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Synopsis 

For a plasma, consisting of electrons and singly ionized ions an expression is derived 

relating the ion current, at a given probe voltage, to the ion density. The derivation 

is valid in the limiting case of low ion temperarure (Tt < Te). a high value of the 

negative probe-potential (14 lrpl > k T,) and a long mean free path. The validity of the 

formula is discussed. The results are compared with computer calculations of different 

authors and the difference is within 10% in the considered range. The ion densities, 

calculated with our formula, agree very well with electron densities, calculated from 

the same probe characteristics (standard deviation lo%), taking into account the 

secondary emission of the ions. The measurements are performed in the positive 

column of a helium discharge. 

I. Introdztctio% Until recently it was difficult to calculate the ion 

density from measurements of the ion current. Although the Poisson 

equation governing this problem has been solved by several people 1) 2) 3) 

with the help of electronic computers, they give their results in graphs 

which have the difficulty that one must interpolate from small figures. We 

have derived a formula which gives a direct analytical relation between the 

ion current and the ion density at a given probe voltage, if the electron 

temperature is known. 

To find this relation, we divide the surroundings of the probe into three 

different regions (see fig. 1): 

I. The positive space-charge layer, where mostly ions are present. 

II. The reflection layer. This layer contains ions and a minority of 

electrons which are reflected. 
III. The pseudo plasma, where equal amounts of ions and electrons are 

present; the density is, however, somewhat lower than in the un- 
disturbed plasma. 

At the boundary, between region II and III, we know the relation between 
ion concentration and current density. To connect the probe current with 

the current density at this boundary, we must know the outer radius of the 
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reflection layer (II). This radius is connected to the radius of the positive 

space-charge layer (I) following a method given by K agan and Per e14). 

An approximation of the radius function {-ct(xe/xp))z in the “three-halves” 

space-charge law of Child_Langmuir5), for the ion layer around the probe, 

gives us the possibility to construct a formula which gives an explicit re- 

lation between the probe current, probe voltage, density of ions, and 

electron temperature. 

The results are compared with computer calculations of Allenr), Bern- 

stein and Rabinowitzz), and Chens). Measurements of ion and electron 

densities are performed in the positive column of a helium discharge and 

compared to each other. 

II. 1. Derivation of the dimensionless Poisson equation. Let us consider 

a spherical probe with radius rp immersed in a plasma of electrons and 

single ionized positive ions. We start from the following conditions: 

T, > Ti, qV > kT, and 1 > diameter of the range, where the plasma is 

disturbed in which. 

T, = electron temperature V = negative potential on the probe 

Ti = ion temperature k = constant of Boltzmann 

q = electronic charge il = mean free path of ions. 

These are the usual conditions existing in discharge tubes at low pressure. 

If the electron distribution is taken to be Maxwellian, we know that the 

electron density nyze follows the Boltzmann law: 

nyze = no exp(-qV/kTJ (1) 

in which no = the density of the undisturbed plasma. 

When the ions have reached energies which are much larger than the 

initial energies because of the potential drop around the probe, their velocity 

will be nearly : (-2qV/mJ 0.5. As a consequence the ion density ng can be 

expressed in the form 

1zi = ii-/q. 4nr2(2qhy1)0*5 (2) 

if V > VO (the kinetic energy of the ions). 
In this expression vnt = ion mass ; i+ = ion current to the probe; Y = radial 

coordinate. 
The potential distribution, in the vicinity of the probe, is described by 

Poisson’s equation : 

EoV~,V = q(nz - n,). (3) 

We substitute nze and na from (1) and (2) into (3) and define the following 
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dimensionless quantities : 

x = r/A in which rl = (~&T,/qsne) 0.5 : Debye length for electrons in a plasma. 

Y = qV/kT, 
fi = i+/l~ in whichId = co(kT,/q)OJ (2q/mi)1.5: Drift current through a 

Debye area As from ions accelerated to the electron temperature. 

Then we get a dimensionless relation between x and y with p as a parameter: 

Vzy = $/4nx2yo.5 - exp(-y) (4) 

Equation (4) has been solved by Alleni) and more recently by C h ena) 

with help of a computer. They give their results only in graphs. 

II. 2. Derivation of an explicit relation for the radius of the ion sheath. We 

consider the case that only ions are present. The Poisson equation (4) then 

reduces to 
V2y = p/4nxsye*s (5) 

because the electron concentration n, is taken zero (see equation (3)). 
Langmuir e.a.5) have solved this problem for two concentric spheres 

using the following boundary conditions : 

1”. V and dV/dr = 0 for I = ~0 at the outer sphere 

2”. zero initial velocity 

3”. V = VP for r = yp at the inner sphere (p refers to the probe; 0 refers 

to the outer sphere). 

In our case, in a plasma, the first two conditions are not fulfilled; however, 

dV/dr and the initial velocity are small because the greater part of the 

potential fall is within this ion layer. So we use the given solution which 

reads in dimensionless parameters: 

(YP - yoF5 = 9P/16+4~0/3J}~ (6) 

in which ya is taken zero. 
The function {-a(~a/x~))s is calculated by Langmuirs) and Ollen- 

dorf 6). We want an explicit relation between xa/xp, y and p. As is shown 
in fig. 2, we approximate the curve log(--cc)2 versus log(xe/x, - 1) by three 

straight lines, corresponding respectively to solutions of the space charge 

equation with plane- and more or less pronounced spherical geometry. A 

good approximation, within 3%, is possible in the range 1.6 < xa/xp < 6 by: 

(-a)2 = 0.75(X0/X, - 1)1*72 (7a) 

and within 5% in the range 6 < xo/xp < 200 by: 

(-a)2 = (Xo/Xp - 1)1*55. (7b) 

In the following we use equation 7a, because the sheath thickness is within 
this region. Using equation 7b, the results are not much different. 
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II. 3. Plasma equation and boundary of the ion layer. The plasma equation 
is obtained by considering the plasma as quasi neutrals). In this case the 
ion and electron density are almost equal. This reduces formula (4) to 

P m 4nx2y0~5 exp(-y). (8) 

By differentiating equation (8) one finds that dy/dx --f co for y --t 0.5 (see 
fig. 1). It is clear that for y + 0.5 the plasma equation will deviate from the 

Fig. 1. Comparison of the Child-Langmuir-, Poisson- and plasma equation 

A division is made in three regions: 

1. Space charge layer (Langmuir sheath) 

II. Reflection layer 

III. Pseudo plasma 
(pre-sheath) 

solution of the Poisson equation, but as is shown in table I, the value of 
exp(-y) . ~0.5 (which IS associated with the current density) is quite in- 
sensitive to the value of y. 

Because we are interested in the value of x at the boundary of the plasma, 

TABLE I 

Comparison of the current densities calculated with the plasma equation for different values of y 

Y 0 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 1.0 

exp( -y) .yOJ 0 0.28 0.34 0.37 0.39 0.41 0.42 0.43 0.42 0.41 0.40 0.37 

we break off the plasma solution at y = 0.3 and find, within lo%, the same 
value for XI as is found for y = 0.5. Taking yi to be 0.5 we find for x4 

zf = p/4n exp(-yi) yy.” = 0.43-l $/42z. (9) 

Inside the sheath, the potential increases rapidly on approaching the probe 
and the density of electrons and ions decreases. However, the electron 
density decreases much more rapidly then the ion density. As a consequence 
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we are not able to define a sharp boundary from the 312 power law (equation 
6) but we have to find another criterion. 

Kagan and Perel suppose that the charge density has a maximum at 
a certain pair of values ys and x2 of the potential and radius (see fig. 3). 
This maximum is caused by the fact that the electrons are repelled and the 
ions attracted. They take this maximum to be the boundary of the space 
charge layer of the ions. 

We have calculated the space charge with the help of computer curves 

Fig. 2. The curve is divide’d in 3 parts: For xo/xP < 2 the plane geometry solution 

of the space charge layer is found. For x0/x?, > 6 the spherical vacuum condensator 

solution is a good approximation. In the transition region we find 

(-d)2 = 0.75 (Xo/_Q - 1)1.72. 

published by Allen, and Bernstein and Rabinowitz, for several values 
of $14~. As is shown in fig. 3 we have found that the maximum, or only a 
bend in the curves, depends on the current, so that the criterion of Kagan 
is not valid for all cases. However, we use this criterion to calculate the 
boundary of the ion layer, because a better one is not available. If there is a 
maximum or a bend in a plot of the charge density we find there: 

dp/dx = 0 or ap/ax + ap/ax. dy/dx = 0. (10) 

With the equation (1) and (2) and the criterion (10) we calculate a function 
y = f(x), which gives, for a certain value of 9, a set of corresponding values 
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Fig. 3. Potential and space charge for a spherical probe with p/4n = 80 calculated 
from the values given by Allen. ---- = p+ - p-; - . - . = potential as calculated 
by Allen; o - o = a solution of the space-charge equation of Langmuir for xp = 2.3; 

yp = 100. 

Fig. 4. The ratio of x, the radius of the plasma boundary at y = 0.5 and xo the radius 
of the space charge region is given as a function of the current p/4x to the probe. 
x0 is calculated with help of the computer curves of Allen. 

{y = 100(o); y = 60 (0); y = 20 (A)}. 

of y and x where the space charge is a maximum. We then calculate that 

for x = x2, y varies between 1.5 and 2.5 depending on #. Kagan takes the 

boundary at x2 for yz = 1.5. We find then: 

ZX~ > +/87c exp(-ya) yk” > (0.41)-l $1872 (11) 
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II. 4. Relation between current and voltage. From the equations (9) and (11) 

we calculate for the ratio XI/Q: 

1 < (x1/x2)2 < 2.0 

with y in the neighbourhood of 0.5. 

(12) 

Kagan takes now (xI/xs)s = 2 and the replaces x2 by xo. Because this 
is a doubtful point we have calculated the ratio (xi/~) from the computer 
values of Allen e.a. for different fi and y. The results are given in fig. 4. 
For y = 20 and lower, and currents $14~ = 20 --f 700, the difference 
between Kagan’s approximation of 1.42 and the calculated ratios is within 
10% which is quite good. The experiments, carried out in a helium discharge, 
are within the above given limits for current and voltage, so we shall use 
the value of xl/x0 = 1.42. Substituting this value in equation (7a), we find 
for the radius XI of the plasma boundary: 

XI = 1.41 x,[l + (7.44 p-IyI.5}0.5*. (‘3) 

Elimination of XI from equation (13) and (9) yields the following relation 
between the probe current, probe voltage and ion density: 

yp = (0.0134 p)a.67{(0.095 $)a.5 xpi - l}I.I5 (14) 

This formula gives good results for y > 5, because otherwise the replacement 
of x2 by x0 in equation (13) is not justified. From formula (14) it is clear that, 
because yp cannot become negative, 

0.095 $ > x;, 

which states that the probe current, i + = $I*, has to be bigger than the 
drift current across the boundary for which x1” = 2x:. 

II. 5. Comparison with other authors. We have compared formula (14) 
with the calculations of Allen e.a., Bernstein e.a. and Chen. The results 
are given in fig. 5. The calculations of Allen and Bernstein agree with 
each other (there are some misprints in the article of Bernstein). Chen has 
calculated a more extensive range. 

Our formula gives results which differ by only 5% from the computed 
curves, which is quite satisfactory in view of the fact that we have used a 
simplified picture. From equation (14) we calculate the ion density by 
substituting 

no = 692T,(~~/~Js (15) 

which leads to the following equation: 

no = 4.51 T&r;{1 + 3.21 y;*’ 

(no in m-s ’ 0 T m > e K r ir?~)~s’-2 ) P 

(16) 
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Fig. 5. Comparison of calculated values of the current as a function of potential. Left 

part of the figure calculations by Bernstein and Kabinowitz; right part Allen; 

0 - 0 - 0 our formula. 

III. Measurements. The electron and ion densities are measured with 
three different spherical probes made from platinum in a low pressure helium 
discharge. The discharge is made in a glass tube with inner diameter of 
50 mm; oxide coated filaments are used as anode and cathode. The filaments 
are degassed thoroughly; the helium gas is purified by diffusing it through a 
heated quartz tube. The rest gas pressure of the system, after baking at 
400°C is less than 10-s torr. The measurements are performed at pressures 
of about 0.15 torr ; tube currents of 0.5+2A are used. The three probes with 
diameters of 344 (I), 425 (II) and 585 lo (III), can be moved radially in the 
tube. 

The probe characteristic is measured with an x-y recorder. A (slow) 
sweep voltage with a maximum value of 20 V in about 20 s is used to scan 
the characteristic around the plasma potential. 

The temperature is calculated from the log i, - I’ characteristic, in which 
the electron current i, is corrected for the ion contribution. This correction 
is performed by measuring the ion current over 200 V, plotting these 
measurements on a log-log scale, which gives a straight line down to about 
30 V, and extrapolating this line to the desired voltages. 

The electron density n, is calculated from the measured current at plasma 
potential and from the saturation current, following a method described 
by Freudenthal and KinderdijkT). 

The plasma potential, which is defined by the knee in the probe charac- 
teristic, is unambiguously defined by measuring the second derivative of the 
probe current. This is done by using two frequencies (500 and 666$ Hz) 
together on the probe line, and measuring, with phase sensitive detection, 
the amplitude of the difference frequency (166$ Hz) which is a measure for 
the second derivative (see Friar 8)). The plasma potential derived from the 
second derivative is compared with the potential derived from an iterative 
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process also proposed by Freudenthal and Kinderdijks). The two 
methods give the same plasma potential within 2%. 

The ion densities are calculated with help of formula (14), from the 
measured ion current at about 50 volts negative with respect to floating 
potential. We have checked the calculations by measurements at other 
voltages and the results differ only slightly; the biggest difference is 5%. 
In calculating the ion density we have corrected the ion current for the 
secondary electron emission yi caused by the helium ions on platinum. For 
He+ on platinum there are no values known at the moment. Kaminskys) 
suggest to take a value for He+ on W or MO which is about 28% for a clean 
surface. We have taken a value of 30% which means that the measured ion 
current is corrected with 22.5%. 

TABLE II 

Comparison of the electron- and ion densities for different probes at different circumstances 

Probe 

number 

I 

II 

III 

II 

II 

I 

III 

II 

I 

II 

I 

II 

I 

III 

II - 

pressure 

in torr 

0.14 

0.14 

0.14 

0.14 

0.14 

0.21 

0.21 

0.22 

0.22 

0.10 

0.10 

0.10 

0.10 

0.10 

0.10 

- 

- 

- 

tube 

current in A 

1.0 

1.0 

1.0 

0.5 

0.5 

0.85 

0.85 

1.0 

2.0 

1.0 

1.0 

1.5 

1.5 

0.7 

2.0 - 

temperature n, x 10’6 

in “K x 103 m-3 I - 
49 

63 

52 

74 

57 

42 

56 

64 

64 

73 

77 

71 

80 

59 

54 - 

5.07 

5.95 

6.20 

2.62 

3.12 

3.39 

3.27 

6.14 

13.5 

3.12 

2.53 

4.98 

4.03 

2.32 

13.2 - 

926 x 10’6 

m-3 

5.22 

5.20 

6.17 

2.60 

2.74 

4.04 

3.97 

6.90 

14.6 

2.92 

2.48 

4.38 

3.85 

2.14 

15.2 

The calculated electron and ion densities are given in table II. The 
measurements were performed under different conditions of pressure and 
tube current. As can be seen from the results the biggest difference is 20%; 
the standard deviation is 10%. 

IV. Conclusion. A new analytical formula is derived, equation (16)) with 
which it is possible to calculate directly the ion density from a measurement 
of the ion current and voltage, if the electron temperature is known. The 
ion current must be corrected for the secondary emission of the probe 
surface. The ion densities so calculated are in good agreement with 
measurements of the electron densities (measured in the positive column 
of a helium discharge), which were calculated from the current at plasma 
potential and from the saturated electron current. The results indicate that 
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the plasma density may be calculated with a good accuracy also from the 

ion saturation current. 
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