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We show for classical Heisenberg spins, with a general nearcst neighbour interaction. that 

in the Migdal approximation the only low-temperature phase transitions are Ising ones (ferro- 

or antifcrromagnctic). For d = 2 neither the pure Heisenbcrg model nor the Lebwohl-Lasher 

model show a phase transition at a finite temperature. For d i 2 transitions do exist at 

intermediate temperature and the complete Row diagram togcthcr with a two-parameter 

phase diagram ia obtained numerically for rl = 3. Apart from critical tempcraturcs and 

thermal exponents. also the magnetic exponents (for both Hciscnhcrp and XY spins) arc‘ 

calculated. The latter arc in very good agrecmcnt with exact results. 

1. Introduction 

In this paper WC use the Midgal rcnormalisation scheme [l] to study classical 

three-dimensional spins (Heisenberg spins) with general interaction on a 

d-dimensional hypcrcubic lattice. The case of planar spins was treated in two 

previous papers [2,3]. In that case many low-temperature phase transitions 

were found, which turned out to be Z(N) transitions for discrctc spins, and 

complicated flow diagrams were obtained. It seemed therefore of interest to 

extend the results of a preliminary study [4] of the Heiscnberg cast and 

perform a more detailed investigation of all possible phase transitions. 

WC consider the most general interaction, which only depends on the angle 

between two ncighbouring spin vectors: 

-flH= c h(S;S,). (1.1) 
(f.I,,, II 

The Migdal transformation for the d-dimensional lattice with scale factor A = 2 

is given by 
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ex~]h,~+,(S, %)I = ev-g,,) d% expP”-‘(US, *S,) + k,& %>>I 3 
(1.2) 

and for A = 3 

= ev-g,,) II d% d% expP”?U% . S,) + k,C%~ U + 4,G%. %))I 
(1.3) 

with 

exp g,, = dS exp[2dh,(S, . S)] (for A = 2) , (1.4) 

h,,+,(l) = h,,(l) = 0 (1.5) 

For numerical work it is easier to use the coefficients obtained by expanding in 

Lcgendre polynomials: 

7. 

exp[ - A <‘- ‘V(cp)] = c (21+ l)~[P,(COS cp) , 
/=I) 

(1.6) 

V(q) = -h(cos p) . (1.7) 

The equation h,,+,( 1) = h,,( 1) = 0 or equivalently V(0) = 0 gives the normali- 

sation 

,91+1)1*,=1~ (1.8) 

The Migdal transformation for the Legendre coefficients can now be written 

as the consequetive application of R, and R, (d - 1 times), followed by the 

multiplication with a normalisation factor: 

~'=(D(E*))~*'(~'R;I~'R~(~), (1.9) 

where R, is given by 

(1.10) 

and R, by 



with for A = 2 

and for A = 3 

/ i I I 

F,,, = c c c c (21, + 1)(2/, + 1)(24 + 1)(21, + 1) 
I, 0 /, -0 i, 0 /,~I1 

(1.11) 

(1.12) 

The normalisation factor is expressed in terms of 

( 
),i i, 

0 ,I $ ) is a Wigner 3 - j symbol [S]. 

All numerical work was done on mapping (I .9) with A = 2.3 and d = 2,3. 

The cut-offs used wcrc 20 up to SO (all p,,, with WE greater than the cut-off wet-c 

set equal to zero). The results were insensitive to the value of the cut-off, 

except for the coordinates (not the spectrum) of the low-temperature tixed 

points. 

In the next section WC shall discuss the low-temperature phases and the 

possible phase transitions between them. The two-dimensional model is treated 

in section 3 and the three-dimensional one in section 4. In both casts all phase 

transitions arc studied and the flow diagram is sketched. In section 5 we derive 

the magnetic exponents for both the Heisenberg and XY-model in three 

dimensions. A discussion of the results and our conclusions are presented in 

section 5. 

2. Low-temperature behaviour 

For the d-dimensional XY model we could show [3] that at low temperature 

the Gaussian line was a flow line of the Migdal transformation. We will show 

here that the same is true for the Heisenberg model. The Gaussian lint. 

parametrized by h. is defined, slightly different from the XY-case, by 
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Again it is trivial to show that the transformation R, (eq. (1.10) with A = 2) 

maps a point b = b,, on this line into b’ = 2b,,. For small b,, a point b = b,, is 

mapped into b = 4 b,, by R, (eq. (1.11)). To prove this we need again a 

continuum approximation as used in ref. [2] and some additional approxima- 

tions. 

The Wigner coefficient occurring in eq. (1.11) is defined by [5] 

i 

m I, l2 ’ 
0 0 0 1 = (S - 2m)!(s - 21,)!(S - 21,)! 

(S + l)! 

I 

(is)! 

’ (;S-m)!($S-l,)!({S-1?)! ’ I2 (2.2) 

S=m+l,+l,, (2.3) 

where S has to be even and m, 1,) I, should satisfy the triangle conditions 

S-2ma0, s - 21, b 0 , s - 21, b 0 . (2.4) 

If the quantities in eq. (2.4) are not only positive but also much greater than 

one, we can use Stirling’s formula to approximate the right-hand expression in 

eq. (2.2), giving 

i 

m I, I,’ 2 

0 0 d 1 
= ; [S(S - 2m)(S - 21,)(S - 2/2)]m”’ (2.5) 

We now replace the discrete variables 2m + 1, 21, + 1, 212 + 1 by resp. 

X, U, u, from which we find, writing t = $(x + u + u): 

c m I, lz ’ 

0 0 0 1 
= $ [t(t - x)(t - u)(t - 7J>1y2 = &- A_‘(x, u, u) G-fJ) 

Writing p,, = z(u), etc. eq. (1.11) becomes 

z r 

.+) = c 
II 

du du uud-‘(x, ~1, u)z(u)z(u) , (2.7) 
0 0 

where for the moment the value of the constant c is irrelevant. Notice that 

A(x, u, u) is just the area of a triangle with sides x, CL, u (it is possible to form a 

triangle with these sides because of the conditions (2.4)). 

We now perform a coordinate transformation from u2, u2. to w, y defined by 

(see also fig. 1) 
2 

u = w* + (y - ix)’ , 

u2 = w2 + (y + ix)‘, 
w3) 



with Jacobian -4xw = -8d(x. ~1. u). Eq. (2.7) becomes, apart from a constant 

factor. 

(2.9) 

Fyu~~ this equation 

e ‘. 

iy ij;,‘easy to see t,hFt z(x) -emh” is mapped into F(X) - 

Discretising e gives e -“(‘+ > )k, which is the form postulated in eq. 

(2.1). The factor h c ’ ” ’ follows from the normalisation condition (eq. (1.8)). 

Analogously to the XY case [2] a scale invariant fixed point can be found in 

the continuum approximation but this will not be studied here. 

We will now investigate what kind of low-temperature phases and associated 

phase transitions arc possible. In the XY model 12.31 there were infinitely 

many Gaussian fixed points (or lines. for d = 2) lying on stable Gaussian flow 

lines given by 

I411 
= ~,~ e -j,(,tl I- _ n fixed integer, all other p,,, zero. (2.10) 

For Heisenberg spins this is only true for YZ = 1 and ?I = 2. No other 

periodicity will be preserved because of the presence of the Wigner coefficient 

in eq. (1.11) instead of a Kroneckcr-delta as in the case of XY spins [2,3, 71. A 

starting point of the form (2.10). i.e. I*, is only different from zero if I is an 

/z-fold, will not retain its form because some i,,, for which m is not an n-fold 

(for instance G,) will become non-zero and the original period n will be lost 

already after one renormalisation-step. The case ~1 = 2 is special because the 

sum of the three numbers occurring in the Wigner 3-j symbol has to be cvcn 

which means that the p, with even and odd 1 will mix in a special way. 

If we start with p, of the form (a is a normalisation constant) 

this form will be preserved by eqs. (1.11) and (1.12), at least for small h. The 
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mapping for a is the same one as for the XY case and can be translated [3] to 

the Migdal transformation for the coupling constant of the Ising model. The 

only possible phase transitions are therefore ferromagnetic and antiferromag- 

netic Ising transitions (the antiferromagnetic ones only with odd scale factor.) 

As an example, take d = 2 and scale factor A = 3 for which the equation for a 

reads 

a, = 3a3 + a” 

1 + 3a” . 
(2.12) 

In the limit b-+ 0 the cases a > 1 and a < -1 correspond to imaginary 

potentials so we restrict ourselves to -1 s u s 1. The stable fixed points of this 

interval [-1, l] are a = 1 (ferromagnetic phase), a = 0 (nematic or disordered 

Ising phase), a = -1 (antiferromagnetic phase). For a picture of the spin 

configurations of these phases see fig. 1 in ref. [3]. lsing phase transitions take 

place at a = ?(- 4 + ffi). The existence of all these fixed points of the eq. 

(2.11) was verified numerically. 

If we take a period II other than two for the p,: 

P 
= u a e-h(n/+L+;)’ 

,!I+, I 
(2.13) 

with n a fixed integer greater than two and i = 0, 1, . . , n - 1, then this period 

will not be preserved under the mapping (1.9). Numerically we checked for 

h = 2 and d = 3 that for any starting point of the form (2.13) with small b, the 

mapping will bring this point to one of the low-temperature fixed points of the 

form (2.11) with b + 0 and a either zero or plus one (the only stable fixed 

points for an even scale factor) or to the high-temperature fixed point. In 

particular no antinematic phase [4] can be found in the Migdal approximation, 

even with an odd scale factor. We searched numerically for a possible 

non-Gaussian antinematic fixed point but we did not succeed. We will further 

discuss this problem in sections 3 and 4. 

In the next two sections the special cases d = 2 and d = 3 will be studied in 

the whole temperature region. 

3. Two-dimensional Heisenberg model 

A Gaussian point as defined in eq. (2.1) is mapped onto itself for d = 2 in 

the continuum approximation (b is doubled by R, and halved by R, so fixed 

under R,R,, see eq. (1.9)). As in the XY case [2] the spectrum of the Gaussian 

line can be calculated exactly in the continuum approximation. To compute the 



eigenvalucs we omit the normalisation factor D( p) in the mapping (1.9) (with 

A = 2, d = 2) which gives an extra eigenvalue four which should be discarded 

afterwards (this method is justified in ref. [2] for XY spins; the case studied 

here is completely analogous). The Jacobi matrix M,,, becomes (WC now write 

z, instead of p, to distinguish between the normaliscd and not normalised 

mapping) 

(3.1) 

which gives z,, as an eigenvector with eigenvalue 4. In the continuum approxi- 

mation we find 

(3.2) 

Substituting z(x) = z,, em’“‘gives 

\ , 
16by -,,,,z 

i 

-2hrG 

M(x, y) = - e 
e 

d(x. y, 14) 
udu. (3.3) 

IT 
II 1.1 

Using d(x, y. u) = :[((x + y)’ ~ u’)(L? ~ (X - y)‘)]“’ and cq. 3.364 from ref. 

[6] we derive 

M(x, y) = 32by e -h(2r’i i?‘)1,,(4bxy) (3.4) 

The solution of the eigenvalue problem 

I Wx, Y)~,,(Y)~Y = &u,,(x) 
0 

(3.5) 

can now be found using eq. 7.421.4 from ref. [6] (Z,,(x) = J,,(k)) giving 

u,,(x) = e -‘J’2L,1(3bx’) 

A,, = 4 . ( : )” 
n=o. 1.2,. (3.6) 

The spectrum is the same as that for the Gaussian line in the two- 

dimensional XY model [2]. The cigenvalue four has to be omitted (because 

mapping (1.9) is normalised) so the largest eigenvalue is one. The Gaussian 

line is therefore a stable fixed line in the continuum approximation. This, 

however, does not settle the problem for the discrete mapping. For the 



B. Schoenmaker and Th. W. Ruijgrok I Analysis of the Migdal transformation 379 

two-dimensional XY model the Gaussian line was an almost fixed line [2] of the 

discrete mapping. The corrections, due to the discreteness of the mapping, 

which we measured by Xz = C,( p; - I*,)‘. were exponentially small [2, 71: 

XZ = J: exp(-n’l2b) . I (3.7) 

Note that in ref. [2] the prefactor in this formula was incorrect. The deviation 

in fig. 1 in ref. [2] due to the change in the prefactor is negligible. Although the 

Gaussian line was exactly fixed only in the limit b -+ 0, the form of xz as given 

in eq. (3.7) was interpreted [2,7] as an indication of the presence of a 

Kosterlitz-Thouless phase transition [g]. No such transition is expected for the 

two-dimensional Heisenberg model [8]. There is indeed much evidence [9] that 

no phase transition occurs at finite temperature for the pure Heisenberg model 

defined by 

S??= K c (S/S,). (3.8) 
(r.1),, II 

Recently some authors [lOI have found indications for a finite-temperature 

phase transition in the two-dimensional Lebwohl-Lasher model, 

X= K c (S/S,)’ (3.9) 
(r./),, II 

but others [ll] found a negative result. The model (3.8) was studied in the 

Migdal approximation by Migdal [l] himself and Ogilvie [12]. The latter 

defined an effective temperature T and found for the change of T under the 

renormalisation mapping at low temperatures: 

dT 
dl - T' (3.10) 

This effective temperature T should correspond to our b (eq. (2.1)) at low 

temperatures. We studied numerically the model (2.11) using the mapping 

(1.9) with scale factor h = 2. With the models (3.8) and (3.9) as starting points 

repeated application of the mapping caused these points to approach the 

Gaussian flow lines of the form (2.11) with a = 1 and a = 0 respectively. As 

expected the Gaussian lines were not exactly fixed lines and eventually every 

point was mapped towards the high-temperature fixed point p, = S,,,,. We 

calculated X2 (defined above eq. (3.7)) along these lines numerically and found 

for both a = 0 and u = 1 (see fig. 2) 

x2 - b712 , (3.11) 



. 11 

- 21 

. 
. 1 

-3 -2 

'"log p,'- 

Fig. 2. Plot of log ,y’ = log(C,(p*; - I*,)‘) against log /.L~, (=log h at low temperaturca) for the 

two-dimensional Heisenberg modcl with the potential corresponding to cq. (2.1 I) with I) (I = I 

and 2) II = 0. 

which is essentially the same result as eq. (3.10), analytically derived in ref. 

[12] for model (3.8). This correction is growing much faster for increasing h 

than the XY result, eq. (3.7). We expect therefore that no phase transition is 

present at finite temperature for both models (3.8) and (3.9). Because no other 

Gaussian low-temperature fixed points exist than the ones occurring in model 

(2.11), as shown in section 2, we can conclude that no finite-temperature phase 

transition exists for any two-dimensional Heisenberg model, independent of 

the form of the potential. We also studied model (3.0) with the sign of K such 

that the potential has a minimum for cp = +- frr. We find that for all tempera- 

tures the model is mapped towards the high-temperature phase. Not even a 

zero-temperature fixed point exists for this model. 

The complete flow diagram for general two-dimensional Heisenberg models 

is shown in fig. 3. It is only a small part of the one for XY models presented by 

us in ref. [3]. 

4. Three-dimensional Heisenberg model 

In three dimensions the flow along the Gaussian lines is directed to low 

temperatures (the mapping is now R,,R,,R,, so h is halved with each step, see 

section 2). The low-temperature fixed point structure, which was unstable 
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Fig. 3. Complete flow diagram for two-dimensional Heisenberg models with general isotropic 

interaction. T is the high-temperature fixed point (F, = IS,,,), G,, and AC,, the ferro- and 

antiferromagnetic ordered Ising points, RG and ARC govern the ferro- and antiferromagnetic 

low-temperature king transition and G, denotes the disordered Ising point (nematic order for the 

continuous spins). For a picture of the spin configurations of some of these phases see fig. 1 in ref. 

f31. 

towards higher temperature for d = 2 (fig. 3), is therefore stable for d = 3 (in 

fact for any d > 2). Just as in the XY case [3] we have therefore intermediate- 

temperature fixed points, governing the phase transitions which exist between 

the low- and high-temperature phases. Some parts of the flow diagram were 

found earlier [4, 13, 141, but here the complete diagram will be presented. 

We performed a numerical search for the unstable intermediate-temperature 

fixed points by minimizing x’. The eigenvalues of a fixed point were obtained 

by diagonalizing the Jacobi-matrix in the point. The existence of only two 

respectively three stable low-temperature fixed points was reestablished (for 

scale factor A = 2 respectively 3), as well as the flow along the Gaussian lines 

and the king low-temperature phase transition. We found for A = 2 three 

intermediate-temperature fixed points: P, [4, 131 governing the transition be- 

tween the ferromagnetic ordered Ising phase and the paramagnetic phase, P2 

[4, 141 governing the transition between the disordered king or nematic phase 

and the paramagnetic phase (for a picture of the spin arrangement in the 

different phases see fig. 1 in ref. [3]) and the new point P, with two relevant 

eigenvalues. For odd scale factor P, and P2 get antiferromagnetic twinpoints 

AP,, AP:, (for every solution p, also (- l)‘~, is a solution for odd scale factor). 

The complete flow diagram is shown in fig. 4. Only the essential flow lines 

(separatrices, stable and unstable manifolds) have been drawn. The whole 

Fig. 4. Complete flow diagram for three- (and presumably higher-) dimensional Heisenberg 
models with general isotropic interaction. The low temperature fixed points are described in the 

subscript of fig. 3 and in section 2. For the intermediate-temperature fixed points see tables I-IV. 



phase space is infinite dimensional but we assume that the part shown here 

attracts all other orbits. Analytical calculations (section 2) and numerical 

searching suggest strongly that indeed no other fixed points exist. We expect ;I 

similar flow diagram for any d > 2. 

The largest eigenvalues A, of the fixed points for scale factor A = 2 are given 

in table I. The results for the low-tcmperaturc points arc not very prccisc. 

because there the effect of the cutoff will always be felt. as was discussed in ref. 

The Lcgcndre cocfficicnts p, of the intermediate-temperature fixed points 

are given in table 11. and the Fourier coefficients V, of the corresponding 

potentials in table III. 

If WC denote the potential corresponding to P, by V, (9) WC can also write the 

potentials V,(q) and V:.,(p) corresponding to P, and P.:: in terms of V,(H(F): 

The Legcntlre coefticients of the intertncdiate-temper;lturc 

fixed points. dcfinecl by 

0.50027 

0.13111 

0.18611 E I 

(1. 1643X E 2 

0.97367 E -1 

0.40500 E 5 

0. 12234 E 6 

0.2755-I 1: 8 

0.17243 E ~ IO 

0.Q7 E ~ I2 

0.65 E I4 

0.29576 

0.58603 t. I 

0.66W2 E ~ 1 

0.1x43 I’ I 

0.X6350 E 2 

0. I-1775 E 2 

0.6w!2h 15 3 

0.10763 L-I 3 

0.3757c) E ~ 1 

0.51523 E ~ 1 

0.11205 E 5 
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Table III 

The Fourier coefficients of the potentials corresponding to 

the intermediate-temperature fixed points, defined by 

V(v)= i: “, cos 19 
/ -1 

PI P, P 

0.20298 

~0.10418 

0.2XOY6 E ~ 2 

~O.lZXOX E ~ 3 

0.68573 E - 5 

-0.39539 E ~ 6 

0.23803 E - 7 

-0.14747 E ~ 8 

O.Y32Y E - 10 

-0.600 E - 11 

0.41 E- 12 

0.19452 

0 

-0.Y9774 E - 1 

0 

0.26233 E ~ 2 

0 

-0.11594 E ~ 3 

0 

0.60100 E - 5 

0 

-0.33537 E ~ 6 

0.28068 

~0.53007 E - 1 
-0.90456 E ~ 1 

0.10993 E ~ 2 

0.21644 E - 2 

~0.60111 E-4 

-0.86630 E - 4 

0.37039 E ~ 5 

0.40507 E - 5 

-0.23358 E ~ 6 

-0.20318 E ~ 6 

V?(q) =0,95771V,(2q) + O.O0065V,(4cp) + O.O0006V,(6(~) + . . , (4.1) 

V,(q) =O.S0881V,(cp) + O.S8199V,(2q) ~ 0.01118v,(3cp) + 0.00341/,(4~). 

(4.2) 

A plot of V,(q) is shown in fig. 5. 

We have numerically constructed the phase diagram for the two-parameter 

potential (in fact a linear combination of (3.8) and (3.9)): 

V, (cp) = - K, cos cp ~ Kz cos 29 (4.3) 

Fig. 5. Plot of V,(q). the potential corresponding to P, (see tables II. III) 



It is 

) is a three- 

dimensional king transition (governed by KG); the transitions from the 

ferromagnetic and nematic phase to the high temperature phase (T) arc 

governed by P, and Pz while the tricritical point is governed by P:;.. For 

discretised three-dimensional spins this model was studied with Migdal re- 

normalisation in ref. 1151, giving comparable results for dense enough discreti- 

sation. 

The critical exponents V, defined by v = log 2ilog A,,,,, for scale factor two, 

for the transitions associated with P, and P1 are given by 

P, : v= 1.166. (4.4) 

P,: V = 1 .OlO (4.5) 

As expected, these results are not in agreement with the “exact” results: 

v = 0.705 [16] for the ferromagnetic transition (compare with (4.4)). Also the 

transition from the nematic to the disordered phase should be first order 

[17, 181 whereas a second order transition is found here with I, given in (4.5). 

The critical coupling for the pure cos cp model (K2 = 0 in (4.3)) is in this 

Migdal approximation given by 

K, = C).205 , (4.6) 

Fig. 6. Phase diagram for the potential V(q) = -K, cm S,C ~ K, cm 2p for Heisenberg spins on ii 

three-dimensional lattice. The phases are denoted by T (disordered high temperature phase). G,, 

(ferromagnetic order) and G, (nematic order). SW also fig. 1 in ref. [-?I 
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and for the pure cos 29 model (K, = 0 in (4.3)) 

KZ = 0.200. (4.7) 

The “exact” results for the simple cubic lattice (Migdal renormalisation gives 

the same results for different lattice types) are K, = 0.6925 [19] and K2 = 0.668 

[18]. (Note that P?(cos cp) = 5 cos 2~ + $ if a comparison is made with ref. 

[18].) The couplings (4.6) and (4.7) found with Migdal are roughly a factor 3.4 

smaller than the exact values, which is the same factor [3] as found for the 

three-dimensional Ising and XY model (see also table VII in section 6). 

Our Migdal results (4.4) and (4.6) for the pure cos cp model are in agreement 

with those of ref. [ 131 (the critical coupling differs a factor two because there 

the mapping R,R,R, was used instead of R,R,R,, see ref. [3]). Our results for 

the cos 2~ model (or Lebwohl-Lasher model), (4.5) and (4.7), differ some- 

what from the results in ref. [14] because these authors did not use [14] the full 

Migdal equations. Our results here extend those of a previous study by us [4]: a 

new fixed point P, is found and the complete flow diagram is constructed. 

Again we also studied the antinematic potential V(q) = + K cos 29. WC 

normalised to V( 4~) = 0 in this case. This potential is mapped to the high- 

temperature one for all values of K, even for K = m (zero temperature). We did 

not find any stable or unstable fixed point in the neighbourhood of K cos 2~, 

indicating again the absence of an antinematic phase in the Migdal approxi- 

mation. 

5. Magnetic exponents 

In this section we compute the magnetic exponents of the intermediate- 

temperature fixed points of both the three-dimensional Heisenberg model, as 

discussed in section 4, and the three-dimensional XY model, treated before in 

ref. [3]. 

Consider the following Hamiltonian: 

p% = C V(S, - S,) + m C cos 0, , (5.1) 
(I.1 ),I II I 

with m + 1 the strength of the magnetic field and 0, the angle between S, and 

the direction of the magnetic field. Migdal renormalisation is ambiguous [20] in 

treating site-terms like magnetic or ordering field. We choose to follow Migdal 

[l] and moved the site terms along with the bonds. If we now perform Migdal 

renormalisation on (5.1) we have to generalise the form of the potential: V no 



longer depends only on (S, * S,), but bccomcs a more general function of S, - S, 

which is still symmetric. (V(S), S,) = V(S,. S,).) After one renormalisation step 

the Hamiltonian is of the form 

pqf = c V’(S,, S,) + A vm c cos 0, + C’(nc) (5.2) 
(r.I)v 31 

, 

with A the scale factor and y the magnetic exponent. For any fixed point the 

magnetic exponent can now be derived 113. 141 as (here for A = 2) 

(5.3) 

with i = R,,(p) for both the XY and the Heisenberg model. For the Heisen- 

berg model p, is the fixed point of mapping (1.9) with A = 2 (R,, defined by cq. 

(1.11)) and corresponds to the potential V(p) according to eq. (1.6). For the 

XY model p, is the fixed point of eq. (1.8) in ref. [3] (K,, defined by cq. (1.10) 

in ref. [3]) and corresponds to the potential V(q) according to eq. (1.5) in ref. 

1.31. 
The magnetic exponents can be generalised by considering an ordering field 

of the form m cos IZH (again m G 1, 11 an integer) instead of m cos 8. We can 

derive the analog of eq. (5.3) (see also rcfs. [13, 141): 

We have listed the first four exponents for the intermediate-temperature 

fixed points of the three-dimensional Heiscnberg model in table IV and for the 

XY-model in table V. 

The agreement with the “exact” results for y, is quite good. which is also the 

case for the two- and three-dimensional Potts model (table 1, in ref. [21]), as 

shown in table VI. 

Table IV 

Mapnctic exponents of the intermediate- 

tcmpcraturc fixed points of the 3D 

Heisenhcrg model, P,. P,. PI (SW tables 
I-111). 

l-able v 
Magnetic exponents of three of the intcr- 

mcdinte-temperature fixed points of the 

3D XY model (see tables II. 111 in ref. 

131). 

P, 2.5513 2.IXll 2.0378 2.OOS6 

PZ 2.0 2.5170 2.0 2.1764 

P, 2.S4Xh 2.S482 2.2452 2.1766 

V, 2.5559 2. IS23 2.0237 2.0025 

V, 2.0 2.SSSO 2.0 2. IS24 

A . 2.5534 2.5550 2.2272 2. IS06 



Table VI 

Comparison of the Migdal approximation with 

exact results for the first magnetic exponent for 

different models. The exact results are from 

ref. [lb]. For the Migdal Ising exponents see for 

instance ref. [Zl]. for the XY and Heisenherg 

results see tables IV and V and also ref. [l3]. 

Model 

2D Ising 

3D Ising 

3D XY(V,) 

3D Heis( P, ) 

Exact y, Migdal (A = 2)y, 

I .87SO I.8791 

2.4843 2.5650 

2.4833 2.5559 

2.4830 2.5.514 

Our results for V, and P, (table VI) are in agreement with those of ref. [13], 

obtained with the same method. yz of P2 (table IV) differs from the value of 

ref. [14], because there the Migdal renormalisation with some further approxi- 

mations is used. The Migdal result for this last exponent ( y2 of P2) is spurious 

anyway, because the phase transition is first order for this model [14,17, 181 

with y2 = 3. 

6. Discussion and conclusions 

We used Migdal renormalization to analyse general Heisenberg spin models 

like we did earlier for XY spins [2,3]. We found again that the Gaussian line 

was a flow line of the mapping and that all low temperature fixed points were 

Gaussian. 

At low temperatures only Ising transitions are possible as opposed to the XY 

case where all Z(N) transitions exist [3]. The low temperature fixed points are 

unstable towards higher temperature for d < 2 and stable for d > 2. Also for 

d = 2 these points are unstable and the flow on the Gaussian lines away from 

these points is much faster than in the XY case [7.2] (see section 3), indicating 

that no Kosterlitz-Thouless transition takes place for the two-dimensional pure 

Heisenberg model (V(q) - cos p) or Lebwohl-Lasher model (V(q) - cos 2~). 

For d = 3 the intermediate-temperature fixed points, governing the phase 

transitions between high- and low-temperature phases, were calculated numeri- 

cally. The complete flow diagram was constructed and was found to be in 

agreement with earlier results in refs. [4, 13, 141. The phase diagram for a 

potential of the form K, cos cp + K, cos 2~ was also constructed. In the litera- 

ture we could not find a Monte Carlo or mean field phase diagram to compare 



The quotient of the exact critical coupling and the 

Migdal one with scale factor A = 2 for various three- 

dimensional models on il Gmple cubic lalticc. The 

Migdal results can hc found in ref. [21 ] (Pot& modcl). 

ref. 1.31 (XV model) and cqs. (4.6) and (d.7) in thi? 

paper. The exact results arc‘ from refs. [121 (I- and 

ktntc Potts), [X3] (Ising). 1231 (3.state Potts). [3] 

(XV), [ 181 (Hcis. cos 2~). The 

numhcrs bctwcen parcnthew\ denote the cstimatcd 

error in the la\t decimal. 

pott\ .J.J3(3) 

%latc Pott\ ( 

3.41(Z) 

1 Ieis( K cos q) 3.3X( I) 

Heis( K cos 2~) 3.31( 1) 

with, as was done for a similar phase diagram for XY spins [3]. We found 

surprisinglv good agreement with Monte Carlo results in that case after 

resealing the Migdal diagram. In table VII it is shown that the quotients of the 

exact critical coupling (obtained from Monte Carlo simulations or scrics 

analysis) and the Migdal critical coupling (for scale factor A = 2) do not vary by 

more than a few percent for various three-dimensional models (both with 

discrete and continuous spins). 

In spite of the fact that this constancy is not understood, but encouraged by 

the SUCCESS for planar spins, wc would therefore suggest that fairly accurate 

phase diagrams can be obtained, also for Heisenbcrg spins, by using Migdal 

renormalisation and rcscaling with a factor 3.37. However. for the model 

V(p) = + K cos 2~ (with minima at q = i An) Migdal renormalisation predicts 

no phase transition (section 4), not even at zero temperature. while Kohring 

and Shrock [2h] found a second order transition at finite temperature using 

Monte Carlo simulations. At this moment we do not understand why the 

Migdal approximation gives reliable quantitative results for some models but is 

unable to give a phase transition in other cases. It seems worth investigating if 

Migdal renormalisation also fails to predict a phase transition for other models 

with nonzero disordering ground state energy [26]. 

In cases where reliable phase diagrams are obtained the temperature expo- 

nents are not reliable. as usual, and first order transitions will be seen as 

second order ones. The magnetic exponents (for both Heisenberg and XY 
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spins), corresponding to second order phase transitions, are in good agreement 

with exact results. 
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