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We outline the derivation of expressions for higher-order scattered electric field strengths, including
both multiple inter- and intraparticle scattering events, although only the former are of practical
interest. Next an ensemble-averaging procedure for calculating the averages of second-order quantities
is proposed and subsequently applied to derive equations for the average scattered intensity and the
intensity autocorrelation function including second-order scattering. From these equations iterative
schemes for correcting experimental data for double scattering are obtained. These iterative procedures
are discussed and applied to a well-defined colloidal system. © 1985AcademicPress,Inc.
1. INTRODUCTION

and Gelbart (1) by iteration (2-5). The inteThe experimental study of interactions be- gral equation is an equation in the electric
tween colloidal particles by means of light field strength as a function of position r and
scattering is hindered by the effect of multiple time t. The corresponding integral kernel
scattering. If the detected intensities are due contains the dipole propagation tensor, which
to single scattering events only, then the is too complicated to find any useful exact
interpretation of light scattering data is, at results (this is mainly due to the [rl-~ depenleast in principle, straightforward. If these dence of the tensor). This forces one to make
first-order intensities become large, relative assumptions which often are not satisfied in
to the incident intensity, double scattering practice, such as (a) the average interparticle
events may become important. That is, the distance is very large compared to the wavetotal scattered intensity includes, in addition length and (b) the particle size is very small
to the first-order intensity, a so-called second- compared to the wavelength. Thus an alterorder intensity, due to successive scattering native approach should be found, not in r
from two particles (or at two different points space but for example in k space via Fourier
within a single particle). To be able to inter- transformation. Indeed it is found that the
pret these perturbed scattering data, it is Fourier transform of a "modified" dipole
necessary to correct for double, or even propagation tensor has a much simpler form
higher-order scattering events in order to than the original "modified" tensor (see Eqs.
[8] and [11]).
obtain the first-order contribution.
A more extensive account of the subject
The usual approach to the problem of
treated
in this paper can be found in a thesis
multiple scattering in colloidal systems is
of
one
of
the authors (9).
essentially to solve the integral equation for
We outline the derivation of expressions
the electric field strength as given by Oxtoby
for the higher-order scattered electric field
strengths, propose an ensemble-averaging
* This paper is dedicated to Dr. Milton Kerker on the
procedure
to obtain second-order averaged
occasion of his 65th birthday.
quantities, and derive equations for the avPresent address: Universit~t Konstanz, Fakult/it •r
erage scattered intensity and the intensity
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autocorrelation function including second539
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order scattering events. From these equations
iterative procedures are derived for correcting
experimental data for double scattering in
order to obtain the first-order contributions.
The iterative schemes are applied to lightscattering data from a dispersion of silica
particles in toluene.
2. SCATTERED ELECTRIC FIELD
STRENGTHS (6)

From Eqs. [1]-[4] one easily derives the
following differential equation for the electric
field strength:
V(7, E(r)) - V2E(r) = #0c(r)JE(r).

[5]

Here and in the following (. • . , • • • ) denotes
the I~3 inner product. Fourier transforming
Eq. [5] with respect to r yields
[k 2 - kk - #0~o2]E(k)

Equations for nth-order scattered electric
field strengths are derived. It is assumed that
the assembly of Brownian particles is fixed
in space, so they do not translate or rotate.
This assumption involves two approximations. Retardation effects are neglected, and
in the Maxwell equations the free current
density is omitted. It is not difficult to confirm
the validity of these approximations.
The Maxwell equations are the starting
point of our discussion:
VAE(r, t) = - ~t B(r, t)

[la]

O
VAH(r, t) = ~ D(r, t)

[lb]

where E(r, t), B(r, t), H(r, t), and D(r, t) are
the electric field strength, the magnetic induction, the magnetic field strength, and the
dielectric displacement, respectively, all depending on the position r and the time t.
The materials in the scattering system are
assumed to behave as linear dielectrics, with
a magnetic susceptibility equal to that of
vacuum, #o:
D(r, t) = ~(r)E(r, t)

[2a]

B(r, t) = IzoH(r, t).

[2b]

Here 4r) is the dielectric constant in the
scattering system at r. Furthermore it is
assumed that the incident radiation is a
monochromatic plane wave,
Eo(r, t) = Eoexp{i(ko, r) - iwt)

[3]

and that the scattering process is elastic. The
scattered electric field strength is then of the
form
E(r, t) = E(r)exp{-ia~t}.
[4]
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= #ow 2 f (~(r) - e)E(r)exp(-i(k, r))dr

[6]

where
E(k) = f E(r)exp(-i(k, r)}dr

[7]

and e is the dielectric constant of the solvent.
Equation [6] is transformed into an integral
equation in E(k) inverting the tensor [k 2
-kk
/~0~0o 2] and expressing E(r) on the
right-hand side in terms of E(k). The inverse
of the tensor does not exist in the points
where ]kl = + f ~ 0 ~ J = +ko (ko is the magnitude of the wave vectors). This problem is
solved by letting the solvent be slightly absorbent. Then ~ contains a small imaginary
part ia, and the inverse of the tensor exists
for all (real) k. In resulting equations the
limit a I 0 will be taken. Actually this is a
standard way in solving linear partial differential equations within the theory of distributions. This mathematical tool is given a
physical interpretation here. Hence we write
for the inverse (use ko = ~0f~5~2):
k ~ - kk
T,(k) = kZ[k 2 _ (ko + ia) 2]

[8]

where a is a small real number, and ko is
understood to be real. It is now possible to
obtain the integral equation for the Fourier
transform of the electric field strength E(r)
E(k) = (27r)3Eo6(k - ko)
+ ~

T~(k) E

Bj(k' - k)

_

J

× exp(i(k' - k, rj))E(k')dk'

[9]
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where the summation extends over all particles, and
Bj(k) = fvj Aej(r)e exp{i(k, r)}dr

1

= lion(1 +

exp{i(k, r)}
k 2 - (ko + io~)2

[10]

where the integration ranges over the volume
Vj of particle j, with respect to a coordinate
system with its origin at rj, the so-called
position coordinate of particle j. In Eq. [10]
A~j(r) is the difference in the dielectric constant of particle j and the solvent at r with
respect to the coordinate system with its
origin at rj. If Aej(r) is small for all particles,
Eq. [9] can be solved by iteration (formally
applying a Neumann series expansion, i.e.,
the Banach fixed point theorem (10)). The
second- and higher-order iterated terms in
the thus obtained series solution contain
integrals ranging over all values of the wave
vectors. This does not reflect the elasticity of
the scattering process. It should be possible
to perform the integration over the magnitudes of the wave vectors. Indeed, using the
asymptotic behavior and the symmetry properties of the integrands, noting that T,(k) has
two first-order poles at k = ko + ia one can
perform the integration over the magnitudes
of the wave vectors by applying the residue
theorem. As a final step in the derivation,
the equations are Fourier inverted. The Fourier inversion can be performed first by substituting the definition [10] for Bj,(k,-1 - k),
and using the relation

l"(r)
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[

,

1

= 27r2 1 + kor

k~r2

3i

3 ]

1+

rr] exp{ikor}

k or ! 7 J

r
[11]

Finally the far field approximation of this
dipole propagation tensor is substituted,
"i'(r) = 27rz exp{ikor}
/.

× exp{-i(ks, r,)}T(ks)

[121

where ks is the wave vector which is finally
scattered toward the detector, and
kk
k2.

T(k) ~ 1

[131

The resulting equations where the limit a 1
0 is taken are
E(r) = ~ E,(r)

[ 14a]

n=l

with

2~rek~ exp{ ikor} No
E l ( r ) - (27r)3

r

Ej Bj(ko - ks)

X exp{/(ko - ks, rj)}T(ks)Eo

lim f dkT,(k)exp{i(k, r)}

[14b]

~£0 d

and
En(r) = 27r2k~ (koTri)n-1 exp{ikor} NINN.~.NNN2~ dS1 ~ dS2" " "~ dS,-2 ~ dS,
(2r) 3n
r
jlj2j3" " "jn-2jn-lj.
× Bj~(ko - kl)Bjz(kl - k2)" • • Bj.,_,(k.-2 - k._,)Bj.(k._l - ks)
× exp{i(k0 - kl, rjl)}exp{i(k, -- k2, rj2)} • • • exp{i(kn-2 - k,-l, rj,_,)}
× exp{i(k,_~ - ks, rj,)} × T(ks)T(k,_~)T(k,_2). • • T(k2)T(kl)E0;
The integrations ~ dSi (dSi is an infinitesimal
surface element) range over half-spherical
surfaces in ki space with radius k0, directed

l

n >~ 2.

[ 14c]

along the vector rji+l - rji (see Fig. 1). Equation
[14c] reflects the elasticity of the scattering
Journal of Colloid and Interface Science, Vol. 105, No. 2, June 1985
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i+I Ji

K1y
Klx

to the scattering from particle Jl towards
particle J2. In this case E2 equals a product
of E~'s. This contribution behaves as ]ri2
- rj,]-1/2. The contributions of k~ values near
the edge of the half-spherical surface behave
as Irj2 - rj, I-l, and are important if Irj2 - rj~]
becomes somewhat smaller. Since the k l
vectors on the edge are perpendicular to rj2
rj,, this shows that the physical interpretation of each single k 1 in the integrand in
Eq. [15] as an intermediate scattered wave
vector is somewhat oversimplified. Of course
the interpretation of E2 as the total double
scattering contribution stands. As the particles
J2 and jl approach each other, other k~ values
on the half-spherical surface contribute to
the integral in Eq. [15] as well. Hence one
might say that the half-spherical surface integrals take into account the fact that for the
intermediate scattering events the full dipole
propagation tensor is used in the derivation,
and not some useful approximation. For
example, using the far field approximation,
one will find E2 to be equal to a product of
E I ' S . Equation [15] is a generalization of
equations obtained in this way.
Equation [14] does not include two or
more successive scattering events within a
single particle. It is understood that no adjacent indices in the multiple summation in
Eq. [14] are equal. Whereas the interparticle
multiple scattering contribution depends on
the geometry of the scattering system, on the
particle number density, and on single particle
-

FIG. 1. The integration range in ~ dSi with the halfspherical surface oriented along the vector rj,+, - rj,.
Note that dSi = k2sin OdOdckwith 0 and q~the spherical
coordinates of kl.

process. Notice that in each term in the sum
o v e r j l • • "in the surfaces generally have different orientations. Nl and N2 are the number
of particles in that part of the scattering
system where the incident intensity is not
equal to zero, and in the part from which
scattered radiation can be detected, respectively. No is the number of particles in the
intersection of these two regions. N is the
total number of particles in the scattering
system. The definition of these numbers is
depicted in Fig. 2. For obvious reasons E,(r)
is interpreted as the nth-order scattered electric field strength.
What is the physical significance of the
half-spherical surface integrals? Consider for
example the second-order scattered electric
field strength:
27r3k3 exp{ ikor}
E2(r) = i (271.)6
r

scattering

X N~2 (~ dS1Bjl(ko-

system

kl)Bj2( kl -- ks)

JlJ2

X exp{i(ko - kl, rj,)}exp{i(kl - ks, rj2)}
X

T(ks)T(kl)E0.

[151

Suppose Irj2 -- rj]l is large, that is, the particles
Jl and J2 are far apart. The only values of kl
that contribute to the integral in that case
are those for which the phase i(kl, rj2 - rj~)
is stationary (7). There is one such kl, namely
FIG.
kl = ko'(rj2 - rjl)/lrj2 - rji], corresponding N2.
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detector
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The definition of the numbers No, N~, and
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properties, the intraparticle contribution depends only on the single particle properties.
It will be assumed that the difference in the
dielectric constant of the particles and the
solvent is small enough for all higher-order
intraparticle scattering contributions to be
neglected. Except in Section 3 where multiple
intraparticle scattering is considered, only
double scattering is discussed in the following,
and consequently the only equations of further interest are Eqs. [14] for n = 1 and
n = 2.
3. M U L T I P L E

SCATTERING

SINGLE

COLLOIDAL

Fourier inversion as in Section 2, again using
the relations [11] and [12], gives
oo

E(r) = ~ En(r)

[17a]

n=l

with

k~ exp{ikor}

El(r) - 4 r

r

exp{i(ko - ks, ro)}

X B(ko - ks)T(ks)Eo

[ 17b]

and
En(r) -

WITHIN
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1
ko2" exp{ ikor}
4 r (271")3n-3
r

PARTICLES

× exp{i(ko - ks, ro)} fvdrl fvdr2

Consider the one-particle problem. The
integral equation [9] in this case is
E(k) = (2~r)3Eo6(k - ko)

•

•

•

dr.

A4r2)..

°

AE(rn)
-

.IV

k~ V~(k) f B(k' - k)
+ (-~r)3

× exp{i(k' - k, ro))E(k')dk'

× exp{i(k0, rl)}exp{--i(ks, rn)}

where r0 is the position coordinate of the
particle. An iterated series expansion for E(k)
is obtained in the same way as for the
multiparticle problem. Substituting in each
term the definition o f B (Eq. [10]), and using
Eq. [ 11 ] one obtains
CX3

E(k) = ~ E.(k)

× T(k~)'i'(rn - r,-1)" • • "i'(r2 - rl)Eo;

[16]

[16a]

n >f 2.

[17c]

Equations [17] are the equivalent of Eqs.
[ 14] for the case of multiple scattering within
a single particle. If the ruth-order scattering
t e n s o r B(m)(ko, ks) is defined as
B(m)(k°' k s ) =

n=l

~v

drl

fv d r 2 . . . ~v drm Ae(rt)e

Ae(r2)
Ae(rm)
. . . .
exp{i(ko, rl)}

with

× .

El(k) = k2T~(k)B(ko - k)
× exp{i(ko - k, ro)}Eo

[16b]

× exp{-i(k~, rm))i'(rm - rm-l)
• ..T(r:-rl);

and

n >2

[181

Eq. [ 17c] may be written more compactly as

En(k) - (27r)3n-3r~(k) fvdrl fvdr2
E,(r)
• • • f drn A4rl) A4r2____).. , A4r.)
-

- ks, ro)}'l'(ks)B~n)(ko, ks)Eo.

"IV

× exp{i(ko, r~ + ro))exp{-i(k, r. + ro)}
"i'(r. - r.-1)- • -'i'(r2 - r0Eo;

1
k 2" exp{ikor} exp{i(ko
47r (27r)3n 3
r

n >/2.

[16c]

[19]

This equation should be compared to Eq.
[17b], which is formally equivalent if for
n = 1, B ~n) is defined as (I is the identity)

B(l)(ko,

ks) = IB(ko - ks).

[20]
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A combination of inter- and intraparticle
multiple scattering can be described without
any difficulty, in the same way that Eqs. [14]
and [17] are derived. The solution of the full
multiple scattering problem including both
multiple inter- and intraparticle scattering is
obtained by replacing in Eqs. [14] B j I B j 2 . . .
Bj.T(ks)T(kn_l)" • • T(kz)T(kl) by the ordered
tensor product (am = [k2o/(27r)3]m-1):

order scattering and assuming monodispersity, leads to
R = R1 + R2
[21]
where R is the experimental Rayleigh ratio,
RI is the well-known first-order contribution,
47rak 4
Rl(lko - kd, no, ns) - (27r)6 pv2P([ko - ks[)

× S(Iko - ks[)(T(ks)no, ns)2,

~3

r(ks)[ ~

araB)'.(m)(ks, kn-1)]T(kn-l)" " "T(kl)

m=l
oo

X [Z

(m)( k l , ko)].
amB)~

m=l

As was mentioned before, in the following
we will assume that differences in the dielectric constants of the Brownian particles and
the solvent are small enough for intraparticle
multiple scattering to be neglected.

[22]

where no(ns) is the polarization of the incident
(detected) radiation, P is the form factor
defined as IBI2/v e (v being the volume of a
particle), S is the structure factor, and
R2(ko, ks, no, ns)
4a'6k 6
-

1 NIN2NIN2 [~

~

(2~-)12 Vs j, j2j3j4 ~Jh

dSl

dg2

× B(ko - k l ) B ( k l - ks)B(k0 - kz)
4. STATIC LIGHT SCATTERING

In Eq. [15] both the integration range (the
direction of rj2 - rj-,) and the integrand are
stochastic variables. It is impossible to do the
ensemble-averaging to obtain averaged scattered intensities, rigorously. If the scattering
system has a center of symmetry, and the x y
plane spanned by k0 and ks (ko ¢ -+ks) is a
plane of symmetry, one may argue that the
averaging of the directions rn - rj, will orientate the half-spherical surfaces along the
positive (or negative) z axis (8). Then the
averaging of the magnitudes ]rj2 - r j l [ may
be performed in the integrand. Remember
that at least for spherical particles the probability function of rj2 and rjl depends on Irj/
- rj, I only. Furthermore, Bj~ is a function of
the orientation of particle Ji only. For spherical particles then, Bji is not a stochastic
variable, but some deterministic function of
(k). Hence we direct all surfaces in Eq. [15]
along the positive z axis, treat Bj~ as given
functions, and average the phase functions
in the integrand with respect to rj2 and r:l.
The ensemble-averaging procedure outlined above, neglecting third- and higherJournal of Colloid and Interface Science, Vol. 105, No, 2, June 1985

× B(k2 - ks)(" • • )(ns, "l'(ks)T(kl)no)
× (ns, T(ks)T(k2)no),

[23]

is the second-order contribution where Vs is
the volume containing the No particles (see
Fig. 2). The ensemble average ( . • • ) in Eq.
[23] is given by
(...)

--= (exp{i(ko - k,, rjl)}

× exp{-i(ko - k2, rj3)}
× exp{i(kl -- ks, rj2)}
× exp{-i(k2 - ks, rj4)}).

[24]

This four-point average can be written as a
product of two two-point averages if one
assumes that N2o/NIN2 ~ 1.2 In that case the
vast majority of the particles jl and J3 (which
are in the volume//1, the illuminated volume;
see Fig. 2) are statistically independent of the
2 In practice this inequality is almost always satisfied.
However, it may be replaced by the assumption that the

range of interactions (static as well as dynamic) is very
small compared to the dimensions of the scattering
system, since in that case the vast majority of the
particles Jl and J3 are independent during the total
measuring time in an experiment.

L I G H T SCATTERING IN C O L L O I D A L DISPERSIONS

particles j2 and J4 (which are in V2, the
detected volume), and ( . . . > may be approximated by
<...>

R2(ko, ks, no, ns)
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47r6k 6 VI V2
Vs

= (27r)12

× ~ dSl[pV2P([ko - kll) S(]ko - k~l)

: (exp{i(k0 - k,, rj,)}

× exp{-i(ko - kz, rj~)}>

× S(Iko - kxl)pv2p(lkx - ks[) S(Ikl - ks[)

× (exp{i(k, - ks, rj2)}

× S([kl - kd)(ns, T(ks)T(k0n0)ZG(kl) [27]

× exp{-i(k2 - ks, rj,))>.

[25]

Using the translational invariance of the
probability density function of the position
coordinates of two particles one finds

where

G(k0 = 9q

eXp{i(k2
fv
dS2

- kl, r)}dr

1

VI

N1NI

Y, (exp{i(ko - k,, rj,)}

L

exp{/(kt - k2, r)}dr

J l j3

×

v2

× exp{-i(ko - k2, rg3)})
= pV, S([ko

k~l)

-

fv exp{i(k2
×

kl, r)}dr

1

,

v~

[26a1

and
NZN2

(exp{i(k~ - ks, rj2))

j2j4
× exp{-i(k2 - ks, rj4))>
= pV2S(Ik2

-

ksl)

fv2 eXp{ i(kl - k2,
×

V2

is a function completely determined by the
geometry of the scattering system and the
magnitude of the wave vectors. This function
describes the interference of field strengths
scattered from different points in V1 and V>
Notice that the function varies with the scattering angle through its integration ranges V1
and V2. It thus turns out that the geometry
of the scattering system plays an important
role as far as double scattering is concerned.
Notice that with Eq. [22], R2 can be expressed
in terms of R vv (VV stands for vertically
polarized incident and detected radiation)

1

r))dr

[28]

V1V2

R2(k0, ks, llo, ns) - 4~r2k2 Vs
[26b]

Notice that the right-hand sides of Eqs. [26]
contain a factor which is very similar to the
square root of the form factors of the (macroscopic) volumes 111 and V2. If the wavelength is much smaller than the smallest
dimension of V~ and V2--in practice this is
always the case--these form factors very
rapidly drop to zero if [kl - k21 is not equal
to zero. Hence, in Eq. [23], after substitution
of Eqs. [26], k 2 c a n be replaced by k~ except
in the form factors, and the integration over
k2 is performed only over the product of the
form factors:

× ~ dSlRVV(ko - kl)RVV(kl - ks)
× (ns, T(ks)T(kl)no)2G(k0.

[29]

From this equation one can obtain an iterative correction procedure for double scattering; this procedure will be discussed shortly.
5. D Y N A M I C LIGHqF SCATTERING

From Eqs. [14] it can be seen that both
E1 and E 2 a r e Gaussian stochastic variables
(8). Therefore the Siegert relation applies to
both E1 and E::
Journal of Cofloid and Interface Science, Vol. 105, No. 2, June 1985
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_

_X RVV(k, - ks)~VV'/2(k, - ks, t)

1 ¢
+ - - I((El(r, 0), n~)(E*(r, t), i~))l 2
4 #0
and
(i=(O)i2(t)) = (i2)2

..

× (ns, T(ks)T(kl)no)2G(kl)

where
is the ifirst-order Correlation function for vertically incident and detected ra• diation. For spherical particles one has

1 ~

q~VV(k, t) = exp{-2D(k)[kl2t}

+ ~ ~ I((E=(r, 0), n~)(E~'(r, t), l~))l 2. [30]

[34]

~blvv

[35]

where D(k) is the effective diffusion coem-

Here i(t)is the instantaneous scattered inten- cient, and k = k0 - ks, In Eq. [35] the k
sity. Due to the assumption N2/N~N= ~ 1, dependence of ~vv is denoted explicitly. Noone can use approximate equations like. rice that Eq. [34] is identical to Eq. [29], the
(il(O)i2(t)) = (il)(i2) and (EI(O)E=(t)) = 0 ~static light scattering ~formula, except that
R vv is replaced by RVV¢vv'a t
etc. After some algebra, using the fact that
......
()"
functions like (fvexp{i(k, r)}dr)/V are effec- • . . . . . . . . . . . . . .
tively zero for k ¢ 0 if V is macroscopic, o n e - 6. ' C O R R E C T I O N F O R D O U B L E S C A T T E R I N G
then obtains
::-Equations [29] a n d [34] may be written as
e (l(E,(r,
o)
( i(O)i( t) ) = -~1 I~o
• "
R = R~ + T(R vv)
[36a]

+ E2(r, 0), n01=l(E,(r, t) + E2(r, t), n~l2)

R~UZ(t) = gi~]/2(t) + Z(RVVdpVVl/2(t)). [36b]

1

= (i)2 + 4 ~o I((El(r, 0), ns)(E~(r, t), ns))

+ ((Ez(r, 0), n3(E~(r, t), n0)l = [31]
where • denotes complex conjugation. The
ensemble averages can be calculated in the
same way as for the static light scattering
case. For the "normalized" intensity autocorrelation function defined as

4~(t) = (i(O)i(t)) - (i)2
(i)2

[321

the relation

R~'/a(t) = Rl¢l/2(t) + Ra¢&n(t)

and

[33]

is found where ¢~(~2) is the autocorrelation
function Eq. [32] with i1(i2) substituted for i.
The term R2ff12/2(t) gives the second-order
contribution to the experimental quantity
Rq~l/2(t)

1
VIV 2
R2~bllZ(t) = 47r2k02 Vs

× C~ dS,RVV(ko -- k,)~bvv'a(ko - kl, t)
J
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These :equations define the nonlinear operator
T:

!

vlv2

J - - 47r21q~' Vs ~ d S l f ( k o - kl)f(kx -- ks)
X (li~,
..
_ "l'(ks)'l'(kl)no)2G(kl). [37]
In Eqs. [36] the quantities R and Rqg/2(/) are
known functions, found from experiments.
Consider VV experiments, in which the incident and detected radiation are vertically
polarized. Equations [36] m a y t h e n be considered as nonlinear Fredholm integral equations of the second:kind in R vv and evv(t),
respectively, if in Eq. [36b] we assume R vv
and R~TM to be known (to be obtained from
Eq. [36a]). The integral equations can be
solved by iteration if the operator norm of T
is less than unity (10). This is the case if
R vv is small enough, depending on the geometry of the scattering system. The iterafive
schemes are
RVV = R V V , T(RI.,--I),
vv ;
--

r> 1

[38a]
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and
4hv v =

I( 1

-~- "~l)q~ VVI/2

1

/~1 T(Rl(]IlVrVl-'~)

12

~bvv (this follows from the uniqueness of the
solution of Eqs. [36]).

;

7. EXPERIMENTAL

r >/ 1

[38b1

where for brevity we denoted R1 -= R vv and
R2 --- R vv and omitted the time dependence
of all ~b's, In these schemes we defined RlV~
---- R vv and qSl
vv = 4~vv. Hence as a first
approximation the second-order contributions
are calculated (numerically) by substituting
the experimental VV data in Eq. [29] or Eq.
[34] for the first-order function. Eqs. [38]
give a first-order approximation for the firstorder functions R~,v and vv
t,~ • These functions
are used in the same way to calculate a better
approximation for the second-order quantities, etc. The solution for the first-order contribution is given by
R vv = lim R1vv

[39a]

r~oo

and
ovv = lim ~l,r.
vv

[39b]

r~oo

O f course in practice the iteration is stopped
when successive differences between the iterated functions are (much) less than the
estimated experimental errors. I f the correction for double scattering is considerable (say
R V V / R v v >~ 0.3) one may apply the following
iterative schemes instead of the schemes in
Eqs. [38]:
R1v v - R v v +

vv
Rl,r-I
2

1 T(RV v ~.

2

I

4~,,r (t) =

Z ( K z)

~ l,r-l),

r >/ 1
vv

[40a]
V.
J

2.VVI/2
(1 + R2/Rl)4~vv~/2(t) + Uq,r-1
2

1
VVU2
- 2R1 T(RlCbl,r-1)

To apply the iterative correction procedures
the geometry of the scattering system must
be known, since the geometrical function,
Eq. [28], is part of the kernel of the integral
operator T, Eqs. [38]. We used 2-cm-diameter
cylindrical cuvettes with cylindrical incident
and detected beams of radiation, as schematically depicted in Fig. 3. To prevent large
experimental errors in the geometry of the
scattering system due to small misalignments,
the radius of the incident beam is taken
much larger than the radius of the detected
beam. In determining the geometry one
should take into account refraction at optical
boundaries: the toluene bath (serving as a
thermostat) and the cuvette. In the present
case the radii of the incident and detected
beams were 2.03 and 0.285 mm, respectively.
Due to refraction of the beams at the boundary o f the cuvette these radii depend inversely
proportionally on the refractive index of the
dispersion in the cuvette, which in the present
case was 1.505. The integrals ranging over
V1 and V2 occurring in the geometrical function can be evaluated explicitly (with respect
to the coordinate system as depicted in Fig.
3):

.

,

r>/ 1.

,,

[40b]

For large corrections these schemes converge
faster to the same limiting functions R vv and

~

'

dSi

"
-.

,,U

.

a
.

.

.

I Y(Ky)

"

a2

a

FIG. 3. The coordinate system with respect to which
polarizations and integrations are defined.
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G(k0

=

( 4 ) 2 q~adS2~sin[½(k2-k1)2L]sin[l(k2-k1)lLsinOs+1(k2-k1)zLc°sOs]-~zz---ki)z----L
~2--kl~lLS~n-O~-~--~22---kT~2Lc~s-O~

× f(V[k2 - k~]2 - (k2 - k~)2" a l ) f 0 / l k 2

- k~l 2 - [(k2 - k,)lsin 0s + (k2 - kl)2COS 0s]2. a2)

[41]
where (k2 - ki), is the ath component of k2
k~ (a = 1, 2, or 3), and

may become important at these angles. As a
consequence the iterative schemes should be
f(ka) = ~
d4) do p exp{iko cos 4~} applied in an intermediate scattering angle
range, and in each iterative step results must
be extrapolated towards the small and large
_ a-J~(ka)
2ka
[42] angles. We found, depending somewhat on
the amount of multiple scattering, that results
Here J1 is the first-order Bessel function, L should be extrapolated from the scattering
is the diameter of the cuvette (2 cm), a~ and angle range .~ (20 °, 160°). The extrapolations
a2 are the radii of the incident beam (2.03 toward the small angles can be done by
mm) and the detected beam (0.285 mm), means of a Guinier plot: In R versus K 2
respectively, and 0s is the scattering angle = [ko - ks[2 is extrapolated linearly. The
(the smallest angle between ko and ks).
extrapolation toward the large angles is not
Static and dynamic experiments were per- difficult, since the K range corresponding to
formed on the same apparatus, using an the angle range (160 ° , 180 ° ) is very small.
argon laser (Spectra Physics Model 165) at
The results of the procedure for static light
488-nm wavelength, and a Malvern correlator scattering for a number of concentrations
(Type K 7025).
(see Table I) are shown in Fig. 4. For sample
To correct experimental Rayleigh ratios 1, which is the largest concentration, the
for attenuation (by multiplication with iterative scheme does converge, but yields
exp{rL}) we measured the turbidities r on a values of R vv which are larger than the
Bausch & Lomb Spectronic spectrometer.
corrected R vv for most scattering angles. It
The experiments were performed on a is obvious that this sample shows too much
colloidal dispersion of silica particles with multiple scattering to give any reliable cothydrodynamic radius 39 + 3 nm in toluene.
The particles are ~ 10% polydisperse in radius, as determined from electron microTABLE I
graphs. Furthermore, for the geometry used
The Concentrations, Turbidities, and M a x i m u m
here, NZ/N1N2 ~ 0.001 (at 90 ° scattering
Relative Corrections for Static Light Scattering Data for
angle). We expect the theory given in the Samples 1-5
previous sections to hold in this case.
-

Concentration

7.1 Application of the Iterative
Correction Procedures
It is found that the Rayleigh ratio R vv
(VV stands for vertically polarized incident
and detected radiation) becomes small for
large and small scattering angles. Therefore
triple- and/or higher-order scattering events
Journal of Colloid and Interface Science, Vol. 105, No. 2, June 1985

Sample

[g/cm3]

1
2
3
4
5

0.0275
0.0169
0.0115
0.0084
0.0008

Volume Turbidity
fraction~

[cm-I]

(R~V/R~)~

0.016
0.010
0.007
0.005
0.005

1.01
0.62
0.42
0.31
0.02

>1
0.43
0.25
0.10
0.01

a Calculated from the weight concentration using 1.7
g/cm 3 for t h e particle mass density.
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contrast variation experiments. For the results
of such experiments we refer to Ref. (6). It
is found that the agreement between experi2.~0-0"0-0-0-- 020-0-0-0-0.0~m e n t and theoretical calculations, and the
results of the contrast variation experiments
are very satisfactory.
Especially at small scattering angles, triple
~0-0-0~0. 0
scattering shows up very clearly in the intensity autocorrelation function at short times,
since the decay time of triply scattered intensities, at least at the smaller scattering angles,
say 0s < 35 °, is very m u c h smaller than the
decay times for both doubly and singly scattered intensities. In the iterative schemes
those times are considered for which the
triply scattered intensities are decayed to
zero; t > T. It is found that, depending
K2xl0,s[ -2] b
slightly on the a m o u n t of multiple scattering,
FIG. 4. The logarithm of VV Rayleigh ratios vs K 2 one should take ~b~(T) ~ 0.7-0.9. Further= Iko - lql2 for a number of concentrations. O, Experi- more, for t > T the logarithm of the corremental curves, --, double scattering corrected curves. lation functions could not be fitted with a
The numbers refer to the concentrations as given in second-order polynomial in t (the so-called
Table I. All Rayleigh ratios are corrected for attenuation.
second cumulant fit). Therefore we fitted the
Rayleigh ratios are given in m -j.
logarithm of the correlation function linearly
in the time interval (T, To), where 4h(T0)
0.4-0.6. O f course one could also do a
rected Rayleigh ratios. For the remaining linear fit in a time interval (T', T~) with say
samples with lower concentrations and hence 4h(T') ~ 0.5 and 4h(T0) ~ 0.2, and find
less multiple scattering, corrected results are different slopes, i.e., apparent diffusion coefreliable, and are given by the full curves in ficients. If, however, the iterative schemes are
Fig. 4. After correction, straight Guinier plots applied in the appropriate time intervals, the
are found, as expected. Furthermore, concen- corrected results coincide, since the iterative
trations are low enough to neglect the effects
of interaction between Brownian particles on
I
I
I
the slopes of these plots, and the slopes of
the corrected curves should be the same.
3
Indeed within experimental error this was
found to be the case. The corresponding
double scattered Rayleigh ratios are plotted
3
in Fig. 5, showing that these ratios are indeed
small at small and large scattering angles.
J l
I
I
Once the first-order Rayleigh ratios are

3.sl~
I I I 0.0_0__'
3~. 0-0-0- 0 ~0 -0 - O ~0"0~

known, depolarized Rayleigh ratios can be
calculated (just change the polarizations no
and ns in Eqs. [22] and [29]), and compared
directly with experimental data. An independent test of the iterative procedure involves

FIG. 5. The second-order VV Rayleigh ratios vs K
= Jko - ksJ. The numbers refer to the concentrations as
given in Table I.
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schemes correct for these differences in slope
caused by double scattering. We fitted the
correlation function in a time interval with
T chosen as small as possible, to prevent
higher-order cumulants due to polydispersity
from becoming important.
At large scattering angles the decay times
of doubly and singly scattered intensities
become equal, and one would expect the
experimental ("apparent") diffusion coefficients to become equal to the first-order
diffusion coefficient. This is indeed the case
as can be seen from Fig. 6. Since the double
scattering contribution to the scattered intensity is at its m a x i m u m at intermediate scattering angles, the apparent diffusion coefficient as a function of K = Iko - ksl shows a
m a x i m u m there. It is found that the corrected
diffusion coefficients coincide with the "infinite diluted" experimental curve within experimental error (sample 5), as they should,
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since interaction effects on the diffusion coefficient at these low concentrations are unimportant.
The iterative scheme m a y also be applied
to correlation functions which have a form
that differs from Eq. [35]. Instead of fitting
in each iterative step in the case of a multiparameter fit, a safer way to correct for
double scattering is to apply the iterative
scheme on the correlation function values
4~(K, t) themselves and fit only the resulting
corrected correlation function.
As in the static light scattering case, depolarized correlation functions m a y be calculated from first-order results and directly
compared to experimental functions, and
contrast variation experiments m a y be performed to verify the theory. These experiments are described in Ref. (8). Results are
very satisfactory, just as they were in the
static light scattering case. An important result
is that the decay time of second-order correlation functions changes only ~ 2 0 % over
the scattering angle range ~ (20 °, 160°).
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FIG. 6. Diffusion coefficientsfor a number of concentrations vs K = Ik0 - 141. The numbers refer to the
concentrations as given in Table I. (×) Experimental
curves. (---, , - -) curves for sample Nos. 2, 3, and
4, respectively,obtained after correction for double scattering. The points [] at K = 0 are obtained by means of
a linear extrapolation of D vs K2 for small K.
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8. S U M M A R Y

We derived equations for the total scattered
electric field strength from a system of
Brownian particles fixed in space, assuming
that
(i) all materials in the scattering system
are linear dielectrics with a magnetic susceptibility equal to that of free space,
(ii) the scattering process is elastic, and
the reaction of matter on the incident field
strength is instantaneous,
(iii) differences in the dielectric constants
of the solvent and the Brownian particles are
small.
In order to obtain useful equations for the
average scattered intensity and the intensity
autocorrelation function, it is furthermore
assumed that
(iv) intraparticle multiple scattering is unimportant.
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(v) only second-order (and of course first- the iterative procedure to correct for double
order) interparticle scattering is of impor- scattering.
tance,
(vi) the geometry of the scattering system
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