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In a simplified approach to the reaction kinetics of enzyme-linked immunoassays, a Lang- 
muir-type equation y  = [ux/(b + x)] + c was derived. This model proved to be superior to 
logit-log and semilog models in the curve-fitting of standard curves. An assay for a-fetoprotein 
developed in our laboratory with a sensitivity of 2 g/liter and a between-day coefficient of 
variation of about 15% was used for comparison of the different models. The proposed model 
has the advantage that it is based on the law of mass action and that blank determinations can be 
included in the calculation of the curves without giving a disproportionate bias. o 1987 Academic 

Press, Inc. 
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Since the introduction of the radioimmu- 
noassay (RIA)’ numerous articles on reac- 
tion kinetics as well as on the best fit of 
dose-response curves have been published 
(l-6). However, a number of immunological 
techniques developed later obey different re- 
action kinetics from the classical RIA. Some 
of these methods, like the immunosorbent 
assays, are based on the phenomenon that 
immunoglobulins adsorb to all kinds of sur- 
faces. The introduction of enzyme labels 
adds another dimension. Curve-fitting pro- 
cedures for such techniques are rarely inves- 
tigated. An example of such a method is 
the enzyme-linked immunosorbent assay 
(EISA) (7). Most authors using ELISA tech- 
niques still plot their standard curves by 
hand on semilog paper, resulting in beautiful 
sigmoids, they perform a linear logit-log 

’ Abbreviations used: RIA, radioimmunoassay; 
ELISA, enzyme-linked immunosorbent assay; AFP, 
a-fetoprotein; PBS, phosphate-buffered saline; CV, coef- 
ficient of variation; MSQ, mean sum of squares; IRMA, 
immunoradiometric assay. 

curve-fitting procedure analogous to the RIA 
procedure, or they do a semilogarithmic re- 
gression analysis (8). Apart from his numer- 
ous papers on the radioimmunoassay, Rod- 
bard (9,lO) also investigated the basis of the 
kinetics of a comparable assay, the immuno- 
radiometric assay. However, no simple 
curve-fitting can be performed based on his 
four-parameter model. 

Here we present a simple three-parameter 
equation that can be derived from the law of 
mass action and that can be applied well to 
sandwich assays. Using this equation we cal- 
culated results obtained with our sandwich 
ELISA for cu-fetoprotein and compared them 
with figures obtained by linear logit-log 
curve-fitting and quadratic semilog curve fit- 
ting. 

THEORETICAL DERIVATION 

In a simplified approach to the reactions 
involved in sandwich enzyme-linked im- 
munoassays, we considered three reactions 
to be of major importance: first, a reaction of 
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coated antibody Q with antigen P, second, 
the reaction of complex QP with a second 
labeled antibody Q; and third, the reaction 
of the complex QPQ” with a substrate result- 
ing in a detectable product. We disregarded 
the possible dissociation of complexes during 
washing procedures between incubations 
and thereafter. 

Q+P=QP F.11 
QP+Q”=QPQ WI 

QPQ” + substrate 2 product (y). [E.3] 

If the initial concentrations of P and Q are p 
and q, then equilibrium [E. l] leads to 

KJq-QP)-(~-QP) 
QP 

LA.11 
or 

QP2-(q+p+K)*QP+q.p=O. 

Assuming that K >> q (or p 9 q or q % p) it 
follows that QP 4 p. Then QP can be ap- 
proximated as 

. 

Qp=(q+qpP+K)’ L4.21 

Equilibrium [E.2] gives an equation similar 
to [A.l]. If we assume excess Q, then the 
following formula holds: 

QPe” = ;,‘;; . IA.31 

In the presence of excess substrate the reac- 
tion product Q of QPQ“ is related linearly to 
the concentration of QPQ”. Substituting 
[A.21 in [A.31 and usingf= q* Q”/(k’ + Q“) 
times a constant in which reaction time, tem- 
perature, and enzyme activity are included, 
the following formula results: 

As the quantity of coated antibody is con- 
stant within each assay, we can substitute a 
new constant g for (q + K). Also a blank 
correction h can still be added to this for- 
mula, resulting in our working model: 

y’f.p+~ 
g+P * 

The commonly used logit-log curve model 
can be related to our model [AS]. To show 
this, [A.41 must first be written as 

A so-called index of heterogeneity (i) to cor- 
rect for nonuniformity of the antibody (11) is 
now introduced. After logarithmic transfor- 
mation, this results in the following logit-log 
form, which we compared with our model 
[AS]: 

log& = i log p - i log g. [A.61 

No blank correction is made because this 
would introduce a fourth parameter. The 
third equation comes from the linear regres- 
sion of the response versus the log dose 
sometimes used (8). There is no theoretical 
background for this solution. To fulfill the 
three parameters we compared the quadratic 
expression 

y=a(logp)2+blogp+c. L4.71 

MATERIALS AND METHODS 

The AFP assay was performed essentially 
as described by Macdonald ( 12). Polystyrene 
microtiter plates were obtained from 
Greiner, Alphen a/d Rijn, The Netherlands 
(art. 655 10 1). The plates were coated with a 
1: 1000 concentration of porcine anti-human 
AFP serum (Orion Diagnostica, Helsinki; 
Catalog No. D-752) in 125 mM carbonate 
buffer (pH 9.6). 

Calibration curves were composed of AFP 
standard (Behringwerke, West Germany) di- 
luted in pretreated rabbit serum (30 min at 
56°C) to eight concentrations ranging from 2 
to 400 &liter. Peroxidase-conjugated rabbit 
immunoglobulin to human AFP, obtained 
from Dakopatts, Sweden (Code P 128), was 
used at a 1: 1000 dilution in phosphate-buf- 
fered saline (PBS). The sample and conjugate 
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TABLE 1 

MEDIAN ABSORBANCE, AVERAGE STANDARD DEVIA- 
TION AND AVERAGE COEFFICIENT OF VARLUION 

AS A FUNITION OF AFP CONCENTRATION 

Concn. Absorption SD cv 
(mg/liter) (median) response response 

0 191 14.0 6.7 
2 207 15.9 6.6 
4 249 15.6 5.8 

10 377 15.7 4.0 
20 490 16.2 3.3 
40 663 23.0 3.6 

100 922 30.0 3.3 
200 1122 33.4 3.0 
400 1205 38.8 3.1 

incubations were performed at 37°C for 30 
and 60 min, respectively. Between the incu- 
bations the plates were washed three times 
with PBS containing 5% rabbit serum and 
0.1% Tween 20. Color development was ini- 
tiated by adding OPD reagent at pH 5.5 and 
subsequently stopped after 30 min with 4 N 

HCl. Measurements were taken with an 
ELISA reader (Titertek) at 492 nm. 

Least-squares curve-fitting by means of the 
Gauss-Newton iteration method was done 
on an HP-85 desktop computer. Blank mea- 
surements were not included in the fitting 
procedures. Statistical analyses were per- 
formed according to standard methods 
( 13- 14). The within-assay precisions were 
calculated from the standard deviations of 
the standards (n = 3 or 4 for each standard 
within each assay). The mean within-assay 
precision was averaged over several assays. 

RESULTS 

The test parameters of the a-fetoprotein 
assay we developed are comparable to other 
ELISA’s for cr-fetoprotein (12,15) and are 
given below. 

The sensitivity of the assay was 2 &liter 
(corresponding to a response of twice the 
standard deviation above the mean blank). 

The within-assay coefficient of variation 
(CV) is calculated using the standards of the 
dose-response curve (Table 1). Based on 
these figures a precision profile according to 
Ekins and Edwards ( 16) can be calculated, as 
shown in Fig. 1. 

The between-day CV was tested over a 
year with two frozen samples (-20°C) at dif- 
ferent concentrations. This resulted in a CV 
of 13% at a level of 18.8 &liter (n = 28) and 
a CV of 16% at a level of 95 pg/liter (n = 37). 

Dose-response curve data for 47 assays 
were fitted according to three models (Eqs. 
[A.5], [A.6], and [A.7]). To compare these 
models we used the mean sum of squares 
(MSQ). According to this parameter, Eq. 
[A.51 nearly always fit better than [A.61 (in 
44 out of 47 assays) and Eq. [A.61 in most 
cases fit better than Eq. [A.71 (41 out of 47; 
see Table 2). Although the differences be- 
tween the MSQs were significant in only a 
few individual assays using a Student t test 
(see Table 2), the difference between the 
MSQ of Eq. [A.51 and that of the other two 
models was highly significant (p -% 0.001, n 
= 47) when all assays were taken into ac- 
count. Likewise, Eq. [A.61 fit significantly 
better than [A.71 (p B 0.001, n = 47). The 
mean parameters of all curves and their 
standard deviations are shown in Table 3. 

Figure 2 shows a typical example of a 
dose-response curve. The computer fits of 
both [A.51 and [A.61 are shown. 
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FIG. 1. Precision profile of the AFP assay. 
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TABLE 2 

NUMBER OF INDIVIDUAL ASSAYS IN WHICH THE 
CURVE-FITTING ACCORDING TO EQ. [AS], [A.6], or 
IA.71 RESULTED IN A HIGHER AND RESPECTIVELY 
LOWER MEAN SUM OF SQUARES 

Mean Larger 

Smaller 

ma 

Note. The number of assays which differed signifi- 
cantly at the 10% level by the F test is shown in parenthe- 
ses. 

DISCUSSIOPJ 

The calibration curves were handdrawn 
initially in our laboratory but in order to 
eliminate any arbitrariness we looked for a 
mathematical model with the least number 
of parameters that would result in a good fit. 
We tried the logit-log fit, very commonly 
used in radioimmunoassays, the less com- 
mon semilog fit (both used in some ELISA 
kits (8)), and a fit of a Langmuir-type equa- 
tion. 

A very important disadvantage of the 
log&log model is the high weight that is as- 
signed to the blank measurement, which in 
most instances is far from accurate. Further- 
more, values of saturating high antigen con- 
centrations are unreliable because of high 
dose hook effects which may be present. 

Very good fits were obtained with the 
Langmuir-type equation [A.51 and, making 
some rough approximations, this equation 
could be derived from the law of mass action, 
as shown in the theoretical part of this paper. 
We assumed the coated antibody Q to be in 
free solution so we could work in terms of 
concentrations. Based on a completely dif- 
ferent model-lattices of immobilized bind- 
ing sites-Pincus and Rendell (17) derived 
equations similar to ours, which are based on 
concentrations only. The resulting equation 
is essentially the same as conventional equa- 

tions especially where they assume that the 
added substance binds preferentially to only 
one binding site and that no binding sites are 
excluded. Therefore we think that our as- 
sumption about concentrations is a reason- 
able approximation. Also we neglected 
minor reactions. As our experimental dose- 
response curves nearly always fit this model 
very well, these assumptions appear to be 
justified. 

The parameter g of Eq. [A.51 is equal to q 
+ Kand is estimated to be 65 rig/ml (Table 3) 
or 0.94 + 0.20 nmol/liter. In order to check 
whether K % q (the most important limiting 
condition, especially in the middle of the 
curve, when p = q) we can estimate the ad- 
sorbed quantity of specific anti-AFP immu- 
noglobulin. Cantarero et al. (19) have re- 
ported experiments on the adsorption char- 
acteristics of some proteins to polystyrene. 
He noted that albumin and IgG immuno- 
globulins are adsorbed up to about 150 
ngfcm’. If we assume that about 1 to 2% of 
our coating serum consists of specific anti- 
cw-fetoprotein (Gmelig-Meyling, personal 
communication), then there will be about 
2.3 ng/cm2 available for AFP binding, which 
corresponds to 0.16 nmol/liter (Mr of IgG is 
150,000 and a loo-cl1 incubation volume 
corresponds to 0.95 cm2 in our assay proce- 
dure). We now get an estimate of K being 
0.78 f 0.21 nmol/liter. The assumption K 

TABLE 3 

MEAN PARAMETERS OF DOSE-RESPONSE CURVES 
[AS], [A.6], and [A.71 AND THEIR 

STANDARD DEVIATIONS 

Equation 

Parameter L-1 WI L4.71 

f;f;a 1167 f 203 2001 f 457 21.8 f 6.4 
g,ilogg,b 65 f 14 2.66 +_ 0.33 51.4 i 44.5 

h, i, c 202 + 77 0.53 f 0.09 163 f 68 

Note. The parameters of [A.61 and [A.71 are based on natural 
logarithms. 
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1.4 i absorbance 

FIG. 2. Dose-response curves of the AFP assay. 
Curve-fitting was performed using (1) Eq. [AS] and (2) 
Eq. [A.6]. 

% q is not completely satisfied. However, 
based on the estimates of q and K, we cal- 
culated that Eq. [A.5], when fitted by 
least squares, gave a solution to the basic Eq. 
[A. 1 ] in which the bias of the response is less 
than 2%. 

The other two models tested resulted in 
inferior fits. The semilog form has no theo- 
retical background. The logit-log form (Eq. 
[A. 61) has some; however, no corrections for 
the blank are included in this equation. 

Introduction of a blank parameter results 
in a four-parameter equation which has the 
same characteristics as the empirical four-pa- 
rameter logistic equation’ 

a-d 
Y= 1 + (X/C)b 

+d 

of Rodbard and Feldman (9). Recently the 
International Atomic Energy Agency con- 
vened a group which published general 
guidelines for all kinds of data processing in 
immunoassays (18). In this paper the four- 
parameter logistic is recommended. We 
tested the logistic model but although the fit 
was the same or slightly better than that for 
Eq. [A.51 for all individual calibration 

2 Parametersf; g, and h in formula [A.51 correspond, 
respectively, to the parameters -(a - d), c, and a, with b 
= 1, in Rodbard et al. (9). 

curves, the differences in the mean sum of 
squares were very small (52.9%). Thus, the 
index of heterogeneity was calculated to be i 
= 0.995 f 0.046 (CV = 5%; n = 45). This 
index, not being different from 1 (p > O.l), 
implies that the four-parameter function 
does not result in an improved fit when 
compared to our proposed three-parameter 
function [A.51 so our equation is preferred. 
The three-parameter function as a simplifi- 
cation of the logistic one is also mentioned 
by Munson (20) in a paper in which he com- 
pared several RIA calibration curve models. 
The three-parameter function there too dis- 
played one of the best fits to the data. 

Based on our data, Eq. [A.51 not only is 
tailor-made for this particular assay but also 
is applicable to most sandwich assays based 
on the same principle, e.g., ELISA and 
IRMA. We tested this for some recently 
published assays in which the dose-response 
curves (21-26) were shown. Five out of six 
different dose-response curves resulted in a 
better fit using Eq. IA.51 than when using Eq. 
[A.6]. Although in these particular assays the 
proposed three-parameter model can suffice, 
it may sometimes be necessary to fit data 
according to the four-parameter logistic (9). 

In conclusion, the relatively simple three- 
parameter equation 

LT+h 
y=g+x 

as a model for dose-response curve-fitting in 
sandwich assays gives a better result than 
some other models used in practice. It has 
some theoretical background, and, although 
the limiting conditions are not always com- 
pletely met, the equation is suitable based on 
empirical data. Iterative calculations must be 
performed, but this is not a problem today as 
it can be done on even inexpensive com- 
puters. 
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