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END-POINT CONSTRUCTION AND SYSTEMATIC TITRATION ERROR 
IN LINEAR TITRATION CURVES- COMPLEXATION REACTIONS 
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A. J. M. DUISENBERG 

In a recent paper’ an apparatus for precise. stepwisc recording of ampero- 
metric titration curves has been described. The recorded curve is ctutomatically 
corrected for dilution of the sample solution with the titrant. The end-point is found 
from the intersection of the extrapolated “linear” segments (ranges) on the two 
branches that form the titration curve. The automatic coriection for changes in 
volume makes it possible to extrapolate such ranges at large distances after the 
end-point, where otherwise dilution effects would distort the curve. This possibility 
is particularly important if the titration reaction does not proceed completely: in 
such cases, the recorded titration curve deviates from the straight lines (Fig. 1, 
curve A), and the theoretical hyperbolic form is more apparent. The curvature in 
the vicinity of the end-point prevents accurate extrapolation. 

Careful selection of the ranges of the titration parameter, ./I which are used 
for extrapolation, makes it possible to minimize the systematic titration error. Rosen- 
thal et (11.~ have reported a few ranges which result in a small systematic titration 
error, but no procedure for the selection of the ranges has been given. Moreover, 
the length of the range used for extrapolation before the end-point always equals 
the length of the range used after the end-point. However, practical reasons, e.g. 

Fig. 1. Cnlculatcd normulizcd titration curves for tlic reaction X+TtiXT. (A) lncompldtc renction, 
KC, = 10. (B) Complctc rcnction. Kc. = CQ. 
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a limited number of data points and partial deformation of the curve, make it 
desirable to be able to choose various combinations of ranges of different lengths. 

In the present paper, a graphical method is proposed for the selection of these 
ranges, when the end-point is constructed by the intersection of tangents to the 
titration curve. The selection of the ranges is based on minimizing the systematic 
titration error. Measurement errors are not considered. First, the systematic titration 
error is calculated; subsequently, one can select two collections of tangents to 
ranges before and after the end-point, which result in a given maximum absolute 
titration error. As the exact selection of ranges requires that the end-point be 
known, ranges can only be estimated. Although the estimation has been performed 
with reasonable accuracy2, it remains difficult to determine the ranges on strongly 
bent titration curves. If the titration is continued far beyond the end-point ($> 2). 
the second branch of the curve better approximates a straight line and can be 
extrapolated more easily than the first branch. Thus the construction of an end- 
point by the intersection of the volume axis with the tangent to the second branch 
of the titration curve is considered for titration curves of a reversed-L shape (Fig. 1). 

THEORETICAL CONSIDERATIONS 

The titration reaction of a component X with a titrant T to yield a soluble 
1: 1 product XT can be represented by 

X-I-T -XT (1) 

for which the conditional formation constant is 

K = [XTlI[Xl[Tl (2) 

For precipitation reactions eqn. (2) does not apply. Work on this case is in progress 
and leads to different results. Charges are omitted and concentrations are used 
instead of activities. Dilution effects can be neglected because of the automatic 
correction. The analytical concentrations of the component and the titrant are c, 
and c,. The titration parameter, j; is defined by 

.f = 0, (3) 
and the following equations are valid 

[X] + [XT] = c, (4) 
[T] + [XT] = c, = fc, (5) 

It is assumed that the titration curve is recorded by monitoring the concentration 
of only one compound involved in the reaction. The relationship between the 
titration parameter and the concentration of this compound is found by elimination 
of the other variables from eqns. (2), (4) and (5). 

The relationship between $ and [T] is represented by 

.f = m K m 
_a: c+ I-I-K[T] 1. 

and the titration curve has a reversed-L shape. Analogous 
derived for the relation between ,f and the-concentration of X 

(6) 

expressions can be 
and XT 3. 
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Case A. The end-point is found by the intersection of two tangents to the 
titration curve, one at a point [TJ,,, fb. before the end-point. and another at a 
point IT];,, ji,, after the end-point. The equation of a tangent to the titration curve 
at point IT],, f,, is 

CT1 = (d+)‘, t f-.0 + CTIU (7) 

Elimination of [T] from eqn. (7) and the similar equation of the tangent at point 
[Tlb, fbr results after rearrangement in a general expression for the titration parameter 
in the point of intersection jf, 

.fi= 
ETlu - C-G + ( y), fb - (‘s),, f,, 

~d~)~, - ($$A) 
The value of f; can be calculated for iiven values of Ecc,, J, and 
First, all terms of the right-hand side of eqn. (8) are multiplied by 
products are calculated, eqn. (6) can be rewritten as 

f .b as follows. 
K. When the 

(8) 

~[T]2-(J’Kc,-Kc,-l)[T]--fc,= 0 (9) 

Solving the quadratic equation, one obtains 

ITI = { f&2, - Kc, - 1 +((-_fKc,+Kc,+ 1)’ +4fKc,)*t,‘2K (f0) 

The other root of the quadratic is physically meaningless. K [T]” and K[T], are 
calculated from eqn. (10) for given values of Kcxr 1; and fh. Differentiation of 
eqn. (fi) with respect to [T] and inversion of the resulting expression yields 

d ET1 
df= 

c,(~+K[T])~ 
Kc,-t( 1 -tK[T]);C 

For given values of Kcx, f, and j’,,, one calulates K(d[T]/dJ),, and K(d[T]/df), by 
substitution elf the values of K [TJ, and .K[T], calculated above in eqn. ( 11). Sub- 
sequently jt is calculated by means of eqn. 8, At the equivalence point fi= 1 and 
the systematic titration Error E;, is given by 

E,=$,- 1 (12) 

Freese4 has shown that the systematic titration error is the same for Y-ET], $-[X] 
and J-[XT] curves, 

Ckse B. The end-point is found by the intersection of the volume axis with 
the tangent at point CT&,, A;,, when the titration curve is of the reversed-L type. 
Even for low values of Kc,. the titration curve approaches a straight line at high 
values of the titration parameter ($>2). Graphical extrapolation of this almost 
linear part of the curve is more convenient than extrapolation of any range before 
the end-point (O< $< 1). Intersection with the volume axis eliminates the practically 
diffkult extrapolation of a more or less bent part of the titration curve before the 
end-point. 
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The relation between the point of intersection, +&,and the ordinate of the 
point ofcontact, [Tjur is found by substitution of [T] =O in eyn, (7). From the resulting 
expression. f; and (d [T]fdj’)u are eliminated by means of eqns. (6) and (11). and 
after simplification the titration parameter at the point of intersection, J;. is given 
by 

K2fTlZ 
’ = (K[T],,-+1)2 (131 

For K[T],, 9 1 the titration error is approximately eftuai to 

(13a) 

The titration error may be expressed in terms of Kc,, JI, and the fractional deviation 
from complete reaction, The fractional deviation (after the end-point), A,,, is defined 
as the difference between the real and the “ideal” concentr~ltion of the titrant, 
normalized to the analytical concentrution, c’,. of the component (see Fig, I): 

Combination of eqns. ( 14) and ( 15) gives: 

E ,, =s -2/{Kc,(j;,- 1 -t-A,,)] 

For increasing values of S,,. the systematic titration error decreases, but remains 
negative, For _#I+ = 3, the error is approximately equal to - l/Kc,, which is the system- 
atic titration error when the end-point is constr~i~ted~ by the intersection of the 
tangents at jk = 0 and ji, = 2. 

RESULTS 

Case A 
The end-point was constructed by the intersection of the tangent to the curve 

at the points j;,-- -0.0. 0. I, 0.2. 0.3, 0.4 and 0.5 with tangents at points .#i, varying 
from 1.0 to 4.0, Systematic titration errors, Ei, were calculated for Kc, = SO. 100, 
500 and 1000 with a programmable desk c&zulator (Comp~lcorp 142E). 

The results are presented in Fig. 2, Several combinations of ranges of J;. with 
ranges of ji, can be selected; these are determined by a given maximum absolute 
titration error and by the value of Kc,, The length of the range (interval) before the 
end-point may be increased by increments of O.l.$ whereas the intervaf of ji, may 
be varied continuously. 

An example wilI illustrate the use of the graphs. If for Kcx== 100, ranges are 
to be found which give a maximum titration error of f l’;;;, then it can be seen 
from Fig. 2(a), curve B, that the il~tersection of the tangent at j;,=O,O with the 
tangent at .!I,= 2.0 results in a titration error of - l’,!& The intersection of the 
same tangent at f,, =O,O with a tangent at ./i, =4,0 gives it titration error of -t-0.3’% 
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Figs. 2a--r. Plots of the systcmutic titration error. E,. 11s a function of .I[, at discrete values of /; for 
difkrent values of Kc,: (A) Kc*,=SO: (B) KC,= 100; (C) Kc*,=SOO: (D) Kc,= IWO. Fig. 2a. .1x=0.0. 
Fig. 2b. jh’O.1. Fig. 2c. jh=O.2. Fig. 2d. jh=0.3. Fig. 2e. j;,=O.4. Fig. 2f. Jh=O.S. 

TABLE I 

RANGES OF ,I;, WHICH GIVE A MAXIMUM ABSOLUTE TITRATION ERROR OF I’:<, ON 
INTERSECTION BY TANGENTS AT DIFFERENT VALUES OF /; FOR Kc,= 100 

_____ _---.------- .--..._.--- ------- --.-_~__--- 

Fi{J. 2 I;, ” ./; rcolue 
--- _____-. ..-_ .-.- - --- 

11 0.0 2.04.0 
b 0.1 I .94.0 

: 
0.2 1.84.0 
0.3 I .7-x4 

c 0.4 I .6-2.6 
f 0.5 1.5-2.0 
_____. _- .-----_.---------- __--- _ --_-----.. -~- 
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It is obvious that the intersection of the tangent at J,=O.O with any tangent at f;, 
between 2.0 and 4.0 gives an absolute titration error equal to or smaller than 1%. 
This procedure can be repeated for the tangents at $,,=O.l, 0.2, 0.3, 0.4 and 0.5 
(Fig. 2(b-f)). The results are given in Table I, and have been rounded off to the 
first number after the decimal point. 

Ranges of f,, are chosen from the data from Table I and combined with 
ranges of f,. Each value of f,., determines a range of I;,. When a range of .fl, has 
been chosen, then both the lower and the upper limiting value of this Jb range 
defines a range of .I;,. The overlapping part of the two ,I;, ranges forms the useful 
range of II,, which must be combined with the chosen range of I’,,. A few examples 
are given: 0.0-0.2 with 2.04.0; 0.0-0.3 with 2.0-3.4; 0.1-0.4 with 1.9-2.6; or 0.2-0.4 
with 1.8-2.6. For the range 0.0-U no suitable range of J;, can be found. Each range 
is limited by two tangents. The intersection of the tangent at the beginning of the 
range off,, with the tangent at the beginning of the range of J, gives the maximum 
negative titration error, - 1%. Likewise, the intersection of the tangents at the end 
of each range gives the maximum positive titration error, f lQ/,. 

In the same manner, the titration error can be represented, when the end- 
point is constructed by the intersection of the tangent at discrete values of j;, with 
tangents at fb values varying from 0.0-1.0. This is shown in Fig. 3(a-d) for A,= 1.5, 
2.0, 2.5 and 3.0. Although it is possible to cover the whole titration curve by 
extension of Fig. 2(a-f) for the remaining values of j’,,, Fig. 3(a-d) is given in order 
to show clearly the variation of the titration error with .fh for a constant value of 
f,. The part of the titration curve that is the most important for the construction of 
the end-point is covered sufficiently with Figs. 2 and 3. 

(a) I: 
+2.0 (0 : 

0s ,’ 
:: : 

*~+I.0 _i’ b : 
‘I 

E 
E _: 

g O 
La 

.9 _... . ...‘;’ 

e = _ -1.0 
i= 

-2.0 

~ 

I: 
,I: 

,/ #i 

?/ 
, ,& 

0.0 tb 1.0 

r3.0 tb) I# : 
A,?,’ c :D 

D +2.0 
!’ 

P ! ’ 

1 

: : 

*x0 I “ 

2 0 

s j: 

‘_-I 

. 

I- /:’ 

-1.0 *’ ;’ 
, 

-2.0 *; 

0.0 f, 1.0 

+4*0 k) 
n:n: c D 

.+3.0 
: : 

P 

l+2,0 .:’ .:’ 

.g 
t’s’ 

il.0 

o 

-1.0 
~ 

; ,iy 

,:‘, 
‘, 

00 lb %O 
lb 

Figs. 3a-d. Plots of the systematic titration error. Et. as it function of fh nt discrete wlucs of J; for 
different vulucs of Kc,. (A) Kc,=SO: (B) Kc,= 100: (C) Kc,=SOO: (D) Kc,= 1000. Fig. 3a, ,1;,= 1.5. 
Fig. 3b. .& = 2.0. Fig. 3c. & = 2.5. Fig. 3d. f. = 3.0, 

It is obvious from Fig. 3(d) that the combination of any range of .15, with a 
range of f, starting at 3.0 always results in. a positive titration error. Figure 4 was 
constructed from Figs. 2 and 3 and some additional calculations. This nomogram 
shows the _t 1% error limits for Kc ,=SO, 100, 500 and 1000. It permits a selection 
of combinations of ranges that give a maximum absolute titration error of 1%. 
First, a range of fh can be selected by departing from the negative error limit for 
a given value of Kc, at the lower limiting value of the desired fh range in the vertical 
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Fig. 4. Nomogram giving f 1’5~ limits of the systcmutic titration error. E,. iIs a function of /h and .I; 
for dillbrent values of Kc,. (A, A’) Kc,=SO: (B. B’) Kc,= 100: (C. C’) Kc,= 500: (D) KL’,= IO@0 D’ lies 
outside the figure. The crossed curve is the zero error limit for illI values of Kc-,. 

Fig. 5. Model showing intcrrclationships bctwccn the systematic titration error. E,. und ./i, and ./;. 

direction until the desired upper limiting value of this range is reached. From this 
point, which also indicates the lower limiting value of the j, range. one goes in 
horizontal direction until the positive error limit for the same value of Kc, is 
reached. This point indicates the upper limiting value of the range of S,,. The 
central crossed curve in Fig. 4 indicates the pair of tangents at .I’,, and j,. which 
intersect in J’= 1 and give zero titration error; this curve applies for every investigated 
value of Kc,. 

The titration error as a function of both points of contact J’,and J, is depicted 
as the curved surface of Fig. 5 for Kc, = 100. The curves B in Fig. 2(a-f) and in Fig, 
3(a-d) are the secants of the error surface with planes perpendicular to the j’,,- and 
the x,-axis respectively. In Fig. 4. curve B, B’ and the central crossed curve are 
secants of the error surface with planes perpendicular to the Ei-axis for Ei = - l’,?;, 
-I- IX, and OX,. 

The ranges found from the Figs. are based on the intersection of tangents, 
whereas the end-point is actually constructed by the intersection of linearly extra- 
polated ranges.of the titration curve. A computer program was written in order to 
obtainan estimate of the systematic titration error that results from the extrapolation 
method compared with the error from the tangent method. The program calculates a 
number of NP points of the normalized titration curve, i.e. [T]/c, is calculated for j 
values between 0.0 and 4.0 for Kc .=50, 100, 500 and 1000 by means of eqn. (10). 
with NP=40, 120. 400. Subsequently, two ranges are chosen on the titration curve, 
one beginning at $,,=O.O and another at J;, = 1.0. Both ranges have equal lengths of 
0.1s. 0.2/ or 0.3$; yb and $,, are the respective central values of the ranges: j’h and 
j’,, are moved along the titration curve in steps equal to half the interval (O.OSj; 0.l.j’ 
or O.lSJ). The best lines through the points belonging to the ranges are calculated 
by a least-squares method and the systematic titration error which results from 
the intersection of the Jh lines with the ,[, lines is tabulated. These data show that 
the number of points has almost no influence on the systematic titration error, 
provided that at least three points per interval are used for the calculation of the 
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line. This result is not too surprising because no measurement errors and only small 
intervals are considered. 

The ranges found by extrapolation are longer than the ranges found by the 
tangent method in the analogous case. For intervals of 0.l.f and 0.2f, graphs can be 
constructed which arc almost identical with the curves of Figs. 24, when j’,, is 
replaced by fl,, and $, by A,, Graphical comparison of t!le data for the interval of 
0.31 with the Figs. is not possible for all cases. but no important differences arc 
found. and the ranges are longer than the ranges found by the tangent method. It 
can be concluded that the tangent method provides a cautious estimation of the 
desired ranges and has an inherent safety margin against a poor estimate of the 
end-point. 

The end-point was constructed by intersection ofthe volume axis with tangents 
atj;, values varying from 1 .O to 4.0 for a reversed-L shaped titration curve. Systematic 
titration errors, E,, were calculated for Kc%= 50, 100, 500 and 1000. The results are 
presented in Fig. 6. The last term of eqn. (13(a)) was used for the calculation. The 
dashed line in Fig. 6 was calculated from eqn. (14). It can be seen from Fig. G that 
the titration error at j, = 2.0 is twice the titration error at J;, = 3.0, The titration error 
at j;,= 3.0 is indeed equal to - l/Kc, and it can be concluded that this construction 
of the end-point. which is simple to perform, results in an error no larger than the 
error of the conventional method. provided that the titration is continued to higher 
values of the titration parameter. 

0 
r __ -’ . 

Ic . 

Fig.&. plots of the systematic titration error, E,, iis :I function of _& for different VldUCS of Kc,. (A) KC,=% 
(B) Kc,= 100: (C) Kc,=ScK); (D) Kc,= 1000. 

DISCUSSION 

The exact selection of ranges yielding a given titration error for a given 
value of Kc, requires that the conditional formation constant and the stoichiometric 
end-point be known. Conditional formation constants can often be found or cal- 
culated from published data5q6, and the end-point can be estimated from the 
titration curve. If the conditional formation constant is unknown. one can find 
couples of ranges which result in small titration errors for Kc, values of 50 (or more) 
from Figs. 24. For the selection, it is useful to have a rule of thumb. which can be 



END-POINTS IN LINEAR TITRATION CURVES 191 

found from Figs. 2 and 3 : the titration error is approximately inversely proportional 
to Kc, for titration errors smaller than about 5%. Curves B and B’ in Fig. 4 can be 
used as the J-20/0 error limits for Kc X= 50. Now two combinations of ranges, O-O-O.2 
with 2.3-3.0, or 0.0-0.4 with 2.0-2.6. can be found from the curves A, A’ and I% B’ 
of Fig. 4. which result in a titration error of + lo/_ and of &27& resepctively, for 
KC v = 50. The useful ranges of j;, usually start at f,,=O.O. If this is the case. and if 
the $,, range must be smaller than about 0.4j’ because of strong curvature of the 
titration curve. then the .<, range must begin at high values of the titration parameter, 
usually at values greater than about _/II = 2.0. A large excess of titrant must be added. 
The smaller the range of fb, the higher the values of J;, which must be chosen. if 
the A;, range is selected at too high values of the titration parameter, then a 
positive titration error is introduced. The negative titration error made by selecting 
the J.:., range at too low values of the titration parameter is usually larger. because 
the negative error varies more with [, than the positive erroi. From the examples 
given above. it is clear that with Figs. 24. various couples of ranges can be chosen 
for a given titration error and for a given value of Kc,. The ranges may have dif- 
ferent intervals before and after the end-point and the J;, range need not begin at 
J,=O.O. This may be advantageous if there are experimental difficulties that cause 
the first measurements of the titration curve to deviate. The effort of carefully 
selecting ranges will be worthwhile if one wishes fully to exploit the advantages of 
linear methods in the titration of very dilute solutions. Then the linear segments of 
the titration curve are short and difficult to extrapolate. 

Careful selection of ranges will not only give more accurate results, but will 
also help to improve precision and to shorten the time necessary for duplicate 
titrations. Ranges can be estimated from the first titration, which must be plotted 
entirely; for subsequent titrations, measurementsare made only within the estimated 
ranges. Precision is improved by taking sufllicient. i.e. 6-8. data points per range7q8. 
Time is gained because no measurements are done outside the ranges, Usually 
fewer measurements than the number needed to plot the complete titration curve 
will suffice. Moreover, the time per measurement can be shorter, because no measure- 
ments are made in the vicinity of the end-point, where the equilibrium is established 
slowly. 

If the titration curve has a reversed-L shape the end-point can be easily 
constructed by taking G-8 measurements starting from A, = 3.0 and by intersecting 
the least-squares line of the points with the volume axis. It is important that only 
the titrant contributes to the measured quantity. For example, in amperometric 
titrations the residual current must be neglible, otherwise the intersection of the least- 
squares line with the volume axis will introduce a larger negative error. If the 
residual current is constant, the least-squares line must be intersected by the residual 
current line. 

SUMMARY 

The systematic titration error which is introduced by the intersection of 
tangents to hyperbolic titration curves is discussed. The effects of the apparent 
(conditional) formation constant, of the concentration of the unknown component 
and of the ranges used for the end-point construction are considered. A graphical 
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method is presented for the selection of pairs of ranges which result in small 
systematic titration errors. The method permits the selection of pairs of ranges with 
equal or unequal intervals before and after the end-point. For titration curves with 
a reversed-L shape, the error is calculated when the end-point is constructed by the 
intersection of the tangent to the second branch of the curve with the volume axis. 
The systematic titration error is equal to - l/Kc, when the tangent to the curve is 
taken at $,=3.0. 
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