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Abstract-A method to calculate the electrostatic field strength in ionic crystals is evaluated according to a model by 
Bertaut. Formulae for the self potential and the field strength at an ion site are derived. The practical use is 
demonstrated by calculations of field vectors in Ti02 @utile, anatase, brookite), idealized hexagonal perovskite, CdJ,, 
CdCI,, p-SiO,, PbC12, PbBr2, PbFCI, PbFBr, PbO,, CdFeO,, KCuF,, BaNi02, CsNiCl,, KFeS2, ZrO,, PbTiO,, 
AgCuS, Ag,S, CuF,, CuO, MOO,, Crz03, K,S,Os, MOO*, VF, and Pb,O,. For 11 structures the results are compared 
with those obtained from potential calculations by the Ewald method. 

1. INTRODUCTION 

The classical theory of ionic crystals is based on a model 
of positive and negative point charges, held together by 
Coulomb attraction and prevented from collapsing by 
repulsive forces. Actually the ions have charge distribu- 
tions of finite extent, deformable in the crystalline field. 
Due to the field deformation the electrostatic binding 
energy deviates from its point charge value, the well 
known Madelung energy, even in absence of overlap of 
neighbouring charge distributions. Several authors have 
qualitatively pointed out the importance of the polariza- 
tion energy as an additional stabilization energy of certain 
compounds. In a simplified form the contribution to the 
polarization energy for one ion will be given by the 
relation -faF*, wherein (Y the polarizability of the ion and 
F the ionic field strength. Evjen[l] developed an 
elementary summation method in the direct lattice to 
calculate the Madelung constant, which however fails in 
some cases. Dahl[2] has shown the reason in the neglect 
of a surface integral. Use of a modified Evjen summation 
method to calculate the electrostatic field led us to the 
conclusion that the rate of convergence and convergence 
itself are strongly dependent on the crystal shape and 
summation procedure. For example Sharma and Das[3] 
have calculated the field strength in A&O3 and found 
convergence within 3 per cent only for 30 shells of unit 
cells. In our opinion the direct calculation method can be 
of use for specific compounds with high symmetry, but 
for general crystal structures reliable results should be 
obtained with Fourier methods. A classical example is the 
Ewald method[4] for calculation of the Madelung 
constant, reviewed in detail by Tosi[5]. Many 
authors[4-81 have shown the importance of these 
techniques in solid state chemistry. Bertaut [9] used 
Fourier transforms to evaluate the electrostatic energy for 
a point charge lattice. The aim of this paper will be the 
derivation of a formula for the field strength based on 
Bertaut’s reciprocal lattice sum. Actual calculations are 
performed in various crystal systems. In a following paper 
a comparison will be made with a formula based on 
Ewald’s concept. The role of polarization energy in a 
series of hexagonal and cubic perovskite like compounds 
will also be discussed in a forthcoming paper. 

2. DERIVATION OF THE FIELD 
STRENGTH FORMULA 

The field strength formula will be derived here by 
means of a Bertaut series for the potential at an ion site in 
a crystal lattice. More information is obtained this way 
than in the derivation given by Lombardi et al.[lO]. 

The origin of the coordinate system is chosen at the ion 
site of interest, which simplifies the final formula. The 
position vectors and charges of the other ions in the 
crystal are denoted by ri and qi respectively. The charge 
density p(r) at position r in the ionic crystal can be 
represented as a series of Dirac S functions 

(I) 

Being periodic the charge density function can be 
developed in a Fourier series with the structure factors 
F(h) as coefficients 

p(r) = V-’ c F(h) exp (-2nih. r) 

F(h) = 1 p(r) exp (2nih. r)&(r). 
” 

(2) 

The vector h is a reciprocal lattice vector defined by 
h= hb, + kbz+ Ib, with h, k, 1 integer. The reciprocal 
basis vectors b are defined by the dot product ai. bi = Sii 
with the basic vectors a. 

Integration in equation (3) is performed over the 
volume V of the unit cell. Using series (1) and the 
following property of the Dirac S function 

I 0 - a)f(xW(x) = f(a) (4) 

the structure factor F(h) can be written as a summation 
over the unit cell 

F(h) = $ qk exp (2Pih. rt) 

with N the number of ions in the unit cell. 

(5) 
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In his calculation of electrostatic interaction energies in By substitution of equation (IO) for p’(r) and equation 
ionic lattices Bertaut [9] pointed to the following theorem (8) for u(u - r,) one obtains the following formula 
of electrostatics. The interaction energy is not affected if a 
distribution of point charges 

V(r,) = V ’ 7’ F(h)cp(h) 1% exp l--z! ’ “) d’(u) 

C qJ(r - r.) 
I - 41 

exp (-;u”-“; iuer!)) d’(u)d’(h). (12) 
, 

is replaced by one of spherical non overlapping charges 

This can be written: 

1 q,a(r - r, ). 
I 

V(r,) = V-’ 7’ F(hMh) lx exp (-2Pih. (u-r,)) 

In this model better convergence can be obtained than in lu - r!l 

the point charge approximation. The local charge distribu- 
tion a(r - r,), centered at the ion site r, is normalized to 

X d’(u-r,) exp(-2aih. r,) 

unity 

- 41 
exp (-27rih. (u-r,)) 

I 

Iu-rr,l 
o(r)d’(r) = I. (6) X x d’(u - r,)d’(h). (13) 

The Fourier transform of a local charge distribution The evaluation of the integral 
u(r) is q(h) integrating over the entire space because of 
the non periodicity of u(r) 

I exp (-2rih. a) d3(a) 
r lal 

q(h) = u(r) exp (2nih. r)d’(r) (7) 
wherein a = u - r, given by Bet-taut 191 is mathematically 

I 

incorrect as he uses a non convergent integral. 

u(r) = q(h) exp (-2aih. r)d’(h). (8) Lombardi and Jansen [ IO] referred to Bertaut’s paper 
J 

for this integral. A correct solution can however be 

The modified overall charge distribution p’(r) is a series 
obtained using Bethe’s approach [ 121. Using polar coordi- 

again represented by convolution of the functions o(r) 
nates with reference axis h. 

and p(r), using property (4) of the Dirac S function 

I(h) = I exp (-28ih. a) 
X Ial 

d’(a) = f 
I 

m 
sin (27rha)da. 

” 
p’(r) = C q,o(r - r,) 

, 
To obtain convergence we vary h over a small interval 

= I and average I over this interval. I T q,uW(r - u - r, )d’(u) 

= I u(u)p(r - @d’(u). (9) I 

By means of the convolution theorem [ 1 I] the modified Changing integrations with respect to h and a 
density function p’(r) can be expanded as a Fourier series 

sin (2nh’a) dh’da 
p’(r) = V’ 7’ F(h)cp(h) exp (-2nih. r). (10) 

I(h) = Jim, & 

The overall charge in a unit cell being zero. F(0) =O. I “cos(2m(h -Ah))-cos(2na(h +Ah))da 
” 2ra 

according to equation (5). This term is omitted from the 
summation (IO), denoted by H’. In electrostatics the 
potential for a charged point is defined as the potential for 
that site after removal of the corresponding charge. 

The self potential for the ion centered at the site r, is 
With this identity equation (12) becomes 

given by the following equation 

I -ew d3(u) - I (I,(T(U--r,J(U), (II) 

V(r,) = -& F’ F(h)e(h) 3 exp (-2aih. r,) 

V(r,)= r l”-r,l 
= b-r,1 

- 41 3 d’(h). (14) 

The second term is the correction for the charge situated 
at the point of interest. The slight discrepancy between this potential formula and 
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the one derived by Bertaut [9] will be discussed in detail in 
the last section. It is easily seen that this solution of the 
potential function obeys Poisson’s law 

v* V(r) = -4@(r), 

wherein p’(r) is the modified charge density function of 
equation (10). The second term can be developed using 
spherical coordinates to 

m 
-4i I 3 d’(h) = -4qi 

I 
cp(h) dh (15) W. 0 

By definition the electric field strength E(rj) at position r, 
is given by E(rj) = -grad V(r,) 

=$ F’ F(h)p(h)$ exp (-2dh. r,) (16) 

Since rj is no variable in the second term of equation (14) 
it cancels when differentiating. 

The ion of interest is situated in the origin of the 
coordinate system. 

E(0) = $ F ’ F(h)cp(h) 3 (17) 

Using equation (5) for the structure factor F(h) the real 
part of the field strength vector is expressed as the 
following series 

E(O) = -$$ [$ qk sin(brh. rk) p(h); (18) 1 
In equation (18) the summation in h extends over the 
reciprocal lattice, excluding h = 0, the summation in k 
over the unit cell. The imaginary part is zero as terms with 
opposite h-vectors cancel. 

In the point charge approximation cp(h) = 1 and the 
series converges very slowly. Expanding the point 
charges to spherical nonoverlapping charges the Fourier 
transform (p(h) becomes a converging function. This 
limits the number of reciprocal lattice vectors necessary 
for convergence. The form of the local charge distribution 
a(r -ri) determines the function p(h). As the charge 
distribution u(r) is centrosymmetrical, q(h) is real with 
property cp(-h) = cp(h). In an effort to determine the 
optimum atomic shape for Bertaut series Jones and 
Templeton[l3] used the following functions for the 
charge distribution 

u(r) = a(R - r)“, Irl G R 

o(r) = 0, Irl >R with n = 0, 1,2,3. 

To satisfy the condition of non-overlap the maximum 
value of R, the extension of the spherical charge distribu- 
tion is half the minimum distance between ions in the 
lattice. In Table 1 the explicit form of the used charge 
distribution functions is given. 

Table 1. Spherical charge distribution functions 

Radial form of 

charge density 

uniform I linear 

parabolic 

cubic 

3. COMFITING PROCEDURE 

In the computer program expression (18) is evaluated 
for all distributions of Table 1. Input consists of an 
arbitrary description of the unit cell. The point of interest 
is automatically shifted to the origin of the coordinate 
system and a new unit cell is created for use in the 
summation. Owing to expression (18) components of the 
electric field strength vector are calculated along recip- 
rocal lattices axes and subsequently transformed to 
components along direct lattice axes. The converging 
function q(h) depends on the magnitude of a reciprocal 
lattice vector. However, summation in h over spherical 
shells by discrimination to values of Ihl has computational 
disadvantages. In the program summation in h is carried 
out over a number of shells of reciprocal unit cells. The 
shell with number N contains all reciprocal lattice vectors 
with the largest component equal to N. If the axes of a 
reciprocal unit cell differ considerably in magnitude slow 
convergence is obtained. In that case convergence can be 
improved by summing over shells of reciprocal super 
cells. A super cell is a block of reciprocal unit cells as 
symmetric as possible. The results for anatase (TiOz) will 
show this in detail. 

As terms with opposite h-vectors in expression (18) are 
equal, only half of the reciprocal lattice points are used in 
the summation, counting each contribution twice. Since 
all ion positions with coordinates existing of 0, f, 1 only, 
give no contribution to the summation in k over the unit 
cell in expression (18), they are excluded. The computer 
program written in Algol-60 is applicable for any type of 
lattice. The computers used in the calculations were 
Electrologica X8 and Control Data Cyber 73-26. 

In some cases the field strength can also easily be 
obtained from potential calculations[l4]. For an or- 
thogonal lattice the following expression holds: 

E= _!!!v.~_!!!v.~_!!!!.~ 
ax x ay Y a2 2 

Approximate values of the components of the field 
strength can be obtained from calculations of the potential 
0.05 8, from the site of interest in both directions along the 
axes. From a highly symmetric lattice, where the direction 
of the field strength vector can be evaluated from 
symmetry considerations, calculation of the potential 
0.05 A from the site of interest in both directions will do: 

where r is the direction of E. In principle the profile of the 
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potential field is required for a calculation of the field 
strength. For a number of compounds both methods are 
used. Potential calculations were carried out with a 
computerprogram based on the Ewald procedure by Van 
Goal and Piken [ IS]. 

4. RESULTS 

The impo~ance of summation over shells of super 
shells will be demonstrated for a rather extreme example, 
anatase CriO,), with a tetragonal unit cell[ 161 for a 
uniform charge distribution. 

In Fig. 1 semiperspective drawings of the Fourier 
transform q(h) of the normalized uniform charge 
distribution are given. From Fig. I b one can easily see that 
in the bS direction the summation should be extended. In 
Fig. Ic the situation is again like Fig. la. In most cases 
better convergence will be obtained e.g. for Cd& with 
rhombohedral description of the unit cell[161, given in 
Fig. 2. 

In the calculations half the minimum distance 
between ions in the lattice was used as value of R in the 
distribution function. In some cases R was variated. The 
fluctuations in the results were less than a half percent for 
a broad range of R-values (even exceeding half the 
minimum distance of ions). For rutile[16] with half 
minimum distance 0.973 A values of 242-244 V/A were 

obtained for the field strength using R-values between 
0.6%1*15A. In general the results are not much different 
for the used charge distributions as shown in the 
calculation for CdCh (Fig. 2). 

In all cases linear and parabolic charge distributions 
give faster convergence than cubic and especially uniform 
distributions. For all compounds the field strength 
calculated is an average over the charge dist~butions 
used. In Tabfe 2 values of the field strength are given for 

Fig. 2. Convergence of the field strength at the chloride ion in 

Cd& 

Fig. 1. Semi perspective drawing of the Fourier coefficient of the normalized uniform charge dist~bution for Anatase 
ftetragonal unit cell). A: In the 6, b2 plane (range - 15 to + 15). B: In the b, b, plane (range -15 to i IS). C: In the 6, b, 
plane (range -15 to +I5 for the h, direction, -45 to t45 for the b, direction): (ranges are given in feciprocai lattice 

units along reciprocal axes). 
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Table 2. Field strength values calculated by Bertaut series and Ewald potential method. Structural information taken 
from Wvckoff 1161 

I‘ ,333 .66, .2s 

cl- .23 .23 .23 

cl- 0 0 .2s 

02- ,191 .803 .a03 

Pb2’ .0956 ,261, .23 
cl-(I) .C,42 .8610 .25 
cl-(z) .83,0 .4,68 .23 

Pb2* ,087 .265 .23 
k-(l) .o, .86 .23 
k-(Z) .83 .48 .23 

PP 0 .3 .20 
cl- 3 .I .63 

Pb’* 0 .3 . :r3 
Br- 0 .3 .6=? 

isld strengtl 

(“IX) 

2.83 

3.73 

6.7, 
IO.98 

14.76 

4.26, 

4.803 
I 

-I -, 0 2.82 

0 0 I 3.1, 

-.021 , .,I, 6.1, 

-.422 I -. 386 10.99 

1 .5 0 14.1 

0 0 I 

-I -I -, 

4.81 I 0 0 -I 
I 

IO.03 I-I I 0 

,310 -I -.288 0 
,491 .902 I 0 

1.430 -I -.I,5 0 

.513 -I -.6,I C 

.,8 ,823 I 0 
1.5,8 -I -.081 0 

1.03 0 0 -1 
.30 0 0 -I 

.89 0 0 -I 

.85 0 C -I 

EvaId mrcntial ae:hod 

L.26 

4.80 

4.W 

10.04 

.34 

.SC 
1.43 

.32 

.,8 
1.32 

I.03 
SC 

.89 

.a3 

..021 1 .,I, 
.‘21 1 -. 38, 

1 .5 0 

0 0 I 

-1 -I -I 

0 0 -, 

-I 1 0 

-I -.288 0 
.905 I 0 
-I -.I,6 0 

-I -.612 C 

,823 I 0 
-I -.CBI 0 

0 0 -I 
0 0 -I 

0 0 -I 
0 0 -I 

several compounds in comparison with those obtained by 
the Ewald potential method as outlined above. 

The field strength values from the Bertaut Series agree 
very well with those from the Ewald potential method. 
Results of field strength calculations by the Bertaut 
method of some arbitrary chosen compounds are given in 
Table 3. 

For some idealized compounds field strength values 
were calculated by Lombardi e.a.[lOl. They express the 
polarisation energy as a function of a parameter K. This 
parameter can be written as K = JEI’R’C, where C is a 
conversion factor for scaling to appropriate units. In 
Table 4 their K-values are compared with those obtained 
in this work. The results lead to the conclusion that 
Lombardi e.a. did not achieve complete convergence in all 
compounds. 

5. DISCL’SSION 

(a) The relation between convergence and crystal 
structure is complicated. Assuming a constant R-value 
the transform function cp(h) is the same for all compounds 
in reciprocal space. Fourier sampling in the summation 
occurs at reciprocal lattice sites and depends on the shape 
of the reciprocal unit cell. In principle with a small 
reciprocal cell more reciprocal lattice points are needed 
for convergence. The width of the Fourier transform cp(h) 
and the charge distribution are inversely proportional. 
The larger R the faster convergence. These considera- 
tions are obscured by the influence of the structure factor 
F(h). Definite conclusions for the relation between 
structure and convergence cannot be made. 

(b) As indicated in the derivation of the potential 
function there is a slight discrepancy between formula 
(14) and Bertaut’s formule (54)[9]. Formula (14) and 
Bertaut’s formula are rewritten here with some changes 
for convenient comparison. 

JPCS vo, U Va ‘-K 

V(r,) = -& q’ F(h)cp(h) h exp (-28ih r,) 

V(r)) = $7’ F(h)lcF(h)j2 $ exp (-2dh . r,) 

- 41 
I 1: 

3 d’(h) (this work) 

- 4, 

The potential function must obey Poisson’s law. By 
substitution of Bertaut’s formula the following charge 
distribution T(r,) at site r, is obtained. 

7(r,) = V-l 
7 

’ F(h)lq(h)f exp (-2nih. ri). (19) 

This is inconsistent with his charge distribution p’(r,) (our 
formula (10)) used to derive the potential formula. This 
inconsistency is caused by the differentiation of his 
potential interaction energy function with respect to 
charge, introducing at this stage a point charge at the 
considered ion. However, by changing the local charge 
distribution function defined by Bertaut his potential 
formula can also be used. The Fourier transform in 
formula (19) of the local charge distribution is the 
transform of the autocorrelation function of u(x), [q(h)\‘, 
instead of the transform of the original function u(x). To 
satisfy the condition of non overlap of charges the 
extension of the function u(x), half the extension of its 
auto-correlation function, may not exceed one quarter of 
the minimum distance between ions in the lattice instead 
of one half. 

(c) By applying the following well known relation for 
the electrostatic interaction energy W: it can be shown 
that our potential function leads to the interaction energy 
function given by Bertaut. 
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Table 3. Field strength values of some arbitrary compounds by Bertaut series. Structural information taken from 
Wvckoff 1161 

Ion position 
Field 
rtrengtll 

w,Rj 

1.15 

2.07 

5.95 

4.81 

4.55 

2.4 

0 

0 

0 

2.08 

2.40 

0 

6.236 

.005 

0 

4.48 

.73 

.82 

9.50 

2.08 

1.523 

2.45 

1.90 

1.49 

7.48 

1.29 

0 

.z 

.84 

,155 

.52 

.818 

0 

1.56 

0 

1.03 

8.22 

17.3 

8.7 

4.2 

.78 

1.96 

.78 

1.964 

17.4 

20.8 

45.8 

15.9 

32.3 

35.8 

2.95 

24.4 

18.2 

0 

3.62 

0 

3.62 

.44 

I .35 

1.14 

I .72 

.70 

Relative field cmponrnts 

along direct lattice axes 

0 -I 0 

-I ,625 ,191 

-.14 .382 -I 

I -.,I -.45 

-.04 .15 -I 

.12 .22 -I 

I I 0 

0 I 0 

/ .306 0 

-I I 0 

.5 1 0 

0 -I 0 

0 -I 0 

I ,998 .391 

-I -.08 -.39 

-.27 -.o, -1 

-I -.09 .22 

0 0 -1 

0 0 -I 

0 0 -I 

0 0 I 

0 I 0 

0 -I 0 

.43 -.38 -I 

I -.5 -.82 

-I -.04 -.46 

.08 .07 -I 

0 .I78 .25 

.276 .41 .425 

Orthorhombic cd’+ 
Fe’+ 
o*-(l) 
02_(2) 

lrthorhombic E.a2+ 
Ni'+ 

2- 

,982 .06 .25 

.5 0 0 

.05 .47 .*5 

.,I ,275 .05 

KCUF’ 0 0 .25 

0 .5 0 

0 .5 .25 

,228 .728 0 

0 .34’S .25 

0 0 0 

.25 .0833 .*5 

.6667 .3333 .25 

0 0 0 

.I56 .312 .25 

,,,.,i.i. 0 .355 .25 

0 .992 .25 

.I95 .I,, .I0 s*- 
lonoclinic ----I- zr4+ 

d-(l) 
c?-(z) 

.2758 ,040‘ .208! 

.069 .342 ,345 

,451 .758 .479 

retragona1 Pb + ---T- .Ti4+ 

02-(1) 

02-(2) 

PbTi03 0 0 0 

.5 .5 .541 

.5 .5 .I12 

.5 0 ,612 

0 0 0 

0 .46 .*5 

0 .8 .25 

kthorhombic Ag+ 

cu+ 

s- 

tonoclinic &+(I) 

Ag+(u 

s- 

,758 ,015 .305 

.285 .32 .435 

.359 .239 .I34 

moclinic cuz+ 

F- 

0 0 0 

.3 .3 ,044 

Uonoclinie cuz+ 

02- 

.25 .25 0 

0 .416 .25 

Ozthorhombie Mo6+ ,084 .O998 .25 

02_(1) ,015 .23 .25 

o*-(z) .56 .I .25 

02_(3) ,525 .435 .25 

Hexagonal Cr6+ 

02- 

0 0 .3475 

,306 0 .25 

Rhombohedral cr6+ ,347s .3475 .3475 

02- ,556 .944 .25 

hiclinic K+ ,186 .I94 .514 

s'* ,258 ,241 .019 

02-(l) ,086 .084 .069 

02-(2) ,306 .228 .298 

02_(3) .543 .236 .OW 

02-<4j ,214 .45 .I,, 

Monoclinic 1404+ 

02_(l) 

o*-(z) 

,232 0 .017 

.I, .21 .24 

.39 .7 .3 

0 0 0 

.855 .645 .25 

Monoclinic Pa2+(l: 

Pb*+(Z. 

0*-u) 

02-(2) 

02-(s) 

0 0 0 

.605 0 .25 

,083 .25 .I44 

.617 .25 .672 

.772 .25 .I22 

.38 .25 .247 

.069 .25 ,650 

Agcus 

AQS 

CUP* 

CUO 

Ho03 

K2S208 

Ho02 
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Table 4. Comparison of K-values of idealized structures accord- 
ing to Lombardi e.a. [lo] (see text) 

Idealized 
K [I41 IEIZR4C this work 

SrrucCure 

Rutile I 32 128 

Rutile II 67 53 

*natase 423 1693 

Cadmiumchloride 2391 2389 

Cadmiumiodide 2419 2410 

W: = i 
I 

V(r)p’(r)d”(r). (20) 

Therefore it is necessary to expand the potential function 
to the whole space. The potential outside the spherical 
charges is given by: 

V(r) = -& 7’ F(h)cp(h) $ exp (-2rih. r). (21) 

Inside the spherical charges a correction must be added to 
obtain the correct interaction energy omitting the self 
energy. Consider a localised function d(r - ri) centered at 
ri with the same extension as u(r - r,) defined by 

$(r-ri)=pij_ wd’(u). (22) 

The correction in the potential function is given by 

Z $(r - q). For r = rj this is equivalent to the second term 
I 
of the potential formula (11). The final potential formula 
for the whole space is now written as 

V(r) = -& T’ F(h)cp(h) 3 exp (-2&h. r) - x d(r - ri) 
i 

(23) 

Substitution of the first term of this formula and the 
charge distribution function (10) in formula (20), leads to 
the total electrostatic energy W’,. 

1 
w;=- 

17 
’ c’ FOl)cp(h)FOr)cpOr) 2lrV Y Ir 

x 6 exp (-2ri(h + k) . r)d)(r). 

Since 

I 
exp (-2n1(h + k) . r)d3(r) = VS,+ 

” 

where 8 is the Kronecker delta, W: can be rewritten as 

This is identical with Bertaut’s formula (24). 
By substitution of the second term of the potential (23) 

and the charge function now written as formula (9) in the 
electrostatic energy formula (20) the self energy W: is 
obtained. 

w;=ll $ o(r-q).$ qjcr(r-rj)d’(r). 

Since the functions 4(r- rj) and u(r -rr) are both 
centered at position vector rj the summations can be 
collected. Substitution of formula (22) for the local 
function +(r - ri) gives 

w: = k $ q; 1 j u(“_l~~~-rj) d’(u)d’(r). 

This is equivalent to Bertaut’s formula (28) for the self 
energy. These conclusions confirm the correctness of our 
potential formula. 
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