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Abstract

The parametric bootstrap is a method for variance estimation advocated by many researchers in multiple
capture studies. Most applications thus far used the parametric bootstrap in log-linear modelling, that is, where
there are possibly categorical covariates which relate to the probabilities of capture. In this article we present
an algorithm for the parametric bootstrap that can be used when there are continuous covariates.
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1. Introduction

The inappropriateness of symmetric con8dence intervals in capture–recapture studies has been
discussed by several authors, for example, the International Working Group for Disease Monitoring
and Forecasting (1995) noted that, for virtually all models proposed in capture–recapture literature
the distribution of the estimate of the population size is skewed. Proposals have been made to solve
this problem, the 8rst being to use a suitable transformation of the population size, mainly the
logarithm, which would make the distribution look more like a normal random variable (see Chao,
1989). Another alternative is the pro8le likelihood con8dence interval (see Evans et al., 1996). This
approach is more appealing because it is moderately computer intensive (and in some instances
can be performed by hand), but it is not readily applicable when there are continuous covariates.
Finally, an approach which is now widely recognized as an adequate variance estimation method is
the parametric bootstrap (Buckland and Garthwire, 1991). They presented both the non-parametric
and parametric bootstrap for the case where there are no covariates.

∗ Corresponding author.
E-mail address: e.zwane@fss.uu.nl (E.N. Zwane).

0167-7152/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.spl.2003.07.010

mailto:e.zwane@fss.uu.nl


122 E.N. Zwane, P.G.M. van der Heijden / Statistics & Probability Letters 65 (2003) 121–125

In this paper, we discuss ways of implementing the parametric bootstrap in the presence of
(continuous) covariates. Thus far, only the asymptotic variance estimator does not condition on
the observed sample size in the presence of continuous covariates (see Alho, 1990; Zwane and
Van der Heijden, 2002). Several authors have used the non-parametric bootstrap in the presence
of continuous covariates, for example, Huggins (1989), Tilling and Sterne (1999) and, Tilling
et al. (2001). But as noted by Norris and Pollock (1996), the non-parametric bootstrap results in a
variance estimate which is likely to be smaller than the true variance, because it conditions on being
observed. This is in-line with a simulation conducted by Tilling and Sterne (1999), which showed
that the non-parametric bootstrap has a coverage consistently lower than the nominal coverage.

The plan of the paper is as follows. In Section 2, we discuss two bootstrap methods which can be
used to estimate variances in the capture–recapture problem, but we concentrate on the parametric
bootstrap. Section 3 presents a simulation to evaluate the properties of these methods.

2. Variance estimation methods

Assume that the true population size is N and the individuals are indexed by i (i = 1; 2; : : : ; N )
of which n are observed, and further assume that the individuals act independently. For ease of
exposition, assume that we have two registrations (or lists), but the results can be easily extended
to more than two lists, and for individual i there is a covariate vector xi. The inclusion pro8le for
individual i (denoted by wi) is (1; 0) if individual i is observed in list 1 only, (0; 1) if observed in
list 2 only, and (1; 1) if observed in both lists. Individuals with an inclusion pro8le of (0; 0) are
unobserved and have to be estimated.

Let the probability that an individual is captured (registered or listed) at least once be denoted by
pi (the estimated probability is denoted by p̂i). This probability is not necessarily the same for all
individuals, as it is dependent on the individual level covariates. Using this quantity, the estimate of
the population size is,

N̂ =
n∑

i=1

N̂ i =
n∑

i=1

1
p̂i
;

where N̂ i is the contribution of individual i to the estimate of the population size (see Huggins,
1989). This quantity is useful in the parametric bootstrap variance estimator.

Below we present two bootstrap methods, which are analogous to those presented by Norris and
Pollock (1996) and our presentation will basically follow the same scheme. The only diHerence of the
methods presented here, is that we allow for individual level covariates (i.e. continuous covariates)
whilst the methods given by Norris and Pollock (1996) do not. For ease of exposition, we do not
discuss the notion of model uncertainty, but it can be easily incorporated in the approaches presented.

2.1. Nonparametric bootstrap

This method samples with replacement from the ascertainment histories, that is, for each bootstrap
sample n individuals are drawn with replacement and the estimate of the population size calculated.
This method is equivalent to method 1 in Norris and Pollock (1996). Tilling et al. (2001) also give a
discussion of how this method can be implemented in the capture–recapture setting with covariates.
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As has been discussed above, this bootstrap procedure results in a variance estimate which is usually
smaller than the true variance. Therefore the coverage will usually be too low.

2.2. Parametric bootstrap

Assuming a good estimate of the probability model exists, then an estimate of the unconditional
variance can be computed based on the 8tted inclusion probabilities. Unlike the non-parametric
bootstrap, this approach provides a non-zero probability of being missed (see Norris and Pollock,
1996, p. 238).

This method is equivalent to method 3 in Norris and Pollock (1996). The only diHerence is that the
8tted inclusion probabilities are diHerent for each individual (dependent on continuous covariates).
For each bootstrap replication, draw one or more ascertainment histories for each individual based
on a multinomial probability model, using an estimate of the individual’s contribution to the estimate
of population size. In most cases N̂ i is not an integer, and as noted by Buckland and Garthwire
(1991, p. 258), it is simplest to round oH to the nearest integer. This approach, though suited for
the capture–recapture problem without covariates (especially when N̂ is large), it is not suited for
the problem incorporating continuous covariates. Rounding individual values to the nearest integer
might lead to an overestimation or underestimation of the true value of population size dependent
on the proportion of N̂ i’s rounded up or down.

To go around the above problem, we propose to 8rst randomly determine an integer estimate of
each individual’s contribution to the total population. We assume that the true Ni is either INT[N̂ i]
or INT[N̂ i + 1] (where INT[N̂ i] is the integer part of N̂ i). We give a higher probability to the
integer close to N̂ i in the following way: The probability that the true Ni is INT[N̂ i] is 1 − di
and the probability is di if the true Ni is INT[N̂ i + 1], where di = N̂ i − INT[N̂ i]. This approach
results in each bootstrap sample (including individuals missed by all lists) to be close to the estimate
of population size. In each bootstrap sample (after excluding individuals missed by all lists), the
estimate of the population size is calculated.

3. Simulation

To better understand the properties of the methods described above, a simulation study was un-
dertaken. The two methods were compared based on the percentage of times that the “unknown”
population size fell within the simulated con8dence intervals. Several two list capture–recapture
experiments with a single standard normal covariate x were generated for diHerent population sizes
(50; 100; 250; 500). The probabilities of being ascertained by list 1(	1) and list 2(	2) were gener-
ated using logit(	1) = A+0:5xi and logit(	2) = 0:5+ xi. The values of A were (−1;−0:5; 0; 0:5; 1).
For each population size and A, 200 data sets were simulated, and for each data set the estimate
of population size was computed. We then used the bootstrap methods presented with 1000 replica-
tions to derive 95 percent quantile con8dence intervals for each data set. Using these intervals, we
ascertained the coverage proportions for each of the methods, and they are tabulated in Table 1. The
table also shows several parameters of the estimate of the population size over the 200 samples.

The table shows that the coverage of the parametric bootstrap is approximately equal to the
nominal coverage, whilst this is not true for the “non-parametric” bootstrap. A comparison of the



124 E.N. Zwane, P.G.M. van der Heijden / Statistics & Probability Letters 65 (2003) 121–125

Table 1
Coverage of the bootstrap methods

Coverage

N A Mean Median Minimum Maximum Non-parametric Parametric

50
−1:0 94.8 48.8 34.2 2224.1 89.0 96.0
−0:5 57.5 51.2 30.2 212.1 91.5 95.0
0.0 54.4 50.7 32.9 116.4 93.0 98.5
0.5 54.3 51.0 39.1 123.6 90.0 95.5
1.0 56.3 50.4 40.6 517.5 88.0 94.5

100
−1:0 108.2 99.4 73.4 458.1 91.5 95.0
−0:5 108.2 101.9 78.0 250.8 90.0 95.0
0.0 104.3 99.4 71.6 172.9 88.5 94.5
0.5 105.7 101.4 80.1 250.3 91.0 96.5
1.0 102.0 99.9 86.2 151.8 90.5 98.5

250
−1:0 258.0 250.5 194.2 500.4 91.5 93.5
−0:5 253.8 249.8 207.5 361.6 92.5 95.0
0.0 251.9 248.8 211.1 316.0 93.0 96.5
0.5 252.4 250.1 221.4 299.7 85.5 96.0
1.0 251.4 250.8 224.5 288.7 92.0 98.5

500
−1:0 505.8 505.8 398.4 631.7 91.5 96.5
−0:5 506.2 504.7 437.4 618.9 91.5 95.5
0.0 506.6 502.5 434.3 637.6 93.0 96.0
0.5 497.9 496.0 441.9 568.2 91.0 96.0
1.0 502.4 499.2 469.3 565.4 88.0 97.0

means and the medians in Table 1, shows that the distribution of the estimate of the population
size is skewed, but as the two methods presented here do not assume asymptotic normality they
are unaHected. We conclude that in the context of continuous covariates, the parametric bootstrap
works well.
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