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ABSTRACT

Residual currents induced by asymmetric tidal mixing were examined for weakly stratified, narrow estu-

aries using analytical and numerical models. The analytical model is an extension of the work of R. K.

McCarthy, with the addition of tidal variations of the vertical eddy viscosity in the longitudinal momentum

equation. The longitudinal distribution of residual flows driven by asymmetric tidal mixing is determined by

the tidal current amplitude and by asymmetries in tidal mixing between flood and ebb. In a long channel, the

magnitude of the residual flow induced by asymmetric tidal mixing is maximum at the estuary mouth and

decreases upstream following the longitudinal distribution of tidal current amplitude. Larger asymmetry in

tidal mixing between flood and ebb produces stronger residual currents. For typical tidal asymmetry, mixing is

stronger during flood than during ebb and results in two-layer residual currents with seaward flow near the

surface and landward flow near the bottom. For reverse tidal asymmetry, mixing is weaker during flood than

during ebb and the resulting residual flow is landward near the surface and seaward near the bottom. Also, the

residual flow induced by tidal asymmetry has the same order of magnitude as the density-driven flow and

therefore is important to estuarine dynamics. Numerical experiments with a primitive-equation numerical

model [the Regional Ocean Modeling System (ROMS)] generally support the pattern of residual currents

driven by tidal asymmetry suggested by the analytical model.

1. Introduction

Pioneering studies of estuarine exchange flow focused

on the mean effects after a tidal time scale and suggested

that residual estuarine currents resulted mainly from the

longitudinal baroclinic pressure gradient (Pritchard 1956;

Hansen and Rattray 1965; Chatwin 1976; MacCready

2004). The influence of tidal processes was included in

those theories using a constant vertical eddy viscosity

that represented mixing over tidal time scales. However,

it has been recognized that tides can contribute to the

creation of residual currents in many estuaries through

nonlinearities and through the temporal variation of tidal

mixing. Ianniello (1977) showed that, under relatively

strong turbulent mixing, the Eulerian residual currents

induced by tidal nonlinearities are seaward at all depths

and the Lagrangian residual currents induced by tidal

nonlinearities oppose the two-layer density-driven flow.

Subsequent studies have concentrated on temporal vari-

ations of tidal mixing. Jay and Smith (1990) introduced the

concept of tidal asymmetry, suggesting stronger mixing

during flood tides and enhanced stratification during ebb

tides. They demonstrated the importance of tidal asym-

metry with observations at the Columbia River.

Asymmetric tidal mixing can arise from strain-induced

periodic stratification (SIPS) (Simpson et al. 1990) or

extra freshwater inputs from a side embayment (Lacy

et al. 2003; Fram et al. 2007). Stacey et al. (2008) used a

one-dimensional numerical model to examine the tidal

asymmetry caused by extra freshwater inputs and its role

in the creation of estuarine subtidal circulation. They

demonstrated that the residual flow generated by this
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tidal asymmetry is of the same vertical structure and

magnitude as the expected estuarine gravitational circu-

lation. They also found that the residual flow is strongly

dependent on the timing of stratification beginning within

the tidal cycle and developed a bulk Richardson number

to predict the onset of stratification.

Tidal straining is one of the most common mechanisms

for creating tidal asymmetries. The role of tidal straining

in creating asymmetries in turbulent mixing at tidal time

scales has been well documented through observations

(Nepf and Geyer 1996; Simpson et al. 2005; Stacey and

Ralston 2005; Scully and Friedrichs 2007) and numerical

simulations (Simpson et al. 2002; Li et al. 2008). The

strain-induced tidal asymmetry creates asymmetries in

the shear of the tidal current profile, resulting in a non-

zero net flow profile. During ebb tides, tidal currents

stratify the water column through the straining of the

density field by the interaction between a longitudinal

density gradient and a vertically sheared velocity profile.

During flood tides, this straining is reversed and the water

column tends to be well mixed, intensifying currents near

the bottom. This asymmetric mixing and velocity profile

can lead to a residual flow with the same structure as the

density-driven circulation: seaward flow near the surface

and landward flow at the bottom (Jay and Musiak 1996;

Stacey et al. 2001). However, the vertical structure of this

resulting residual flow has been obtained on the basis of

conceptual analysis but has not been evaluated in detail

with analytical or numerical models. The purpose of this

study is to investigate the spatial pattern and strength of

residual currents induced by tidal-straining-induced tidal

asymmetry in a two-dimensional estuary channel.

Because of the difficulty in solving the nonlinear mo-

mentum equations analytically, this study is limited to

weakly stratified narrow estuaries. These can be treated as

weakly nonlinear systems whose governing equations can

be solved using a perturbation method. The approach is

also restricted to ‘‘narrow’’ estuaries where lateral vari-

ability of flow and the earth’s rotation can be neglected.

The weakly stratified estuary is considered as an approx-

imately well-mixed estuary. With these assumptions, the

analytical model developed by McCarthy (1993) is ex-

tended to include an additional term representing tidal

variations in vertical mixing. To obtain the solution, a

relatively weak asymmetry in turbulent mixing between

flood and ebb tides must be considered. Also, the ana-

lytical model uses an artificially designed eddy viscosity,

which decouples turbulent mixing from tidal currents and

stratification. Furthermore, a primitive-equation numeri-

cal model, with a two-equation turbulent closure, is also

used to validate the analytical solutions.

The remainder of this paper is structured as follows:

Section 2 presents a two-dimensional analytical model

and the solutions of residual currents induced by tidal

asymmetry. Section 3 presents a numerical experiment

in an estuary channel to evaluate the generality of the

analytical model and show the influence of stratification

on tidal mean mixing. Finally, conclusions are presented

in section 4.

2. Analytical model

This analytical model is an extension of the work of

McCarthy (1993) by adding tidal variations of the vertical

eddy viscosity in the longitudinal momentum equation.

Most of the model assumptions and equation-solving

techniques follow those of Ianniello (1977) and McCarthy

(1993). The novel feature of this model is that asymmetric

tidal mixing is included and tidal-asymmetry-induced

residual currents can be explicitly computed. The model

domain is a straight narrow estuary channel that has

constant depth and width. Lateral variations of bathym-

etry are neglected so that the estuary can be simplified as

a two-dimensional along-channel section. The coordinate

system is shown in Fig. 1, where x is positive from the

mouth toward the head and z is positive upward with the

bottom at z 5 2h.

Here, ‘‘narrow’’ means that the along-channel re-

sidual dynamics are not significantly affected by lateral

circulations; namely, both lateral advection and the

earth’s rotation can be neglected. The conditions under

which these assumptions apply are given in Huijts et al.

(2009) and Cheng and Valle-Levinson (2009). The first is

that the Rossby number is large, which indicates that

Coriolis forcing is negligible. In the case of a long estu-

ary this implies that its width should be small compared

to the Rossby radius of deformation. On the other hand,

a large Rossby number suggests that lateral advection

could be important in narrow estuaries, as in the Hudson

River (e.g., Scully et al. 2009). Therefore, the second

condition is that vertical turbulent mixing is relatively

FIG. 1. Schematic of an idealized estuary channel (length not to

scale): a vertical–longitudinal section is along the centerline of the

channel. The dashed lines represent tidal elevations.
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large, under which lateral advection is negligible. Ac-

cordingly, a narrow estuary, like the one studied here,

can be considered as an estuary with large Rossby and

Ekman numbers. This condition is satisfied for well-

mixed and weakly stratified estuaries with small width.

a. Governing equations

The governing equations for momentum, continuity,

and salt transport and the equation of state are
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ðĥ

�ĥ
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›ŝ

›x̂
1 ŵ
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and

r̂ 5 r̂
0
(1 1 bŝ), b 5 7.7 3 10�4. (1e)

Here, a caret denotes a dimensional quantity; t̂ is time;

û and ŵ are the longitudinal and vertical velocity com-

ponents, respectively; ĥ is the free surface elevation; ĥ is

the water depth; ŝ is salinity; r̂ is water density; r̂
0

is

freshwater density; b̂ is the haline contraction co-

efficient; K̂x is the horizontal eddy diffusivity; and K̂

represents vertical eddy viscosity and diffusivity, as-

suming the Schmidt number (ratio of eddy viscosity to

diffusivity) is 1. The above equations are the same as

those used by McCarthy (1993) except that the salt

balance is used here instead of density.

To include asymmetric tidal mixing in the dimension-

less equations, we assume that the vertical turbulent mix-

ing coefficient can be decomposed in two parts:

K̂ 5 K̂* 1 K̂9. (2)

Here K̂* measures the degree of mixing that would occur

under well-mixed conditions, whereas K̂9 represents a tidal

variation part caused by tidal straining. Ianniello (1977)

argues that in a tidally dominated, well-mixed estuary

K̂* 5 C
d

Û
�� ��ĥf̂ (ẑ), (3)

where Cd is a drag coefficient, Û the leading order

depth-averaged tidal velocity, and f̂ (ẑ) a function of the

vertical coordinate ẑ; we assume Û is a constant.

A similar perturbation technique to Ianniello’s (1977)

and McCarthy’s (1993) is followed. The subsequent

scalings are introduced:
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ẑffiffiffiffiffiffiffiffiffiffiffiffiffi

2K
0
/v

p ,

d 5
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in which the variables without a caret are dimensionless

quantities. Here K0 5 CdÛĥf̂ (ẑ) is a constant vertical

eddy viscosity, h* is the tidal amplitude at the mouth, sc

is the ocean salinity, v is the angular frequency of tidal

forcing, and d is a measurement of the depth in terms

of the frictional length scale
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2K

0
/v

p
(note that 1/d

is analogous to the Ekman number); the horizontal

length scale is the tidal wavelength
ffiffiffiffiffiffi
gĥ

p
/v. Substituting

these scalings into Eq. (1) results in the dimensionless

equations:
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where « 5 h*/ĥ and g 5 bsc/�d. Of particular interest is

the nonlinear effect represented by the tidal amplitude

to depth ratio «. The assumption is that the parameter «

is not negligible but is much smaller than 1. Since «� 1,

the nonlinear advection terms do not affect the tidal so-

lution and « becomes the expansion parameter for the

dependent variables. The parameter g measures the rel-

ative importance of the baroclinic pressure gradient and
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is assumed O(1). As McCarthy (1993) discussed, if

g ; O(1), the estuary is dominated by barotropic tides,

stratification is weak, and the baroclinic forcing term

mainly contributes to residual currents. The dimension-

less set of equations is the same as those of McCarthy.

The dimensionless vertical mixing coefficient is written

as

K 5 K* 1 «K9; K* 5
K̂*

K
0

; K9 5
K̂9

«K
0

. (6)

Herein,

K* 5 f (z) (7)

with f (z) 5 f̂ (ẑ), and K9(z, t) depends on the vertical

coordinate z and time t in a user-specified manner.

Variations in turbulent vertical mixing owing to tidal

straining are assumed to be small compared to turbulent

mixing induced by frictional drag at the bottom. More-

over, it is assumed that f(z) 5 1; that is, the turbulent

mixing coefficient K* does not depend on the vertical

coordinate. In many previous analytical studies, K is

assumed constant over a tidal cycle. In this study, we use

two constants that represent eddy viscosities during

flood and ebb tides (Fig. 2). The difference between the

two constants translates into asymmetric tidal mixing.

This assumption uses the flood-averaged mixing to

represent the entire flood and uses the ebb-averaged

mixing to represent the entire ebb. This could be the

simplest case of asymmetric tidal mixing. More com-

plicated tidal variations of mixing must await future

studies. It is noteworthy that K* can be chosen as the

tidally averaged eddy viscosity or a value smaller than

the eddy viscosity of ebb tides, as shown in Fig. 2. Al-

though the two choices produce similar results, the latter

is preferred because the mean of the tidal variation

component is not zero, consistent with the idea that tidal

asymmetry produces ‘‘extra’’ eddy viscosity over a tidal

cycle. The ratio between the variable and the steady

components of K is assumed to be O(«). This indicates

a weakly stratified estuary where variations of vertical

mixing induced by stratification are comparatively small.

With this assumption, asymmetric tidal mixing only in-

fluences residual currents.

Following the perturbation method, the dependent

variables h, u, w, and s are expanded in an asymptotic

series in powers of «, yielding the lowest- [O(«0)] and the

first- [O(«1)] order perturbation equations. The lowest

order equations represent tidal motion and are the same

as those of Ianniello (1977), and the governing equations

of salt transport are the same as those of McCarthy (see

appendix). Solutions to tidal motion and salinity have

been provided by Ianniello (1977) and McCarthy (1993),

respectively, and are omitted here. This study concen-

trates on the residual currents only. Time averaging the

first-order momentum and continuity equations after

a tidal cycle gives
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where subscripts 0 and 1 represent lowest and first order,

respectively. The overbar denotes tidal averages, and

R is the dimensionless river flow velocity, which is the

ratio of the dimensional river flow velocity ûr to the scale

of the nonlinear flow (McCarthy 1993); namely, R 5

ûr/(«2
ffiffiffiffiffiffi
gĥ

q
). The residual currents u1 are considered to

have four components: (i) the tidally rectified flow u
1N

,

(ii) the river-induced flow u
1R

, (iii) the density-driven

flow u
1D

, and (iv) the flow induced by asymmetric tidal

mixing u1A. The present model setup implies that the

four components are linearly independent. Thus, u1 and

the residual elevation h1 can be written as

u
1
5 u

1N
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1 u
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h
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5 h
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1 h
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1 h
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Substituting Eqs. (11) into (10), we obtain five equations

corresponding to the four sources of residual currents:

FIG. 2. Tidal evolution of dimensionless eddy viscosity K; K*

is the steady component, while «K9 represents a tidal variation

component of K.
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b. Solution of residual currents induced by
asymmetric tidal mixing

The four components of residual currents can be

obtained by solving Eqs. (10). The tidally rectified flow

[Eq. (10a)] has been solved by Ianniello (1977, 1981).

The solutions of river-induced flow [Eq. (10b)] and

density-driven flow [Eq. (10c)] have been provided by

McCarthy (1993). The aim of this study is to obtain the

solution of the flow induced by asymmetric tidal mixing.

The boundary conditions used to solve the momentum

equation [Eq. (10d)] include no slip at the bottom and

no shear at the surface. The continuity equation for

flow induced by asymmetric tidal mixing can be ob-

tained from Eq. (10e). According to Ianniello (1977),

d�1
Ð 0

�d u1N dz 1 u0jz50h0 5 0. Also, it is known that

d�1
Ð 0

�d u
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dz 5 �R and d�1
Ð 0

�d u
1D

dz 5 0 (McCarthy

1993). Thus, the continuity equation [Eq. (10e)] can be

reduced to d�1
Ð 0
�d u

1A
5 0. On the basis of those condi-

tions, the solution of the flow induced by tidal asymmetry

[integrating Eq. (10d) twice and using continuity] is
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In which z9 is a dummy variable. The solution shows that

the residual flow induced by tidally asymmetric mixing is

determined by the lowest order tidal current u0 and the

tidal variation of vertical mixing K9. The solution for u0

has been given by Ianniello (1977). A proper form of

vertical eddy viscosity needs to be designed so as to

examine the pattern and strength of u1A. As assumed,

K* is a steady part and has no vertical distribution; K9

has both temporal and vertical variations. It is constant

throughout the flood or ebb but has a different magni-

tude for each phase of the tidal cycle (Fig. 2). With

stratification, the vertical profile of eddy viscosity tends

to show an asymmetric parabolic distribution with the

maximum value moving toward the bottom (Businger

et al. 1971). Therefore, the vertical profile of K9 is de-

signed as an exponential function K9(z) 5 (d 1 z)/

« exp[2(d 1 z)/a0], which is controlled by the parameter

a0. Once K9 is determined, u
1A

is obtained by integrating

Eq. (11) numerically.

Taking advantage of the tidal solution from Ianniello

(1977), the residual currents induced by tidally asym-

metric mixing are obtained for an infinitely long chan-

nel. The solution for a channel with a reflecting wall

has a similar pattern to the infinitely long channel and

will not be presented here. Figure 3 shows longitudinal

distributions of tidal current amplitude u0, depth- and

time-mean salinity s0, tidal-nonlinearity-induced residual

currents u1N , and density-driven currents u1D for a long

FIG. 3. Dimensionless analytical solutions for a long channel:

(a) amplitude of tidal current u0 scaled by U0 that equates «
ffiffiffiffiffiffi
gh

p
;

(b) scaled lowest order salinity s0, where sc is the ocean salinity;

(c) residual tidally rectified currents; and (d) density-driven cur-

rents. Darker area denotes negative values (outflow), and Ld is

a tidal dissipation length. Scaled parameters are « 5 0.1, d 5 1,

R 5 0.1, Ld 5 1.65, and Kx 5 0.09. The solutions follow Ianniello

(1977, 1981) and McCarthy (1993).
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channel. The values of the dimensional variables were

chosen as h* 5 1 m, ĥ 5 10 m, û
r
5 0.01 m s21, and v̂ 5

7.03 3 1025 s21 (M2 tide). The scaled parameters are « 5

0.1, d 5 1, R 5 0.1, Ld 5 1.65, and Kx 5 0.09, where Ld

is a tidal dissipation length scale defined by Ianniello

(1977). The parameter d indicates mixing effects and

a value of 1.0 represents a vertical eddy viscosity K0 5

0.007 m2 s21 (relatively strong mixing). The scaled tidal

current amplitude decreases from about 1.0 at the mouth

to 0 at the head of the estuary because of friction (Fig. 3a).

The salinity is scaled by seawater salinity such that a value

of one indicates seawater and a scaled salinity of zero

represents freshwater. The salinity is one at the mouth

and approaches zero upstream (Fig. 3b). The maximum

horizontal salinity gradient occurs near x 5 Ld. Tidal-

nonlinearity-induced residual currents are seaward at all

depths and decrease from the mouth toward the head

and from surface to bottom (Fig. 3c). The maximum tidal-

nonlinearity-induced currents are concentrated in the

upper water column and at the mouth. The density-driven

flow shows a two-layer structure, that is, outflow near the

surface and inflow near the bottom (Fig. 3d). The maxi-

mum flow is located at the region of maximum horizontal

salinity gradient and is consistent with conventional

estuarine dynamics theory (e.g., Hansen and Rattray

1965; Chatwin 1976; Officer 1976). The strength of the

density-driven flow is smaller than the tidally induced

residual currents so that density-driven flow is relatively

less important in well-mixed or weakly stratified tidal

estuaries.

On the basis of the solution for u0, three cases of K9

and u1A are examined (Fig. 4). The first case tests

‘‘typical’’ asymmetric tidal mixing, that is, stronger

vertical mixing during flood than on ebb tides (Figs.

4a,b). The depth mean of K9 is 1.25 during flood and 0.75

during ebb. The tidal average of the depth mean of K9 is

1 so that it fulfills the requirement that K9 has a magni-

tude of O(1), just as K*. The residual currents induced

by asymmetric tidal mixing show a two-layer structure

with seaward flow near the surface and landward flow

near the bottom. This is similar to the density-driven

flow, but the maximum magnitude of u
1A

appears at the

mouth of the estuary. Clearly u
1A

is partly determined

by tidal currents, and the strength of u
1A

follows the

longitudinal distribution of tidal current amplitude,

which decreases landward.

FIG. 4. Dimensional solutions of residual currents induced by asymmetric tidal mixing: (left)

vertical profiles of eddy viscosity for flood and ebb tides and (right) an axial section of residual

currents induced by asymmetric tidal mixing; (top) case 1, a typical tidal asymmetry; (middle)

case 2, a typical tidal asymmetry with larger asymmetry of eddy viscosity between flood and ebb

tides, relative to case 1; and (bottom) reverse tidal asymmetry. The scaled parameters are as in

Fig. 3. Negative values (shaded) denote seaward flow.
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The second case examines larger asymmetric mixing

between flood and ebb tides: K9 is the same as that in the

first case during flood but is weaker during ebb (Fig. 4c).

The distribution of u1A is still a two-layer structure

similar to the first case, but the magnitude is stronger

(Fig. 4d). This shows that a larger asymmetry of mix-

ing between flood and ebb produces stronger residual

currents. The third case tests ‘‘reverse’’ asymmetric tidal

mixing; namely, mixing during flood is weaker than

during ebb. The magnitude of K9 in the third case is

opposite to that in the first case; that is, K9 at flood is the

same as that during ebb in the first case (Fig. 4e). As in

the first case, u1A has similar magnitude but exhibits the

opposite pattern of landward flow near the surface and

seaward currents near the bottom layer (Fig. 4f). This

indicates that reverse asymmetric tidal mixing produces

an opposite pattern of residual currents to the typical

tidal asymmetry. It is noteworthy that the magnitude of

u
1A

is of the same order as that of the density-driven flow,

so they will compete to determine the residual flows.

Three types of reverse tidal asymmetry can be iden-

tified on the basis of previous studies. First, reverse tidal

asymmetry can be created by a freshwater source from

a side embayment of the estuary (Lacy et al. 2003; Fram

et al. 2007). When less dense waters from a side em-

bayment move into the estuary channel during flood

tides, stratification can be stronger during the flood than

the ebb, resulting in reverse tidal asymmetry. Second,

most estuaries have lateral bathymetric variations. The

deep channel and shoals may undergo opposite tidal

evolution of stratification. At the thalweg, the water

column exhibits a typical tidal asymmetry due to tidal

straining; while over the shoals the water column shows

a reverse tidal asymmetry. Lateral straining enhances

stratification during flood tides, whereas vertical mixing

reduces stratification during ebb tides (Cheng et al.

2009). Third, reverse tidal asymmetry can appear in the

region of the axis of varying stratification (Fugate et al.

2007). This usually happens at the upper reaches of the

estuarine salt intrusion. During flood tides, stratified

water is advected upstream and the water column be-

comes stratified. During ebb tides, the water column is

well mixed as freshwater that extends from surface to

bottom moves downstream.

The phasing of stratification has been demonstrated to

be important in the creation of tidal-asymmetry-induced

residual currents (Stacey et al. 2008). To examine the

effects of phasing of stratification on residual currents,

we carried out a series of experiments following case 1.

We assume that half of the tidal cycle is well mixed,

represented by a relatively large eddy viscosity (solid

line in Fig. 4a), and that the other half of the tidal cycle

is weakly stratified, represented by a small eddy

viscosity (dashed line in Fig. 4a). The onset of stratifi-

cation can occur at any stage of the tidal cycle. Stratifi-

cation starting at the beginning of flood represents

stratified flood and well-mixed ebb, that is, reverse tidal

asymmetry. When stratification starts at the beginning

of ebb, it represents stratified ebb and well-mixed flood,

that is, typical tidal asymmetry. A station near the

estuary mouth is selected to show the vertical structure

of tidal-asymmetry-induced residual currents for each

tidal phase of stratification onset (Fig. 5). When the

entire flood is well mixed (at phase of p) or stratified (at

phase of 0 or 2p), the residual currents are strongest and

have opposite sign. When half of the flood is stratified (at

phases of p/2 and 3p/2), the tidal-asymmetry-induced

residual currents are essentially zero. When the onset

of stratification occurs from p/2 to 3p/2, the residual

currents show a similar pattern to that of density-driven

circulation. When the onset of stratification occurs in the

rest of the tidal cycle (at phases of 0–p/2 or 3p/2–2p),

the residual currents show an opposite pattern to the

density-driven flow. These results are consistent with

those of Stacey et al. (2008).

3. Numerical experiment

The analytical model demonstrated that residual flow

can be produced from asymmetric tidal mixing and

revealed its vertical structure. However, the general-

ity of the analytical results may be jeopardized by its

FIG. 5. Tidal-asymmetry-induced residual currents as a function

of tidal phase at which stratification starts. The horizontal axis is

the timing of the onset of stratification (phase of the tidal cycle):

0 (p) represents the beginning of the flood (ebb). It is assumed that

half of the tidal cycle is stratified. Vertical axis is dimensionless

depth. Profiles are near the estuary mouth. Contours show dimen-

sionless magnitude of the residual currents. Negative values (shaded)

denote seaward flow.
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assumptions. The analytical model is built for well-

mixed estuaries (McCarthy 1993) for which the tidal

variation of vertical mixing has to be assumed small. The

eddy viscosity is artificially prescribed and is not coupled

to tidal currents and stratification. To overcome these

limitations of the analytical model, a primitive-equation

numerical model with a more realistic turbulence model

is required. The main purpose of the numerical experi-

ment is to examine the validity of the analytical results

instead of carrying out a comprehensive numerical study

for all types of estuaries. The numerical experiment fo-

cuses on weakly stratified, narrow estuaries: partially

mixed and highly stratified estuaries will be addressed in

a future study.

a. Model configuration

The Regional Ocean Modeling System (ROMS) is

used to carry out idealized experiments. The model is

a free-surface, hydrostatic, primitive-equations ocean

model that uses stretched, terrain-following vertical

coordinates and orthogonal curvilinear horizontal co-

ordinates on an Arakawa C grid (Haidvogel et al. 2000).

The model domain is designed as an estuary–shelf system

(Fig. 6) following the study of Hetland and Geyer (2004).

The part of the domain corresponding to the estuary is

straight, 300 km long, and has no along-channel bottom

slope. The cross-channel section has a rectangular shape

with a depth of 10 m. The width is 0.6 km. A fresh-

water discharge with fixed section-averaged velocity of

0.01 m s21 is specified at the head of the estuary. The

inflowing river water is prescribed to have zero salinity

and temperature 158C, identical to the background

temperature set throughout the entire domain. The

continental shelf is 80 km wide and has a fixed cross-shelf

slope of 0.05%. A semidiurnal tide S2 with an ampli-

tude of 1.5 m is imposed at the eastern open boundary.

The salinity of the coastal ocean is 35 psu, and a south-

ward weak flow (0.03 m s21) is specified on the shelf to

suppress the bulge of freshwater at the estuary mouth.

The coastal ocean is included in the domain to avoid

specifying boundary conditions at the estuary mouth,

which are usually difficult to establish. The two-equation

turbulence closure k–v is used to calculate vertical

mixing.

The model grid is 200 (along channel, x direction) by

80 (cross channel, y direction) by 40 (vertical, z direc-

tion) cells. The river has 150 grid cells along the channel

and 3 grid cells across the channel. The along-channel

grid size (Dx) increases exponentially from the estuary

mouth (;50 m) to its head (;11 km), providing a highly

resolved region near the mouth. The cross-channel grid

in the estuary is uniformly distributed and the vertical

layers are uniformly discretized. The model runs from

rest, for 70 days until reaching steady state. The results

of the last day are used for analysis.

b. Residual currents induced by asymmetric tidal
mixing

Figure 7 shows the along-channel distribution of the

tidally averaged salinity field. The vertical distributions

of salinity indicates that the estuary is approximately

well mixed at the upper section (x , 270 km) and is

weakly stratified at the lower section (x . 270 km to the

FIG. 6. Model domain of the numerical model. Contours denote water depth on the shelf.
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mouth). The tidal evolution of the salinity field (not

shown) exhibits a well-mixed flood tide and a weakly

stratified ebb tide. The longitudinal distribution of tid-

ally averaged depth-mean salinity (Fig. 7b) shows the

general form of the hyperbolic tangent function ob-

served in many coastal plain estuaries (Pritchard 1952;

Hansen and Rattray 1965). Salinity increases down-

stream and gradually reaches the terminal value of the

ocean. The maximum horizontal salinity gradient occurs

around x 5 290 km. Near the estuary mouth (290–

300 km), the horizontal salinity gradient decreases and

the curvature of the salinity curve becomes negative.

This may be attributed to the strong tidal dispersion near

the estuary mouth (McCarthy 1993; MacCready 2004).

According to the salinity distribution, we consider that

the ‘‘inner regime’’ of the estuary is located at 240–

270 km and is approximately well mixed. The ‘‘central

regime’’ is located at 270–290 km, and the ‘‘outer re-

gime’’ is located at 290–300 km. Both central and outer

regimes are weakly stratified.

Longitudinal distributions of depth-mean along-channel

tidal current amplitude and vertical eddy viscosity, av-

eraged during flood and ebb tides (Fig. 8), show distinct

distributions. For both tidal phases the tidal current am-

plitude, obtained by harmonic analysis, decreases from

the mouth and becomes nearly zero at the head. The

flood-averaged velocity is larger than the ebb-averaged

velocity near the head (0–100 km) and is smaller than

the ebb-averaged velocity near the mouth (150–300 km).

Between 0 and 240 km, where river flow dominates (zero

salinity), eddy viscosities are proportional to tidal current

amplitudes and show similar longitudinal distributions

to the velocities. In the estuary (x . 240 km), however,

the ebb-averaged eddy viscosity is much smaller than the

flood-averaged eddy viscosity, showing an opposite trend

as the tidal current amplitudes. This indicates a typical

asymmetric tidal mixing.

The tidal-asymmetry-induced flow is calculated using

a dimensional form of Eq. (11) in which variables are

taken from the numerical model output. Here K̂* is

chosen as the tidally averaged depth-mean eddy vis-

cosity, K̂9 is the tidal fluctuation component of the eddy

viscosity (i.e., K̂9 5 K̂ � K̂*), and u0 is the modeled tidal

current amplitude. The tidal-asymmetry-induced flow

exhibits a two-layer structure with seaward flow near the

surface and landward flow near the bottom (Fig. 9). The

pattern is consistent with the predicted residual flow

induced by typical tidal asymmetry from the analytical

model (e.g., Fig. 4b). The maximum residual flow ap-

pears in the central regime of the estuary instead of at

the estuary mouth as deduced by the analytical model.

This discrepancy may partly result from the along-

estuary distribution of K̂*, which is assumed constant

through the estuary in the analytical model. In contrast,

modeled eddy viscosities show that K̂* is reduced in the

central regime of the estuary (Fig. 10a) and, according to

Eq. (11a), small K̂* results in stronger residual currents.

The numerical results also suggest that the analytical

model has potential utility in real estuaries if proper

information of the eddy viscosity and tidal currents is

available.

FIG. 7. Longitudinal distribution of tidally averaged salinity from

the numerical model: (a) axial section of salinity in the estuarine

region and (b) depth-mean salinity.

FIG. 8. Longitudinal distributions of (a) depth-mean tidal current

amplitude and (b) depth-mean eddy viscosity from the numerical

model. Solid (dashed) lines represent flood (ebb) averages.
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c. Tidally averaged eddy viscosity in the central
regime of the estuary

The numerical model shows a peculiar feature of

turbulent mixing. The eddy viscosities are markedly

reduced and are approximately constant throughout the

central regime of the estuary (Fig. 10a). This is consis-

tent with the assumption of the analytical theory of

Hansen and Rattray (1965), but the cause of this spatial

distribution (constant) is unclear. In general, turbulent

mixing can be parameterized in terms of a velocity scale

and a length scale. The velocity scale is usually the tidal

current velocity and the length scale can be taken as the

water depth of the channel (MacCready 2007). This scale,

however, does not account for the influence of stratifi-

cation on turbulent mixing and is only proportional to

the tidal current amplitude because of the uniform depth

of the estuary. The amplitude of tidal currents, obtained

by harmonic analysis, decreases landward almost lin-

early (Fig. 10b). Obviously, this scale is not able to pre-

dict the constant eddy viscosity in the central regime of

estuary.

To include the effects of stratification on turbulent

mixing, Ralston et al. (2008) provided another scale of

eddy viscosity that depends on the thickness of the

bottom boundary layer ĥbl instead of the water depth,

K̂
v

5 aC
d
Û

T
ĥ

bl
, (12)

where K̂
v

represents the tidally averaged vertical eddy

viscosity and diffusivity (assume Schmidt number of 1),

a is a constant parameter, Cd is the bottom drag co-

efficient, ÛT is the tidal current amplitude, and all var-

iables are dimensional quantities. The bottom boundary

layer hbl can be scaled as (Stacey and Ralston 2005)

ĥ
bl

5 ĥ
R

f

Ri
x

� �1/2

, (13)

where Rf is the critical flux Richardson number (taken as

0.2 here) and Rix is the horizontal Richardson number.

The scale for the boundary layer thickness is obtained

for stratified ebb tides assuming that the buoyancy flux

due to straining of dŝ/dx̂ is balanced by shear production

at the top of the bottom boundary layer (Stacey and

Ralston 2005). The assumption involved in its derivation

limits the scale to stratified water columns; Rix is a scale

of the Richardson number by representing the vertical

density difference as a function of the horizontal density

gradient. Stacey et al. (2001) proposed

Ri
x

5
gbĥ

2

û2
*

›ŝ

›x̂
, (14)

where û* is the friction velocity and is related to the tidal

current velocity ÛT by û* 5
ffiffiffiffiffiffi
Cd

p
ÛT . To apply Eq.

(12), the values of ÛT , ĥ, and dŝ/dx̂ were taken from the

numerical experiments (Figs. 10b,c); the Cd used was

0.0025; and the best fitted a was 0.31. The values of K̂v

obtained with Eq. (12) generally match the trend of the

modeled eddy viscosity in the central and outer regimes

of the estuary (Fig. 10a). Particularly, K̂
v

exhibits ap-

proximately a constant value in the central regime. This

indicates that spatially constant vertical mixing arises

from the combined effect of tidal mixing and stratifica-

tion. Because the influence of stratification on eddy

viscosity is represented with an along-channel salinity

gradient, the longitudinal distribution of the scaled eddy

viscosity is approximately a mirror image of the salinity

FIG. 9. Longitudinal distribution of tidal-asymmetry-induced

flow of the numerical model. The unit of the residual flow is cm s21.

Negative values (shaded) denote landward flow.

FIG. 10. Longitudinal distributions of (a) tidally averaged depth-

mean eddy viscosity, (b) tidal current amplitude, and (c) horizontal

salinity gradient from the numerical model. Solid lines are nu-

merical results; dashed lines are predictions using the scaling of

eddy viscosity [Eq. (12)].
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gradient: that is, K̂
v

} (›ŝ/›x̂)�1/2. As the along-channel

salinity gradient tends to zero in the inner regime of the

estuary, the scaled eddy viscosity becomes very large

and unreliable. Although Eq. (12) can be calibrated to

approximate the constant turbulent mixing in the central

regime of the estuary, distinct discrepancies between

scaled and modeled eddy viscosity appear in the outer

and inner regimes of the estuary. These discrepancies

indicate that the parameterization of estuarine turbulent

mixing still needs further study.

4. Conclusions

This study examines residual currents induced by

asymmetric tidal mixing. Neglecting lateral processes

and effects of the earth’s rotation and assuming a weakly

stratified estuary that can be approximated as a weakly

nonlinear system, a two-dimensional analytical model is

established. Analytical solutions show that the residual

flow induced by asymmetric tidal mixing is determined by

tidal currents and by the asymmetry of tidal mixing be-

tween flood and ebb. The magnitude of tidal-asymmetry-

induced flow is the same order as that of density-driven

flow. Typical tidal asymmetry in mixing leads to a two-

layer residual flow similar in structure to the density-

driven flow, as previously established (Jay and Musiak

1996; Stacey et al. 2001). However, unlike the density-

driven flow, which has a maximum at the region of

greatest horizontal density gradient, the strongest re-

sidual currents induced by tidal asymmetry appear at the

estuary mouth where the maximum tidal current am-

plitudes are found. Reverse tidal asymmetry produces

a two-layer structure that is opposite to that of the density-

driven flow.

Numerical experiments support the longitudinal pat-

tern of the currents induced by tidal asymmetry as pre-

dicted by the analytical model. However, the modeled

tidal-asymmetry-induced flow has maximum magni-

tudes in the central regime of the estuary where turbu-

lent mixing is reduced. This indicates that the strength of

tidal-asymmetry-induced flow is also dependent on the

tidal mean eddy viscosity. The spatially constant eddy

viscosity in the central regime of the estuary is found to

be influenced by stratification, which is represented by

the along-channel density gradient. This demonstrates

that turbulent mixing is highly related to stratification in

stratified estuaries.

Because this study concentrates mainly on weakly

stratified estuaries, the residual currents induced by

asymmetric tidal mixing in partially mixed and highly

stratified estuaries are yet to be explored. The linear

decomposition of residual flow used in the analytical

model could be extended to partially mixed and highly

stratified estuaries. Such extension will allow identifica-

tion of the strength and spatial patterns of the estuarine

residual current components: river-induced, density-

driven, tidal-nonlinearities-induced, and tidal-asymmetry-

induced flows.
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APPENDIX

The Perturbation Equations

This appendix gives the derivation of Eqs. (5)–(8).

More detailed information can be found in Ianniello

(1977, 1981) and McCarthy (1993). The dimensionless

equations [Eqs. (5)] are analyzed for the situation that

«� 1, g 5 O(1), R 5 O(1), K* 5 O(1), K95 O(1),

and

K
x

5 O(1). (A1)

These are typical values for a well-mixed estuary (ver-

tical mixing dominates over advection), where residual

currents generated by tidal advection terms, baroclinic

pressure gradients, and freshwater discharge are small

compared to tidal currents.

Asymptotic solutions of the system can now be con-

structed as perturbation series in the small parameter «,

(u, w, h, s) 5 (u
0
, w

0
, h

0
, s

0
) 1 «(u

1
, w

1
, h

1
, s

1
) 1 � � � .

(A2)

A further implication of «� 1 is that, in the along-channel

momentum balance, the baroclinic pressure gradient term

can be expanded as follows:

�«g

ð«hd

z

›s

›x
dz9 5�«g

ð0

z

›s

›x
dz9 1 � � � . (A3)

As will turn out below, it suffices to analyze the dy-

namics up to O(«). Likewise, the boundary conditions at

the free surface can be transformed to conditions at the

fixed surface z 5 0 by expanding variables in a Taylor

series. For example, the kinematic condition becomes

up to O(«) at z 5 0:
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w 1 «hd
›w

›z
1 � � � 5 ›h

›t
1 «u

›h

›x
1 � � � . (A4)

To lowest order this yields the equations

›u
0

›t
5�

›h
0

›x
1

1

2

›2u
0

›z2
, (A5a)

›u
0

›x
1

›w
0

›z
5 0, (A5b)

›h
0

›t
1

1

d

›

›x

ð0

�d

u
0

dz

� �
5 0, (A5c)

and

›s
0

›t
5

1

2

›2s
0

›z2
. (A5d)

The corresponding boundary conditions are

at z 5 0: w
0

5
›h

0

›t
,

›u
0

›z
5 0,

›s
0

›z
5 0; (A6a)

at z 5�d: w
0

5 0, u
0

5 0,
›s

0

›z
5 0; (A6b)

at x 5 0: h
0

5 cos(vt), s
0

5 1; (A6c)

and

at x! ‘:
1

d

ð0

�d

u
0

dz! 0,
1

d

ð0

�d

u
0
s

0
dz! 0.

(A6d)

This system describes a damped linear tidal wave that

travels into the estuary. The equation of s0 is a diffusion

equation. Considering the boundary conditions of s0, for

any initial conditions variations in s0 over the vertical

will become smaller in the course of time; thus, the

nontransient solution of this equation is

s
0

5 s
0
(x). (A7)

Thus, to lowest order the salinity is only a function of the

along-channel coordinate x, as is to be expected for

a well-mixed or weakly stratified estuary (in reality, s0

may vary with time and depth in weakly stratified estu-

aries, so the assumption needs further study). To de-

termine s0, tidally averaging and depth integrating the

salt transport equation (5d) gives

ð«hd

�d

us� «K
x

›s

›x

� �
dz 5 0. (A8)

The lowest order equation of the asymptotic expan-

sion of Eq. (A8) is

1

d

ð0

�d

u
0
s

1
dz� Rs

0
�K

x

ds
0

dx
5 0, (A9)

where R is the dimensionless river flow velocity, O(1).

This equation reveals a balance between tide-induced

salt transport, a term owing to freshwater transport and

longitudinal dispersion. The first-order equations can be

derived in a straightforward manner. The final equations

contain quite a number of terms, but some of them can

be removed because it is known that s0 only depends on

x. The resulting equations in this case read as

›u
1

›t
1 u

0

›u
0

›x
1 w

0

›u
0

›z
5�

›h
1

›x
1 g

ds
0

dx
z 1

1

2

›2u
1

›z2

1
1

2

›

›z
K9

›u
0

›z

� �
, (A10a)

›u
1

›x
1

›w
1

›z
5 0, (A10b)

›h
1

›t
1

1

d

›

›x

ð0

�d

u
1

dz

� �
1

›

›x
(u

0
j
z50

h
0
) 5 0, (A10c)

and

›s
1

›t
1 u

0

›s
0

›x
5

1

2

›2s
1

›z2
, (A10d)

with corresponding boundary conditions

at z 5 0: w
1

5
›h

1

›t
1 u

0

›h
0

›x
, (A11a)

›u
1

›z
1 dh

0

›2u
0

›z2
1 K9

›u
0

›z
5 0, (A11b)

›s
1

›z
5 0; (A11c)

at z 5�d: w
1

5 0, u
1

5 0,
›s

1

›z
5 0; (A11d)

at x 5 0: h
1

5 0, s
1

5 0; (A11e)

and

at x! ‘:
1

d

ð0

�d

u
1

dz! �R,
1

d

ð0

�d

u
0
s

1
dz! 0.

(A11f)

It is noticed that asymmetric tidal mixing in this model

only enters in the momentum balance, and not in the salt

balance. This is due to our assumption of strong vertical
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mixing, such that s0 does not depend on the vertical

coordinate. The focus of this paper is on the residual

components for which the equations are obtained by

averaging all first-order equations over a tidal cycle.

These can subsequently be solved. In this study, the new

aspect concerns the solution of the residual flow induced

by time-varying tidal mixing as caused by the eddy vis-

cosity coefficient K9. Owing to adopting a constant K̂*,

the factor of shear stress has been changed from 3/8 in

Ianniello (1977) and McCarthy (1993) to ½ in this study.

The solution to u
1N

is the same as that of Ianniello (1977,

1981), which neglected the factor 3/4 for the case with

constant eddy viscosity, whereas the solution to u1D

from McCarthy (1993) has been changed to

u
1D

5
gd3

24

ds
0

dx
1� 9

z2

d2
� 8

z3

d3

� �
. (A12)

The solution to u1R was not affected by the factor 3/4.
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