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Synopsis 

As in a previous paperl) an elastically bound particle, linearly coupled with a bath 
of small oscillators, is considered. At the initial time the bath is chosen in thermal 
equilibrium with temperature T. In the classical case the distribution function for the 
momentum and displacement of the particle is calculated exactly. It turns out that 
under the same assumptions needed for the derivation of the Langevin equationl), 
this distribution function satisfies a Fokker-Planck equation for times large compared 
to a transient time 7t. 

In the quantummechanical case the probability to find the particle at time t in an 
eigenstate of its unperturbed Hamiltonian is also calculated exactly. If in addition to 
the above mentioned assumptions the phases of the initial state of the particle are 
chosen randomly, this probability satisfies a master equation for times large compared 
to 7t and 7q = fi./kT, the quantumstatistical transient time. 

The main point in this treatment is that perturbation theory is not applied and that 
therefore averaging over the bath of small oscillators and over the phases of the state 
of the particle is only needed at the initial time. 

1. Introdz~ction. In a previous paperl) (quoted in the following as I) a 

model was treated which consists of a harmonic oscillator, linearly coupled 
with a bath of small oscillators. It was shown that the motion of that 
oscillator was governed by a Langevin equation, provided some assumptions 
and restrictions about the interaction and the time region were made. In 
the present paper we will calculate exactly the distribution function of the 
momentum and coordinate of the oscillator, assuming that the bath of 
small oscillators is in thermal equilibrium at the initial time (sect. 2). By 
means of this distribution function we obtain exact expressions for the 
higher moments of the momentum and coordinate (sect. 3). Furthermore, 
it will be shown that this distribution function satisfies a Fokker-Planck e- 
quation if we make the same approximations and restrictions as in I sect. 11. 

If one writes the Langevin equation of the central oscillator as two first 

- 56 - 
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order differential equations 

Q =P, 

P = -S;Q - 2rP + F(t), 

it is clear that the corresponding Markoff process 
Therefore we have to look for a distribution function 

P and Q, f(p, Q). 

(1) 

is two-dimensional. 
of the two variables 

Since in quantum mechanics P and Q are canonically conjugate variables 
one cannot choose for P and Q independent initial values. Therefore one 
has to take an appropriate initial wave packet for the central oscillator. 
This has been discussed by Br aun G u i t 1 e r 2) for his model. We will 
restrict ourselves with respect to the F.-P. equation to the classical case 
(sect. 4). 

In the quantummechanical case, however, it is more natural to look for a 
distribution function of the eigenstates of the central oscillator. This will 
be calculated exactly in sect. 6. Making the same additional restrictions as 
in I sect. 11 one deduces that this distribution function satisfies a master 
equation. We will find again a quantumstatistical transient time. Further- 
more, this master equation reduces in the classical limit to the F.-P. equation 
for the distribution function of the energy of the central oscillator (sect. 

7). 
As known from conventional theories (cf. e.g. Uhlenbeck and Orn- 

steins), and Kramers4)) one can deduce the F.-P. equation from the 
Langevin equation and vice versa. In the present model the main point is 
that both these equations are derived by first deducing exact expressions 
for the equation of motion and the distribution function and finally making 
some approximations and restrictions to obtain the familiar equations. 
Similarly, in the derivation of the master equation we don’t apply pertur- 
bation theory, but make only approximations in the exact expression for 
the probability of state. 

2. Distributio?t function. First we consider again a system consisting of N 
harmonic oscillators of which the Hamiltonian is given by eq. (1.1). We 
choose the initial momentum and coordinate of the central oscillator fixed, 
PO and Qo, and the bath of small oscillators at t = 0 in thermal equilibrium 
with temperature T. Accordingly, the initial distribution of the whole 
system is given by 

f(% Q: ; {Pm qn}; 0) = 

= ??fi(Pi - PO) S(Qz - Qo) IJ exp (Pi + ~3z) - ) (2) 

12 2kT 1 
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where % represents the normalization constant 

,1=,$. (3) 

Now the conditional probability function that the momentum and coordi- 

nate of the central oscillator have the values P and Q at time t with fixed 

values PO and Qa at time zero, is given by 

f(p> Q,tlPotQo) = j:.. jmdp~dQ::dpldql...dPladq, x 
--on -co 

x 6(P - AP; - A’Qf, - c {A& + A’nqn}) x 
n 

x S(Q - APIj -AQ: - Z {&pn+&~n)) x 
n 

x f(J’:, Q:; (Pm 4%); 0). (4 

Here 6 represents the delta function. Furthermore, we used the solutions 
of the equations of motion (1.7). After inserting eq. (2) into eq. (4) one 

integrates over Pz and Qz. Subsequently we replace the remaining delta 

functions by their Fourier transforms; e.g. 

d(P - APO - A’Qo - c {i&&n + A’nqn}) = 
n 

= (232-i /+mdr exp[ir(P - APO - A’Qo)] x 
-co 

x exp[--ir C {Adh + Adh}l. 
71 

Now we define 

P = P - APO - A’Q,,, Q = Q - APO - AQo, 

Straightforward calculation yields for the conditional probability 

f(P, Qt tIPa Qo) = 2nkT(ul;2 _ a2)t * 

3 

C 

1 

eexp - 
2kT(aros - C;) 

This represents a Gaussian distribution of 

that 

(d2 + 203p& + ‘J24 . 

(5) 

(6) 

(7) 

(8) 

P and Q. In app. A.e. it is shown 

q(t) = q2 - AZ(t) - L$@(t), (9) 

a2(t) = 1 - h(t) - @AZ(t). (10) 
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Here Szi is defined by eq. (A.5) and A(t) by (cf. eqs. (1.9)) 

A(t) = - c x;,s,z cos s,t. (11) 
Y 

For the existence of eq. (8) it is needed that 

(Tig2 - G; > 0, (12) 

for t > 0. This is shown in app. A.f. 
Eq. (8) is an exact expression. Now we make the same assumptions as in 

I sect. 5; i.e. 

1. the frequencies of the bath of small oscillators are dense (N -+ oo), and 

2. the strength function satisfies the Holder condition and varies slowly 
in the neighbourhood of L&. 

In that case A, A and A containafactorexp[-22rt] fort> it (cf. eq. (1.33)). 
Substituting these expressions for A, A and A into the eqs. (9) and (10) 
one obtains to first order in r/.0 for the distribution function, 

fP> Q, tlJ=o, Qd = 2nkT(1 ” e-2rt)3 x 

[ 

[ 1 - e-2rt (1 + r&P1 sin 2J%)] P2 + 

Xexp - 
+4IPQ e-2rt sinsOt+Qs[ 1 -e-2rt (1 -r!Z1 sin 2L&)] Q2 

2KT(l - e-2rt) 1 * (13) 
Clearly, one obtains for t + co the Maxwell-Boltzmann distribution of the 

harmonic oscillator. If one takes into account higher order terms in r/G 
one finds a more complicated expression which, however, does not exhibit 

an essential different behaviour. In that case f(P, Q, t]Pe, Qe) tends for 
t --f 00 to the Maxwell-Boltzmann distribution of a harmonic oscillator 
with the shifted frequency Szi (cf. eq. (1.31)), where 

(14) 

If one chooses at t = 0 an arbitrary distribution function, #‘a, Qe), for 
the central oscillator, the distribution at time t is given by 

f(P, Q, tlg) = /dPo dQo f(J’> Q, tlJ’o> Qo) g(Po, Qo), (15) 

which tends to the same equilibrium distribution as f(P, Q, t 1 PO, Qa). 
In the present theory the bath of small oscillators is chosen at t = 0 in 

thermal equilibrium with temperature T, corresponding to a canonical 
ensemble. Obviously, one finds the same results if one chooses a micro- 
canonical ensemble with energy E. Then in the results kT must be replaced 
by E = E/N. 
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3. Averages and flzlctzcations. From the distribution function (8) follow 
immediately the averages and fluctuations of P and Q; here we restrict 
ourselves to the case that at t = 0 the distribution function is a delta 
function. One verifies readily (cf. also eq. (1.36)) 

<P> = &I + A’Q,, <Q> = APO + AQo, (16) 

(Q2> - <Q>2 = kTol, <P2> - <P>2 = kTa2, 

<pQ> - <J’><Q> = kTa3. 
(17) 

If the assumptions, mentioned in sect. 2, are valid one gets for infinitely 
large times 

<P> = 0, <Q> = 0, <pQ> = 0, 

<P2> = kT, L’; <Q2> = kT. 
(18) 

This corresponds to equilibrium and the correlation between momentum 
and displacement is lost. 

4. Fokker-Planck equation. In the following we assume again that the 
spectrum of the small oscillators is dense and that the strength function 
varies smoothly in the neighbourhood of a,-,. This implies the validity of 
(cf. I sect. 5) 

A’ + 2rA + &?;A = 0, t > 7t. (19) 

Using this relation one verifies easily that the time derivatives of the first 
and second moments of P and Q, given by the relations (16) and (17), are 
identical to the corresponding quantities, which one derives from the 
equation *) 

ay' 
Pf' -I- 2rkT aPz, t s 7t. (20) 

Since f (P, Q, t I PO, Qo) is a Gaussian distribution it is fixed by its first and 
second moments (16) and (17). As is known, the solution of eq. (20) is a 
Gaussian distribution in P and Q if f’(P, Q, t = 0) = 6(P - PO) S(Q - Qo), 

so that we may conclude that f(P, Q, t 1 PO, Qo) itself satisfies eq. (20). 
Rearranging the terms one obtains 

af 
_ - Q;Q 
at 

a2f 
+ 2rkT-, 

aP2 t>rt, (21) 

*) In fact on the right hand side appears also a non-dissipative term 

I 

kT{R1-2(iP + P) - 1) &. 

Clearly in our approximation this term vanishes because of eq. (1.31). 
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where the left hand side represents the conservative part and the right hand 
side the dissipative part of the equation. On the right hand side the first 
term corresponds to the systematic term and the second term to the 
stochastic term in the Langevin equation. If there is no interaction be- 
tween the central oscillator and the bath of small oscillators, eq. (21) 
reduces to the Liouville equation of the harmonic oscillator, where the 
right hand side vanishes. 

Instead of starting with the initial distribution f(P, Q, 0 1 PO, Qo) = 

= d(P - PO) d(Q - Q 0 one can choose an arbitrary initial distribution, ) 

e.g. g(P0, Qo). This leads to the time dependent distribution (15) which 
evidently under the same assumptions satisfies eq. (21), because 

does. 
f(P, Q, tlpo, Qo) 

Summarizing we conclude that the distribution function of momentum 
and displacement of the central oscillator obeys the F.-P. equation (21) if 
one makes the same assumption as was needed for the derivation of the 
Langevin equation (cf. I sects. 9, 10 and 11). 

5. Derivation of the master equation by perturbation theory. In contrast to 
the F.-P. equation the master equation will be derived on the present model 
for the quantummechanical case. First we will demonstrate the conventional 
method of first order time dependent perturbation theory. The Hamiltonian 
(1.1) is written in creation and annihilation operators, which satisfy the 
ordinary commutation relations. The Hamiltonian is split into an unper- 
turbed part, Hh, and a perturbation term, W, 

Hi = hQo(a+a + Q) + 2 hwJa:a, + 4)) 

W = ~hL?;*(at + a) 2 .s,c&*(az + a), 
n 

a = (2#820)-* (&Q + iP), at = (2M20)-* (S2eQ - iP), (22) 

an = (2fi%a)-* (Waqn + +n), 4 = (2fiWh)-* (@hqn - $n), 

[a, 4 = 1, [an, 41 = &,m, 

and all other commutators vanish, The states will be written in the repre- 
sentation of the eigenstates of the unperturbed Hamiltonian Hi: 

IM, ml, **-> mu>, where A4 indicates the state of the central oscillator 
and ml, . . . . mN the states of the small oscillators. 

The term W causes transitions between the several states IM, ml . . . mN>. 

To obtain the transition probability first the matrix element 

<M, mr . . . mNlw/L, I1 . . . IN) 
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is calculated. This element differs only from zero if IL - MI = 1 and all 
pairs lf, rng are equal except one pair which must satisfy also I_$ - m,j = 1. 

This shows that only transitions exist for which one quantum of energy is 
exchanged between the central oscillator and the bath. 

Time dependent perturbation theory yields for the non vanishing tran- 
sition probabilities between different states per unit of time (dropping the 
equal quantum numbers) 

W N+l,m,--1;M,na, = gc&;Q,lw~~l(it!f + 1) ?@(s2lJ - CO,), 

W 
(23) 

M-l,mj+l;M,m~ = &c&;Q~‘w~~‘M(m, + 1) d(Q~ - co,). 

To get the total transition probability we have to take into account that 
the bath is in thermal equilibrium. The transition probabilities between the 
states of the central oscillator are then given by (/J’ = l/U) 

z Y&~+l,m~--l;M,m, e-mjBrwr 
WM+1;M = c mJ 

x pwmw 
2 (24) 

i 

x w~-l~j+l:M,mj e-m’phw’ 

W&&1;M = x mJ (25) 
i 

ze- 

mrP*wr 

Replacing the summation over j by integration and using the abbreviation 
F (cf. eq. (1.31)) one gets 

WM+;;M = 2r(M + 1) 

e--BhRO 

1 _ e--BhQo ’ (26) 

W&--r;M = 2rib! 
1 

1 _ e--Shfh ’ 

If one postulates the existence of a master equation 

dPM 
___ = 5, (WM,;MPM, - WM;M,PM), 

dt 

(27) 

(28) 

one finds for the probability PM, that the central oscillator at time t is in 
the state M, the equation 

dpiu 2r 
-- 

dt 1 _ e--Pm ((M + 1) PM+1 - [(M + 1) e--BhRo + M] PM f 

+Me- mh P&l}. (29) 

In the following this equation will be derived by calculating PM as a 
function of time and verifying that it obeys eq. (29). 

6. Calculation of the characteristic function of P?(t). In the following 
again a system is considered, described by the Hamiltonian (1.1). At t = 0 
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the bath of small oscillators is supposed to be in thermal equilibrium with 
temperature T(p = l/kT), and the central oscillator in the M-th eigenstate 
of the Hamiltonian He. We are interested in the probability to find the 
central oscillator at time t in the L-th state of Ho, which we call P?(t). 
This is given by 

x 2 j(L, Ii, . . . . IA71 emiHtiR IM, ml, . . . . mN>j’ x 
rnl,...,rnzi 
Zl,...,ZN 

x exp -p{(ml + 4) &ml f . . . f (mN f 8) fio-)N}. (30) 

The calculation is simplified by introducing a double characteristic function 
G(/3’, b”, t), defined by 

G(p’, jj”, t) = x e-@‘MAno e--B”LRRo P?(t). (31) 
M,L 

Substituting eq. (30) into this expression one obtains 

G@‘, @“, t) = e(B’+~“)*~o/2 n (e~7%/2 _ e-+‘n/z) x 
n 

x 2 <L, 11, . . . . IN/ e-B”Ho ePiHti” emrHo ePBH1 . . . 
L,Zl,...,ZN 

. . . e -BH_w eiHt” IL, 11, . . . . JN), (32) 

(Ho and H, represent the unperturbed Hamiltonians of the oscillators) or 

G(/j’, /j”, j) = e(f9’+&9”)95%12 n (efl*%/z _ e--B*%/2) x 
12 

x Tr(e-B’Ho e--BH1 ... e-BH” eiHt/” e-B”Ho e--iHt/*). (33) 

Under the trace all factors commute except the last three. As we have 
solved explicitly the equations of motion (cf. I sect. 3) we can calculate 
eiHt/Ae -B-Ha e--iHtllh _ 

- e-B”Ho(t). First we expand the operator e-B”Ho in a 
Fourier integral. Next we apply the time evolution operators eiHt” and 

-iHt’R. The advantage is that the resulting operator can be resolved in 
zommuting operators. We use the identity (cf. Groenewoldh)) 

q, Q) = // dx dy CX(X, y) e(iiR)(xP+yQ), 
-co 

(34) 

with 

a(x, y) = -%G Tr{a(P, Q) e-(ii*)(zP+yo)). (35) 

Inserting a(P, Q) = e-OuHo we have to calculate 

dx, y\ = & Tr(e-B”H~ e-W*)(~P+V2))e (36) 
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By means of the theorem of Bloch (cf. MessiahG)) one finds 

- exp 
C 

- T& (ys + Q&s) coth j%], 

and subsequently 
fW 

e-B”Ho = eS”hRoiz _ e-b”hw2 -1 

) ss 

dx dy e(i/*)(zP+yQ) x 

-cc 

x exp - & (ys + Q&s) coth y-j 

Now the problem is reduced to the calculation of 

dx dy* 

-co 

coth fiQoB” 
2 

. exp - 
4R.Q 1 (Y2 + Q&2) x x Tr(eeFHO e-OH1 . . . e -_BHh. e+“Zft”fi ,(i/h)(zP+yQ) e-iZft/h 

), 

The trace is also 

Tr(e-,T’H~ e-BH~ . . . e-BZZ~ e(i/~)(zF(t)+yg(t))). 

Using the eqs. (1.7) it can be resolved in a product of traces 

Tr(e- P’Ho e(i/“){(“A+~A)P+(rd+yk)&}) x 

x n Tr(eFBH” e (i/h)((~An+11An)~n+(~-~“+y~n)~n}). 

n 

These traces are again calculated by means of the theorem of Bloch 
integration one obtains 

1 1 1 
G(B’, B”, t) = ’ -3 

1 _ e_-P’m, 1 - e--B”hRo 1/z1z2 _ z; 

where 

1 
.z1= __ 

2Qo 
coth hQoB” ~+(,.+$)+oth y+ 

2 

(37) 

(38) 

(39) 

(40) 

(41) 

After 

(42) 
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Z2 = + coth ~+~2+$)!$!wcoth~+ 

0 

+ .x (A; + $7 coth F%, (44) 
12 

zs = *cr. (45) 

In app. A.g. we show &Es - _Zj > 0, which is needed for the validity of 
eq. (42). Putting 

1 1+z 
&=--- ___ 

2Qo 1-z 
+ F, 22 = 2 1-_z 

90 1 + 2 +x, 

we obtain after rearranging the terms 

G(B’, 

1 1 

2, 4 = ’ 1 - e--B”a0 d/Y2 _ zpz + 1222 

Here 

vd+ x + Qiip, 92 
2QO 

+Wl-,. 

In terms of the Legendre polynomials ‘$&) G@‘, z, t) reads 

G(B’, 2, t> = 

One easily verifies that 1;22/vj < 1. If we define (cf. eq. (3 l)), 

P&Y, t) = g e+MnRp P?(t), 

we obtain the result 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

7. Derivation of the master equation. Simple expressions for .Z’r, & and .&, 
analogous to the classical expressions (9) and (101 are not possible because 
of the factor @,J2) coth(tiw,/ZRT). Due to the presehce of resonance de- 
nominators the temperature factor can be considered for t > fi/kT as a 
constant, and subsequently put before the sum (cf. app. B). This approxi- 
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mation is not correct for orders higher than the first in r/S. This implies 
that we need to calculate the functions A, A, A and A’ only to first order 
in r/Q. Inserting these approximations into the expressions for Z;, Zs and 
Es (cf. eq. (A.19)) and putting 

one gets for 1, ,LL and v to first order in I’/Q 

il = (p + (p’ - p) e-2rt} - 8, 

p = {p + (p’ - p) e-2rt)2 - $, 

v = (p + (p’ - p) e-2r”} + 4. 

Hence follows 
/.& = ilv 

so that with eq. (48) for t > it and t > kT/ti 

1 1 1 
G@‘, 2, t) = - 1 _ e--B’iRo 7 1 - (A/V) 2 

1 b + (p’ - P) e-“‘“> + 8 
= 

1 - eerfiQo (1 - z)(p + (p’ - p) e-“‘“} + +(l + 2) 

This satisfies the equation 

$ = (1 - 2) @ (1 - e-hnoSz) z - e - =‘o@ G 

where 

O= I cothF+ 1). 

From eq. (60) follows for PL(~) the equation 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

dPL 
- = O[(L + 1) PL+~ - {e- PhnO 

dt 
(L + 1) + L} PL + e--B*Ro LPL-1 > 

L > 1, (62) 
QO 

-= 
dt 

0 (PI - e+“o PO). 

By means of eq. (53) one easily verifies that P?(t) also satisfies this equation. 
We have now derived an equation for the conditional probability P?(t). 

The master equation, however, describes the time behaviour of fL(t), i.e. 
the probability that the central oscillator at time t is in the state L, starting 
from an arbitrary superposition of eigenstates at t = 0. Let us expand such 
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an initial state into eigenstates 

M, ml , . . ..rnN 

where we require normalization 

c C&m, ,..., mvCM,m~ ,..., rn~ = l* (64) 
M,ml, . . ..miv 

Then for this special initial state one obtains for the probability to find the 
central oscillator in the state L 

CI cif,m, ) . ..) rnNCW,rnl’, . . . . n&d X 
M.m ,,..., mN 

DT,ml’,...,md 
x 2 <M, ml, . . ., FVZN] eiHtir IL, 11, . . ., I?N) * 

11, . . ..h 

. CL, II, . . . . ,!NI e-iHtP IM’, 4, . . . . mk>. (65) 

Now we assume that the initial phases of the expansion coefficients 

CM,ml,...,mw are randomly distributed, and take into account that the bath 
of small oscillators at t = 0 is in thermal equilibrium. This means 

C* M,ml,..., mNCM’,ml’ ,..., md = dM, M’ dm,,ml’..* 6m,,m, X 

x n (e19fih/2 _ e-Bh/2) x *M x 

n 

x exp [-@{(ml + 8) fiml f . . . + (mN + 4) fi~N}k (66) 

where the bar means averaging over the phases of the expansion coefficients 
and over the canonical ensemble of the bath of small oscillators. Further- 
more, 

z$M = 1. (67) 

This averaging yields for f~(t) 

(68) 

Clearly P&!), as PF(t), satisfies now eq. (62)) because this equation does not 
contain M. Consequently, the master equation holds. 

Remarks. In the limit of the classical case (fiL?e < RT) eq. (62) becomes 
an F.-P. equation for the energy of the central oscillator 

This equation is extensively discussed by Rubin and Shuler7). 
If p&f from eq. (66) equals the Boltzmann-factor 

PM = (1 _ e-“w) e-B’Mml 
, (70) 
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one obtains for PL(~) 

pL(t) = (1 _ e-hQOB’(0) e--LhQoP’@), 
(71) 

where 

p’(t) = - $ I 
(1 _ edLROB)(l _ e-“RO@‘) 

1% 1 - (1 _ e-“naS’) _ e-2rt (e-ms _ e--w) * I (72) 
0 

One verifies easily that p’(O) = p’ and fi’(oo) = p. Furthermore, one con- 
cludes that for this special initial distribution the central oscillator reaches 
equilibrium via a series of states which can be characterized by a time 
dependent temperature T’(t) = k-r/Y-l(t). This agrees with a theorem de- 
rived by Mathews, Shapiro and Falkoffs). For B’(t) one derives the 
equation 

ds’(t)= 
2r (1 _ e-*ww))( 1 _ e-mww))) 

dt #ii-Jo (1 _ e-*W) ’ (73) 

This leads in the classical limit (tis20 < AT) to the well known equation 

dT’(t) 
- = -2F(T - T), 

dt (74) 

where 
T = (k/3)-1. (75) 

8. Conclusions. In the preceding sections the Fokker-Planck equation 
and master equation could be derived without making use of perturbation 
theory. We had to make the following assumptions and restrictions (cf. I 
sect. 11): 

1. at the initial time the bath of small oscillators is in thermal equi- 
librium, 

2. the frequency spectrum of the small oscillators is approximated by a 
continuous spectrum, so that the PoincarC period becomes infinite, 

3. the strength function varies slowly in the region of the resonance 
frequency 90, and satisfies the Holder condition, 

4. approximations are considered to first order of I’/Qe, so that it must 
be required that 

P<Qo, 

5. times are considered which are large compared to the transient time 7t, 

This transient time (cf. I sect. 5) is due to the interaction between the 
central oscillator and the bath of small oscillators, and can be compared 
with the collision time. It is equal to the reciprocal length of variation of 
the strength function (cf. I sect. 7). Thus it would vanish if the strength 
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function is constant, but this is not allowed because then there exist self- 
accelerating solutions (cf. I sect. 3); 

6. obviously, the transient time has to be small compared to the relax- 
ation time, 

7t < r-1. 

In the derivation of the master equation we had to make the additional 
assumptions and restrictions : 

7. the phases of the expansion coefficients are at random distributed at 
the initial time, 

8. times are larger than the quantumstatistical transient time rg = ti/kT, 

The existence of this TV is a pure quantum effect and it is independent of 
the interaction; 

9. like the transient time it, 7q has to be small compared to the relax- 
ation time, 

otherwise the master equation looses its sense. 
In the classical case the approximation of the resulting expressions to 

first order of r/Qe was not significant but only convenient for the calcu- 
lation of relaxation and oscillation times. On the contrary in the quantum- 
mechanical case this approximation was essential because we had to replace 
E(w, T) by the constant E&L?, T) (cf. sect. B). 

Other authors have also derived the F.-P. equation for an oscillator 
coupled linearly with a bath of harmonic oscillators. Todas) la) applies 
perturbation theory and assumes that the bath remains exactly in thermal 
equilibrium to derive the F.-P. equation. Kogurelr) derived a F.-P. 
equation for two coupled harmonic oscillators in interaction with the bath 
by solving exactly the equations of motion. Both, however, did not discuss 
the transient effects. 

As should be known we only need to average over the ensemble of the 
bath at the initial time, and in the quantummechanical case, moreover, 
over the phases of the expansion coefficients at the initial time. Thus, 
repeated averaging, as in the conventional derivations, is not needed, 
owing to the fact that the equations of motion can be solved exactly. 
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APPENDIX 

A. Szcm?nation formulae and inequalities 
a. The orthonormality conditions for the transformation X, defined in 

I sect. 3, are 

z X,VX??W = &,rn> (n, m = 0, 1, . ..) N), (A-1) 
Y 

XO”XO,l6 + r, X?WX?W = &,ll, (Y, /z = 0, 1, . . .) N). (A4 
n 

b. From the secular equation (1.15) follows immediately 

z &Y - o&l = zy - L?;. 
n 

(A-3) 

c. After multiplying eq. (I. 13) with Xnp~~2 and summing over 12 (writing 
s,” for z,.), one finds by using the eqs. (1.14), (A.2) and (A.3) 

z 
X?kVX?&, _ 4,u 

w4 

Q? XOVXOP 

s; l s,2s; ’ 
(A.4) 

?& 
where 

Q+Q~-~~. (A.5) 
n UT& 

d. Multiplying eq. (I. 13) with X0Vs;2 and summing over Y one finds 

k4.6) 

On the other hand one finds by multiplying eq. (1.12) with XO,+S;~ and 
summing over Y 

Elimination of zV (XO,X,~/ST) from both formulae yields 

.+-!@_. 
v Y 1 

(A.8) 

e. In the derivation of the Fokker-Planck equation one encounters the 
expression 

al(t) = x (A; + A;c$p). (A.9 
R 

Using the definition formulae (1.9) and applying the relations (A.l), (A.4) 
and (A.8), 

al(t) = & - As(t) - .q&(t), (A.lO) 
1 
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where A is defined by eq. (11). In a similar way one finds 

as(t) = x (Ai + A’$fQ) = 1 - As(t) - !S;As(t). 
n 

(A.1 1) 

f. For the existence of the distribution function (8) and the validity of 
the F.-P. equation one has to show 

oius - u”3 > 0, t > 0. (A.12) 

Rearranging the terms one finds 

UlU2 - u”3 = * x 1 (AnA, - AmAn) + 
(A.& - A,&)2 + 

n,m co2cB2 nm 1 
+IE n m$ (&v&n - hAJ2. (A. 13) 

Hence 
uiu’2 - u; 2 0. (A. 14) 

It is only zero for t = 0, because for t # 0 A, differs from A, if n # m. 
g. By a similar rearrangement one can show that 

Z&2 - ‘Z; > 0, (A.15) 

where &, .& and & are defined by the relations (43), (44) and (45). One 
needs eq. (A. 15) in the derivation of the master equation. 

B. Calczllation of 21, & and & 
In the previous section we derived expressions for ur and 0s. This is not 

possible for the summations in & and Es because of the factor 

con coth(Aw,J2kT) 

unless one expands it in powers of Aco/FET. It is more satisfactory to use an 
appropriate approximation. Considering the expression (I.A. 16) for A,(t) 
it is clear that (cf. eq. (44)) 

(A.16) 

contains denominators of the type (90 - w) f ir. This means that an 
important contribution to the sum (A.16) comes from the region where 
wn N QRO. We use the property that the frequency spectrum is dense and 
replace the sum (A. 16) by an integral 

Zh = /mdm p(o){/is(m) + As(m) 0+}(w/2) coth(&iw/2kT). (A. 17) 
0 

Here p(m) represents the density of the spectrum. The integral is a sum of 
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Fourier integrals as 
00 

s ~(0) exp(fi4 
dw (QZ - 

0 fico - 
ws - P)2 + 4.272s 2 

coth -. 
2kT 

(A. 18) 

--oo 

The presence of the resonance denominator now suggests to replace the 
factor w coth(firu/2kT) by QO coth(M&/2kT) so that this factor can be put 
before the integral and also before the sum in eq. (A.16). Thus in this 
approximation one gets 

QO 
Zi,2,3 - 2 coth 

&J-JO 
-'01,2,3, 
2kT 

(A. 19) 

where ui, us and crs are known from sect. A. The approximation used is 
reasonable if the variation of E(o, T) is not too large over the width 2J’ 
of the resonance peak. Hence one must have 

2F 
fro 

-& q coth - 1 2kT w=no 
<qcoth 2, (A.20) 

or 

2r I--- 

[ 

2H20 exp( -M2o/kT) 

QO kT 1 - exp(-2&Qo/kT) 1 Q 1. (A.21) 

In the extreme quantummechanical case (M&J > kT) eq. (A.21) reduces to 

W-JO < 1, 

whereas in the classical case (MJe < kT) it becomes 

(A.22) 

~/L&J < (kT/?iQo)2. (A.23( 

Since the oscillation time of the central oscillator is much larger than its 
relaxation time, i.e. r <D (cf. eq. (I.A.1 l)), both conditions are fulfilled. 
Since the factor [...I in eq. (A.21) is a monotonic function of fiQo/kT the 
condition (A.20) is also satisfied for intermediate values of T, provided 
r < 520. Thus the approximation is valid for each value of T. 

This approximation was based on taking E(o, T) = @o/2) coth fiio/2kT 
constant. The error made by neglecting the variation of E(w, T) can be 
estimated by considering the contribution of the poles of the resonance 
factors and of the poles of E(o, T) itself, when we apply contour integration. 

The poles of the resonance denominators yield the factors E(S2 + ir, T) 

and E(--9 + ir, T). Expansion gives 

(Az24) 

The total expression must be real. This implies that the first order terms 
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will cancel each other and that the approximation to replace E(o, T) by 
the constant E(Q, t) = E(--9, T) is correct to first order in r/J&. 

The poles of E(w, T) contribute terms involving the factor 

exp[-(2&T/&) *It], (I = 1, 2, . ..). (A.25) 

Hence these terms can be neglected after times t, much larger than 79 = 
= ti/KT. Consequently only times may be considered which are much 
larger than T*. The approximation is only meaningful if this time is small 
compared to the relaxation time P-1. 

In the previous considerations we assumed tacitly that y(o) is an analytic 
function by applying contour integration. If y(w) is not analytic and 
satisfies only the Holder condition the conclusions remain right. For, by 
evaluation of the Fourier integral (A.18) the factor E(w, T) = (tie/2) * 

*coth(tim/2kT) will generate time dependent terms which correspond to the 
range of variation of E(co, T). In the applied approximation the bigger 
weight of the higher frequencies, w > kT/?i, caused by E(w, T) is not taken 
into account, so that the behaviour of the integral is only well described 
for times larger than +i/kT. 

Summarizing we must require for the validity of the approximations in 
addition to the conditions, used in calculating A(t) and A,(t) (cf. (I sect. A)) 

1. the width of the resonance peak must be small compared to the thermal 
energy, or 

W<kT (A.26) 

and 
2. the times for which the expressions are considered, are restricted by a 

quantumstatistical transient time T~ (cf. I. sect. 5), 

t > rg = A/kT. (A.27) 
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