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Abstract

A binary mixture of 1,4-dichlorobenzene and 1,4-dibromobenzene, as a representative of a system that forms a solid solution, was me
an adiabatic calorimeter. Several mixtures of different compositions were heated to 380 K, kept in the liquid phase at this temperature
and then cooled slowly down to 250 K. The enthalpy path of the mixture measured during cooling carries the information that enab
describe the crystallization process. In the first stage, crystallization develops rapidly and clearly deviates from equilibrium, while in thend
stage it proceeds significantly slower, whereby we assume that the surface of the solid is in equilibrium with the existing liquid pha
given temperature during cooling. Such an approach opposes the one thatassumes equilibrium between the liquid and solid bulks, known as th
equilibrium model. We show that by employing the kinetic model, the experimental enthalpy path of the mixture during cooling in the ad
calorimeter can be very successfully reproduced, while the equilibrium model fails in this aspect. Furthermore, we propose a procedure where
kinetic model is used to obtain the excess thermodynamic properties of the solid phase. These quantities enable the calculation of the liquid–soli
phase diagram using the excess parameters obtained from the approach that does not assume the overall equilibrium between the ph
the crystallization process.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Multi-component systems of substances that have abou
same size and shape of molecules and do not differ too much
chemical nature tend to form mixed crystals or solid solutio
Prediction of the phase behavior of such a mixture and cha
acterization of the solid state require the knowledge of the rele
vantphase diagram. Several studies on the binary mixture o
interest, 1,4-dichlorobenzene and 1,4-dibromobenzene,dem
strate methods for determination of the equilibrium phase dia
gram [1–4]. Measuring equilibrium solidus and liquidus line
by melting samples is a laborious work in the sense of prep
ing mixtures of a highdegree of homogeneity [5–7], while there
is always uncertainty about whether the system has reache
equilibrium during measurements. As for the melting and c
tallization of the molecular mixed crystals, the problem ari
due to verylow diffusion rates in the solid phase [8] that prevent
overall equilibrium between the entire amounts of solid and
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liquid phase. Therefore, the result of crystallization will be
inhomogeneous state of solid thatcontains composition gradi
ents in its bulk. As an example, previous analysis of the mixt
of 1,4-dichlorobenzene and 1,4-dibromobenzene by Ra
spectroscopy illustrates the distribution of the given com
nents along the length and the diameter of the single crysta9].

In this work, we focus on the crystallization of the issued
mixture in an adiabatic calorimeter, whereby we deve
a kinetic model describing quantitatively the crystallizatio
process. The basic assumption of the kinetic model is
at a slow cooling rate equilibrium is established between
surface of the growing solid phase and the existing liq
phase along the cooling path. Clearly, this is only valid for l
enough cooling rates and thus for slow solidification proces
Nevertheless, no matter how slow the cooling is, due to the v
slow diffusion rate in the solid phase, the final state of solid will
not be the equilibrium state within a reasonable time scale
we will show here.

For thepurpose of modeling the slow crystallization clo
to equilibrium as performed in the adiabatic calorimeter,
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effects of mass and heat transport in the liquid phase
the segregation can be excluded, as was demonstrate
Ref. [10]. Furthermore, it is shown how the applicability o
the proposed kinetic model can be extended to determine
excess properties of the solid phase. In previous work [11],
a preliminary description of this kinetic approach was give
Here, an improved model, thatgives both excess enthalp
and excess entropy of the solidphase is presented in deta
Typically, a mixture with highmiscibility of components
exhibits lower excess energy and will form a solid solution,
while for an eutectic mixture miscibility in the solid phase
limited corresponding to higher excess energy. As discusse
Ref. [12], the kinetics usually favors mixing. The advantag
of proposed kinetic modeling over the traditional equilibriu
approach [5] for the determination of excess properties is that
is not based on the unjustified assumption that the system
complete equilibrium.

2. Experimental method

Several mixtures of 1,4-dichlorobenzene and 1,4-dibrom
benzene of different compositions were measured in
adiabatic calorimeter (laboratory design indication CAL
VII) [ 13]. Each mixture weighed around 5 g and was placed
copper gold-plated vessel that was mounted in the calorim
The mixture was first heated slowly to 380 K in the w
that was previously described [14], while the change of the
enthalpy of the mixture with temperature is measured during
performed experimental procedure. Afterwards, the melt w
kept overnight at380 K and then cooled down to 250 K wit
a rate of 0.1 K min−1. Cooling in the adiabatic conditions is
performed by setting the temperatures of the shields to relev
values with respect to the vessel temperature (seeFig. 1). Here
by adiabatic conditions we meanthat the applied cooling is the
only heat exchange between the system, i.e. vessel and mix
and its surroundings, i.e. shields and wire-heater. Thus,
enthalpy change of the system during cooling, dHsystem, within
atime interval dt as a consequence of the cooling power or h
flow Icool = dQcool/dt , with Qcool the withdrawn heat, is given
by:

dHsystem= dHves+ dHmix = (cp,ves+ cp,mix)dT = Icooldt

(1)

where dHves and dHmix are the enthalpy changes andcp,ves
andcp,mix are the heat capacities of the vessel and the mixt
respectively.

During the cooling experiment the change of system
temperature with time, dT/dt , is measured, while the hea
capacity of the empty vesselcp,vesas a function of temperatur
was measured independently in a calibration experiment. Fr
the measured heat capacities of the mixtures in the one-p
temperature regions, we found only small fluctuating deviatio
from the ideal values, suggesting no significant excess
capacity. This implies that the heat capacity of the mixture
thephaseP (liquid or solid phase) is given by:

cP
p,mix = (1 − z)cP

p,1 + zcP
p,2 (2)
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Fig. 1. The sketch of the sample container in the adiabatic calorimeter

wherez = z2 is the overall composition of component 2 (1,
dibromobenzene), whilecP

p,1 and cP
p,2 are the heat capacitie

of the pure components in the phaseP. These heat capacitie
are known from pure components’ measurements. Within
temperature range of interest, they are very well approximat
by Taylor series of the second order in the temperature:

cP
p,i (T ) = cP

p,i,ref +
(

dcP
p,i

dT

)
Tref

(T − Tref)

+ 1

2

(
d2cP

p,i

dT 2

)
Tref

(T − Tref)
2 (3)

wherecP
p,i,ref is the pure component heat capacity in phaseP

at some reference temperatureTref, and
dcP

p,i
dT ,

d2cP
p,i

dT 2 are the first
and the second derivatives atTref.

The cooling power of the calorimeter as a function
temperature within the one-phase regions can be calculat
straightforwardly from:

I exp
cool = (cp,ves+ cP

p,mix)
dT

dt
. (4)

The heat is withdrawn from the system by radiation to
adiabatic shields and by conduction through the wire hea
In accordance with this, theoretically the cooling power can b
expressed as the sum of a radiation and a conduction term

I theor
cool = Iradiation+ Iconduction

= q1(T 4
system− (Tsystem− �T )4) + (q2 + q3Tsystem) (5)

where�T is a temperature difference between the system
the inner adiabatic shield, being set to 10 K during the coolin
experiments.

By fitting the experimental cooling power (Eq.(4)) to
the theoretical expression (Eq.(5)), parametersq1, q2 and
q3 are obtained for each measured mixture. Basically, th
parameters should not depend on the content of the ve
Nevertheless, to rule out the effects of small fluctuations
the experimental conditions we determined cooling parame
for each cooling experiment. The obtained values are give
in Table 1. The resulting cooling powers as a function o
temperature are shown inFig. 2, illustrating that, despite the
differences in the parameters, they are quite close as w
expected.
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Table 1
Cooling power parameters for each mixture cooled in the adiabatic calorimeter

Mixture x2 q1 × 1011 (J K−1 s−1) q2 × 103 (J s−1) q3 × 105 (J K−1 s−1)

I 0.2937 1.3372 −2.1740 2.8007
II 0.4791 1.3938 −1.4711 2.4425
III 0.5312 1.3878 −1.9066 2.6865
IV 0.5338 1.2658 −3.9556 3.5783
V 0.6025 1.3712 −1.7688 2.6282
VI 0.7976 1.3423 −2.0353 2.7332
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Fig. 2. The cooling power of the adiabatic calorimeter(Icool) as a function
of temperature, calculated for each investigated mixture by Eq.(5) using
parameters fromTable 1.

Once the cooling power is defined as a function of
system’s temperature, the enthalpy of the mixture can
calculated as a function of temperature for the applied coo
by:

H exp
mix(T ) = H exp

mix(Tref) + Hves(Tref) − Hves(T )

+
∫ T

Tref

Icool

(
dT ′

dt

)−1

dT ′ (6)

where the integration constant,Hves(Tref), is chosen such tha
the enthalpy of the liquid mixture is equal to zero atTref, which
is chosen to be 365 K.

3. Qualitative interpretation of the measured enthalpy path

For each composition of the mixture, the enthalpy p
during the described cooling is calculated by Eq.(6) and plotted
in Fig. 3. Note that all enthalpy curvescontain two kinks, which
are typical for the crystallization process as opposed to
presented melting enthalpy curves.

Upon continuous cooling of the liquid phase, the first k
in the enthalpy curves appears at point 0 and marks the onset
crystallization by nucleation. Once the crystallization proc
starts, the solid phase evolves rapidly as is evident from
registered temperature increase between points 0 and 1.
all cases the nucleation temperatureT0 is found to be abou
8 K lower than the corresponding liquidus temperature of
mixture of the given composition z. At T0 the liquid phase
is highly supersaturated. This means that during the in
g

e

s
e

l

Fig. 3. The enthalpy change of mixtures of different compositions(Hmix)

with temperature(T ), obtained from heating (dashed line) and cooling (so
line) the mixtures in the adiabatic calorimeter. Denotations for diffe
compositions are in line with those inTable 1. Points 0 and 1 indicate kink
on the cooling enthalpy paths (shown here for only two mixtures for clarity of
the figure).

crystallization the composition of the growing solid phase is
necessarily lying on the solidus line of the equilibrium ph
diagram, but its determination would require the knowle
of the so-called kinetic phase diagram, that follows from
non-equilibrium approach, such as the one given in Ref. [15].
Thus, for the amount of solid phase formed along the path
the segregation may deviate from the equilibrium segrega
In contrast, once being atT1 we assume that equilibrium
established between the remaining liquid phase and the surfa
of the solid phase. This assumption is supported by the
that further growth of the solid phase fromT1 downward is
accompanied by gradual temperature decrease, which poin
to significantly slower growth of the solid phase than in
initial stage. Accordingly, the solidification front, i.e. the so
phase that is growing at the surface, is assumed to be in (
equilibrium with the remaining liquid phase.

Such a description of solidification implies that the so
phase grows in layers of different compositions, where e
layer is in equilibrium with the remaining liquid phase at t
given temperature during cooling. This approach conside
definite time span at the given temperature as oppose
the equilibrium, which assumes an infinite time span
thus allows the equilibrium between completely homogene
phases. This picture of the crystallization of a solid solution is
known in the literature as the shell model [16].

The above qualitative description and assumptions regar
the experimental cooling enthalpy curves give base to
quantitative modeling of the crystallization process.
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4. Quantitative analysis, kinetic model

According to the previous discussion, the impact o
kinetics is significant so that a successful description
the crystallization process requires both thermodynamic a
kinetic factors to be taken into account. We introduce a kin
way of modeling the crystallization process by deriving the
expressions for calculating the enthalpy path for a given
of excess parameters. These parameters determine the exce
contribution to the thermodynamic properties of the mixtu
and quantify the degree of miscibility of the components in the
givenphase. A given excess quantity for a phaseP is commonly
expressed as a polynomial function of the composition. Here
adopt the Redlich–Kister expansion [17], reading:

AP,exc = x(1 − x)

N∑
n=0

a P,exc
n (1 − 2x)n (7)

wherex = x2 is the mole fraction of component 2, which i
usually chosen to be the component with the highest mel
temperature, andA stands for the excess enthalpy, entropy
thefree Gibbs energy obeying:

G P,exc
mix = H P,exc

mix − T S P,exc
mix . (8)

During the phase transition in the adiabatic calorimeter,
enthalpy change of the system consists of a contribution
cooling the mixture, dHmix,cool, and a contribution for the phase
transformation, dHtrans. So wecan write:

dHmix = dHmix,cool + dHtrans= cp,mixdT + �Hfusds (9)

where�Hfus is the composition dependent enthalpy of fusi
of the mixture and ds refers to the amount of the solid pha
that is formed within the time interval dt corresponding to the
temperature change dT .

Let us turn now to the qualitative analysis of th
experimental data, where the two parts of the crystallizat
process were distinguished. In the initial part the growth
the solid phase is fast and segregation may deviate f
the equilibrium segregation, while during the second part
crystallization proceeds slowly and we assume that the soli
phase at the surface is in (near) equilibrium with the existi
liquid phase. To start, we first derive expressions for
evolution of solid fraction and the enthalpy as a functi
of temperature during the second part of the crystallizat
i.e. starting fromT1. Here we refer toFig. 4, where the cooling
path for the melt of overall compositionz is schematically
presented in the phase diagram from Ref. [4]. As diffusion
in the solid phase is neglected, the lever rule, which is ba
on complete equilibrium, is not valid, but we can still apply
differential form of the lever rule. This implies that the amou
of solid formed betweenT andT − �T is given by:

�s = (1 − s)
x liq

eq(T ) − x liq
eq(T − �T )

xsol
eq (T − �T ) − x liq

eq(T − �T )
(10)

where x liq
eq and xsol

eq are the equilibrium mole fractions (o
component 2) of the liquid and the solid phase at
f
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Fig. 4. The crystallization path for the mixture of overall compositionz,
schematically presented in the liquid–solid phase diagram from Ref. [4]. Upon
continuous cooling, the nucleation of solid phase occurs at point 0(T0), from
where temperature rises until point 1(T1) and then starts decreasing again. F
a description of solid fraction evolution belowT1 we use Eq.(10), whereduring
temperature decrease�T the liquid phase will change composition along t

liquidus line, from x liq
eq(T ) to x liq

eq(T − �T ), while the composition of the

growing solid moves fromxsol
eq (T ) to xsol

eq (T − �T ).

corresponding temperature. For�T → 0, Eq.(10)becomes:

ds = −(1 − s)
dx liq

eq/dT ′

xsol
eq (T ′) − x liq

eq(T ′)
dT ′ (11)

implying:∫ s

s0

ds

1 − s
= −

∫ T

T1

dx liq
eq/dT ′

xsol
eq (T ′) − x liq

eq(T ′)
dT ′. (12)

Finally, by analytic integration of Eq.(12)we find that thesolid
phase fraction as a function of temperature fromT1 downward
is given by:

s(T ) = 1 − (1 − s0) exp

(∫ T

T1

dx liq
eq/dT ′

xsol
eq (T ′) − x liq

eq(T ′)
dT ′

)
. (13)

Similarly, the theoretical enthalpy path is found by substitutio
of Eq. (11) into the energy balance Eq.(9), and integrating,
which leads to:

H theor
mix (T ) =

∫ T

T1

(
cp,mix − (1 − s(T ))

× dx liq
eq/dT ′

xsol
eq (T ′) − x liq

eq(T ′)
�Hfus

)
dT ′ (14)

where�Hfus is the composition dependent enthalpy of fus
given by:

�Hfus = (1 − xsol
eq )�Hfus,1 + xsol

eq �Hfus,2 + �H exc(xsol
eq ).

(15)

Here�Hfus,1 and�Hfus,2 stand for the temperature dependen
enthalpies of melting of the pure components, while�H exc is
the difference between the excess enthalpy in the liquid an
solid phase. Our calculated enthalpy paths fromT1 downward
are obtained by numerical integration of Eq.(14), inserting the
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temperature dependent solid fraction of Eq.(13). However, in
order to perform this integration, the amount of solid be
formed betweenT0 and T1, s0, and its average composition,
xsol

av , have to be determined.
Although we assume that the surface of the solid atT1 is

of equilibrium composition, the total initial solid phase,s0,
is in fact inhomogeneous. However, its average compos
xsol

av = xsol
2,av must satisfy the mass balance equation:

(1 − s0)x liq
eq + s0xsol

av = z. (16)

As the surface of the solid phase is in equilibrium with t
remaining liquid at T1, the following relation holds for both
components of the binary mixture:

γ
liq
i,eqx liq

i,eq = xsol
i,eqγ

sol
i,eqexp

(
−�Hi,fus − T1�Si,fus

RT1

)
(17)

for i = 1, 2, where�Si,fus is the temperature dependent
melting entropy of the pure componenti . The excess property
of the mixture in phaseP = liq, sol is expressed in the terms
activity coefficient of componenti in that phase,γ P

i,eq, which is

related to the excess free Gibbs energy of the phase,G P,exc
mix , by:

RT ln(γ P
i,eq) = ∂G P,exc

mix

∂ N P
i

(18)

whereN P
i is the amount of componenti in phaseP.

From the experiment the value of the enthalpy of the mixtu
at T1 is known and should be equal to:

H theor
mix (T1) = (1 − s0)H liq + s0H sol (19)

whereH liq and H sol are the liquid and solid enthalpies atT1,
given by:

H liq = (1 − x liq
eq)H ∗,liq

1 + x liq
eq H ∗,liq

2 + H liq,exc(x liq
eq) (20)

H sol = (1 − xsol
av )H ∗,sol

1 + xsol
av H ∗,sol

2 + H sol,exc(xsol
av ) (21)

with H ∗,P
i being the pure component enthalpies atT1 and

H P,exc the excess enthalpies in phaseP = liq, sol. The liquid
phase is not treated as completely ideal, since we adopte
excess properties of the liquid phase as determined in Ref.4].

With the coupled equations of form Eq.(17) for
both components, the mass balance Eq.(16) and the
enthalpy balance atT1 (Eqs. (19)–(21)), the four unknowns
(s0, x liq

eq, xsol
eq , xsol

av ) can be determined.
In Table 2 the experimental temperaturesT0 and T1 are

given for each mixture, together with the calculated initial so
fractionss0 and relevant compositions for the initial part of t
crystallization.

To illustrate the performance ofthe proposed kinetic mode
the calculated cooling enthalpy path is compared with
experimental enthalpy path for the mixture of compositio
z = 0.7976, assuming the excess properties to be as determ
by van der Linde [4]. In Fig. 5 we also includethe enthalpy
path as calculated from the model, which assumes com
equilibrium at any time during the crystallization proce
Clearly, much better agreement between the experimental a
n

the

e

ed

te
.

Table 2
Nucleation and equilibrium temperaturesT0 and T1 for each investigated
composition of the mixture, and corresponding results from modeling the in
crystallization: initial solid fractions0, equilibrium compositions of liquid and
solid phase atT1 (xeq

liq and x
eq
sol) and average composition of the initial sol

(xav
sol)

x2 T0/K T1/K s0 x
eq
liq x

eq
sol xav

sol

0.2937 325.537 330.932 0.1826 0.2262 0.3529 0.5
0.4791 332.641 337.808 0.1892 0.4338 0.6498 0.6
0.5312 334.646 339.998 0.1962 0.4613 0.6772 0.8
0.5338 335.622 339.435 0.1624 0.4472 0.6670 0.9
0.6025 332.811 341.751 0.3294 0.5187 0.7322 0.7
0.7976 344.306 351.329 0.2746 0.7461 0.8898 0.9

Fig. 5. The experimental enthalpy cooling path of the mixture (Hmix cooling,
solid line) of overall compositionz = 0.7976, compared to those reproduc
from the kinetic (Hmix kinetic model, solid bold line) and equilibrium mod
(Hmix equilibrium model, dashed line). All three enthalpy paths are calcul
by using the excess properties of the mixture as determined in Ref. [4].

kinetic enthalpy curves affirms the validity of the kinetic
modeling, while the equilibrium approach fails in describin
properly the crystallization process.

5. Determination of excess parameters

As has beendemonstrated, the kinetic model successfu
describes the crystallization process when the excess prop
of the phases are known. On the other hand, the kinetic m
can be used to determine the excess properties by fi
the theoretical enthalpy path (Eq.(14)) to the experimental
one as measured in the adiabatic calorimeterduring cooling.
In principle, the difference between the theoretical a
experimental value of the enthalpy at the given temperatureTi ,
starting fromT1 downward, is minimized:

F =
∑

(H theor
mix,i − H exp

mix,i )
2. (22)

The result of the proposed procedure is a set of the ex
parameters that define dimensionless excess properties, wr
as follows:

�H liq,E
sol

RT
= x(1 − x)(h21(1 − x) + h12x) = x(1 − x)h̃exc

(23)
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Table 3
Excess parameters that determine dimensionless excess functions (e
enthalpy, excess entropy and excess free Gibbs energy)

x2 h12 h21 s12 g12 g21 hexc gexc

0.2937 0.611 0.741 0.213 0.399 0.529 0.597 0.6
0.4791 0.688 0.604 0.073 0.615 0.531 0.616 0.5
0.5312 0.757 0.755 0.270 0.487 0.485 0.715 0.4
0.5338 0.723 0.799 0.264 0.459 0.535 0.574 0.5
0.6025 0.753 0.569 0.151 0.602 0.419 0.649 0.5
0.7976 0.753 0.524 0.230 0.523 0.294 0.625 0.4

�Sliq,E
sol

R
= x(1 − x)(s21(1 − x) + s12x) = x(1 − x)s̃exc (24)

�G liq,E
sol

RT
= x(1 − x)(g21(1 − x) + g12x) = x(1 − x)g̃exc.

(25)

Note that the relevant quantity for the phase behavior is
difference in the excess free energy for the liquid and so
phase. During the calculation, we restrict ourselves to fitti
with three parameters, two for the excess enthalpy(h12 �= h21)

and one for the excess entropy(s12 = s21), while the parameters
that describe the excess Gibbs energy follow from the abo
relation Eq. (8). As we observe no excess heat capac
the excess properties arenot dependent on temperature, b
only on the composition of the mixture. For each mixture
different composition that has been measured in the adia
calorimeter, the set of the excess parameters is obtained an
given in Table 3. Calculated excess functions of compositi
h̃exc, s̃exc andg̃excare shown inFig. 6. Their values can be fitted
by a polynomial of an optional order, which will imply differen
numbers of the relevant Redlich–Kister excess parame
The proposed procedure provides both excess enthalpy
entropy as functions of composition. These two quantities g
the excess free Gibbs energy, enabling the calculation of the
phase diagram. Accordingly, the excess enthalpy and ent
curves presented in Fig. 6 are fitted in the linear functio
of composition, so thatfinally two Redlich–Kister parameter
are obtained for these excess properties, being:�H liq,E

sol,0 =
2146.64 J mol−1, �H liq,E

sol,1 = −26.1 J mol−1; �Sliq,E
sol,0 =

1.14 J (K mol)−1, �Sliq,E
sol,1 = −0.252 J (K mol)−1. Using

these values the phase diagram is calculated and comp
to the phase diagram as determined in Ref. [4] (see Fig. 7).
Similarity between the presented phase diagrams illustr
that the crystallization follows closely the equilibrium pha
diagram, as expected since the crystallization is performed
slowly.

6. Summary

The validity of the introduced kinetic model is demonstra
by successful reproduction of the enthalpy path of
mixture during cooling for the known excess properties. T
applicability of the model is extended so that it yields t
excess properties when the cooling path of the mixture is
disposal. By fitting the measured enthalpy of the mixture
ess

e
d

,

tic

rs.
nd
e

py
s

red

es

ry

e

t

Fig. 6. Dimensionless excess quantities as functions of overall compos
� — excess enthalpỹhexc;•— excess entropỹsexc; � — excess Gibbs energy
g̃exc.

Fig. 7. The phase diagrams calculated using the excess properties from
equilibrium model in Ref. [4] (dashedline) and from the kinetic model (solid
line).

the theoretical expression, the parameters that define the e
enthalpy and entropy of the solid phase as the function
overall composition, are calculated.In this way, the excess
quantities can be obtained by using a relatively simple method
which basically requires only the knowledge of the cooling
curve of the mixture. Finally, the phase diagram is achie
having the advantage over traditionally determined ph
diagrams, in the sense that both excess enthalpy and entrop
derived without adopting the approach of complete equilibri
between totally homogeneous phases.
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