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Abstract

We show that the Kähler structure can be naturally incorporated in the

Batalin-Vilkovisky formalism. The phase space of the BV formalism becomes a

fermionic Kähler manifold. By introducing an isometry we explicitly construct the

fermionic irreducible hermitian symmetric space. We then give some solutions of

the master equation in the BV formalism.
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1. Introduction

The anti-bracket formalism already appeared in the beginning of the history

of the BRST quantization. It was a useful tool to discuss renormalization of the

non-abelian gauge theory in the BRST quantization[1]. The formalism has been

fairly elaborated by Batalin and Vilkovisky. It became a viable formalism for

the BRST quantization of general gauge theories[2]. For instance, it has been

successfully applied[3] to gauge theories with open algebrae[4]. The geometrical

meaning of this BV formalism has been considerably clarified by Witten[5]. More

recently the BV formalism has been set up on a curved supermanifold of fields and

anti-fields with a fermionic symplectic structure[6]. It has been applied to study

quantization of the string field theory[7,8]. The application went far beyond the

original motivation of the BRST quantization. As such an example we would also

like to mention the work by Verlinde[9].

In whatever circumstance it is used, the ultimate goal of the BV formalism

is to determine the fermionic symplectic structure of the supermanifold and solve

the master equation. Therefore it is important to understand the geometry of the

fermionic symplectic structure.

In this note we introduce the Kähler structure to the supermanifold, and

show that the symplectic structure is reduced to that given by a fermionic Kähler

2-form ω. The Kähler potential, which is the hallmark of such a supermanifold, is

then fermionic. Secondly we introduce an isometry to the supermanifold. It is done

similarly to the case of the bosonic Kähler manifold[10]. The only complication is

due to sign factors coming from ordering fermionic coordinates. The isometry is

realized by the Killing vectors. They are given by a set of real potentials, which

we call the Killing potentials. Our main message in this regard is that for a class

of supermanifolds the fermionic Kähler 2-form ω can be explicitly constructed out

of the Killing vectors of the (bosonic) irreducible hermitian symmetric space[11].

The supermanifold with a symplectic structure given by this 2-form is called the

fermionic irreducible hermitian symmetric space. Finally we are interested in

solving the master equation with the fermionic symplectic structure given above.

In the first place it is solved for the fermionic CP1 space by assuming that the

coordinates of the space are space-time independent. If they are not, the master

equation requires some appropriate quantum consideration[12]. We are not going
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to be involved in this problem. We only investigate the classical master equation,

which is still important to study before quantization. Since it is a non-linear

functional equation, many solutions are expected in principle. We find one solution

for the fermionic irreducible hermitian symmetric space . It is given in terms of

the Killing potentials.

Fermionic Kähler manifolds in the BV formalism have been discussed in the

recent paper[13]. However they did not study the isometry to compute the metric

and the Killing potentials of the manifold. These quantities are important to find

solutions of the master equation, as we will see.

2. The BV formalism

Let us start with a short review on the BV formalism. Consider a 2D man-

ifold parametrized by real coordinates yi = (x1, x2, · · · , xD, ξ1, ξ2, · · · , ξD) with

x’s and ξ’s bosonic and fermionic respectively. Suppose that it has a symplectic

structure given by a non-degenerate 2-form

ω = dyj ∧ dyiωij , (2.1)

which is closed

dω = 0. (2.2)

These equations read in components

(−)ik∂iωjk + (−)ji∂jωki + (−)kj∂kωij = 0, (2.3)

ωij = −(−)ijωji. (2.4)

Here one should understand the short-hand notation for the grassmannian parity

of the coordinates ε(yi) = i in the sign factor. By this notation we have ε(ωij) =

i + j + 1. We define the anti-bracket by

{A, B} = A
←−
∂ iω

ij∂jB, (2.5)

in which ωij is the inverse matrix of ωij such that

ωijω
jk = ωkjωji = δk

i . (2.6)
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Note that the right-derivative
←−
∂ i is related with the right-one by

A
←−
∂ i = (−)i(ε(A)+1)∂iA.

In terms of ωij eqs (2.3) and (2.4) become respectively

(−)(i+1)(k+1)ωil∂lω
jk + (−)(j+1)(i+1)ωjl∂lω

ki + (−)(k+1)(j+1)ωkl∂lω
ij = 0, (2.7)

ωij = −(−)(i+1)(j+1)ωji. (2.8)

Owing to eq. (2.7) the anti-bracket (2.5) satisfies the Jacobi identity.

We define a second order differential operator by

∆ ≡
1

ρ
(−)i∂i(ρωij∂j), (2.9)

with a bosonic function ρ. It satisfies the following properties:

∆{A, B} = {∆A, B}+ (−)ε(A)+1{A, ∆B},

∆(AB) = ∆A ·B + (−)ε(A)A∆B + (−)ε(A){A, B}.

Moreover the operator ∆ is nilpotent ∆2 = 0 if ρ obeys the equation

∆[
1

ρ
(−)i∂i(ρωij)] = 0. (2.11)

Finally the master equation in the BV formalism is given by

∆eS = 0, or ∆S +
1

2
{S, S} = 0. (2.12)

3. The fermionic Kähler geometry

So far we have discussed the symplectic form of the 2D supermanifold.

When D = 2d, the metric of the manifold γij may be defined by

γij = ωikJk
j (3.1)
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in which

Jk
j =







0 11 0 0
−11 0 0 0
0 0 0 11
0 0 −11 0







with the d× d unit matrix 11. We shall now impose the condition on ωij

ωklJ
k
iJ

l
j = ωij (3.2)

or equivalently

γklJ
k
iJ

l
j = γij (3.3)

Since Jk
j is a bosonic matrix, the metric γij is fermionic, ε(γij) = i + j + 1. From

eqs (2.4), (2.6) and (2.8) we have

γij = (−)ijγji,

γijγ
jk = γkjγji = δk

i ,

γij = (−)(i+1)(j+1)γji.

(3.4)

We also find the relation

γijω
jkγkl = −ωil. (3.5)

The affine connection may be defined by postulating

Dkγij ≡ ∂kγij − Γl
kiγlj − (−)ijΓl

kjγli = 0.

By solving this we obtain the connection

Γk
ij =

1

2
[∂iγjl + (−)ij∂jγil − γij

←−
∂ l]γ

lk, (3.6)

which is bosonic, ε(Γk
ij) = i + j + k.

We shall go to the complex coordinate basis yi → (za, za) with

za = (zα, ζα), za = (zα, ζ
α
), α = 1, 2, · · · , d,

defined by

zα = xα + ixd+α, ζα = ξα + iξd+α, c.c. .
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The condition (3.2) or (3.3) reduces to

ωab = ωab = 0, γab = γab = 0,

ωab = iγab, ωab = −iγab,
(3.7)

together with †
ωab = −(−)abωba, ω∗

ab = ωab,

γab = (−)abγba, γ∗

ab = γab.
(3.8)

By means of these equations the symplectic form (2.1) takes the Kähler 2-form

ω = 2idzb ∧ dza γab. (3.9)

Then eq. (2.2) or equivalently (2.3) is solved by

γab = ∂a∂bK, (3.10)

in which K is a fermionic Kähler potential. Thus the supermanifold acquires a

fermionic Kähler geometry as the consequence of eqs (2.4) and (3.2). The affine

connection (3.6) is simplified as

Γc
ab = ∂aγbd · γ

dc, Γ
c

ab = ∂aγbd · γ
dc,

and all the other components are vanishing. The covariant derivative of a holo-

morphic vector is defined by

DaAb ≡ ∂aAb − Γc
abAc, DaAb ≡ ∂aAb + (−)aε(A)AcΓb

ca.

4. The isometry

The fermionic Kähler manifold admits an isometry. It is realized by a set

of Killing vectors V Ai(y), A = 1, 2, · · · , N , with ε(V Ai) = i in the real coordinates.

They satisfy the Lie algebra of a group G

V Ai∂iV
Bj − V Bi∂iV

Aj = fABCV Cj , (4.1)

† Complex conjugation of fermion products is chosen as (ζη)∗ = ζη.
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with (real) structure constants fABC . The metric γij obeys the Killing condition

LV Aγij ≡ V Ak∂kγij + ∂iV
Akγkj + (−)ij∂jV

Akγki = 0, (4.2)

LV Aωij ≡ V Ak∂kωij + ∂iV
Akωkj − (−)ij∂jV

Akωki = 0, (4.3)

or equivalently

LV Aγij ≡ V Ak∂kγij − γik∂kV Aj − (−)(i+1)(j+1)γjk∂kV Ai = 0, (4.4)

LV Aωij ≡ V Ak∂kωij − ωik∂kV Aj + (−)(i+1)(j+1)ωjk∂kV Ai = 0. (4.5)

From consistency of eqs (4.2)∼(4.5) and the condition (3.1) we find the constraints

on V Ai

∂kV AlJk
iJ

j
l = −∂iV

Aj .

In the complex coordinates this equation implies that the Killing vectors V Ai are

holomorphic:

V Ai = (RAa(z),R
Aa

(z)). (4.6)

Due to this property eq. (4.2) reduces to the form

∂c(R
Aaγab) + (−)cb∂b(R

Aa
γac) = 0 (Killing equation). (4.7)

It then follows that the Killing vectors RAa and R
Aa

are given by a set of real

potentials ΣA such that

RAaγab = i∂bΣ
A, R

Aa
γab = −i∂bΣ

A. (4.8)

ΣA are fermionic and called the Killing potentials. It is worth noting that the

isometry transformations given by the Killing vectors (4.6) can be put in the form

δza = ǫARAa = {za, ǫAΣA},

δza = ǫAR
Aa

= {za, ǫAΣA},
(4.9)

by eqs (2.5), (3.5), (3.7), (3.8) and (4.8). Here ǫA, A = 1, 2, · · · , N are global (real)

parameters of the transformations. It is easy to show that by these transformations

the Kähler and Killing potentials respectively transform as

δΣB = ǫAfABCΣC , (4.10)
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and

δK = ǫAFA(z) + ǫAF
A
(z), (4.11)

with some holomorphic functions FA(z) and their complex conjugates. Eq. (4.10)

can be written by means of the anti-bracket as

{ΣA, ΣB} = fABCΣC . (4.12)

Eq. (4.10) can also be put in the form

ΣA = ifABCRBbγbcR
Cc

. (4.13)

by multiplying eq. (4.8) by fABC and using fABCfABD = 2δCD. This way of

calculating the Killing potentials ΣA is more practical than using eq. (4.8), if the

metric γab is known.

5. The metric of the fermionic irreducible hermitian symmetric space

The holomorphic Killing vectors RAa and R
Aa

in eq. (4.6) independently

satisfy the Lie-algebra (4.1), i.e.,

RAi∂iR
Bj −RBi∂iR

Aj = fABCRCj ,

and the complex conjugate. These equations can be solved by

RAa = (RAα(z), SAα(z, ζ)), α = 1, 2, · · · , d,

with

SAα = ζβ ∂

∂zβ
RAα,

and ε(RAα) = 0 = ε(SAα)− 1, in which RAα satisfy the Lie-algebra

RAα ∂

∂zα
RBβ −RBα ∂

∂zα
RAβ = fABCRCβ. (5.1)

These Killing vectors RAα define a bosonic Kähler manifold. For a class of bosonic

Kähler manifolds, called the irreducible hermitian symmetric spaces, they can be
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explicitly constructed by extending the strategy developed in ref. 15. ( The cases

of E6/SO(10)⊗ U(1) and SU(m + n)/SU(m)⊗ SU(n)⊗ U(1) have been worked

out there.) They are related to the metric of these manifolds by

RAαR
Aβ

= gαβ,

with

RAαRAβ = 0 c.c.. (5.2)

The fermionic metric γij can be given in terms of these bosonic Killing vectors :

γab =

(

γzz γzζ

γζz γζζ

)

=





0 RAαR
Aβ

RAαR
Aβ

RAαS
Aβ

+ SAαR
Aβ





γab = γab = 0

(5.3)

in which γzz, γzζ, γζz and γζζ are d × d matrices. It indeed satisfies the closure

property (2.7) and the Killing condition (4.4) by means of the Lie-algebra (4.1)

and the formulae

fABCRBβRCγ = 0, c.c..

(Here recall that ωab = iγab.) The last formulae are consequences of the condi-

tion (5.2)[14]. The metric (5.3) can be inverted merely by knowing the inverse of

RAαR
Aβ

, denoted by gαβ:

γba =

(

γzz γzζ

γζz γζζ

)

=





−gβγgαδ[R
AγS

Aδ
+ SAγR

Aδ
] gβα

gβα 0





γba = γba = 0

(5.4)

Thus we have explicitly constructed the closed 2-form (2.1). We call the manifold

with a symplectic structure given by this 2-form a fermionic irreducible hermitian

symmetric space. For this class of Kähler manifolds the Killing potentials can be

explicitly calculated by eq. (4.13).
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As an example we show the fermionic CP1 space. It is parametrized by the

supercoordinates (z, ζ) and their complex conjugates. The SU(2) transformations

of the coordinates are given by the Killing vectors:

δz = ǫARAz = i[ǫ− + ǫ0z −
1

2
ǫ+z2]

δζ = ǫAζ
∂

∂zα
RAz = i[ǫ0ζ − ǫ+zζ]

(5.5)

and the complex conjugates† . We calculate the metric of the fermionic CP1 space

from eq. (5.3)

γab =

(

γzz γzζ

γζz γζζ

)

=

(

0 (1 + 1
2
zz)2

(1 + 1
2zz)2 (1 + 1

2zz)(zζ + zζ)

)

. (5.6)

Its inverse metric is given by

γba =

(

γzz γzζ

γζz γζζ

)

=

(

− zζ+zζ

(1+ 1

2
zz)3

1
(1+ 1

2
zz)2

1
(1+ 1

2
zz)2

0

)

. (5.7)

Plugging this metric together with the Killing vectors (5.5) in eq. (4.13) we obtain

the Killing potentials

Σ+ =
ζ

1 + 1
2zz
−

z(zζ + zζ)

2(1 + 1
2zz)2

,

Σ− =
ζ

1 + 1
2zz
−

z(zζ + zζ)

2(1 + 1
2zz)2

,

Σ0 =
zζ + zζ

(1 + 1
2zz)2

.

(5.8)

It is worth checking that eq. (4.8) is indeed satisfied by these quantities. The

fermionic Kähler potential follows simply by integrating eq. (3.10) with the metric

(5.7):

K =
zζ + zζ

1 + 1
2zz

. (5.9)

It is a consistency check of our calculations to see that both potentials given by

(5.8) and (5.9) satisfy the properties (4.10) and (4.11) respectively.

† We have chosen the structure constants to be f+−0 = −i. Then the scalar

product of the adjoint vectors is given by aAbA = a0b0 + a+b− + a−b+.
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6. The master equation

Now we disscuss the BV formalism on the fermionic CP1 space. The closed

symplectic form ω is known explicitly from the metric (5.7) by eq. (3.7). With

this symplectic form we define the second order differential operator according to

eq. (2.9). Then the function ρ is fixed by the nilpotency condition (2.11). We find

the unique U(1)-invariant solution

ρ = p + q
iζζ

(1 + 1
2
zz)2

,

with arbitrary constants p( 6= 0) and q. To check this it is useful to note that the

metric (5.3) in general satisfies

(−)a∂aγab = 0, c.c..

We may be interested in solving the master equation (2.12) with these ωij and ρ.

The solution is given by

S = S0 − (
q

2p
+ re−S0)

iζζ

(1 + 1
2zz)2

, (6.1)

in which S0 is an arbitrary function of z and z, and r is an integration constant.

We have assumed that z and ζ have no space-time dependence. They can be

interpreted as coupling parameters for physical variables. Then Z(= eS) looks

like the partition function of matrix models or 2-dim. topological conformal field

theories, being a function of the coupling space. The BV formalism in the coupling

space has been discussed by Verlinde[9].

One can search for the solutions (6.1) satisfying the classical equation

{S, S} = 0, (6.2)

which implies that S is BRST invariant. Assuming reality of S we find that

S = S0, (6.3)

or

S = a + b
iζζ

(1 + 1
2
zz)2

, (6.4)
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with some arbitrary constants a and b. In the language of the BRST quantiza-

tion, the first solution can be taken as a classical limit of the full solution (6.1).

Namely its BRST transformation is trivial. By requiring the SU(2)-invariance

S0 is restricted to be constant. The second solution is invariant by the SU(2)

transformations.

The master equation (2.12) may be solved also by allowing z and ζ space-

time dependence. In this case the first piece of the equation suffers from the

singularity δ(0). An appropriate regularization is necessary. It is not the aim of

this letter to discuss regularization of this singularity. Therefore we study the

classical master equation (6.2), which is still of great interest. Remarkably there

is a solution for the general Kähler group manifold discussed above, although it

would not be the unique one. It is given by the action of a 2-dim. field theory

S =

∫

d2xG∂−Σ0. (6.5)

Here G is an arbitrary U(1)-invariant function of bosons zα(x+, x−) , chiral

fermions ζα(x+, x−) and their complex coordinates. Σ0 is the U(1)-component

of the Killing potentials given by eq. (4.13). We can verify that this action satis-

fies eq. (6.2) by calculating

{S, S} = i(−)a∂aSγab∂bS − i(−)a∂aSγab∂bS

= 2

∫

d2x[−i∂aGγab∂bΣ
0 + i∂aGγab∂bΣ

0]∂−G∂−Σ0

= −2

∫

d2x[R0a∂aG + R
0a

∂aG]∂−G∂−Σ0

= 0 ,

using eq. (4.8) and U(1)-invariance of G. In the CP1 case the solution (6.5) can

be written in the general form

S =

∫

d2x[(zζ + zζ)f + i(zζ − zζ)g]∂−[
zζ + zζ

(1 + 1
2zz)2

],

in which f and g are arbitrary real functions of zz. The BRST transformations of
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the fields are given by {z, S} and {ζ, S} , so that

δBRST (zζ + zζ) = −2zz(1 +
1

2
zz)(zζ + zζ)g∂−Σ0,

δBRST (zζ − zζ) = −2i zz(1 +
1

2
zz)[(zζ + zζ)f

+ (1 +
1

2
zz){(zζ + zζ)f ′ + i(zζ − zζ)g′}]∂−Σ0,

δBRST (zz) = −2zz(1 +
1

2
zz)2g∂−Σ0.

Indeed the action (6.5) is invariant by these BRST transformations.

7. Conclusions

An explicit expression of the closed fermionic 2-form ω is of primary inter-

est to start the BV formalism. Hence the supermanifold with such a symplectic

structure should be properly understood. In this note we have discussed how the

Kähler structure can be incorporated in the supermanifold. The closed fermionic

form ω is then reduced to the Kähler 2-form . It has been given by means of

the fermionic Kähler potential. Thus a fermionic Kähler manifold appears as the

natural phase space of the BV formalism. Secondly we have introduced an iso-

metry to this manifold. The novelty obtained by doing this was that the fermionic

Kähler 2-form ω is given by the Killing vectors of the isometry. The existence of

the Killing potentials for the isometry is most characteristic in the Kähler group

manifold. They are fermionic in our case. We have given the formula to con-

struct them out of the Killing vectors, eq. (4.13). It holds for the general Kähler

group manifold. Finally we have studied the master equation with the symplectic

structure given above. The space-time independent solution has been given by eq.

(6.1). The BRST invariant solution (6.4) happens to be SU(2)-invariant as well.

For space-time dependent solutions we have studied the classical master equation.

It is solved by eq. (6.5) for the irreducible fermionic hermitian symmetric space.

The solution has merely U(1) symmetry. This could be just one of many other

solutions. The authors have not yet succeeded in finding a solution which is in-

variant by the full isometry. Space-time dependent solutions are certainly more

interesting from the physical point of view. It deserves further study in order to

find new solutions.
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