represents a class [w] € H*(M,R)
and secondly that also the Hodge dual *w € Q2™ ~*(1/) is harmonic. One of the main
reasons why we are interested in harmonic forms is the following result.

Proposition 1.3.15. Let H*(M,R) be the space of harmonic k-forms on the compact Rieman-
nian manifold (M, g), then the map H*(M,R) — H¥*(M,R),w ~ [w] is an isomorphism of
vector spaces.

If M has real dimension n, then the Hodge star operator *: H*(M,R) — H"~*(M,R)
induces an isomorphism H*(M,R) = H"~*(M,R).

For a complex manifold with a Hermitian metric g one can also define Laplacians Ay =
00" + 070 and Ay = 90" + 0T0. Similar to the situation for general Riemannian mani-
folds, any (p, ¢)-form that is harmonic with respect to A5 represents a cohomology class in
H(M,QP(M)) and we have the following result.

Proposition 1.3.16. Let H"'?(M ) be the space of harmonic (p, q)-forms on the compact Hermi-
tian manifold (M, J, g), then the map H?*(M) — HI(M,QP(M)),w — [w] is an isomorphism
of complex vector spaces.

A special (highly non-trivial) property of Kahler manifolds is that A = 2 Ay = 2 A5. This
can be used to show that the (p, ¢)-component of any harmonic k-form (with &k = p + ¢) is
itself harmonic and thus gives us a decomposition

HE(M,C) ~HMN(M,R)@ C = @ H»(M). (1.35)

p+q=k

The isomorphism from proposition 1.3.15 induces a corresponding decomposition
H*(M,C) ~ H*(M,R) ® C = @ H"(M (1.36)

where the spaces H?*4(M) are canonically isomorphic to the Dolbeault cohomology groups
H(M,QP(M)) by proposition 1.3.16. This makes the decomposition from theorem 1.3.11
explicit.

Definition 1.3.17 (Hodge diamond). The Hodge numbers 1?9 of a Kdhler manifold (M, J, g)
are the (complex) dimensions h¥4 = dimc (HP(M)) of the Dolbeault cohomology groups of
M. These numbers are often presented in the form of a Hodge diamond, as the in equa-
tion (1.37) (which is for a 3-dimensional complex manifold).

h3’3
h3’2 h2’3
h3’1 h2’2 h1,3
B30 p21 pL2 p03 (1.37)
h2,0 hl,l h0’2
hl,O hO,l
hO’O

These diagram are symmetric under both horizontal and vertical reflections because of
the isometries between the spaces HP'9(M) induced by complex conjugation and the Hodge
star operator, which tell us that h?? = %P = p"~P"~1 = pn=Tn~P,

The hypermultiplet moduli space 15
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If (M, J,g) is a Kéhler manifold with Kéhler form w, then an element o« € HP9(M,C) is
said to be primitive if it cannot be written as & = w A 3 for some 3 € HP~14~1, On the
space H;’r’ifn(M ) of primitive (p, ¢)-forms modulo exact forms the complex-linear extension
of the Hodge star operator takes a particularly simple form.

Lemma 1.3.18. Let (M, J, g) be a Kdhler manifold with Kdhler form w. If o € HP9(M,C) is
primitive, then xa = (—1)**+1/2{P~4¢, for k = p + q.

Another reasons why the Laplace operator is interesting is the fact that it allows us to find
a discrete basis of forms on a compact Riemannian manifold with a number of very nice
properties.

Theorem 1.3.19. Let (M, g) be a compact Riemannian manifold, let A = dd' + dd be its
Laplace operator and let k > 0, then the spectrum

A={A|FaeQ*(M): Aa=Aw} CR (1.38)

is discrete and consists of only non-negative numbers. Moreover, each of the eigenspace ker(A —
\) is finite dimensional and orthogonal with respect to (s, )2 and any form a € QF(M) can
be written as a uniformly convergent sum o = ), ax [10].

By uniform convergence we mean convergence with respect to the L°°-norm ||+||» on
QF (M), which is defined by ||a||cc = supear /9(a, ). This in particular implies conver-
gence with respect to the L2-norm.

1.3.4 Holomorphic line bundles

We will briefly discuss some general properties of the first Chern class of a line bundle, which
we will later apply to line bundles on complex tori.

Definition 1.3.20 (Holomorphic line bundle). A holomorphic vector bundle of rank n
on a complex manifold M is a real 2n-dimensional vector bundle w: V' — M that admits
trivialisations 7;: m=1(U) — U x C" such that the transition functions TiOTj_l are holomorphic.
A holomorphic line bundle is a holomorphic vector bundle of rank 1.

The tensor product L ® L’ — M of two holomorphic line bundles . — M and L' — M
on the compact complex manifold M is again a holomorphic line bundle and for any line
bundle . — M we have Lo ® L ~ L and L ® L* ~ Ly, where L, denotes the trivial line
bundle and L* is the dual bundle for L. The set of isomorphism classes of holomorphic
line bundles, equipped with the tensor product, defines an Abelian group that is called the
Picard group and isdenoted by Pic(M).

Using Cech cohomology it can be shown that this group is naturally isomorphic to the
cohomology group H'(M, O3%,), where O3, is the sheaf of nowhere vanishing holomorphic
functions on M [7,6]. If we furthermore let O,; denote the sheaf of all holomorphic func-
tions on M and Z,, the constant sheaf of integers on M, then we have a short exact sequence

0— Zy 225 Oy 22 0%, — 0, (1.39)

that induces a long exact sequence on the cohomology groups,

.= HY (M, Oy ) — HY (M, 04) 2 HX(M,Z) — H*(M,O) — ... (1.40)

Definition 1.3.21 (First Chern class). Let L € H'(M, O%,) be a line bundle on a compact
complex manifold M, then the first Chern class of L is the image ¢ (L) € H*(M,Z), where
¢y 1s the connecting homomorphism from equation (1.40).
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Instead of considering the (first) Chern class ¢;(L) of a line bundle L as an element of
H?(M,7), we will often view ¢, (L) as an element of the real (De Rham) cohomology group
HZ2,(M,R). Although the (first) Chern class ¢; (L) does not completely fix the isometry class
of L, it does completely determine L as a smooth vector bundle [7]. There is another, more
practical, definition for the first Chern class of a line bundle that can in fact be applied to
any smooth vector bundle.

Lemma 1.3.22. Let L. — M be a holomorphic line bundle on the compact complex manifold
M and let © be the curvature 2-form for some connection on L, then

a(L) = [££0] € H*(M,R). (1.41)
Proof: The equivalence of these definitions is discussed in [7]. O

Note that this lemma in particular states that the cohomology class of the curvature form
O is independent of the connection chosen. A convenient choice is the Chern connection for
a Hermitian metric since the lemma below provides us with a simple way to determine its
curvature.

Lemmay/Definition 1.3.23 (Chern connection). Let E — M be a holomorphic vector bundle
on the complex manifold M and let h be a Hermitian metric on E. There exists a unique
complex connection V on E such that for any two smooth sections o and 7 of L,

1. V(io) =i(Vo) (V is a complex connection)
2. d(h(o,7)) = h(Vo,7) + h(o, V) (V is Hermitian)
3. Vo —0r0 € QY9(M, L).

This connection is called the Chern connection for h.

Proof: A proof for this statement may be found in [6] or [11]. O

Lemma 1.3.24. Let L — M be a holomorphic line bundle, let h be a Hermitian metric on L
and let V be its Chern connection. If we choose a local holomorphic section ® of L that does
not vanish anywhere on its domain then the connection and curvature forms of V are given by

6 =0logh and © = —00dlogh, (1.42)

respectively on the domain of ®, where h = h(®, ).

Proof: The reader is referred to [11] for a proof of this claim. O

1.3.5 Special Kahler geometry

An interesting class of Kdhler manifolds are the so-called special Kahler manifolds, which
were first observed to appear in N = 2 supergravity theories, such as the one we will
introduce in section 3.2 [12]. There are two types of special Kéhler manifolds: rigid special
Kahler manifolds and local special Kdhler manifolds, which appear in (rigid) supersymmetry
theories [13] and N = 2 supergravity theories [12] respectively.

In the mathematics literature rigid and local special Kéhler manifolds are generally re-
ferred to as affine special Kdhler manifolds and projective special Kdhler manifolds respec-
tively. As we will see in section 2.2, the moduli space of Calabi-Yau 3-folds comes with a
projective special Kéhler structure [14,15,16]. A very elegant intrinsic definition for affine
special Kahler structures is exists [17].

Definition 1.3.25 (Affine special Kihler structure). An affine special Kahler manifold is
a Kéihler manifold (M, J, g) that admits a flat torsion-free connection V such that dyJ = 0.

The hypermultiplet moduli space 17
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It is however the projective special Kdhler manifolds that we are mostly interested in.
These manifolds can be defined as the orbit spaces for local C*-action that is defined on
affine special Kahler manifold of a specific type [18], but this is not the definition we will
use. One of the most explicit of these uses local projective coordinates and a homogeneous
prepotential for the Kahler potential [14,12].

Definition 1.3.26 (Projective special Kihler structure). A projective special Kdhler man-
ifold is an n-dimensional Kdhler manifold (M, J, g) that can be covered by open patches U, that
come with a set of complex projective coordinates X?, ..., X" and a prepotential F', which is
a holomorphic function F,: C**! — C such that

a. F is homogeneous of degree 2: F,(A X0, ... AX") = N2F,(X0,...,X").
b. The function
Ko(Xa, Xq) = —log (iZ(XZLF(m — XéFW;)) (1.43)

9

is a Kdhler potential for (M, J, g), where F, ;(X) := 61;%5().

c. On the intersection U, N Uy, of two patches, the vectors (X,0F), = (X¢, F, (X)), and
(X,0F), = (X}, F:(X))?, are related by a transformation

oF oF
(X)a:fabMab(X>b (1.44)

for some nowhere-vanishing holomorphic function f,, and a constant matrix My, €
Sp(2n + 2,R). On the overlap U, N U, N U, of three charts these should satisfy

fab fbc fca =1 and MabecMca == 12n+2- (145)

The homogeneity of a prepotential F}, could alternatively have been expressed through

the equation F,(X) = >, 5 X\ F,;(X), with F, ;(X) = 81;3&2(). As a consequence of the
homogeneity of F,(X), the derivatives F, ;(X) are homogeﬁleous of degree 1, while the
2

XX

Equation (1.44) and (1.44) may not appear to make sense because the coordinates X! on
the chart U, are projective, which is why they should really be interpreted as conditions that
hold for any holomorphic functions X?, ..., X": U, — C such that [X?(z),..., X" (2)] = =
for x € U, and the corresponding functions functions F, ;: U, — C,z — F, ;(X,(z)). It can
be shown that if condition (b) and condition (¢) hold for one section, they are automatically

satisfied by any other section on the same domain.

Hessian Fj; =

is homogeneous of degree 0.

A closely related definition that does not make use of local coordinates can be found
in [14,19]. We will finish with yet another definition for projective special Kahler manifolds
that may be found in [17] and is modelled after variations of the Hodge structure of Calabi-
Yau 3-folds as described by [15]. We will encounter special Kdhler geometry in this form in
section 2.2, where deformations of Calabi-Yau manifolds are discussed.

Definition 1.3.27 (Projective special Kahler structure). Let (M, J, g) be a Kdlher manifold
of (complex) dimension n. A projective special Kdhler structure consists of

1. A holomorphic vector bundle V. ~ (Vg,J) of rank n + 1. We identify V with the +i
eigenspace in Vo = Vg ® C of J,

2. Aline sub-bundle L < V whose first Chern class ¢, (L) = [w] is represented by the Kdhler
form w of (M, J, g).

3. Aflat complex linear connection V on the complexification Vo = Vg ® C of the real vector
bundle underlying V such that V(L) <V,
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4. A symplectic form @ on Vi of type (1,1) that is flat with respect to V such that i Q(+,)
defines a Hermitian metricon L <V < V.

On any contractible neighbourhood U C M, we can use the flat connection V to identify
the fibres of Vi with a single the fibre Ve, = Vo, @ C for x € M. We require that for any
such neighbourhood U the map U — P(Vg,),x — L, is an immersion, where P(V¢ ;) is the
complex projective space (V¢ \ {0})/C*.

1.4 Complex tori

We will use the following definition for a complex torus [8].

Definition 1.4.1 (Complex torus). Let V be a complex linear space of dimension n, then by a
discrete lattice in V we mean a discrete subgroup of V' (equipped with the additive structure)
that is of maximal rank, so it is a free abelian subgroup of V' of rank 2 n.

A complex torus of dimension n is a quotient X = V/A, of a complex linear space V of
dimension n by a lattice A of maximal rank. The complex torus X is topologically simply an
2n-dimensional torus and it inherits the structure of a complex Lie group from V, so it is in
particular an n-dimensional connected compact complex manifold.

The translations on the vector space V' induce diffeomorphisms on the torus X which we
also call translation. These coincide with the group translations on X as an Abelian group.

Definition 1.4.2 (Translation). A translation on a complex torus X = V/Abyy € X is a
map 7,: X — X,z — x +y. The translation of a tensor T on X by y € X is the tensor 7,,T
and T is called translation-invariant when 7,, T =T for all y € X.

It can be shown that any compact connected complex Lie group G is a complex torus. The
description of such a group as a torus as we have defined it is obtained by taking for v the
Lie algebra V = ToG = g and for A C V the kernel of the exponential map exp: g — G [9].

An effective way to describe a complex torus is through a so-called period matrix. Through-
out this section the indices 4, j, k, . .. run from 1 to n = dim¢ V' and the indices s, ¢, u, ... run
from 1 to 2n = rank A.

Definition 1.4.3 (Period matrix). Let X = V/A be a complex torus of dimension n, let
e1,...,e, be a (complex) basis for V be and let Ay, ..., A2, be an integral basis for the lattice
A. The period matrix associated with these bases is the (complex) nx2n-matrix Q0 = Q;, such
that

A=) Qe (1.46)

i
The basis A1, ..., \a, is also a real basis for V, so we can define dual coordinates x1, ..., Zay,
and complex coordinates z1, ..., z, dual to ey, ..., e,. Since dz;(A\s) = dZi(Zj Qse;) = Qis,

the corresponding differentials on X = V/A satisfy

dzi =Y Qidz,  and  dz =) Qidz,, (1.47)

so we see that the matrix Q = (%) defines a change of basis on the complexified cotangent
bundle TE X from (dzs)s to (dz;,dz;); [7].
Remark 1.4.4. Let I = I1; be the 2nxn-matrix for which

dzs = Z Ilgdz; + ﬁsiazi, (1.48)
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then (I1,1I) describes the change of basis in the opposite direction, from (dz;, dz;); to (dzs)s,
so Q- II = I,. This matrix is determined by the equations Q- Il = I,, and Q - II = 0. By
combining this with equations (1.46) it follows that II is characterised by the equations

ZHS’L)\S = Z stﬂsiej = € and Zﬁ\”)\s = Zstﬁsiej =0. (149)
s J s 5.
The matrix 11 is also often referred to as the period matrix.

If we fix a complex basis (e;); for V and an integral basis (\;); for the lattice A, then
the associated period matrix ) can be seen as an embedding of the lattice A ~ Z2" into
the complex linear space V ~ C". Thus X = V/A ~ C"/(Q2Z?") and the complex torus
is completely determined by its period matrix. Conversely, any period matrix €2 for which

Q= (%) is invertible describes such an embedding and is hence the period matrix of a

complex torus [8].

1.4.1 Non-degenerate complex tori

In section 2.3 we will introduce the Griffiths and Weil intermediate Jacobian of a Calabi-Yau
3-fold. These spaces are complex tori, but they have additional structure in the form of a
polarisation, which makes them non-degenerate complex tori. In this section these notions
will be introduced and explained.

Remark 1.4.5 (Polarised manifold). A polarised manifold is a pair (M, [w]), where M is
a compact complex manifold and [w] € H?(M,Z); C H*(M,R) is an integral Kdhler class [6].
By this we mean that [w] € H?(M,Z); C H?(M,R) that can be represented by a Kdhler form
w and is thus in particular also an element of HY'(M). To allow a little more generality we
will drop the positivity condition on the Kdhler form w and call any cohomology class [w] €
HYY(M) N H?(M,Z) a (general) polarisation [8].

Any inner product on the linear space V naturally induces a translation-invariant metric on
the torus X = V/A and it can be shown that with respect to such a metric the harmonic forms
on X are exactly the translation invariant forms. More explicitly, in terms of the coordinates
from definition 1.4.3, the space of harmonic (p, q)-forms is given by

HPUX) = > Y CdzAdzy, (1.50)

Hl=p|Jl=q
and the space of harmonic k-forms representing integral cohomology classes is given by [7]

HA(X,Z) = ) Zdag. (1.51)
|I|=k

Since these forms are translation invariant they define an anti-symmetric bilinear form @ on
V ~ T, X (the same one for every y € X) that can be shown to take integer values on the lattice
A < V and are compatible with the complex structure on V in the sense that Q(is,is) = Q.
Conversely, any such bilinear form @ uniquely determines a translation invariant form (which
we also denote by Q) on X = V/A and thus a polarisation [Q] € HY1(X) N H*(X, Z)s.

With this in mind, we give the following definition of a polarisation on a complex torus.

Definition 1.4.6 (Polarisation). Let X ~ V/A be a complex torus and identify V ~ Ty X.
A symplectic form Q: V x V. — R is said to define a polarisation on X if it takes integer
values on the lattice A and is compatible with the complex structure on X in the sense that

Qis,ie) = Q.
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It is easily checked that a symplectic form @ on a complex linear space V is compatible
with the complex structure if and only if it is the (negative) imaginary part of a Hermitian
form h on V, which is completely determined by equation (1.52) below. This allows us to
give an alternative definition for a polarisation as a Hermitian form and gives us a canonical
way of defining a metric on a non-degenerate torus (cf. 1.4.8).

h=g+iQ, g =Re(h) =Q(is,*), Q =Im(h) = g(s,i°). (1.52)

There is an alternative approach to polarisations on complex tori using the first Chern
classes of holomorphic line bundles on these tori. A polarisation is then defined as the first
Chern class of a holomorphic line bundle on this torus. The following proposition shows
that this approach is equivalent

Proposition 1.4.7. Let X = V/A be a complex torus and let ¢;(L) be the first Chern class
of a line bundle L — X, then there exists a polarisation Q: V x V — R on X such that
c1(L) = [Q]. Conversely, given a polarisation @) on X, there exists a line bundle L — X such
that ¢1(L) = [Q]. Any two such line bundles L and L’ are related by a translation on X, i.e.
L' =71y L for some y € X.

Proof: The first Chern class ¢;(L) is by definition an integral cohomology class and it is
of type (1,1) by lemma 1.3.24. This tells us that it defines a (general) polarisation in the
sense of lemma 1.4.5. Conversely, we can construct a line bundle L,, for any element [w] €
HYY (M) N H?*(M,Z); such that ¢; (L) = [w]. A method of constructing such line bundles, as
well as a proof of their uniqueness up to translations can be found in [7]. O

Since the complex structure and the polarisation on a complex torus are both transla-
tion invariant, applying a translation 7, to X = V/A does not essentially change anything
about the torus. In this sense the notion of a polarisation and that of a line bundle are
interchangeable, which is why the line bundle itself is sometimes called a polarisation.

Definition 1.4.8 (Canonical metric). A polarisation on a complex torus X = V/A is a Her-
mitian form h: V x V — C whose imaginary part Q = Im(h) is a polarisation in the sense of
definition 1.4.6. The real part g = Re(h) of h is called the canonical metric associated with
the polarisation h. Given a complex structure, each of the three forms h and g and (Q determine
the other two completely since they are linked by the equations

g=Re(h) = Q(i~+), Q=Im(h)=—g(i~+), and h=g+iQ.  (L53)

The symmetric form g is non-degenerate, but not necessarily positive definite. We say that
a polarisation h has index k if the Hermitian form h has index k, i.e. if it has exactly k
negative eigenvalues. A complex torus admitting a polarisation of index 0 is called an Abelian
variety [8,9,7].

Lemma 1.4.9. Let Q: V x V. — R be an anti-symmetric bilinear real form on a complex
linear space V taking integer values on some lattice A < V (of maximal rank). There exists an
integral basis o, ..., ay,, 8%, ..., 3" for A and integers d1, . .., d, such that forall1 <i,j <n

Q(aia a]) = Q(617ﬂj) =0 and Q(a“ﬁj) = dzéi (154)

We can moreover arrange it such that each of the integers d; is non-negative and that d; is a
divisor of the next, i.e. d; | d;+1 fori = 1,...,n — 1. With this extra condition, the integers
di,...,d, are uniquely determined by () and are independent of the choice of special basis

(Oéia 5%-

Proof: See [7], section 2.6. O
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Definition 1.4.10 (Principal polarisation). Let Q: V x V — R define a polarisation on
a complex torus X = V/A. By lemma 1.4.10 we can find a basis («;, 3); for A such that
equation (1.54) holds for some uniquely determined integers dy | da | ... | dp.

These integers dy, . . . ,d,, are called the elementary divisors of the polarisation. If d; = 1 for

all i we say that Q defines a principal polarisation and we call the basis (c;, 3*); a symplectic
basis since Q) is represented by the standard symplectic matrix . = (_(i 10"> when expressed
in such a basis.

Remark 1.4.11. Let Q: V x V — R define a principal polarisation on a complex torus
X = V/A and let ay,...,an, 8%, ..., 3" be a symplectic basis. We can choose real coordi-
nates x',..., 2"y, ...,y on V with respect to this basis such that dz'(a;) = dy;(8') = ¢
and dz*(87) = dy;(a;) = 0. The form @ may then be wrtten in terms of these differentials as

Q= Zi,j dz’ A dy;, (1.55)

since we can easily check that this 2-form satisfies equation (1.54).

Since the tori we will encounter all carry a canonical principal polarisation, we will from
now on assume that every polarisation is of principal type. In the remainder of this section,
X = V/A will therefore denote a complex torus with a principal polarisation of index k
defined by the symplectic form Q: V x V' — R. Moreover, we will fix a symplectic basis
ai,...,an, B, ..., 8" and corresponding coordinates z!,..., 2", y1,...,y, for which Q is
given by equation (1.55).

Definition 1.4.12 (Normalised period matrix). If the vectors ¢! = 3 € V fori=1,...,n
form a complex basis for V, then the period matrix Q associated with this basis will take the
special form Q = (2,1,,), where Z = z;; is a (complex) nxn-matrix. A period matrix of this
form is called a normalised period matrix.

The matrix z from definition 1.4.12 will often be referred to as the period matrix as it
describes the relevant part of €. It is characterised by the equation «; = 3, z;; 3.

Once we have found an expression for the normalised period matrix, we can use it to give
standard expressions for the symplectic form, the Hermitian form and the canonical metric
that are associated with polarisation through the following proposition.

Proposition 1.4.13. Let the Q = (2,1,,) be the normalised period matrix for the symplectised
basis (a;, '); and let (¢! = [3*); be as in definition 1.4.12. The matrix z is symmetric and
if we write 2 = X + 1Y for two real nxn-matrices X = X;; and % = 9;, then 9 = Im(2)
is non-degenerate and has the same index k as the polarisation. Additionally, we have that
Xy'x+o=0

Furthermore, the differentials corresponding to the coordinates z; associated to the basis
el,...,e" are given by dz; = dy; + 2;;dz’ and in terms of these differentials, the Hermitian
form h, the symplectic form Q and the canonical metric g describing the polarisation are given

by

Q=-,,59dzNdz;, g=3,,99dzdz;  and h=Y, ;97dz ®dz;. (1.56)
where 9 = =1 = Im(z)~! denotes inverse matrix of .
Proof: The period matrix 2 = (z, 1,,) of course still satisfies equation (1.47) by definition,
even though we have renamed the coordinates z1,...,zs, to 2',..., 2", y1,...,y,. This

means that the differentials on the torus corresponding to the complex coordinates z1, . . ., 2,
are given by dz; =5 ; Zijdz? + dy;.
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Since @ is compatible with the complex structure on V' itis a (1, 1)-form and can be written
as@Q =73, - Q¥dz; A dz; for some (complex) invertible matrix Q% By expanding this using
the expressmn for dz; we just obtained and comparing the result with equation (1.55), we
see that

Q = QYdz; Ndz; = QY (dy; + Zigdax®) A (dy; + Zjeda’)
= QYdy; Ady; + QU Zipda® A zjpdxt + QY (dy; A Zjedat + Zypda® Ady;).  (1.57)

—0 =0 =dz?Ady;

The fact that the first term should vanish tells us that Q% is symmetric. We can use this to
write the third term as
QY (dy; A Zjeda® + zpda® A dy;) = QY (—Zjpda® A dy; + zjpda® A dy)

_ (1.58)
= QU( ik — jk)(dw /\dyk) = 21Q1J9fkd$ /\dyk = d:I,‘ /\dyZ7

which furthermore tells us that 2i Q% = 9%/, We see that 9 is symmetric and that the form
Q is given by equation (1.56). The corresponding expressions for the hermitian form and
canonical metric follow immediately from equation (1.53).

If we now work out the remaining expression in equation (1.57) we find

21Q" Zig 2j0 = Y (Xy, — 1 %k) (Xje + 1 Vi)

_. _ (1.59)
= (Xe Y Xj0 + Vo) +1 (Ko — Xige)

which should be symmetric. This can only happen if X;; = X;; is symmetric, so we conclude
that the entire matrix z = X 4 i is necessarily symmetric. O

Finally, we can also express the complex structure on the torus in terms of the real basis
(i, 8"); and the real and imaginary part of the normalised period matrix.

Proposition 1.4.14. Let the period matrix Q) = (2,1,,) with Z = X 4+ i be as in proposi-
tion 1.4.13. The complex structure on V' is described by the equations

= X907 g, — (X7 X + 9i0) B° and B =9 (a; — X;,8"). (1.60)

Proof: We have «; = z;;¢/ = z;;37 = X;;87 +19;;37 by definition of the normalised period
matrix 2. Since 9 is invertible, it immediately follows that

lﬁl = 9’1] (l%kﬂk) = ” ( — ]kﬂ ) (1.61)
If we use this to expand i x;; 37, we furthermore see that

iy =iX;0 — %07 = X;97% (ag — Xee ) — Viu B

, ) (1.62)
Xi; 9 % e, — (X975 X + 950) B,

which completes the proof O

Remark 1.4.15. Let V/A be a real torus of dimension 2n, () a symplectic form that takes
integer values on the lattice and («;, 3'); a symplectic basis for this for V with respect to this
form. For any symmetric nxn matrix z such that &% = Im(Zz) is invertible, equation (1.60)
defines a complex structure on V that is compatible with ). The complex structure, the pseudo-
Riemannian metric g = Q(i+,*) and the normalised period matrix (z,1) satisfying the above
two properties are therefore all equivalent parameters.
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1.4.2 Intermediate Jacobians

A very important class of non-degenerate complex tori are the intermediate Jacobians of
compact Kahler manifolds. These tori are defined in terms of just the odd cohomology
groups of the Kahler manifold and can be given a complex structure through the Hodge
decomposition [8].

For any Kahler manifold M and any integer k € {1,2,...,dim¢c M}, the torsion-free part
of the (2k — 1)-th integral cohomology group, H?*~1(M, Z);, defines a lattice inside the real
cohomology group H?*~!(M,R) of maximal rank. The space

Ji(M) = coker(H** (M, Z) — H**"'(M,R))

1.63
— H%1(M,R) /B (M, Z); (1.63)

is therefore a (real) torus of (real) dimension h2*~1 = dim(H?*~1(M,R)). There are in gen-
eral several complex structures we can put on H*~!(M, R), which define different complex
tori.

A complex structure on the (real) linear space H?*~1(M,R) is described by an endomor-
phism J: H?*~Y(M,R) — H?*~'(M,R) for which J? = —id. The extension of such an
endomorphism J to the complexified space, H?*~!1(M,R) ® C ~ H?*~1(M, C) is of course
diagonalisable and it has eigenvalues +i, which means that J is completely determined by
the eigenspaces V. = ker(.J Fi) < H?*~1(M, C) corresponding to these eigenvalues. There
is only one restriction, which comes from the fact that J restricts to an endomorphism on
H?k=1(M,R), and that is that V_ = V..

We know that the complex cohomology groups H?*~1(M,C) of the Kahler manifold M
can be decomposed into a direct sum of Dolbeault cohomology groups H?>(M),

H*Y(M.C)= f  HPIM) (1.64)
p+q=2k—1

and that moreover HP:4(M) = H?P(M), which we can use the Hodge decomposition to
define a complex structure on the odd cohomology groups of the Kdhler manifold M and
turn the tori J; (M) into complex tori by defining the eigenspaces V; and V_ as sums of
such spaces HP%4(M).

There are two important classes of intermediate Jacobians, the Weil intermediate Jaco-
bians and the Griffiths intermediate Jacobians.

Definition 1.4.16 (Griffiths intermediate Jacobian). The k-th Griffiths intermediate Ja-
cobian of a Kdhler manifold M is the complex torus

T (M) = (H** =1 (M,R)/H** (M, Z)g, J°) (1.65)

where the complex structure J° is defined by the eigenspaces V¢ = @ . HP4(M) and V¢

q>p
corresponding to the eigenvalues +i and —i respectively.

and

Definition 1.4.17 (Weil intermediate Jacobian). The k-th Weil intermediate Jacobian of
a Kdhler manifold M is the complex torus

TN (M) = (H*71(M,R)/H* (M, Z)¢, JV) (1.66)
where the complex structure JV is defined by the eigenspaces
V= H(M) (1.67)
1+p—q€4Z

and V'V corresponding to the eigenvalues +i and —i respectively.

24 A.G. Baarsma



1.5. QUATERNION-KAHLER STRUCTURES

It is easily verified that the extension of J¢ and J" to H?*~}(M,C) ~ H*~1(M,R) ® C
can also be defined through the equation

JSw@a) — _jsen(p—a) ,(p.q) and VP — _pa ,(p.9) (1.68)

for w(P9) ¢ PO (M) C H?**~1(M,C).
Using the following rather trivial lemma, we can also give a description of these interme-
diate Jacobians as quotient spaces of a direct su‘m of Dolbeault cohomology groups.

Lemma 1.4.18. Let H be a real linear space with complexification Hc = H ® C and let
V' < Hc be a linear subspace such that Hc =V @ V. The composition

p=nyoi:H—-Hec=VaV -V (1.69)

of the inclusion map i: H — Hc and the projection n: Hc =V @V — V is a isomorphism
between real linear spaces.

Proof: It is easily shown that the map
e 1V — H* Y (M, R), a— aq +ay. (1.70)
is the inverse of p = 7y 0. O

By applying this lemma to the spaces H?*~1(M,R), H?*~1(M,R)c ~ H?**~!1(M,C) and
the eigenspaces V. of a complex structure on H2?*~1(M,R), we obtain a real linear isom-
prhism ¢: H**~1(M,R) — V.

Corollary 1.4.19 (Alternative description). Let (7, (M), J) either be the k-th Weil or Grif-
fiths intermediate Jacobian and let V- < H?*~1(M,C) ~ TcJ,(M) be the eigenspace corre-
sponding to the eigenvalue +i. If we write p: H?**~1(M,R) — V for the composition of the
inclusion H**~1(M,R) — H?**~1(M, C) and the projection H3(M,C) =V @&V — V, then it
induces an isomorphism (of complex Lie groups)

H2*=1(M,R) 1%

T = P02 = Q(EFIOL Z)g) (1.71)

Proof: We can write any o € H*"1(M,R) asa = a; +a, witha, ¢ Vanda_ =a, €V
and we have ¢(a) = a4 by definition of the isomorophism ¢. It follows that

p(Ja)=pllay —ia_)=ilay =ip(a), (1.72)

so we can view the real linear map : H?*~1(M,R) — V as a complex linear isomorphism.
This tells us that o(H**~1(M,R))/p(H?**~Y(M,Z);) and (H**~1(M,R),J)/H?**~Y(M,7Z)¢
define the same complex torus. O

Both the Griffiths intermediate Jacobian and the Weil intermediate Jacobian come with
a polarisation, but we will postpone their description until section 2.3, where we will be
looking at the intermediate Jacobians on the middle cohomology group of a Calabi-Yau 3-
fold. For general k, the the Griffiths intermediate Jacobian 7 and the Weil intermediate
Jacobian 7} will not be isomorphic, but for £ = 1 and k£ = dim¢ M, the two tori coincide.
The special cases J; and />, are referred to as the Picard variety of M and the Albanese
variety respectively. In general, the Weil intermediate Jacobian are very different spaces.

The Griffiths intermediate is often simply referred to as the intermediate Jacobian [7].
Unlike the Weil intermediate Jacobian it varies holomorphically when the Kahler structure
used to define it is varied, which is often a great advantage. The Weil intermediate Jacobian
on the other hand is an Abelian variety, something that is not generally true for the Griffiths
intermediate Jacobian [8].
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1.5 Quaternion-Kahler structures

A definition that is commonly used for quaternion-Kihler manifolds is that they are 4n-
dimensional Riemannian manifold (M, g) whose holonomy group is contained in the group
Sp(1).Sp(n) = (Sp(1)xSp(n)) /{£I} [20,5]. With this definition any orientable 4-dimensional
manifold would be quaternion-Kéhler since Sp(1).Sp(1) ~ SO(4). Many results that do
hold for quaternion-Kahler manifolds of dimension greater than 4 do not hold for general
orientable 4-dimensional manifolds, which is why a more restrictive definition is sometimes
used in this case [5]. It will be assumed that n > 1.

A different, but equivalent way of defining quaternion-Kédhler manifolds is through a par-
allel bundle of endomorphisms [5,21]. It is this definition that we will focus on.

Definition 1.5.1 (Quaternion-Kdhler manifold). A quaternion-Kdhler manifold (M, g, H)
is a Riemannian manifold (M, g) with a 3-dimensional subbundle H of End(TM) such that

a. The vector bundle H locally admits a basis I, J, K that satisfy the quaternionic algebra,

I’ =J? = K? = —idpy, (1.73a)
I1J=-JI=K, JK=-KJ=1, KI=-IK =, (1.73b)

where the first equation just says that I, J and K are almost complex structures.

b. The metric g is Hermitian for any section L of H for which L? = —idryy, i.e.
g(LX,LY)=¢g(X,Y) (1.74)

for any such section L and any two vector fields X and 'Y on M.

c. H is parallel with respect to the Levi-Civita connection V on (M, g).
In other words: VxI, VxJ and Vx K are linear combinations of I, J and K for any
local basis I, J, K for H.

Even though it is not part of this definition, the (real) dimension of a quaternion-Kéhler
manifold is always divisible by 4. We will briefly mention a few other important properties
of quaternion-Kahler manifolds.

Let (g, H) be a quaternion-Kéhler structure and let I, J, K be a local basis of almost com-
plex structures in H < End(TM) satisfying equation (1.73). For a set of real numbers
x,y,z € R, the endomorphism L = I + yJ + z K is also an almost complex structure
exactly when 22 4 y2 + 22 = 1. This tells us that inside H there is an S?-bundle of (local) al-
most complex structures, which one can show is also parallel with respect to the Levi-Civita
connection for ¢ and which complete describes the quaternion-Kahler structure.

Remark 1.5.2. Quaternion-Kdhler manifolds are also sometimes called quaternionic Kdhler
manifolds. Although quaternion-Kdhler manifolds are always quaternionic, they will in general
not be Kdhler. In the definition of the quaternion-Kdhler structure We do not require the exis-
tence of a global basis of almost complex structures, so a quaternion-Kdhler manifold need not
even be an almost complex manifold.

One particularly interesting property of quaternion-Kahler manifolds (of dimension greater
than 4) is expressed by the following theorem [22,23].

Theorem 1.5.3 (Einstein property). A quaternion-Kdhler manifold (M, g, H) of dimension
greater than 4 is Einstein, i.e. its Ricci tensor is given by Ric, = X g for some constant A € R.

The scalar curvature of a quaternion-Kédhler manifold (M, g, H) of dimension 4n with
Ric = Ag is given by 4n A. A special class of quaternion-Kidhler manifolds are the hy-
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perkdhler manifolds, for which the almost complex structures I, J and K are globally de-
fined and integrable, which means that they define three Kahler structures (I, g), (J,g)
and (K,g) such that I J = —JI = K. These manifolds can alternatively be defined as
quaternion-Kéhler manifolds with vanishing scalar curvature or as Riemannian manifolds
with holonomy contained in Sp(n).

Quaternion-Kéhler manifolds are often studied by looking at their twistor spaces, which
are complex manifolds, unlike the quaternion-Kahler manifolds themselves [20, 5, 24].

Definition 1.5.4 (Twistor space). The twistor space Z of a 4n-dimensional quaternion-
Kdhler manifoxld (M, g, H) is defined as the total space of the S*-bundle of almost complex
structures inside H, i.e.

Z={LeH,|zeML*=—idr,um} (1.75)

This is a manifold of (real) dimension 4 n+2 and it comes with a canonical (integrable) complex
structure.

The twistor space Z of a quaternion-Kéhler manifold (M, g, H) is in fact a complex contact
manifold, with a contact bundle defined by the horizontal directions in Z C H < End(TM)
with respect to the Levi-Civita connection. If the scalar curvature of g is positive, then Z is in
fact a Kéhler(-Einstein) manifold. A lot can already be said about quaternion-Kéhler man-
ifolds with positive scalar curvature through their twistor spaces, but not much is known
about those with negative curvature, such as the quaternion-Kéhler structure on the hyper-
multiplet moduli space, which is described in chapter 6.
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2. CALABI-YAU 3-FOLDS AND THEIR
INTERMEDIATE JACOBIANS

In this chapter we will introduce the notion of a Calabi-Yau manifold and Calabi-Yau 3-folds
in particular and present a number of important properties of these spaces. We will give a
description of the moduli space of geometric deformations of Calabi-Yau 3-folds, which we
will need in section 3.2. Finally, the Griffiths and Weil intermediate Jacobians of Calabi-Yau
3-folds and their canonical metrics will be discussed.

2.1 Calabi-Yau manifolds

There are many different definitions for Calabi-Yau manifolds in use in both the physics
and mathematics literature [5, 25, 26, 27, 28, 29, 30], not all of which are equivalent. The
definition on which we will focus is the following [25].

Definition 2.1.1 (Calabi-Yau manifold). A Calabi-Yau manifold (Y, J, g) is a compact Kdhler
manifold whose canonical bundle, Ky , is trivial. We will only consider connected Calabi-Yau
manifolds whose fundamental groups is finite, |71 ()| < co.

The canonical bundle of a complex manifold of dimension n is defined to be the holomor-
phic vector bundle of (n,0)-forms. Triviality of the canonical bundle of an n-dimensional
Calabi-Yau manifold Y is equivalent to the existence of a (globally defined) nowhere vanish-
ing holomorphic n-form Q € Q"(Y). This n-form Q is closed since dQ2 = 9 = 0, so it can
be used to represents a class [2] € H39()). This class is non-trivial since the requirement
that Q2 (and hence also ) is nowhere-vanishing implies that fy QAQ#0.

It can easily be shown that any Calabi-Yau manifold ) has a vanishing (real) first Chern
class, but if definition 2.1.1 is used the converse is not generally true. Calabi-Yau manifolds
owe their name to Yau’s theorem, which was originally conjectured by Calabi [31] and
finally proven by Yau [32,33]. The theorem can in particular be used to find Ricci-flat Kdhler
metrics on any Kahler manifold with vanishing first Chern class and thus in particular on
Calabi-Yau manifolds [32, 33,5, 25, 26].

Theorem 2.1.2 (Yau). Let (M, J, g) be a Kihler manifold with vanishing first Chern class and
let [w] be the cohomology class of its Kdhler form g(Je,«). The (complex) manifold (M, J)
admits a unique Ricci-flat Kdhler metric whose Kdhler form is contained in [w].

Calabi-Yau manifolds are often defined as Kdhler manifolds whose first Chern class van-
ishes and Ricci-flat K&hler metrics on such manifolds are called Calabi-Yau metrics [5]. Any
Ricci-flat Kédhler metric on a compact manifold M has a vanishing first (real) Chern class, so
the existence of such metrics is equivalent to this definition. Alternatively, this condition can
be described using holonomy since a given Riemannian metric is both Ricci-flat and Kahler
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(for some complex structure) exactly when its restricted holonomy group group is contained
in SU(n) [27], where n is the complex dimension of the manifold M. The proposition below
allows us to compare this with definition 2.1.1 and in particular tells us that every definition
given thus far is equivalent when ) is simply connected.

Proposition 2.1.3. Let (M, J, g) be a compact Ricci-flat Kdhler manifold of (complex) dimen-
sion n, then (M, J) is Calabi-Yau according to definition 2.1.1 if and only if the (global) holon-
omy group of g is contained in SU(n).

We will only be concerned with Calabi-Yau manifolds of (complex) dimension 3, which
we will refer to as Calabi-Yau 3-folds. By using the Calabi-Yau property, a lot can already
be said about the Hodge structure of such manifolds and with an extra condition on the
fundamental group, the entire Hodge diamond is determined by two numbers, h'! and
ht:2.

Theorem 2.1.4 (Hodge diamond). The Hodge diamond of a connected Calabi-Yau 3-fold Y
with finite fundamental group is of the form

h33 1
W32 p23 0 0
h3,1 h2,2 h1,3 O hl,l 0
hS’O h2’1 h1’2 h0’3 — 1 h1’2 h1’2 1 (21)
h270 hl,l h0’2 0 hl,l 0
hl,O hO,l 0 0
ho0 1

and is thus in particular determined completely by the two Hodge numbers h''! and h'-2.

We had already seen in section 1.3.3 that the Hodge numbers h?:¢ satisfy h?? = h9P =
h—Pn—e4 = pn=2n=P_ but for Calabi-Yau manifolds there is another symmetry. For any ¢ the
holomorphic 3-form Q € Q3(Y) induces an isomorphism H%(Y) = H™(Y),a — a A €,
which tells us that K% = p™4,

The assumptions that ) is connected and has a finite fundamental group finally tell us
that H°(Y,C) ~ C and H'(Y,C) = 0 and hence that h*° = 1 and h'® = h®! = 0. Together
with the symmetries described above this leaves only Hodge diamonds of the form (2.1).
This result will prove to be very important because the hypermultiplet moduli space will be
described nearly entirely in terms of these cohomology groups.

2.1.1 The middle cohomology group

The cohomology groups of a Calabi-Yau manifold play a very important role for the struc-
ture of their moduli spaces and for the fields that are present in the string theory models
compactified on such manifolds. If we look at the Hodge diamond in equation (2.1), we
see that the interesting real cohomology groups of a Calabi-Yau 3-fold ) are H3(),R) and
H?(Y,R) ~ H*(Y,R) and that these have dimension 2 (1 + h'2) and h':! respectively. In
this thesis, we will mostly be interested in the middle cohomology group, H3(),R), of the
Calabi-Yau 3-fold ).

Definition 2.1.5 (Intersection form). Let Y be an oriented Calabi-Yau 3-fold. For R =
Z,R,C we define the intersection form on H?(), R) as the anti-symmetric bilinear form

Q: H*(X,R) x H*(X,R) — R, (a,ﬁ)H/aAﬁ (2.2)
Y
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Proposition 2.1.6 (Symplectic basis). The free part of the integral cohomology group H3 (Y, Z)¢
admits a a basis (o, 3')" such that for all i, j € {0, ..., h*2}

Q(ai, o) = Q(B,87) =0 and Q(ai, p7) = &7. (2.3)

We call such a basis a symplectic basis.

The intersection form will play a very important role, as will become apparent later, as
will the existence of a symplectic basis for H3()),Z); with respect to this form. It follows
that we can write any o € H3(Y, R) as a = A'a; — B; 3 for A%, B; € R, where R is either Z,
RorC.

We can use the intersection form to construct a Hermitian form h on H3(Y,C) that re-
spects the Hodge decomposition.

Corollary 2.1.7 (Hermitian form). The sesquilinear form h on H3()),C), defined by
h: H*(Y,C) x H*(Y,C) — C, (a, ) — 2iQ(a, B) _21/ 2.9

is Hermitian and the Hodge decomposition
H*(Y,C) = H*(V) o H*>' (V) @ H* (V) ® H™*(D) (2.5)

is orthogonal with respect to it. h is positive definite on H3())@® H'?(Y) and negative definite
on H>1(Y) ® HY3(Y).

Proof: That h is sesquilinear follows from its definition and that it is Hermitian is easily
verified using the anti-symmetry Q. For any o € HP*? and 3 € H?¢ with p4+q = p'+¢ = 3,
we have that 3 € H7?" and therefore that JaAnB=O0unlessp+q =p +q=3,ie.p=yp
and ¢ = ¢'. Orthogonality of the Hodge decomposition with respect to h follows.

Since H'(Y,C) = 0 we know that the entire third cohomology group of ) is primitive,
which can be used to show that o« = i x a = i* ? x a = —i (—1)? % o for any o € HP
with p + ¢ = 3 [6]. Thus

h(a,a)z?i/ oz/\o?:Zi/a/\—i(—l)P*oz
Y Y (2.6)
. 4(4)?/ 0 AT = —2(—1)7||aZs.
y

Since the L2-norm is positive definite, we can immediately read off that A is positive definite
on the spaces H?9()) for p odd and negative definite for p even. O

We can use this Hermitian form to define a projection map P that we will need a few
times in the sections that follow.

Lemma 2.1.8. Let 2 be a holomorphic 3-form on Y, then the complex linear map

.73 3 h(a, Q) Q — h(a, Q) Q
P: H(Y,C) — H*(Y,C), a— AGRD) 2.7)

projects H3(Y, C) onto H>°(Y) & H3(Y) along H>'(Y) & H2(Y).

Proof: Note that h(Q,Q) = 2iQ(Q,Q) = —2iQ(Q,Q) = —h(Q, Q). Since we know from
corollary 2.1.7 that the Hodge decomposition is orthogonal with respect to h, it follows from
a simple calculation that P(a) = afora = aQ+bQ € H>°(Y)® H%3(Y) and that P(3) =0
for 3 € H*2(Y) @ H>Y(Y). O
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2.2 The moduli space of deformations

Yau’s theorem tells us that any Calabi-Yau manifold admits a Ricci-flat Kéhler metric and
that such metrics are completely determined by a complex structure and the cohomology
class of its Kahler form. Since this Ricci flat Kdhler metric will to correspond to dynamical
variables in the effective supergravity theories we will consider, we are very much interested
in the possible variations of this Calabi-Yau structure. If we are given a complex structure,
then the family of Kéhler metrics can be identified with the so-called Kéhler cone.

Lemma/Definition 2.2.1 (Kahler cone). The Kahler cone of a complex manifold (M, J) is
the space
K= {w] € H*(Y,R) | w is a Kihler form}. (2.8)

This space K ; is a convex cone and an open subset of HV1(M) N H?(M,R).

The statement that K, is a convex cone, which means that A [w] + [w'] =€ K for any
A > 0 and any [w], [w'] € K, can easily be verified since Aw + w’ is a Kéhler form if w and w’
are. The same is true for w + An for any Kéhler form w, n € HY (M) N H?(M,R) a closed
form and )\ > 0 sufficiently small, which tells us that £; C HYY(M) N H?(M,R) is open.

Yau’s theorem gives us the following corollary, which tells us about the space of Kahler
structures on a Calabi-Yau manifolds [27].

Corollary 2.2.2. Let (), J) be a complex manifold admitting Kdhler structures with vanishing
first Chern class, then the space of Ricci-flat Kdhler metrics on (Y, J) is a smooth manifold of
dimension h'(Y) and can be identified with the Kdhler cone K ;.

The other type of deformations of the Calabi-Yau structure on ) are the deformations of
the complex structure. The word deformation has a well-defined meaning in this context.

Definition 2.2.3 (Universal family). A family of complex manifolds is a proper holomor-
phic submersion ¢: & — B for two complex manifolds % and B [6,34]. If B is connected
and we fix a point 0 € B, then we say that n: 2 — B is a family of deformations of the
complex manifold Xy = w—1(0) and we call any other fibre 7~=*(b) a deformation of Xj.

This family of deformations for a complex manifold X, is said to be complete if for any
other family of complex manifolds p: % — S such that there exists a holomorphic isomorphism
fo: p~t(s) — X for some s € S, there exists a holomorphic map g: U — B defined on some
neighbourhood U C S of s with g(s) = 0 for which there exists another holomorphic function
f:p Y (U) — Z such that flp=1(s) = foand o f = g o p. We call the family universal if the
map g is unique for any such family.

A general complex manifolds will not have a universal family of deformations, but fortu-
nately for us Calabi-Yau manifolds do. The Hodge numbers, the triviality of the canonical
bundle and the existence of Kihler structures are all invariant under small deformations,
which means that we can easily restrict ourselves to those deformations that are themselves
Calabi-Yau manifolds.

The (complex structure) moduli space of the Calabi-Yau manifold ) is the quotient of
the space of all (integrable) complex structures on ) that come from a Calabi-Yau structure
by the group of diffeomorphisms [26]. It can locally be identified with the base space of a
universal family of deformations of ) [27], for which we have the following result.

Theorem/Definition 2.2.4. Let (), J) be a Calabi-Yau manifold of dimension n, then the base
space of a universal family of deformations of (), J) is a complex manifold of dimension h™~1:1.

This result, which is due to Tian [35] and Todorov [36], is far from trivial. By combining
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corollary 2.2.2 and theorem 2.2.4 a moduli space of general deformations of the Calabi-Yau
structure (J, g) on Y is obtained, which is a real (h''! + 2 h1?)-dimensional manifold.

2.2.1 Deformations of the metric

One of the ways to look at the space of deformations of Calabi-Yau structures is by con-
sidering deformations of Ricci-flat Kéhler metrics instead of looking at Kdhler classes and
complex structures. This approach is particularly interesting for us because it connects with
the way these deformations appear through the compactification procedure in supergravity
theory.

Let ) be a Calabi-Yau 3-fold with complex structure J and let g be a compactible Ricci flat
Kahler metric on ). If we choose a set of local complex coordinates 2’ on ) fori = 1,2, 3, we
can write the metric g as g;;dz'dz’ for some real coefficients g;;. A general metric ¢’ = g+h
can then (locally) be written as

g = (gi;+2 hij)dzidéj + (hijdzidzj + hij—déidéj), 2.9

with h;; = h;; symmetric and h;; = h;;. We would like the deformed metric to satisfy the
Calabi-Yau condition and therefore in particular be Ricci flat. This will put strong restrictions
on the coefficients h,; and h;;.

It is simpler to consider infinitesimal deformation of the metric instead of finite ones, so
we write down ¢’ = g + dg, where the infinitesimal deformation dg is given by

59 = 28gi;d2"dZ7 + (0g;;dz'd2? + 6g;;dz'dz7), (2.10)

for some infinitesimal parameters dg;; = dg;; and g;; = g;;. It may be shown that also the
deformed metric ¢’ = g + dg is Ricci flat, up to first order in the deformation, if and only
if the real (1,1)-form k = i§g;;dz* A dz7 = dg(J «,+) and the T1:°Y-valued (0, 1)-form ¢ =
gijégj-,;dz’“ ® % are harmonic [37,16]. The holomorphic 3-form €2 can subsequently be used
to show that the latter of these is harmonic exactly when the (2, 1)-form 2,Q2 = Q(£(¢), e, *)
is [36]. This gives us respective identifications between the infinitesimal deformations of
the type dg;; and dg;; of the Calabi-Yau metric g that preserve the Ricci-flatness of the metric
and the spaces H%'(Y) N H?(Y,R) and H>(Y).

It can be shown that all such infinitesimal deformations can be extended to finite de-
formations to different Ricci-flat metrics. The deformations of the type §g = dg;;dz*dz’
with dg(J,+) € H“(Y) N H?(Y,R) correspond exactly to the deformations of the met-
ric parametrised by the Kéhler cone. The other type of deformations, for which dg =
8g:;dz'dz? + 8g;;dz'dz7 corresponds to an element of H?!()), transform the metric g into a
metric that is no longer Hermitian with respect to the complex structure J. The metric will
however be Hermitian and even Kahler with respect to a different complex structure [30].
This gives us a complex h'-2-dimensional family of complex structure deformations that
locally corresponds exactly to the complex structure moduli.

2.2.2 Complex structure moduli

We consider the complex structure moduli space M of a Calabi-Yau manifold ), which is
locally the base space for a universal family of deformations ();); and describe the projective
special Kéhler structure on it.

For a universal family of deformations # — U of the Calabi-Yau manifold ), the co-
homology groups H?3(X,,C) for b € U define a vector bundle over the base space U and
these can be combined to obtain a vector space H® over Mc called the Hodge bundle.!
Since the cohomology groups H3();,C) ~ H?3()%,Z) @ C can be defined in terms of just

IThis can actually be done for any family of complex manifolds [6].

The hypermultiplet moduli space 33



CHAPTER 2. CALABI-YAU 3-FOLDS AND THEIR INTERMEDIATE JACOBIANS

the topology of ; and without any reference to the complex structure, nearby fibres of H3
can be identified, making #? flat. This flatness is expressed through the (flat) Gauss-Manin
connection V, which can be defined by requiring that (local) sections that take values in
H3(Y,Z); < H3(Y, C) are flat with respect to it.

The Hodge decomposition H?();,C) = @D, =3 H"?(V:) does depend on the complex
structure on )}, which in particular means that the position of H*°()}) inside H3(Y,C)
changes as t € Mc is varied. The following theorem tells us that the complex structure
moduli space M can locally be viewed as a submanifold of the complex projective space
P(H3,C)) = {Ca|aec H¥Y,C)\ {0}} [6,25,27].

Theorem/Definition 2.2.5 (Period map). Let (), J) be a Calabi-Yau manifold, let U C M¢
be a contractible open subset in the complex structure moduli space for Y and let 0 € U. If
we use the Gauss-Manin connection to identify the fibres H; = H?();, C) of the Hodge bundle
with H3 (), C) for t € U, then any element t € Mc uniquely determines a line H3°(),) <
H3(Y,C) and the map

®: U — P(H3*(Y,C), t— [H*(W)], (2.11)

is a holomorphic immersion. This map is called a period map for the Calabi-Yau manifold ).

This tells us that the cohomology groups H3°();) < H?();, C define a holomorphic line
bundle H3° inside 3. Another very important property of the period map is Griffiths
transversality, which basically says that under infinitesimal deformations of the complex
structure on Y, H3°();) can mix with H?1());), but not with H%3();) or H%2()%).

Proposition 2.2.6 (Griffiths transversality). Let ® be a period map from definition 2.2.5
and let t € Mc be in the domain of ®, then the image of d®: TM — Tgu P(H*(Y,C)) is
P.(H>* (V) @ H>' (D).

The projection map P: H*(Y,C) \ {0} — P(H?*(Y,C)) gives H*(Y, C) the interpretation
of a holomorphic line bundle. Because the period map ®: M¢ — P(H?*(Y,C)) is an im-
mersion this line bundle can be pulled back to a holomorphic line bundle on the complex
structure moduli space M whose fibre at ¢t € M can be identified with the Dolbeault
cohomology group H>°();).

If we choose a contractible open subset U C Mg, fix a point 0 € U and write ) = ), then
a symplectic basis («;, 3%); for the intersection form on Q on H?(),Z) defines a flat basis of
sections of H?® on U. If we subsequently let Q: t — Q, € H3°());) be a local holomorphic
section of the holomorphic line bundle H*° < ‘H, then we can write ; = X*(t)a; — F;(t)/3,
where X and Fj are the periods

Xi(t) = / N and Fi(t) = / N (2.12)
v i

of Q with respect to the basis (v, 1;); for H3(Y, Z)¢ dual to (o, 3;);. These periods are (local)
holomorphic functions on M and locally determine the point ¢ € Mg, but there is a large
redundancy because H?(), C) has (complex) dimension 2 + 2 h*? and dim¢c M¢ = h'2.

Theorem 2.2.7. For some choice of symplectic basis (o, 3%); the periods X' = fvf’ Q locally
define a set of complex projective coordinates on Mgc. There exists a holomorphic function
F: CHM"™? - C that depends on the coordinates X' and is homogeneous of degree 2 such that
the periods F; = fn Q, are are given by F; = 2£LX)

oxt -

Proof: Let € be a local holomorphic section of H*° on a contractible open subset U C M¢
as before. It is always possible to choose an integral symplectic basis («;, 3%); for H3(Y,Z)¢

34 A.G. Baarsma



2.2. THE MODULI SPACE OF DEFORMATIONS

such that (locally) the complex structure on ) is determined entirely by the coordinates X*
and we can thus write F;(¢t) = F;(X(t)) [15]. This leaves only a redundancy of one complex
coordinate, which corresponds to the rescaling of the holomorphic form 2 and hence of the
coordinates X*. Since the section (2 is only determined up to multiplication by a nowhere-
vanishing holomorphic function by the complex structure on the Calabi-Yau manifold, we
see that the coordinates X° define a set of complex projective local coordinates for Mc.

It is not hard to show that the derivatives of the holomorphic (3, 0)-form €2,
_0(X) OF;(X) . oNX) _ OE(X)

. L = L S 737 — = — J
Q;(X) : X «; DX I3 and X% X I (2.13)

are contained in H*°(Y) & H?1()) as a consequence of Griffiths transversality.
Because Q(H*°(Y) & H*'(V), H*(V) & H>*(Y)) = 0 we see that

o o oF,
0=Q(u, 22) :/y(ak— Sk ) A (5 ) = o5 (2.14)

from which we can conclude that F;(X) are holomorphic functions. A similar calculation
furthermore shows that

0=QQ, Q) = /y (Xjaj —Fjﬂj) A (ai — 3?1 j)

= XIS+ Fi= X100 — 0 ok =200 o F,

(2.15)

In other words: The periods F; can be expressed as the derivatives ag )((X ) where F(X)
is defined as the holomorphic function F(X) = 1 X"F;(X), which is now homogenous of

degree 2 by definition. O

An almost direct consequence of this is that the complex structure moduli space can be
given the structure of a projective special Kdhler manifold [12,14,15].

Corollary 2.2.8. The complex structure moduli space Mc is projective special Kdhler. For a
local holomorphic section 2 of the bundle H3°())) and the projective coordinates X' = fvi Q

from theorem 2.2.7, the function F = %X i F; defines a prepotential for Mc and the Kihler
potential on Mc is given by

Ke = —log(ify QA Qt) = —log(3h(2,Q))
= _IOg(_iXiFi +1XLF1) - —10g<—XiNZ‘ij) s

(2.16)

where N;; = 2 Im(F;;) = 2 Im(%) and h = 2iQ(s,?) is the Hermitian form from
corollary 2.1.7.

Proof: We can use the homogeneity of F' to show that that —i X'F; +i X'F; = —X'N;; X/
and an explicit calculation furthermore shows that

/ Qt N Qt = / (XlOéZ — Fzﬂl) A (XlOéZ - Fzﬂl) = —XiFi + XlF“ (217)
y Yy

which tells us that equation (2.16) is consistent. We will compare the situation we have
with the situation in definition 1.3.26.

We have seen in theorem 2.2.7 that the periods X*¢ = fni  locally define complex pro-
jective coordinates on M and that there exists a prepotential F' that is homogeneous of

degree 2 and satisfies F; = f% Q= 88)? On a different chart for M¢ two things can be
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different: The symplectic basis? («a;, 3%); for @ and the choice for the holomorphic section €
for H3°. Any two symplectic bases («;, 3°); and (d;, 3%); are related by a symplectic matrix
M e Sp(2h'2 + 2,R) and any other holomorphic section is given by Q = fQ for some
nowhere-vanishing holomorphic function f. This tells us that the corresponding functions
X = (X%); and OF = (F}); such that Q = X'a; — F; 3’ are related to the original coordinates

X and OF by
OF OF
<X)fM(X>' (2.18)

Here we have used that Q = (o, 3)-%- (%f), where ¥ = (701" 1&) is the standard 2(1+h"?) x
2(1+ h*?) symplectic matrix and that for any symplectic matrix M € Sp(2h'2 + 2, R) this is
equal to (o, B) M* -2 - M (%f) The additional consistency condition from equation (1.45)
is automatically satisfied by such functions f and matrices M because of the nature of their
definition in terms of holomorphic sections and bases.

The only thing that we should still check is that the function K¢ is a Kdhler potential. By
working out the derivatives explicitly, we can show that the matrix K;; is given by

gc = 100K (s, J+) = %dxid)@
= ,,(_719) (h(Qi,Qj) - h(Qh%hg;QJ >> dXidX’ (2.19)
= ﬁlX ( ij — Nik?j\[)g;Néj) dX'dX7,
where we have written ); = % =a; — Fy;.

By writing h(£2;,9Q;) = h(PQ;,Q;) + h((1 — P)$;,Q;) for the projection map P from
lemma 2.1.8 and out the resulting expression we can rewrite the second line from equa-
tion (2.19) as

-~ _ 0.)dXid %I
9¢ = L) h((1— P)Q;,Q;)dX dX (2.20)
Corollary 2.1.7 tells us that for any ¢, —h((1 — P)Q;, ;) is non-negative and only vanishes
if Q; = A = )\ X%Q; (the last step follows from the homogeneity of F) for some )\ € C. By
the same corollary, ~(Q2, ) > 0.

The tangent space to Mc at ¢ corresponds to P, (H>%(Y;) & H*'()})), where it the di-
rection H3°()};) that is projected out. We have dX*(Q;) = %bzo Jyi (@ + 99;) = &} and
dX'(Q) = X', so we see that the direction for which —h((1—P)€;, Q;) vanishes corresponds
exactly to the direction that is projected out. We find that g¢ is positive definite as a metric
on M¢ and because it was obtained from a potential it is automatically Kéhler. O

This Kéhler metric gc on the complex structure moduli space is often referred to as the
Weil-Petersson metric [36].
2.3 The intermediate Jacobians
For the remainder of this chapter, ) will denote a Calabi-Yau 3-fold with a fixed Ricci-flat

Kahler structure and we will fix an integral basis («;, 8°); for H*(Y,Z); — H?(Y,C) that is
symplectic with respect to the intersection form @ = fy + A ». Since the Calabi-Yau 3-fold

2N.B. The intersection form Q is defined on the Hodge bundle 73 because its definition is topological in nature.
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has trivial first and fifth cohomology groups, its only non-trivial intermediate Jacobians use
the middle cohomology group, H*(), R). These Jacobians use the space

(V) = H¥}(Y,R)/H*(V, Z);, (2.21)

which has (real) dimension b3 = A39 + h2! + B2 + p93 = 2(1 + h12). As we have seen in
section 1.4.2, there are different ways to define the complex structure on this space using
its Hodge decomposition. This gives us the Griffiths intermediate Jacobian J$()) and
the Weil intermediate Jacobian JY()), which we will simply write as J¢ = J§()) and
TV = T3 ).

Especially the Weil intermediate Jacobian will become important for the description of the
hypermultiplet moduli space, as we will see in chapter 5. By using a number of properties
for the intersection form Q: H3*(Y,R) x H3(Y,R) — R, we can show that it defines a
polarisation on both tori.

Proposition 2.3.1 (Polarisation). For any Calabi-Yau 3-fold Y, the intersection form
Q: H*(Y,R) x H*(Y,R) — R, (o, B) / alhpB (2.22)
y
defines a principal polarisation on both the Weil and the Griffiths intermediate Jacobian.

Proof: We already know that the intersection form is anti-symmetric annd non-degenerate
and that it takes integer values on the lattice H(), Z);, so the only thing that remains to be
checked is compatibility with the complex structure.

We can write any o € H*(V,R) as a = > . _q a9 with a?? € HP9(Y). If we de-
note (the complex extension of) the complex structure on intermediate Jacobian (either
Weil or Griffiths) by J, then JaoP? = \%aP? for A7 € {i,—i}. The fact that J is a
real endomorphism implies that \*¢ = \%? and we know that Q(H??, H?»4') = ( unless
p+p =q+4¢ =3,

QJa,JB) = Z Z Q(J aP1, J g ’q Z QAP P \TP 39:P)

p+q=3p'+q'= p+q=3

C Y g = Y Qe ) = Qo)

p+q=3 p+q=3p'+q'=3

(2.23)

from which we conclude that @ defines a polarisation on both 7% and [7€¢. This polarisation
is furthermore principal because we had already seen that there exists a symplectic basis for
the lattics H3(), Z)¢ with respect to Q. O

2.3.1 The Griffiths intermediate Jacobian

The complex structure on the Griffiths intermediate Jacobian for a Calathau 3-fold Y is
defined by the complex structure .J on H?(Y, R) with eigenspaces V' and V corresponding
to the eigenvalues +i and —i, where V' and V' come from the decomposition

H3(Y,C) = H** (V)& H>' (V) HY2(Y) & HO(Y). (2.24)

Vv |4

We can also use the alternative description from corollary 1.4.19 for the intermediate
Jacobian as a quotient of the complex linear space V = H>?(Y) @ H®3()). This description
makes it easy to calculate the normalised period matrix of 7¢(}).

Proposition 2.3.2 (Period matrix). Let («;, 3%); be a symplectic basis for H3(Y,Z) with
respect to the intersection form Q and let Q = X'a; — F;3* € H>°()) be a holomorphic 3-form
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with periods X* and F;. The normalised period matrix for the Griffiths intermediate Jacobian
of Y is given by the matrix Q¢ = (z°,1) with

z5 = Fy, (2.25)

where F;; = % = % is the Hessian of the prepotential F = 1 X'F;.
Proof: Let ¢ denote the canonical complex linear map ¢: H?*(Y,R) — H®3()) @ H2())
from corollary 1.4.19 and let 7 be the projection map 7: H3(Y,C) — H%3(Y) @ H“2(Y),
then ¢ is simply the restriction of 7 to H3(), R). The derivative Q; = 88)% = q; — F;;#7 is an
element of V° = H3%()) @ H2!(Y) = ker 7 by Griffiths transversality, which tells us that

o(ai) = Fijo(B7) = n%(a;) — Fiym®(87) = 7% — Fi; ) = 7°(€%) = 0, (2.26)

$0 () = Fyjp(B7). This tells us that F;; is the normalised period matrix for V°/p(H?3(Y, Z))
with respect to the symplectic basis (¢(«;), ©(5;)):. This torus can be identified with the
Griffiths intermediate Jacobian by corollary 1.4.19. O

Let (x%,y;); be the real coordinates on H?(),R) that correspond to the symplectic basis
(i, 3*); and write the normalised period matrix from proposition 2.3.2 as zj; = [I; =
X5 + 195, with Xx¢ = Re z° and 9° = Im Z°.

Lemma 2.3.3. Let h® = ¢g®+i Q) be the Hermitian form associated with @, with g¢ = Q(J%, ),
andlet ¢: H3(Y,R) — V = HY2(Y)® H*3(Y) be the complex linear isomorphism introduced
in corollary 1.4.19. We have for any o, 3 € H*(Y,R) that

h¥(a, B) = h(pa, pP), (2.27)
where h = 2iQ(s,+) is the Hermitian form from corollary 2.1.7.
The polarisation on the Griffiths intermediate Jacobian defined by Q has index 1.

Proof: A simple calculation shows that

Im[h(p(a), ¢(8))] = Im[21 Q(p(a), 9(B))] = Qp(@), ¢(B)) + Qp(a), ¢(5))
(

D o (2.28)
= Q(p(a) + ¢(a), 9(B) + »(8)) = Q(a, B)

since Q(V,V) = Q(V,V) =0for V = H'2(Y) ® H**(Y) and o = ¢(a) + ¢(a) for « real.
Because h is Hermitian it immediately follows that

Re[h(p(a), p(8))] = Tm[h(ip(a), ¢(0))] = Im[h(p(Ja), ¢(B))] = Q(J°, B).  (2.29)

The signature of h and hence of h® follows from corollary 2.1.7. O

Corollary 2.3.4 (Canonical metric). The canonical metric g¢ = Q(JC,+) on the Griffiths
intermediate Jacobian is given by

9 = 9 dz;dz; = 2 NV (da; + Fyedy®)(dz; + Fjedy?), (2.30)

where z; = x; + ijyj are the standard complex coordinates on J¢(Y) and 9/ = 2 N denotes
the inverse matrix for 9,5 = Im z;, = 3 N;.

This metric is positive definite on (H*'(Y) ® H'2(Y)) N H3(Y,R) and negative definite on
(H*°(Y) @ H*3(Y)) N H3(Y,R) and these two subspaces are perpendicular for g°.

Proof: Equation (2.30) follows directly from proposition 1.4.13 and the second result fol-
lows lemma 2.3.3 and corollary 2.1.7 O
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2.3.2 The Weil intermediate Jacobian

As the complex structure on the Griffiths intermediate Jacobian, the complex structure on
the Weil intermediate Jacobian is defined in terms of the Hodge decomposition for H3(Y, C).
The complex structure J" is defined by the eigenspaces V and V corresponding to the
eigenvalues +i and —i,

H3(Y,C) = H%* (V) ® H>' (V)@ H2(V) @ H>°(Y). (2.31)

Vv \4

This choice enables us to give a very simple characterisation for the canonical metric on the
Weil intermediate Jacobian.

Lemma 2.3.5. The canonical metric g* for the Weil intermediate Jacobian J" coincides with
the L?-metric, so it is in particular positive definite.

Additionally, the spaces (H*2(Y)®H*Y(Y))NH3(Y,R) and (H3*° (V) H3(Y))NH3 (Y, R)
are mutually orthogonal with respect to g".

Proof: The extension of the J to the complex cohomology group H3(Y, C) is characterised

by JYw®9) = —iP79P9) for w9 ¢ HP9()) and we know from lemma 1.3.18 that
*w(P@) = P=9,Pa for this a form. This tells us that J¥w = — * w for all w € H3(Y,C)
and hence that
"(@,0) = ~Q(a. J"8) = Qo) = [ ansf = (a0 (232)
N

forall o, 3 € H3(Y,R). Because gV = (s, *) 2, the Dolbeault cohomology groups are orthog-
onal with respect to it [6]. . O

Computations with the Griffiths intermediate Jacobian in terms of the Hessian F;; were
relatively simple because the derivatives of the holomorphic 3-form 2 were contained in a
single eigenspace of J¢. We can use these expressions for the Griffiths intermediate to find
similar expressions for the Weil intermediate Jacobian, but things become significantly more
messy.

H3,O(y) H2,1(y) Hl,Q(y) HO,S(y)
JV +i —i +i —i
J¢ —i —i +i +i
WANE +1 -1 -1 +1
P +1 0 0 +1

Table 2.1: The eigenspaces and eigenvalues of J*, J, J"J® and P = (1 + J"J°).

Lemma 2.3.6. The complex structures J% and J¢ for the Weil and the Griffiths intermedi-
ate Jacobian commute. The map P = (1 + JYJ°) projects H3(Y,R) onto (H*°(Y) &
H%3(Y)) N H3(Y,R) along (H**(Y) ® H"*(Y)) N H*(Y,R) and coincides the projection
P from lemma 2.1.8.

Proof: Both complex structures were defined using the Hodge decomposition and their
eigenvalues and eigenspaces have been illustrated in table 2.1. We immediately see that
J" and J¢ commute and that their product equals the identity on (H*°(Y) ® H**(Y)) N
H?*(Y,R) and minus the identity on (H*!(Y) ® H?(Y)) N H3(Y,R). It follows that P
is the desired projection map and thus corresponds with the projection P we had defined
before. O
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We can give an alternative description for the projection map P by using the Hermitian
form h = 2iQ(+,?) from corollary 2.1.7.

We can use the projection map P to relate the metrics on the Weil and the Griffiths inter-
mediate Jacobian.

Proposition 2.3.7 (Canonical metric). The spaces ker P = (H*'(Y)®H"2(Y)) NH3*(Y,R)
and im P = (H*°(Y) ® H*3(Y)) N H3(Y,R) are orthogonal with respect to both ¢g" and ¢°.
We have g% |xer p = §%|ker p and g |im p = —¢|im p and we can write

9" =9" —2g%(Ps,) and 9° =g" —2g"(P+,), (2.33)
where P is the projection map from lemma 2.3.6 and lemma 2.1.8.

Proof: These properties can be derived directly from the behaviour of the intersection form
@ with respect to the Hodge decomposition and table 2.1, but we can also take a different
approach. Since we can define P as P = (1 + J".J¢), we have 2.J°P = J¢ — J" and thus

gG - 2gG(P'a °) = Q(JG(l - 2P)'a °) = Q(Jw'v') = gw~ (2.34)

This derivation can be repeated with the labels w and G interchanged to obtain the second
relation and the equality gV (Pe,¢) = —g%(Ps, ).

We already know from lemma 2.3.5 that the decomposition H3(Y,R) = im P & ker P is
orthogonal with respect g and because P? = P we have that Po/ = o’ for o/ € im P.
Equation (2.33) now tells us that for o = o’ + " and 5 = 5’ + 8" with o/, 3’ € im P and
ao”,3" € ker P,

gG(O‘7ﬂ) = gw(avﬁ) - ZQW(Pavﬂ)

=g"(,3") +g" (", 8") = 24" (", '+ B") (2.35)
— gW(a/7ﬁ/) _gW(a//’ﬁ//>7
which tells us that ¢ = ¢ on ker P and g% = —¢® on im P. O
Lemma 2.3.8. The restriction g% |im p = —g%|im p 0f the canonical metrics g and ¢° to im P
is given by the equation
1 - -
w
= —— Q .
9" () = 3yergy (e DR D) + (5, D) e, ) (236)

fora,p €im P = (H>%(Y)® H*3(Y)) N H?*(Y,R). Here Q) € H39(Y) denotes a holomorphic
3-formon Y and h = 2i Q(e,7).

Proof: Since for o, 3 € H?(),R) we obviously have 3 = 3, lemma 2.1.8 tells us that

2ig"(a, ) = 2ig" (P, B) = 2iQ(J" (P a), B)
= h(h((%,ﬂ) T (h(or, D) = (e, Q)Q)’ﬁ)
= ey (P, DR, 8) — h(a, D(-i0, 3))

(2.37)

R(0,0)

h((;,ﬂ) (h(a, D h(B,Q) + h(a, Q)h(5, Q)),

where we have used that h is a Hermitian form and that h(a, Q) = 2i Q(a, Q) = —h(Q,a)
for « € H3(Y,R) and similarly for h(, 3). O

The normalised period matrix for the Weil intermediate Jacobian is significantly more
complicated than that for the Griffiths intermediate Jacobian.
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Proposition 2.3.9. Let (o, 3%); be a symplectic basis for H3(),7) with respect to the inter-
section form Q and let Q = X'a; — F;3' € H3°()) be a holomorphic 3-form with periods X*
and F;. The normalised period matrix for the Weil intermediate Jacobian corresponding to the
basis (o, 3); is given by QW = (2", 1) with

N XEXON

J , 2.38
i TXNX (2.38)

where FZJ = gf;’] and Nij =2 Im(FL]) = —1 F'L'j + lFL]

Proof: Let p; denote the complex-valued 1-form p; = dy; + zjda’ on J3"()), where 2" is
the matrix from equation (2.38). If we apply the 1-form p; to Q € H*3(Y) < (T7'(V)) ® C
we obtain

(Q) = . _M j) U] o m

pi(§2) (dyz+(Fz it S S) dad ) (X o — FrB7)
= —F; + FyX) —iXNEN XF = —F X0 4 Fy X7 — iNg X" (2.39)
=2i Im(F;;) X7 —2i Im(F;;) X7 =0

For Q, = %L

2 =a; — Fppr € H*1(Y) @ H*°(Y) we also have that

(2.40)

pi((1- P)Q) = p, (ﬂj - ’“”””?f?s; 35%9)9) -

as can be shown by explicitly working out this expression using the formula for p; and that
h(Q“ Q) = 2NZJXJ and h(QZ, Q) =0.

The fact that p;(2) = 0 tells us that p; vanishes on H°3()) and because p;((1—P);) =0
we can also conclude that p;| 2.1y, = 0. This leaves H*%(Y) & H"2(Y), which is the +i
eigenspace of JV, from which we learn that J%*p; =i p;.

Because moreover p;(37) = 65 , we can conclude that pg, ..., pp1.2 is the basis of complex
linear 1-forms dual to €°,...,e""” (defined by e’ = 3%). We already know from proposi-
tion 1.4.13 that these forms are given by dz; = dy; + Z,-jdmi, where z;; is the normalised
period matrix for the torus with respect to the symplectic basis («;, 3%);, so it necessarily
follows that the matrix zj} is the period matrix for the Weil intermediate Jacobian. O

Corollary 2.3.10. The canonical metric on the Weil intermediate Jacobian is positive definite
and it is given by

9" = Qo (JV xid) = %/ dzdz; = 9/ (dy; + Zfday)(dy; + Zhyda’) (2.41)

where z; = y; + Z}’jx’ (for Z" the period matrix from equation (2.38)) and Q”V@j denotes the
inverse matrix for YV = Im(z").

Proof: Equation (2.41) follows immediately from proposition 2.3.9 and proposition 1.4.13,
but it can also be obtained by using equation (2.30) and proposition 2.3.7. O
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3. STRING THEORY

The context in which the results presented in this thesis is provided by the effective su-
pergravity theory that describes compactified type IIA superstring theory in the low-energy
limit. In this chapter we will give a short overview of what string theory is and in particular
what this low-energy effective theory looks like, without going into too many details. We
will explain the ideas behind Calabi-Yau compactification a bit more thoroughly and will
finally introduce the hypermultiplet moduli space of the four-dimensional theory that is ob-
tained. For a more complete review a standard textbooks, such as [38], [39] or [40], may
be consulted.

3.1 (Super)string theory

The principal idea behind string theory is that nature should not be described in terms of
point particles, but instead in terms of extended 1-dimensional objects called strings. These
can either be open (lines with two endpoints) or closed (loops). Fundamental strings come
with a discrete set of oscillatory modes, each of which will correspond to a different type of
elementary particle in the quantised version of string theory.

One of the reason why string theory is popular is the fact that gravity appears naturally
from it, making it a candidate theory for reconciling the standard model and Einstein’s
theory of general relativity. If string theory does describe gravity, the string scale should be
related to the Planck scale, which corresponds to energies of roughly 10 GeV. This is well
beyond the reach of modern particle accelerators and explains why strings, if they exist,
have not yet been observed.

In the classical situation, we can say that a fundamental (bosonic) string moving through
d-dimensional space-time spans a 2-dimensional surface called the worldsheet of the string.
This is described by an embedding of a 2-dimensional surface ¥ into the d-dimensional
target space X. An interaction between two particles (strings) is then simply represented
by a worldsheet with splitting strings (cf. figure 3.1).

Figure 3.1: The worldsheet of a single string and a splitting string.
This figure originally appeared in [38].
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CHAPTER 3. STRING THEORY

By choosing local coordinates 7 and o on ¥ one can parametrise this embedding of the
worldsheet by as z#(7, o) (for u = 0,...,d—1). The dynamics of these strings is described by
extremisation of the surface area of the worldsheet and can therefore described by Nambu-
Goto action,

1

1 ;
Svo = 5= Area(S) = ——— /dzg\/_ det (220 227 p ). 3.1)

The only free parameter in string theory is the so-called Regge slope, or the string scale.
Contraction of indices is done using (background) metric 7,,, on the target space, which we
have for now assumed is just the d-dimensional Minkowski metric.

A point particle is characterised by its position and its momentum, but this no longer
suffices for these extended objects. To describe a fundamental string we require, in addition
to its centre of mass and its centre of momentum, the amplitudes of its modes of oscillation.

A quantum theory of strings is obtained from the classical theory by not only introducing
operators to describe the position and the momentum of the string, but also for these modes
of oscillation, which will act as creation operators for oscillations on the string. This quan-
tisation procedure can only be carried out consistently if the target space is 26-dimensional,
so we say that 26 is the critical dimension of (bosonic) string theory. An interesting prop-
erty of this quantised string theory is that its spectrum includes a massless spin 2 particle
that takes the role of the graviton. The spectrum of the theory however does not include
any fermions, but does include a tachyon, which is a particle with a negative squared mass,
which is undesirable because it leads to instabilities.

These problems can be solved by complementing every bosonic degree of freedom with
an additional fermionic degree of freedom and extending the original action (or in fact a
different, but equivalent action called the Polyakov action) to a supersymmetric action. The
words bosonic and fermionic refer to the way fields behave under Lorentz transformations
(on the worldsheet in this case), which can either be through a representation of the Lorentz
group itself (bosonic) or of its spin group (fermionic). The resulting theory is called a
superstring theory. Supersymmetry is a very important concept and a number of results
that we will use depend on it. We will not discuss this in detail here and just state that it is
a continuous symmetry of the action that transforms bosonic fields into fermionic fields and
vice versa. Similar to bosonic string theory, such a superstring theory can only be formulated
consistently on a target space of some critical dimension, which is d = 10 in this case.

There are a couple of different superstring theories that can all be related to each other
through a number of dualities. We will only be considering one of these, namely type IIA
superstring theory. The II tells us that we are only considering closed strings and the A tells
us which physical states are allowed to appear, as some had to be projected out to get rid of
the tachyon.

Quantised string theory can be described in the path integral formalism, where basically
every possible worldsheet gets a weight e~ determined by the (supersymmetric) action
Sp. The scattering amplitude of a process, which is basically the probability of this process
occurring, is then determined by adding up the weights of all worldsheets that describe this
process. This “sum” is in fact a functional integral. For instance for an interaction with
two incoming strings and two outgoing strings corresponding to certain real particles all
worldsheets with four external lines (cylinders) corresponding to these particle should be
considered, even those with loops (cf. figure 3.2).

String theory could have been formulated using any Ricci-flat (i.e. satisfying Einstein’s
field equations in vacuum) metric instead of the standard 10-dimensional Minkowski metric.
What is amazing is that in the path integral formulation the theory does not change by
changing this background metric, because the new situation corresponds to the original
situation with an added background of gravitons. Similarly, background fields can be added
for each of the other massless states in the spectrum.
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Figure 3.2: Quantum corrections correspond to worldsheets with loops.
This figure originally appeared in [38].

3.1.1 The low-energy limit

The string scale o’ was the only free parameter and determines all energy scales, so taking
the limit for o/ — 0, corresponds to the low energy limit [40,41]. In this limit it makes
sense to consider just the massless states of the theory, which can to good approximation
be described by a classical effective theory consisting of fluctuations of the background
fields corresponding to particles from the massless spectrum and an effective action that
reproduces field equations and scattering amplitudes. The effective low-energy theory for
type IIA superstring theory is called type IIA supergravity. It is a classical supersymmetric
theory that contains the Einstein-Hilbert action from general relativity.

Table 3.1: Type IIA bosonic massless spectrum

I scalar dilaton

B®@ | 2-form Kalb-Ramond field } NS-NS
69 traceless symmetric (O, 2)-tensor graVitOIl

AD T 1-form

AG) | 3-form }R_R

The massless spectrum of type IIA string theory consists of four sectors: the Ramond-
Ramond, the R-NS, the NS-R and the NS-NS sectors, where R stands for Ramond and NS
for Neveu-Schwarz and these refer to the type of boundary conditions that are put on the
left-moving and the right-moving modes of the string. The NS-R and the R-NS sectors of the
massless spectrum only contain fermionic fields and the NS-NS and the R-R sector make up
the bosonic part of the spectrum, which is the part we will be interested in in this thesis.
Apart from the graviton, all of the fields that make up the bosonic part of the massless
spectrum are completely anti-symmetric (0, k) tensors for some k € Ny and can thus be
interpreted as differential forms on the 10-dimensional target space. The particles in the
bosonic massless spectrum have been presented in table 3.1 and all come with a fermionic
superpartner.

By only considering the original string theory at the tree level, i.e. by only considering
worldsheet diagrams without loops, an action Se can be obtained for the fields from ta-
ble 3.1. This action can be written as Seg = Sys + Sk + Scs, Where Sys, Sz and S¢s are given
by equation (3.2). The first two contain the fields from the NS-NS-sector and the R-R-sector
respectively and the third is called the Chern-Simons term.

1 _

Sis =~ myran [ 1™ Ry o £ JIHOL), (3.22)
1

= T myrart [ (1@ FOR) (3:26)
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and

Ses = — /B<2> ANFO AF®, (3.20)

1
2(27) 0’

Here px = +/]g|d'°z denotes the standard volume form on X and R, is the scalar curvature
for the metric g. The 3-form H®) = dB® is the field strength for the Kalb-Ramond field
and F? = dA®M and F® = dA®) are the field strengths for A(Y) and A® respectively. The
squared norm |«|? of a differential form « is taken with respect to the metric induced by g,
which means that a A xa = ux|a|? by definition of the Hodge star operator.

The complete effective action is obtained by adding quantum corrections, which come in
two flavours: (perturbative) loop corrections and (non-perturbative) instanton corrections
that correspond to non-trivial embeddings of higher dimensional objects called branes into
the target space. The exact nature of branes and their appearance in string theory is not
important for understanding this text and the interested reader is referred to [42].

The contribution of a constant background field ¢, for the dilaton gives a contribution to
the original (Polyakov) action for the worldsheet, which is proportional to —¢, times the
Euler characteristic ys; = 2 — 2 g of the worldsheet considered. This means that in the limit
for ¢y — oo, the contribution from loop diagrams will be small and the approach taken, by
viewing contributions from loop diagrams as perturbations, is justified. For smaller values
of ¢ the action (3.2) will not be valid and both perturbative and non-perturbative correction
should really be considered as well.

3.2 Compactified string theory

The world we live in is manifestly 4-dimensional, but as we have noted above, superstring
theory can only be consistently formulated for a 10-dimensional target space. This serious
discrepancy between string theory and the physics it hopes to describe can be resolved by
compactification of six of the ten dimensions of the target space [39,40,43].

By the compactification of string theory on a compact internal manifold K we basically
mean that instead of using 10-dimensional Minkowski as the target space for the theory, a
manifold of the form M x K is used instead, where M = R* is the standard uncompactified
4-dimensional space-time. The background metrics that are considered are of the form
g =1+ gx, where 1 is the standard 4-dimensional Minkowski metric on R* and gy is some
(Ricci-flat) metric on K with respect to which the size of the internal manifold (Vol,, (X))
is small. The idea is that while we can see the 4-dimensional external space-time M, the
internal manifold K will be so small that we do not observe it.

An additional assumption that is made is that there should be an unbroken supersymmetry
in four dimensions. Preservation of supersymmetry may seem like an odd condition since we
know that supersymmetry should eventually be broken at some energy scale, but there are
strong arguments that suggest that some supersymmetry should survive in the 4-dimensional
theory at high energies [39, 40, 43]. This extra condition for the background requires that
the background metric on the internal manifold is not only Ricci flat, but also K”ahler.

Since one of the definitions for Calabi-Yau manifolds that is in use is that a Calabi-Yau
manifold is a compact, Ricci-flat Kdhler manifold, we refer to this type of compactification
as Calabi-Yau compactification. We will put a slightly stronger restriction on the internal
manifold K, namely that it is a Calabi-Yau 3-fold in the sense of definition 2.1.1, i.e. that it
has a trivial canonical bundle, and that its fundamental group is finite. One may recall that
triviality of the fundamental group of a Ricci-flat Kdhler manifold is equivalent to the condi-
tion that its global holonomy group is contained in SU(3). To emphasise that we are dealing
with Calabi-Yau compactifications, the internal manifold will from now on be denoted by
the letter ) instead of K.
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3.2.1 Switching to four dimensions

From now on the coordinate = will be used to denote points in M and y for points in ),
which means that (z,y) is a general point on the product X = M x Y. The first thing we
should do to express the original 10-dimensional theory in terms of 4-dimensional fields is
split each of the forms B(®), A1) and A®), as well as the graviton dg, into the parts that
live on M and parts that live on ). For a k-form w(*) this means that we should write
wh (&) =3 w9 (2), where w®)(@ is a p-form on M and a g-form on Y.

As an operator acting on differential forms, the Laplace operator A = A, = dd' + d'd
on the internal manifold (), gy) acting on ¢-forms is known to have some very nice prop-
erties. Because ) is compact Ay has a discrete spectrum A containing only non-negative
eigenvalues, its eigenspaces are finite-dimensional and mutually orthogonal and any ¢-form
can be written as a sum of eigenforms (cf. theorem 1.3.19). This allows us to fix a dis-

crete basis (ag;’)A q) (with A\ € Aand s =1,...,dimker(A — \)) of eigenforms for A with

eigenvalues A > 0 for anyq > 0.
Consequently, we can write the any k-form w*) on R* x )V as

Z w®a)( Z ZWMAS /\O‘g?),\s(y) (3.3)

pt+q=k p+q=k \,s

where agf’)A on Y form the aforementioned discrete basis of ¢g-forms on ) and the coeffi-

cients w](@) A5 are p- -forms on the 4-dimensional external space M [39]. These 4-dimensional

fields, of which there are infinitely many, now carry all the information that the original 10-
dimensional field w(*) did. Something similar can be done for the graviton field 5g. As we
will see, all but a finite number of these will come with a mass term from the 4-dimensional
point of view.

The original 10-dimensional theory was described by the action S = Sys + Sk + Scs
equation (3.2) and it is of the form Ser = [}, d*x fy d%yL.q for some Lagrangian density
Leg that depends on the fields ¢, g, B®, A and A®) and their derivatives. An action
for the 4-dimensional fields is obtained by “simply” integrating out the internal Calabi-Yau
manifold. Performing this integral yields the action Syp = [ d*zL4p, with a 4-dimensional
Lagrangian density given by [39]

D= / A%y L. 3.4
Y

The dynamics of the 4-dimensional fields can be described completely in terms of this action.

For small variations of the fields, the equations of motion imposed by the action (3.2) for
the fields w(® = ¢, w® = B®) w1 = AM and w® = A®) read Axw® = 0 (plus small
higher order terms). Here Ax = Oy + Ay is the Laplace operator on M x ), which in our
case can be written as the sum of the D’Alembert (wave) operator Oy, = Ay = 070, on
4-dimensional space-time and the Laplacian on the internal Calabi-Yau manifold ). For the

field wi’})/\ s A a(‘I) . this becomes

AX (wg\[j))\ s A Oé;();])k 5) - (D]\/ng\[j))\ 5) A Oé;();])k s + wg\l;))\ s (Ayagg,))\,s)

(3.5
= (@ + Ny ) Al =0,

ie. (Am+ A)w](\‘j) as =0 for each of the 4-dimensional (coefficient) ﬁelds w(" ) .andall \, s
that contribute to the sum in equation (3.3). We see that the field w!' M’ As gets an effective

mass v\ when viewed as a 4-dimensional field.

The Laplace operator on ) and its eigenvalues are inversely proportional to the metric on
Y and thus proportional to Vol())) /3, so the assumption that the internal manifold is small
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tell us that the fields wg\f}) A5 for A > 0 will be very massive. Because we are working in the
low-energy limit we choose to only consider the massless fields (the zero modes), which are
exactly those four-dimensional fields that correspond to harmonic forms on ), i.e. those
for which A = 0.

Although these harmonic forms a(Q)O ., depend on the (Kéhler) metric that is put on ) in
a particular point z € M, the (De Rham) cohomology classes in H ()Y, R) they represent

do not. This enables us to naturally view the combined fields wgﬁ )&S fors=1,...,b% into a
single /4(,R)-valued p-form 3>, wf} | @ [a{7)) ,].

Because of the assumption we had made back in section 2.1 that the Calabi-Yau 3-fold ) is
connected and has a finite fundamental group, its Hodge diamond is given by equation (2.1)
for some integers h''! and h':2. This tells us exactly what 4-dimensional fields we can expect
to obtain. An overview of these fields has been given in table 3.2, though we will say a little
bit about each of them. For more details on this, see for instance [44].

The dilaton ¢ is just a scalar on X, and the only harmonic 0-forms on ) are constant
functions, so ¢ becomes a scalar on M and similarly A(") only contributes a 1-form on M.
The 3-form A®) from table 3.1 gives us three contributions to the massless spectrum of the
4-dimensional theory, namely the fields A®®), A2 and a(® from table 3.2, which are 0-
forms, 2-forms and 3-forms on ) respectively (and a 3-form, a 1-form and a scalar on M).
Of these only the last, which we call the Ramond-Ramond 3-form (to remind us that it
originally came from the Ramond-Ramond sector), will be important for us.

The Kalb-Ramond 2-form provides two fields, namely the field b, which is a harmonic
2-form on Y and a scalar on M, and another field B that is constant on ) and a 2-
form on M. By either using the field equations for B(® or by introducing a Lagrangian
multiplier, B?) may be dualised to a scalar field ¢ called the Kalb-Ramond axion [44,2],
which satisfies H®) := dB® = xdo, where * now denotes the 4-dimensional Hodge star
operator.

Table 3.2: Massless bosonic spectrum in 4 dimensions

¢ €C>®(M) dilaton

o €C®(M) (Kalb-Ramond) axion hyper-
a® e C>(M,H*(Y,R)) | (Ramond-Ramond) 3-form multiplets

t €C™(M, M) complex structure moduli

w €C®M,Ky) Kahler moduli

b € C(M, H2(V,R)) } maltiplet

A(l)@) c Ql(M7 HQ(y,R)) multiplets

j(gl) etr;elles(s]s\y/n[“;emc(o,mem graviton } Grav'ity
AB) ¢ Q?’(M) multiplet

For the graviton dg the situation is similar, is different but nevertheless similar. Once again,
only zero-modes are considered. The part of §g that is a (0, 2)-tensor on M and a scalar on
Y only has one zero-mode, which is constant on ), and thus contributes a 4-dimensional
graviton field. The part that is a 1-form on both M and on ) does not have any zero-modes
as a consequence of the fact that b' = 'Y + h%1 = 0 [44,39], which still leaves us with a
scalar field on M that corresponds to a deformation of the metric on ) [39,43].

Of all possible deformations of the metric on the internal Calabi-Yau manifold, only those
that preserve Ricci-flatness will contribute. These deformations have already been discussed
in section 2.2.1, where we had seen that they split up into two types: deformations of the
complex structure on ) and deformations of the Kéhler class. Since these together determine
a deformed metric on ), we see that we should view the complex structure moduli ¢t € M¢
and the Kahler moduli d € Ky as fields in the 4-dimensional theory, so these have been
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included in table 3.2.

The fields in table 3.2 have been split into a gravity multiplet, vector multiplets and
hypermultiplets, which are sets of bosonic fields (and their fermionic superpartners) that
transform into each other under supersymmetry transformations. A hypermultiplet for in-
stance is a set of four scalar fields (and their fermionic superpartners) that may together be
viewed as a quaternion and transform accordingly [45]. We will see that the vector multi-
plets fields and the hypermultiplets decouple in the effective action (3.7) and therefore only
interact via gravity, which is in fact a general result and does not only apply to the present
situation.

3.2.2 The four-dimensional action

As we have seen, the effective 4-dimensional theory comes with an action Syp = [ Y dSy L
that is obtained by integrating out the internal Calabi-Yau manifold from the original 10-
dimensional action. Although computing this action is not a simple task, the Lagrangian
density L4p has already been found [44,40]. This effective action can be written as the
sum Syp = Sg + Shm + Svm of three separate contributions corresponding to gravity, the
hypermultiplet fields and the vector multiplet fields.

To be able to present this action we should first discuss how to introduce coordinates
for the fields in table 3.2. Recall from proposition 2.1.6 that H3(),R); admits a basis
0Q,...,0p12, B, ... ,ﬁ"m of generators for H3(), Z); that is symplectic with respect to the
intersection form Q. This basis can be used to write the field a(® as

K12

a®(x) =Y A'()a; — By(x) ', (3.6)
=0

for the (real) scalar fields A°, ..., A" By,..., By on M. Unless stated otherwise, the indices
i, 7, k, ... will from now on always run from 0 to h'-2.

We have also seen that the complex structure on the Calabi-Yau manifold ) is completely
determined by a holomorphic 3-form 2 = X‘«; — F;3" and that for the right symplectic basis
the periods X (locally) form a set of complex projective coordinates for the complex struc-
ture moduli space. This made it possible to view the complex structure moduli moreover
as a projective special Kihler manifold with a prepotential F = 1 X*F; and Kahler potential
K¢ = flog(ify QnQ).

The space of Kéhler moduli, which is the Kihler cone Ky, could be viewed as an open
subset of H2(Y,R), which enables us to combine the Kihler moduli w and the field b €
H?(Y,R) into a single complex field W = b+iw that takes values in the complexified Kihler
moduli space M;, = H*(Y,R) +iKy. By subsequently choosing a basis vy,...,v,1,1 for
H?(Y,7Z) it is possible to expand this field as W = ., Wv,. Also the complexified Kahler
is projective special Kahler with Kahler potential Ky = —log( [}, w Aw Aw) = —log Vol(D).
Since AW is Harmonic it is in particular closed and F = dAM®) is a 2-form on both M
and on ), which enables us to write 7 =} Fv,.

We can now write down the effective 4-dimensional action Sef = Sg + Sym + Shm. In its
first contribution we recognise the Einstein-Hilbert action from general relativity

S :/ ugRg:/ d*z+/|g|R,, (3.7a)
M M

where pu = d*zy/|g| is the volume form on M = R* for the metric g and R, is its scalar
curvature. The vector multiplet contribution is

82KK(W7W) A UTAT 1 +A +
Svm = _/[MM(WY({)#W MW — §Im(NM}' N xF ’y) s (37]3)
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where K is a Kahler potential on the complexified Kdhler moduli space, N is some (com-
plex) invertible matrix that only depends on W and F'* = F7 i x F". Finally, there is a
contribution for the fields in the hypermultiplet sector, which is given by

) _
Shm = — /MM [WauXiaﬂXj + #(@iw)(a#w)

X1 0XI (2¢)?
1 o .

+ W(aua — A'9,B;) ("0 — A" B;) (3.7¢)
— ﬁ Im(N)7(8,B; — Nix0, A*) (0" B; — N0 AF)|.

Here ¢) = e? describes the dilaton field, the matrix N is given by

Ny Xk XN,

Nij ;i TN

(3.8)
with Nj; = 2 Im(Fj;), and Im(N\)" is the inverse of its imaginary part. The Kéhler potential
K¢ (X, X) can be shown to correspond to the canonical Kéhler structure on the complex
structure moduli space and is given by [43,40]

Ke(X,X) = —log<i / Q /\Q) = —log(iX'F; — i X'F,). (3.9)
y

We should not forget that the action Sip = Sg + Sym + Shm described above was obtained
in the limit for ¢ — oo and is an approximation of a quantum corrected expression. We
can observe that this effective action has no contributions containing both vector multiplet
and hypermultiplets, which is no coincidence [46] and will therefore still hold once these
correction terms have been added.

3.3 The scalar moduli space

At the moment we are only be interested in the fields from the 4-dimensional theory from the
previous section that are scalars on the external manifold M = R* (but not necessarily on
)). This includes most of the fields from the vector multiplet and hypermultiplet sectors, but
it excludes A(*?), and the entire gravity multiplet. Although the appearance of the graviton
dg is quite essential, we will also ignore it for now and fix the standard 4-dimensional
Minkowski metric on M.

The moduli space M of the classical 4-dimensional theory described by these scalar fields
in these sectors of table 3.2 and the scalar part of the action Sy, + Spm from equation (3.7)
is the space of all vacuum states, by which we mean all states that minimise the energy. This
action only contains kinetic terms as consequence of the fact that we had put all massive
fields to zero, which means that the vacuum states are exactly those states for which all
fields are constant. The moduli space can thus be identified with the space of all values the
fields can take at any single given point. On this space, the symbols ¢, o, a(*) etc. will denote
coordinates rather than fields and we will denote the (moduli) space they parametrise by
M.

For a mathematician, the notion of a moduli space has a slighty different meaning that
also happens to apply in this case. Choosing a field configuration consists of choosing a
specific Calabi-Yau 3-fold, which comes with a Ricci-flat metric, and a number of harmonic
forms on this Calabi-Yau manifold at every point x € M. We can view the combination of
a Calabi-Yau manifold and these forms as a Calabi-Yau manifold with some extra structure
and these objects are exactly parametrised by the scalar fields in the hypermultiplet and
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vector multiplet sectors from table 3.2. The moduli space M can therefore be viewed as an
extension of the geometric moduli space described in section 2.2 to include this additional
structure.

The scalar part of the action Syy, + Sk, describes a non-linear sigma model, by which we
mean that it is of the form

N
S = — /M it Gor() (8,67 (@"7) (3.10)

o,7=1

for some field ¢ € C*°(M, M) that we can be expressed in terms of local coordinates on M
as = (Y1, ...,9N). The matrix G, (1) is symmetric and is allowed to depend on the point
¢ on the moduli space M (otherwise we say the sigma model is linear). In such situations
the action naturally induces a (pseudo-)metric on the (moduli) space M, namely

N
G= Y Gordy dy’ (3.11)

o,7=1
where the symbols ¢!, ..., 4" have now been used as coordinates on M rather than fields

on M.

In our case we obtain the metric gr = gvm + gnm ON the scalar part of the moduli space
with respect to which the vector multiplet fields and the hypermultiplet fields correspond to
orthogonal directions. More explicitly, we have

) _
Gvm _OENW) K“(W’jj) dwraw” (3.12)
OW A OW
and
PKe(X, X) | viroi 1 1 o
m = —e—dX'dX’ dy? do — A'dB;)?
I =537 5% o T g ) 519
L Im(N)9 (dB; — NipdA®)(dB; — Ny dAF).

21

We can view the scalar moduli space as the product M = My X My, of two Riemannian
manifolds, the vector multiplet moduli space M, and the hypermultiplet moduli space
M, which are parametrised by the fields in the vector multiplet sector and the hypermul-
tiplet sector respectively. Since these two spaces are orthogonal with respect to the induced
metric described above and the vector multiplet part of this metric does not depend on the
hypermultiplet fields and vice versa, we can study the metrics on both spaces separately.
Since the vector multiplet moduli space M., is just the complexified Ké&hler cone Ky, for the
Calabi-Yau manifold Y, it is a projective special K&hler manifold and as such it is understood
quite well [47,39].

The geometry of the hypermultiplet moduli has also been studied intensively and it has
been found to be a quaternion-Kdhler manifold [48,49] with negative scalar curvature.
This is quite a general statement that follows from supersymmetry, so it is even true when
quantum corrections are taken into account. By using the local c-map, S. Ferrara and S. Sab-
harwal were able to give an explicit description of the metric on the hypermultiplet mod-
uli space and its quaternion-Kéhler structure [2] and these results have later been verified
through a more direct method [44,50]. Nevertheless, the precise nature of the quaternion-
Kéhler structure on My, is not yet fully understood and requires further study. By finding a
more intrinsic description for the quaternion-Kéhler structure on the hypermultiplet moduli
space without quantum corrections we may also gain a better understanding of this space
and it may even help us to find the corrected action.
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3.3.1 Peccei-Quinn symmetries

The hypermultiplet action Sy, has a number of continuous symmetries that are parametrised
by 2 h'2 + 3 continuous parameters and are known collectively as the (continuous) Peccei-
Quinn symmetries [51,52] and correspond to the transformations

At — AT + at, o—o+s+a'B; —bA,
B; — B; + b;, Y= (3.14)
for a’,b;, s € R. Additionally, there is also a continuous scaling symmetry,
At = N AY o— \o
Bi - AB, v N, ©19)

parametrised by A > 0. These symmetries correspond to isometries for the induced metric
gnm from equation (3.13) on the hypermultiplet moduli space My,,,. Together the Peccei-
Quinn symmetries from equation (3.14) describe the group action of a (2 h*2+3)-dimensional
Heisenberg group [53, 2], as we will see in section 5.1.

While the scaling symmetry (3.15) is broken when perturbative corrections are taken
into account, the Peccei-Quinn symmetries will be preserved to any orders in perturbation
theory [54,55]. Explicit descriptions for this quantum-corrected quaternion-Kéhler metric,
which does not yet include non-perturbative corrections, can be found in [56] or [55].

Once also instanton contributions are added, the continuous Peccei-Quinn symmetries do
break. These leave only a discrete subgroup of the group of isometries unbroken [54, 57].
There are two important types of instanton contributions to the hypermultiplet action that
correspond to so-called D2-brane and NS5-branes and these can be considered separately.
The first break the Peccei-Quinn isometries by restricting (af,b;) € R2T2""" from equa-
tion (3.14) to a lattice, Z”%m, while contributions from the latter break the shift isometry
in o, which is parametrised by s in equation (3.14), to a discrete subgroup [54]. Although
this cannot be said with absolute certainty, it seems most likely that when the two are com-
bined, the remaining symmetries correspond to the transformations (3.14) for a’, b; € Z and
s € Z (or possibly s € n~'Z for some n € N).

States that are related through these unbroken symmetries are completely indistinguish-
able in the full effective theory and should therefore be identified. This makes each of the
fields A’, B; and thus means that a(® = A’a; — B;/3* becomes an element of the interme-
diate Jacobian H3(),R)/H?3(),7Z), while o should now be viewed as element of the circle
R/Z. No identifications are made for the dilaton field ¢.
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GEOMETRY

In this chapter contact metric manifold and Cauchy-Riemann (CR) manifolds are introduced,
some important properties of these spaces will be presented and it will be explained how
Sasakian structures are related to both of these concepts. We will finally apply all this to
the Heisenberg group and explain how a the specific Kahler structure we will encounter in
section 5.2 can be described in terms of contact and CR geometry.

4.1 Hyperplane fields

The central object in contact geometry is a hyperplane field [58, 59, 60], so the first thing
we should do is define what we mean by that and discuss a few other general notions.

Definition 4.1.1 (Hyperplane field). A hyperplane field F’ on a manifold M is a codimen-
sion 1 subbundle of the tangent bundle TM. A (locally) defining form for F' is a (locally
defined) 1-form on M for which F = kern.

For any hyperplane field F < TM we can also consider the (real) line bundle TM/F.
From now on the manifold M will be assumed to be connected and co-orientable, as defined
below.

Definition 4.1.2 (Co-orientability). The hyperplane field F is said to be co-orientable when
TM/F is orientable (and hence trivial) and a co-orientation of F is a choice of one of the two
connected components of TM/F \ (M x {0}), which is denoted by (TM/F)™.

A section X of TM/F is said to be positive if X(z) € (TM/F)* for all x € M and
negative if X (z) € (TM/F)~ = —(TM/F)* and we call a defining form n for F positive
(resp. negative) if n(X) > 0 for all positive (resp. negative) sections of TM/F.

On any co-orientable hyperplane field we can define the Frobenius form by using the
commutator [s, +] for vector fields.

Definition 4.1.3 (Frobenius form). The Frobenius form of a distribution F' < TM is the
anti-symmetric bilinear map w: F x F — TM/F given by

w(X,Y) =mrar([X,Y]) (4.1

for any two sections X and Y of F. Here mry/p is the canonical projection map from TM
onto TM/F.

That w is linear over C°°(M) is easily verified since for any function f on M and any two
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sections X and Y of F we have

w(XafY) = WTM/F([XafY]) = 7TTM/F(f [X> Y] +X(f)Y) = fﬂ'TM/F([Xv Y]) 4.2)

because 7y, p is C°°(M)-linear and ker 7ry,/p = F. This means that the value of w(X,Y")
in the point = € M only depends on the value of X and Y in # € M and hence that, unlike
the commutator bracket, the Frobenius form can be defined on the fibres of F' rather than
on sections.

Any defining form for the (co-orientable) hyperplane field F' < TM vanishes on F' by
definition and thus defines a nowhere-vanishing homomorphism n: TM/F — M x R, i.e.
a trivialisation for TM/F. Conversely, any trivialisation ¢: TM/F — R for TM/F comes
from a unique defining form 7, = ¢ o w1y p for F < TM. This not only gives us a one-
one correspondence between trivialisations of TM/F and defining forms for F, but also
enables us to relate the Frobenius form of a hyperplane field to the external derivative of
some defining form [61].

Proposition 4.1.4. Let F' < TM be a (co-orientable) hyperplane field and let ) = ¢ o Tppr/p
be a defining form for F, then dn|r = — o w, where w is the Frobenius form for F.

Proof: By using the intrinsic formula for the exterior derivative, we see that for any two
sections X and Y of the bundle F = ker < TM we have that
dn(X,Y) := X(n(Y)) = Y (n(X)) —n([X,Y]) = —n([X,Y])

4.3
= _SO(WTM/F([Xﬂ YD) = —<p(w(X, Y)) “-3)

by definition of  and w. O

For the remainder of this chapter, the manifold M will be assumed to be of dimension
2n + 1 for some integer n.

4.2 Contact geometry

Contact geometry is often considered to be the odd-dimensional counterpart of symplectic
geometry, which can only be defined for even-dimensional manifolds. Contact structures are
often defined in terms of a contact form, which is a special type of defining form [24,60,58].

Definition 4.2.1 (Contact form). A contact form 7 on M is a nowhere-vanishing 1-form for
which one of the following equivalent conditions holds:

1. The (2n + 1)-form n A (dn)™ is nowhere-vanishing (it is a volume form),

2. The 2-form dn is non-degenerate on F' = ker 7 (it is a symplectic form on F).

Equivalence of these definitions is easily verified, as is the existence of a nowhere vanish-
ing vector field £ on M for which dn(, <) = 0, which gives rise to the following definition.

Definition 4.2.2 (Reeb vector field). The Reeb vector field associated with a contact form
n is the unique vector field £ on M for which n(¢) = 1 and 1cdn = dn(€,+) = 0.

Although some authors [24] call the contact form itself the contact structure, it is more
common to call the hyperplane field defined by such a form the contact structure [58, 60]
and the contact condition can alternatively also be formulated in terms of the Frobenius
tensor [61]
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Proposition/Definition 4.2.3 (Contact structure). A contact structure on M is a (co-
orientable) hyperplane field F < TM for which one of the following equivalent conditions
holds:

1. The Frobenius form w of F is non-degenerate,
2. There exists a contact form n on M such that F = ker 1,
3. Any defining form for F is a contact form.

A hyperplane field F satisfying these conditions is also called a contact bundle and a mani-
fold (M, F) equipped with a contact structure is called a contact manifold.

Proof: Let n be some defining form for the hyperplane field F < TM, then n: TM/F —
M x R defines a trivialisation and dn|pxr = —n o w, as we had seen in proposition 4.1.4.
This tells us that dn is non-degenerate on F' exactly when w is non-degenerate and since
the defining form 7 was arbitrary it proves that each of the three conditions above are
equivalent. O

It is not hard to show that for any contact form 7 one can locally choose coordinates

b, ..., 2™, y1,...,Yn, z with respect to which 7 is given by

Such a coordinate system is called a Darboux coordinate system [24]. By instead choosing
the coordinates 2’ = z — 22'y;, 2/* = 2%//2 and y'* = y'/\/2 we obtain

n=d — Zyé da’, (4.5)

where y;da? is short for y;dz? — 2idy;.

Remark 4.2.4. A subbundle F' C TM of rank k on an n-dimensional manifold is said to be in-
tegrable if M locally admits a folation into k-dimensional integral submanifolds (submanifolds
that are tangent to F). By the Frobenius theorem, a hyperplane field F' < TM is integrable
exactly when its Frobenius form vanishes, which means that a contact bundle will never be in-
tegrable. The contact condition is in fact a much a stronger condition than non-integrability,
as it guarantees that no submanifold of M of dimension greater than |n| will be an integral
submanifold with respect to a contact bundle F' < TM, which is why a contact distribution is
sometimes said to be maximally non-integrable [60].

4.2.1 Symplectisation

Let (M, F) be a co-orientable contact manifold. The vector bundle (TM/F)* dual to TM/F
can be naturally identified with the bundle

D={aeT,M|xe€ M,F, Cker(a)} CT"M, (4.6)

which is generated by the defining forms for ' C TM. Co-orientability of (M, F') tells us
that a globally defined nowhere-vanishing section 1 of D exists and hence that D is trivial.
This bundle comes with a canonical 1-form 6 defined as the restriction of the Liouville form
on T* M to the submanifold D.

Definition 4.2.5 (Liouville form). The cotangent bundle T*M carries a canonical 1-form,
called the Liouville form, which is given by

On, =7 4.7)
at the point n, € T*M, where m: T*M — M is the standard projection of T* M onto M.
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It is a well-known result that the exterior derivative df of the Liouville form is non-
degenerate as a 2-form on T*M and thus defines a canonical symplectic structure on T*M \
(M x {0}). Because of the fact that F < TM is a contact bundle, it turns out that the
restricion of this symplectic structure to one of the connected components of D \ (M x {0})
is still non-degenerate.

Theorem/Definition 4.2.6 (Symplectisation). Let 7 be a positive contact form on the contact
manifold (M, F) and let & be the associated Reeb vector field and M the bundle of positive
defining forms,

M={aeD|a(l)>0}={A\n, |z€ MN>0} CT*M. (4.8)

The restriction of the canonical symplectic form dfl on T* M, where 6 is the Liouvile form from
4.2.5, to M defines a symplectic structure & on M. The symplectic manifold (M, ) we thus
obtain is called the symplectisation [62,60] of the contact manifold (M, F).

We will postpone the proof of the statement that the 2-form & defines a symplectic struc-
ture for now and first discuss an alternative description of the symplectisation M.

Remark 4.2.7. The canonical projection map w: M — M allows us to transfer any exterior
k-form o on M to a k-form m*o on M, which we will usually also denote by o This in particular
means that we can extend a preferred defining form n = 71 to a 1-form on M. At any point
Nz € M, the Liouville form is given by 0, = 71, = ;.

Although intrinsic, the definition above is not very practical to work with. We will there-
fore mainly work with a more explicit description of the symplectisation, which can be in-
troduced by fixing a defining form and defining a coordinate on the fibres of M [62,60,59].

Proposition 4.2.8 (Explicit description). Let (M, I') be a co-oriented contact manifold and
let 1) be a positive defining form for F. The map v,: M x Ryg — M C T*M, (x,7) — 71, is
a diffeomorphism such that ;0 = rn and

Ypw = d(rn) =dr An+rdn. (4.9

This 2-form on M x R is non-degenerate and closed, so it defines a symplectic form on M x R<.

For this reason we will often identify (M,o) with (M x Rsg,dr A+ rdn) or just refer to
this space as the symplectisation of M.

Proof: The defining form 7 defines a trivialisation 7: D — M x R,rn, ~ (z,7), so its
restriction to the symplectisation M is a diffeomorphism M = M x Rsq. Since 0,,, = 1,
for all z € M and all » > 0, we immediately see that for (z,r) € M x Rs,

(©n0) (@) = Yp(Orn) = Yy (7 rn) = (woby)"(rn) =11 (4.10)
since 7 o 1), = idas. It subsequently follows that
Yrw = Ypdl = dipy 0 = d(rn) = dr An+rdy. (4.11)

Since 7 is a defining form for the contact bundle F, d is non-degenerate on F', but dn(§) = 0
by definition of &, so 7*dn is non-degenerate on F, x {0} C T, (M x R) and vanishes on the
subspace of T, (M x R) spanned by (¢,0) and 0,.. Meanwhile, dr A 7 is non-degenrate on
exactly this subspace and vanishes on F,. The form © = d(rn) = dr A n + rdn is therefore
non-degenrate on the whole of T, M for all z € M. It is exact and therefore closed, which
means that it defines a symplectic structure on M x R O

Proof of theorem 4.2.6: This is a direct consequence of proposition 4.2.8 since we can use
the diffeomorphism v, to transform the symplectic form ;@& on M x R back to M. O
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It is possible to define the space M using any hyperplane field ¥ C TM, but the 2-form
@ = df will only be non-degenerate if (M, F') is a contact manifold. A contact structure can
therefore equivalently be defined as a hyperplane field F < TM for which the symplectic
structure on T*M induces a symplectic structure on the space (TM/F)* [60]. From now
on we will mostly work with the explicit description of the symplectisation as M x Ry
introduced in proposition 4.2.8 for some fixed defining form 1 and write & for the induced
symplectic form ¢y = dr A+ rdn.

4.2.2 Contact metric structures

There exists a special class of metrics on contact manifolds, namely those that are part of a
contact metric structure. The definition of a contact metric structure makes use of an almost
contact structure, which is strongly related to the notion of a contact structure and that of
an almost complex structure.

Definition 4.2.9 (Almost contact structure). An almost contact structure (¢,£,n) on M
is an endomorphism ¢ on TM such that

¢* = —idrar +€ @1, (4.12)

for the vector field £ and the 1-form n on M such that n(¢) = 1. A manifold admitting such a
structure is called an almost contact manifold.

As will be made more explicit in proposition 4.2.13, any contact manifold (M, F') with
F = ker n and corresponding Reeb vector field ¢ admits an almost contact stucture (¢, ¢, n),
but the converse is generally not true [24, 58]. It is however possible to prove that any
non-compact connected manifold with an almost contact structure also admits a contact
structure and that the two can be related through homotopy [60], but this is not what we
are interested in.

Lemma 4.2.10. Let (¢,£,n) be an almost contact structure on M, then ker ¢ is a (real) line
bundle spanned by £ and im ¢ = ker 1.

Proof: Since n(¢) = 1 we see that ¢?(£) = —¢ + n(€) € = 0 and hence
(

0=¢(&) = ¢*(4(€)) = = (&) +n(e(€)) €, (4.13)
5o (&) = n(p(€)) €. It subsequently follows that ¢(£) = 0 since
0= ¢*(€) = o(n(6(£) £)) = n(4(€)) 6(€) = n((€))*€, (4.14)

which is only possibly if n(¢(£)) = 0 and thus ¢(§) = n(¢(£)) £ = 0.
This means that for any vector field X on M,
P(X) = —d(=X +n(X) €) = —d(¢*(X))
= —¢*(¢(X)) = ¢(X) — n(¢(X))E,
which tells us that 7(¢(X)) = 0 and hence that o ¢ =0, i.e. im ¢ < kern.

If $(X) = 0 for some X € T,M then we have ¢?(X) = —X + n(X)& = 0, so we
necessarily have X € R¢,. Since we had already seen that ¢(£) = 0 it follows that for any

(4.15)

x € M, ker ¢ = R&,, which in particular means that rank¢ = dim M — 1 = 2n. We had
also shown that im ¢ < kern, but for x € M both im ¢, and kern, are subspaces of T, M
dimension 2 n, so they are in fact equal. O

By using the definition of an almost contact structure we can now subsequently introduce
the notion of an almost contact metric structure and a contact metric structure.
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Definition 4.2.11 (Almost contact metric structure). A metric g on a almost contact man-
ifold (M, ¢, &, n) is said to be be compatible with the almost contact structure if

9@ X,0Y) =g(X,Y) = n(X)n(Y) (4.16)

for any two vector fields X and Y on M. Together with the almost contact structure, g forms
an almost contact metric structure or almost contact Riemannian structure (¢, &, 7, g).

Definition 4.2.12 (Contact metric structure). An almost contact metric structure (¢,&€,1, g)
on M is said to be a contact metric structure if

9(X,9Y) = 1dn(X,Y) (4.17)

for any two vector fields X and Y on M and the manifold (M, ¢, £, n, g) is then called a contact
metric manifold or a contact Riemannian manifold.

Note that this definition in particular implies that dn|r is non-degenerate and hence that
F = kern defines a contact structure on M. If a metric g exists such that (¢,£,n,¢) is a
contact metric structure for a given almost contact structure (¢, ¢, n), this metric is in fact
completely fixed by equation (4.16) and (4.17), since the first tells us that ¢g(£,+) = n and
the latter fixes g on F' = im ¢. The metric g is given by

g=Lidn(¢e.s) +n@n (4.18)

Proposition 4.2.13. Let (M, F') be a contact structure such that F' = kern for the contact
form n whose Reeb vector field is £. There exist an endomorphism ¢: TM — TM and a metric
g on M such that (¢,&,m, g) is a contact metric structure.

Proof: See [24] for a proof of this proposition using the polar decomposition of matrices.
O

Definition 4.2.14. A contact metric structure (¢, &, 1, g) is said to be K-contact if £ is a Killing
vector field for g, i.e. Leg =0, or equivalently if L:¢ = 0.

If (¢,&, 7, g) is a contact metric structure, then g is given by equation (4.18) and thus

Leg = A(Len)(6o, %) + Sdn((Led) o) + (Len) @n+0® (Len)  (419)

A direct consequence of the definition of the Reeb vector field ¢ is that £ = 0, which
also means that £.dn = 0. When we plug this into equation (4.19) we are left with £L.g =
1dn((Leg)+, +), which vanishes exactly when L¢¢ = 0 (N.B. (L¢¢)(£) = 0 always holds).

4.3 Cauchy-Riemann structures

Another interesting type of structure that we can define on a hyperplane field are the so-
called CR structures.

Definition 4.3.1 (CR structure). A CR structure (Cauchy-Riemann structure) on a manifold
M is an involutive subbundle H < Tc M of the complexified tangent bundle for which H N H =
0. Involutivity of H means that [X,Y] € H for any two sections of H. If H < T¢ is a CR
structure then the pair (M, H) is said to be a CR manifold.

A complex structure is the same thing as a CR structure of maximal rank on an even-
dimensional manifold M and satisfies TcM = H @© H. Although the definition of a CR
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structure given above makes no reference to the rank of H or the dimension of M, we will
from now on always assume that the dimension of M is an odd number 27 + 1 and that the
rank of H is maximal (dim¢ H = n). This assumption is usually made when dealing with CR
manifolds in relation to contact geometry since then Hg = (H & H) N'TM is a hyperplane
field. In analogy to the corresponding definition on a complex manifold, we have a notion
of holomorphicity for functions between CR manifolds.

Definition 4.3.2 (CR-holomorphicity). A complex function f: M — C on the CR manifold
(M, H) is said to be CR-holomorphic if df(X) = X(f) =0 forall X € H. Amap ¢ from one
CR manifold (M, H) to a CR manifold (M', H') is called CR-holomorphic if ¢, (H) C H'.

A CR structure induces an endomorphism Jy on Hg = (H & H) N TM satisfying J% =
— id g, whose complex eigenspace are H and H and correspond to the eigenvalues +i and —i
respectively. Since the hyperplane field Hr and the endomorphism .J; completely determine
the CR structure, we will generally denote the CR structure H < T¢M by the pair (Hg, Jg ).

Definition 4.3.3 (Levi form). The Frobenius form wy: Hg x Hg — TM/Hy for the hyper-
plane field associated with a CR structure H on M is called the Levi form of the CR structure.

It can easily be verified that (the complex extension of) the Levi form wp vanishes on
H x H and H x H because [H, H] C H by the CR condition. This tells us that the bilinear
form wy (Jye,+): Hg x Hg — TM/Hy is symmetric.

Definition 4.3.4 (Strictly pseudoconvex CR structure). Let (Hg, Jy) define a CR structure
and fix a co-orientation for Hg, then we say that a 2-form w is positive if w(JyX,X) €
(TM/Hg)" for any X € Hg \ (M x {0}). A CR structure is called Levi non-degenerate if
the Levi form wy is non-degenerate and strictly pseudoconvex if w(Jye, ) is positive for a
co-orientation of Hg.

Since the Levi-form is just the Frobenius form of the hyperplane field Hg, the hyperplane
field Hg will define a contact structure exactly when the CR structure is Levi non-degenerate.
A strictly pseudoconvex CR manifold can furthermore be equipped with a contact metric
structure, but this structure is not unique since a defining form for Hg should first be speci-
fied.

Definition 4.3.5 (Underlying CR structure). Let (¢,&,1,g) be a contact metric structure on
M such that (Hg, Jg) = (kern, ¢|m,) be a CR structure, then this CR structure is said to be the
underlying CR structure for the contact metric structure.

Proposition 4.3.6. If (Hg, Jg) is a strictly pseudoconvex CR structure (with corresponding
orientation) and 7 is a positive defining form for Hg, then (¢,n,&, g) is a contact metric struc-
ture if £ is the corresponding Reeb vector field, ¢ is given by ¢(§) = 0 and ¢y, = Jy and
9= 5dn(¢=,*) +n@n.

A CR structure (Hg, Ji) on M is the underlying CR structure for a contact metric structure
if and only if it is strictly pseudoconvex.

Definition 4.3.7 (CR automorphism). a CR automorphism on a CR manifold (M, Hg, Jyr)
is a diffeomorphism ¢ from M to itself such that ¢.(Hgr) C Hg and ¢, o Jg = Jg o p..

Proposition 4.3.8. The group ¢R(M, Hg, Jy) of CR automorphisms for the CR manifold
(M, Hg, Jg) is a Lie group. Its Lie algebra can be describes through the infinitesimal CR auto-
morphisms and is given by

(M, Hg, Jy) = {€ € X(M) | [¢, Hg) C Hg and L¢J = 0}. (4.20)

The hypermultiplet moduli space 59



CHAPTER 4. CONTACT AND CAUCHY-RIEMANN GEOMETRY

4.3.1 Sasakian structure

A Sasakian structure is a special kind of contact metric structure that is of particular interest
to us.

Definition 4.3.9 (Sasakian structure). A Sasakian structure on M is a contact metric struc-
ture (¢,&,7n,9) on M that is K-contact and for which (F,J) = (kern, ¢|r) is a CR structure. A
CR structure that underlies a Sasakian structure is said to be of Sasaki type.

Note that all elements of the Sasakian structure (¢, &, 7, g) are completely determined by
the CR structure (F,J) = (kern, ¢|r) and the Reeb (Killing) vector field £. The complete
tuple (¢,&,n, g) is determined by the equations n(§) = 1, n|r = 0, ¢(§) = 0, ¢|r = J and
g=3dn(ge+) +n@n.

Definition 4.3.10 (Normal almost contact structure). Let (¢, &, ) describe an almost con-
tact structure on M. We can define an almost complex structure J on the space M = M x R
by

JX+60)=¢X —r€E+n(X)0,, (4.21)
were 1 is the standard coordinate on R and & ~ (&,0) is the Reeb vector field associated with
preferred defining form 7. The almost contact structure (¢, &, n) is said to be normal when J is
integrable.

We know that an almost complex structure is integrable if and only if its Nijenhuis tensor
vanishes, which we can use to obtain a similar result for for almost contact structures.

Theorem 4.3.11. An almost contact structure (¢, &, n) is normal if and only if the (1, 2)-tensor
defined by

vanishes.

Sketch of the proof: The tangent space of M is spanned by T(M x {0}) ~ TM together
with the vector d;. Since the Nijenhuis tensor is anti-symmetric, N(d, ;) = 0 and we only
need to check whether N(X,Y) and N(X, 0;) vanish for vector fields X and Y on M. A
lengthy calculation shows that

N;j(X,V)=ND(X,V)+ NP (X,Y)d, and N(X,9)=NO(X), (423

where N is the object described in equation (4.22), N (X,Y) = n(NM (¢ X,Y)) and
NO(X) = —p(NM(X,¢)). We immediately see that the vanishing of N(!) is a necessary
and sufficient condition for the .J to be integrable and thus for (¢, £,7) to be normal.

The tensorial nature of N(*) can be explicitly verified. O

Instead of using the characterisation for Sasakian structure given in definition 4.3.9, a
Sasakian structure is often defined as a normal contact metric structure or as a contact
metric structure whose (real) cone admits a particular kind of Kahler metric. All of these
definitions are equivalent. There are also other characterisations for Sasakian structures
that we will not go into here [63, 64]

Theorem/Definition 4.3.12 (Alternative definitions). Let g be a Riemannian metric on M,
let ¢ and n be a vector field and a 1-form on M respectively and let ¢: TM — TM be an
endomorphism on the tangent bundle T M. The following statements are all equivalent

1. (¢,&,7,9) is a Sasakian structure.
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2. (¢,&,n,g) is a normal contact metric structure on M.

3. The vector € is a Killing vector field on (M, g) of unit length, the endomorphism ¢ on M
is given by ¢(X) = —Vx& satisfying

(Vxo)(Y) = g(X,Y)E = n(Y) X, (4.24)

4. There exists a dilation invariant complex structure J (ie. Era,,j = 0) on the cone M x
R with respect to which the metric dr? + r? g on M x R is Kdhler.
If we denote the canonical projection from M x Rsq to M by #, then & = —#,J(rd,),
n=g(&,+) and ¢ is determined by ¢(¢) = 0 and g(, ¢+) = %dn.

Definition 4.3.13 (Sasakian 7n-Einstein structure). A Sasaki-Einstein structure is a Sasakian
structure (¢, &, n, g) which is also Einstein, i.e. one for which the Ricci Ric, is proportional to
g. A Sasakian structure is said to be Sasakian 7-Einstein if the Ricci tensor for g is given by

Ricy =Ag+vn®n (4.25)

for some constants A\, v € R.

Definition 4.3.14 (Sasakian cone). Let (M, Hg, Ji) be a strictly pseudoconvex CR manifold
and let n be a positive defining form for Hg, then the (unrestricted) Sasakian cone is defined
as the subset

™ (M, Hg, Jg) = {€ € «t(M, Hg, Jg) | n(€) > 0}. (4.26)

The Sasakian cone is a convex cone since we can easily check that A £+¢’ € cv™ (M, Hg, Jy)
forall ¢,&' € ev™ (M, Hg, Jy) and all A > 0.

Theorem 4.3.15. Let (Hg,Jy) be a strictly pseudoconvex CR structure on M, then & €
(M, Hg, Jg) for any Sasakian structure (¢,&,n,g9) on M with (Hg,Jyg) as its underly-
ing CR structure (Hg, Ji). Moreover, if we let S(M, Hg, Jy) denote the set of all Sasakian
structures on M which have (Hg, Jy) as their underlying CR structure, then the map

S(Mv HRa JH) - Ct+(Ma H]Ra JH) (¢3€77)ag) = g (427)

is a bijection.

4.4 The Heisenberg group

The most simple example of a contact structure is the one defined on the odd-dimensional
Euclidean space R?"*! by using equation (4.4) to define a contact structure on the entire
space. A more interesting way to construct a contact structure on odd-dimensional vector
spaces is by using a symplectic vector space to construct a Heisenberg group.

Definition 4.4.1 (Heisenberg (Lie) group). Let (V,w) be a symplectic vector space, then we
define the Heisenberg group associated with this space to be H(V,w) = (V x R, ). Group
multiplication on H(V,w) is defined by

(v,8) - (w,t) = (v+w,s+t—w(,w)), (4.28)

forv,w € Vand s,t € R.

It can easily be verified that the product defined in equation (4.28) defines a group struc-
ture on V x R with neutral element (0, 0) such that the inverse of an element (v, s) € H(V,w)
is simply (—v, —s). Since V x R is a linear space, it carries a natural smooth structure with
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respect to which both group multiplication and inversion are smooth The Heisenberg group
therefore carries the structure of a (connected) Lie group. For the remainder of this section,
(V,w) will denote a 2n-dimensional real symplectic vector space and H = H(V,w) will be its
associated Heisenberg group.

Remark 4.4.2. 1t is always possible to choose a basis on V with respect to which w looks
like the standard symplectic form. If we then write v = (z',..., 2™ y1,...,y,) and w =
(:n’l,_ co @™y, ...yl in terms of the corresponding coordinates we have w(v,w) = x'y! —
y;x". If we add an additional coordinate s on R, then group multiplication on H(V,w) will be

described by
(v,8) - (w,t) = (z,,5) - (2", 9/,1) = (¢ + 2",y +y' s+t — 2’y + yiz”). (4.29)

For this reason, the 2n + 1-dimensional Heisenberg group is sometimes defined as the space
R2"+1 with the multiplication described by equation (4.29) [65].

Because we will require the commutator of left-invariant vector fields on H on a number
of occasions it will be useful to know the Lie algebra of H.

Lemma 4.4.3 (Heisenberg algebra). The Lie algebra, $(V,w), of H(V, W) is the linear space
V' x R, equipped with the Lie bracket defined by

[(1}, 8)’ (’LU7 t)] = (O’ -2 w(v, w)) (4.30)

Proof: A simple calculation shows that the commutator of two group elements (v, s) and
(w, t) is given by

[(v,5), (w,t)] = (v,8) - (w,t) - (v,8)"" - (w, )"

=w+w,s+t—ww): (—v—w,—s—1t—w(v,w)) (4.31)
= (0, —2w(v,w)).
Since (0, 0) is the unit element, this proves the lemma. O

Recall that a vector field X on ¥ is called left-invariant if £, ,), X = X for all (v,s) € H
and that such a vector field is completely determined by its value at the unit element through
X(v,5) = £, X(0,0). Here £(, o: H — H, (w,t) — (v, s) - (w,t) denotes left translation
by (v, s) € H [66].

Lemma 4.4.4 (Invariant vector fields). The left-invariant vector field X ;) on 'H for which
X:1(0,0) = (w,t) are given by

XD (v, s) = (w,t —w(v,w)). (4.32)

Proof: The value of the left-invariant vector field X ;) for which X% (0,0) = (w,t) at
(v,s) € H(V,w) follows by taking the derivative of £, )
X(w’t) (’U, S) = g(v,s)*(w7 t) = % |¢:0€(v,s) ((,D’LU, (pt)
:%bzo(v—l—g&ms—&-@t—w(v,(pw)) (4.33)
= (w,t —w(v,w)).

This corresponds exactly with equation (4.32). O

Note that this in particular means that the vector field ¢ = X(®1) = (0,1) = 9, is invariant.
The fact that we already know the Lie algebra of H enables us to write the commutator of
two invariant vector fields in terms of symplectic structure and this vector field &.
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Corollary 4.4.5 (Commutator bracket). The vector field commutator of two left-invariant
vector fields X (V%) and X () is given by

[X(’U#)’X(w,t)] = x(:8),(w,)]) — —2w(v,w)¢, (4.34)
where ¢ = X(0D = 9,.

Proof: This is a direct consequence of lemma 4.4.3 and a general result for Lie groups
relating the commutator bracket of invariant vector fields to the Lie algebra. O

4.4.1 Contact and CR structures on the Heisenberg group

The left-invariant differential 1-forms on H are exactly those forms that evaluate to constant
functions when applied to an invariant vector field. This means that a 1-form « is invariant
if and only if for any (v, s) € T(g0)H ~ V x R the function a(X®*)): H — R is constant .
We will be particularly interested in the one 1-form 7 defined by

(X)) =s (4.35)
for (v,s) e TH~V x R.

Lemma 4.4.6. Let 1 be the left-invariant 1-form on H(V,w) defined above, then for any two
left-invariant vector fields X (%) and X (*:t)

dn(X @) XDy = 20(v, w) (4.36)
Proof: This can easily be verified through an explicit computation, as this shows that

dp(X @), x WDy = x@8)p(x Wty _ x @ty x @)y _p(x @) xwo])

3
= X (1) — X (s) — n(~20(v,0) €) = 20(v, w), @37

where ¢ = X (1) as before. O

There is a natural way to define a hyperplane field on the Heisenberg group that is in-
variant with respect to the group structure [67] by taking the subspace V' < Ty ¢)H and
extending it to other points in the group through left-translations. Using the lemma above,
it becomes straightforward to show that this hyperplane field defines a contact structure on
H(V,w).

Corollary 4.4.7 (Contact structure on H). The hyperplane field F' < TH generated by the
vector fields X *:9) for w e T0,0)V = V defines a contact structure. The invariant form n from
equation (4.35) is a defining form for F' and £ = 0O is the corresponding Reeb vector field.

Proof: The 1-form 7 was defined to satisfy 7(X (")) = s, so n(¢) = 1 and (X)) = 0.
This shows that 7 is nowhere vanishing and that moreover kern = F. We know that w is
non-degenerate on V, which tells us that dn is non-degenerate on F' since we had seen that
dn(X (@0 x (.0)) = (v, w). Lemma 4.4.6 furthermore tells us that d7(¢, «) = 0 and we had
already seen that n(£) = 1, so ¢ is the Reeb vector field corresponding to 7. O

The imaginary part of the Hermitian form on this space is a symplectic form, so instead of
constructing the Heisenberg group from a (real) symplectic vector space, it is also possible
to start with a Hermitian vector space. If we construct the Heisenberg group in this way we
can use the complex structure to obtain a CR structure.
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Proposition 4.4.8. Let (V, h) be a Hermitian vector space of (complex) dimension n with Her-
mitian form h and let H = H(V,w) be the Heisenberg group for the symplectic vector space
(V,w), with w = Im(h). The bundle F from corollary 4.4.7, generated by the fields X “-*) for
v € V, together with the endomorphism J: F' — F defined through

J(X(U’O)) _ X(i“’o), (4.38)

defines a Levi-nondegenerate CR structure (Hg, Ji) = (F, J) on H. If the Hermitian form h is
a Hermitian metric on V, then (F, J) is strictly pseudoconvex.

Proof: It is easily verified that equation (4.38) completely defines J as a linear endomor-
phism and that moreover J? = —idp. This tells us that .J has eigenvalues +i and —i with
eigenspaces H and H respectively, such that Fr = F® C=H © H and HN H = 0.

Compatibility of the Hermitian form % and the complex structure on V tells us that
w(iv,iw) = w(v,w) for all v,w € V and thus, by corollary 4.4.5,

(X0 x (@0 = _9u(v,w) = —2w(iv,iw) = [J X0 Jx@0] (4.39)

A basis for the sections of H is given by the left-invariant sections (1 —i.J)X (0 for v € V.
The commutator of two such sections is given by

(1= i)X0, (1 =1 )X @O) = (X0, X 0] 4 27 X0, g X (0]
_ i[JX(U7O)7 X(w,O)] _ l'[X(v,O)7 JX(“”O)}
= [X(v,O)7X(w,O)} _ [X(U’O)7X(w’0)]

—i[J2X 0 g x@0] [ x©0 jx 0] =0
(4.40)

which tells us that the commutator of any two sections X and Y of H is again a section of
H, i.e. that H is involutive.

Non-degeneracy of the Levi-form means exactly that F' is a contact bundle, which we had
already shown in corollary 4.4.7. If moreover, the form h is positive definite then, since
h=w(ie,e) +iw,

dn(J X0 x@0Y =24 (iv,v) = 2h(v,v) > 0. (4.41)

From this we learn that the CR structure (F, J) is strictly pseudoconvex. O

4.4.2 Sasakian structure on the Heisenberg group

Let h be a Hermitian metric on the complex vector space V' and let w = Im(h), let H =
H(V,w) be the associated Heisenberg group and let (F, J) be the strictly pseudoconvex CR
structure defined in proposition 4.4.8. By proposition 4.3.6 this means that any positive
defining form n for F' gives us a contact metric structure on H with (F, J) as its underlying
CR structure.

We would like to equip the Heisenberg group with a metric, but while proposition 4.3.6
gives us a prescription to find one by fixing a positive defining form for F' < TM, it does
not tell us which contact form to use. Both the contact structure and the CR structure have
been defined in such a way that they are invariant under group translations, we would also
like to require left-invariance for the contact metric structure.

The positive left-invariant defining forms for ' < TM are the forms 7, = A7 for some
A > 0, which correspond to the Reeb vector fields £, = A~1¢, where 7 is still the contact
form from equation (4.35) and ¢ = 0;. This gives us a 1-dimensional family of left-invariant

64 A.G. Baarsma



4.5. KAHLER STRUCTURES

contact metric structures (¢x,&x,7x, gx) for which ¢|p = J. The endomorphism ¢ = ¢,
does not depend on )\ and is given by

H(X @)y = J(x @0y = x({v.0), (4.42)

as we can easily verify. The almost contact structure (¢, £y, 7)) fixes the metric gy, which is
given by
gr = A (e, 0) F i @1y = gAdn(ge,+) + N @ . (4.43)

Apart from being invariant these contact metric structures have another interesting property,
namely that they are in fact Sasakian structures.

Proposition 4.4.9. The contact metric structure (¢,&x,nx, gx) on H is a Sasakian structure
forall X > 0.

Proof: Since (¢,&x,nx, gx) comes with an underlying CR structure by construction, the only
thing we need to verify is that this contact metric structure is K-contact, i.e. that L¢, ¢ = 0.
That this holds is a simple consequence of the fact that the field &, is central in the algebra
of left-invariant vector fields and the fact that ¢ has been defined to be left-invariant. These
tell us that for any left-invariant vector field X **) on H

(Ley @) (X)) =AM e, o X 9] = A Lg €, X))

: 4.44
= A7, X - X T1p(0) = 0 49

and that therefore L:¢ = 0. O

Remark 4.4.10. Although not every compatible contact metric structure is Sasakian, there
are many Sasakian structures on the Heisenberg group [68] with this same underlying (left-
invariant) CR structure. By also requiring left-invariance of the Sasakian structure we have
reduced the freedom we have to choose the Sasakian structure on the Heisenberg group to a
single parameter A > 0.

4.5 Kahler structures

Let (¢, €x, M, ga) a0 be a family of Sasakian structures on a manifold M, with &, = A\71¢,
ny = An and gy = 13 + 3dna(¢e, ), and let (F, J) be their underlying CR structure. Since
we will not make any other assumptions about these Sasakian structures or the manifold M,
eveything in this section will in particular apply to the Sasakian structures on the Heisenberg
groups defined in the previous section.

We can apply definition 4.2.6 and proposition 4.2.8 to this space to equip M C T*M
with a canonical symplectic structure w. The symplectised space could be described more
explicitly as the space M x R through the diffeomorphism

Yyt M x Rsg — M, (2,1) = tNx 0 = Nrt.o- (4.45)

for A > 0. On this manifold the canonical symplectic structure becomes d(tny) = dt A ny +
tdny. Even though it is not directly manifest in this description, the symplectic structure &
is completely independent of the value of ), as it is completely determined by the contact
bundle F' = kern) = kern.

Because (¢,&,n,g) is Sasakian, the almost contact structure (¢,&,n) is normal, which
means that the complex structure .J on M = M x R defined by

J(X +r0,)=0X — kéx +na(X) O, (4.21)
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is integrable, where r: Ryg — R, ¢ +— r(¢) is some coordinate on the positive real line R+.
Equation (4.21) completely determines the complex structure J up to a reparametrisation
for R~ , but such a reparametrisation changes the form of the canonical symplectic structure
@ = d(¢n). For any choice for the coordinate r(t) with »/(¢) > 0 we have the following result.

Theorem 4.5.1. The almost complex structure J on M defined by equation (4.21) for the
coordinate r(t), is compatible with the symplectic structure w. If r'(t) > 0 then J and @
together define a Kdhler structure with Kdhler metric g = @w(J ¢, »).

Proof: Since d¢(X +x9,) = kdt(0,) forall X € TM and x € R, we have for any two vector
fields X and Y on M and for x, x € R that

O(J(X +K0,), J(Y + x )
= (A +tdm) (¢ X — K& +mA(X) 0r, 0 Y — xEx +m(Y) Oy)
= (dt(A(X) 8y) ma(—x &) — At (Y) Or) ma(—rE\) + tdma (¢ X, 9Y))  (4.46)
= —dt(x 0r) ma(X) + dt(k 9;) m(Y) + tdna (X, Y)
= (A +td) (X + k0, Y +x0r) =(X +K£0,,Y + x0y).

This tells us that the almost complex structure .J and the symplectic structure & are compat-
ible.

By definition of the Sasakian structure on M, the almost complex structure J from equa-
tion (4.21) is integrable. Since it is moreover compatible with the symplectic structure & we
can conclude that g = &(J ¢, ) is a pseudo-Kahler metric.

If we write t = ¢(r), then the symmetric form g is given by

Gg=wo(Jxid) =d(t(r)n) o (J x id)
=t/ (r)(J*dr @ gy — J*nx @ dr) + t(r)dny o (¢ x id) (4.47)
=t'(r) (nx @ nx +dr @ dr) + t(r)dny o (¢ x id).

We see that the pseudo-Kéhler metric g is positive definite (and hence Kahler) if and only if
the derivative ¢'(r) = r’(¢)~! only takes positive values (and ¢ > 0). O

If 7(t) = 1log(2t), and thus ¢(r) = J exp(2r), then the metric § = &(J +,+) from equa-

tion (4.47) becomes the cone metric from definition 4.3.12,

G=e"(men+dradr)+ e dn (e,

(4.48)
=dp® + p* (03 + 2dna(d+.#)) = dp® + p°ga

with p = e” = v/2t¢. This is however not the Kahler structure we are looking for, so we will
instead make a different choice for the relation between the coordinates ¢ and r that relate
the symplectic and the complex structure.

Corollary 4.5.2. For all A\ > 0 the canonical symplectic structure & = d(tny) on M = M x
R, together with the metric

gr = 1d(logt)® + gaxe = $d(log t)® + m3y, + 2dnane(¢e,*) (4.49)
describes a Kdhler structure. The corresponding complex structure is given by
JIFxqo} = ¢F, J(Orogt) = % Ene and J(Ext) = —40og+ (4.50)

and the Kdhler potential for g is K = 3 logt.
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Proof: We obtain this Kahler structure through theorem 4.5.1 by taking r(¢) = —(4¢)~! < 0
and thus ¢(r) = —(47)~!. The complex structure is obtained by rewriting equation (4.21)
in terms of the coordinates ¢ and equation (4.47) gives us the metric

i = g0 +dr?) — o (9 x i), (45D

which we can rewrite in terms of the coordinate ¢, using that 7, = x7, to obtain equa-
tion (4.49)
Equation (4.50) tells us that J*dlogt = —4 ), = —4tn,, which enables us to verify that

100K = Ld(1+iJ*)d(%logt) = —1d(J*dlogt) = d(tm) =@ (4.52)

where we have used that the integrability of .J tells us that 90K = ddK and that K =
(1+iJ*)dK. 0

Although the metric g, in equation (4.49) does explicitly depend on the parameter A
any scaling of A\ can be compensated by rescaling the coordinate ¢ € R~ (. This is possible
because A\ only appears as At and d(logt) = d(log(At)). We had originally introduced the
symplectised space M in theorem 4.2.6 as a subspace of the cotangent bundle consisting
exactly of the elements 7, , for A > 0 and z € M and the coordinate ¢ was introduced
through the diffeomorphism 1),, from equation (4.45).

Because A and t again only appear in the combination At, the metric 1,,.gx on M C
T*M does not depend on \. We can make this a little more explicit through the following
proposition.

Proposition 4.5.3. The metric ¢, . on M C T*M does not depend on
Proof: For any (x,t) € M x Ry and x, A > 0 we have
Yo (s (2,8) = 0y H(Emaa) = ¥ (AR o) = (2, ART1), (4.53)

which we can use to show that

(1/)77: 0Py ) Gr = @[}nil 0 Py, ) (id(log t)2 + W%At + %dﬁ2>\t(¢ ® ‘))

= 1d(log(k A7'1))* + 77%,\(,1,\—10 + 3dnaaisa-10) (e, ) (4.54)
= %d(log t)2 + ngnt + %d,’hlﬂt(d)'a ') = gli'
We see that ¢, .G = ¥,,.«Gx for all K, A > 0, so ¢,,, .g» does not depend on A. O

Note that instead of taking r(t) = —(4t)~! we could have used r(t) = —(4at)~! for any
constant o > 0. This would result in the metric ﬁ(d logt)? + % Joart, Which is related to the
metric g, from equations (4.49) by a constant factor and a rescaling of the coordinate .
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5. FIBRATION OF THE
HYPERMULTIPLET MODULI SPACE

In section 3.3 we had introduced the hypermultiplet moduli space, My, of type IIA string
theory compactified on a family of Calabi-Yau manifolds (;):c .. We had seen that the
effective action (3.7c) could be used to equip this space with a canonical metric.

Because this metric is induced by the hypermultiplet part of the action of a supergravity
theory, we know that it is a quaternion-Kéhler structure [48], something which has later
been explicitly verified [2]. We will describe a construction for the hypermultiplet moduli
space that includes the quaternion-Kahler metric gy, in terms of the complex structure mod-
uli space and the Weil intermediate Jacobian of the internal Calabi-Yau manifold. By trying
to understand this construction we hope to gain a better understanding of the quaternion-
Kahler structure it produces.

5.1 Fibrations

The hypermultiplet sector of the effective type IIA compactified theory consists of the com-
plex structure moduli, a harmonic 3-form a(® € H?(),R) and two scalars ¢ and o that
describe the dilaton and the Kalb-Ramond axion respectively. We can view the hypermul-
tiplet moduli space My, as a fibre bundle over the complex moduli space M with fibres
M, parametrised by a(® € H3(),R), and ¢,0 € R for t € M [1]. With respect to such
a fibration, the hypermultiplet metric in equation (3.13) becomes an orthogonal sum of the
canonical metric on the base manifold M¢ and a metric on each of the fibres. As we have
seen in section 2.2 the complex structure moduli space can (locally) be described through
the periods X* = fv Q of the holomorphic 3-form {2 with respect to some symplectic basis

of cycles v, ... A" ny, .. e € Hs(Y,Z)¢. These locally form a set of complex projec-

tive coordinates on M¢. The base space admits a projective special Kéhler structure with a
metric given by

PK(X,X)

e = pXioxT

for the Kahler potential K expressed in terms of the periods F; = fm Q as

dXtdX7, (5.1)

K= —log<i/ QA Q) =—log(iX'F, —iX'F,). (5.2)

The periods F; could alternatively be written as the derivatives F; = ag )((X ) for the prepo-

tential F(X) = 1 F; X?, which was holomorphic and homogenous of degree 2. We will often

)
. . . 2
encounter the second derivative, or Hessian, F;; = % = g)};} .

The fields A" = [, a® and B; = [, a® are the periods of a'*) € H?(¥,R) with respect
to the same basis for H3(Y,Z)¢. In terms of these periods and the coordinates o € R and
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1 = e® > 0 the (quaternion-Kéhler) metric on the total hypermultiplet moduli space is given
bY ghm = gbase + g¢ OVer the point ¢ € M in the base space, where gy, is the metric from
equation (5.1). The metric on the fibre M, is

1 1 ,H
g = dy? + do — A'dB;)?
SCTOER TR :
1 (5.3)
59 Im(N)¥ (dB; — NixdAF)(dB; — NjpdAF),
with Im(N)¥ the inverse of the imaginary part of the (1 + h'?) x (1 + h?)-matrix
L NaXFXIN,
/\/ZJ = F»L] +1 W, (54)

where N;; = 2 Im(Fj;). The matrix V;; will be referred to as the period matrix for reasons
that will become clear in section 5.2.

5.1.1 Further fibration

The fibres M; themselves can also be interpreted as a fibre bundle, but before we can do
this we should recall the Peccei-Quinn symmetries

At — A + at, o—o+s+a'B; —bA,

B; — B; + b;, Y= (3.14)
Since these symmetries do not affect the base space they are symmetries of the metric g, on
the fibres M, for t € Mc. For A?, B; and s integers these symmetries are expected to be
preserved in the full non-perturbative theory, as described in section 3.3. These unbroken
symmetries require us to make some identifications on the fibres M, namely

(A", Bi,0,0) ~ (A" + @', Bj,0 + d' B;, ), (5.5a)
(A", By, 0,0) ~ (A", B; + bj,0 — b; A", ) (5.5b)
(A%, Bi,0,1) ~ (A", Bi, 0 + 5,9)). (5.5¢)
fora®,...,a""" by, ... ,bp12,s € Z. Equation (5.5) can be concisely summarised by
(a®,0,9) ~ (a® + a,0 — Q(a,a®), 1), (5.6)

for a® = Ala; — B, € H3(Y,R) and o = a’c; — b; 3 € H3(Y, Z)s.

The dilaton 1 = e? is unaffected by these symmetries, so the fibre M; can be written as
M; = M} x Ry, with ¢ > 0 as the standard coordinate on R and M; = (H*(Y,R) x
R)/ ~ the space parametrised by just the a® and ¢ and . The identification (5.5c¢) tells us
that o € R/Z lives on a circle, rather than on the real line. Although we cannot do the same
for the Ramond-Ramond 3-form a(®) = A’a; — B; 3, equations (5.5a) and (5.5b) do tell us
that the projection map

mor: My 2 (H3 Y, R) xR)/ ~ — H}Y,R)/H*(V,Z);  (a®,0) — a® (5.7)

is well-defined. It is easily verified that this defines a circle bundle over the (real) torus
Hs(y>R)/H3(y7Z)f'

Proposition 5.1.1. The space M} = (H*(Y,R) x R)/ ~ is the total space of a principal U(1)-

bundle (circle bundle) over the torus H3(),R)/H?3(Y,Z) with the projection map wg: from
equation (5.7).
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Proof: The fibre of this bundle at a® € H3(Y,R)/H?(),Z); is parametrised by o € R/Z or,
alternatatively, by z = €2™ € S' ~ U(1) C C. The only thing that could spoil our attempt
to interpret M as a principal U(1) bundle is the possibility that this group action on its
fibres depends on the element a® € H3()),R) chosen to represent an element of the torus
H?(Y,R)/H?(Y,Z);. The point (a(?), 0) is identified with (a®) +a, 0 — Q(a, a®)) for a®) €
H3(Y,Z)g, 50 (a®), 2) ~ (a® + a, e2mQ@a™) ;) Because this identification corresponds to
multiplication by a constant element of U(1) C C on the fibre we can conclude that Mj is
indeed a principal U(1) bundle. O

Base space
(Mc)

Figure 5.1: A diagrammatic representation of the structure
of the hypermultiplet moduli space.

All in all, we have seen that the hypermultiplet moduli space is a fibre bundle over the
complex moduli space M with fibres M; = M} x R that are the product of the real line
parametrised by the dilaton, and a circle bundle over the torus H3(Y,R)/H?*(Y, Z);.

This structure is concisely summarised by figure 5.1, where we note that it is not at all
obvious where the real line should be put. It can be argued that M; = M} x R should be
viewed as a bundle over R [1], which would require us to place the line between the base
space and the torus, while it is on the other hand tempting to combine the dilaton and the
axion to form a C*-bundle on the torus. We will see that it is in fact possible to combine the
dilaton and the axion to obtain part of a holomorphic line bundle.

5.1.2 The Heisenberg group

We may recall that the intersection form (), which we had originally introduced in defini-
tion 2.1.5 as the bilinear form

Q: S O.R) x H*V.R), (o) / an B, (5.8)
y

defines a symplectic structure on the third cohomology group H3(),R) of the Calabi-Yau
manifold ). With respect to this form the basis («;, 5%‘)555 we have used before to write
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a® = Ala; — B;3' is a symplectic basis. We can use the intersection form to define a
Heisenberg group (cf. definition 4.4.1).

Definition 5.1.2 (Heisenberg group). The Heisenberg group Hy = H(H3(),R), Q) is the
space H?(Y,R) x R, with a multiplicative structure defined by

(CY,S)(ﬁ,t):(a—‘rﬁ,s—f—t—’—Q(Oé,ﬁ)) (5~9)
foral a,3 € H*(Y,R) and s,t € R.

Since the Heisenberg group Hy is essentially the space H*(),R) x R it defines a group
action on this space through group multiplication. The reason why we are interested in
the group structure on Hy is that this group action turns out to describe the Peccei-Quinn
isometries by defining a group action on the fibres M.

Proposition 5.1.3 (Group action). The map Hy x (H*(Y,R)xR) — (H3(Y,R)xR), defined
by

(o, 8), (a(3),a)) — (a,5) - (a®,0) = (a® + a,0 + 5 — Q(a,a®)) (5.10)
defines a group action of the Heisenberg group H(H?(Y,R), Q) on M.

For a = a‘c; — b;3* € H?*(Y,R) and s € R, this group action corresponds to one of the
Peccei-Quinn isometries from equation (3.14).

Proof: Equation (5.10) obviously describes a group action since it is defined through group
multiplication on Hy = (H?(),R) xR, -). If we write a = a’a; —b;3* and a®) = A’o; — B, 3,
then a® + a = (A’ + a’)a; — (B; + b;)p* and —Q(a, a®) = a’B; — b; A?, so in terms of the
coordinates A?, B;, 0,1 on My, equation (5.10) reads

(aiv biv 5) : (AZa Biv g, ¢) = (A’L + aia B’L + bi; o+ s+ aiBi - b7AZ>7 (511)
which coincides with the transformation (3.14). O

Through the discrete cohomology group H3(Y,Z); < H3(),R) we can define a discrete
subgroup of the Heisenberg group by virtue of the fact Q(H*(Y,Z), H*(Y,Z)) C Z.

Definition 5.1.4 (Discrete Heisenberg group). The discrete Heisenberg group for the
Calabi-Yau manifold Y is the group Hy 7z = (H3(Y,Z); x Z,-), where group multiplication is
defined by equation (5.9).

Since Hy z is a subgroup of Hy it also inherits the group action from proposition 5.1.3. We
can use this to identify the total space M, of the circle bundle 7g:: M}, — H3*(V,R)/H?* (Y, Z)¢
with the coset space Hy 7\ Hy.

Theorem 5.1.5. The space M is diffeomorphic to the coset space Hy,z\’l-{y.

Proof: A general element of Hy 7 can be written as (a, s) for a = a’a; — b;3" with a*,b; €
Z and for s € Z. When we compare the identifications (5.5) with the group action in
equation (5.11) we see that two points (a*),0) and (b®, 1) are identified exactly when
(b3, 1) = (a,s) - (a®,0) for some a,s € Hyz. Because the group action of Hy 7 on
H3(Y,R) x R = Hy corresponds to multiplication within Hy, we conclude that

M = (H*(Y,R) x R) /Hyz = Hyz\Hy. (5.12)
O

Remark 5.1.6. It is possible to extend the Heisenberg group to include the scaling symmetry
from equation (3.15). The resulting group is the semidirect product Hy x R of the original
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Heisenberg group with the real line and the appropriate name “dilated Heisenberg group”
has been suggested for it [1]. This Lie group can be identified with the space (H*(Y,R) xR) xR
through its transitive group action, which tells us that

Mt = Mi x R Hy)z\(Hy X R) (513)

since M, is obtained from (H3(Y,R) x R) x R by identifying points related through the discrete
Peccei-Quinn symmetries.

Although the advantage of the dilated Heisenberg group is that it describes the entire fibre
M instead of just part of it, the fact that it includes the scaling symmetry means that it will
probably be less useful when perturbative corrections are added (cf. section 3.3.1). Instead of
looking at the extended group we will therefore focus on the original Heisenberg group Hy,
which we know from section 4.4.1 comes with a contact structure, and use the symplectisation
process to extend this space to include the dilaton.

5.2 The fibre metric

For the moment we will fix the complex structure on the Calabi-Yau manifold Y = ), by
fixing a point t € M. We have argued that this fibre consists of the product of the real
line parametrised by the dilaton and a circle bundle on a 2(1 + h'+?)-dimensional torus. The
metric g, on this space from equation (5.3) consists of multiple parts, we will start by first
discussing the contribution to this metric from the torus and then showing how the rest of
the metric corresponds to expressions from chapter 4.

5.2.1 The Weil intermediate Jacobian

We have seen the intermediate Jacobian J»(Y) := H3(Y,R)/H?3(Y,Z); appear in the hy-
permultiplet moduli space as the base space for the circle bundle 7g:: M, — J». For fixed
1 > 0, the contribution to the metric g; from equation (5.3) that comes from this torus is
the bilinear form

1 1 g ~
@gmrus =% Im(N)¥ (dB; — NixdAF)(dB; — NjpdA¥), (5.14)

which restricts to a metric on J2()).

Up to the factor 24 in front, the metric from (5.14) has the form of a canonical metric on
a non-degenerate complex torus with normalised period matrix A (cf. equation (1.56)). It
turns out that the torus this period matrix belongs to is the Weil intermediate Jacobian of
the Calabi-Yau manifold Y, [1].

Proposition 5.2.1. The metric giorys from equation (5.14) is the canonical metric g for the
Weil intermediate Jacobian of ).

Proof: The normalised period matrix for the Weil intermediate Jacobian with respect to
the symplectic basis (a;, 3°); has been described in proposition 2.3.9. It was given by the
nx2n-matrix @ = (2%, 1) with

N X*XIN,. _
ZW:F,L— ke Y — — J = Q- 515
; i TN Nij ( )
We can write a® = 2’y + 3,6, with 2* = A’ and y; = —B; and combine these in a new
(complex) coordinate z; = y; + Z;;x? = —(B; — N;;A?). The metric in equation (5.14) then
becomes N N
vl,] (Bl — ZikAk)(Bj — J[A£> = v’ﬂdzidéj, (5.16)
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where 9,7 = (9")~! is the inverse of Im(z%) = —Im(\/). This is exactly the canonical
metric gV for the Weil intermediate Jacobian from corollary 2.3.10. O

This tells us that the tori that are fibred over each point ¢ € M should be interpreted
as the Weil intermediate Jacobians of the Calabi-Yau manifold };. Note that the complex
structure on the Weil intermediate Jacobian is given by J" = —x and that the intersection
form @ and the canonical metric g% = giorys are related through g% = Q(JVs, ).

5.2.2 Contact metric structure

On top of these intermediate Jacobians [73'()) = H3(Y,R)/H3(Y,Z);, we had a circle
bundle parametrised by the axion field o € R/Z. Because this circle is the result of a partial
breaking of the Peccei-Quinn symmetries to a discrete symmetry group corresponding to the
discrete Heisenberg group we could view the total as the coset space

M = Hy 7\ Hy. (5.17)

By fixing the coordinate i) € R~ we can view M} as a submanifold of the fibre M; = M} x
R+, and consider the restriction of the metric g; from equation (5.3) to this submanifold.
The resulting metric is the expression

r o N (ABs — Nond ARV (ABs — N d AF) 4 _ AidB.)?
gt,d; - 2w Im(N) (de Mde )(de Mde )+(2w)2 (dU A dBL) 5 (518)
ﬂ;lgw n2

which is a combination of the pullback of the canonical metric ¢" on the Weil intermediate
Jacobian along mg1: M} — Jo and n? with n = do — AidB;. The dilaton, parametrised by
¥ > 0, introduces a grading on the tangent spaces of Mj.

Although it is the compact quotient M} = ‘Hy, 7\ Hy we are most interested in, it is more

practical to work with the Heisenberg group Hy = R2M"*+3 jnstead. We will therefore con-
sider the metric g,’t’w from equation (5.18), which is left-invariant because we had introduced
this group to describe its isometries, as a metric on Hy. In general, any left-invariant object
on Hy can be transferred to the quotient Hy 7\ Hy. In the form do — AldB; = d(o + A'B))

we recognise the standard contact form on R2M"*4+3 from equation (4.5).

Lemma 5.2.2. The 1-form n = do — A'dB; on H3(Y,R) x R coincides with the invariant
contact form n from section 4.4.1, which is characterised by

n¢) =1 and np=0 (5.19)

where £ = 0, is the (Reeb) vector field pointing along the circle bundle directions and F' < THy
is the left-invariant hyperplane field for which Fo gy = H*(Y,R) x {0} < T g,0)Hy-

Proof: Left-invariance of the form do—A’d B; on 'Hy is a direct consequence of its invariance
under the Peccei-Quinn isometries, but it can also easily be verified explicitly by performing
a translation by a = a’a; — b;3,
Uas). (do — ATdB;) = d(0 — Q(a,a®)) — (A" + a’)d(B; + b;)
=d(oc+a'B; — b;A) — (A" + a’)d(B; + b;) (5.20)
= (do — A'dB;)

and using that the basis (c;, 3%); in which a®) = A’a;— B; 5" has been expressed is symplectic
with respect to Q.
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Since 1) = do — A'dB; equals do at (0,0) € Hy it vanishes on H3(Y,R) x {0} < THy (0,0)
and thus on the whole of F' < T'Hy and n moreover obviously satisfies

n(€) = (do — A'dB;)(9,) = 1. (5.21)
O

If we let X (*:*) denote the left-invariant vector field on Hy for which X (*:#)(0,0) = (v, s) €
T(0,0Hy ~ H*(Y,R) x R, then the contact form 7 can alternatively be defined by setting

(X)) =5 (5.22)

for all v € H3(Y,R) and s € R, which is how we defined it in section 4.4.1. The contact
bundle F = kern < THy is therefore generated by the invariant vector fields X(*:?) for
v e H3Y,R).

We had argued that the torus J» = H?(Y,R)/H?(Y,Z); used to construct the circle bun-
dle wg1: M} — 7> should be interpreted as a Weil intermediate Jacobian, which means that
the cohomology group H3(),R) comes with the complex structure J% = —x. Because the
intersection form () defines a polarisation on the Weil intermediate Jacobian (see propo-
sition 2.3.1) it is the imaginary part of a Hermitian structure h"¥ = ¢ +i(@Q and we can
use proposition 4.4.8 to define a Levi non-degenerate CR structure on the Heisenberg group
Hy = H3(Y,R) x R.

Proposition 5.2.3. Let F' = kern be the contact bundle defined by the contact form n from
lemma 5.2.2 and let J be the left-invariant endomorphism J: F — F on F defined by

J(XWO) = xT"00), (5.23)

forv e H3(Y,R) = F(y ) and X0 the left-invariant vector field for which (X (*9)(0,0) =
(v,0). This endomorphism defines a strictly pseudoconvex CR structure (F, J) on Hy.

Proof: It follows from a simple application of proposition 4.4.8 that (F, J) is a CR structure.
We already know that the metric ¢" = Q(J".,*) is positive definite, which tells us that
W = ¢g" 4+ iQ is a Hermitian inner product, so we can conclude that this CR structure is
strictly pseudoconvex. O

Note that the group structure on H, was defined in terms of only the intersection form
@, which only depends on the topology of ;. This means that the contact structure on Hy
is independent of the complex structure on ), and is thus the same for every point ¢t € Mc.
The same is not true for the CR structure (F, J) as it uses the complex structure J*“ and thus
depends on the Hodge structure of H3(),R).

Since the CR structure defined in proposition 5.2.3 is strictly pseudoconvex it is the under-
lying CR structure of a contact metric structure by proposition 4.3.6. By following the steps
described in section 4.4.2 we can obtain a 1-dimensional family of left-invariant contact
metric structures that turned out to be Sasakian.

Corollary 5.2.4. Let ¢: THy — THy be the endomorphism on the tangent bundle of the
Heisenberg group defined by ¢(X(*%)) = J(X®0)) = X(7"0:0) let ny = A = A(do — A'dB;),
let £ = A710, and let g denote the metric

gr = 2dma(de,0) + ma @ nx = $Adn(ge, o) + NP7 (5.24)

for X\ > 0. Together these make up a left-invariant Sasakian structure (¢, Ex, nx, gn) with (F, J)
as its underlying CR structure and every such Sasakian structure is of this form.

Proof: This follows directly from proposition 5.2.3 and proposition 4.4.9. O
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The relevance of these Sasakian structures becomes clear if we compare it with the metrics
g, we already had on the Heisenberg group . Not only do we see the expression n? =
(do — A?dB;)? appear, but in addition to this we have a contribution of the form Fdn(ge, ),
which corresponds to the pullback of the metric on the Weil intermediate Jacobian since
idn = d(AidB;) = dA' A dB;, which restricts to the intersection form Q on H3(Y,R) <
T™Hy, and ¢ restricts to the complex structure J*.

Proposition 5.2.5. The metric g, from equation (5.24) coincides with the metric g; ,, from

equation (5.18) for A = ﬁ, ie.

1 1

Gt = 92p)—1 = Zpdn(en )+ G O (5.25)

Proof: We know that both metrics, g; , and gy, are left-invariant with respect to the group

structure on Hy, which means that we only need to compare the two at the unit element

(0,0) € Hy. For the invariant vector fields X (*:*) and X (*-*) we have
gA(X 9 X0y = Ixdn(p X (9, X (00) 4 \2p(X ) )X ()

- w 5,y w ) (5.26)
=AQ(J"v,w) + Xst =X g"(v,w) + Nst

since ¢ X (*$) = X (7"v.0) by definition of ¢ and dn(X (**), X (@)} = 2Q(v, w) by lemma 4.4.6.
For these vector fields we moreover have

g1 (X@9) X0 = Lg% (1 (v, 5), mgn (w,8)) + rham (X)) (x0)

(5.27)

which completes the proof. O

Because all of these structures are left-invariant they can be transferred to the quotient

} = Hyz\Hy. Now that we have found a description for the metric on the submani-
folds M} x {1} of M; = M; x R as the left-invariant Sasakian metric g(,,)-: on the
Heisenberg group, we are just one step away from a description of the entire metric g; from
equation (5.3).

5.2.3 Kahler structure

We can use what we already know about the invariant Sasakian structures on M, to say
something about the metric g; on the entire fibre M; = M} x R(. By using what we have
learnt in section 5.2.2 we can express the metric on M, from equation (5.3) as

9= @’ + @ @0+ 25m50" = R dd’ + gy -, (5.28)
where g, ,, is the Sasakian metric on M from equation (5.25).

Proposition 5.2.6 (Symplectisation). Let ) be the defining form from lemma 5.2.2 for the
contact structure F < TM, on M, and let 1) be the standard coordinate on R, then the
2-form

©=1d(™"n) = g5dn — guEdy A1 (5.29)

defines a symplectic structure on M; = M} x Rx,.
Proof: By defining ¢t = (4¢)~! > 0 we can write @ = d(¢7), which we recognise from

proposition 4.2.8 as the canonical symplectic structure on the symplectised manifold M/, =
M x R. O
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Proposition 5.2.6 gives us an identification between the fibre M; = M) x R and the
symplectisation M, C T*M of the contact manifold (M}, F). Since the symplectic form &
can be defined in terms of just the contact structure F' < TM, it is in particular independent
of the complex structure and therefore does not depend on ¢ € M. The reason for choosing
this particular identification between the coordinates ¢ and ) becomes clear when we use
corollary 4.5.2 to equip M with a Kahler structure.

Theorem 5.2.7. Let (F,J) be the (strictly pseudoconvex) CR structure on M}, = Hy z\Hy
defined in proposition 5.2.3, let { = 0, and let n) be the invariant defining form for F' for which
n(§) = 1. The almost complex structure J on TM, defined by

Trxor = J, J(0y) = ¢ and J(&) = —0y (5.30)

is integrable. The metric § = g; from equation (5.28) on M, is Kdhler, its Kdhler form is
@ = 1d(y'n) and the function K: M; — R~o, (a®,0,v) — —1log is a Kdhler potential
for it.

Proof: In proposition 5.2.6 we had identified M, with the symplectised space M, as de-
scribed in proposition 4.2.8 by setting ¢t = (4 gﬁ)_l. By subsequently applying corollary 4.5.2
we obtain the integrable complex structure J and the Kéhler metric

gr = 2d(logt)® + gaxe = 2d(log ¥)* + gagy-1x, (5.31)

which equals g, for A = 1. We have —logt = 1 logt + log 2, which differs from the Kéhler
potential from corollary 4.5.2 by the constant log2 and is therefore a Kédhler potential as
well. O

5.2.4 Complex coordinates

We have just seen that J defines a complex structure and we have managed to show that
K = —3log1 is a Kéhler potential on M, with respect to it. We would however also like to
have a set of complex coordinates to be able to describe this structure more explicitly. Such
coordinates are not hard to find, but before we do this we should show that the projection
M; — J3' is a holomorphic map and introduce some notation for forms on M.

Lemma 5.2.8. Let m denote the projection map from M, = Hy 7\ (H*(Y,R) x R x R>) to
the torus Jo = H*(Y,R)/H?(Y,Z);. The projection map 7 is holomorphic and J*(m*a) =
7*(J"* ) for any 1-form « on Js.

Proof: This is a consequence of that fact that the invariant vector field X (") is given by
X g)(a(?’) o) = (v,5s — Q(a®,v)) and thus satisfies 7, X (**) = v. A general tangent vector

at (a®,0,9) € My = M}, x Rsq can be written as X = X% + k9y = X0 4+ s¢ + k0,
for some v € H*(Y,R), s € R, x € Rand ¢ = X1 = 9, and we can use (5.30) to show
that

“(r*a)(k By + s &+ X))

* _ (J"v,0)

a)(k&—sdy + X0 (5.32)
(me(r& = 50y + X700
™ (

(%) = T a(mX) = 7 (] a)(X).

This confirms the second claim. The first claim is a direct consequence of this since the fact
that J*7* = n*J"* can be rephrased as , o J = J% o 7, for 7, = dn. O
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The Weil intermediate Jacobian had been discussed in some detail in section 2.3 in terms
of the symplectic basis («a;, 3%); and the normalised period matrix
- N XF XN,

= -/\[zj = Fij — likXNX 4 .
The complex structure on 73" ()) could be expressed by specifying the complex coordintes
zi = Yi+2ijx? = —B;+2;; A7, which tells us that dz; are holomorphic (1,0)-forms on 73" ().
Since not only dz;, but also g% (a(®), +) and Q(a'®,+) = g"(a'®, JV+) define differential forms
on the torus, we can consider the 1-forms m*dz;, 7*¢¥(a®,+) and 7*Q(a(®,+) on M,. We
will from now on simply denote these forms on M; by dz;, g*¥(a®,+) and Q(a'®,+) and
leave out the pullback 7* to keep things clean. Because X (**)(a(®), o,¢) = (v,5—Q(a'®,v))
and 7, X (%) = ¢ we have that

(do +77Q(a®, ) (X)) = s — Q(a®,v) + Q(a®, m X)) = 5. (5.34)

This property completely characterised the invariant contact form 5, so we can conclude
that n = do +Q(a(®, +). It is now not hard to find the complex coordinates we were looking
for.

W

(5.33)

Proposition 5.2.9. The complex coordinates z; = —B;+ 2} A7 on (H*(Y,R), J) on the torus
(cf. corollary 2.3.10) and the additional coordinate

T=—0+41¢Y+ %gw(a@, a(3)) =—0c+4iy+ %zi%@jij (5.35)

together (locally) describe a set of complex coordinates on M; = Hy 7\ (H?*(V,R) x R x R+g)
with respect to the complex structure J described in theorem 5.2.7.

Proof: Since dz; = 7*dz; is the pullback of a 1-form on J» and J"*dz; = +idz;, lemma 5.2.8
tells us that B .

so the coordinates z; locally define a set of holomorphic functions on M;.
The differential of 7 is given by

dr = —do +idy +d(L¢"(a®,a®)) = —~do +idy +ig"(a®, ), (5.37)
since we can check that dg(a®,a®)(X) = 7| _ 9" (a® +¢ X,a® +p X) = 2¢"(a®, X).
We can use this to work out that
(J* —i)dr =iJ*(ido + d¢ + ¢"(a®,¢)) +ido + dy + ¢¥(a®, )
=Y — J*do + g"(a?, ) +i(do + g"(a®, TVe) + J*dy)

- . (5.38)
= dy — J*(do + Q(a', %)) +i(do + Q(a'?, +) +Jdv),
n n
where we have used that g¥(a®),+) = —Q(a®, J"+) = —J*Q(a®, ). We can derive from

equation (5.30) that J*; = d¢ and hence also that J*dy = —7, which tells us that the
right-hand side of equation (5.38) vanishes. This can only happen when J*dr = +idr, so 7
is a holomorphic function on Mj.

Because each of the coordinates z; and 7 is holomorphic and their differentials are linearly
independent they locally describe a set of complex coordinates on M;. O

Although it may seem unimportant, the appearance of the metric g" in the coordinate
turns out to be very significant.

We note that the form of the coordinate 7 corresponds to the coordinate S that is often in-
troduced on the hypermultiplet moduli space of rigid Calabi-Yau manifolds (those for which
h'2 = 0) [57,69,70], but we have chosen to denote it by a different letter to stress the fact
that it does not correspond to the coordinate S from [2].
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5.2.5 Interpretation in terms of a line bundle

The fibres of the bundle M; — 7());) are parametrised by the dilaton ¢ € R+ and the
Kalb-Ramond axion o € R/Z, which can also be viewed as an element ™ of the unit circle
in C. Since this axion defines a U(1)-bundle and the coordinate v is globally defined, they
can be combined into a C*-bundle. We can do slightly better than this however.

The total space (M, J) is a complex manifold and the projection map : M; — J3"()})
onto the Weil intermediate Jacobian is holomorphic by lemma 5.2.8. The complex structure
on the fibres is induced by the complex structure J from theorem 5.2.7 and is thus given
by J(dy) = 9, and J(9,) = —dy, which means that —o + it is a complex coordinate on
a given fibre. This coordinate lives on the upper half plane, on which some identifications
need to be made due to the fact that ¢ € R/Z is periodic. These identifications are neatly
captured by switching to a new coordinate z = ?™i(=0+iV) — =270 =27% wwhich lies in a
punctured disk D; \ {0} = {z e Ce0< |z| <1} CC.

This gives the space M,, which we may recall was itself a fibre over ¢t € M¢, an interpre-
tation as the total space of a bundle of complex disks (see figure 5.2). The extension of this
bundle to a bundle of complex planes, which is achieved by allowing z = 0 (1) = +o00) and
z > 1 (¢ <0), can naturally be viewed as a smooth complex line bundle, but interpretating
it as a holomorphic line bundle takes another step. The first problem is that the coordi-
nate z = e~ 2™(?=) on the fibres is not a complex coordinate on the total space M,, but a
more important (related) issue is the fact that transition functions for the trivialisations they
define are not holomorphic.

- D
’I"\ v ‘\

Figure 5.2: The hypermultiplet moduli with the circle and
line bundles combined into a bundle of disks.

We had already seen that the fibres of M; — J75();) can alternatively be parametrised by
T=—0+i+£g"(a®,a®), which lies in the half plane defined by Im 7 > 1¢¥(a®, a(®).
Unlike z however, it can be combined with the canonical coordinates on J2();) to form a
set of complex coordinates on the total space. As z, 7 covers each fibre multiple times due to
the periodicity of c = Re 7, which we can again remedy by exponentiating it and switching
to the coordinate

i —xd"(a® @ —9nioc  — —xd"(a®) o3
q:e2ﬂ'l‘r:z€ wg" (a'?,a ):6 271'106 2np—mg" (a*?,a'?)) (5.39)

With respect to this coordinate the radius of the disks varies as ¢ > 0 restricts ¢ to the punc-
tured disk with 0 < |¢| < exp(—7 g% (a®,a®)). Anticipating what lies ahead, we will de-
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note the bundle of complex planes obtained by allowing ¢ = 0 and |q| > exp(—7 g"(a®,a®))
by L. — J». The proposition below shows that this bundle can be interpreted as a holomor-
phic line bundle and hence that M; can be interpreted as a (smooth) bundle of complex
disks inside L.

Proposition 5.2.10. The bundle : L — J2():) of complex planes is a holomorphic line bundle.
It can locally be trivialised on a contractible open subset U C Jo();) by

YU LU — U x (Cv (a(S)a g, 11/}) = (a(d)aq) (540)

where q = e~2mio—2mv—rg"(@?.a'”) g5 in equation (5.39) and we have identified U with a
subset of H?(Y,R).

Proof: We already know that the coordinate ¢ and the projection M; — J3%();) are holo-
morphic, so it is easily verified that their extension to L by allowing ¢ = 0 and ¢ >
exp(—mg"(a®,a®))) are holomorphic as well. As a consequence, each of the trivialisa-
tions ¢y are holomorphic as well and we only need to check that the transition functions
for L are linear in the fibres.

Let a® and a®’ = a® + o, with o € H3(, Z) represent the same point in 75()}), then
(a®,0,9) ~ (¥, 0 — Q(a,a®), ) (cf. equation (5.6)). If we fix a point p = [a®),o,9] =
[a® + a,0 — Q(a,a®)), 9] € L and two trivialisations ¢ and ¢’ that identify the basepoint
for p with a®® and a® + « respectively, then

90;(;0) _ 6727ri(07Q(a,a(3)))72ﬂw7ﬂgw(a(3)+a,a(3)+a)
_ eQTriQ((x,a(B))—27rgw(a,a<3))—Trgw((x,a)e—27rio—27rz/)—27rgw(a(3),a(s)) (541)

7l ,a®)—2rg" CHY—rg"(a
_ 2miQ(ea®)—2mg" (@) =rg" (@) (1)

Since the factor ¢2miQ(a:a™)=2mg" (a,a?)—mg" (@) only depends on the base point and not on
any coordinates on the fibre, it is constant on the fibres and the transition function from the
trivialisation ¢ to ¢’ is a linear isomorphism. That this transition function is holomorphic
can be read off explicitly from this factor since g% = Q(J"s,+). We conclude that L is a

holomorphic line bundle. O

Proposition 5.2.11. The Chern class ¢ (L) equals the polarisation ) on the Weil intermediate
Jacobian and this completely fixes the line bundle L up to translations on the torus.

Proof: We can locally define a Hermitian inner product s on the line bundle L by setting

h(q’ q) — eQﬂgW(a(3)’a(3))|q|2 _ 62779""((1(3),0‘(3))|6727ria'727r’([)77rgw(a(3)1a(3))|2 _ 6747”[)- (542)

This in fact globally defines an inner product on L since the coordinate ¢ is globally defined.
Locally, we can specify a holomorphic section s of L — 7()%;) by fixing ¢ = 1 and for this

section we have h = h(s,s) = 279" (@®.a™) Temma 1.3.24 tells us that the curvature form
for this connection is given by

© = -0dlogh = —idJ"dlogh = —midJ"*dg" (a®,a®)

. (5.43)
= —27idg"(a®,J") = —27idQ(a®,+) = —27iQ
and by lemma 1.3.22 the first Chern class of L is given by
a(l)=[Z£6] =[ql (5.44)
Proposition 1.4.7 finally tells us that this property fixes L up to a translation on the torus,
which finishes the proof. O
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6. THE QUATERNION-KAHLER
STRUCTURE

The fact that the hypermultiplet moduli space comes with a quaternion-Kahler structure
can be derived from just its behaviour under supersymmetry transformations [48] and we
already have an explicit description of this structure by Ferrara and Sabharwal [2]. In this
chapter we will express this structure in terms of the construction described in chapter 5
and try to give it an interpretation in terms of the complex structure moduli space and the
disk bundle on the Weil intermediate Jacobian.

6.1 Local frames

By considering different parts from the fibre bundle described in section 5.1 separately we
had found a construction for the metric on the entire hypermultiplet moduli space. This
metric was given by

S 1 1 o
= K;;dX'dX/ dip? do — A'dB;)?
fhm = B dXAXTH vt g e~ 445 6.
1 i — '
3w (dB: — ZidA%)(dB; — Z}dA)
N XP XN,

for Z}';» =k —i—"%5% and Qf\,@j the inverse of 9" = Im(2Z").
Here K (X, X) = —log(—X?N;; X7) is a Kéhler potential described in section 2.2 and K;;
is its second derivative,

(6.2)

K PK(X, X) -1 NikaXgNgj
Y 0Xi9Xi XNX ( Y XNX )
Note that K;; X7 = K;; X" = 0.

The description Ferrara and Sabharwal have given for the quaternion-Kéahler structure on
the hypermultiplet moduli space was expressed in terms of local orthonormal frames [2].
We will write these frames in terms of the coordinates we have been working with and use
the construction for the hypermultiplet moduli space from the previous chapter to give it a
more intrinsic interpretation.

Although working with homogenous coordinates X°,... X h"* have their advantages,
it will now be convenient to use the inhomogeneous coordinates Z', ..., Z""*, given by
Z* = X%/X", instead and to write Z° = XY/ X? = 1. We can always locally do this because
at least one of the projective coordinates X' is always non-zero and we can just rearrange
the indices in the symplectic basis («;, 3');. For the remainder of this chapter the letters
a, b, ... will denote inhomogenous indices and will run from 1 to n, while the indices i, j, . . .
are still homogenous and run from 0 to n.

81
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The inhomogeneous expression for the metric on the complex structure moduli space is
given by B
?’KIN(z,7)

S VAT VARS SN VARVA 6.3
gc ab Y VA ) ( )
where K% denotes the inhomogeneous Kéhler potential K°) = —log(—Z*N,,Z°).
Lemma 6.1.1. We can locally find a basis e, ..., e of (1,0)-forms such that the metric
gc from equation (6.3) can be written as
ge = e@e@ = pWpqzbaze = kl%azbaze. (6.4)

By using the nxn-matrix P\*) for which (@ = P\ 2" we can write K|2 = p\* P*).

Proof: The tangent spaces T;M¢ ~ T Mc can be viewed as complex linear spaces on
which the metric gc extends to a Hermitian metric hc = gc — ig(Jc »,+). Through Gram-
Schmidt orthonormalisation it is possible to locally find an orthonormal (complex) basis
€(1), -+, €(n1.2) for this Hermitian metric. Now, let eW ¢"*) denote the dual basis of

(1,0)-forms defined by e(@(e()) = 6((;’)) (and el (Jceg)) = i(SEZ))). It can now eas&l be
verified that hc = ¢(¥) ® &(® and hence that the real metric gc = Rehc = % (hc + h¢) is

given by gc = e(@e®), O

We will often refer to this orthonormal basis of (1, 0)-forms e(®) = Pb(“)dZ b as the vielbein
for the complex structure moduli space.

If we extend P to a (n + 1)xn matrix by writing P\*) := —P\® 7, then we have for
i,j =0,...,h"? that [2]

9@ 1 NiwZ*Z' Ny,
p@pla) — <ijj

- _ = (X9?2K,-. 6.5
J ZNZ ZNZ (X0 K 6.5)

This is clearly true for i, 5 > 0, but if either i = 0 or j = 0 then we need to use that
7oK = (X°)2Z' K5 — (X°)2Z°Kq; = —(X°)2 K. (6.6)

Using the (n+ 1)xn matrix P\*")

", Ferrara and Sabharwal managed to find a set of vielbein
1-forms that also include the fibres of the hypermultiplet moduli space [2]. Expressed in the
by now familiar coordinates o, 1), A* and B;, in addition to the inhomogeneous coordinates

X = 7%/70, these are given by

e@ = pWazt = e{Maz’, (6.72)
E@ = iy2eK-KN2p@ Ni(4B; - ZY,dAY), (6.7b)
u o =ivV2eEHKN 27, - B dad), (6.7¢)
v =g (dy —i(do — A'dBy)), (6.7d)
where Zj} = Fj; — jNiwZ"Z Ny _ N is the period matrix for the Weil intermediate Jacobian

2 3 7NZ
and 94’ and N denote the inverse of 9" = Im(z") and N;; = 2 Im(F;;). Furthermore,
K = —log(—Z'N;;Z7) and K = —log(21) are still the Kahler potentials on the base space
and the fibres respectively.

Proposition 6.1.2. Together, the forms E(*) and u form a vielbein for the torus part of the
metric gnm in the sense that the metric ﬁ Jtorus from equation (5.14) can be written as

ﬁgtorus = E_‘((L)E(a) + uu. (6.8)
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This sum above is orthogonal and @ and E® E(® vanish on (H>°(Y)® H%3(Y))NH3*(Y,R)
and on (H*Y(Y) @ HY2(Y)) N H3(Y, R) respectively.

Proof: The first statement can be directly verified through an explicit computation,
E@E@ 1 gy =2eRK+K (72K Nik p(@) P NIt 4 74 70) x
x (AB = Z"dA),(dB — zVdA),

—1 _ " Ny Z™Z" N . _
- <—ZNZ Nk <Nij — ’J”> NIt 4 Z"”“Z£> X

WINZ ZNZ
x (AdB — Z"dA),(dB — zVdA),
(., ZRZty b w y ©9)
-1 AVARSAVA —
_ ? <Nkf + ZZVZ) (dB — ZW A)k(dB — ZW A)Z
—1 _
=50 W (AB; — Z;, dAM)(dB; — ZydAY),.
Here we have used that the 97} = Im(Zz]}) and its inverse 9 are given by
29,;\9/ — Nk _ Nch:kasz _ chZkZ”Vj/Z7 9/&7 = _NY 4 7Zizf+zi2j7 (6.10)
ZNZ ZNZ ZNZ
which can be explicitly verified to be the case.
In addition to this, we have that (N.B. N;; = 2 Im(Fj;)),
= i [ & .N'kaZeN-g i .(ZiN'ka)ZZN'Z
7'z =2 By +i————"2" | = Z'F; : :
ij < S itt ZNZ (6.11)
= ZlFij + Zl(Fij — Fij) = ZlFij = ()(())71}7‘]‘7
from which it follows that for a(®) = A’a; — B;3* € H*(),R),
w(@®) = iV KK 2 71(aB, — B dAT)(a®)
i/2 e E+K 2 o :
- MQT(XZdB,» — FdAY (A — B; )
l'\/ge(f{—'—K[U])m . : (612)
= T(X B; — F;A")
i /2 (K+K)/2 (K+K)/2
_ _l\[eTQ(Q,a(g’)) =~ h(.a®)

where Q = X'a; — F;5° € H>9(Y) and h = 2iQ(+,+) is the Hermitian form from corol-
lary 2.1.7. This not only tells us that that v and @ vanish on (H%?(Y) & H?1(Y))NH3 (Y, R),
but also that for any a® € (H30(Y) & H**(Y)) n H3(V,R),

a(a®) u(a®) = L[ XO 72X (0, a®) A(Qa)

~ R(Q2,a®)h(2,aB)  h(a®),Q)h(a®,Q) (6.13)
T 29h(QQ) 29A(2.9)

where we have used that h is Hermitian and have expanded the exponentials of K =
—log(2¢)) and K% = —log(—Z°N;;27) = —log(%|X°72h(22,9Q)). A quick comparison
with equation (2.36) from lemma 2.3.8 show that au = (2¢)"'¢" on a® € (H*°(Y) @
H3(Y)) N H3(Y,R).
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Since wu + E(WE® = J:¢" and the Hodge decomposition is perpendicular with respect

to g, we conclude that the sum @ u + E(* E(® is orthogonal and that wu and E(®) E(®)
vanish on (H39(Y)® H®3(Y))NH3(Y,R) and (H>°(Y) ® H*3(Y)) N H3(Y, R) respectively.
O

Corollary 6.1.3. The hypermultiplet metric can be written as

gm = eWe 4+ EBOE@ a4+ vo . (6.14)

complex moduli the torus “line bundle”

Proof: The forms e(* had been defined at the beginning of this section and satisfy gc =
e(®e(®) by definition. We have just shown in proposition 6.1.2 that the torus part of the
metric is given by F(* E() + 44 and a quick calculation shows that

0o = (2¢) 2|dy — i (do — ATdBy)|? = (24) 2dy? + (24) " 2(do — A'dB;)%. (6.15)
By adding all of these we obtain the metric gy, from equation (6.1). O

To describe the quaternion-Kahler structure on the hypermultiplet moduli space, it will be
convenient to write eT(®) = g, eT(@) = (@) ¢=(0) = 4 and e~ (@) = F(@) to combine e(®) with
u and E(®) with v into new vielbein 1-forms e*(®) = (et() ¢~() given by Equation (6.14)
then reads

Ghm = €D = 3 N " el (6.16)

a=% =0

Note that instead of combining E(*) with v, which would make sense since these forms
together describe the torus, we have () = (u,e(?)) and e~ = (v, E(®).This will become
later in section 6.2.1

6.1.1 The connection

The Levi-Civita connection V for g, induces a natural connection on the cotangent bundle
that we will also denote by V and is given by

(Vxa)(Y) = X(a(Y)) — a(VxY). (6.17)

for any 1-form « and any two vector fields X and Y on My,. This connection can be
extended to a connection on the complexified cotangent bundle through complex linear
extension. Since we have a (complex) basis (e“(i))a(i) for the complexified cotangent bundle

we can give a more explicit description through the connection 1-forms ¢ and y, which are

matrices ¢’ 2,(]) and Xa(%(j) such that

Ve = 20 (X)e70) 420 (X)) (6182

Vo (i) _ _a( )(])(X) B(j )Jr —ofi )(j)(X)e’@(j) (6.18b)

for any vector field X € TMy, on M.
Proposition 6.1.4. The Levi-Citiva connection is completely characterised by the equations

a(i) 8G) a(i) 8()
B0 TP e = X a) TX e =0 (6.192)

gpa(l) )/\eﬁ(y) _|_X0‘( )( )/\eﬁ(ﬂ — de®® (6.19b)
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Proof: The Levi-Civita connection of a metric is characterised by flatness of this metric,
which translates to

Vxg = Vy (ea(i)éa(i)) = (Vxea(i))éa(i) + (@) (vxéa(i))
_ ((pa(i)(‘)(x)eﬁ(j) + Xa(%(j)(X)éﬁ(j))éa(i)
4 eali )( Fa(i )( _)( )e?@) 4+ )_(a(%(j)(X)eﬁ(j)) (6.20)
— (" (23(]) e B )( )) eB) gali)
100 )( e g ghli) 4 )‘Ca(%(j)eo‘(i)eﬁm =0

for all X € TMy,,. This equivalent to equation (6.19a). In addition to this, the Levi-Civita
connection is required to be torsion free, or equivalently,

de®D(X,Y) — ((Vxe*@) (V) — (VyeD)(X))
= (X(O(¥) = V(e (X)) - et ><[X, YD) 6.21)
— (X (DY) = e*D(VxY) = V(e*D (X)) + 2@ (Vy X))
= —e*O([X,Y]) +e*D(VxY — W X) =D (Ty(X,Y)) =0
which gives us equation (6.19b). O
Theorem 6.1.5. The matrices ¢ ( and XO‘(Z from equation (6.18) are given by
a(i) ) a(i) ()
"y = P0G — "y Pas and X5y =~ (j)fas- (6.22)
Here p% is a traceless anti-Hermitian 2x2-matrix of 1-forms given by p++ = —p_ = 0vand
pt. = —p = —u, with o = iIm(v — (ZNZ)7'Z'N;;dZ7). Of the two 1-form valued

(14 n)x(1 + n) matrices, q( ) and ¢\ qis anti-Hermitian and t is symmetric.

()’

Proof: Through a lengthy calculation it can be shown that the exterior derivatives of the
vielbein 1-forms e*(*) are given by [2]

de®® = —p% A Bl — (() y A e — ( )e aB N ell) (6.23)

for matrices p, ¢ and ¢ of the form described above. Since the matrices pj and q((i;) are

both anti-Hermitian, and t(a)e(,g is anti-symmetric, it is easily verified that equation (6.19)
is satisfied. 0

6.2 The quaternion-Kahler structure

Using the orthonormal frame e®(*) we can define three almost complex structures, J(), J(?)
and J®) on My,,. These can be defined by specifying J(“*e*() foroe = + and i = 1,...,h"2
and demanding that J(W*e*(?) = J(uw*ea(i) (because J is real).

In this section we will often use the Pauli-matrices, which are the anti-Hermitian traceless
matrices ¢(*) for u = 1,2, 3, given by

0 1 0 —i 1 0
1) — (2 — (3) _
o\ = (1 0) o\ = (i 0) o\ = (0 1) . (6.24)

The product of two Pauli-matrices is given by o(*)o(*) = §(,) (1) + 1 €(u)(0) ()7 ™).
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Lemma 6.2.1. The endomorphisms J): TM — TM on the tangent bundle of M defined
through

JWeea@ = 54l (6.25)
define three almost complex structures for uw = 1,2,3 that satisfy the quaternionic algebra,
JWJW) = =50 ) + €@y ™). Each of these almost complex structures is compatible

with the metric gnm.

Proof: Using that 0" o) = §,)(,) + 1 €()(0) ()™, we find that

(J(u)](v))*ea(i) - J(U)*(J(u)*ea(i)) _ (%)0[(;;) ~(4)
= a(i [ (w) 7
= —0(u)(v)€ o - le(v)(u)(w)gaﬁ P (6.26)

= (=) T €@ @) 7)),

so the three endomorphisms .J(*) are almost complex structures and they satisfy the quater-
nionic algebra.

Together with the metric g = (&>, J(*) moreover defines an almost Hermitian struc-
ture for u = 1, 2, 3 since for any two vector fields X and Y on My,

g(JW X, JWy) = (e (i) ga(i) )(J(u) X, J®y) = (J(u)*ea(i)J(U)*éa(i))(X’ Y)
= (i o&?e““io&%“i))()c, Y) = (ol Ve @) (X, y)  (6.27)
= (e*Me*M)(X,Y) = g(X,Y)

where we have used that the Pauli-matrices are Hermitian, i.e. that 0(7/‘8) = 0(51;) O

Since the almost complex structures .J(*) are compatible with the metric gy, on the hyper-
multiplet moduli space, we can define a set of fundamental forms w(®) = gy, o (J® x id).
These are given by

w™ = gum o (J® x id) = (e*@ D) o (J™) x id)
=1 (J(u)*ea(i)) ® éoz(i) 4 1 (J(u)*—a(i)) ® ea(i)
- (la(m 5(0) e 41 ( (w) 5@)) ® (i) (6.28)

—is <u)( Bli) g gai) _ gali) g eﬁ(i)) = —Lo @ p PO,

Proposition 6.2.2. The fundamental forms w™) satisfy Vzw™ = Lo p(Z)]aze*@ A eP®
for u = 1,2, 3, where p is the matrix from theorem 6.1.5.

Proof: Equation (6.18a) and theorem 6.1.5 allow us to explicitly work out the covariant
derivatives V,w(®

((vzea(z)) A P 4 ga(®) A (vzeﬁ(z ))
%:Zf) (((ﬁa(igf(j)(z) ) 4 )—(a(l)( A)(Z) YD) A P
+e DA ("0 (2)eD +x7) L (2)@1)) (6.29)
= iot (ﬁaw(Z) & p PO 1 pf (7)) A D)
+ (j(i()j)(Z) g2(d) A B 4 q(i()j)(Z) g2 A BU)
(Z) €aye?@ A PO +t“2j>< AT O év(j)>
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We can use the fact that the matrix t(izj) to rewrite

o) (Z) ey p @) =

L ot (Z) €5y (65D A D 4 &20) 1)

. , (6.30)
(2) (Ugg €3y — U%) e@a)éa(’) A éV(]),

which vanishes because we can explicitly that o(*)¢ is symmetric for v = 1,2, 3. This tells us
that the last line from equation (6.29) vanishes. Similarly, it follows from the fact that q(l()j)
is anti-hermitian that

q(i()j)éa(j) AP 4 (() g2 A PU) = ( ) + q(]())) g2l a B0 — . (6.31)

This leaves us with

Vaw™ = Lo5)50(2) + 0l)p7s(2)) e A P
= 5 (-p%(2)053 + o ps(2)) e n e (6.32)
= %[g(u)’p(z)]aﬁéa(i) A el
which proves the theorem O

Lemma 6.2.3. We have that (Vz;w()(X,Y) = gam((VzJ)X,Y) for u = 1,2,3 and any
three vector fields X, Y and Z on Myp,.

Proof: The covariant derivatives of these fundamental forms are given by

(V20)(X,Y) = Z(w(X,Y)) — w(VzX,Y) — w(X,VzY)
= Z(g(JX,Y)) — g(JVzX,Y) — w(J X,V,Y) (6.33)
=9(Vz(J X),Y)) = g(J (VzX),Y) = g((VzJ) X),Y)),

where we have used flatness of the metric with respect to its Levi-Civita connection. O

Before we can conclude that J(*) defines a quaternion-Kéhler structure on the domain
where the basis e*(¥) is defined, we still need to verify that the bundle generated by these
almost complex structures is preserved by the connection. This turns out to be the case.

Corollary 6.2.4. The almost complex structures J) for v = 1,2, 3 from lemma 6.2.1, together
with the metric gnm, define a quaternion-Kdhler structure on My,

Proof: Since ¢(*) is Hermitian and p(Z) is anti-Hermitian for « = 1,2,3 and any (real)
vector field Z, we have that

[0, p(Z)]ap = 08P(Z)rs — P(Z)ar 0

" (6.34)
= *0( )P(Z)ﬁfy JFP(Z)WUM = [5(“),]3(Z)]5a,

so [0("), p(Z)] is a Hermitian matrix. Since it is a commutator it is furthermore traceless and

will therefore be a linear combination of Pauli matrices, [¢(*), p(Z)] = AE?)) o) for some

coefficients A™)
(v)°

Proposition 6.2.2 now tells us that Vyw(®) = %AEZ))U(“’)éa(i)eﬁ(i) = AEZ))w(“), so if we fi-

nally apply lemma 6.2.3 we see that V,.J(*) = AEZ))J (v), We already know from lemma 6.2.1

that the almost complex structures J(*) satisfy the quaternionic algebra and that they are
compatible with the metric gy, so it follows that My, is quaternion-Kéhler. O
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Remark 6.2.5. We can provide a more explicit description of the Quaternion-Kdhler structure
by working out the expressions in equation (6.25) for u = 1,2, 3. This gives us

JWxeEt@) — T J@ret () —  F) J@xE@) — 1 oE0) (6.35)

and if we use theorem 6.1.5 to work out V,J (") we obtain

VzJ(l) :@(Z) J(2) ) Re(u)(Z) J(3) (6.36a)

VzJ®) = =2 Im(u)(2) J® - 5(2) TV (6.36b)

VzJ® = —2 Re(u)(2) TV +2 Tm(u)(Z) J®, (6.360)
where o = 3 Im(v — %)

6.2.1 Intrinsic interpretation

The hypermultiplet moduli space metric consists of a number of orthogonal pieces that we
have studied separately in sections 5.1 and 5.2.

22 X i 1%J
ghm = D AX AN + g™ + Sl (dv? +0?) . (6.37)
R ——
complex structure moduli torus circle+line

To this decomposition of gn, corresponds a decomposition of the tangent bundle into
orthogonal pieces

base space fibre

3
T poyMim > TeMe ® Ty (HXV,R)) @ R, @ Ry, (6.38)
~ H%Y(Y) torus (twisted) circle+line

where we say that the torus directions are “twisted” because they are determined by the
contact bundle on the Heisenberg group and there is no way to locally be embedded the
torus in My, such a way that it is tangent to this bundle since contact bundle are non-
integrable (cf. remark 4.2.4), . We had seen that the circle and the real line parametrised by
o and ¢ combine into a bundle of complex disks over the Weil intermediate Jacobian.

By using the Dolbeault cohomology groups, the tangent space H?(), R) to the torus can
be further decomposed into the pieces (H*°(Y) & H3(Y)) N H*(Y,R) and (H**(Y) @
HY“2(Y)) N H3(Y,R), which are also orthogonal (cf. lemma 2.3.5). All-in-all, there are four
even-dimensional pieces, each of which comes with its own complex structure: The complex
structure moduli space, these two orthogonal parts of the Weil intermediate Jacobian and
the aforementioned punctured disks.

We know that both the base space and the fibres are Kéhler manifolds and hence that both
come with a complex structure that we denote by .Jc and J respectively (cf. corollary 2.2.8
and theorem 5.2.7).

The vielbein 1-forms e(®, E() 4 and v describe exactly these same pieces, as we had seen
in corollary 6.1.3 and proposition 6.1.2. The forms ¢(® = P{”dZ" are clearly (1,0)-forms
on the base space with respect to its standard complex structure and each of the forms E(%),
u and v are (0, 1)-forms for the complex structure .J on the fibres. This is true for v because
v= ﬁ(dw —1in) and J*n = d¢ and for E(® and u because they are linear combinations of

the forms (dB; — Z‘gdAj ) (recall that z; = —B; + Z;”;Aj were complex coordinates on the
Weil intermediate Jacobian and hence on Mg, cf. proposition 5.2.9).
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Lemma 6.2.6. Let J©: TM, — TMym be the almost complex structure on T My, that
equals .Jc on the base space Mc and —.J on the fibres M. The vielbein 1-forms e* () = (u, e(®)
and e~ = (v, E®) from equation (6.7) satisfy

JO# D) = pjeald), (6.39)
fora=4+andi=0,...,h%2
Proof: The validity of this statement has been discussed above this lemma. O

We also have an explicit descriptions for the almost complex structures .J W) (y = 1,2,3)
that make up the quaternion-Kéhler structure on the total space in terms of these vielbeins.
By combining the decomposition (6.38) we can now give a slightly more intrinsic description
of the quaternion-Kéhler structure on My,.

Theorem 6.2.7. The almost complex structure .J*) described in lemma 6.2.1 and remark 6.2.5
satisfy the following properties.

- J®) respects the decomposition from equation (6.38). It acts on T;Mc through the
canonical complex structures on the complex structure moduli space and on R0, @ Ry,
as J. On the torus directions it acts as the complex structure corresponding to the Griffiths
intermediate Jacobian instead of the Weil intermediate Jacobian.

- JW) and J® interchange vectors along the H'? @& H?'-directions of the torus with

tangent vectors for Mc and vectors along the H3° @ H%3-directions with elements of
RO, ® R 0y.

Proof: The almost complex structures J(*) were defined in terms of the forms e*(*), The
third almost complex structure was given by (cf. remark 6.2.5)

JOy =iu,  JO@ =jel@  gBry = iy, JOrp@ = _jE@  (6.40)

We see that it equals J(®) on T M and on the torus directions corresponding to the H>° @
HO%3.part of the torus, while it describes —J(*) on the remaining parts of the decomposi-
tion (6.38). We see that the H>' @ H'-2-part and the H>° @ H"3-part of the torus directions
are treated differently: J) corresponds to J% = J¢ on the first and to —J¥ = J¢ on the
latter. It appears that on the torus J®) should be interpreted as the almost complex struc-
ture corresponding to the Griffiths intermediate Jacobian rather than the Weil intermediate
Jacobian.

The other two almost complex structures are given by

JW ey =i, JWrela) = pla), JW*y = ju, JW*pla) — @) (6.41)
J@x, = —, J@rele) = _pla) T2y, = +u, J@xpla) — _,_e(a)7 (6.42)

from which we can immediately read off that they both interchange the H3° @ H%3-part
and the H>! @ H"2-part of the torus with TM¢ and R 9, & R 9y, respectively. O
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DISCUSSION

We were interested in the (known) quaternion-Kahler metric on the hypermultiplet moduli
space of the effective supergravity theory that arises from type IIA superstring theory in the
low energy limit after compactification on a Calabi-Yau 3-fold. By finding a more intrinsic
description for this space and its metric we ultimately hope to gain a better understanding
of the quaternionic nature of this space.

The hypermultiplet moduli space can be described as a fibre bundle over the moduli space
of the Calabi-Yau manifold used in the compactification procedure, with fibres consisting of
a torus with a circle and a line bundle corresponding to the (Kalb-Ramond) axion and the
dilaton respectively. This fibre bundle is flat and for the metric we wish to describe base
space and fibres are orthogonal. Since we already have a description of the metric on the
complex structure moduli space (cf. section 2.2.2), we have initially mostly focused on the
fibres. A previous study [1] has shown that the torus in this construction should be viewed
as the Weil intermediate Jacobian of the Calabi-Yau manifold and that the entire fibre can be
viewed as a coset space of an extended version of a Heisenberg group (c.f. remark 5.1.6).

Instead of considering this extended version of the Heisenberg group, we have looked at
these fibres as a direct product of a compact quotient of an (unextended) Heisenberg group
and a real line that corresponds to the dilaton field. This compact quotient can naturally
be interpreted as a contact manifold because it inherits a contact structure from the Heisen-
berg group. By combining this contact structure with the complex structure on the Weil
intermediate Jacobian, we can view this space as a strictly pseudoconvex Cauchy-Riemann
manifold. This Cauchy-Riemann structure underlies a 1-dimension family of (Sasakian) con-
tact metric structures, which describe the metric on the fibre metric for fixed values of the
dilaton field. The entire fibre metric is obtained as a Kadhler metric on the symplectisation
of this contact manifold obtained by choosing a specific extension of the Cauchy-Riemann
structure to a complex structure (cf. section 5.2).

Since the dilaton and the axion combine into a C*-bundle over the Weil intermediate
Jacobian, we were interested in the possibility that they may in fact form (part of) a holo-
morphic line bundle and in particular one that corresponds to the canonical polarisation of
this torus. We discovered that the dilaton and the axion can together be interpreted as a
bundle of punctured disks inside exactly such a bundle (cf. section 5.2.5).

The tangent bundle of the complete hypermultiplet moduli space splits into directions cor-
responding to the complex structure moduli space, the torus and these complex disks. With
this in mind we have examined the explicit quaternion-Kéhler structure found by Ferrara
and Sabharwal [2] and found that it exhibits some interesting behaviour (cf. section 6.2).
One of the almost complex structures that make up the quaternion-Kéhler structure acts
separately on each of the components from the above construction. Interestingly enough, it
seems to correspond to the complex structure of the Griffiths intermediate Jacobian on the
torus, while it we had just seen that it is the Weil intermediate Jacobian that plays a big role
in the construction of the quaternion-Kéhler metric.

Since quantum corrections still have to be taken into account and we know that also the
corrected expressions will be quaternion-Kéhler, an important question that is what freedom
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we have to deform this structure. It may be promising to first look at the one-loop corrected
version of the quaternion-Kéhler metric that is presented in [56], in which we also recognise
a contact form that can be used in combination with a well-chosen complex structure to
express large part of the metric quaternion-Kahler metric.

Although we have made a start, a fully intrinsic description of this quaternion-Kéhler
structure in terms of the construction described above has not yet been obtained. The
complex structure moduli space and the fibres over it remain for a large part two separate
and unrelated pieces, so we would like to learn more about how the structures on each can
be related and why the combination of the two results in a quaternion-Kéhler manifold. The
interpretation we have given to the hypermultiplet moduli space was completely in terms
of spaces defined using a Calabi-Yau 3-fold ), but the entire quaternion-Kahler metric could
be expressed in terms of just the projective special Kahler structure of the complex structure
moduli space. By finding a natural way to combine the Heisenberg group and this moduli
space we may also learn something about the more general situation.

The fibres over the complex structure moduli space are complex manifolds, which have
a strictly pseudoconvex boundary at infinity (¢y = e — oo) that corresponds to the (quo-
tient of the) Heisenberg group. The expression we have worked with is only valid in the
limit towards this boundary, so quantum corrections should only have an effect outside
this boundary. It may be interesting to note that this situation is very similar to that of
so-called asymptotically complex hyperbolic manifolds, which are complex manifolds that
have exactly the same asymptotic behaviour towards their boundary [71,72]. Moreover, the
boundary of such spaces comes with a strictly pseudoconvex CR structure and can has been
linked with the Heisenberg group [73]. To which extent this may be relevant or helpful
remains to be seen.

Although it is possibly just a coincidence, the fact that the twistor space for the quaternion-
Kéhler structure on the hypermultiplet moduli space is a complex contact manifold of exactly
twice the dimension of the Heisenberg group, which we had interpreted as a real contact
manifold, can at least be said to be interesting.

In short, there are still many unanswered questions and unsolved problems and thus a lot
of opportunities for future research.
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