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Synopsis 

As an example of non-linear noise the fluctuations in a circuit consisting of a diode 
and a condenser C are studied. From the master equation for this system the following 
results are derived. 

(i) The equilibrium distribution of the voltage is rigorously Gaussian, the average 
voltage being equal to the contact potential of the two electrodes. 

(ii) The ordinary I-V characteristic of the diode is found in the limit C + co. 
(iii) An expansion in ez/kTC is used to find the spectral density of the fluctuations 

to first order. It is shown that to this order the Fokker-Planck equation gives the same 
result. 

(iv) Another approximation method leads to an expansion of the fluctuation 
spectrum in inverse powers of the frequency. It is rigorously shown that the first term 
in this expansion is not affected by the presence of the non-linearity. 

(vi The so-called fluctuation-dissipation theorem is not valid beyond the linear 
approximation. 

(vi) The expansion of the fluctuation spectrum in e2/kTC can be calculated to all 
orders. However, the complete spectrum contains additional terms, which do not 
show up in this expansion, as they are of infinite order in ez/kTC. 

1. Introduction. The problem of noise in non-linear dissipative systems 
has recently been studied by several authors, but so far no unique result 
has emerged. Since M a c D o n a 1 d’s first paperi) one usually studies a simple 
electric circuit consisting of a non-linear element and a condenser ; the problem 
is to find the power spectrum of the current fluctuations in the circuit. 
There is no agreement either on the physical principles from which to start 
out, nor on the approximations to be used in the calculation. For this reason 
Al kema de 4) gave an explicit calculation for a specific example, namely 
the case that the non-linear element is a vacuum diode. However, he only 
calculated the high-frequency limit, which unfortunately turns out to be in- 
sensitive to the presence of the non-linearity. This permitted only a very 
incomplete check on the existing theories. To make a more detailed check 
possible we here present a calculation of the entire fluctuation spectrum of 
the vacuum diode. 

Outline of the calculation. In section 2 the basic master equation 
is established, which governs the behaviour in time of the probability 
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distribution of the charge on the condenser. The rcmainin g mot-k consists in 
solving this equation and is therefore mathematics. In particular, the 
equilibrium distribution is found in section 3, and turns out to 1~~ rigorously 
Gaussian. 

.4lthough it dots not seem impossible to solvc~ the master c~cluation 
rigorously, we arc mainly interested in an approximate treatment, bccausc~ 
it is mot-c instructive. We only use systematic approximations, i.e., cx- 
pansions in terms of a well-defined parameter. Three different expansions 
are used according to what one is interested in. The first one is an expansion 
in powers of e2/kTC (C is the capacity of the condenser and (7 the absolute 
value of the electron charge), the voltage I/ being kept constant. Thea leading 
term in this expansion corresponds to the case of negligible fluctuations and 
will therefore enable us to find the phenomenolo~ical 1-V characteristic of 
the non-linear element. 

A second expansion is used for studying the fluctuations in cquilihrium. 
This is again an expansion in &‘/kTC, but the voltages occurring in these 
fluctuations are themselves of order (ez/kTC) i. The leading term now amounts 
to the linear approximation, while the higher terms describe the, influency 
of the non-linearity on the fluctuations. In this way we find in section 6 
the power spectrum of the fluctuations to the first order in ez/kTC. 

The high frequency limit of the fluctuation spectrum can be found by a 
much simpler method. Accordingly, we use a third expansion in section 7, 
namely in powers of the reciprocal frequency rather than in ~z/ki”C. In 

this way Alkemade’s result is rederivcd and the higher terms can also bta 
found. 

In section 8 the Fokker-Planck equation for the present problem is 
formed, and is shown to lead to the correct results, provided on<% dors not 
go beyond the first power of ez/kTC. 

In section 9 WC study the fluctuations that occur while the system is in 
the process of approaching equilibrium. It appears that they depend on 
their initial values, so that no general rule can be given for them. In particular, 
it is shown that the fluctuation-dissipation theorem does not apply to the 
non-linear cast. 

Finally, in section 10 a more powerful method for solving the master 
equation is employed to find the fluctuation spectrum to all orders of 
G/kl’C. Yet, even this complete series expansion does not constitute a 
rigorous solution. The reason is that the rigorous expression for the fluctua- 
tion spectrum contains a part that is not analytic in e2IkTC ; it can be shown 
however, that this part is extremely small in any realistic case. 

Not c. A preliminary draft of this paper has been circulated in mimeo- 
graphed form. The present version differs considerably from it; moreover 
the detailed discussion of earlier literature has been omitted. 
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2. The master equation. Following MacDonald 1) we consider a circuit 
consisting of a condenser C and a non-linear dissipative element, in contact 
with a heat bath with temperature T. Following Alkemade 4) we take for 
the non-linear element a vacuum diode consisting of two plane parallel 
electrodes, 1 and 2, at a short distance from each other *). The two electrodes 
(and the two halves of the circuit connected with them) are supposed to 
consist of two different metals with different work functions WI and Wz. 

More specifically we suppose that electrode 1 operates under saturation 
conditions; that is, it emits electrodes at a constant rate independent of the 
potential difference. The number of electrons jumping per unit time from 
1 to 2 is according to Richardson’s formula 

A= !!I?$ (kT)Z e-E?. 0, 

where 0 is the area of the electrodes. 
The electrons emitted by electrode 2 can only reach 1 when they have a 

sufficient kinetic energy to overcome the potential difference. Let N be the 
number of excess electrons in that part of the circuit that is connected with 
electrode I ; then the voltage is - eN/C. The electrostatic energy of the 
system is ezN2/2C, so that an electron can only jump from 2 to 1 when 
its kinetic energy after leaving electrode 2 is at least **). 

2&7+ I)“--$N”=;(N+$). 

The probability that such an electron leaves 2 during dt is 

-h+Udt Be kl’C , 

where 
-1 

B= ‘;” (kT)2e ; O=Ae-w*. 

(4 

*) MacDonald 2) mentioned the metal-oxide rectifier as an example of a non-linear element. 

This is mathematically equivalent to Alkemade’s diode but less easy to visualize. 

**) This argument has been communicated to me by Alkemade. 
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IA l’(iY) bc the probability that at timch L th(q-cl arv ,Y (‘scc’ss cLl(ctrons 
on 1. The rate of change of P(K) is determintd by the transition probabilitic~s 
(1) and (2) ; which leads to the mm?v fy/dl’0~ 

., 
Is’ (’ /;‘I‘1 ’ 

“- t.1 iJ r,(,z’). 

(‘9 !, I 

(F is the ratio of e”/2C - the clcctrostatic energy of tht, con~l~~ns~~r if chargt~tl 
with one c>lectron .- and JkT; clearly- t‘ must be very small if any fluctuations 
arc to occur.) With these abbw\4ations the mastt~r ~~(luation bccomc~s 

‘1.1~~ calculation will 1)~ greatly simplific~tl by the uw of an olxwtor E tlc~finc~tl 

by 

E&V) r= /(n’ -I- I), Eplj(;v) _: /(i\: ~- 1). 

With its aid the master equation may 1,~ written 

~ _ --T (E _ 1 + i”(E-1 - 1) (‘-“1’)P 
.4 iit 

FI’, (3) 

whew F denotes the operator ( 1. 

This equation will be solwd matl~en~atically. I;rom a physical point of 
view, of course, (3) is not quite exact in several respects. Firstly, it neglects 
the time of flight of the electrons between both electrodes. Secon~‘l~~, A’ is 
allowed to take all integral values from - CC to + 00, although the number 
of electrons is finite; moreover, the assumption of saturation breaks doan 
for very large negative N. Thidly, no correlation between thy individual 
jumps of the electrons is taken into account ; in particular, the temperatuw 
is supposed to be kept rigorously constant by the heat bath, independent 
of the number of bombarding or emitted electrons. However, it seems likely 
that all these effects can be made arbitrarily small by a suitable choice of 
diode, and that no essential features are lacking in our statistical problem. 
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3. The equilibrium state. The equilibrium distribution is found from 

{E - 1 + ((E-1 - 1) e-&N} Pq = 0. 

This equation can be factorized, 

(E - 1) (1 - [E-r e+N} Peq = 0, 

which shows that 

(1 - 5‘E-1 ~-EN} Pea 

must be a constant independent of N. Moreover, as Peq vanishes for N --f 00, 
the constant must be zero. Hence 

pea(N) = 5‘ e-E("-l)peq(N - 1). 

From this one easily finds, for both positive and negative N, 

peg(N) = {N e-*‘N(N-l) peg(O) 

_ ,-B&Xz+r/~V peg(O). 
(4 

We shall define 

2 _ S ,-W%X, 
(5) 

where S denotes a summation over N from - 00 to + co. Clearly 2’ has the 
form of a grand canonical partition function, and 

Peg(o) = l/Z. 

It is possible to give a rigorous expression for 2 in terms of theta-func- 

tions *) 

z=r,(-tci;). 
It is often more convenient, however, to use an approximation for F < 1, 
which consists in replacing the summation in (5) with an integration, 

This we shall call ‘the approximation of continuous N’. How good it is 
can be seen by comparing it with the exact expression 

which is obtained from (6) by applying the functional relation of the theta- 
functions. The approximation consists in replacing 8.3 with 1, thus omitting 

*) We use the notation of E. T. Whittaker and G. N. Watson, A cowse of mdwt mtalysis, 

chapter 21. 
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terms of relative order eczn” F . Such terms vanish for small E faster than any 
power of t’. 

Clearly (4) is a (Lussian distribution, but for the fact that the variable IV 
is discrctc. In the approximation of continuous N the maximum lies at 

The average voltage corresponding to (8) is 

(8) 

which is the contact potential caused by the difference of the w:ork functions. 
The mean square fluctuation of the voltage is kT/C, AS it should. 

It can again be checked that the errors in these results due to th<, al>- 
proximation of continuous ,V are small of infinite order of c‘. Ne\,erthcless 
we shall from now on treat N as discrete; the approximation has been used 
here merely to show that the distribution (4) is in agreement with the usual 
results. 

The master equation (3) is clearly invariant for the substitution 

N=LVi,,+N’. :=,“e- CVO) P(N) : I”(W), 

where No is an arbitrary number. Thus a slzijf oj the zero @id on flu, iI:-scale 

amounts to altevilzg the value of ,“. We shall employ this invariance by choosing 
No z-7 V/E, so that ,“’ = c--IE, Then, dropping the primes, one has 

1 31’ ~ .~ _ (E _ 1 + (E-1 _ 1) (,r*(.\-’ 4)) 1’ = F/J, 
.-I i’t (‘01 

pccq‘y _ ;- C’--!*.vL’ , 
(11) 

, 

% =: s e-dE.\” 
(1% 

Of course, N now assumes no longer integral values, but rather runs o\‘cr the 
set of all integers shifted by a certain fixed amount. 

An alternative choice is No = r/e - 4. Then ;’ == 1, so that (10) takes a 
simpler form; but in return (1 1) is less simple and, in particular, one now 
has <N)eq == 4. This choice was tacitly made by those authors who find for 
the average charge in equilibrium - 4~. *) 
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4. The macroscopic equation. In a non-equilibrium state one finds from 

(10) 
1 3P(N) 

-2dX (N> = SN A 7- = SNFP = SP?N = <?N>, 

where ‘F is the adjoint of F: 

F = E-1 _ 1 + e-e(Nfi) (E _ 1). 
(13) 

Thus one gets rigorously 

A(N) = - 1 + e-he (e+N). (14 

Now the term <e-&N> on the right does not depend on the voltage alone, 
but on the entire shape of the distribution P(N), and moreover on C. That 
means that the average current through the diode depends on the fluctuations, 
and on the size of the condenser. Hence (14) cannot be identified with the 
macroscopic phenomenological current-voltage characteristic of the diode. 
The proper way of relating (14) with macroscopic features of the diode is by 

studying the limit of infinite C, keeping the voltage - eN/C fixed. Then the 
fluctuations in the voltage will tend to zero so that (14) becomes 

-AG <N> = - 1 + eeV/JiT. 

Here V = - eN/C is the actual potential difference minus 
potential. This equation is identical with the familiar form 
characteristic of the diode, 

1 = eA (eevjk7’ - 1). 

On expanding the exponential, 

the contact 
of the I-V 

(15) 

one finds the connection of A with the phenomenological resistance in the 
linear region, 

e2A 1 

5. Equations for the moments. From the master equation one finds for the 
successive moments of N 

d 
-----(Np) = SN”FP = <FNp). 
A dt 



For the present calculations we shall only need the first three moments, 

Of course, this dock not constitutcl a closed set of ecluations, sinc(b (‘ c.Y> 
involves all higher moments. However, the terms containing these higher 
moments may bc expected to decrease in magnitude, so that it is possible 
to obtain a closed set by neglecting small terms. In order to (10 this in a 
systematic way, we shall use e as expansion parameter, ant1 anticipate 

(LYP) _- q+zq. (p = 1,2, . ..) (‘7) 

This is suggested by the equilibrium distribution (1 l), and Mayo therefore, 
be expected to be correct for computing the fluctuation spectrum in 
equilibrium. It will not apply to non-equilibrium states ; that is th(- rc’ason 
why a different expansion is used in sections 4 and 9. 

In order to make the various powers of t’ explicit, vvc’ piit 

Moreover, it will be useful to put &-Id =- 7, so that out tim(, scaled increascls 
proportionally to C, in agrement with the increase of the IiCtime of thcl 
circuit. ITsing these notations one finds 

( 18h) 

This constitutes a closed set of three equations for the three unknown 
functions mr(~), fizz(~), ma(~). They permit to find WI(T) up to and including 
terms of order F!, when the initial values ml(O), ~ng(O), n~a(O) are known. 
Incidentally, the fact that no negative powers of P appear on the right 
justifies our assumption (17). It can be shown that the ecluations for tht, 
higher moments are also consistent with (17). 
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6. The fluctuation spectrum. In order to find the fluctuation spectrum 

one has to compute the auto-correlation function 

<N(O) N(t)>eq. 

This notation is meant to indicate the following. Let P(Ne j N, t) denote 

that solution of the master equation that satisfies the initial condition 

P(No I N, 0) = &,No. 

Then the average N at time t, conditional on the initial value No, is 

(N(f)& = SNP(No 1 N, t). (‘9) 

The auto-correlation function is obtained by multiplying this with No and 

averaging over the equilibrium distribution for No, 

<N(O) N(t)jeq = <No<N(t))N,)eq = SoNoPeq(No) SNP(No / N, 4, 

where SO indicates summation over No. Thus our main task will be to 

determine (19)) that is, to solve the equations (18) with the initial conditions 

ml(O) = &No, ~~(0) = cNos, ms(0) = ~~‘~Naa. (20) 

First one finds to zeroth order in E 

ml(~) = ml(O) e-7 

WZ~(T) = ma(O) e-37 + 3mi(O)(~-~ - ee3T). 

Substituting this in (18b) one finds to order &h 

ms(~) = ms(0) e-27 + 1 - e-2T 

+ &{ma(O) - 3mr(O)} (e-2r - e-3r) 

+ ~&zi(O) (e-T - e-2r). 

Substituting now in (18a) one finds to order E 

mi(7) = ml(O) ee7 + $4 {ma(O) - l} (eeT - e-27) + 

+ ~mi(O) (+T e-7 - e-7 + 2e-2T - e-3T) 

+ snt3(0) (QecT - +e-2r + +e-3T). (21) 

One now has to insert the initial data (20), multiply throughout with No and 

average over the equilibrium distribution. Using the approximation of 

continuous N one has 

<Nos>eq = ~-1, (NaJ>eq = 3.4. (22) 

The final result is 

E(N(0)N(T))eq = (1 - +E) ee7 + +F e-2r + +ET e-T. (23) 



The Wiener-Khintchine theorem now leads to the spectral density of the 
fluctuations, 

.S,y(c0) = f-s,, <N(O) 2LT(T)?e’l cos (,JT (17 (24) 

2 1-F 

~ I-- 

F P 
(25) 

7rF 1 + <02 
+ ~4 +;F + - ~.) 

(I + fw-)-) 1 
WC translate this result to the usual cluantitics, viz., the fre(lutncy 
f = w/27cRaC and the current I L= P,+. 

First remark. In the derivation terms of order FJ and higher ha\x~ 
been discarded, Nevertheless (25) is correct up to order ~2, bcca~w no half- 
integer powers of F can occur. This is a consequence of the following in- 
variance property. If one changes simultaneously the signs of F and of nzi 
and 1923 (without changing the sign of No), then the equations (18) and also 
the initial conditions (20) remain the same. Hence the auto-correlation 
function (23) must remain the same, which means that it cannot contain 
odd powers of &I. 

Second remark. (25) differs from earlier results in that it has a th- 
nominator (1 + 09)~. This is not a material difference, howcavc’r, lx~iusc~ (25) 
may also be written as 

(26) 

In fact, it will be shown in section 10 that the correct ~~spr~‘ssion for thcb 
fluctuation spectrum is indeed of the type 

It may also be noted that one actually arrives at (26) rather than (25), if 
one solves (18) by means of the standard method for linear differential 
equations *), instead of by successive orders in F. However, this would 
be somewhat misleading, because (26) contains some of the higher order 
terms, but not all. 

(28) 
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or 

SI(f) = F[l -(I +-g)(ZnRoCf)-2+ . ..I. 

The first term constitutes the result of Alkemade 4). It shows that the 
&igh frequewy limit of the current fluctuations is not affected by the presence 

?f the non-linearity. In this section we shall demonstrate how this result 
can be found directly, without using an expansion in F. *) 

From the rigorous Wiener-Khintchine formula (24) an asymptotic ex- 
pansion for large o may be derived. The appropriate method is the method 
of stationary phase ; it provides the following recipe for obtaining the 
asymptotic expansion. First expand <N(O) N(T)>“9 formally in powers of 7, 

<N(o) A+)yq = <N(o)‘Y- + 7<N(O) N’(0)y + . . . . 

Next, substitute this in (24) and interchange summation and integration, 

So = z [(Ns).qlOw cos UT d7 + (NIL”)Bq/0m7 cos WT d7 + . ..I . 

Finally evaluate the divergent integrals by temporarily inserting a con- 
vergence factor e--OI. This causes the first integral to vanish, while the second 
integral is equal to - w-~, 

2 
S&7J) N - - 

TUo2 
<NN’)eq. 

In order to find 

(NLv’>eq = SoNoPeq (No) 
< 

1 d 
1 AE N(t) 1’ ,=O>No 

we note from (16a) 

<I 1 2~N(t)b,>No = - 1 + e--tE--ENo. 

Hence 

1 
i;Nn;‘)es = ~ SoNo-* 

EZ 
002 (_ 1 + e- 1E--E&l) = - + ) 

which gives the first term of (28). 
For the total asymptotic expansion of SAT(O) one finds in the same way 

SN(0) Ed:, (- -&)‘+l <N+p+l Ivy. 

*) In fact, contrary to a remark of Lax, Alkemade’s treatment is also valid for all orders of E. 
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The successive terms can be computed from this; the first two arc’ 

in agreement with (28). 

8. Validi& 01 the Fokker-Planck u$~pvoximatio~. Ia :L short time .I/ thrrc 
is a probability AAt for N to decrease by 1 , and a probabilit~~ .-1 e-- !~EPES _lt 

to increase by 1. Thus 

Hence the Fokker-Planck equation for our problem is 

It is clear that in this approximation N is to by regarded as a continuous 
variable. \.lJe shall now repeat our previous work for this al)prosimatc 
master equation and compare ~csults. 

Firstly one has to find the equilibrium distribution by sol\?ng (30) 
with a zero on the Icft. The result is 

This differs materially from the true Gaussian I w when :2: is largel. Howxavcr 
the peak is reproduced more or less correctly, as is scc~n from the loivcr 
moments : 

si(hT>k!;, :_ c-j($), &vq;;!i, = 1 + O({d), 

&V3)$ _ O(&) &v4);:, I 3 + O(P). 
(31) 

) 

Apart from the terms comprised in the symbol O(. .), tllcls:> arc thcs corrcxct 
values (compare (1 1) and ( 12)). 

Secondly, we compute the macroscopic I)henomcnological c,cluation 
that results from (30). Clearly from (30) follolvs 

This is itleI;tical with thcl exact cxprclssion (14). (doing to the limit F + 0 
one finds therefore exactly the same macroscopic equation (15) us befovc. 
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Thirdly, we compute the fluctuation spectrum. It is easily seen that 
both (16~~) and (16b) are reproduced exactly in the F-P approximation, 
but in the equation for the third moment the first two terms are lacking, 

--d (N3) = 3(N> + 3e-t& (N e--EN> - 3<N2> + 3 e-to (N2 ~-EN). 
Adt 

However, these two terms did not contribute to (18~) anyway, because they 
are of relative order ~1. Consequently, the F-P equation (30) leads to 
exactly the same formula (21). The only other things required for computing 
the spectrum were the equilibrium moments (22) ; as these are reproduced 
with sufficient accuracy (compare (31)), the conclusion is that the F-P 
approximation leads to the correct fluctuation spectrum in first order of E. 

Rem ark. When comparing the general hypotheses of the various 
authors with the present calculation, it should be borne in mind that 
actually this example is rather special. This is exhibited by the fact that 
there is only one essential parameter in the master equation, namely F. 
This parameter serves a dual purpose: on the one hand it measures the 
validity of the F-P approximation, on the other hand it determines the 
importance of the non-linear terms. That is the reason why the F-P equation 
camlot be used beyond the lowest terms in the non-linearity. A similar state 
of affairs prevails in the case of a heavy particle in a dilute gas (Rayleigh 
particle) *). Yet there is reason to expect that there exist fundamentally 
different situations. Both in the case of the diode and of the Rayleigh 
particle the non-linearity arises merely from the non-linearity of the Boltzmann 

factor. There are other systems in which the non-linearity arises from the 
actual mechanism that is responsible for the transitions. Examples are the 
diode with space charge; and the Rayleigh particle, when the non-linear 
corrections to Stokes’ law become important. As soon as the elementary 
transitions (like the individual jumps of the electrons in the diode, or the 
separate collisions of the gas molecules with the Rayleigh particle) are no 
longer statistically uncorrelated, a new non-linearity occurs, which is not 
due to the Boltzmann factor. Those systems necessarily involve more than 
one parameter; it may then be possible to manipulate these parameters in 
such a way as to improve the validity of the F-P approximation without 
destroying the non-linearity. However, examples of this second kind of 
non-linearity are probably much harder to calculate explicitly; it is not 
accidental that so far all models have been of the first kind! 

9. Fluctuations in non-eqzdibrium states. In this section we study the 
fluctuations in states that differ macroscopically from equilibrium. Such 

*) Lord Rayleigh, Scientific Papevs II (Cambridge 1902) p. 473, I am indebted to G. E. 

Uhlenbeck for drawing my attention to this case, and to A. Siegel for discussions. 
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states were treated in lowest order in section 4, WC shall now find the next 
order. Clearly an expansion in moments of N is no longer appropriate; 
instead we shall need the central moments. The second central moment for 
example obeys the equation 

d 

rl dt 
((N2) - (N>2} = 1 + ,-AE e-0 + 2ePA& <(,I: _ <,\TJ) ~-EI\‘>, (32) 

which follows directly from (16a) and ( 16b). We put 

<(N - <AQ)p> = E-?p I”p, (p m= 2, 3, . ..) 

and suppose ,u~ of order 1, in analogy with (17). Thus 

(e-E”> _ e-E(S’(I + 4~1’~~ _ $~:,(a) + O(F%). 

Using this expansion one finds for equation (16a) 

while (32) gives 

dii2 ’ _ 1 + c-F’.o 
dr 

(1 - 2/@ + E!,lQ) + O(F). 

Similarly one finds 

dP3 

dr 
= - 3!~3 e-““” + O(G). (33c) 

These equations can again be solved in successive orders of F. The zeroth 
order of (33a) is of course the macroscopic equation found in section 4: its 
solution is 

E<N) z=z lo&l -1 eTnPT), 
where 

(‘TO = eeclv’o _ 1, 

Substitute this in (33~) and solve 

The factor in parentheses can also be written as 

1 _ e--Ecs’ (1 _ q; 
(34) 

this does not become small until F(N) = - eV/KT itself is small. Hence !d3 
does not forget its initial value before equilibrium has been reached. For 
1~s one finds to lowest order 
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The coefficient of ,~s(0) involves again (34) ; this shows again that tke detailed 

structure of the initial distribution remains important during the whole process. 

It is of interest to write the next order of (N) too: 

E(N) = log(1 + e To-‘) - *F [log ‘l;e;.’ + 1’Q(T) - /&(O)] . 

It is here shown explicitly that (N) is not a function of T and Na alone, 
but also depends on ,LQ(O) and on C. Only in the limit C -+ co does one obtain 
a well-defined macroscopic equation. This illustrates the argument in 
section 4. 

Of course one is actually interested in a different kind of non-equilibrium 
states, namely steady states, i.e., states with constant average current. 
Such states, however, cannot exist in an isolated system, but require an 
external source or force. It may be questioned, whether it makes sense to 
speak about fluctuations in the system without taking into account the 
noise produced by the source. We cannot answer this question definitively, 
because we here only deal with isolated systems. Yet, the fact that in our 
non-steady states the details of the initial distribution cannot be neglected, 
strongly suggests that in the steady states the noise produced by the ex- 
ternal source cannot be disregarded either. 

Recently Bernard and Callen 6) have suggested that the approach to 
equilibrium should be represented by a distribution which at T = 0 has the 
form of a shifted equilibrium distribution, 

Pnc(Na; N, t) = (27~)~” e-1E(N--N0)2. 

This corresponds to the initial values 

<N>o = No, /M(O) = 1, p3(0) = 0. 

Using the equations derived above one finds first 

PZ(‘) = 1 + 
er+70 + 7e2s0 _ e70 

- 
e’ + era ’ 

and subsequently 

F(N) = log (1 + 

To first order in No 

‘-‘) - $& log 
[ 

1 + e’“-’ 

1 + e70 
+ 

eTO+7 
+ 

Te2T0 _ 

this reduces to 

<N> = No e-7 + O(N$) + O(G). 

e r + e’o 

The fact that here the linear law appears is not surprising, because ‘first 
order in No’ means 

1 > &NO = eVo/KT, 

where VO is the average potential at r = 0. 
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According to the so-called fluctuation-dissipation theorem the linear 

term in No is connected with the auto-corrc,lation function b> 

or 

F@(O) N(T)\ecl = p-7 + O(G). 

This disagrees with (23). There are two reasons for this tliscrcpancy. l;irstl!r, 

it is not correct to use 1’)13c(2ci,b; N, i) rather than Zj(No / :I’, t) for tli(t calcu- 

lation of the auto-correlation function *). Secondly, in the ccluilibrium 

distribution No is itself a quantity of order **) F-J ; one cannot thcreforc go 

to a linear approximation in No and expect to get the liighcr krms in 12 

correctly. 

Our conclusion is that the flzlctzlnfiolz-dissipntion flacovcw~ is ouly COYY~Y-f 

fw sufficiently large C, jar which the wltagc fIuctzLatiom wt so .sv~nll that thr 

non-linear terms aye unimportant. In that case the whole problem is linear, 

and the fluctuation-dissipation theorem reduccls to the Nyquist relation. 

10. The fluctuation specfr~m to izfinitc order of F. In ord(lr to solvc~ thcl 

master equation (3) we put 

so that !P and A must satisfy the cigenvaluc equation 

FY == ~ ?ti!P. (35) 

The systematic solution of this equation will bc published c~lsewhcrc~ ; hcrc 

we shall only verify the result and derive those properties that ;Lr(‘ nc~~lcd 

for calculating the fluctuation spectrum. 

The equilibrium distribution (4) provides one’ solution of (35), to \vit 

2 := 0, FCj(N) = (‘ fF.Yl ! ,i.Y. 
(36) 

We now verify by induction that thcx following cQcnvnluc)s and vigen- 
functions also satisfy (35), 

An = 1 _ e--nE, yf, =: ;; (1 _ (‘ -f(/t,- 0 E-1) Yo. (37) 
I: -1 

Suppose that for some index TZ > 0 

FY-, = {E - 1 + c(E-1 - 1) e-&Lv) !P, = - A,,!$‘),. (38) 
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One then has 

FYn+r = F(l - e-&nE-1) Y, 

= (1 - e-&nE-1) FYf/, - e-EniF, E-r] Y’,. 

The commutator of F and E-r is 

[F, E-l] = ((E-1 _ l)(e-&A’ E-l _ E-l e--ELI’) 

= [(E-r - 1) E-l(e-& - 1) e--EN. 

Hence 

FY,+r = - &(I - e-&n E-r) Y, 

= - e+n(e-E - 1) E-l {c(E-1 - 1) e+N Yn}. 

For the quantity ( } we substitute from (38) : 

FYm+r = - &!Pn+r - e-cn(e-E - 1) E-r (- 1% - E + 1) Y, 

= (e+% - 1) Y,+r - e-&“(e-& - l)(e-En E-r - 1) Yv, 

= (e-en - 1 + e-E(“+l) - e-En) y,+l 

= - 1 n-t1 y?a+1. q.e.d. 

For example, 

y1 = Y(){l - I+~+-~)) 

y2 = y,, (1 _ (1 + p) ,+-~-a& + $+-2v--c}, 

One easily sees that in general 

Qn = Yfi/Yo is a polynomial of degree n in esN. 

The term with the highest power of e EN is obtained by taking the highest 

possible power of E-r in (37) : 

&. kil (- e-e(k-l) E-1) y,, = (_ l)?Z e-ten(n-1) 
Yo(N - fi) 

WN) 

= (- l)me -En=+ $en--ljn egNn 
(39) 

We now prove the following orthogonalit?/ and normalization property, 

xDmYa== s-= 
Yo 

S,, Z een ;1- (1 - c+~). 
I;-, 

(40) 

According to (37) the left-hand side is also 

S@, fi (1 - e-@-r) E-1) IJJo = SIJJo ;;(I _ e-&(k-l) 
Wn. 

k=l k-l 

Take an arbitrary term eeNp of c&; one easily sees 

6 (1 - e- G--1) E) e&N~p = e&Np fi (1 _ e-E(k-1-P)). 

k-l k-l 

Physica 26 

(41) 
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l;or each 9 < n this product contains a factor zero. Hcncck (41) vanishes if 
IM < 1~. If $11 > PZ the left-hand side of (4) also vanishes because it is symmetric 
in YIZ and 11. Finally for wz :: n just one term of Qn survives in (41)) namcl?. 
the highest one, which has been calculated in (39). Ky some algebraic 
manipulations one then finds (40). 

For 11 = 0, (40) reduces to the definition (5) of %. We shall tlefinc w~rn~al- 
iced eigenfzinctions !F,1 as follows 

so that 

Once the eigenvalues and eigenfunctions of the master equation arc known, 
the fluctuation spectrum can be found from the relation #:) 

In order to compute the coefficient [ 1 write 

WY’,, = SY”,,_, (1 - F~(“+‘) E),T 

= (1 - (,-+‘)) SL$‘y+l - e 6(“_ ‘1 Sy/,,_l. 

For the last term the orthonormality property (40) yields 

SY’,_l = S@,J!P~~-1 = h,,,,%. 

Hence for PZ > 1 only the first term survives, giving rise to a rc‘currenct 
relation, with the result 

/L--l ,I -1 

SNYI, = n (1 - e-~k) SNy, _: - z 11 (1 - ct--a). 

1: 1 /C I 

Substituting in (43) while remembering the normalization (42) 

or, using the explicit value for A,, 
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Thus we find for SN(W) an analytic function of CO of the type anticipated 
in (27). The poles are for low n approximately given by 

f &JF = f i [n - &2322 + Q&423 - . _ .]. 

For n = 1 the first term of this series agrees with (26). For high n the poles 
accumulate towards f i/c, a feature that could not have been found by the 
expansion method. The first two of the coefficients in the numerators, 

ci = eeE = 1 - F + ie2 + . . . 

cs = e-2E( 1 - e+) = F - 2~~ + . . . 

also agree with (26). 
For the high frequency limit (44) yields 

2 x 
SN(W) N-p, 

Z& 0.G 
X = 5 e-En7;1(1 - c-Ek) 

n=l k-l 

This is in disagreement with (29), inasmuch as X is not identically equal 
to 1. Yet it should be noted that if X is expanded formally in F one finds 
that all terms but the first one vanish, 

x = 1 + O’F + O.&Z + . . . . 

This shows that the discrepancy consists of terms that are not analytic in 
E, and are small of infinite order of e. 

The reason why (44) is not rigorously correct is that when using (43) we 
have tacitly assumed the eigenfunctions lu, to be complete. This turns out 
to be incorrect: there exist other eigenfunctions with eigenvalues 

An’ = 1 + 5‘ e-&n. (--<m<+m) 

They give rise to additional terms in (44), which I have not yet been able to 
compute. It is interesting to note that the il, accumulate towards 1 from 
below, whereas the An’ accumulate towards 1 from above. This shows that 
the spectrum of relaxation times consists of two regions, separated by a 
discontinuity at 

EROC = e2RolkT. (45) 

The relaxation times below this dividing point contribute to the spectrum 
only terms whose expansions in E vanish in all orders. In other words, (44) 
is the result one would get by solving the master equation in successive 
orders of E and computing all orders, but it does not contain those terms 
that cannot be expanded in F. Hence we were justified in comparing the 
successive orders of (44) with (26). Moreover, in all practical cases the 
discrepancy will be extremely small. 

The dividing point (45) between both regions of the spectrum of relaxation 
times is equal to 1 /A, that is, the average time interval between two electron 
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jumps from electrode 1 to 2 (or vice versa). ‘I%~ rc’ason cvll>~ this cluantitJ 
shows up so conspicuously in the spectrum may bc roughly understood as 
follows. The electrons arc treated as almost entirely indqwndcnt of cwzh 
other; they only influence cwh other’s transition probability through the 
voltage. The fluctuations with frequencies w -<l =1 (i.c., with periods much 
greater than l/A) are statistical fluctuations involving a large number of 
electrons. They would give rise to a mean square charge on the condenser 
increasing linearly with time, if they were not kept in check bv the simul- 
taneous increase of the potential. Hence they have relaxation times pro- 
portional to C, like the KC-time itself. This is for instnncc cxhibitttd 1,~ 
the expression for .Sl(f) given in section 6. Thaw fluctuations may 1~~1 
regarded as a wmdificatiwa of tlw macroscopic picflwc oj all Arctvic flllid, 

arising from the discrete~mw of the charge carriers. On the other hand, the 
fluctuations with frequencies o >, .-I only involve individual plcctron 
transitions; their relaxation times (&)‘_-1)~1 arc therefore much less scnsitivc~ 
to C. These fluctuations may be regarded as a modification of the micvoscofiic 

fiictztre of inde$wade?zt particles, arising from their interaction through flzc 

wzacroscopic I’. Yet this rough explanation does not make clear ~vhy thrrcs 
should bc sucll a sharp dividing lint bc+wccn both t\jpc>s of bt~havionr. 

1) 
2) 
3) 

4) 

5) 

6) 

7) 


