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In most nucleation theories, the dynamics of nucleation is characterized by the evolution in time of the mass
of droplets, and this time evolution is described as a combination of drift and diffusion. This assumes that the
mass fluctations are described by a Markovian, i.e., memoryless, stochastic process. This paper presents a
method to assess in how far this assumption of Markovianity is valid. The method is employed in nucleation
studies in a two-dimensional Ising model at temperature T=0.88Tc, both with spin flip dynamics and with local
spin exchange dynamics. In the first case, it shows that the evolution of droplet masses might be effectively
described by a Markov process on large time scales. In the latter case, however, the dynamics are far from
Markovian. We argue that this is due to the presence of a locally conserved quantity.
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I. INTRODUCTION

Nucleation is a thermally activated process, in which
stable nuclei randomly emerge in a metastable environment.
A prototypic example is the formation of ice crystals in su-
percooled water. Nucleation has been studied extensively; a
long list of books and review articles on it can be found in a
recent book of Kashchiev �1�. A theoretical description of the
process was first given by Becker and Döring �2� in the first
half of the previous century, which is known as classical
nucleation theory �CNT�. In CNT, the central concept is the
distribution of droplet masses, which evolves via a Fokker-
Planck equation. The central goal of this paper is to investi-
gate the limitations of this description.

The organization of this paper is as follows. In Sec. II
CNT is reviewed. Next, Sec. III presents a method to analyze
time series and test whether they could have been produced
by a Fokker-Planck equation. This method is based on earlier
work, in which time series on the strength of the geomag-
netic dipole were investigated �3,4�. This method is em-
ployed in Sec. IV to analyze simulation data of nucleation in
the Ising model �5�, either with spin flip dynamics or with
local spin exchange dynamics. The results, together with
their implications for nucleation theory, are discussed in Sec.
V.

Earlier work on the limitations of CNT in the Ising model
is in Refs. �6,7� and the references therein. These references
focus on spin flip dynamics, where CNT works rather well.
This paper confirms that result. Furthermore, in this paper it
is shown that nucleation with local spin exchange dynamics
cannot be described within CNT. This is also consistent with
our theoretical description of local spin exchange dynamics
of Ref. �8�.

II. CLASSICAL NUCLEATION THEORY

CNT describes the formation of droplets in a metastable
environment. It assumes that the state of a droplet is fully
characterized by its mass. In equilibrium, the number of
droplets of mass m satisfies

n�eq��m� = Ne−�Fm, �1�

with �=1 /kBT the inverse temperature and Fm the free en-
ergy of a droplet with mass m. N is just a normalization
factor. Most of the physics is in the free energy landscape
Fm. The classical assumption is that this free energy is the
sum of two terms, namely a �negative� bulk term equal to the
chemical potential difference per unit mass � times the drop-
let mass, and a �positive� surface term equal to the surface
area times the average surface tension �,

Fm = − �m + �d�m�d−1�/d, �2�

where d is the dimension of the system and �d is a geometri-
cal factor. The free energy function increases for small drop-
let masses, but decreases for large masses. It achieves its
maximum value at the so-called critical droplet mass. There-
fore nucleation is an activated process. Once a droplet grows
beyond this critical mass, the system is likely to nucleate.

In CNT, a state of the system is described by the distribu-
tion n�m , t� of nuclei that have mass m at time t. The varia-
tions in the mass of a nucleus are described as a Markovian
stochastic process in which single units attach and detach
from a nucleus. A stochastic process is Markovian if it is
memoryless, i.e., the numbers of nuclei n�m , t+dt� only de-
pend on n�m , t� and not on the numbers for t�� t. The dis-
tribution then evolves via the Fokker-Planck equation �10�.

�n�m,t�
�t

=
�

�m
�R�m���

�F

�m
+

�

�m
�n�m,t�� , �3�

with R�m� the rate at which nuclei of mass m grow to nuclei
of mass m+1. The boundary conditions for this equation are
given by n�1, t�=n�eq��1� and n�� , t�=0.*jkuipers@phys.uu.nl
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While the dynamics in the full phase space, i.e., the values
of all spins, is Markovian by construction, the effective dy-
namics in the reduced phase space, i.e., in this case the dis-
tribution of masses of the nuclei, need not be Markovian
anymore. In fact, this Markov assumption in the reduced
phase space is debatable, especially if a locally conserved
quantity is present, which is the case in, e.g., nucleation in
binary mixtures of fluids. The conservation law leads to
strong correlations in time between attachment and detach-
ment events: after a particle detaches from the nucleus, it
remains in its neighborhood for a relatively long time and is
therefore likely to reattach. This clearly contradicts the Mar-
kov assumption on short time scales. It is possible though,
that the dynamics are effectively Markovian on longer times
scales. If so, our method is able to extract that time scale.

III. FITTING FOKKER-PLANCK EQUATIONS

A Markovian stochastic process of which the probability
n�m , t+dt� for small dt only depends on n�m+dm , t� for
small dm, is described by a Fokker-Planck Eq �10�. Such an
equation is generally of the form

�n�m,t�
�t

= −
�

�m
�v�m�n�m,t�� +

1

2

�2

�m2 �D�m�n�m,t�� . �4�

The function v�m� is called the drift velocity and D�m� is
called the diffusion coefficient. Equation �3� is an example of
such an equation.

To find the Fokker-Planck equation that best describes the
dynamics of a variable m�t�, the variable m in binned into a
number of bins of size �m and a time interval 	 is chosen.
From a long time series, the number Nij of transitions from
bin j to bin i after time 	 is counted. This results in a tran-
sition matrix T, of which element Tij gives the probability
that a state belonging to bin j evolves to a state of bin i after
a time 	:

Tij =
Nij

	
i�

Ni�j

. �5�

The denominator is the total number of times that a state
belonging to bin j is observed. The error in the number of
transitions Nij is roughly the square root of the number and
therefore the error in the matrix element Tij is approximately

�ij 

�Nij

	
i�

Ni�j

. �6�

To find the Fokker-Planck equation that best describes the
time series, one should discretize Eq. �4� into bins of size �m
as well. This is done as follows

ni�t + �t� − ni�t�
�t

= −
vi+1ni+1 − vi−1ni−1

2�m

+
Di+1ni+1 − 2Dini + Di−1ni−1

2�m2 , �7�

which can be rewritten as

ni�t + �t� = 	
j

�
ij + �tMij�nj�t� . �8�

The matrix Mij is tridiagonal with zero column sums. Its
nonzero entries are

Mi−1,i =
vi

2�m
+

Di

2�m2 , �9a�

Mi,i = −
Di

�m2 �9b�

Mi+1,i = −
vi

2�m
+

Di

2�m2 . �9c�

Subsequently, the following expressions for the drift velocity
and the diffusion coefficient can be obtained:

vi = �Mi+1,i − Mi−1,i��m , �10a�

Di = �Mi+1,i + Mi−1,i��m2. �10b�

In terms of the matrix M, the solution to the Fokker-Planck
equation can be written as

n�t + 	� = exp�	M�n�t� , �11�

with the exponential of a matrix defined by the power series

exp�M� = 	
i=0

�
1

i!
Mi. �12�

The Fokker-Planck equation that best describes the sampled
transition matrix T, is now determined by minimizing the
function

	
i,j
�Tij − exp�	M�ij

�ij
�2

�13�

with respect to M. Equation �10� then yields the drift velocity
and diffusion coefficient as function of the variable m.

IV. DATA ANALYSIS

The main application of the method of the previous sec-
tion is, given a time series, to extract the drift velocity and
diffusion coefficient of a Markov process, that is described
by a Fokker-Planck equation. It can also be used, however, to
test whether a time series is described by such a Markov
process or not. For a Markov process, the transition matrix
after a time interval of 2	, for example, is equal to the square
of the transition matrix after a time interval of 	. More gen-
erally, since for Markov processes Eq. �11� holds, the method
returns the same matrix M, regardless of which value for 	 is
chosen, and finds therefore the same drift velocity and diffu-
sion coefficient if a Fokker-Planck description is possible. If
the process is, on the other hand, not Markovian, the method
returns different matrices M for different values of 	. The
matrices M may also converge to a constant matrix for 	
�	0; if so, the dynamics are effectively Markovian on times
larger than 	0.

J. KUIPERS AND G. T. BARKEMA PHYSICAL REVIEW E 82, 011128 �2010�

011128-2



This idea is used to verify how well the growth and
shrinkage of spin clusters in the Ising model are described by
a Fokker-Planck equation. An Ising model on a 64�64
square lattice with periodic boundary conditions has been
used for the simulations. The simulations are performed in
the absence of an external field. The Hamiltonian is given by
�5�

H = − J	
�i,j

sisj , �14�

with the summation over all pairs of neighboring sites. The
coupling constant is chosen as �J=0.5, where � is the in-
verse temperature. The simulations are performed in equilib-
rium; for each size in the range 1–250 spins, random con-
figurations are generated and simulated in time. This process
is repeated for days to collect statistics.

The simulations are performed with two different dynam-
ics: spin flip and local spin exchange, often referred to as
Glauber and Kawasaki dynamics, respectively. The moves
are accepted with Metropolis acceptance probabilities �9�. In
the case of spin flip dynamics, a system with periodic bound-
ary conditions is used to minimize finite-size effects. Time is
expressed in the number of attempted spin flips per site. In
the case of local spin exchange dynamics, strictly enforced
periodic boundary conditions cause the magnetization to be
globally conserved, which, in the relatively small systems
used in computer simulations, causes severe finite-size ef-
fects in the free energy as a function of cluster size, since
cluster growth induces depletion of particles in the remainder
of the system. In a large system, particles from far away
would flow into this depleted volume, but that is impossible
in the small systems of the simulations. Therefore, the
boundary conditions are opened by performing spin flip
moves in two strips of the system �one in each principal
direction�. These strips are moving, always located as far
away from the cluster as possible to minimize side effects.
The strips mimick an infinite reservoir containing a given
fraction of minority spins at a fixed temperature. Time is now
expressed as the number of attempted local spin exchanges
per site.

The variable that is used to characterize a configuration is
the mass m of the largest cluster in the system. One bins this
variable into bins of size �m=5 and transition matrices are
sampled for different time intervals 	=2i, with i ranging
from −12, i.e., one single attempted move, to 2, i.e., 4 at-
tempted moves per site. This results in 15 different values for
	. The sampled transition matrices of spin flip dynamics are
in Fig. 1 �top� and the matrices of local spin exchange dy-
namics are in Fig. 2 �top�. A color scale is used to display
values and the legend is underneath the matrices.

As a first qualitative check for the Markovianity, each
transition matrix is raised to the power 4 /	 �note that this
power is always integral� and compared to the transition ma-
trix for 	=4. For a Markov process, all these matrices are
identical, but Figs. 1 and 2 �center� clearly show that this is
not the case for the simulations of the Ising model. The tran-
sition matrices for small 	 raised to the power 4 /	, show
much more diffusion than is observed for the corresponding
matrix with time interval 	=4.

For a quantitative analysis, the method of the previous
section is employed to extract the drift velocities and diffu-
sion coefficients, as a function of cluster mass m, of the
transition matrices for various values of the time interval 	.
Therefore it is assumed that the dynamics are described by a
Fokker-Planck equation. Note that this assumption was not
required for the first qualitative check for Markovianity. The
fitted matrices exp�	M� are displayed in Figs. 1 and 2 �bot-
tom� for comparison with the observed transition matrices.
Around the diagonal, which covers the vast majority of the
transitions, the fits are really good. Further away from the

t�1�4 t�1�2 t�1 t�2 t�4

t�1�128 t�1�64 t�1�32 t�1�16 t�1�8

t�1�4096 t�1�2048 t�1�1024 t�1�512 t�1�256

t�1�4 t�1�2 t�1 t�2 t�4

t�1�128 t�1�64 t�1�32 t�1�16 t�1�8

t�1�4096 t�1�2048 t�1�1024 t�1�512 t�1�256

t�1�4 t�1�2 t�1 t�2 t�4

t�1�128 t�1�64 t�1�32 t�1�16 t�1�8

t�1�4096 t�1�2048 t�1�1024 t�1�512 t�1�256

10�110�210�310�4 10

FIG. 1. �Color� Transition matrices for the Ising model with spin
flip dynamics. The top block of 15 matrices displays the observed
transition matrices, the middle block displays the observed matrices
to the power 4 /	 and the bottom block displays the fitted matrices
exp�	M�. Underneath the matrices is the color legend.
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diagonal, however, the fitted matrix has fewer transitions
than observed. The explanation for this is, that for the fitted
matrix it is assumed that the mass of a droplet changes with
unit steps, while in the full simulations it occassionally
changes with larger steps due to the splitting and merging of
clusters.

These fitted tridiagonal matrices M are used to obtain the
drift velocities and diffusion coefficients via Eq. �10�. The
drift velocities are almost constant �small and negative�.

Since they do not show much interesting behavior, they are
not displayed. The diffusion coefficients as function of clus-
ter mass are displayed in Fig. 3. Since the diffusion coeffi-
cients are expected to scale with the size of the surface, i.e.,
the square root of the mass in the case at hand, the figures are
double-logarithmic plots, and lines with a slope of one half
are fitted to the data.

V. DISCUSSION

Looking at the resulting fitted diffusion coefficients �av-
erage square deviation in droplet mass per unit of time� for
both spin flip and local spin exchange dynamics, the data are
well fitted by lines proportional to �m, as long as the cluster
masses are not too small. For small cluster masses, however,
the fits are rather poor. A reason for this is that small clusters
deviate strongly from a spherical shape, and the size of the
interface between the cluster and its surroundings as a func-
tion of mass is thus not well fitted by �m.

Next, the diffusion coefficients as function of 	 are con-
sidered. For both spin flip and spin exchange dynamics, the

t�1�4 t�1�2 t�1 t�2 t�4

t�1�128 t�1�64 t�1�32 t�1�16 t�1�8

t�1�4096 t�1�2048 t�1�1024 t�1�512 t�1�256
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t�1�128 t�1�64 t�1�32 t�1�16 t�1�8

t�1�4096 t�1�2048 t�1�1024 t�1�512 t�1�256

10�110�210�310�4 10

FIG. 2. �Color� Transition matrices for the Ising model with
local spin exchange dynamics. The top block of 15 matrices dis-
plays the observed transition matrices, the middle block displays the
observed matrices to the power 4 /	 and the bottom block displays
the fitted matrices exp�	M�. Underneath the matrices is the color
legend.
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FIG. 3. �Color� The diffusion coefficient as function of cluster
mass for the Ising model with spin flip dynamics �top� and local
spin exchange dynamics �bottom�. The different colors indicate 	
increasing with factors of two. Red corresponds to 	=1 /4096,
while blue corresponds to 	=4. The solid lines are fitted functions
D	�m�=c	

�m. The insets show the fit constants as function of 	 as
blue squares. The red dashed line in the top inset is the diffusion
coefficient per unit interface length, as measured in Ref. �11�.
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diffusion coefficient is constant for very small values of the
time interval, i.e., for values of 	 corresponding to a few
moves. This makes sense, since at those time scales the
moves are spatially separated and thus independent of each
other, and therefore the process behaves Markovian. At
larger time intervals, however, the observed diffusion coeffi-
cients depend on the value of 	. This shows that the dynam-
ics are not correctly described by a Markov process at large
time scales.

For spin flip dynamics, this deviation from Markovianity
is mostly explained by spin flips in the interior of the cluster.
These flips lead to a relatively large diffusion coefficient for
small 	, however, they do not contribute to the variations in
cluster size for large 	. At times larger than one spin flip per
site, the diffusion due to these flips is negligible. Indeed, as
the inset of the top panel of Fig. 3 shows, the diffusion co-
efficient seems to be converging to a positive constant for
time scales beyond 	
10 attempted spin flips per site. The
figure also displays the expected constant, i.e., the diffusion
constant per interface length as measured in Ref. �11�. Note
that the data converge to a constant, even if plotted with a
logarithmic horizontal scale. At time scales at which the ma-
trix M has converged to a constant, spin flip dynamics is
effectively described by a Markov process. The spin flip
moves in the interior also explain why the fits in Fig. 3 �top
panel� are bad for small 	: the number of such moves scales
namely with m instead of �m.

Local spin exchange dynamics, on the other hand, show
different behavior. The inset of the bottom panel of Fig. 3
shows that the diffusion coefficient is decreasing to zero,
with increasing 	. This indicates that these dynamics are not
described by a Markov process at all. In a recent paper �8�,
we suggested that the cluster growth shows anomalous dif-
fusion, as a consequence of the observation that spins detach-
ing from the cluster stay in the neighborhood for a long time
and are likely to reattach. In fact, the theory of Brownian

motion states that in two dimensions every spin that detaches
from the droplet, is eventually returning to it �12�. In this
case, this results in quasi-one-dimensional behavior and vari-
ance in cluster size scaling as

��m�t� − �m�t��2 � �t �15�

for several orders of magnitude in time after t=1 spin ex-
change per site. This explains the diffusion coefficient de-
creasing to zero with increasing 	. This behavior lasts until
the detached particles are so far away from the cluster, that
the higher dimensionality of the system becomes apparent.
Since Fokker-Planck processes always yield

��m�t� − �m�t��2 � t , �16�

a description of anomalous diffusion, and therefore of local
spin exchange dynamics, by a Fokker-Planck equation is im-
possible.

VI. SUMMARY AND CONCLUSIONS

In summary, we have shown that time series of the mass
of the largest droplet, in simulations of the Ising model with
spin flip or with spin exchange dynamics, cannot be de-
scribed by a Fokker-Planck equation. On large time scales,
however, spin flip dynamics might be effectively described
as such, while local spin exchange dynamics are not.

This reveals a limitation of a Markovian description of
nucleation. In fact, a description of nucleation in terms of a
Fokker-Planck equation for n�m , t�, the number of droplets
of mass m, cannot be correct. For a better description, one
should resort to another description of the state space, or
include non-Markovian effects in the dynamics.
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