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Chapter 1

Introduction

Go with the flow!

Our physical environment can be seen as a very complex system where vari-
ous components interact. Naturally, in order to comprehend some details of the
dynamics of our environment, scientists aim at isolating a smaller subsystem.
By experimenting and measuring they investigate the behavior of the subsys-
tem and by identifying laws and formulating mathematical models, i.e., a set
of evolution equations, they try to explain the observations. And science does
not stop after obtaining a model; we study the past and present time to make
predictions for the future. A mathematical analysis of a model can help to make
such predictions.

Before that, a model must be built, which is an art in itself; identification
and description of the type of time evolution, state variables, parameters and
nonlinearities can be a difficult task. We will not address this issue here, but
rather use models as examples for our analysis. Good deterministic models (with
nonlinear interactions), may be found in some physical settings, e.g., electronic
devices, chemical reaction systems, neuron networks or laboratory populations.
Even when the dynamics of a system is deterministic, providing good predictions
can be nearly impossible. Indeed, one of the main problems of analysis in the
twentieth century is that it is notoriously difficult to analyze and solve nonlinear
equations. Therefore, our predictions usually have only a limited range.

However, even with limitations predictions can be useful. For instance, an
electrical engineer wants to know whether the voltage output in an electrical
circuit is reliable. If a mathematical analysis of the circuit can provide operating
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6 Introduction

conditions for which the output is stable, the engineer is satisfied. The analysis
for unsafe conditions can be hard to do.

Returning to the formulation of a model, we can distinguish internal and
external parameters. Internal parameters are normally fixed as they are specific
for the interactions inside the subsystem, while external parameters can depend
on the environment. In some experiments it is possible to control these external
system parameters, which we will therefore refer to as control parameters. For
an electrical circuit the conductance and resistance of certain elements can for
instance be fixed, while we regulate the voltage input, the control parameter.
Stable operating conditions are then formulated as a safe range for some control
parameter. Other examples of control parameters are temperature for reaction
systems or food inflow for population dynamics.

Results from mathematical analysis

Let us now describe a way to carry out an analysis of a (nonlinear dynamical)
model having in mind that in the end we want to have a partition of the param-
eter space into strata and in each stratum the variables display qualitatively the
same type of dynamical behavior.

We can start with the numerical simulation of a model and we try several
initial conditions. For each of these initial value problems we obtain solutions,
also called orbits or trajectories. The orbits may settle down to an attractor.
Such an attractor can be an equilibrium (steady state), a cycle or a (quasi-)
periodic torus. These kind of solutions are invariant under the time evolution
of the model. In general we start with obtaining different invariant sets for the
model and the stability of these solutions. This can be approached symbolically
by hand or computer, or numerically. Note that unstable invariant sets will
in general be hard to find numerically. Then we change a control parameter
(call it α) a little (from α0 to α1) and repeat this procedure. If the dynamics
of the model is persistent, we will find similar invariant sets with the same
stability properties. For these two choices of the control parameter we have two
dynamical systems out of a family of dynamical systems parameterized by the
control parameter in the model. We say that the two dynamical systems are
topologically equivalent if there is a homeomorphism which maps orbits of one
system onto orbits of the other, without changing the direction of time.

If such a homeomorphism does not exist, then there is a critical value α0 <
αb < α1 for the control parameter, where the system undergoes a bifurcation.
The union of all bifurcation points is the bifurcation set, and its complement in
parameter space consists of the strata we were after. While for the engineer one



7

such stratum would be sufficient, it may be rather complicated to describe the
complete bifurcation set. And where engineers and some other scientists want
to stay away from the bifurcation set, mathematicians become excited about
the dynamical transitions occurring near the bifurcations. One can argue that
this all occurs in a region of negligible size, but actually one can deduce the
dynamics inside the open strata from the bifurcation set. The analysis results
in a bifurcation diagram, that is the bifurcation set and its complement together
with characteristic phase portraits.

Motivation

In this thesis we are after a better description of the bifurcation set, so let us
consider the structure of the bifurcation set for smooth dynamical systems. We
restrict ourselves to local bifurcations where local means an arbitrarily small
neighborhood of a steady state. For local bifurcations this set can be found as
zeros of some smooth bifurcation function, thus it consists of smooth manifolds,
which intersect transversally or tangentially in submanifolds. The codimension
(or codim) of the (sub-)manifold is the difference in dimension between the full
parameter-space and the (sub-)manifold. The codimension of a bifurcation is
the highest codimension of the (sub-)manifolds the bifurcation point belongs to.
In general, the bifurcation set can even be dense in certain regions.

For a bifurcation we have a normal form, i.e., a simplified (not necessarily the
simplest) dynamical system, for which the corresponding bifurcation function
vanishes. By introducing parameters we obtain an unfolding of the normal form
as a perturbation. The codimension is also the natural minimal number of
parameters needed for a generic unfolding. Thus bifurcations are also classified
according to their codimension.

In most studies a bifurcation analysis is limited to two parameters, although
this may be a sound achievement already. With two parameters and the bifur-
cation manifolds projected onto the parameter-plane, we encounter generically
only codim 1 and 2 bifurcations. Indeed, a plane is divided into strata by curves
corresponding to codim 1 bifurcations and where these meet we can find codim
2 bifurcations. At such points one-parameter diagrams are rearranged, and they
are also the source for new bifurcation sequences. If we say codim 1 bifurcations
curves are rooted at a codim 2 point, we mean that the curve extends to the
point. For this reason, codim two points are called the organizing centers in the
parameter-plane.
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This thesis investigates local codim 2 bifurcations for families of non-linear
maps, i.e., finite-dimensional autonomous discrete-time dynamical systems

xn+1 = f(xn, α), x ∈ Rn, α ∈ Rp, (1.1)

where f is an arbitrary smooth vector-valued function. We allow our maps to
be non-invertible.

Observations of discrete time

Case studies raise questions answered ad hoc or in a more general theoretical
framework. As we advance our knowledge about several codim two bifurcations
and methods to analyze them, it is a good idea to have in mind some examples
generating these questions. While we consider maps in general, the underlying
process may well be from a continuous-time dynamical system. The examples
we present here, will reappear in Chapter 4, where they are examined with the
aid of the qualitative and quantitative methods from Chapters 2 and 3.

Population Dynamics. Let us consider interacting laboratory popula-
tions. One does not monitor such populations continuously, thus counting
the individuals of the population occurs only once every day or week and
experimental data is available for discrete time steps. As one is also in-
terested in the total size of each population only, a model with difference
equations is well suited to consider.

The observation in biological experiments, see [117], that two species of
flour beetles (Tribolium) can coexist under strong competition, was un-
expected several decades ago as it seemed to contradict the competitive
exclusion principle. This principle states that in the long run only one
species will survive if they compete for the same resources. Originally
only a model [116] accounting for adults was used, later in [54] a three-
stage model (LPA) successfully described the population dynamics and
explained the coexistence.

In [147] a two-stage Leslie–Gower competition model for the interaction
between the juveniles and adults of two species was investigated to see
whether two age structures also explain the coexistence. In Section 4.2.2
we will study this four-dimensional model with several parameters which
accounts for birth, death and competition, see Figure 1.1.

Adaptive Control. Another class of discrete-time dynamical systems
exhibit some form of control. Take a machine giving a certain output,
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Figure 1.1: Bifurcation diagram for the Leslie–Gower model with coexistence
of populations in the shaded region. The presence of DPD points in the shaded
region implies that it is possible that a stable fixed point coexists with a stable
period two cycle. For the meaning of the curves PD and LP see Section 2.1,
DPD points are explained in Section 2.2 and other notation in 4.2.2.

which we like to regulate. Assuming a model for our machine, we can
investigate its output. Under some conditions there may be unwanted vi-
brations or deviation from a reference position. A feedback control system
measures the output and acts according to some control law. Of course,
one will try to prove the convergence of the control mechanism to the pre-
scribed output. Although stable locally, the prescribed output cannot be
achieved always due to the presence of other attractors, see Figure 1.2.

A concrete example is given in [62] for a single-input/single-output plant.
A linear control law for a general discrete relation leads to a nonlinear
three-dimensional map. Considering the two most important parameters
one can identify a region of tolerated mismatch, where the reference solu-
tion is stable with respect to small disturbances. This region is bounded
by codim one curves on which several codim two bifurcations are located.
Since unfoldings of these codim 2 bifurcations can have attractors coex-
isting with the stable reference solution, this complicates the description
of the region of tolerated mismatch. In [56] this example is studied nu-
merically near strong resonances. Certain coefficients in a normal form
determine which bifurcation diagram appears and from their results one
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Figure 1.2: Attractors in an adaptively controlled system: reference fixed point
(?), cycle of period 7 (�) and invariant curve. Parameter values for map (4.50)
are k = 1.3, b = −.519, c = .1.

might be able to make an educated guess for these coefficients. We can
however, compute these coefficients symbolically and thus minimize the
interesting, but complicating dynamics by choosing a certain controller,
see also Section 4.2.1.

Baroclinic Waves and the Lorenz-84 model. Ever since Poincaré
the relationship between vector fields and diffeomorphisms has been rec-
ognized as intimate. Stable oscillations are abundant in many models and
for instance, they arise when an equilibrium loses its stability through
a supercritical Hopf bifurcation. For the geometric method of Poincaré
one chooses a (n − 1)-dimensional cross-section Σ ∈ Rn which is crossed
by the flow transversally, i.e., with non-zero normal speed. Let φ de-
note the flow and τ = τ(x) be the minimal time such that for x ∈ Σ
we have φτ(x)(x) ∈ Σ. We call P (x) := φτ(x)(x) the first-return map, or
Poincaré map, see also Appendix 4.B. A fixed point of the Poincaré map
corresponds to a periodic orbit of the vector field and their bifurcations
are interpreted analogously. One of the advantages is that the system
to analyze has one dimension less. A disadvantage is that obtaining the
Poincaré map is not always easy. As for very few systems we can solve the
ODE’s analytically, in very few cases can the first return map be expressed
in elementary functions. Thus in most applications the Poincaré map is
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available numerically only.

The other way round goes as follows. We go from diffeomorphisms to
vector fields when the map can be approximated by the time-1 map of the
flow of a vector field possibly composed with a symmetry transformation,
see [149]. This technique will be used in the unfolding of bifurcations in
Chapter 2.

In Chapter 4 we will look at a very low order model for baroclinic flow, an
extension of the Lorenz-84 model. It is known from [153], that the basic
cycle of the Lorenz-84 model, which is created via a Hopf bifurcation of the
trivial equilibrium, represents a traveling baroclinic wave, and undergoes
a period doubling cascade at certain values of the parameter F . A small
perturbation in the extended model can yield a cycle with Floquet multi-
pliers +1 and −1, where an extra codim one bifurcation curve emanates.
This leads to an interesting modulation of the basic cycle, see Figure 1.3.

Σ

U

X
Y

Figure 1.3: The modulated amplitude of a baroclinic wave with doubled period.
A study of fixed points in the cross section will be given in Section 4.2.4.

Seasonally Affected Infectious Diseases. There is an other natural
way in which maps appear when we study vector fields. In the case we deal
with non-autonomous ODE’s, a large class of problems exhibits periodicity
in its time-dependent part. In other words we think of periodically forced
vector fields. If we look at the state variables stroboscopically, i.e., after a
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time equal to the period T has elapsed, then this is another example of how
we may meet maps in the study of dynamical systems. A concrete example

0 2 4 6 8 10
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1

2

3

4
x 10

−3

Time

E

Figure 1.4: Time series of the exposed (E) part of the population for the SEIR-
model for the same parameters but different initial values.

from epidemiology is the SEIR-model with seasonal forcing. The SEIR
epidemic model (see [50] for a general discussion) describes the spread of a
non-lethal disease in a large population, which is divided into four classes:
susceptible (S), exposed (E), infective (I) and recovered (R). For a large
population, the law of mass action allows to describe the development of
the disease with densities and contact rates. A seasonal variation of the
contact rate as in [114] gives a time-periodic nonlinear vector field. In
Figure 1.4 one can see two time series for different initial conditions, but
for the same parameters, which will be explained by studying the codim
2 bifurcations in Section 4.2.5.

A historical perspective

Here we give a brief overview of the literature concerning codim 1 and 2 bi-
furcations of discrete-time dynamical systems generated by iterated maps (first
order nonlinear difference equations), but for a mathematical formulation of
these results we refer to Sections 2.1 and 2.2, in particular Table 2.1.

There are three local codim 1 bifurcations by which a fixed point can lose
stability: the fold, flip and Neimark-Sacker bifurcations. A proof for the theo-
rems on the fold and flip bifurcation theorems can be found in Newhouse et.al.
[130], but the results were known before that time.
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The appearance of an invariant curve has first been considered by Neimark
[128], later Melnikov [124] and Sacker [138] gave a correct exposition, see also
[87]. The theorems give non-degeneracy conditions and typical bifurcation dia-
grams. For generic families transversality with respect to parameters is always
assumed. Descriptions of these bifurcations can be found in classical textbooks
like [5, 6, 8, 106]. When non-degeneracy conditions do not hold or more insta-
bilities appear we have a codim two bifurcation.

The analysis of codim 2 bifurcations has a long tradition and in the course
of roughly thirty years the local analysis has been more or less completed. An
overview of results for the cases appearing in one and two dimensions can be
found in [137, 8, 6, 106].

The results for the cusp bifurcation are analogous to the case of vector fields
and they already follow from Singularity Theory. Results for the degenerate flip
bifurcation were announced in [81, 82, 137, 6]. Peckham and Kevrekidis [134]
used Lyapunov-Schmidt reduction for their analysis, while Gheiner [60] investi-
gated the topological equivalence for this case. For these one-dimensional cases,
there is a weak conjugacy such that the normal forms are actually topological
normal forms. For all other cases the appearance of global bifurcations and
resonances obstructs such an equivalence.

Then Chenciner considered in [37, 38, 39] the case where the cubic non-
degeneracy condition for the Neimark-Sacker bifurcation does not hold. Due
to a quasi-periodic bifurcation the bifurcation set is dense in a certain region
and very complicated. A readable introductory exposition of his results can be
found in [8].

Another degeneracy for the Neimark-Sacker bifurcation appears when the
linear part of the map has a discrete rotational symmetry of order q = 1, 2, 3, 4.
These codim 2 cases are known as the strong resonances. Both Neimark [128],
for the q-th iterate of the map, and Takens [149] (see also [42]), for the map
composed with a symmetry transformation, showed that the normal forms can
be approximated by a vector field whose time-1 map approximates the map.
Arnol’d [4, 5], on the other hand, came to the same vector fields by 2πq-periodic
normalization, while studying limit cycles with these resonances.

Concerning bifurcations of the approximating vector fields, Bogdanov [20,
21, 22] provides a complete analysis for the case q = 1. For q = 2 proofs are
given by Takens [149], Holmes and Rand [83] and Horozov [84], who also treats
the case q = 3. For the cases q = 1, 2, 3 it has been shown that the results for
these approximating vector fields are stable within symmetric perturbations.

For q = 4 the bifurcation diagram is rather complicated. Arnol’d [4, 5]
obtained and predicted most bifurcation curves. Analytical results have been



14 Introduction

obtained by Neishtadt [129], Wan [158], Cheng and Sun [40, 41] and Zegeling
[165]. Berezovskaya and Khibnik [12, 13] computed all boundaries corresponding
to degenerate heteroclinic loops. Arnol’d conjectured that no other sequences
would appear, indeed, the (numerical) evidence by Krauskopf [96, 97, 98, 99]
indicates that all sequences are now known.

Then, the results for the approximating vector field have to be carried over
to the maps. In all cases, global bifurcations appear and therefore no topological
equivalence can be obtained between the unfolding and the original map. For
q = 1 it has been shown by Broer et.al. [29] that there is a narrow horn with
all the complicated dynamics.

The analysis of the fold-flip, fold–Neimark-Sacker, flip– and double Neimark-
Sacker bifurcations was until recently less complete, even at the level of the
approximating vector fields. The first, third and fourth will be studied in Chap-
ter 2. For the fold-flip bifurcation Zholondek (Żola̧dek) [166] indicates some
properties, see also [6, 137]. Gheiner [59] constructed invariant manifolds to
investigate topological equivalence.
The analysis of a case appearing first in three dimensions, namely the fold–
Neimark-Sacker bifurcation, has been undertaken in Vitolo et.al. [157, 32, 33].
After obtaining a bifurcation diagram, they specifically pay attention to reso-
nance phenomena and strange attractors.
For the flip– and double Neimark-Sacker bifurcations a large contribution has
been given by Iooss and Los [120, 121, 89]. They are concerned with the primary
quasi-periodic bifurcations occurring in these cases and proving that this occurs
as in a normal form for a set of large measure.

Computer-assisted approach to bifurcation analysis

While our understanding about what can happen in dynamical systems has
considerably advanced, the application of these analytical results to concrete
models runs into troubles due to the nonlinearities. Here numerical methods
and computers can help to sharpen our intuition.

Simulation of models gives an idea how solutions behave, although one never
computes the true solution because of numerical errors, but a nearby (shadow-
ing) orbit can give reliable information. We mention that the computation of
invariant manifolds is a useful tool when we plot and study phase portraits.

Another important numerical tool is continuation, i.e., following paths of
fixed points or cycles as we vary parameters. We restrict to these invariant
sets as there are methods to compute tori in some cases, but not to continue
them. Along paths we can monitor test functions to detect bifurcations. After
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detection we compute normal forms with the aid of center manifold theory,
that is we simplify our problem without loosing the dynamics of the original
map by minimizing the dimension of the bifurcation problem and introducing a
suitable coordinate transformation to simplify the equations as much as possible.
The numerical evaluation of this procedure gives us numbers which result in
predictions about the dynamics for the original map.

Outline of this thesis

In Chapter 2 we start with a review of local codim one and two bifurcations.
Then we study some open questions for some codim 2 bifurcations, namely
the fold-flip, flip–Neimark-Sacker and double Neimark-Sacker bifurcations. In
particular, we give a bifurcation analysis of the truncated normal forms and
then study the effect of higher order perturbations and resonance phenomena.

The connection between the unfoldings and concrete models is given in Chap-
ter 3 where we derive explicit formulas for the coefficients of the (parameter-
dependent) normal forms for codim two bifurcations. Thus we can set up branch
switching to local bifurcations of cycles. As the final part of Chapter 3 we dis-
cuss an implementation of our approach to bifurcation analysis for maps in
cl matcont [49, 47, 48]. This is a continuation environment in matlab, orig-
inally developed for the analysis of ODE’s and adapted to maps. Continuation
of codim one bifurcation curves in two parameters is also supported by auto

[52] and content [109, 73]. However, the computation of normal forms is not
supported by auto and only in some cases by content. Branch switching at
codim two bifurcations is also unavailable.

In Chapter 4 we present some case studies. The first application is a per-
turbation of the Hénon map which appears in studies of homoclinic tangencies
to which a full section is devoted. Then higher dimensional examples are intro-
duced and we look for the bifurcations and calculate the normal form coefficients.
We try to trace the details of the bifurcation scenarios in these examples and
draw conclusions for the organizing centers in the models.

In Chapter 5 we summarize and discuss our work and point to problems
which are still open.

The contents of this thesis have been part of the following publications.

[112] Yu.A. Kuznetsov, H.G.E. Meijer, H.G.E. and L. van Veen, (2004), The
fold-flip bifurcation, Int. J. Bif. Chaos, 14, pp. 2253–2282.
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[110] Yu.A. Kuznetsov and H.G.E. Meijer, (2005), Numerical normal forms for
codim 2 bifurcations of maps with at most two critical eigenvalues, SIAM
J. Sci. Comput., 26, pp. 1932–1954.

[71] V.S. Gonchenko, Yu.A. Kuznetsov and H.G.E. Meijer, (2005), Generalized
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Chapter 2

The codim 2 cases of local

bifurcations for maps

Assume that for some α = α0

x 7→ f(x, α) (2.1)

or more generally for K ≥ 1

x 7→ g(x, α) = f (K)(x, α) (2.2)

has a fixed point x = x0, that is not a fixed point of f (J)(·, α0) for 1 ≤ J < K
when K > 1. In other words, x0 is a fixed point or a cycle with minimal
period K of f(·, α0). If the Jacobi matrix A = gx(x0, α0) has no eigenvalue
λ with |λ| = 1, i.e., x0 is a hyperbolic fixed point, the dynamics near x0 is
topologically equivalent to that of the linear map x 7→ Ax (Grobman-Hartman
Theorem). If eigenvalues with |λ| = 1 are present, the Center Manifold Theorem
guarantees the existence of local stable, unstable and center invariant manifolds
near the fixed point for parameter values close to α0. On the stable and unstable
manifolds, the local dynamics is still determined by the linear part of the map.
In contrast, the dynamics in the center manifolds depends on both linear and
nonlinear terms. Not all nonlinear terms are equally important, since some of
them can be eliminated by an appropriate smooth and smoothly depending on
parameters coordinate transformation that puts the map restricted to the center
manifold into a normal form, at least up to some order. Non-hyperbolic fixed
points bifurcate, i.e., the dynamics near such points changes topologically under

17



18 The codim 2 cases of local bifurcations for maps

parameter variations. The birth of extra invariant objects, such as cycles or tori,
is described by a parameter-dependent normal form of the restriction of g to a
center manifold. Even though neither the center manifold nor the normal form
on it are unique, the qualitative conclusions do not depend on the choices that
are made. Assuming sufficient smoothness of g, we write its Taylor expansion
about (x0, α0) as

g(x0 + x, α0 + α) = x0 +Ax+ 1
2B(x, x) + 1

6C(x, x, x) + 1
24D(x, x, x, x)

+ 1
120E(x, x, x, x, x) + 1

720F (x, x, x, x, x, x)

+J1α+ 1
2J2(α, α)

+A1(x, α) + 1
2B1(x, x, α) + 1

6C1(x, x, x, α)

+ 1
24D1(x, x, x, x, α) + 1

120E1(x, x, x, x, x, α)

+ 1
2A2(x, α, α) + 1

4B2(x, x, α, α) + 1
12C2(x, x, x, α, α)

+ · · · ,
(2.3)

where all functions are multi-linear forms of their arguments and the dots denote
higher order terms in x and α. The components of the multi-linear functions B
and C are given by

B(x, y) =

n∑

j,k=1

∂2g(x0, α0)

∂ξj∂ξk
xjyk, C(x, y, z) =

n∑

j,k,l=1

∂3g(x0, α0)

∂ξj∂ξk∂ξl
xjykzl, (2.4)

for i = 1, 2, . . . , n. Likewise, we have

J2(x, y) =

p∑

j,k=1

∂2g(x0, α0)

∂αj∂αk
xjyk, B1(x, y, z) =

p∑

l=1

n∑

j,k=1

∂2g(x0, α0)

∂ξj∂ξk∂αl
xjykzl

(2.5)
and so on. In general, with the lower index ν of Bν we denote the order of
differentiation with respect to parameters. From now on, In is the unit n × n
matrix and ‖x‖ =

√
〈x, x〉, where 〈u, v〉 = ūT v is the standard scalar product

in Cn (or Rn).

This Chapter is organized as follows. First we shortly review codim 1 bifur-
cations. Then we list all codim 2 cases which are all briefly described. We refer
to the literature for more details for cases which have been studied earlier and
treat cases which are understood less, in the remaining sections. To facilitate
the reading, all proofs are confined to a separate Appendix.
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2.1 Codim 1 bifurcations of cycles

Assume first that α ∈ R, i.e., the map under consideration depends on one
control parameter. Generically, the following events happen in the state space
near a bifurcation, see, for example [5, 76, 8, 106]. It is assumed that the critical
eigenvalues are simple and no other eigenvalue of A with |λ| = 1 exists. In all
cases, β = β(α) is a new real control parameter with critical value 0, and the
left (p) and right (q) eigenvectors are normalized such that 〈p, q〉 = 1.

1. Fold: The fixed point has a simple eigenvalue λ1 = 1 and no other eigen-
values on the unit circle, while the restriction of (2.2) to a one-dimensional
center manifold at the critical parameter value has the form

ξ 7→ β + ξ + aξ2 + O(ξ3), (2.6)

where a 6= 0 and the O-symbol denotes higher order terms in phase-
variables, the coefficients of which may also depend on parameters. When
the control parameter crosses the critical value corresponding to a fold (LP)
bifurcation, two fixed points of g collide and disappear, provided a 6= 0.
This implies the collision of two period-K cycles of the original map f .
This bifurcation is often called the saddle-node bifurcation or Limit Point.
With the expansion (2.3) we have

a =
1

2
〈p,B(q, q)〉, (2.7)

where Aq = q, AT p = p.

2. Flip: The fixed point has a simple eigenvalue λ1 = −1 and no other eigen-
values on the unit circle, while the restriction of (2.2) to a one-dimensional
center manifold at the critical parameter value can be transformed to the
normal form

ξ 7→ −(1 + β)ξ + bξ3 + O(ξ4), (2.8)

where b 6= 0. When the control parameter crosses the critical value cor-
responding to a flip (PD) bifurcation and b 6= 0, a cycle of period 2 for g
bifurcates from the fixed point, that is a cycle of period 2K for map f .
This phenomenon is often called the Period-Doubling bifurcation. With
the expansion (2.3), we can compute the normal form b as follows

b =
1

6
〈p, C(q, q, q) + 3B(q, (In −A)−1B(q, q))〉, (2.9)
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where Aq = −q, AT p = −p. If b is positive, the bifurcation is supercritical
and the double period cycle is stable. For b negative, it is subcritical and
unstable.

Neimark-Sacker: The fixed point has simple critical eigenvalues λ1,2 =
e±iθ0 and no other eigenvalues on the unit circle. Assume that

eikθ0 − 1 6= 0, k = 1, 2, 3, 4 (no strong resonances).

Then, the restriction of (2.2) to a two-dimensional center manifold at the
critical parameter value can be transformed to the normal form

w 7→ eiθ(β)(1 + β)w + dw|w|2 + O(|w|4), (2.10)

where w is a complex variable and d is a complex number. Provided

c = <(e−iθ0d) 6= 0,

a unique closed invariant curve for g around the fixed point appears on
the center manifold, when the control parameter crosses the critical value
corresponding to the Neimark-Sacker (NS) bifurcation. For the original
map, this means the appearance of K disjoint curves, cyclically shifted by
f . One has the following expression for d:

d =
1

2
〈p, C(q, q, q̄)+2B(q, (In−A)−1B(q, q̄))+B(q̄, (e2iθ0In−A)−1B(q, q))〉,

(2.11)
where Aq = eiθ0q, AT p = e−iθ0p. If c is negative, the bifurcation is super-
critical and the invariant curve is stable. For c positive, it is subcritical
and unstable.

2.2 Codimension 2 cases

Now assume that α ∈ R2, i.e., p = 2. The eleven codim 2 bifurcations of cycles
appearing in generic two-parameter families of maps are listed in Table 2.1.
Below we give normal forms to which the restriction of a generic map g(x, α) =
f (K)(x, α) to the parameter-dependent center manifold can be transformed near
the corresponding bifurcation by smooth invertible coordinate and parameter
transformations. In Chapter 3 we deal with center manifold reduction to obtain
explicit expressions for all normal form coefficients. The parameter-dependent
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Label Name Bifurcation conditions

1 CP cusp λ1 = 1, a = 0

2 DPD degenerate flip λ1 = −1, b = 0

3 CH Chenciner bifurcation λ1,2 = e±iθ0 , c = 0

4 R1 1:1 resonance λ1 = λ2 = 1

5 R2 1:2 resonance λ1 = λ2 = −1

6 R3 1:3 resonance λ1,2 = e±iθ0 , θ0 = 2π
3

7 R4 1:4 resonance λ1,2 = e±iθ0 , θ0 = π
2

8 LPPD fold-flip λ1 = 1, λ2 = −1

9 LPNS fold-NS λ1 = 1, λ2,3 = e±iθ0

10 PDNS flip-NS λ1 = −1, λ2,3 = e±iθ0

11 NSNS double NS λ1,2 = e±iθ0 , λ3,4 = e±iθ1

Table 2.1: Generic codim 2 bifurcations of cycles. Abbreviations are used as
Labels in the Figures and the software CL MATCONT. Coefficients a, b, c are
defined by Equations (2.7), (2.9), (2.11).

part is only described if branch switching to local bifurcations as in Section 3.3
is involved, since for these cases we determine the relation between the unfolding
and original parameters. The qualitative picture, however, is determined by the
lowest order terms listed below. The generic picture is briefly characterized, we
refer to [106, 8, 157] for the codim 2 bifurcations which are not treated in this
chapter in detail. In cases 3, 9, 10 and 11, it is always assumed that λk 6= 1 for
at least k = 1, 2, 3, 4.

CP

The critical smooth normal form on the center manifold at a cusp bifurcation is

w 7→ w + dw3 + O(|w|4), w ∈ R, (2.12)

where, generically, d 6= 0. Under this condition, a generic two-parameter unfold-
ing of this singularity has two fold curves in the parameter plane which form
a cuspidal wedge. For nearby parameter values, the map g has up to three
fixed points that pairwise collide along the fold curves. In the direct product of
the state and parameter spaces, there is one smooth fold curve, so no branch
switching is needed.
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DPD

Near a degenerate flip bifurcation the restriction of the map g to the parameter-
dependent center manifold is smoothly equivalent to the normal form

w 7→ −(1 + β1)w + β2w
3 + c2(β)w5 + O(|w|6), w ∈ R, (2.13)

where, generically, the coefficient c2(0) 6= 0, while (β1, β2) are smooth functions
of α which can serve as new unfolding parameters. The fixed point w = 0 of
the map (2.13) exhibits a flip bifurcation at β1 = 0. It is well-known that from
the point β = 0, corresponding to the degenerate flip bifurcation, a fold curve
of double-period cycles emanates. The asymptotic expression for this curve in
(2.13) is given by

(w, β1, β2) =
(
ε,−c2(0)ε4 + O(ε5),−2c2(0)ε

2 + O(ε3)
)

(2.14)

CH

If eikθ0 6= 1 for k = 1, 2, . . . , 6, the critical smooth normal form on the center
manifold at the Chenciner bifurcation can be written as

z 7→ eiθ0z + c1z|z|2 + c2z|z|4 + O(|z|6), z ∈ C, (2.15)

where <(e−iθ0c1) = 0 but, generically, <(e−iθ0c2)+
1
2=(e−iθ0c1)2 6= 0. A generic

two-parameter unfolding of this singularity has a complicated bifurcation set due
to the “collision” and destruction of two closed invariant curves of different sta-
bility born via sub- and super-critical Neimark-Sacker bifurcations, respectively.
This phenomenon is also called a quasi-periodic saddle-node bifurcation. There
are no cycle bifurcation curves rooted at this bifurcation.

R1

The restriction of the map at a 1:1 resonance to the corresponding center man-
ifold can be written in the form

(
w1

w2

)
7→
(

w1 + w2

w2 + a1w
2
1 + b1w1w2

)
+ O(‖w‖3), w ∈ R2. (2.16)

Generically, a Neimark-Sacker bifurcation curve of the fixed point meets tangen-
tially the fold bifurcation curve. The local branch switching problem is trivial
here, since both curves correspond to fixed points of g. The full bifurcation
diagram near the codim 2 point is complicated and involves global bifurcations,



2.2 Codimension 2 cases 23

i.e., tangencies of stable and unstable invariant manifolds of saddle fixed points
of g and destruction of a closed invariant curve born via the Neimark-Sacker
bifurcation. If s = (b1 − 2a1)2a1 < 0, the bifurcating invariant curve will be
stable.

R2

Near a 1:2 resonance the restriction of the map g to the parameter-dependent
center manifold is smoothly equivalent to the normal form

(
w1

w2

)
7→

(
−w1 + w2

β1w1 + (−1 + β2)w2 + C1(β)w3
1 +D1(β)w2

1w2

)

+ O(‖w‖4), w ∈ R2,

(2.17)

that depends on two unfolding parameters (β1, β2). If C1 < 0, then there is a
Neimark-Sacker curve of cycles of g with double period that emanates from the
flip bifurcation curve β2 = 0 of fixed points. It has the following asymptotic
expression

(w2
1, w2, β1, β2) =

(
− 1

C1
, 0, 1,

(
2 +

D1

C1

))
ε+ O(ε2). (2.18)

Now passing from normal form coefficients to the non-degeneracy conditions we
have c = 4C1 6= 0 and d = −2D1 − 6C1 6= 0. If c < 0 then the critical fixed
point is a saddle, if c > 0 then the critical fixed point is elliptic. The coefficient
d determines merely the stability of the invariant subsets in the bifurcation sce-
nario under generic perturbations. There are also global bifurcations associated
with the destruction of closed invariant curves (see [106] for details).

R3

At a 1:3 resonance, the restriction of the map g to the parameter-dependent
center manifold is smoothly equivalent to the normal form

z 7→
(
e2iπ/3 + β

)
z +B1z̄

2 + C1z|z|2 + O(|z|4), z ∈ C. (2.19)

A generic unfolding of this singularity has a period-3 saddle cycle that does
not bifurcate for nearby parameter values, although it merges with the primary
fixed point as the parameters approach R3. Only global bifurcations related to
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the destruction of a closed invariant curve born via the primary Neimark-Sacker
bifurcation occur in a neighborhood of this codim 2 point.

Note that the period-3 cycle becomes neutral near this bifurcation. Recall
that a saddle cycle is called neutral if the corresponding fixed point has a pair
of real eigenvalues with product 1. This singularity is important in analyzing
global bifurcations of invariant manifolds of cycles. Moreover, the curve of
neutral period-3 saddle cycles may turn into a true Neimark-Sacker bifurcation
at R1 or R2 bifurcations. Therefore, we give here an asymptotic of this curve.

First we need a vector field for which the time-1 flow approximates the third
iterate of the map, i.e.,

g̃(η, β̃) : η̇ = β̃η + η̄2 + C0η
2η̄ + O(|η|4), (2.20)

where

β̃ = 3e−2iπ/3β, z =
1

|B1(β)|e
i arg(B1(β))/3η, C0 =

1

3

(
e−2iπ/3C1

|B1|2
− 1

)
.

We write C0 = a+ ib and for η = ρeiφ the neutral saddle curve has the following
asymptotic expression

(ρ, φ, β1, β2) =
(
ε, s(π/6 − aε/3),−2aε2, sε− bε2

)
+ O(ε3), (2.21)

where s = ±1.

R4

Near a 1:4 resonance the restriction of the map g to the parameter-dependent
center manifold is smoothly equivalent to the normal form

z 7→ (i+ β)z + C1(β)z2z̄ +D1(β)z̄3 + O(|z|4), z ∈ C. (2.22)

For this bifurcation we do not only need this parameter-dependent normal form,
but also an approximation of its fourth iterate by a unit-time shift along orbits
of a vector field

g̃(η, β̃) : η̇ = β̃η +A0(β)η2η̄ + η̄3 + O(|η|4), (2.23)

where η ∈ C and β̃ = β̃1 + iβ̃2, β̃i ∈ R. Here the scaling

z =
1√

|D1(β)|
ei arg(D1(β))/4η
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is used and

A0(β) = −i C1(β)

|D1(β)| .

Moreover, we have the following relation between the parameters of the unfold-
ing of the vector field and the map

(
β̃1

β̃2

)
=

(
0 4
−4 0

)(
β1

β2

)
. (2.24)

There are three possible branch switches for this bifurcation. Let a =
<(A0(0)) and b = =(A0(0)). If ∆ ≡ a2 + b2 − 1 > 0, then there are two
half-lines l1,2 of a limit-point curve of cycles with four times the original period.
If

|b| > 1 + a2

√
1 − a2

,

then there is a curve n1 along which a cycle of four times the primary period
exhibits a Neimark-Sacker bifurcation. Using η = reiφ we have the following
approximations

l1,2 : (r2, φ, β̃1, β̃2) =

(
ε,

1

4
arctan

(
ab±

√
∆

b2 − 1

)
+ O(ε),

−a∆ ∓ b
√

∆

a2 + b2
ε,

−b∆ ± a
√

∆

a2 + b2
ε

)
+ O(ε2),

n1 : (r2, φ, β̃1, β̃2) = (ε+ O(ε2), sign(b) arccos(a)/4 + O(ε),

−2aε+ O(ε2),−(b− sign(b)
√

1 − a2)ε+ O(ε2)).
(2.25)

Taking into account (2.24), we obtain expressions for β. If, in the formula for
n1, we replace sign(b) by −sign(b), then this gives the asymptotic for a neutral
saddle singularity of the period-4 cycle.

Generically, there are also global bifurcations near R4.
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LPPD

Near a fold-flip bifurcation, the restriction of the map g to the parameter-
dependent center manifold is smoothly equivalent to the normal form

(
w1

w2

)
7→
(
β1 + (1 + β2)w1 + a(β)w2

1 + b(β)w2
2 + c1(β)w3

1 + c2(β)w1w
2
2

−w2 + e(β)w1w2 + c3(β)w2
1w2 + c4(β)w3

2

)

+ O(‖w‖4), w ∈ R2.
(2.26)

A new branch predicted by (2.26) for a generic map g is a Neimark-Sacker of
double period that exists if be > 0 and has the asymptotic expression

(x, y2, β1, β2) =

(
−c4
e
, 1,−b,−2b+ ec2 − 2(a+ e)c4

e

)
ε+ O(ε2). (2.27)

As for the majority of the considered cases, there are also global bifurcations
near this codim 2 point.

LPNS

For a fold–Neimark-Sacker bifurcation, the critical normal form on the center
manifold is given by

(
w
z

)
7→
(
w + szz̄ + w2 + cx3

eiθ0z + awz + bzw2

)
+ O(‖(w, z)‖4), (w, z) ∈ R × C. (2.28)

Depending on the coefficient values, several bifurcation scenarios are possible,
which all involve only global phenomena.

PDNS

Near a flip–Neimark-Sacker bifurcation, the restriction of the map g to the
parameter-dependent center manifold is smoothly equivalent to the parameter-
dependent normal form

(
w
z

)
7→

(
−(1 + β1)w + c1(β)w3 + c2(β)w|z|2

eiθ(β)(1 + β2)z + c3(β)w2z + c4(β)z|z|2
)

+ O(‖(w, z)‖4),

(w, z) ∈ R × C,
(2.29)
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where θ(0) = θ0. Besides global bifurcations, a Neimark-Sacker bifurcation
curve of double period for g is rooted at β = 0; it is always present. The
asymptotic expression of this curve is given by

(w2, z, β1, β2) =
(
1, 0, c1, sign(c1)<(e−iθ0c3)

)
ε+ O(ε2). (2.30)

For some global bifurcations fourth- and fifth-order terms are necessary to de-
termine stability properties.

NSNS

For a double Neimark-Sacker bifurcation, provided lθ0 6= jθ1 for positive integers
l and j with l + j ≤ 4, the critical normal form on the center manifold is

(
z1
z2

)
7→
(
eiθ0z1 + c1z1|z1|2 + c2z1|z2|2
eiθ1z2 + c3z2|z1|2 + c4z2|z2|2

)
+ O(‖z‖4), z ∈ C2. (2.31)

Depending on the coefficient values, several bifurcation scenarios are possible in
parameter-dependent unfoldings, which all involve only global phenomena. For
some of them, one has to take into account fourth- and fifth-order terms.
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2.3 The fold-flip bifurcation

This Section is devoted to a detailed analysis of case 8 of Table 2.1, that we
call the fold-flip bifurcation. This bifurcation has first been treated by [166],
see also [59]. In the present Section we clarify and extend that analysis. In
Section 2.3.1, we derive the parameter-dependent normal form for a generic
fold-flip bifurcation and express explicitly the critical normal form coefficients
in 2-dimensional systems. In Section 2.3.2 we complete the analysis of local
bifurcations for the truncated normal form and study global bifurcations ap-
proximating the map by time-shifts along orbits of an auxiliary planar ODE,
present (as complete as possible) bifurcation diagrams of the truncated normal
form, including computer-generated phase portraits, and then discuss effects of
the truncation. Application of this analysis can be found in Chapter 4. We give
the proofs in full detail in Appendix 2.A, as the methods and proofs in the next
Section are analogous and thus the exposition a little shorter.

2.3.1 Normal form for the fold-flip bifurcation

We start with the derivation of the critical normal form, which will be the
same as presented in [59]. Moreover, we give explicit expressions for the critical
normal form coefficients for planar maps.

Lemma 2.3.1 (Critical normal form) Suppose a smooth map F0 : R2 → R2

has the form

(
ξ1
ξ2

)
7→




ξ1 +
∑

i+j=2,3

1

i!j!
gijξ

i
1ξ
j
2

−ξ2 +
∑

i+j=2,3

1

i!j!
hijξ

i
1ξ
j
2


+ O(‖ξ‖4) (2.32)

and h11 6= 0. Then F0 is smoothly equivalent near the origin to a map

(
x1

x2

)
7→
(
x1 + a(0)x2

1 + b(0)x2
2 + c(0)x3

1 + d(0)x1x
2
2

−x2 + x1x2

)
+ O(‖x‖4), (2.33)

where

a(0) =
g20
2h11

, b(0) =
1

2
g02h11, c(0) =

1

6h2
11

(
g30 +

3

2
g11h20

)
, (2.34)
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d(0) =
1

2

(
g12 +

1

2
g11h02 − g2

11 − h2
02 −

2

3
h03

)

+
3g02

(
h21 + 1

2h20h02 − g11h20

)
− g20

(
h03 + 3

2h
2
02

)

6h11
.

(2.35)

Proof. See Appendix 2.A. �

From the normal forms for the fold and flip bifurcations separately (see (2.6)
and (2.8)) one would expect a parameter-dependent normal form

(
x1

x2

)
7→
(

µ1 + x1

−(1 + µ2)x2

)
+ O(‖x‖2).

For the analysis, however, it turns out to be very convenient to change to a form
where most of the terms are removed in the second component, unlike in (2.26).
We now present this family.

Proposition 2.3.2 (Parameter-dependent normal form) Consider a
smooth two-parameter family of smooth planar maps

ξ 7→ F (ξ, α), ξ ∈ R2, α ∈ R2,

where F : R2 × R2 → R2 is smooth and such that

1. F0 : R2 → R2, ξ 7→ F0(ξ) = F (ξ, 0) satisfies Lemma 2.3.1;

2. The map T : R2 × R2 → R2 × R × R, defined by

(
ξ
α

)
7→ T (ξ, α) =




F (ξ, α) − ξ
detFξ(ξ, α) + 1

Tr Fξ(ξ, α)


 (2.36)

is regular at (ξ, α) = (0, 0).

Then F is smoothly equivalent near the origin to a family

(
x1

x2

)
7→
(
µ1 + (1 + µ2)x1 + a(µ)x2

1 + b(µ)x2
2 + c(µ)x3

1 + d(µ)x1x
2
2

−x2 + x1x2

)

+O(‖x‖4),
(2.37)

where all coefficients are smooth functions of µ and their values at µ1 = µ2 = 0
are given by (2.34) and (2.35).
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Proof. See Appendix 2.A. �

Remark 2.3.3 Map (2.36) can be substituted by the map

(
ξ
α

)
7→




F (ξ, α) − ξ
det(Fξ(ξ, α) + I2)
det(Fξ(ξ, α) − I2)


 .

B

2.3.2 Bifurcation analysis of the normal form

Here we analyze the codim 1 bifurcations we encounter when unfolding the nor-
mal form. Gheiner[59] obtained similar results of the fold and flip bifurcations,
but we prove them here with standard techniques. We extend the analysis for
the Neimark-Sacker and heteroclinic bifurcations which were shown to exist,
but no attempt had been made before to analyze them.

Introduce the truncated normal form
(
x1

x2

)
7→ N(x, µ) =

(
µ1 + (1 + µ2)x1 + a(µ)x2

1 + b(µ)x2
2 + c(µ)x3

1 + d(µ)x1x
2
2

−x2 + x1x2

)
.

(2.38)

Remark 2.3.4 Note that (2.38) is invariant under the reflection in the x1-axis:

x 7→ Rx, R =

(
1 0
0 −1

)
, (2.39)

for which R2 = I2. The phase portraits below will reflect this Z2-symmetry. B

Denote the critical values of the normal form coefficients by

a0 = a(0), b0 = b(0), c0 = c(0), d0 = d(0).

Proposition 2.3.5 The family of maps (2.38) has the following local codimen-
sion 1 bifurcations in a sufficiently small neighborhood of (x, µ) = (0, 0).

1. There is a curve

tfold : (x1, x2, µ1) =

(
− µ2

2a0
+ O(µ2

2), 0,
µ2

2

4a0
+ O(µ3

2)

)
,

on which a non-degenerate fold bifurcation occurs if a0 6= 0.
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2. There is a curve tflip : (x1, x2, µ1) = (0, 0, 0) on which a non-degenerate
flip bifurcation occurs if b0 6= 0.

3. If b0 > 0 and µ1 < 0, there is a curve

tNS : (x1, x2, µ2) =

(
0,

√
−µ1

b0
+ O(µ

3/2
1 ),

(d0 + 2b0)µ1

b0
+ O(µ2

1)

)
,

on which a non-degenerate Neimark-Sacker bifurcation of the second iter-
ate of (2.38) occurs, provided

3b0c0 − 3a0b0 − 2b0a
2
0 − d0a0 6= 0. (2.40)

Proof. See Appendix 2.A. �

The invariant curves born from the Neimark-Sacker bifurcation cannot exist
everywhere. They should disappear through some global bifurcations. First, we
note that if the map (2.38) has two saddle fixed points located on the x-axis,
it possesses a family of heteroclinic orbits. Indeed, this occurs when a0b0 > 0
or b0 > 0 > a0. If both a0 and b0 are positive, then the two saddle fixed points
can posses another heteroclinic structure through which the invariant curve is
destroyed. To study this global bifurcation phenomenon, we derive a vector
field, such that the unit shift along its orbits approximates (2.38). Bifurcations
of this vector field are easy to analyze, since it is similar to an amplitude system
for the zero-Hopf bifurcation (see [42, 106]).

Lemma 2.3.6 (Approximating vector field) In a small neighborhood of
(x, µ) = (0, 0), the truncated normal form (2.38) satisfies

R N(x, µ) = ϕ1(x, µ) + O(‖µ‖2) + O(‖x‖2‖µ‖) + O(‖x‖4). (2.41)

Here R is the matrix defined by (2.39), ϕt is the flow generated by the system

ẋ = X(x, µ), x ∈ R2, ν ∈ R2,

where the vector field X is given by

X(x, µ) =

(
µ1 + (−a0µ1 + µ2)x1 + a0x

2
1 + b0x

2
2 + d1x

3
1 + d2x1x

2
2

1

2
µ1x2 − x1x2 + d3x1x

2
2 + d4x

3
2

)
, (2.42)

with

d1 =
(
c0 − a2

0

)
, d2 = (d0 + b0(1 − a0)) , d3 =

1

2
(a0 − 1), d4 =

1

2
b0.
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Proof. See Appendix 2.A. �

To explore relationships between the map (2.38) and the vector field (2.42),
consider first local bifurcations of the vector field X. One can check that there
are two curves, tfold : (x1, x2, µ1) = (−µ2/(2a0) + O(µ2

2), 0, µ
2
2/(4a0) + O(µ3

2))
and tflip : (x1, x2, µ1) = (0, 0, 0), on which equilibria of (2.42) have a zero
eigenvalue. These are the same expansions as we computed for the map (2.38).
The center manifold reduction shows that a fold (saddle-node) bifurcation occurs
on the first curve, while a pitchfork bifurcation happens on the second. Next
we computed a Hopf bifurcation curve for (2.42). We get indeed the same
expression

tNS : (x1, x2, µ2) =

(
0,

√
−µ1

b0
+ O

(
µ

3/2
1

)
,
(2b0 + d0)µ1

b0
+ O(µ2

1)

)

as in Proposition 2.3.5. Guided by the similarity with the zero-Hopf bifurcation
we also find the following result:

Proposition 2.3.7 If a0, b0 > 0 and µ1 < 0 then the vector field (2.42) has two
saddles, which are always connected by a heteroclinic orbit along the x1-axis.
There exists another heteroclinic orbit for

tJ : µ2 =
µ1

a0b0(2a0 + 3)

(
2a2

0 (b0 + d0) + 2a0d0 + 3b0 (a0 + c0)
)

+ o(µ1). (2.43)

Proof. See Appendix 2.A. �

Remark 2.3.8 We derived the linear approximations to both the Neimark-
Sacker bifurcation curve, see Proposition 2.3.5,

µ2 =
d0 + 2b0

b0
µ1 (2.44)

and the heteroclinic bifurcation curve, see (2.43). To analyze their relative
position, we compute the difference between their slopes:

1

a0b0(2a0 + 3)

(
3b0c0 − 3a0b0 − 2b0a

2
0 − d0a0

)
.

This shows that the curves coincide in the linear approximation if and only if the
Lyapunov coefficient cNS (2.40) vanishes. Thus, changing the relative position
of the two curves changes the stability of the appearing closed invariant curve.
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Remark 2.3.9 Taking b = d = 1/2, c = 1/6 we find a 6= −1 ±
√

5/4 as a
condition for cNS to be nonzero. Now if we take a = 1/2 we have µ2 = 2µ1 for
the approximation of the curve tJ (2.43). These numerical values were used for
the bifurcation diagrams with DSTools [10].

Next we can classify the critical phase portraits of the vector field (2.42). In
polar coordinates the vector field at µ = 0 becomes

(
ṙ

θ̇

)
=

(
r2
(
a0 cos2 θ + (b0 − 1) sin2 θ

)
+ O(r3)

−r sin θ
(
(1 + a0) cos2 θ + b0 sin2 θ

)
+ O(r2)

)
.

We see that there are invariant lines in the critical normal form if θ̇ = 0. This
equation is satisfied if θ = 0, π, which is expected due to the invariance of the
vector field under the map (2.39). Another possibility is that

tan2 θ = −1 + a0

b0
.

Therefore, we find six different critical portraits, see Figures 2.1 and 2.2.

a0 > 0

b0 > 0

a0 > 0

b0 < 0

a0 < −1 −1 < a0 < 0

−1 < a0 < 0a0 < −1

Figure 2.1: Phase portraits of the approximating vector field X at µ = 0.

2.3.3 Bifurcation diagrams

Although we had six cases for F0, only four bifurcation diagrams will be reported
in Figures 2.5–2.12, because two others differ only at the critical parameter
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b0 > 0

b0 < 0

0 < a0

0 < a0

a0 < −1 −1 < a0 < 0

−1 < a0 < 0a0 < −1

Figure 2.2: Phase portraits of the normal form N at µ = 0. Compare with the
orbits of the vector field to see how orbits of the map advance.

values. We start with the bifurcation diagrams of the vector field (2.42), which
are similar to the bifurcation diagrams of the truncated amplitude system for the
fold-Hopf bifurcation (see [76, 42, 106]). In our study, however, we have to take
into account that the Neimark-Sacker bifurcation can be either sub- or super-
critical, depending on the sign of cNS . We included these sketches to indicate
the direction of the orbit in the phase portraits for the map. The orbits of the
map continuously jump from the lower to the upper half plane and back. This
is easily understood from (2.41), which implies that (2.33) can be approximated
by the composition of the unit shift along the orbits of X with the reflection R.
We go around the origin in the parameter plane and discuss the phase portraits
of the truncated normal form (2.38). The fold and flip bifurcation curves are
denoted by F± and P±, respectively. The sub/super-critical Neimark-Sacker
bifurcation curve is indicated by NS±. For the vector field, J is the heteroclinic
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bifurcation curve.

J

h2

h1

h1 h2

J

W
u(x1)

W
s(x0)W

u(x1)

W
s(x0)

W
u(x1) W

s(x0)

x1x0x1x0x1x0

Figure 2.3: Heteroclinic tangencies appearing in the lines h1,2 together with a
transversal heteroclinic structure between them.

Remark 2.3.10 We took c = 1/6, d = 1/2 to generate the pictures related to
the map, unless stated otherwise. We use a version of DSTools [10], incor-
porating the algorithms from [101, 102]. The colors should be interpreted as
follow: Orbits are green, while unstable manifolds of saddles are red and stable
stable manifolds are blue. Note that, with the above choice of the coefficients,
cNS is negative in case 1 and positive in case 2.B

• Case 1. In region 1 orbits merely jump to the right. Crossing F+ implies
the appearance of two fixed points on the horizontal axis. In 2 one of
these fixed points is totally unstable, while the other is a saddle. While
crossing curve P+ from 2 to 3, the unstable fixed point becomes a saddle
and an unstable period-2 cycle appears. If cNS > 0, an unstable invari-
ant curve “around” the period-2 cycles appears via the Neimark-Sacker
bifurcation on NS+, when we go from 3 to 4+. The invariant curve dis-
appears through a series of bifurcations associated with the heteroclinic
bifurcations near J+, if we come to 5. The presence of the J-curve for the
vector field implies for the map the existence of two curves, along which
heteroclinic tangencies occur (see sketches in Figure 2.3). Between these
two curves, a heteroclinic structure is present. Figure 2.4 shows invariant
curve configurations computed with DSTools.

If cNS < 0, a stable closed invariant curve emerge in 4- through a series
of bifurcations associated with the heteroclinic structure. This stable in-
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0.4

-0.4

-0.4 0.15 -0.5

0.50.16

-0.85
a b c

-0.16 -0.5

-0.33-0.25

Figure 2.4: Heteroclinic structures in (2.38) near the left fixed point for a = b =
d = 0.5, c = 0.08333, µ1 = −0.2 and µ2 = −0.35345880 (a); µ2 = −0.35347 (b);
µ2 = −0.35349058 (c).

variant curve exists until we cross NS−, where the stable period-2 cycle
become attracting in 5. Next we cross P− and the period two orbit dis-
appears, leaving us with a stable fixed point and a saddle in 6. These two
collide if we return back to 1.

• Case 2. Fix a phase domain near the origin. Now we start with the two
fixed points, one stable and one unstable on the axis in region 1. Then,
crossing the flip curve P+ to 2, one fixed point exhibits a period doubling
and a period two cycle appears. The fixed points on the horizontal axis
collide at F+ separating region 2 from 3, where a stable period two cycle
exists. If cNS > 0, then an unstable invariant curve appears when we
cross the Neimark-Sacker bifurcation curve NS+. This invariant curve
grows, until it blows up and disappears from the fixed phase domain at
some curve B+. Actually, the invariant curve can loose its smoothness and
disappear before touching the boundary of the domain. If cNS < 0, then
we first encounter the “boundary bifurcation” curve B−, where a big stable
invariant curve appears in our fixed phase domain. The transition from
4- to 5 destroys the curve via the Neimark-Sacker bifurcation. Finally,
crossing the fold curve F− produces two fixed points in 6 and through
the flip bifurcation on P− the period-two cycle disappears again as we are
back in 1.

• Case 3. We start with a period-two saddle cycle in 1. Entering 2 though
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the fold curve F+ creates two fixed points on the horizontal axis, a saddle
and a repelling one. Then, while crossing the flip curve P+ to 3, the period
two cycle is destroyed and we get two saddles on the x1-axis. Passing P−
one saddle becomes stable and a period two orbit in 4 is created. Finally,
the fixed points on the horizontal axis collide on F− and we are in region
1 again.

• Case 4. Starting in region 1 we have as in case 3 a period-two saddle cycle,
but also a stable and an unstable fixed point on the x1-axis. The unstable
one becomes a saddle when we enter 2 through the P+ curve. Then
nothing special appears but a “saddle-like flow” in 3 after the saddle and
the stable point collided on F+. Going from 3 to 4 we get a saddle and
an unstable point through the fold bifurcation on the curve F−. We are
back in 1, when the flip bifurcation creates the period-two cycle on P−.

The obtained diagrams give a rather detailed description of bifurcations of
the truncated normal form (2.38). However, this description remains incomplete
due to presence of closed invariant curves and heteroclinic tangencies. Indeed,
the rotation number on the closed invariant curves can change infinitely many
times from rational to irrational and, moreover, the invariant curve can loose
smoothness and disappear. Near a heteroclinic tangency, infinite series of bifur-
cations happen, including cascades of flips and folds (see [57, 58, 67]).

2.3.4 Effect of higher order terms

Adding higher order terms to the truncated normal form (2.38), i.e., restoring
(2.33), complicates the bifurcation picture further.

Using the Implicit Function Theorem, one can prove that for ‖µ‖ sufficiently
small, the map (2.33) has the same local bifurcations as (2.38). More precisely,
Proposition 2.3.5 is valid also for the full normal form (2.33) with any higher
order terms. Therefore, we know what to expect locally. In particular, in cases 1
and 2 closed invariant curves appear. Moreover, the unit shift along the orbits of
the vector field (2.42) composed with the reflection approximates (2.33) as good
as (2.38). This implies that (2.33) also has two bifurcation curves along which
heteroclinic tangencies occur. Between these curves, a heteroclinic structure
is present. Higher order terms in (2.33) do affect these curves, but they both
remain tangent to the curve (2.43) from Proposition 2.3.7.

As mentioned in [59], there are more differences between the phase portraits
of (2.38) and a generic (2.33), which are related to other heteroclinic tangen-
cies. Indeed, in the truncated normal form (2.33) the x1-axis is always invariant.
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Figure 2.5: Vector field : Case 1. a0 > 0, b0 > 0
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Figure 2.6: Map : Case 1. a0 > 0, b0 > 0
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Figure 2.7: Vector field : Case 2. a0 < 0, b0 > 0
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Figure 2.8: Map : Case 2. a0 < 0, b0 > 0
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Figure 2.9: Vector field : Case 3. a0 > 0, b0 < 0
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Figure 2.10: Map : Case 3. a0 > 0, b0 < 0
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Figure 2.12: Map : Case 4. a0 < 0, b0 < 0
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Therefore, in cases 1 and 3 we have the heteroclinic connections between the
saddles located on the horizontal axis. However generically, the higher order
terms in (2.33) break the reflectional symmetry and the heteroclinic connection
along the x1-axis is lost. This allows for heteroclinic structures caused by inter-
sections of the invariant manifolds of the saddles near the horizontal axis. These
intersections can be either transversal (as in Figure 2.13) or tangential. There-
fore, in the first three cases, the bifurcation diagrams of (2.38) and a generic
(2.33) are not locally topologically equivalent.

Figure 2.13: A transversal heteroclinic structure near the horizontal axis.

[59] shows that in case 3, an additional heteroclinic structure may appear:
The unstable manifold of the period-2 cycle could intersect tangentially the
stable manifold of a saddle fixed point on the x1-axis.

In case 4, [59] gives strong indications that (2.33) is locally topologically
equivalent to (2.38), where the cubic terms can be omitted.
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2.4 Flip–Neimark-Sacker and double Neimark-

Sacker bifurcations

We study codim 2 bifurcations of fixed points of dissipative diffeomorphisms
with a pair of complex critical eigenvalues together with either an eigenvalue
−1 or another such a pair. We call them the flip–Neimark-Sacker (flip-NS )
and double Neimark-Sacker (NS-NS ) bifurcations, respectively. This work is
not the first contribution on the topic, since such bifurcations have been found
in models in [118, 161, 160] but not understood, and that in [51, 164] only
a limited analysis is done. Moreover these cases have also been studied in
[89, 120, 121]. However those studies were concerned only with interesting but
specific details, namely the quasi-periodic bifurcation of a ‘period-2’ invariant
circle, which originated via a ‘doubling’ of a ‘period-1’ invariant circle, and a
quasi-periodic bifurcation of the invariant circle into a 2-torus (“torification”)
in the four dimensional case. Notice that the latter works do not use the term
quasi-periodic bifurcation, while in [24, 28, 27] the quasi-periodic bifurcation
theory is set up systematically. All these results exclude a region with so-called
Chenciner bubbles where resonances occur. In some unfoldings of these cases,
these tori bifurcate once more, into higher dimensional tori. For such cases,
a higher-order normal form is necessary to establish stability results. Here we
give a rather complete description of these bifurcations by making the right
correspondence with the double Hopf bifurcation of vector fields. Moreover, we
study numerically representative perturbations, which break the symmetry of
the normal forms. This reveals a peculiar bifurcation structure of the bubbles.
Such bubbles have first been described in [39] and more recently in the fold–
Neimark-Sacker case in [157, 32, 33].

This Section is organized as follows. We will (re)derive the normal forms,
and reduce them both to a single amplitude map. This map is similar to the am-
plitude system for the double-Hopf bifurcation for vector fields. Then we unfold
the bifurcation and give asymptotic expressions for local and some global codim
1 bifurcations. The invariant circles may bifurcate into a 2-torus. Representa-
tive non-symmetric perturbations of the normal forms are studied numerically.
Our case studies show a detailed picture near various bifurcation curves, which
is richer than known from theoretical predictions. This fine-structure will also
be shown to exist in a non-trivial example from robotics in Chapter 4. Proofs
can be found in Appendix 2.B.
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2.4.1 Normal forms

In this Section we derive the normal forms in the minimal dimensions explicitly
and perform a reduction to a planar map, whose bifurcations will be studied in
the next Section. For the bifurcations under consideration the normal forms up
to and including third order may be extracted from [89, 121]. The 3-jet of such
a family will be shown sufficient to distinguish several topological unfoldings.
For some of them, a possible bifurcation is that of an invariant circle T1 into
a 2-torus T2 for the flip-NS case, (or a T2 into a T3 for the double NS). The
results of the bifurcation analysis will show that it is necessary to study the
5-jet to determine the stability of the T2 (or T3). The Poincaré normal forms
contain six resonant monomials of order 5; however, we will show under natural
non-degeneracy conditions that for both the flip-NS and the NS-NS cases only
three such terms enter the analysis.

Poincaré normal forms

Consider two maps, F1 : R3 → R3 and F2 : R4 → R4, both having a fixed point
at the origin, where their linear part is given by

DF1 =




−1 0 0
0 cos(φ) − sin(φ)
0 sin(φ) cos(φ)




and

DF2 =




cos(φ1) − sin(φ1) 0 0
sin(φ1) cos(φ1) 0 0

0 0 cos(φ2) − sin(φ2)
0 0 sin(φ2) cos(φ2)


 .

For F1 the origin has multipliers λ ∈ S1 ≡ {−1, eiφ, e−iφ}, while for F2 the
multipliers are λ ∈ S2 ≡ {eiφ1 , e−iφ1 , eiφ2 , e−iφ2}, with 0 < φ, φ1, φ2 < π.

Now we embed these maps into finite-parameter families. Since 1 /∈ S1,2,
we can assume without loss of generality that the origin is a fixed point for
all parameter values. Thus, the Jacobi matrices evaluated at the fixed point
in the origin become functions of parameters, DF1(α) and DF2(α). Denote
the eigenvalues of DF1(α) by λ1(α), λ2(α) = λ̄3(α) and those of DF2(α) by
λ1(α) = λ̄3(α), λ2(α) = λ̄4(α). To place all eigenvalues of a generic parameter-
dependent 3 × 3 or 4 × 4 real matrix with complex pairs on the unit circle,
one needs two unfolding parameters α = (α1, α2). The arguments (angles)
φ, φ1, φ2 then become functions of α, i.e., φ(α), φ1(α), φ2(α). If their critical
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values corresponding to α = 0 are not equal to 2πp/q, p, q ∈ N and q a small
integer, then they may effectively be treated as constants for α 6= 0. Introducing
more parameters we can perturb the critical angles, however, as we shall see
later, there are only small regions in parameter space where effects of varying
the angles are significant.

Since the critical fixed points are non-hyperbolic, nonlinear terms have to
be introduced. With the aid of the normal form reduction only resonant terms
will remain. It is also natural to identify R3 with R ×C and R4 with C×C, so
that F1 and F2 become smooth transformations of these spaces with the critical
linear parts

A1 =

(
−1 0
0 eiφ(0)

)
and A2 =

(
eiφ1(0) 0

0 eiφ2(0)

)
,

respectively. The normalizing changes of variables could also be considered as
smooth nonlinear transformations of R×C or C×C. After these considerations
we now give the parameter dependent normal forms, which will be studied in
the rest of the section.

Proposition 2.4.1 Let F1 : R × C × R2 → R × C be a smooth two-parameter
family of maps with F1(0, 0, α) = 0 and DF1(0) = A1. Moreover, let kφ(0) 6=
0 mod 2π for k = 1, 2, 3, 4, 5, 6, 8, 10 and det

(
d(λ1(α),|λ2(α)|)

d(α1,α2)

)∣∣∣∣
α=0

6= 0. Then

the family F1 is locally smoothly conjugate to a map with the 5-jet with respect
to (x, z):

NF1 :

(
x
z

)
7→
(

−x(1 + µ1)
z(1 + µ2)e

iφ(µ)

)

+

(
x
(
f300x

2 + f111|z|2 + f500x
4 + f311x

2|z|2 + f122|z|4
)

z
(
g210x

2 + g021|z|2 + g410x
4 + g221x

2|z|2 + g032|z|4
)
)
,

(2.45)
where fijk are real and gijk complex-valued smooth functions of µ = (µ1, µ2).

Let F2 : C2 × R2 → C2 be a smooth two-parameter family of maps with
F2(0, 0, α) = 0 and DF2(0) = A2. Moreover, let kφi(0) 6= 0 mod 2π for k =
1, 2, 3, 4, 5, 6 and i = 1, 2 and (φ1(0)/φ2(0)) /∈ ±{5, 4, 3, 2, 3

2 , 1,
2
3 ,

1
2 ,

1
3 ,

1
4 ,

1
5} and

det
(
d(|λ1(α)|,|λ2(α)|)

d(α1,α2)

)∣∣∣∣
α=0

6= 0. Then the family F2 is locally smoothly conjugate
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to a map with the 5-jet with respect to (w, z):

NF2 :

(
w
z

)
7→
(
w(1 + µ1)e

iφ1(µ)

z(1 + µ2)e
iφ2(µ)

)

+

(
w
(
f2100|w|2 + f1011|z|2 + f3200|w|4 + f2111|w|2|z|2 + f1022|z|4

)

z
(
g1110|w|2 + g0021|z|2 + g2201|w|4 + g1121|w|2|z|2 + g0032|z|4

)
)
,

(2.46)
where fijkl and gijkl are smooth complex-valued functions of µ = (µ1, µ2).

Proof. See Appendix 2.B. �

The conditions on φ(0), φ1(0), φ2(0) imply the absence of strong resonances.
In cases when the 3-jet determines the complete topological unfolding, the con-
ditions can be relaxed to k 6= 1, 2, 3, 4, 6 for the normal form of the flip-NS
bifurcation. For the normal form of the double NS bifurcation, we assume
k 6= 1, 2, 3, 4 and (φ1(0)/φ2(0)) /∈ ±{3, 2, 1, 1

2 ,
1
3}.

Remark 2.4.2 The detection of a fixed point with critical multipliers in S1 or
S2 is a simple task supported, for example, by content [109]. Checking the
transversality of the families F1 and F2 with respect to parameters α1 and α2

is more difficult, since, in general, one does not have explicit expressions for the
multipliers. However, there are two maps, G1 and G2, whose regularity at the
origin is equivalent to the regularity required in Proposition 2.4.1.

For the flip-NS bifurcation, the regularity at (X,α) = (0, 0) of the map
G1 : R3 × R2 → R3 × R2,

G1(X,α) = (F1(X,α),det (DF1(α) + I3) ,det (DF1(α)) + 1),

is equivalent to the condition

16 sin2(φ(0)) det

(
d(λ1, |λ2|)
d(α1, α2)

)
6= 0.

For the double NS bifurcation, a similar condition is more involved. We fol-
low [74, Chapter 5.5]. The 6×6-matrix M(α) = DF2(α)�DF2(α)−I6, where �
denotes the bialternate matrix product, see [74, Chapter 4.4.4], has rank defect

two at α = 0. Choose B,C ∈ Rn×2, D ∈ R2×2, such that

(
M(α) B
CT D

)
is

nonsingular for small α, and define G(α) ∈ R2×2 as the solution of the following
linear system (

M(α) B
CT D

)(
Q

G(α)

)
=

(
0
I2

)
.
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The double Neimark-Sacker bifurcation is then characterized by G(0) being the
null-matrix. Since only two of its four elements are independent, we can choose
any two of them, say g11(α) and g22(α). Then the regularity at (X,α) = (0, 0)
of the map G2 : R5 → R5,

G2(X,α) = (F2(X,α), g11(α), g22(X,α)),

can be expressed as

16(cos(φ1(0)) − 1)(cos(φ2(0)) − 1) det

(
d(|λ1(α)|, |λ2(α)|)

d(α1, α2)

)
6= 0.

Therefore, the transversality can be checked in the original real coordinates as
the regularity of the map G1 or G2 at the origin. We refer to the Appendix
2.B for some computations related to this Remark. A method to verify the
transversality presented in [161] involves the computation of eigenvectors and is
more laborious.

Reduction to an amplitude map

As both truncated normal forms (2.45) and (2.46) are equivariant under ro-
tations and reflections, we transform to polar coordinates. Then we truncate
higher order terms and ignore for the moment the dynamics in the angles. Both
maps are now reduced to the same map:

Hµ :

(
x
y

)
7→
(

(1 + µ1)x+ a11x
3 + a12xy

2 + h50x
5 + h32x

3y2 + h14xy
4

(1 + µ2)y + a21x
2y + a22y

3 + h41x
4y + h23x

2y3 + h05y
5

)
.

(2.47)
As before, we suppress the parameter dependence of the coefficients aij . This
affects the expressions for the bifurcation curves of the Neimark-Sacker and het-
eroclinic bifurcations in Proposition 2.4.4, but not the stability of the invariant
circle, see also Remark 2.4.5 in Section 2.4.2. In that sense the suppression is
harmless.

For the flip-NS bifurcation we introduce cylindrical coordinates (x, r, ψ),
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where z = reiψ. Then map (2.45) becomes




x
r
ψ


7→




x
(
−(1 + µ1) + a11x

2 + a12r
2 + h50x

4 + h32x
2r2 + h14r

4
)

r
(
1 + µ2 + a21x

2 + a22r
2 + h41x

4 + h23x
2r2 + h05r

4
)

ψ + φ(µ) + =(e−iφ(µ)g021)r
2 + =(e−iφ(µ)g210)x

2




+ O




0
‖(x, r)‖6

‖(x, r)‖3


 .

(2.48)
Note that the first two components of (2.48) are independent of ψ. Ignoring
the ψ-equation and the higher-order terms for the moment, we identify (2.45)

with (2.47) by composing (2.48) with the reflection R =

(
−1 0

0 1

)
. The

correspondence is then given by the formulas aij and hij as

(
a11 a12

a21 a22

)
=

(
−f300 −f111

<(e−iφg210) <(e−iφg021)

)

and

h50 = f500, h41 = <(e−iφg410) + 1
2=(e−iφg210)2,

h32 = f311, h23 = <(e−iφg311) + =(e−iφg210)=(e−iφg021),
h14 = f122, h05 = <(e−iφg032) + 1

2=(e−iφg021)2.

For the NS-NS bifurcation we introduce, as above, polar coordinates
(r1, r2, ψ1, ψ2), where (w, z) = (r1e

ψ1 , r2e
ψ2). Then (2.46) transforms into




r1
r2
ψ1

ψ2


 7→




r1(1 + µ1 + a11r
2
1 + a12r

2
2 + h50r

4
1 + h32r

2
1r

2
2 + h14r

4
2)

r2(1 + µ2 + a21r
2
1 + a22r

2
2 + h41r

4
1 + h23r

2
1r

2
2 + h05r

4
2)

ψ1 + φ1(µ) + =(e−iφ1(µ)g2100)r
2
1 + =(e−iφ1(µ)g1011)r

2
2

ψ2 + φ2(µ) + =(e−iφ2(µ)g1110)r
2
1 + =(e−iφ2(µ)g0021)r

2
2




+ O




‖(r1, r2)‖6

‖(r1, r2)‖6

‖(r1, r2)‖3

‖(r1, r2)‖3


 ,

(2.49)
where the coefficients are given by

(
a11 a12

a21 a22

)
=

(
<(e−iφ1f2100) <(e−iφ1f1011)
<(e−iφ2g1110) <(e−iφ2g0021)

)
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and
h50 = <(e−iφ1f4100) + 1

2=(e−iφ1f2100)
2,

h41 = <(e−iφ2g2210) + 1
2=(e−iφ2g1110)

2,
h32 = <(e−iφ1f2111) + =(e−iφ1f2100)=(e−iφ1f1011),
h23 = <(e−iφ2g1121) + =(e−iφ2g1110)=(e−iφ2g0021),
h14 = <(e−iφ1f1022) + 1

2=(e−iφ1f1011)
2,

h05 = <(e−iφ2g0032) + 1
2=(e−iφ2g0021)

2.

As in the flip-NS case, the first two components are independent of ψ1 and ψ2,
and we obtain the identification of (2.46) with (2.47), if the higher order terms
are truncated.

Hyper-Normalization

We see that four cubic terms remain in the amplitude map. We can use these
cubic coefficients of the resonant monomials to remove some of the fifth-order
terms. In fact the following statement holds.

Proposition 2.4.3 If a11a22 6= 0 and a12a21(a12 − a22) 6= 0, then the family
Hµ given by (2.47) is smoothly conjugated to a family with the 5-jet

(
x
y

)
7→ Fµ(x, y) =

(
x(1 + µ1) + s1x

3 + s2θxy
2 + c1x

5

y(1 + µ2) + s1δx
2y + s2y

3 + c4x
4y + c6y

5

)
, (2.50)

where s1 = sign a11, s2 = sign a22,

θ =
a12

a22
, δ =

a21

a11
, c1 =

h50

(a11)2
, c6 =

h05

(a22)2

and

c4 =
h41

(a11)2
+

a21

(a11)2

(
h32

a12
− h14(a11 − a21)

a12(a12 − a22)
− h23(a11 − a21)

a21(a12 − a22)

)
.

Proof. See Appendix 2.B. �

2.4.2 Bifurcation analysis of symmetric normal forms

Bifurcations of the hyper-normalized amplitude map

In this section we study bifurcations of the map (2.50). We recall that this map
corresponds to the truncated normal forms (2.45) and (2.46). As mentioned
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before, it appears in other applications involving symmetry-breaking. First,
we study fixed points of (2.50) and their stability. Then we consider the cor-
respondence between (2.50) and the full maps (2.45) and (2.46). Due to the
symmetries it is enough to consider the positive quadrant in the (x, y)-plane.

Proposition 2.4.4 Suppose the coefficients of the map (2.50) satisfy the fol-
lowing non-degeneracy conditions

(D.1) s1s2θδ 6= 0.
(D.2) δθ − 1 6= 0.
(D.3) θ, δ 6= 1.

(D.4)LNS=s1

(
12(2δθ−δ−θ)

θ(θ−1) + c1
8(2δθ−δ−1)
(θ−1)(δθ−1) − c4

8
(δθ−1) + c6

8δ(2δθ−θ−1)
θ(θ−1)(δθ−1)

)
6=0.

Then, for sufficiently small ‖µ‖ map (2.50) exhibits the following bifurcations.

• The trivial fixed point exhibits a pitchfork bifurcation at T1 = {µ ∈ R2 :
µ1 = 0}. The semitrivial fixed point (x, y) = (

√−s1µ1, 0) is stable if
s1 < 0 and µ2 − s1δµ1 < 0 and totally unstable if the inequality signs are
reversed. Otherwise the fixed point is a saddle.

• The trivial fixed point exhibits another pitchfork bifurcation at T2 = {µ ∈
R2 : µ2 = 0}. The semitrivial fixed point (x, y) = (0,

√−s2µ2) is stable if
s2 < 0 and µ1 − s2θµ2 < 0 and totally unstable if the inequality signs are
reversed. Otherwise the fixed point is a saddle.

• If both ρ2
1 = (µ1−θµ2)

s1(δθ−1) > 0 and ρ2
2 = (µ2−δµ1)

s2(δθ−1) > 0 hold, then there is a

nontrivial fixed point (x, r) = (ρ1, ρ2) +O(‖µ‖2). The fixed point is stable
if s1s2(δθ − 1) < 0 and (s1ρ

2
1 + s2ρ

2
2) < 0. It is unstable if both inequality

signs are reversed.

The semitrivial fixed points on the x- and y-axes undergo secondary pitch-
fork bifurcations at T3 = {µ ∈ R2 : µ1 = θµ2} when ρ2 > 0, or at
T4 = {µ ∈ R2 : µ2 = δµ1} when ρ1 > 0.

• If s2 = −s1 and δθ > 1, then the nontrivial fixed point exhibits a Neimark-
Sacker bifurcation. This happens along the curve NS = {µ ∈ R2 : µ2 =
µ2,NS(µ1)}, where

µ2,NS = − δ−1
θ−1µ1

+
(

2(δθ−1)2+(2δθ−δ−1)c1−(θ−1)c4+(2δθ−θ−1)c6
(θ−1)3

)
µ2

1 + O(µ3
1),

for µ1(θ − 1)s1 > 0. The bifurcating closed invariant curve is stable if
µ1LNS < 0 and unstable if µ1LNS > 0.
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• If s2 = −s1 and δθ > 1, and θ < 0, then stable and unstable invariant
manifolds of the semitrivial fixed points are tangent along two exponen-
tially close bifurcation curves HET1,2, whose quadratic approximation is
given by

µ2,HET = − δ−1
θ−1µ1 +

(
(δθ−1)2

2(θ−1)3 − δ(2δθ−δ−1)
(2δθ−θ−δ)(θ−1)c1 + δ

(2δθ−θ−δ)c4

− θ(2δθ−θ−1)(δ−1)2

(2δθ−θ−δ)(θ−1)3 c6

)
µ2

1 + O(µ3
1).

Proof. See Appendix 2.B. �

Remark 2.4.5 Suppose that the heteroclinic tangencies occur. Then we have

µ2,NS − µ2,HET =
θ(δθ − 1)2

8(θ − 1)2(2δθ − θ − δ)
µ2

1s1LNS + O(µ3
1).

Therefore, the quadratic approximations of these curves do not coincide under
the imposed non-degeneracy conditions. If we include the parameter dependence
of the cubic coefficients, both µ2,NS and µ2,HET are affected in the same manner.
Their difference is still being proportional to µ2

1LNS .

Remark 2.4.6 If s1s2 < 0, δθ > 1 and θ > 0 then the invariant circle of map
(2.50), blows up and disappears through the collision with a fixed boundary of
the phase plane, see also case 2 of the fold-flip bifurcation in Section 2.3.3.

Remark 2.4.7 The conditions on and signs of the coefficients in the proposition
lead to several different unfoldings. We may assume that δ ≤ θ, otherwise we
can interchange x and y. We cannot scale time, but since we are working
with diffeomorphisms, we can invert the map. So if s1s2 < 0, we may assume
µ1LNS < 0 and there are six different unfoldings. If s1s2 > 0, there are five
different unfoldings. We used the same notation as in [106] and the reader can
refer to that text for the bifurcation diagrams.

Bifurcations of NF1 and NF2

In Section 2.4.1, we have reduced the normal forms to a planar map by factor-
ing out the Z2- and S1-symmetries. In order to study bifurcations of invariant
objects of maps (2.45) and (2.46) we must restore these symmetries. Although
in an arbitrary map with one of these bifurcations these symmetries are usu-
ally broken, the analysis of the truncated normal forms (2.45) and (2.46) still
provides a skeleton of the full dynamical catalog.
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Symmetric flip-NS

For the flip-NS bifurcation we have a reflection and rotations. The statements of
Proposition 2.4.4 can now be interpreted for the symmetric normal form (2.45)
as follows, see also Figure 2.14.

• The bifurcation at T1 is the usual flip bifurcation. The origin changes
stability in the x-direction and a period-2 orbit (dis)appears if µ1 crosses
zero.

• The bifurcation at T2 is the usual Neimark-Sacker bifurcation. The origin
changes stability in the z-direction and a closed invariant curve (dis)ap-
pears if µ2 crosses zero.

• At the bifurcation curve T3 we encounter a quasi-periodic doubling bi-
furcation, which we will denote by CD. Here a closed invariant curve
consisting of one piece changes stability in the x-direction, which is ac-
companied by the creation or destruction of the doubled invariant curve.

• At the bifurcation curve T4 the period-2 cycle changes stability and a
doubled invariant curve consisting of two disjoint closed curves is created
or destroyed via another Neimark-Sacker bifurcation.

• If the nontrivial fixed point of (2.50) undergoes the Neimark-Sacker bi-
furcation, then from the doubled invariant curve a 2-torus T2 bifurcates,
which also consists of two disjoint sets. This is also a quasi-periodic Hopf
bifurcation. Below it will be denoted by CN .

• The T2 may be destroyed in a heteroclinic bifurcation or by a boundary
bifurcation.

Symmetric double Neimark-Sacker

The double NS normal form has two rotational symmetries. The statements of
Proposition 2.4.4 can now be interpreted as follows.

• The bifurcations at T1 and T2 correspond to the birth or destruction of
closed invariant curves via the standard Neimark-Sacker bifurcations.

• A bifurcation at T3 or T4 creates or annihilates an invariant 2-torus T2

surrounding a closed invariant curve, this is denoted as before by CN .
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(a)

z

y

x

y

z

x

z

x

y

(b) (c)

Figure 2.14: Sketches of phase portraits which are specific for the flip–Neimark-
Sacker bifurcation. The dots represent the period-2 fixed point, which may be
present or not. In (a) the doubled invariant curve is stable, in (b) and (c) it is
unstable(dotted). In (b) the doubled invariant curve is surrounded by a 2-torus.
In (c) the 2-torus has merged with a heteroclinic structure of the manifolds of
the period-2 fixed point and the invariant curve. The doubled invariant curve
exists inside.

• The T2 may change stability such that a T3 appears, it will be labeled by
TT .

• The T3 may disappear either through a heteroclinic bifurcation, where
the stable and unstable manifolds of both closed invariant curves are con-
nected, or by a collision with a fixed boundary.

2.4.3 Breaking the symmetries

In general, the higher order terms are not symmetric under the action of Z2 and
S1. In [28, 37, 38, 39, 27, 24, 89, 120, 121, 34] the question of persistence of the
invariant curves and tori under general dissipative perturbations was considered.
The curve doubling and curve torification was subject of [89, 120, 121]. These
works show that there is a set of positive measure in the (µ1, µ2)-plane, where
the bifurcation path, in general not a straight line, has a “good” bifurcation
sequence. Positive measure implies that it occurs with high probability and
“good” means the doubling of the invariant curve or its torification without any
extra dynamical phenomena. These paths avoid resonance holes and along them
the reduction of the original map to the planar map is valid.

In the resonance holes, the bifurcation scenario is different. This question
was first considered by Chenciner in [39]. Near the curves CD,CN , and TT
we may encounter resonances on the invariant tori, and these resonance bubbles
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have to be avoided by a “good” path (see Figure 2.15 for the flip-NS case). Typ-
ically, there is a Diophantine condition which decides how large these bubbles
are in parameter space.

C̃D

C̃N

H̃ET

µ1

µ2

Figure 2.15: A sketch of the (µ1, µ2)-plane near a generic flip-NS bifurcation

with the resonance bubbles (black diamonds) in the sets C̃D and C̃N . The bub-
bles have to be avoided by a “good” bifurcation path, like the dashed one, but

are relatively small. In the region denoted by H̃ET the dynamics is complicated
by heteroclinic orbits.

The bifurcations of fixed points and period-2 cycles have been characterized
completely by Proposition 2.4.4. More interesting are bifurcations of invariant
curves and tori in the quasi-periodic sense as in [24, 28, 27]. Here we will
present numerical studies in the most interesting cases, namely where a torus
disappears via a heteroclinic bifurcation. Note that a boundary bifurcation,
where the torus moves out of a fixed domain, may be seen as an artifact of
the analysis, since in all real applications a specific mechanism destroying the
torus will be visible. Phase-locking and asymmetry appear if we include the
dynamics of the angles ψ in maps (2.45) and (2.46), as well as higher-order
non-symmetric terms. Thus we may encounter resonances on the invariant tori
and not follow any “good” bifurcation path. Thus, in a generic non-symmetric
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family complicated bifurcation sets exist near the curves CD and CN for the
flip-NS bifurcation and near the curves CN and TT for the NS-NS bifurcation,
respectively, hereafter denoted by a tilde.

For a global overview of the dynamical inventory a two-parameter study is
rather sufficient. However, near the curves C̃D, C̃N , and T̃ T a study of three-
and four-parameter unfoldings in the spirit of [5], where it was first suggested
to consider the argument of the multipliers near the Neimark-Sacker bifurcation
as an additional unfolding parameter, is necessary.

In [150] a theoretical framework for invariant circles with phase-locking has
been developed, claimed to be representative by the authors. In our numeri-
cal case study this provides indeed a skeleton of the bifurcation scenarios. It
involves coexistence of attractors and global bifurcations. However, the role of
twist-terms (imaginary parts in (2.51)) is subtle in that they lead to a codim 3
bifurcation. So the theoretical framework in [150] for the gaps describes only a
part of the possibilities.

To study bifurcations of invariant curves and tori we use several numerical
techniques. To study cycles on the invariant tori, i.e., resonances, we use con-

tent [109] for continuation and detection of codim 1 and 2 bifurcations. When
dealing with invariant curves and tori, we compute all Lyapunov exponents as
is done in [44, 145]. We note that Lyapunov exponents are not reliable when
we are investigating 2-tori, as the second exponent converges very slowly. Thus,
in this case we also analyzed the frequencies as in [115] and implemented in
SDDS [23]. If there were two relevant frequencies we made a continued fraction
expansion of the frequency ratio. If the ratio was close to a rational number
p/q with q < 43, this corresponded to an invariant curve on the 2-torus. In the
similar setting of a fold-Neimark-Sacker bifurcation, such a study has been done
in [157, 32, 33] near a 1 : 5 resonance-bubble.

In our presentation we find the different bifurcation scenarios, the quasi-
periodic and the periodic, next to each other. As the precise bifurcation picture
depends on the higher order terms, a model map gives only a representative
(not universal) picture.

Non-symmetric flip-NS: A case study.

Let us first motivate the selection of the perturbation terms. The rotational
symmetry was introduced by the normal form computations and assuming a
rigid rotation in φ. Now we will include the dynamics of the ψ-variable in our
study. Moreover we consider the situation close to a relatively low resonance,
where the bifurcation structure is most pronounced. The lowest order resonance,
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which is permitted by the bifurcation analysis in Proposition 2.4.4 is the 1:7
resonance. This motivates the introduction of a third parameter µ3 to control
the detuning of the rotation and the addition of the term ε1z̄

q−1 with q = 7
and ε1 a fixed number to the second component of (2.45). The resulting map
is still equivariant under the transformation x 7→ −x. To distort this reflection
symmetry, we also add the term ε2x

6 to the first component of the map. Now
the symmetries are broken, but the planes x = 0 and z = 0 are still invariant.
A final perturbation proportional to ε3 is, therefore, introduced to eliminate
this invariance as well. The coefficients are chosen small such that the invariant
objects under study are relatively large. This natural approach was first used
in [157, 32, 33]. Our model map is now given by

F1 :

(
x
z

)
7→
(

−x(1 + µ1)
zeiµ3(1 + µ2)

)

+

(
x
(
f300x

2 + f111|z|2 + f500x
4 + f311x

2|z|2 + f122|z|4
)

zeiµ3
(
ĝ210x

2 + ĝ021|z|2 + ĝ410x
4 + ĝ221x

2|z|2 + ĝ032|z|4
)
)

+

(
ε2x

6

ε1z̄
6

)
+ ε3

(
<(z)6 + =(z)6

x6 + =(z)6 + i(x6 + <(z)6)

)
.

(2.51)

One could take the 7th iterate of (2.51) in cylindrical coordinates (x, r, ψ)
and study the tongue of the period 7 cycle. Then for parameter values near the
expected doubling of the single closed invariant curve one may divide out the
dynamics in the r-variable to restrict the map NF1 to a local cylinder. For such
a map the effects of the lowest order perturbation terms are studied in [150].
The theoretical picture shows a richness of bifurcations involving several codim 2
bifurcations of fixed points and/or invariant curves leading to global bifurcation
phenomena. We refer to [100, 140, 139] for a similar setting for vector fields,
where, moreover, some global bifurcation curves have been computed.

First we choose the coefficients, see Table 2.2. The cubic coefficients are such
that the unfolding involves the C̃D- and C̃N -bifurcations. Then the fifth-order
coefficients can be chosen such that the 2-torus is stable. The perturbation
terms are arbitrarily fixed, ε1 = 0.5 is larger than ε2 = ε3 = 0.05 since we want
the phase-locking to be visible.

We will start our numerical studies by constructing a bifurcation diagram
in the two amplitude parameters (µ1, µ2). We fix arbitrarily µ3 = 0.9411 and
compute the Lyapunov exponents, which are color-coded according to Table 2.3,
see Figure 2.16.
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f300 = -0.1 f500 = -0.5 ĝ410= -0.00125
f111 = 0.3 f311 = 0 ĝ221= -0.00075
ĝ210 = -0.25 + 0.05i f122 = 0 ĝ032= -0.0001125-0.025i
ĝ021 = -0.1 - 0.015i

Table 2.2: Numerical values of the coefficients of map (2.51) such that the
heteroclinic bifurcation occurs.

Lyapunov exponents Color Dynamical object
λ1 > λ2 ≥ 0 > λ3 red strange attractor
λ1 = λ2 = 0 > λ3 magenta invariant 2-torus
λ1 = 0 > λ2 = λ3 blue invariant circle of focus type
λ1 = 0 > λ2 > λ3 cyan invariant circle of node type
0 > λ1 ≥ λ2 ≥ λ3 green fixed point

Table 2.3: Color coding for Lyapunov exponents

−0.07 −0.06 −0.05 −0.04 −0.03 −0.02 −0.01 0
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

µ2

µ1

Figure 2.16: Bifurcation diagram in the (µ1, µ2)-plane near a heteroclinic con-
nection with fixed µ3 = 0.9411
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Take µ1 negative and small, then for µ2 small and positive we have a single
stable closed invariant curve of node type (color: cyan). Increasing µ2 we notice
a few isolated blue dots where two of its exponents become equal, however,
this is not a bifurcation. Going further we see a pink stripe where the C̃D
bifurcation set is present. Locally, the dynamics occurs on a cylinder, which
is why we code this by the same color as the 2-torus. The doubled invariant
curve is initially of node type, but becomes of focus type quickly, when we get
to the blue region. This doubled invariant curve bifurcates into a 2-torus via
the C̃N -transition. In the upper part of Figure 2.16, stripes of blue are visible,
corresponding to the resonant dynamics on the 2-torus. Increasing µ2 we cross
the heteroclinic wedge encountering attractors of high period and chaos (red),
and then no attractor is found anymore. The diagram in Figure 2.16 should be
compared with the sketch given in Figure 2.15.

Next we fix the 2-parameter plane µ1 = −.04 in the three-dimensional pa-
rameter space, which intersects the bifurcation set in such a way that we en-
counter all interesting dynamics. The (µ2, µ3)−plane cuts the bubbles of the

fractal-like bifurcation sets C̃D and C̃N . We present the diagrams with bifur-
cations of fixed points/cycles and the Lyapunov exponents next to each other,
since they provide complementary information.

0.885 0.895 0.905
0

0.015

0.03

0.045

0.885 0.895 0.905
0

0.015

0.03

0.045

(b)

µ3

µ2

F 7

1 : 7NS1

µ2

F 14

(a)

µ3

Figure 2.17: Bifurcation diagram for the flip-NS bifurcation. F n and NSn

denote fold and Neimark-Sacker bifurcation of the period-n cycle, respectively.
The pink circle is a period-doubling bifurcation of period-7 cycles. The dark
blue circle is a Neimark-Sacker bifurcation of period-14 cycles. See enlargements
in Figures 2.18 and 2.19.

Let us start with Figure 2.17(a), since the local bifurcation analysis guides
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us through the figures with the Lyapunov exponents. Actually, it produces key
subsets of the whole fractal bifurcation set. Starting at the NS1-curve, we find a
1:7 resonance tongue. By continuation of the tongue boundaries F 7 we arrive at
the C̃D-set, where we encounter two fold-flip points, see also Figure 2.18. They
are of different type, where one of them involves a Neimark-Sacker, NS14, and
heteroclinic bifurcations, the latter not displayed. The period doubling curve is
composed of two circle segments. On both segments there is a degenerate flip
bifurcation, where a fold curve of period-14 cycles is rooted. On one of the fold
curves there is a 1:1-resonance, where the Neimark-Sacker bifurcation curve of
period-14 cycles ends. For ĝ210 = −0.25 − 0.06i we found that both degenerate
flip points occurred on the upper-half of the period-doubling circle. Then on
both fold-curves of the period-14 cycle a resonance 1:1 occurred.

In fact, the period-14 cycles correspond to a resonance on the doubled in-
variant curve. Following these fold curves while increasing µ2, we then arrive
at the C̃N -boundary, resulting in two fold–Neimark-Sacker points. Here the
Neimark-Sacker curve is an ellipse connecting these codim 2 points. On the
Neimark-Sacker curve of period-14 cycles there are two Chenciner points. Thus,
the birth of the doubled torus is associated with the appearance of period-14
saddle and node cycles on the torus. The fold curves of period 14 terminate on
the curve NS2 for µ2 ≈ 0.1381, which is not displayed. Somewhere in between
heteroclinic bifurcations occur, which are also not visible here.

Now we turn to Figure 2.17(b) where the sequence of bifurcations of the
invariant tori for increasing µ2 is the same. On the invariant tori we also have
resonant dynamics. We can compare this with Figure 2.17(a), where bifurca-
tions of fixed points and cycles are displayed. In the green regions we have
attracting cycles of period 7 and 14 on the invariant curves. The motivation for
this parameter plane becomes apparent when we come to the region where the
2-torus exists. On the 2-torus, there is resonant dynamics resulting in circle at-
tractors. These circle attractors undergo period-doubling bifurcations resulting
in chaotic attractors near the heteroclinic bifurcations.

Let us now analyze the bubbles in more detail. We start with the case, where
the phase-locking of period 7 interacts with the C̃D bifurcation set, see Figures
2.18(a) and 2.18(b). At the bottom, we start with a single closed invariant
curve of node type, either with or without phase-locking. Without phase-locking
the doubling of the curve happens in the smooth quasi-periodic manner. The
dynamics on a cylinder is visible as a pink stripe where two Lyapunov exponents
are almost zero. Following the phase-locking, however, the doubled curve exists
only when we have crossed the circle of period-doubling of period 7 completely
and are not near the R1-point. Further up, the transition of the doubled curve
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Figure 2.18: A subset of the bifurcation diagram near the C̃D-boundary. NSn

denotes Neimark-Sacker bifurcation of the period-n cycles; other codim 1 curves
are labeled as in Figure 2.17. The codim 2 points are marked FF=fold-flip,
DP=degenerate flip, R1 = 1:1 resonance.

from node to focus type is clearly visible. The stripes where the doubled curve is
of node type go up all the way, see Figure 2.17(b). These give rise to resonances

which complicate the diagram near the C̃N -boundary. Now the resonance of
period 14 on the doubled curve has appeared and we may follow it until it
disappears, i.e., at the NS2-bifurcation. Before that there is another bubble,
which we now examine.

Again at the bottom of Figure 2.19 there is the doubled invariant circle of
focus type, phase-locked or not. Going up along the borders the 2-torus is born.
This happens near µ2 ≈ .0348, but the transition is not sharply visible as not
only all three Lyapunov exponents are close to zero, also the amplitudes for the
frequency analysis are very small, causing numerical difficulties. The stripes in
this region represent 2-tori with a resonant frequency vector. If we go up in the
region of resonance in C̃N , we cross the circle of Neimark-Sacker bifurcations.
There is a Chenciner point on the lower arc of the bifurcation circle, such that
there is always a stable invariant curve of 14 pieces surrounding the doubled
invariant curve. We conclude that the existence of the 2-torus is delimited by
two bifurcation curves, where a stable and an unstable invariant curve of period
14 collide. This figure agrees well with [150], and this is the situation we most
frequently encountered. See also [157, 32, 33] for similar results of a bubble near
a quasi-periodic Hopf bifurcation.

The bubbles in this 2-parameter plane correspond to tubes in the 3-dimen-



2.4 Flip-NS and double NS bifurcations 61

0.894 0.8945 0.895
0.032

0.033

0.034

0.035

0.036

0.894 0.8945 0.895
0.032

0.033

0.034

0.035

0.036

CH
NS14

F 14

FNS

µ2

(b)(a)
µ3 µ3

µ2

Figure 2.19: A subset of the bifurcation diagram near the C̃N bifurcation set.
Here codim 1 curves are labeled as in Figure 2.17. The codim 2 points are
marked by FNS = fold-Neimark-Sacker and CH = Chenciner bifurcation.

sional (µ1, µ2, µ3)-space. We now use the imaginary part of ĝ032 as an extra
parameter as it does not affect results for the amplitude map 2.50. We changed
it from −0.025 to 0.055 and examined the bubble near the C̃N -boundary. In
(=(ĝ032), µ3, µ2)-space, the circle of Neimark-Sacker bifurcations is a cylinder
with four bifurcation curves on it, see Figure 2.20. Two rather straight lines
are curves of the fold–Neimark-Sacker bifurcation, the dotted denote Chenciner
bifurcations. Both straight curves intersect with one dotted curve, which corre-
sponds to a codim 3 bifurcation, apparently a fold–Chenciner bifurcation. The
role of the twist terms is to change from one two-parameter unfolding to an-
other. We note that in a different setting a very similar picture is found in
[140, 139].

After the whole discussion of bifurcations of cycles and invariant curves we
now give two phase portraits near the bubbles, see Figure 2.21. These show how
co-existing attractors complicate the unfolding.

Non-symmetric NS-NS: A case study

We use an approach for the double NS bifurcation similar to that for the flip-NS
bifurcation. The natural way to perturb the normal form (2.46) is to introduce
relatively low-order resonance terms. These will be (ε1w̄

q1−1, 0) and (0, ε2z̄
q2−1).

Now the choice q1 = 7, q2 = 8 gives the lowest orders compatible with Proposi-
tion 2.4.1. Then, as before, a final perturbation to break the invariance of the



62 The codim 2 cases of local bifurcations for maps

−2
2

6
0.893

0.894
0.895

0.033

0.034

0.035

µ2

µ3 100=(g032)

Figure 2.20: From one unfolding to another depending on the twist-term. The
ellipses are Neimark-Sacker bifurcations of period-14 cycles, the rather hori-
zontal lines represent fold–Neimark-Sacker bifurcations. The dotted lines are
Chenciner bifurcation curves, which do not intersect each other. The stars in-
dicate the position of the codim 3 bifurcations.

w- and z-planes is added. Thus, the model map takes the form

F2 :

(
w
z

)
7→
(
weiµ3(1 + µ1 + f̂2100|w|2 + f̂1011|z|2)
zeiµ4(1 + µ2 + ĝ1110|w|2 + ĝ0021|z|2)

)

+

(
weiµ3

(
f̂3200|w|4 + f̂2111|w|2|z|2 + f̂1022|z|4

)

zeiµ4
(
ĝ2201|w|4 + ĝ1121|w|2|z|2 + ĝ0032|z|4

)
)

+

(
ε1w̄

6 + ε3(i<(w)6 + =(w)6 + (1 + i)
(
<(z)6 + =(z)6

)

ε2z̄
7 + ε3((1 + 2i)<(w)6 + (1 + i)=(w)6 + =(z)6)

)
.

(2.52)
Next we choose the constants according to Table 2.4 and ε1 = 0.012i, ε2 =
0.015, ε3 = 0.0009 such that also here we have the heteroclinic bifurcation.

The situation is much more complicated than in the previous case study,
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Figure 2.21: Phase portraits near bubbles: (a) µ2 = 0.01335, µ3 =
0.9003383720148196, �, period-7 saddle cycle of which the 1 dimensional un-
stable manifold (black curve) almost reconnects to the other period-7 saddle
cycle denoted by �. Period-14 cycles are stable foci and denoted by • and the
grey shows the doubled invariant curve. (b) µ2 = 0.0352, µ3 = 0.89479, 2-torus
surrounded by a ‘period-14’ invariant curve.

f̂2100 = 0.03-0.03i f̂3200 = 0.000729-0.00018i

f̂1011 = 0.09+0.015i f̂2111 = 0.000576+0.0001125i

ĝ1110 = -0.075-0.0147i f̂1022 = 0.000441+0.00027i
ĝ2210= 0.000324+0.000576i ĝ1121= 0.000225+0.00036i
ĝ0032= -0.0045-0.00018i ĝ0021 = -0.03+0.006i

Table 2.4: Numerical values of the coefficients of map (2.52)

since controlling the remaining three parameters to study bifurcations of invari-
ant objects leads to an overwhelming amount of information. Therefore, we will
restrict ourselves to bifurcations of cycles. However, as before, the analysis of
cycles dresses the skeleton provided by the study of the amplitude map. As
before we fix the parameter µ1 = −0.04 and then increase µ2 to control the
bifurcation sequence, while we may use µ3 and µ4 to adjust the frequencies to
the rationals.

We notice that this setup has been suggested in [11]. There, there is a
thorough exploration of the dynamics on the invariant 2-tori, sketches of curves
of homoclinic tangency and portraits of resonance tongues. The resonances
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which we study on the 2-torus display a similar organization in parameter-space.

The main structure of the tongues is given in Figure 2.22. If we start with µ2

small, then there is an invariant curve, possibly phase-locked. In the lower part
of the tongue there is a cycle of period 8 on the invariant curve. If we increase
µ2, this first resonance tongue will display a bubble near the C̃N -bifurcation
leading to a stable 2-torus. This bubble is similar to the one in the case study of
the flip-NS bifurcation. There are fold-Neimark-Sacker bifurcation points, where
the ellipse touches the tongue, and Chenciner points from which two invariant
curves originate. These collide along two complicated sets in three-dimensional
parameter space.

There is no other way to track this phenomenon via continuation but to
follow a fold bifurcation curve near this set. As we introduced two resonances,
we were able to locate a cycle of period 56. From the Neimark-Sacker bub-
ble, two ellipses corresponding to fold bifurcations of the cycle of period 56
emerged. On both ellipses there are two 1:1 resonance points, which are pair-
wise connected by a Neimark-Sacker bifurcation curve. We have not studied the
orientation of these resonance points extensively, however, we note that near the
C̃N -bifurcation, also fold-Neimark-Sacker bifurcation points were found, which
disappeared while following the period 56 cycle for bigger µ2. Apparently they
merged with the 1:1 resonances in a triple-one bifurcation. We have not at-
tempted to find global bifurcations, but they are certainly present.

The region where these resonances exist, seems to be a torus. Indeed, in-
creasing µ2 we found two swallow-tail structures on the inner-ellipse, which then
transformed into a flame, i.e., a region where there are coexisting attractors of
period-56, see [135, 26]. The 1:1 resonances are still present and the connecting
Neimark-Sacker bifurcation curves as well.

Now let us take µ2 near the T̃ T -boundary, i.e., where a motion on a 3-torus
may be expected, see Figure 2.22(c). On first sight we recognize the outer-ellipse
and the inner-flame together with the 1:1 strong resonances. However, apart
from the two Neimark-Sacker bifurcation curves similar to those in Figures
2.22(a) and 2.22(b), a third curve(dashed) is present. It touches both fold
bifurcation curves and makes two loops. On the left loop it intersects one of
the Neimark-Sacker bifurcation curves. Here we have a double Neimark-Sacker
bifurcation. We conjecture that it appears between two codim-3 bifurcations
where we have two multipliers equal to one and a complex pair of modulus
one. We conclude this discussion with the remark that, for our choice of the
coefficients, a double Neimark-Sacker bifurcation of a cylce of period 56 appears
in the unfolding of a double Neimark-Sacker bifurcation of a fixed point.
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Figure 2.22: Bifurcation diagrams for µ1 = −0.04. The three-dimensional fig-
ures displays the period-8 tongue, the bubble inside and the emanating tube
where period-56 cycles exist. The three slices correspond to the enlargements
in figures (a),(b) and (c). The labels are as in previous figures, except for CP
for cusp, and NN for double Neimark-Sacker bifurcations. (a) µ3 = 0.8972;
The period-8 tongue and the Neimark-Sacker bubble with Chenciner points on
it, similar to that in the flip–Neimark-Sacker bifurcation. The upper ellipse are
two curves of fold bifurcation of a period-56 cycle, which are indistinguishable
in the figure. (b) µ3 = 0.902; The inner ellipse has developed two swallow-tails.
(c) µ3 = 0.9073; An extra Neimark-Sacker bifurcation curve is present, which
intersects the one that connects two R1-points at NN .
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Appendices to Chapter 2

2.A Proofs for Section 2.3

Proof of Lemma 2.3.1:
Step 1 (Quadratic terms) Applying to (2.32) a polynomial coordinate

transformation




ξ1 = x1 +
1

2
G20x

2
1 +G11x1x2 +

1

2
G02x

2
2,

ξ2 = x2 +
1

2
H20x

2
1 +H11x1x2 +

1

2
H02x

2
2,

(2.53)

we obtain:

x1 7→ x1 +
1

2
g20x

2
1 + (g11 + 2G11)x1x2 +

1

2
g02x

2
2 + · · · ,

x2 7→ −x2 +
1

2
(h20 − 2H20)x

2
1 + h11x1x2 +

1

2
(h02 − 2H02)x

2
2 + · · · ,

where dots stand for higher-order terms. By setting

G11 = −1

2
g11, H20 =

1

2
h20, H02 =

1

2
h02, (2.54)

we eliminate as much quadratic terms as possible. The remaining quadratic
terms are called resonant.

Step 2 (Cubic terms) Assume now that Step 1 is already done, so that
(2.32) has only resonant quadratic and all cubic terms. Consider a polynomial
transformation:





ξ1 = x1 +
1

6
G30x

3
1 +

1

2
G21x

2
1x2 +

1

2
G12x1x

2
2 +

1

6
G03x

3
2,

ξ2 = x2 +
1

6
H30x

3
1 +

1

2
H21x

2
1x2 +

1

2
H12x1x

2
2 +

1

6
H03x

3
2,

(2.55)

Obviously, it does not change the quadratic terms. After this transformation,
we get

x1 7→ x1 + 1
2g20x

2
1 + 1

2g02x
2
2 + 1

6g30x
3
1 + 1

2 (g21 + 2G21)x
2
1x2 + 1

2g12x1x
2
2

+ 1
6 (g03 + 2G03)x

3
2 + · · ·

and
x2 7→ −x2 + h11x1x2 + 1

6 (h30 − 2H30)x
3
1 + 1

2h21x
2
1x2

+ 1
2 (h12 − 2H12)x1x

2
2 + 1

6h03x
3
2 + · · · .
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By setting

G21 = −1

2
g21, G03 = −1

2
g03, H30 =

1

2
h30, H12 =

1

2
h12,

we eliminate four cubic terms. The remaining cubic terms are also called reso-
nant. They are not altered by (2.55).

Step 3 (More cubic terms) The coefficients H11, G20, and G02 of (2.53)
do not affect quadratic terms of (2.32) but alter its cubic terms. Taking into
account (2.54) while computing the cubic terms of the transformed map, we
obtain

x1 7→ x1 + 1
2g20x

2
1 + 1

2g02x
2
2 + 1

6

(
g30 + 3

2g11h20

)
x3

1

+ 1
2

(
2g02H11 − g02G20 + (g20 + 2h11)G02 + 1

2g11h02 + g12 − g2
11

)
x1x

2
2

and

x2 7→ −x2 + h11x1x2 + 1
6

(
3g02H11 + 3G02h11 + h03 + 3

2h
2
02

)
x3

2

+ 1
2

(
g20H11 + h11G20 − g11h20 + 1

2h02h20 + h21

)
x2

1x2,

where only the resonant quadratic and cubic terms are displayed . Thus, we
can try to eliminate three altered terms by selecting H11, G20, and G02. This
implies solving the following linear system:




2g02 −g02 2h11 + g20
g20 h11 0

3g02 0 3h11






H11

G20

G02


 =




−1

2
g11h02 − g12 + g2

11

g11h20 −
1

2
h02h20 − h21

−h03 −
3

2
h2

02



.

(2.56)
The 3 × 3-matrix has zero determinant, so not all three terms can be removed.
However, using the non-degeneracy condition h11 6= 0, we can eliminate the
resonant cubic terms in the second component of the normal form. Thus, we
set

H11 = 0 (2.57)

and obtain from the above linear system:

G20 =
1

h11

(
g11h20 − h21 −

1

2
h02h20

)
, G02 = − 1

h11

(
1

3
h03 +

1

2
h2

02

)
. (2.58)

Step 4 (Final transformation) Transform now the original map (2.32)
using (2.53) with the coefficients (2.54) defined in Step 1, and (2.57), (2.58)
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defined in Step 3. This results in a map with resonant quadratic terms, non-
resonant cubic terms, and only two remaining resonant cubic terms in the first
component. Transformation (2.55) from Step 2 allows then to eliminate all non-
resonant cubic terms, while keeping unchanged all remaining quadratic and
cubic resonant terms. Finally, make the linear scaling

x1 7→ x1

h11

to put the coefficient in front of x1x2 in the second component equal to one.
As a result, we obtain the expressions (2.34) and (2.35) for the critical normal
form coefficients. �

Proof of Proposition 2.3.2:
Expand F in ξ at ξ = 0 for any small ‖α‖:

ξ 7→ F (ξ, α) = γ(α) +A(α)ξ +R(ξ, α),

where γ(0) = 0 and R(ξ, α) = O(‖ξ‖2). The first assumption implies the
existence of two eigenvectors, q(α) and p(α) in R2, such that

A(α)q1(α) = λ1(α)q1(α), A(α)q2(α) = λ2(α)q2(α),

where λ1(0) = 1 and λ2(0) = −1. Note that, due to the simplicity of the
eigenvalues ±1 of A(0), λ1,2 depend smoothly on α, and q1, q2 can also be
assumed to be smooth functions of α. Any ξ ∈ R2 can now be represented for
all small ‖α‖ as

ξ = η1q1(α) + η2q2(α),

where η = (η1, η2)
T ∈ R2. One can compute the components of η explicitly:

η1 = 〈p1(α), ξ〉, η2 = 〈p2(α), ξ〉,

where the adjoint eigenvectors satisfy

AT (α)p1(α) = λ1(α)p1(α), AT (α)p2(α) = λ2(α)p2(α)

and 〈p1(α), q1(α)〉 = 〈p2(α), q2(α)〉 = 1. Since 〈p1(α), q2(α)〉 = 〈p1(α), q1(α)〉 =
0, the map F in the η-coordinates takes the form

(
η1
η2

)
7→
(
σ1(α) + λ1(α)η1 + S1(η, α)
σ2(α) + λ2(α)η2 + S2(η, α)

)
, (2.59)
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where (
σ1(α)
σ2(α)

)
=

(
〈p1(α), γ(α)〉
〈p2(α), γ(α)〉

)
,

(
S1(η, α)
S2(η, α)

)
=

(
〈p1(α), R(η1q1(α) + η2q2(α), α)〉
〈p2(α), R(η1q1(α) + η2q2(α), α)〉

)
.

Expanding S1,2(η, α) further, we can write (2.59) as

(
η1
η2

)
7→




σ1(α) + λ1(α)η1 +
∑

i+j=2,3

1

i!j!
gij(α)ηi1η

j
2

σ2(α) + λ2(α)η2 +
∑

i+j=2,3

1

i!j!
hij(α)ηi1η

j
2


+ O(‖η‖4). (2.60)

Now we want to put (2.60) to the form (2.37) up to and including cubic terms
by means of a smooth and smoothly dependent on parameters coordinate trans-
formation. Consider the following change of variables:





η1 = x1 + ε0(α) + ε1(α)x2 +
1

2
G20(α)x2

1 +G11(α)x1x2 +
1

2
G02(α)x2

2+

1

2
G21(α)x2

1x2 +
1

6
G03(α)x3

2,

η2 = x2 + δ0(α) + δ1(α)x1 +
1

2
H20(α)x2

1 +
1

2
H02(α)x2

2+

1

6
H30(α)x3

2 +
1

2
H12(α)x1x

2
2,

(2.61)
where all coefficients are yet unknown smooth functions of α such that εi(0) =
δi(0) = 0 for i = 0, 1. Obviously, for α = 0 (2.61) reduces to the transformation
introduced in Step 4 of the proof of Lemma 2.3.1 just before the final scaling.

Require now that the Taylor expansion of (2.60) in the x-coordinates up to
and including cubic terms takes the form

(
x1

x2

)
7→




µ1(α) + (1 + µ2(α))x1 +A(α)x2
1 +B(α)x2

2

+C(α)x3
1 +D(α)x1x

2
2

−x2 + E(α)x1x2


 ,

where, µ1(0) = µ2(0) = 0. After all substitutions, this requirement translates
into a system of algebraic equations:

Q(ε0, ε1, δ0, δ1, µ1, µ2, G20, G11, G02, G21, G03, H20,
H02, H30, H12, A,B,C,D,E) = 0,
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where Q : R20 → R20 results from equating the corresponding Taylor coeffi-
cients. For the Jacobi matrix J = DQ of this system evaluated at

ε0 = ε1 = δ0 = δ1 = µ1 = µ2 = 0

we have det(J) = −147456h3
11 6= 0. Therefore, the Implicit Function Theo-

rem guarantees the local existence and smoothness of the coefficients of the
transformation (2.61) as functions of α.

Moreover, one can show that





µ1 = A1α1 +A2α2 +O(‖α‖2),

µ2 =

{
2

(
g11(0)h20(0) − h21(0) −

1

2
h02(0)h20(0)

)
(A1α1 +A2α2)

+ [(g11(0)B1 + 2A3)h11(0) − (h02(0)B1 + 2B3)g20]α1

+ [(g11(0)B2 + 2A4)h11(0) − (h02(0)B2 + 2B4)g20]α2

}/
2h11(0)

+O(‖α‖2),

(2.62)
where Ai and Bi are defined by the following expansions of the coefficients of

(2.60):

σ1(α) = A1α1 +A2α2 +O(‖α‖2), λ1(α) = 1 +A3α1 +A4α2 +O(‖α‖2),
σ2(α) = B1α1 +B2α2 +O(‖α‖2), λ2(α) = −1 +B3α1 +B4α2 +O(‖α‖2).

(2.63)
The functions µ1 and µ2 can be taken as the unfolding parameters if the deter-
minant of the Jacobi matrix

∆ = det

(
∂µ

∂(α1, α2)

)∣∣∣∣
α=0

6= 0.

From (2.62) we have

∆ =
1

2h11

[
(A1B2 −A2B1)(g11h11 − g20h02)

+2(A1A4 −A2A3)h11 + 2(A2B3 −A1B4)g20

]
α=0

.

On the other hand, taking into account (2.63), we obtain by direct computations:

det

(
∂T

∂(η, α)

)∣∣∣∣
η=α=0

= 4h11∆,
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where T is the map (2.36) written in the (η, α)-coordinates, i.e., for the map
(2.60). Thus, if h11(0) 6= 0, the regularity of (2.36) at the origin is equivalent to
∆ 6= 0.

The scaling

x1 7→ x1

E(µ)
, µ1 7→ µ1

E(µ)
,

where E(µ) = h11(0) + O(‖α‖), gives finally (2.37). Obviously, the critical
coefficients are the same as in Lemma 2.3.1. �

Proof of Proposition 2.3.5: The Jacobi matrix of (2.38) is

A(x, µ) = Nx(x, µ) =(
1 + µ2 + a(µ)x1 + 3c(µ)x2

1 + d(µ)x2
2 b(µ)x2 + d(µ)x1x2

x2 −1 + x1

)
.

Fold bifurcation The map (2.38) has a fixed point x with multiplier 1 if
{

N(x, µ) = x,
det(A(x, µ) − I2) = 0.

Using the Implicit Function Theorem, we see that this algebraic system has a
unique solution curve tfold near the origin that is given in statement 1. The
critical (adjoint) eigenvectors are q1 = p1 = (1, 0)T , while

B(u, v) =

(
a0u1v1 + b0u2v2 + O(µ2)

u1v2 + u2v1

)
.

With (2.7) from section 2.1, we obtain

afold = a0 + O(µ2),

and if a0 6= 0 we have a nondegenerate (quadratic) fold when µ2 → 0.

Flip bifurcation. Another look at the Jacobi matrix above shows that
along the curve tflip defined in the statement 2, the truncated normal form
(2.38) has a fixed point with multiplier −1, i.e., this curve satisfies the algebraic
system {

N(x, µ) = x,
det(A(x, µ) + I2) = 0.

Now we have q2 = p2 = (0, 1)T as (adjoint) eigenvector. Clearly C(q2, q2, q2) = 0
and we compute the flip coefficient (2.9) as

bflip =
1

6
〈p2, 3B(q2, (I2 −A)−1B(q2, q2))〉 = − b0

µ2
+ o(1),
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where o(1) is bounded as µ2 → 0. Then, the flip bifurcation is nondegenerate if
b0 6= 0.

Neimark-Sacker bifurcation. Considering the second iterate of (2.38) we
solve for its fixed point with the determinant of the Jacobi matrix equal to one,
i.e., {

N(N(x, µ), µ) = x,
detA(N(x, µ), µ) detA(x, µ) − 1 = 0.

We find the following exact solution to this system:

x1 = 0, b(µ)x2
2 + µ1 = 0, µ2 =

d(µ) + 2b(µ)

b(µ)
µ1, (2.64)

which implies the expansion for tNS in the statement 3. Evaluating the Jacobi
matrix of the second iterate of (2.38) on (2.64), we find

A = (N(N(x, µ), µ))x =




1 + 6µ1 + 4µ2
1 4b(µ)

√
− µ1

b(µ) (1 + µ1)

−2
√

− µ1

b(µ) (1 + µ1) 1 + 2µ1


 .

For small µ1 < 0, it has a complex eigenvalue

e±iθ0 = 1 + 4µ1 + 2µ2
1 +

√
µ1(2 + µ1)(1 + µ1)2.

Therefore, we find that in the case of b0 > 0, µ1 < 0 there is a Neimark-Sacker
bifurcation.

We want to know the sign of the first Lyapunov coefficient cNS along (2.64).
We take

q =

(
b(µ)

√
− µ1

b(µ)

(
1 +

√
µ1(2 + µ1)

µ1

)
, 1

)T

and

p =

(
−1

2

√
µ1

b(µ)

(
−1 +

√
µ1(2 + µ1)

µ1

)
, 1

)T
,

such that Aq = eiθ0q and AT p = e−iθ0p. We should still scale p, since 〈p, q〉 6= 1.
Next we compute the first Lyapunov coefficient cNS on tNS , using (2.10) from
section 2.1, where the multi-linear forms B and C correspond to the second
iterate of (2.38). This gives:

cNS = 2(3b0c0 − 3a0b0 − 2b0a
2
0 − d0a0) + o(µ1)
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as µ1 → 0. Therefore, the Neimark-Sacker bifurcation of the period-2 cycle of
(2.38) is nondegenerate near the origin, if (2.40) holds. �

Proof of Lemma 2.3.6:
We construct ϕt as the first 2-dimensional component of the flow

ξ 7→ φt(ξ) =

(
ϕt(x, µ)

µ

)
, ξ =

(
x
µ

)
∈ R4,

generated by a 4-dimensional system with the parameters considered as constant
variables:

ξ̇ = Y (ξ). (2.65)

Here

Y (ξ) = Jξ+Y2(ξ)+Y3(ξ)+ · · · , J =




0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0


 , Yk(ξ) =

(
Xk(ξ)

0

)
,

where each Xk is an order-k homogeneous function from R4 to R2 with unknown
coefficients. Define

M(ξ) =

(
N(x, µ)

µ

)

and introduce the 4 × 4 block-diagonal matrix

S =

(
R 0
0 I2

)
,

where R is given in (2.39). We look for a vector field Y such that S M(ξ) =
φ1(ξ) + O(‖ξ‖4) (cf. [149]).

To find the vector field Y explicitly, perform three Picard iterations for (2.65)
as described in [106], Chapter 9. We start with setting φt1(ξ) = eJtξ. Then,
clearly, the linear part of S M(ξ) coincides with φ1

1(ξ).
Since we know how the result φt2 of the second Picard iteration should look

like, we set some coefficients of Y2 equal to zero immediately:

Y2 =




A10µ1x1 +A01µ2x1 +A20x
2
1 +A02x

2
2

B11x1x2 +B10µ1x2

0
0


 .
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Then

φt2(ξ) = eJtξ +
∫ t
0
eJ(t−τ)Y2(φ

τ
1(ξ))dτ

=




x1 + tµ1 + (A10t+A20t
2)µ1x1 +A01µ2x1t+A20x

2
1t+A20x

2
2t

x2 +B11x1x2t+

(
1

2
B11t

2 +B10t

)
µ1x2

µ1

µ2




+ O(‖µ‖2).

Comparing quadratic terms in S M(ξ) and φ1
2(ξ), we find the coefficients of Y2

A10 = −a0, A20 = a0, A01 = 1, A02 = b0, B10 =
1

2
, B11 = −1.

Passing on to the cubic part we remark that we are only interested in certain
cubic terms in x. Therefore, we put

Y3 =




A30x
3
1 +A12x1x

2
2

A21x
2
1x2 +B03x

3
2

0
0




and get

φt3(ξ) = eJtξ +

∫ t

0

eJ(t−τ) [Y2(φ
τ
2(ξ)) + Y3(φ

τ
2(ξ))] dτ

=




x1 + tµ1 +
1

2
a0(t

2 − 1)x1µ1 + x1µ2 +
1

2
a0x

2
1 +

1

2
b0x

2
2

x2 − x1x2 +
1

2
(1 − t2)µ1x2

µ1

µ2




+




(
A30t+A2

20t
2
)
x3

1 +
(
A12t+ t2A02(A20 + 2B11)

)
x1x

2
2(

tB21 +
1

2
t2B11(B11 +A20)

)
x2

1x2 +

(
tB03 +

1

2
t2A02B11

)
x3

2

0
0




+ O(‖µ‖2) + O(‖x‖2‖µ‖).
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Comparing cubic terms in S M(ξ) and φ1
3(ξ), we find the coefficients of Y3:

A30 = c0 − a2
0, A12 = d0 + b0(1 − a0), B21 =

1

2
(a0 − 1), B03 =

1

2
b0.

This gives the vector field (2.42) from the Proposition. �

Proof of Proposition 2.3.7: We first shift the x1-coordinate in (2.42) with

x1 → x1 +

(
µ1

2
− µ2

2a0

)
.

Then we apply a singular rescaling

(x1, x2) → δ(x1, x2), (µ1, µ2) → δ2(µ1, µ2), dt→ xq2
δ
dt

to obtain




ẋ1 = xq2

(
β1 +

1

2
a0x

2
1 +

1

2
b0x

2
2 + δ[d1x

3
1 + d2x1x

2
2]

)

ẋ2 = xq2
(
−x1x2 + δ[β2x2 + d3x

2
1x2 + d4x

3
2]
)
,

(2.66)

where

β1 = µ1 + O(‖µ‖2), β2 =
µ2

2a0
+ O(‖µ‖2).

The system (2.66) can be rewritten as

ẋ = f(x, β) + δg(x, β) (2.67)

with

f(x, β) = xq2

(
β1 + a0x

2
1 + b0x

2
2

−x1x2

)
, g(x, β) = xq2

(
d1x

3
1 + d2x1x

2
2

β2x2 + d3x
2
1x2 + d4x

3
2

)
.

For δ = 0 and q + 1 = 2a0, system (2.67) is Hamiltonian with

H(x) = xq+1
2

(
β1 + 1

2a0x
2
1

q + 1
+

b0x
2
2

2(q + 3)

)
. (2.68)

We have a0, b0 6= 0 as non-degeneracy conditions, therefore q 6= −1. Level
curves of H for several values of a0 are shown in Figure 2.23. Now we treat the
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term δg in (2.67) as a small perturbation of the Hamilton system. We should
therefore evaluate the Pontryagin-Melnikov function (see [76])

∆(h, β) =

∮

Γh

f(xh(τ), β) ∧ g(xh(τ), β) dτ,

where xh(τ) is a periodic solution of the Hamiltonian system corresponding to
a closed regular level set Γh = {x : H(x) = h}, while for a0 > 0

∆(0, β) =

∫ +∞

−∞
f(x0(τ), β) ∧ g(x0(τ), β) dτ,

where x0(τ) is the nontrivial heteroclinic solution in the critical level set H = 0.
Notice that limh→0− ∆(h, β) = ∆(0, β), since the integral over the trivial hetero-
clinic connection equals zero. Then ∆(0, β) = 0 defines a linear approximation
to a curve on which the heteroclinic connection “survives” in (2.67) for small
δ 6= 0. Our computation is analogous to the one in [42].

a0 > 0a0 < −1 −1 < a0 < 0

Figure 2.23: Level curves of H for several a0

Using Green’s formula, we have

∆ =

∮

Γh

xq2(d1x
3
1 + d2x1x

2
2)dx2 − xq2(β2x2 + d3x

2
1x2 + d4x

3
2)dx1

=

∮

Γh

xq2

(
d1x

3
1 + d2x1x

2
2 + (q + 1)

(
β2x1 +

1

3
d3x

3
1

)
+ (q + 3)d4x1x

2
2

)
dx2.

Note that along Γh we have dH = xq2
(
β1 + a0x

2
1 + b0x

2
2

)
dx2 + xq+1

2 x1dx1 = 0
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and we continue

∆ =

∮

Γh

xq2

(
a0β2x1 +

(
d1 +

1

3
a0d3

)
x3

1 + (d2 + (a0 + 2)d4)x1x
2
2

)
dx2

=

∮

Γh

xq2

(
x1

(
a0β2 −

2

b0
β1(d2 + (a0 + 2)d4)

)

+x3
1

(
d1 +

1

3
a0d3 −

a0

b0
(d2 + (a0 + 2)d4)

))
dx2

−
∮

Γh

2

b0
(d2 + (a0 + 2)d4)x

2
1x
q+1
2 dx1

=I1,h

(
a0β2 −

2

b0
β1(d2 + (a0 + 2)d4)

)

+ I3,h

(
d1 +

a0

3
d3 −

a0

3b0
(d2 + (a0 + 2)d4)

)
.

Here we defined Ii,h =
∮
Γh
xq2x

i
1dx2 for i = 1, 3.

For h = 0 we can evaluate the Pontryagin-Melnikov function as follows. We

have x2
1 = − b0x

2
2

1+a0
− β1 and we get

Ii,0 = 2

∫ √
−µ1(1+a0)

a0b0

0

xq2

(
− b0x

2
2

1 + a0
− β1

)i/2
dx2

The evaluation of Ii,0 yields a result with Gamma functions. If we now compute
the ratio Q = I3,0/I1,0, we find

Q =
−3β1

a0(3 + 2a0)
.

Using the expressions for βk and di, we find that the Melnikov function ∆(0, β)
has a zero if

µ2 =
µ1

a0b0(2a0 + 3)

(
2a2

0 (b0 + d0) + 2a0d0 + 3b0 (a0 + c0)
)

+ o(µ1). (2.69)

This value of µ2 asymptotically corresponds to the existence of a nontrivial
heteroclinic orbit for the perturbed system (2.66). �

Remark 2.4.8 Moreover, for the vector field we have the uniqueness of the
limit cycle. This can be verified as follows. We should evaluate the Pontryagin
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Figure 2.24: Ratio Q(h) = I1,h/I3,h

function on a level curve of the Hamiltonian with h 6= 0. Now Q(h) = I1,h/I3,h
cannot be evaluated explicitly, but one can prove the monotonicity of Q as in
[42]. This implies the uniqueness of the limit cycle. We include some pictures,
where we computed Q(h) numerically, which illustrate the monotonicity (see
Figure 2.24).

2.B Proofs for Section 2.4

Proof of Proposition 2.4.1. The proof proceeds in several steps. First we
consider the flip-NS bifurcation and then repeat the same steps for the double
NS bifurcation, where only some details are different.

Case I:Flip-NS
Step 1. Consider a map ξ 7→ F (ξ, α), ξ = (x, z) ∈ R × C, whose linear part at
(ξ, α) = (0, 0) is given by

A =

(
−1 0

0 eiφ

)
.

We may apply near-identity transformations to remove as much non-resonant
monomials of degree 2 and higher. Consider an elementary transformation
(x, z) 7→ N(x, z) = (x, z)T+(c1, c2)

Txizj z̄k with i+j+k ≥ 2 and some constants
c1, c2. An xizj z̄k-monomial can be removed from F (·, 0) if adA1

(N)(x, z) :=
[N,A](x, z) 6= 0, where [·, ·] is the Lie bracket operation. This leads to search of
zeroes of a component of

adA(N)(x, z) =

(
c1
(
−1 − (−1)ieiφ(j−k))

c2
(
1 − (−1)ieiφ(j−k−1)

)
)
xizj z̄k, 2 ≤ i+ j + k ≤ 5.
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Due to the absence of strong resonances, we find that F (ξ, 0) may be transformed
to a map with the 5-jet
(
x
z

)
7→
(

−x+ f300x
3 + f111x|z|2 + f500x

5 + f311x
3|z|2 + f122x|z|4

eiφz + g210x
2z + g021z|z|2 + g410x

4z + g221x
2|z|2 + g032z|z|4

)
,

(2.70)
where the coefficients fijk are real, while gijk are complex. The latter map
coincides with NF1 for α = 0.
Step 2. Since 1 is not an eigenvalue of A, we may assume that the origin always
is a fixed point. We write F (ξ, α) = A(α)ξ+R(ξ, α), where R(ξ, α) = O(‖ξ‖2).
Now we introduce the parameter-dependent eigenvectors of A and AT ,

A(α)qi(α) = λiqi(α), AT (α)pi(α) = λipi(α), (2.71)

where λ1(0) = −1, λ2(0) = eiφ and λ3(0) = e−iφ. The vectors pi(α) can be
scaled such that 〈pi(α), p(α)j〉 = δij , the Kronecker delta for i, j = 1, 2, 3. Then
the variable ξ may be written as ξ = η1q1(α) + η2q2(α) + η̄2q̄2(α), where η̄2 is
treated as an independent variable. The map F , written in the η-coordinates
and truncated at fifth order, takes the form

F (η, α) =

(
λ1η1 +

∑
2≤i+j+k≤5 fijk(α)ηi1η

j
2η̄
k
2

λ2η2 +
∑

2≤i+j+k≤5 gijk(α)ηi1η
j
2η̄
k
2

)
. (2.72)

We introduce a parameter-dependent coordinate transformation η = G(ξ, α)
such that Q := j5(F (G(ξ, α), α)−G(NF1(ξ, α), α)) = 0, the 5-jet w.r.t. ξ. The
general form of G is

G(ξ, α) =

( ∑
1≤i+j+k≤5 Fijk(α)ξi1ξ

j
2 ξ̄
k
2∑

1≤i+j+k≤5Gijk(α)ξi1ξ
j
2 ξ̄
k
2

)
,

where F100(0) = G010(0) = 1 and F010(0) = F001(0) = G100(0) = G001(0) = 0.
We collect all coefficientsQijk of the monomials ξi1ξ

j
2 ξ̄
k
2 . Such aQijk is a function

of Fijk, Gijk, µi and the critical normal form coefficients F̂ijk. Thus we interpret
Q as a function from R55 × C55 to itself. The determinant DQ of the Jacobi
matrix of Q w.r.t. Fijk, Gijk, µi and F̂ijk evaluated at the critical point is given
by

DQ = −251i sin(φ)e
i45φ

2 sin(φ) sin(3φ) sin(5φ) cos(φ/2)(cos(2φ))3(cos(φ))10

(cos(6φ) − 1)3(cos(5φ) + 1)(cos(4φ) − 1)3(cos(3φ) + 1)2

(cos(2φ) − 1)14(cos(φ) + 1)3

(2.73)



80 The codim 2 cases of local bifurcations for maps

Due to the non-resonance conditions imposed on φ, we see that DQ 6= 0.
Step 3. Finally we prove the regularity of the map G̃ : α 7→ µ. From (2.72)
and (2.45) we write λ1 = −1 + Ã(α) and λ2 = cos(φ) + B̃(α) + i sin(φ) + iC̃(α),
or |λ2| = 1 + cos(φ)B̃ + sin(φ)C̃ + h.o.t. Thus we identify

(
µ1

µ2

)
=

(
Ã(α)

cos(φ)B̃(α) + sin(φ)C̃(α)

)
+ h.o.t., (2.74)

and we see that det
(
dµ
dα

)
α=0

= det
(
d(λ1,|λ2|)

dα

)
α=0

6= 0. Therefore we may use

(2.45) as the unfolding for this bifurcation.

Case II:NS-NS
Step 1. Now consider a map y 7→ F (ξ, α), ξ = (w, z) ∈ C2, which at (ξ, α) =
(0, 0) has the linear part given by

A =

(
eiφ1 0
0 eiφ2

)
.

As above we write N(w, z) = (w, z)T + (c1, c2)
Twiw̄jzkz̄l with i+ j + k+ l ≥ 2

and we find for 2 ≤ i+ j + k + l ≤ 5

adA(N)(x, z) =

(
c1
(
1 − ei{φ1(i−j−1)+φ2(k−l)}

)

c2
(
1 − ei{φ1(i−j)+φ2(k−l−1)})

)
wiw̄jzkz̄l.

Under the conditions stated we find that the map F (ξ, 0) may be transformed
into a map with the 5-jet

(
w
z

)
7→

(
eiφ1w + f2100w|w|2 + f1011w|z|2
eiφ2z + g1110z|w|2 + g0021z|z|2

)

+

(
f3200w|w|4 + f2111w|w|2|z|2 + f1022w|z|4
g2201z|w|4 + g1121z|w|2|z|2 + g0032z|z|4

)
.

(2.75)

Note that the coefficients fijkl and gijkl are complex.
Step 2. For the double Neimark-Sacker bifurcation a similar preparation but
with two complex variables leads to a function Q : C250 → C250. The Jacobian
DQ at the critical point is the product of expressions like (cos(3φ1 − φ2) − 1)4

and (cos(φ1+5φ2)−1), but too lengthy to display here. From the non-resonance
conditions required we obtain that DQ 6= 0 and that these are the minimal set
of such conditions.
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Step 3. As before we write λ1(α) = cos(φ1) + Ã(α) + i sin(φ1) + iB̃(α) and
λ2(α) = cos(φ2)+ C̃(α)+ i sin(φ2)+ iD̃(α) and at first order the map G̃ : α 7→ µ
is given as

(
µ1

µ2

)
=

(
cos(φ1)Ã(α) + sin(φ1)B̃(α)

cos(φ2)C̃(α) + sin(φ2)D̃(α)

)
+ h.o.t., (2.76)

The map regularity of G̃ : α 7→ µ at 0 is now ensured by |Dα(µ)|α=0 =
|Dα(|λ|)|α=0 6= 0. �

Computations for Remark 2.4.2. It is sufficient to verify the statement for
the normal forms, so DGi should be nonzero. A straightforward calculation
shows that

detDG1(0, 0) = 16 sin2(φ)

∣∣∣∣
d(λ1, |λ2|)
d(α1, α2)

∣∣∣∣ .

For the regularity of G2 we use DF2 as in the beginning of section 2.4.1 and

introduce BT = C =

(
1 0 0 0 0 0
0 0 0 0 0 1

)
. Then indeed the 8× 8-matrix in

the Remark is nonsingular. After some tedious algebra one finds

d(g11, g22)

d(α1, α2)
=

(
∂(cos(φ1)Ã+sin(φ1)B̃)

∂α1

∂(cos(φ1)Ã+sin(φ1)B̃)
∂α2

∂(cos(φ2)C̃+sin(φ2)D̃)
∂α1

∂(cos(φ2)C̃+sin(φ2)D̃)
∂α2

)
.

In fact we have detDG2(0, 0) = 16(cos(φ1) − 1)(cos(φ2) − 1)
∣∣∣d(|λ1|,|λ2|)
d(α1,α2)

∣∣∣. �

Proof of Proposition 2.4.3. We introduce a special change of coordinates M
consisting of the resonant monomials in the 3-jet of (2.47). The transformation
leads to a new map F with the same 3-jet but alters the 5-jet. Then we choose
the mi, i = 1, 2, 3, 4 such that as many as possible of the ci, i = 1, 2, .., 6 are
eliminated. We write

M(x, y) =

(
x+m1x

3 +m2xy
2

y +m3x
2y +m4y

3

)
,

F (x, y) =

(
x+ a11x

3 + a12xy
2 + c1x

5 + c2x
3y2 + c3xy

4

y + a21x
2y + a22y

3 + c4x
4y + c5x

2y3 + c6y
5

)
.

The transformation does not change x5- and y5-terms. The condition
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j5(H(M(x, y)) −M(F (x, y))) = 0 leads to the following linear system

2




a12 a21 − a11 −a12 0
0 a22 0 −a12

−a21 0 a11 0
0 −a21 a12 − a22 a21







m1

m2

m3

m4


 =




h32 − c2
h14 − c3
h41 − c4
h23 − c5


 .

(2.77)
The matrix of the system has determinant zero and its kernel is one-dimensional.
We choose not to eliminate c4 as this coincides with a natural non-degeneracy
condition in the bifurcation analysis. Set c2 = c3 = c5 = m3 = 0 and solve
equation (2.77) in m1,m2,m4, c4. We get the new coefficients

c1 = h50, c6 = h05, c4 = h41 +a21

(
h32

a12
− h14(a11 − a21)

a12(a12 − a22)
− h23(a11 − a21)

a21(a12 − a22)

)
.

Then we apply a linear scaling x → x/
√

|a11|, y → y/
√

|a22| and obtain the
desired map. �

Proof of Proposition 2.4.4

1. The fixed point equation is given by x = (1 + µ1)x+ s1x
3 + c1x

5. For µ1

small we have x+ =
√−µ1s1 + O(µ1). The extra fixed point exists for

µ1s1 < 0. We evaluate the Jacobi matrix

DFµ(x+, 0) =

(
1 + µ1 + 3s1x

2
+ + 5c1x

4
+ 0

0 1 + µ2 + s1δx
2
+ + c4x

4
+

)

=

(
1 − 2µ1 + O(µ2

1) 0
0 1 + µ2 − δµ1 + O(µ2

1)

)
.

The multiplier in the x-direction is µx̂ = 1 − 2µ1 + O(µ2
1), so in this

direction it is stable if s1 < 0 and unstable if s1 > 0. In the y-direction it
is stable if µ2 − δµ1 < 0.

2. This is analogous to the preceding item.

3. For a nontrivial fixed point we search for nonzero (x, y) with

(
s1 s2θ
s1δ s2

)(
x2

y2

)
= −

(
µ1

µ2

)
+

(
c1x

4

c4x
4 + c6y

4

)
.

A solution is (x2, y2) = (ρ2
1, ρ

2
2) = 1

s1s2(δθ−1) (s2(µ1 − θµ2), s1(µ2 − δµ1))+

O(‖µ‖2). It exists if both components are positive. Now we turn to the
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stability of this point. From the Routh-Hurwitz criterion it follows that
the roots of λ2 +a1λ+a0 = 0 are strictly inside the unit circle if and only
if

|a1| < (1 + a0), (2.78a)

|a0| < 1. (2.78b)

We give the Taylor expansions in µ of the trace and determinant:

a1 = tr(DFµ(ρ1, ρ2)) = 2 − 2

δθ − 1
((δ − 1)µ1 + (θ − 1)µ2)

+z20µ
2
1 + z11µ1µ2 + z02µ

2
2 + O(‖µ‖2),

a0 = det(DFµ(ρ1, ρ2)) = 1 − 2

δθ − 1
((δ − 1)µ1 + (θ − 1)µ2)

ẑ20µ
2
1 + ẑ11µ1µ2 + ẑ02µ

2
2 + O(‖µ‖2),

where

z20 − ẑ20 =
−4δ

δθ − 1
, z11 − ẑ11 =

4(δθ + 1)

δθ − 1
, z02 − ẑ02 =

−4θ

δθ − 1
.

A little algebra shows that conditions (2.78a) and (2.78b) are equivalent
to

4

δθ − 1
(δµ1 − µ2) (θµ2 − µ1) =4s1s2(δθ − 1)ρ2

1ρ
2
2 < 0 + O(‖µ‖2),

(2.79a)

− 2

δθ − 1
((θµ2 − µ1) + (δµ1 − µ2)) =2(s1ρ

2
1 + s2ρ

2
2) < 0 + O(‖µ‖2),

(2.79b)

if µ is sufficiently small.

4. Violation of (2.78b) corresponds to a Neimark-Sacker bifurcation of the
nontrivial fixed point. This can only occur if s1s2 < 0. Consider now
µ1 as a perturbation parameter, then a first order approximation for the
critical value is given by µ2,c = −(δ − 1)µ1/(θ − 1). Now the first order

approximation of the multiplier is λ = 1+2µ1

√
(1 − δθ)/(θ− 1), which is

complex if δθ > 1. For sufficiently small µ1 we are not near strong reso-
nances. Then we used one more order in the approximations of x, y, µ2, λ
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and the (adjoint) eigenvectors p, q of the Jacobi matrix along the bifurca-

tion curve. Then we verified transversality d|λ|
dµ2

|µ2=µ2,c
= 1

2 , and for the
non-degeneracy we computed the leading term of the Lyapunov coefficient
LNS by (2.11)

LNS = µ1s1

(
12(2δθ−δ−θ)

θ(θ−1) + c1
8(2δθ−δ−1)
(θ−1)(δθ−1) − c4

8
(δθ−1) + c6

8δ(2δθ−θ−1)
θ(θ−1)(δθ−1)

)

+O(µ2
1).

If LNS 6= 0 a closed invariant curve appears, which is stable if LNS is
negative and unstable if LNS is positive.

5. First we compute a vector field, whose time-1 map approximates the map
(2.50) as in [112]. Then after a singular rescaling of the vector field we
use the Pontryagin-Melnikov method. The three steps in our calculation
closely follow the presentation in [42].

Step 1. Performing Picard iterations as in for example [112], then we find
the following vector field containing all relevant terms.

(
ẋ
ẏ

)
=

(
x(µ1 − 1

2µ
2
1 + ã11x

2 + ã12y
2 + c̃1x

4 + c̃2x
2y2 + c̃3y

4)
y(µ2 − 1

2µ
2
2 + ã21x

2 + ã22y
2 + c̃4x

4 + c̃5x
2y2 + c̃6y

4)

)
,

where ãij , c̃i are functions of ci and aij of map (2.50). After applying the
scaling (x, y) → (x/

√
1 − 2µ1, y/

√
1 − 2µ2), these coefficients are given as

ã11 = s1, ã12 = −s1θ(1 − µ1 + µ2),
ã21 = s1δ(1 + µ1 − µ2), ã22 = −s1,
c̃1 = c1 − 3

2 , c̃4 = c4 − δ(1 + 1
2δ),

c̃2 = θ(δ + 2), c̃5 = δ(θ + 2),
c̃3 = −θ(1 + 1

2θ), c̃6 = c6 − 3
2 .

Step 2. We make a change of variables and perform a singular rescaling

(t, x2, y2, µ1, µ2) 7→
(

1
2ε

−1xpyqt, εx, εy,−s1ε,
(
δ−1
θ−1

)
s1ε+ ε2ν

)
,

which results in the following vector field

(
ẋ
ẏ

)
= s1x

p−1yq−1

(
x(−1 + x− θy),

y
(
δ−1
θ−1 + δx− y

)
)

+εxp−1yq−1

(
g1(x, y)
g2(x, y)

)
+O(ε2),

(2.80)
where
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g1(x, y) = x
(
− 1

2 − yθ
(
δ+θ−2
θ−1

)
+ c̃1x

2 + c̃2xy + c̃3y
2
)
,

g2(x, y) = y

(
ν − 1

2

(
δ−1
θ−1

)2

− xδ
(
δ+θ−2
θ−1

)
+ c̃4x

2 + c̃5xy + c̃6y
2

)
.

For ε = 0 this is a Hamiltonian system with

H(x, y) = s1x
pyq(δθ − 1)

(
1−x
θ−1 − y

δ−1

)
, p = − (δ−1)

δθ−1 , q = − (θ−1)
δθ−1 .

Step 3. We have p, q > 0 due to the non-degeneracy conditions. Now
we treat the term proportional to ε in (2.80) as a small perturbation
of the Hamiltonian system. We should therefore evaluate the Pontryagin-
Melnikov function (see [141]) for the critical level setH = 0, which consists
of three heteroclinic orbits.

∆(h, ν) =
∮
Γh
dH(s(τ), ν) ∧ g(s(τ), ν) dτ,

where s(τ) corresponds to a nontrivial heteroclinic solution in the positive
quadrant of the Hamiltonian system on the level curve H = h. Then
the equation ∆(0, ν) = 0 defines a quadratic approximation to a curve on
which the heteroclinic connection “survives” in (2.80) for small ε 6= 0.

∆(0, ν) =
∮
Γ0
g1(x, y)dy − g2(x, y)dx

=
∮
Γ0
xpyq−1(− 1

2 − yθ
(
δ+θ−2
θ−1

)
+ c̃1x

2 + c̃2xy + c̃3y
2)dy

−xp−1yq(ν − 1
2

(
δ−1
θ−1

)2

− xδ
(
δ+θ−2
θ−1

)
+ c̃4x

2 + c̃5xy + c̃6y
2)dx

= −I(p−1,q)

(
ν − p

2q −
(δ−1)2

2(θ−1)2

)
+ I(p,q)

(
δ(θ+δ−2)
θ−1

)

+ I(p−1,q+1)

(
θp(θ+δ−2)
(q+1)(θ−1)

)
− I(p+1,q)

(
c̃4 + p+2

q c̃1

)

− I(p,q+1)

(
c̃5 + p+1

q+1 c̃2

)
− I(p−1,q+2)

(
c̃6 + p

q+2 c̃3

)
,

(2.81)
where Green’s formula is used and we defined I(i,j) =

∫
Γ0
xiyjdx. On the

critical level curve we have y = δ−1
θ−1 (1 − x) and with this substitution we

find

Ii,j =
(
δ−1
θ−1

)j ∫ 1

0
xi(1 − x)jdx =

(
δ−1
θ−1

)j
Γ(1+i)Γ(1+j)

Γ(2+i+j) .

Using the definition of the Γ-function and substituting the c̃i we can now
find ν from (2.81)



86 The codim 2 cases of local bifurcations for maps

ν = (δθ−1)2

2(θ−1)3 +c1

(
δ(2δθ−δ−1)

(2δθ−θ−δ)(θ−1)

)
+c4

(
δ

(2δθ−θ−δ)

)
−c6

(
θ(2δθ−θ−1)(δ+1)2

(2δθ−θ−δ)(θ−1)3

)
.

Since the time-1 flow approximates the map (2.50) up to order 2 in µ, this
calculation shows that the curve

µ2 = − δ−1
θ−1µ1 + νµ2

1 + O(µ3
1),

is an approximation of the heteroclinic connection in the map (2.50).

Remark 2.4.9 The following vector field corresponds to the truncated ampli-
tude system for the double Hopf bifurcation for vector fields:

(
ẋ
ẏ

)
=

(
x(µ1 + x2 − θy2 + Θy4)
y(µ2 + δx2 − y2 + ∆x4)

)
.

An analogous computation shows that

µ2 = −δ − 1

θ − 1
µ1 +

(θ − 1)3δ∆ + (δ − 1)3θΘ

(2δθ − θ − δ)(θ − 1)2
µ2

1 + O(µ3
1)

is the approximation of the heteroclinic bifurcation curve for this vector field.
Thus the µ2

1-term given in [106] needs correction. In [42] a different scaling is
used, but the final result is wrong as well.



Chapter 3

Center-Manifold Reduction

When a fixed point undergoes a bifurcation of low codimension the scenarios
are more or less known. The unfoldings of normal forms of minimal dimension
for these cases have been studied and their principal structure is obtained, see
Chapter 2. Although in many cases the bifurcation diagrams are in principle
incomplete due to global phenomena, such as homoclinic or heteroclinic tangen-
cies, many essential features of these diagrams are determined by the critical
normal form coefficients.

However a typical model from applications has a much larger dimension than
this minimal one. Thus it is not straightforward to apply the theoretical results
to an example. Fortunately, there is a center manifold to which the system
can be restricted. This requires efficient algorithms for the computation of the
critical normal form coefficients on the center manifold in terms of the original n-
dimensional map (1.1). Even though neither the center manifold nor the critical
normal form are unique, the qualitative conclusions do not depend on the choices
that are made. Note that the genericity of a bifurcation in a given system also
requires its non-degeneracy with respect to actual control parameters, which
should unfold the singularity transversally. Once constructed, such algorithms
provide useful initial guesses where to search for new local and global phenomena
in applications.

This Chapter is devoted to the computation of the center manifold to have
equipment for applications. First we review a powerful normalization method
originally developed for and applied to vector fields, see [45, 55, 14, 105, 90].
It is however equally well applicable to maps. One can extend the description
of the center manifold to include parameters as well and we will use this to

87
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derive approximations to new local codim 1 curves which emanate from codim
2 bifurcation points. Finally, an adaptation of the continuation environment
matcont [47, 49, 48] for maps is discussed where our results are very useful. In-
deed, when following codim 1 curves one meets generically codim 2 points where
non-degeneracy needs to be checked. Our formulas are suitable for checking non-
degeneracy numerically and to switch to new branches. The new branches we
predict are cycle bifurcations of 2, 3 or 4-times the period of the bifurcating
fixed point. For, for instance, biological models these are the most interesting
as these low period scenarios are the most relevant and possible to observe. For
such case studies we refer to [93, 46].

3.1 The homological equation and its solutions

Consider a smooth map

x 7→ f(x, α), f : Rn+2 → Rn, (3.1)

and assume that it has a nonhyperbolic fixed point x = x0 for a critical pa-
rameter value α = α0. We use the expansion for (3.1) as in (2.3). The Center
Manifold Theorem [143, 80] guarantees the existence of stable, unstable and
center invariant manifolds near the fixed point. The dynamics in the center
manifold depends on both linear and nonlinear terms. Not all nonlinear terms
are equally important, since some of them can be eliminated by an appropriate
smooth coordinate transformation that puts the map restricted to the center
manifold into a normal form, at least up to some finite order. Geometrically, by
normalization we “rectify” our coordinates.

The Center Manifold can be proven to exist in several ways [143, 80, 155,
156], but the proofs do not give an actual approximation to the manifold. As
eleven codim 2 cases need to be covered, it is important not to approach this
question in an ad hoc manner, but to use a format which generates formulas for
center manifold reduction sort of automatically. Indeed, in the late seventies and
early eighties the formula for the direction of Hopf bifurcation received much
attention, [61, 78, 154]. At the time it was a big achievement as the derivation
of such a formula could fill whole chapters of a book, or several pages for a
single model in papers. Analyzing bifurcations can be approached in several
ways, with for example Lyapunov-Schmidt or Center-Manifold Reduction. The
first is a rather indirect method for verifying non-degeneracy and transversality.
Let us elaborate a little on the latter.
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1. When encountering a bifurcation, one can compute the center manifold,
e.g., see [18]. After restricting the map to the center manifold and putting
the linear part into Jordan normal form, one proceeds with normalizing
the higher order terms in the equations. Altogether this is a laborious
approach.

2. One can also combine the reduction and normalization. While the center
manifold was shown to exist in the seventies, it took several years before it
was noticed how to take advantage of the invariance of the center manifold.
This idea can be found in the papers by Iooss and coworkers, [45, 88, 55].
A detailed description of this powerful normalization technique for ODE’s
can be found in [105, 90], while in [14] also parameters are accounted for.

When an event is encountered in the minimal possible dimension and the
linear part is in Jordan normal form, there are formulas available for all cases
[106, 112, 157, 159, 164]. However, the second approach does not require to
transform the map f to Jordan normal form but rather to evaluate the derivative
tensor-vector products and can also be useful in the minimal dimension. We
have used this approach for critical normalization for maps [110, 111] and branch
switching to cycle bifurcations for maps [94]. This is a recursive approach in
inner-product style, following the terminology of [127], to which we also refer
for a review of various aspects of normalization for ODE’s.

A near-identity transformation of order 2 may be without effect at order 2,
but useful to eliminate resonant terms of higher order. This is called hyper-
normalization. As in these approaches nonlinear terms are removed one order
at a time, we do not always use the possibility for further elimination. This is
relevant for only a few cases, where bordered vectors play a role. See also a case
study in Remark 3.2.2.

Suppose that the map obtained by restriction of map (3.1) to the center
manifold can be transformed to some normal form

w 7→ G(w, β), G : Rnc+2 → Rnc ,

where nc is the number of the critical eigenvalues (counting multiplicity), or,
equivalently, the dimension of the center manifold. A priori, the type of the
codim 2 singularity has been determined and the form of G is known, but
not its coefficients. Locally the parameter-dependent center manifold can be
parameterized by w ∈ Rnc and β ∈ R2:

x = H(w, β), H : Rnc+2 → Rn.
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Since the center manifold is invariant, we obtain the following homological equa-
tion for H:

f(H(w, β), V (β)) = H(G(w, β), β). (3.2)

Now two key-words come up:

Non-degeneracy: We want to find the coefficients gµ0 of G for β = 0.
Firstly, because we need to verify that the coefficients fulfill certain non-
degeneracy conditions. If this is not the case, we are dealing with a de-
generate situation, which can happen when symmetries are involved. Sec-
ondly, after this verification we can predict the bifurcation scenario, like
sub- or super-criticality.

Transversality: For all generic local codim 2 bifurcations a representative
unfolding of the critical normal form has been studied with parameters
β. If the family of maps is transversal, then we may draw conclusions for
the dynamics according to the bifurcation scenario determined from the
non-degeneracy conditions when varying the parameters. If not, we need
to be more careful.

Generally speaking, the coefficients gµ0 may hint at the birth of invariant
curves and/or homo- and hetero-clinic orbits near codim 2 bifurcations. Also,
in several cases, codim 1 curves of cycle bifurcations are rooted at these codim
2 points. Normal form analysis yields asymptotic expressions for such curves.
The combination of this information with an approximation of the center mani-
fold, may actually provide a starting point for the continuation of these curves.
However, for this we also need to step in the right direction in parameter space,
so we also seek a relation α− α0 = V (β).

Now, to obtain an approximation of the solution of the homological equation,
we write Taylor series for G,H and V :

G(w, β) =
∑

|µ|+|ν|≥1

1

µ!ν!
gµνw

µβν , H(w, β) =
∑

|µ|+|ν|≥1

1

µ!ν!
hµνw

µβν , (3.3)

V (β) = v10β1 + v01β2 + O(‖β‖2), (3.4)

where gµν are normal form coefficients and µ, ν are multi-indices. If we deal
with just the critical coefficients, the index ν will be sometimes omitted. For
a multi-index ν we have ν = (ν1, ν2, . . . , νn), νi ∈ Z≥0, ν! = ν1!ν2! . . . νn!, |ν| =
ν1 + ν2 + . . .+ νn and ν̃ ≤ ν if ν̃i ≤ νi for all i = 1, . . . , n. Inserting this ansatz
into (3.2) we get a formal power series in w and β, the coefficients of which
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should be zero. This leads to an iterative procedure, where we obtain linear
systems for each component hν of the center manifold

Lhµν = Rµν , (3.5)

where L = A− λIn and λ a function (the sum or product) of the critical eigen-
values. It is easy to check that the right-hand side of Equation (3.5) depends
only on the quantities hµ̃ν̃ , gµ̃ν̃ and vν̃ where µ̃ ≤ µ and ν̃ ≤ ν. Next, we have
to solve Equation (3.5) and the following important remark helps us to decide
how to proceed.

Remark 3.1.1 Fredholm’s Alternative. If Equation (3.5) has a solution,
then either L is non-singular or Rµν is orthogonal to the adjoint eigenvectors of
L corresponding to the zero eigenvalue of L.

Let us see how this helps. If L is non-singular, then the monomial of order
µ, ν is non-resonant and can be eliminated. The interesting case is when L is
singular as we should then have

〈p,Rµν〉 = 0, (3.6)

where p is any null-vector of the adjoint matrix L̄T and Rµν contains gµν . Recall
that we use the standard Hermitian inner-product; 〈a, b〉 = āT b for vectors a, b ∈
Cn. Given the linearization we know for which multi-indices µ, ν the coefficients
gµν appear, but the actual value comes only from this step. From the linear parts
of (3.2), i.e., |µ| = 1, we recover the classical eigenvalue and eigenvector problem.
Note that if wν1ν2 is associated to some complex coordinate, then hν2ν1 =
hν1ν2 . The higher order terms give both the critical coefficients and a better
approximation the center manifold. It is easy to see that if we want to compute
a m-th order coefficient, it suffices to have a (m− 1)-th order approximation of
the center manifold. Even better, we do not always need all the terms of the
(m− 1)-th order, thus reducing computing efforts and time.

Several codim 2 bifurcations are characterized by a vanishing normal form
coefficient at some order. In such cases we usually have to normalize several
more orders. But for that we will also need the vector x from equations Mx = y,
where M is a singular matrix. We now discuss the bordering technique which
allows us to find a solution to this problem.

Let M be a complex singular n×n-matrix with a one-dimensional null-space
spanned by q, an eigenvector corresponding to the simple eigenvalue 0 of M .
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Similarly, let p be an eigenvector corresponding to the eigenvalue 0 of the matrix

M
T
. Then we construct the nonsingular (n+ 1) × (n+ 1)-matrix

(
M q
p̄T 0

)
. (3.7)

Thus we are able to solve the system

(
M q
p̄T 0

)(
x
s

)
=

(
y
0

)
, (3.8)

where s is some complex auxiliary variable. We write x = M INV y. First of
all, we remark that in our applications the vector on the right-hand side is
orthogonal to the critical eigenspace of the eigenvalue 0, i.e., 〈p, y〉 = 0, due
to Equation (3.5). It then follows that 〈p, x〉 = s = 0. This is sufficient and
convenient for our studies as for codim 2 bifurcations this technique does not
have to be applied for cases with non-semi-simple linear part. One could add
an appropriate second bordering vector to such matrices to find a solution.

Other choices for the vectors p and q can be made as long as the new matrix
is non-singular, however we then no longer have 〈p, x〉 = s = 0. Still, the
solution vector x is not unique as any multiple of q may be added to x for the
original equation Mx = y. One may wonder whether this leads to different
results for the normal form computations. It does not, we will work out some
cases in Remark 3.2.1. The property 〈p, x〉 = 0 will be used to simplify some
expressions in the non-degeneracy analysis. However it may be useful not to
fix the vector but see what it can do at a higher order, see also Remark 3.2.2,
where we perform a case study. Also in the Section 3.3 where we consider
branch-switching we use this freedom in x to obtain simplified normal forms.

3.2 Critical normal form coefficients for local

codim 2 bifurcations

One of the conditions to check for bifurcation analysis is non-degeneracy. Thus
we need to have the critical normal form of the map. For the cusp bifurcation,
formulas have been derived earlier in [104, 106, 35]. However, we present it as
it is the simplest case, it shows the steps involved best and for completeness.
For other cases we mention [104] where, however, the resulting expressions can
still be simplified.
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Cusp

In this case, there is only one critical eigenvalue λ = +1 and the coefficient a
given by (2.7) vanishes. Inserting the normal form (2.12) into the homological
equation (3.2) we obtain the following linear systems from the first three orders
in the phase variable w:

(A− In)h1 = 0, (3.9)

(A− In)h2 = −B(h1, h1), (3.10)

(A− In)h3 = 6cq − C(h1, h1, h1) − 3B(h1, h2). (3.11)

The first equation (3.9) is solved with the eigenvector for the eigenvalue λ = 1.
We will use q to denote right eigenvectors and we write h1 = q. The second
equation (3.10)has a singular matrix, thus we introduce the left (adjoint) eigen-
vector p satisfying AT p = p. As λ is a simple eigenvalue of A, we can scale p
such that 〈p, q〉 = 1. Now we check the solvability condition (3.5)

〈p,B(q, q)〉 = a = 0, (3.12)

as we have a cusp bifurcation. Then the bordering technique supplies a solution
for h2 = (In − A)INVB(q, q). The non-degeneracy coefficient c is found by
applying the Fredholm Alternative to (3.11)

c =
1

6
〈p, C(q, q, q) + 3B(q, h2)〉 =

1

6
〈p, C(q, q, q) + 3B(q, (In −A)INVB(q, q))〉.

(3.13)

Generalized flip

In this case, there is only one critical eigenvalue −1 and the coefficient b given
by (2.9) vanishes. We use the critical normal form (2.13) (with β = 0)

w 7→ −w + cw5, (3.14)

where w ∈ R1 is a properly selected local coordinate along the one-dimensional
center manifold. As in the previous case we can find eigenvectors such that

Aq = −q, AT p = −p, 〈p, q〉 = 1. (3.15)

Collecting the w2-terms in (3.2) we obtain

(A− I)h2 = −B(q, q), (3.16)
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which is a nonsingular linear system that has h2 = (I − A)−1B(q, q) as unique
solution. We continue with the w3-terms to get

(A+ I)h3 = −C(q, q, q) − 3B(q, h2). (3.17)

This singular system is solvable since

〈p, C(q, q, q) + 3B(q, h2)〉 = 0

according to (2.9). The fourth-order terms in (3.2) give

(A− I)h4 = − (4B(q, h3) + 3B(h2, h2) + 6C(q, q, h2) +D(q, q, q, q)) . (3.18)

This is a nonsingular system and thus we can solve for h4. Finally, the critical
coefficient c appears in the fifth-order terms:

(A+ I)h5 =120cq − (5B(q, h4) + 10B(h2, h3) + 10C(q, q, h3) + 15C(q, h2, h2)

+ 10D(q, q, q, h2) + E(q, q, q, q, q)).

The solvability of this singular linear system implies

c = 1
120 〈p, 5B(q, h4) + 10C(q, q, h3) + 10B(h2, h3) + 15C(q, h2, h2)

+ 10D(q, q, q, h2) + E(q, q, q, q, q)〉.
(3.19)

If c 6= 0, then the generalized flip is non-degenerate.

Remark 3.2.1 (Choice of bordering vectors) Suppose that we had chosen
a different solution in (3.17) for h3, denoted by h̃3. Then from Section 3.1 it
follows that h̃3 = h3 + sq for some s ∈ R. We also get a different vector h4 and
we have h̃4 = h4 +4(In−A)B(q, sq) = h4 +4sh2. Evaluation of (3.19) with the
new vectors h̃3 and h̃4 gives

c̃ = 〈p, 5B(q, h4 + 4sh2) + 10C(q, q, h3 + sq) + 10B(h2, h3 + sq)

+ 15C(q, h2, h2) + 10D(q, q, q, h2) + E(q, q, q, q, q)〉
= c+ 〈p, 5B(q, 4sh2) + 10C(q, q, sq) + 10B(h2, sq)〉
= c+ 10s〈p, C(q, q, q) + 3B(q, h2)〉 = c.

Thus the final outcome of (3.19) is the same.
For the cusp-bifurcation the argument is even simpler, as we get in a similar

manner h̃2 = h2 + sq from Equation (3.10) for some s ∈ R and here q is an
eigenvector from Equation (3.9). Evaluation of Equation (3.13) now gives

c̃ = 〈p, C(q, q, q) + 3B(q, h̃2)〉 = 〈p, C(q, q, q) + 3B(q, h2 + sq)〉
= 〈p, C(q, q, q) + 3B(q, h2)〉 + s〈p,B(q, q)〉 = c.
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Thus, we see that the choice for a bordering vector is a matter of taste. Ours
results in some vectors being orthogonal and simplifies some expressions.

Chenciner bifurcation

This bifurcation occurs when there is a pair of complex eigenvalues with modulus
one and the first Lyapunov coefficient l1 vanishes. It is also assumed that there
are no other critical eigenvalues and no low order resonances, i.e., λk 6= 1 for
k = 1, 2, 3, 4, 5, 6. We choose complex eigenvectors such that

Aq = eiθ0q, Aq̄ = e−iθ0 q̄,

AT p = e−iθ0p, AT p̄ = eiθ0 p̄,

where these are scaled such that 〈p, q〉 = 1. Collecting the wjw̄k-terms in (3.2),
we find the following equations to be satisfied:

quadratic (j + k = 2):

(A− e2iθ0In)h20 = −B(q, q), (3.20)

(A− In)h11 = −B(q, q̄), (3.21)

cubic (j + k = 3):

(A− e3iθ0In)h30 = −C(q, q, q) − 3B(q, h20), (3.22)

(A− eiθ0In)h21 = 2c1q − C(q, q, q̄) −B(q̄, h20) − 2B(q, h11), (3.23)

The equations from quadratic terms are easily dealt with. At cubic level we see
that Equation (3.23) is singular and thus the Fredholm Alternative gives as an
intermediate result the familiar expression leading to (2.11) for the coefficient
c1

c1 =
1

2
〈p, C(q, q, q̄) + 2B(q, (I −A)−1B(q, q̄)) +B(q̄, (e2iθ0I −A)−1B(q, q))〉.

The first Lyapunov coefficient l1 = Re(e−iθ0c1) vanishes at the codim 2 point,
while its imaginary part may not vanish. The vector h21 is found with the
bordering technique.

We proceed by listing the equations at fourth order and the one involving
the resonant term leading to the normal form coefficient.
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quartic (j + k = 4):

(A− e4iθ0In)h40 = − [D(q, q, q, q) + 6C(q, q, h20) + 3B(h20, h20) + 4B(q, h30)] ,

(3.24)

(A− e2iθ0In)h31 = − [D(q, q, q, q̄) + 3C(q, q, h11) + 3C(q, q̄, h20) + 3B(q, h21)

+3B(h11, h20) +B(q̄, h30)] + 3c1h20e
iθ0 , (3.25)

(A− In)h22 = − [D(q, q, q̄, q̄) + C(q, q, h02) + C(q̄, q̄, h20) + 4C(q, q̄, h11)

+B(h20, h02) + 2B(h11, h11) + 2B(q, h12) + 2B(q̄, h21)]

+ 2h11(c1e
−iθ0 + c̄1e

iθ0), (3.26)

quintic (j = 3, k = 2):

(A− eiθ0In)h32 = 12d1q− [E(q, q, q, q̄, q̄) +D(q, q, q, h02) +B(h02, h30)

+6B(h11, h21) + 3B(h20, h12) + 6C(q, h11, h11)

+3C(q, q, h12) + 6C(q, q̄, h21) + 6C(q̄, h11, h20)

+C(q̄, q̄, h30) + 3C(q, h20, h02) + 2B(q̄, h31)

+3B(q, h22) + 6D(q, q, q̄, h11) + 3D(q, q̄, q̄, h20)]

+ 6h21(c1 + 1
2 c̄1e

2iθ0).

Note that the last line in Equation (3.26) vanishes and that computational
efforts can be minimized as hij = h̄ji and h40, h32 need not be computed.
Finally, taking into account 〈p, h21〉 = 0, we obtain the expression

d1 =
1

12
〈p,E(q, q, q, q̄, q̄) +D(q, q, q, h02) + 6D(q, q, q̄, h11) + 3D(q, q̄, q̄, h20)

+ 3C(q, h20, h02) + 6C(q, h11, h11) + 3C(q, q, h12) + 6C(q, q̄, h21)

+ 6C(q̄, h11, h20) + C(q̄, q̄, h30) + 3B(h20, h12) + 6B(h11, h21)

+ 3B(q, h22) +B(h02, h30) + 2B(q̄, h31)〉.
(3.27)

The Chenciner bifurcation is non-degenerate if the second Lyapunov coefficient
l2 = Re(e−iθ0d1) + 1

2 Im(e−iθ0c1)2 is nonzero.

Resonance 1:1

We have a 1:1 resonance if there are two eigenvalues equal to 1 and no other
critical eigenvalues exist. We can find (generalized) eigenvectors of A such that

Aq0 = q0, Aq1 = q1 + q0 (3.28)
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and similarly for the transposed matrix AT

AT p0 = p0, AT p1 = p1 + p0. (3.29)

Moreover, they can be chosen such that the following holds

〈p0, q1〉 = 〈p1, q0〉 = 1, 〈p0, q0〉 = 〈p1, q1〉 = 0. (3.30)

Indeed following [107] we start with vectors satisfying (3.28) and (3.29). Com-
puting µ =

√
〈q0, q0〉 and defining new vectors

q0 :=
1

µ
q0, q1 :=

1

µ
q1, q1 := q1 − 〈q0, q1〉q0,

and analogously adjusting the adjoint vectors with ν =
√

〈p1, q0〉

p0 :=
1

ν
p0, p1 := p1 − 〈p0, q1〉p0, p1 :=

1

ν
p1,

makes them satisfy (3.30).
Collecting the w2-terms in (3.2), we obtain the singular linear systems

(A− In)h20 = −B(q0, q0) + 2aq1, (3.31)

(A− In)h11 = −B(q0, q1) + h20 + bq1, (3.32)

(A− In)h02 = −B(q1, q1) + 2h11 + h20. (3.33)

The solvability of these systems requires that their right-hand sides should be
orthogonal to p0.

Thus from Equations (3.31) and (3.32) we obtain

a =
1

2
〈p0, B(q0, q0)〉, b = 〈p0, B(q0, q1)〉 + 〈p1, B(q0, q0)〉, (3.34)

where we have used

〈p0, h20〉 = 〈(A− I)T p1, h20〉 = 〈p1, (A− In)h20〉
= 〈p1,−B(q0, q0) + aq1〉 = −〈p1, B(q0, q0)〉.

For completeness, we show how to solve the third equation, although it is not
necessary to do so in the codim 2 case. Solvability of (3.33) implies:

〈p0, (A− In)h02〉 = 〈p0,−B(q1, q1) + 2h11 + h20〉
= −〈p0, B(q1, q1)〉 − 〈p1, B(q0, q0)〉 − 2〈p1, B(q0, q1)〉

+ 2〈p1, h20〉.
When solving (3.31) we can shift h20 7→ h20 + δ1q0 by adding a multiple of q0
to h20. Now a proper selection of δ1 takes care of the solvability of (3.33). For
the critical normal form it is however not necessary to do so.
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Resonance 1:2

Here we have two eigenvalues λ1 = λ2 = −1 and no other critical eigenvalues.
As before we introduce generalized eigenvectors of A and AT

Aq0 = −q0, Aq1 = −q1 + q0,

AT p0 = −p0, AT p1 = −p1 + p0,

satisfying the same normalization conditions (3.30) as for the 1:1 resonance.
Collecting the quadratic terms in (3.2) we get

(A− I)h20 = −B(q0, q0), (3.35)

(A− I)h11 = −B(q0, q1) − h20, (3.36)

(A− I)h02 = −B(q1, q1) − 2h11 + h20. (3.37)

Notice that the matrix (A− I) is nonsingular, since A has only two eigenvalues
λ = −1 on the unit circle. Therefore, solutions for h20, h11 and h02 are readily
found.
From the cubic terms we obtain the equations

(A+ I)h30 =6cq1 − C(q0, q0, q0) − 3B(q0, h20), (3.38)

(A+ I)h21 =2dq1 + h30 − C(q0, q0, q1) − 2B(q0, h11) −B(q1, h20), (3.39)

(A+ I)h12 =2h21 − h30 − C(q0, q1, q1) − 2B(q1, h11) −B(q0, h02), (3.40)

(A+ I)h03 =3(h12 − h21) + h30 − C(q1, q1, q1) − 3B(q1, h02). (3.41)

Now we can easily determine the critical coefficient c

c =
1

6
〈p0, C(q0, q0, q0) + 3B(q0, (I −A)−1B(q0, q0))〉. (3.42)

The equation for the critical coefficient d involves the vector h30. Taking the
scalar product of (3.38) with p1, we find similarly as for the 1:1 resonance that
〈p0, h30〉 = −〈p1, 3B(q0, h20) + C(q0, q0, q0)〉 from the equation at the w3

1-term.
Then the solvability of the equation for h21 implies

d =
1

2
〈p0, C(q0, q0, q1) + 2B(q0, h11) +B(q1, h20)〉

+
1

2
〈p1, C(q0, q0, q0) + 3B(q0, h20)〉.

(3.43)

In a similar manner as for the 1:1 resonance it can be shown that by adding
appropriate multiples of q0 to h30 and h21 equations (3.40) and (3.41) are solv-
able. However, as stated before, only the quadratic approximation of the center
manifold is computed explicitly to obtain the critical normal form coefficients.
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Resonance 1:3

Similar to the Chenciner bifurcation, the normal form for the resonance 1:3 has
been studied in the complex form. However, one quadratic term in the normal
form cannot be eliminated due to the appearance of two complex conjugated
eigenvalues which are cubic roots of unity, i.e., the critical multipliers are eiθ0

with θ0 = 2π/3. We introduce complex eigenvectors such that

Aq = eiθ0q, Aq̄ = e−iθ0 q̄,

AT p = e−iθ0p, AT p̄ = eiθ0 p̄

and 〈p, q〉 = 1. The quadratic part of the homological equation (3.2) gives

(A− e2iθ0I)h20 = 2B̄1q̄ −B(q, q), (3.44)

(A− I)h11 = −B(q, q̄), (3.45)

(A− e−2iθ0I)h02 = 2B1q −B(q̄, q̄). (3.46)

We notice that (3.44) and (3.46) are complex conjugated, so h20 = h02. Second,
since ei2π/3 is an eigenvalue of A, a singularity occurs. We apply the Fredholm
condition to (3.46) to find

B1 =
1

2
〈p,B(q̄, q̄)〉. (3.47)

Then h02 can be computed using a bordered system. Collecting the cubic terms,
we see that the w3-terms involve the matrix (A − I), which is non-singular.
Furthermore, if the equations for h30 and h21 are solvable, then so are those
for h03 and h12 as they are complex conjugated. Therefore, we only present
the w2w̄-terms in the homological equation, since this is all we need to find the
critical coefficient c,

(A− eiθ0I)h21 = 2C1q + e−iθ0B̄1h02 − 2B(q, h11) −B(q̄, h20) − C(q, q, q̄).

From (3.47) it follows that 〈p, h02〉 = 0, so that we obtain the expression for c,
which is similar to that of the Neimark-Sacker coefficient if b = 0, cf. (2.11),

c =
1

2
〈p,
(
C(q, q, q̄) + 2B(q, (I −A)−1B(q, q̄))

−B(q̄,
(
e2iθ0I −A

)INV (
B̄1q̄ −B(q, q)

))
〉.

(3.48)

If B1 6= 0, the real part of c1 = 1
3

(
ei4π/3C1/|B1|2 − 1

)
determines the stability

of the bifurcating invariant closed curve.
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Resonance 1:4

With θ0 = 1
2π we encounter one of the most difficult bifurcations to analyze,

as not all non-degeneracy conditions can be expressed analytically. Still, it
is straightforward to compute the critical normal form. With θ0 = 1

2π the
linear level of the homological equation asks to introduce complex eigenvectors
satisfying

Aq = eiθ0q, Aq̄ = e−iθ0 q̄, AT p = e−iθ0p, AT p̄ = eiθ0 p̄, 〈p, q〉 = 1.

The quadratic part of (3.2) gives

(A+ I)h20 = −B(q, q), (3.49)

(A− I)h11 = −B(q, q̄). (3.50)

Since ±1 are not the eigenvalues of A, we can easily find h20, h11. Now as above
we only collect the coefficient in front of the resonant terms:

(A− eiθ0I)h21 = 2C1q − C(q, q, q̄) − 2B(q, h11) −B(q̄, h20), (3.51)

(A− eiθ0I)h03 = 6D1q − C(q̄, q̄, q̄) − 3B(q̄, h02). (3.52)

The solvability conditions imply

C1 =
1

2
〈p, C(q, q, q̄)+2B(q, (I−A)−1B(q, q̄))−B(q̄, (I+A)−1B(q, q))〉, (3.53)

and

D1 =
1

6
〈p, C(q̄, q̄, q̄) − 3B(q̄, (I +A)−1B(q̄, q̄))〉. (3.54)

If D1 6= 0, then scaling the normalizing complex coordinate w according to
w 7→ 1

|D1|e
i argD1/4 gives the critical coefficient for (2.22)

A0 = − iC1

|D1|
.

It determines the bifurcation scenario near the 1:4 point (see details in [106]).
Some non-degeneracy conditions involving local bifurcations can be expressed
analytically in terms of A0, see also Section 2.2. As the global bifurcations in
this unfolding have only been computed numerically, one should still be careful
when classifying the bifurcation.
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Fold-flip

This bifurcation is characterized by two simple multipliers on the unit circle,
one +1 and one −1. As this may sound simple, it is an interesting case for two
reasons. Firstly, we need to apply the Fredholm alternative to all coefficients
up to order 3 of the homological equation. Secondly, it is the first case in the
list of Section 2.2 where hyper-normalization simplifies the bifurcation analysis.

Instead of the hyper-normal form (2.26) we use the Poincaré-Dulac normal
form for the homological equation

(
x
y

)
7→
(
x+ a1x

2 + b1y
2 + c1x

3 + c2xy
2

−y + e1xy + c3x
2y + c4y

3

)
. (3.55)

We can introduce the vectors associated to the eigenvalues +1 and −1

Aq1 = q1, AT p1 = p1, 〈p1, q1〉 = 1, (3.56)

Aq2 = −q2, AT p2 = −p2, 〈p2, q2〉 = 1. (3.57)

Let us list first the equations obtained from (3.2) of order 2

(A− In)h20 = 2a1q1 −B(q1, q1), (3.58)

(A+ In)h11 = e1q2 −B(q1, q2), (3.59)

(A− In)h02 = 2b1q1 −B(q2, q2), (3.60)

and those of order 3

(A− In)h30 =6c1q1 + 6a1h20 − C(q1, q1, q1) − 3B(q1, h20), (3.61)

(A− In)h12 =2c2q1 + 2b1h20 − 2e1h02

− C(q1, q2, q2) − 2B(q2, h11) −B(q1, h02), (3.62)

(A+ In)h21 =2c3q2 + 2 (e1 − a1)h11

− C(q1, q1, q2) − 2B(q1, h11) −B(q2, h20), (3.63)

(A+ In)h03 =6c4q2 − 6b1h11 − C(q2, q2, q2) − 3B(q2, h02). (3.64)

Now we first present the standard scheme for a solution to Equations (3.58)–
(3.64). For the solvability requirement we apply the proper adjoint eigenvector
to the left- and right-hand sides of each equation. Thus one first computes

a1 =
1

2
〈p1, B(q1, q1)〉, e1 = 〈p2, B(q1, q2)〉, b1 =

1

2
〈p1, B(q2, q2)〉. (3.65)
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Then we have to compute the quadratic approximation of the center manifold.
The bordering technique can be used to find

h20 = (A− I)INV
(
2a1q1 −B(q1, q1)

)
,

h11 = (A+ I)INV
(
e1q2 −B(q1, q2)

)
,

h02 = (A− I)INV
(
2b1q1 −B(q2, q2)

)
,

where we now have

〈p1, h20〉 = 〈p2, h11〉 = 〈p1, h02〉 = 0. (3.66)

The other critical normal form coefficients ci for (3.55) are given by

c1 =
1

6
〈q1, C(q1, q1, q1) + 3B(q1, h20)〉,

c2 =
1

2
〈q1, C(q1, q2, q2) +B(q1, h02) + 2B(q2, h11)〉,

c3 =
1

2
〈p2, C(q1, q1, q2) +B(q2, h20) + 2B(q1, h11)〉,

c4 =
1

6
〈p2, C(q2, q2, q2) + 3B(q2, h02)〉.

(3.67)

The final step is to express the non-degeneracy conditions in terms of the critical
normal form coefficients. First, provided that e1 6= 0, we can now apply Lemma
2.3.1 to find the coefficients for (2.26)

a0 =
a1

e1
, b0 = b1e1, c0 =

c1
e21
, d0 = c2 +

2

e1
(b1c3 − (e1 + a1)c4) . (3.68)

The non-degeneracy conditions are a0, b0 6= 0. If b0 > 0, then also 3b0c0 −
3a0b0 − 2b0a

2
0 − d0a0 6= 0 is required.

Remark 3.2.2 The second scheme to compute the coefficients a0, b0, c0, d0 of
map (2.26) starts similarly as above. However, if we wish to insert the hyper-
normal form (2.26) directly into the homological equation we should take care
of the solvability of Equations (3.61)–(3.64). To ensure this we use the freedom
for the quadratic center manifold vectors. So we have

h20 = h∗20 + δ1q1, h11 = h∗11 + δ2q2, h02 = h∗02 + δ3q1,

where h∗20, h
∗
11, h

∗
02 satisfy (3.66). Denote the ci of (3.67) by c∗i .
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Then Equations (3.61)–(3.64) with c3 = c4 = 0 lead to




6c1 − 6c∗1
2c2 + 2δ1b1 − 2 (e1 + a1) δ3 − 4b1δ2 − 2c∗2

(2e1 − 2a1) δ2 − 2e1δ2 − e1δ1 − 2c∗3
−6b1δ2 − 3e1δ3 − 6c∗4


 = 0.

The first observation is that c1 cannot be altered, similar to what was shown
for the cusp coefficient in Remark 3.2.1. If we represent this a little differently
we make the connection with Lemma 2.3.1,




2b1 −b1 e1 + a1

2a1 e1 0
2b1 0 e1






δ2
δ1
δ3


 =




c2 − c∗2
−c∗3
−c∗4


 . (3.69)

as the matrix is easily identified with the one in Equation (2.56). Therefore we
take δ2 = 0 and now the assumption e1 6= 0 allows one to obtain a solution
for δ1, δ3 and c2 from (3.69). The final result is the same as in the first com-
putational scheme. Thus, this Remark shows how hyper-normalization can be
incorporated into center-manifold reduction.

Fold–Neimark-Sacker

This bifurcation occurs for a fixed point having the algebraically simple multi-
pliers {1, eiθ, e−iθ} on the unit circle, where (kθ mod 2π) 6= 0 for k = 1, 2, 3, 4.
Then, there is a smooth local parameterization of the center manifold by (x, z) ∈
R × C such that the 3-jet of the map will assume the form

(
x
z

)
7→
(
x+ f011zz̄ + f200x

2 + f300x
3 + f111xzz̄

eiθz + g110xz + g210zx
2 + g021z

2z̄

)
. (3.70)

We proceed by giving the formulas directly. We start with

Aq1 = q1, AT p1 = p1, 〈p1, q1〉 = 1,
Aq2 = eiθq2, AT p2 = e−iθp2, 〈p2, q2〉 = 1.

and the quadratic coefficients are given by

f200 =
1

2
〈p1, B(q1, q1)〉, f011 = 〈p1, B(q2, q̄2)〉, g110 = 〈p2, B(q1, q2)〉. (3.71)
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Then the following vectors should be computed

h200 = (A− In)
INV (2f200q1 −B(q1, q1)) ,

h011 = (A− In)
INV (f011q1 −B(q2, q̄2)) ,

h110 = (A− eiθIn)
INV (g110q2 −B(q1, q2)) ,

h002 = (e2iθIn −A)−1B(q2, q2),

where the bordering vectors are of course chosen differently for (A−In)INV and
(A− eiθIn)

INV . For the Poincaré-Dulac normal form we then have

f300 = 1
6 〈p1, C(q1, q1, q1) + 3B(q1, h200)〉,

f111 = 〈p1, C(q1, q2, q̄2) +B(q1, h011) + 2<(B(q2, h101))〉,
g210 = 1

2 〈p2, C(q1, q1, q2) +B(q2, h200) + 2B(q1, h110)〉,
g021 = 1

2 〈p2, C(q2, q2, q̄2) +B(q2, h011) + 2B(q̄2, h020)〉.
(3.72)

Remark 3.2.3 We may further transform (3.70) to the hyper-normal form

(
x
z

)
7→
(
x+ szz̄ + x2 + cx3

eiθz + axz + bzx2

)
, (3.73)

if f200f011 6= 0 and where the coefficients for (3.73) are given by

b =
1

f011f2
200

(
f011g210 + g110

(
1

2
f111 + <

(
g021e

−iθ)
)
− f200g021

)
,

a =
g110
f200

, c =
f300

(f200)2
, s = sign (f200f011) .

If we would not have fixed the vectors h200, h011, h110, then hyper-normalization
as in Remark 3.2.2 and scaling would have given the same result.

Flip-Neimark-Sacker

At this bifurcation the Jacobi matrix evaluated at the fixed point has three
multipliers on the unit circle λ ∈ {−1, eiθ, e−iθ}, where (kθ mod 2π) 6= 0 for
k = 1, 2, 3, 4, 6. This suffices for most cases, below we will specify what ex-
tra requirements might need to be satisfied. As before, we now introduce the
eigenvectors related to the multipliers λ = −1 and λ = eiθ

Aq1 = −q1, AT p1 = −p1, 〈p1, q1〉 = 1,
Aq2 = eiθq2, AT p2 = e−iθp2, 〈p2, q2〉 = 1.
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Collecting the quadratic(|µ| = 2) terms in (3.2) we find

h200 = (In −A)−1B(q1, q1),
h011 = (In −A)−1B(q2, q̄2),
h110 = −(eiθIn +A)−1B(q1, q2),
h020 = (e2iθIn −A)−1B(q2, q2),

after which the cubic coefficients are computed as follows

f300 = 1
6 〈p1, C(q1, q1, q1) + 3B(q1, h200)〉,

f111 = 〈p1, C(q1, q2, q̄2) +B(q1, h011) + 2<(B(q2, h101))〉,
g210 = 1

2 〈p2, C(q1, q1, q2) +B(q2, h200) + 2B(q1, h110)〉,
g021 = 1

2 〈p2, C(q2, q2, q̄2) +B(q2, h011) + 2B(q̄2, h020)〉.
(3.74)

Not surprisingly, we see a great similarity between the above coefficients (3.74)
and the third order coefficients (3.72) for the Fold-Neimark-Sacker bifurcation.

Remark 3.2.4 If, for this flip–Neimark-Sacker bifurcation, we find that if
f300<(e−iθg021) > 0 and f300<(e−iθg021)−f111<(e−iθg111) < 0 hold, then there
is also an invariant 2-torus involved in the unfolding of the bifurcation. Its
stability can only be determined if we proceed with quartic and quintic terms,
which can be found in Appendix 3.A.

Double Neimark-Sacker

When two pairs of complex conjugate multipliers e±iθ1,2 , 0 < θ2 < θ1 < π
cross the unit circle, a double Neimark-Sacker bifurcation occurs. Similar to the
previous case, we first require (kθi mod 2π) 6= 0 for k = 1, 2, 3, 4, i = 1, 2 and
(θ1/θ2) /∈ {3, 2, 3

2 , 1}. We compute the (adjoint) eigenvectors for the multipliers
and scale them properly

Aq1 = eiθ1q1, AT p1 = e−iθ1p1, 〈p1, q1〉 = 1,
Aq2 = eiθ2q2, AT p2 = e−iθ2p2, 〈p2, q2〉 = 1.

Now we can compute the third order coefficients of the normal form (2.31)

f2100 = 1
2 〈p1, C(q1, q1, q̄1) +B(q1, h1100) + 2B(q̄1, h2000)〉,

f1011 = 〈p1, C(q1, q2, q̄2) +B(q1, h0011) +B(q̄2, h1010) +B(q2, h1001)〉,
g1110 = 〈p2, C(q1, q̄1, q2) +B(q2, h1100) +B(q̄1, h1010) +B(q1, h0110)〉,
g0021 = 1

2 〈p2, C(q2, q2, q̄2) +B(q2, h0011) + 2B(q̄2, h0020)〉,
(3.75)
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where

h2000 = (e2iθ1In −A)−1B(q1, q1), h0020 = (e2iθ2In −A)−1B(q2, q2),
h1100 = (In −A)−1B(q1, q̄1), h0011 = (In −A)−1B(q2, q̄2),
h1010 = (ei(θ1+θ2)In −A)−1B(q1, q2), h1001 = (ei(θ1−θ2)In −A)−1B(q1, q̄2).

(3.76)
Vectors h0110 and h0101 can be computed by complex conjugation. Higher order
approximations are only needed if one wants to investigate the stability of a
3-torus, if it is present. For completeness they are listed in in Appendix 3.A.

3.3 Branch switching at local codim 2 bifurca-

tions

When studying a dynamical system, the calculation of the critical normal form
at the bifurcation gives qualitative information about what kind of new solutions
may be expected in nearby families. The question ‘Nice to know, but where
exactly?’ is the one we will answer in this Section, at least for local bifurcations.

As we mentioned in Section 2.2 it is known that from codim 2 points several
new codim 1 branches emanate. In 6 out of 11 cases, branches of local bifurca-
tions of cycles are involved. In these cases we can provide a useful prediction for
such codim 1 branches, if the condition of transversality is satisfied. All other
branches involve bifurcations of tori or homo- and/or heteroclinic orbits. As
algorithms for finding and continuing such bifurcations are not (yet) available,
we skip those.

We first discuss the classical approach to branch-switching. It is also used
in cl matcont to switch at a PD-point for the period-K cycle to the period-
2K cycle, since it corresponds to a branch point for f (2K)(x, α) − x = 0. Our
formulas for the new branches coincide at lowest order with those found by
linear branch switching. However, we often experienced that using only a linear
approximation was not enough to start the continuation of the new branch. A
higher order predictor provided by center manifold reduction did work, but still
the choice for the initial amplitude needs some experience.

3.3.1 Linear branch switching

In this Section we consider the approximation of a new cycle curve that emanates
from a branch point BP for (2.2). The method is similar to that for branch points
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of equilibria, already used in the 1970’s in [91]; it is also used in content and
cl matcont.

A solution X0 = X(s0) of

F (X) = g(x, α) − x = 0 (3.77)

is called a simple singular point if FX(X0) has rank n−1. For system (3.77), we
have F 0

X = [gx(x0, α0) − In, gα(x0, α0)], and X0 = (x0, α0) is a simple singular
point if and only if, either

dimN(gx(x0, α0) − In) = 1, gα(x0, α0) ∈ R(gx(x0, α0) − In)

or
dimN(gx(x0, α0) − In) = 2, gα(x0, α0) /∈ R(gx(x0, α0) − In).

The first case is a codim 2 situation, the second case has codimension 4, so for
practical purposes we consider only the first case.

Suppose we have a solution branch X(s) and let Xs0 = (x0, α0) be a sim-
ple singular point. Then N(F 0

X) is two-dimensional and can be written as
span {φ1, φ2} where φ1, φ2 ∈ Rn+1 are linearly independent. Also, N([F 0

X ]T ) is
one-dimensional and is spanned by a vector ψ ∈ Rn. Let F 0

Y Y be the bilinear
form in the Taylor expansion of F about X0. If Y (s) is any solution branch of
(3.77) with Y (s0) = X0, then Ys(s0) can be written as Ys(s0) = αφ1 + βφ2 for
some α, β ∈ R. Differentiating the identity F (Y (s)) = 0 twice and computing
the scalar product with ψ at s0, we get

〈ψ, F 0
Y Y (αφ1 + βφ2)(αφ1 + βφ2)〉 = 0

or, equivalently,
c11α

2 + 2c12αβ + c22β
2 = 0, (3.78)

where cjk = 〈ψ, F 0
Y Y φjφk〉 for j, k = 1, 2.

Equation (3.78) is called the algebraic bifurcation equation (ABE ). The case
c212 − c11c22 < 0 is impossible, since at least one branch goes through X0. Thus,
generically, c212 − c11c22 > 0, and (3.78) has two real nontrivial, independent
solution pairs, (α1, β1) and (α2, β2), which are unique up to scaling. In this case
we have a simple branch point, where two distinct branches pass through X0.

The above procedure allows one to compute the normalized tangent vectors
Y1s(s0), Y2s(s0) of the two branches that pass through X0. Now if

|〈Y1s(s0), Xs(s0)〉| < |〈Y2s(s0), Xs(s0)〉|
then we conclude that Y1s(s0) is the tangent vector to the new branch; otherwise,
Y2s(s0) is the tangent vector.
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Remark 3.3.1 Let us consider the normal form (2.17) for the 1:2 resonance.
If the normal form coefficient C1 is negative, there are two branches of codim
1 Neimark-Sacker bifurcation at this bifurcation; one of the original fixed point
and one of a cycle of double period. If C1 is positive, the branch corresponds
to a neutral saddle. The defining system at this bifurcation point is

F (x, α, k) = (f2(x, α) − x, s11(x, α, k), s12(x, α, k)),

see Section 3.4 for the definition of s11 and s12. Note that (0, 0, 0, 0, 1) is a zero
of this equation. The Jacobi-matrix is given by

DF (0, 0, 0, 0, 1) =




0 −2 0 0 0
0 0 0 0 0
0 0 4 0 −2
0 0 −4 4 4




In the notation as above, its null-space is spanned by φ1 = (0, 0, 1,−1, 2) and
φ2 = (1, 0, 0, 0, 0) and ψ = (0, 1, 0, 0). Obviously φ1 corresponds to the original
branch, φ2 to the new one.

3.3.2 Parameter-dependent center-manifold reduction

Our approach here is similar to [14] where switching at some codim 2 bifurcations
of equilibria in ODE’s was considered. In all cases ahead, the map g(x, α) :
Rn × R2 → Rn, where g is defined by (2.2), satisfies g(x0, α0) = x0, and its
Jacobi matrix A = gx(x0, α0) has at most 3 multipliers on the unit circle. We
know a parameter-dependent smooth normal formG(w, β) for the corresponding
bifurcation, see Section 2.2. With this setup all necessary vectors for a higher
order predictor can be obtained from the homological equation (3.2).

It will be convenient to introduce some notation. If A has an eigenvalue −1,
then denote by p the eigenvector of AT corresponding to the eigenvalue −1. We
will then write Γ : Rn+2 → Rn for Γ(q, v) = 〈p,A1(q, v) +B(q, (In −A)−1J1v)〉
and γi = Γ(q, ei) for the evaluation on the standard basis vectors in R2. If
γi 6= 0 for i = 1, 2 then s1 = 1

(γ2
1+γ2

2)
(γ1, γ2)

T and s2 = (−γ2, γ1)
T compose a

new orthogonal basis in R2. Occasionally, we interpret β2 = β̄1 as one complex
parameter; in such cases: v01 = v10 ∈ C2.
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Degenerate Flip

We start with the linear part of V (β). The homological equation (3.2) provides
the following systems to be solved

(A− In)[h010, h001] = −J1[v10, v01],

where [a, b] is a 2×n-matrix with columns a and b. This can be solved formally
with [h010, h001] = (In −A)−1J1[v10, v01] and we proceed with

(A+ In)[h110, h101] = − [q, 0] −A1(q, [v10, v01]) −B(q, [h010, h001])

=− [q, 0] −A1(q, [v10, v01]) −B(q, (In −A)−1J1[v10, v01]).

First we see that the systems are singular and the RHS must be orthogonal
to the adjoint eigenvector p. Second, we see the operator Γ(q, v) appearing
naturally. The system is now rewritten as

(γ1, γ2)[v10, v01] = [−1, 0].

The general solution is given by

v10 = −s1 + δ1s2, v01 = δ2s2, δ1, δ2 ∈ R.

The constants δ1, δ2 can only be fixed at a higher order, so we proceed

(A− In)h210 =+2h200 − [C(q, q, h010) + 2B(q, h110) +B(h200, h010)
+B1(q, q, v10) +A1(h200, v10)] ,

(A− In)h201 =− [C(q, q, h001) + 2B(q, h101) +B(h200, h001)
+B1(q, q, v01) +A1(h200, v01)] ,

(A+ In)h310 =−3h300 − [D(q, q, q, h010) + 3C(q, q, h110) + 3C(h200, q, h010) ,
+ 3B(h110, h200) + 3B(h210, q) +B(h300, h010)
+C1(q, q, q, v10) + 3B1(h200, q, v10) +A1(h300, v10)] ,

(A+ In)h301 =6q − [D(q, q, q, h001) + 3C(q, q, h101) + 3C(h200, q, h001)
+ 3B(h101, h200) + 3B(h201, q) +B(h300, h001)
+C1(q, q, q, v01) + 3B1(h200, q, v01) +A1(h300, v01)] .

(3.79)
Since v10, v01 appear linearly in these equations (via the multi-linear functions),
we have a linear system to be solved for δ1, δ2.

Remark 3.3.2 From the expansion (2.14) it is easy to see that the next order
to be computed is O(ε4). We will not do this here for the following reason.
Consider the following extension of the normal form for (2.13)

w 7→ −(1+β1+r1β
2
2)w+(β2+r2β

2
2)w3+(c2+r3β2)w

5+c3w
7+O(|w|8), w ∈ R.
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Taking w = ε we find the following higher order approximation for the parame-
ters for the fold curve of the second iterate

(β1, β2) =
(
−c2(1 + 4c2r1)ε

4,−2c2ε
2 + (4c2r3 − 4r2c

2
2 − 3c3)ε

4
)

+ O(ε5).

Thus in the higher order approximation the 7th-order coefficient c3 appears.
Therefore, we do not give a higher order approximation here.

1:2 Resonance

As before the first four linear systems are given as

(A− In)[h0010, h0001] = −J1[v10, v01],

(A+ In)[h1010, h1001] = [q1, 0] −A1(q0, [v10, v01]) −B(q0, [h0010, h0001]).

As for the degenerate flip, we use the formal solution

[h0010, h0001] = (In −A)−1J1[v10, v01].

The solution for v10 and v01 is now

v10 = s1 + δ1s2, v01 = δ2s2, δ1, δ2 ∈ R.

The two remaining systems at linear order in phase variables are

(A+ In)[h0110, h0101] = [h1010, q1 + h1001] −A1(q1, [v10, v01])
−B(q1, [h0010, h0001]).

Now we insert the si and write

Q1 = 〈p1, A1(q0, s1) +B(q0, (A− In)
−1J1s1)〉, Q2 = Γ(q1, s1)

Q3 = 〈p1, A1(q0, s2) +B(q0, (A− In)
−1J1s2)〉, Q4 = Γ(q1, s2).

A little algebra shows that

δ1 = −
(
Q1 +Q2

Q3 +Q4

)
, δ2 =

1

Q3 +Q4
.

One can check that the transversality of the original family of maps to the
bifurcation manifold coincides with the condition γ1γ2(Q3 +Q4) 6= 0.
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1:3 Resonance

We follow a slightly different procedure here. We want to find V (β) = vβ+ v̄β̄,
where β = β1 + iβ2. Then we treat β and β̄ as independent variables which
makes it slightly easier to find the solutions. As the final V (β) should be real,
it follows that v = v10 = v̄01.

Let λ = e2iπ/3 and introduce Aq = λq, AT p = λ̄p, 〈p, q〉 = 1. As before, the
first linear systems resulting from (3.2) are given by

(A− In)[h0010, h0001] = −J1[v10, v01],

(A− λIn)[h1010, h1001] = [q, 0] −A1(q, [v10, v01]) −B(q, [h0010, h0001]),

and two complex conjugated systems for h0101 and h0110. With the same ap-
proach we will now find complex γi and rewriting the system for v = v10 = v̄01
we have (γ1, γ2)v = 1, (γ1, γ2)v̄ = 0, with v = (γ̄2,−γ̄1)/(γ1γ̄2 − γ2γ̄1) as solu-
tion. Finally x = zq + z̄q̄ relates the coordinates of the normal form and the
original map.

1:4 Resonance

Replacing λ = i we can repeat the procedure for the case of 1:3 resonance.

Fold-Flip

Let Aq1,2 = ±q1,2, AT p1,2 = ±p1,2, 〈p1, q1〉 = 〈p2, q2〉 = 1. The necessary
systems to solve from the homological equation (3.2) are

(A− In)[h0010, h0001] = [q1, 0] − J1[v10, v01], (3.80)

(A− In)[h1010, h1001] = [h2000, q1] −A1(q1, [v10, v01])

−B(q1, [h0010, h0001]), (3.81)

(A+ In)[h0110, h0101] = [h1100, 0] −A1(q2, [v10, v01])

−B(q2, [h0010, h0001]). (3.82)

First notice that all matrices in the left-hand sides are singular. If we take
(γ1, γ2) = pT1 J1 and form the orthogonal vectors s1 and s2 as before then v10 =
s1 + δ1s2 and v01 = δ2s2 solve system (3.80). Bordering the singular matrix
(A − In) one can solve for h0010 and h0001. Any multiple of q1 can be added
to h0010 and h0001, so we use h0010 = (A − In)

INV (q1 − J1v10) + δ3q1 and
h0010 = −(A−In)INV (J1v01)+δ4q1. We will use this freedom to solve equations
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(3.81) and (3.82) simultaneously for all δ’s. Note that h2000 and h1100 are also
found using bordered systems chosen, but such that 〈p1, h2000〉 = 〈p2, h1100〉 = 0.

Then we obtain the following 4−dimensional system

(
L 02

02 L

)



δ1
δ3
δ2
δ4


=




−〈p1, A1(q1, s1) +B(q1, (A− In)
INV (q1 − J1s1))〉

−〈p2, A1(q2, s1) +B(q2, (A− In)
INV (q1 − J1s1))〉

1
0


 ,

(3.83)
where 02 is the (2 × 2)-zero-matrix and L is defined by

L =

(
〈p1, A1(q1, s2) +B(q1, (In −A)INV J1s2)〉 〈p1, B(q1, q1)〉
〈p2, A1(q2, s2) +B(q2, (In −A)INV J1s2)〉 〈p2, B(q1, q2)〉

)
. (3.84)

Notice that 2a(0) = 〈p1, B(q1, q1)〉 and that q1 can be chosen such that e(0) =
〈p2, B(q1, q2)〉 = 1. The condition γ1γ2 det(L) 6= 0 is equivalent with the
transversality to the bifurcation manifold of the family g(x, α).

Flip-Neimark-Sacker

Introduce Aq1 = q1, A
T p1 = p1, 〈p1, q1〉 = 1, and Aq2 = eiθ0q2, A

T p2 =
e−iθ0p2, 〈p2, q2〉 = 1. The linear systems obtained from the homological equation
(3.2) are

(A− In)[h00010, h00001] = − J1[v10, v01],

(A+ In)[h10010, h10001] =[−q1, 0] −A1(q1, [v10, v01])

−B(q1, [h00010, h00001]),

(A− eiθ0In)[h01010, h01001] =[0, q2e
iθ0 ] −A1(q2, [v10, v01])

−B(q2, [h00010, h00001]).

The same approach as for the degenerate flip and 1:2-resonance cases is to
substitute the formal solution of the first equation into the second and we write

v10 = −s1 + δ1s2, v01 = δ2s2,

where the constants δi are to be found from the last equation. We compute

Qi = 〈p2, A1(q2, si) +B(q2, (In −A)−1J1si)〉
for i = 1, 2. We proceed similar as in [136], Appendix, but adapt to the case of
maps. We find

δ1 =
<(e−iθ0Q1)

<(e−iθ0Q2)
, δ2 = − 1

<(e−iθ0Q2)
. (3.85)
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3.4 cl matcont for maps

There are several standard software packages supporting bifurcation analysis of
iterated maps. Orbits of maps and one-dimensional invariant manifolds of saddle
fixed points can be computed and visualized using dynamics [131] and DsTool

[10]. Location and continuation of fixed-point bifurcations is implemented in
auto [52] and the LBFP-version of LocBif [92]. The latter program computes
the critical normal form coefficient at LP points and locates some codim 2 bi-
furcations along branches of codim 1 fixed points and cycles. content [109]
was the first software that computed the critical normal forms coefficients for
all three codim 1 bifurcations of fixed points and cycles and allowed to continue
these bifurcations in two parameters and to detect all eleven codim 2 singular-
ities along them (see Table 3.2). Branch switching at PD and BP points is also
implemented in auto, LocBif, and content. However, only trivial branch
switching is possible at codim 2 points and only for two (cusp and 1:1 reso-
nance) of eleven codim 2 bifurcations the critical normal form coefficients are
computed by content. No software supports switching at codim 2 points to
the continuation of the double-, triple- and quadruple-period bifurcation curves.

In this Section we describe how cl matcont, a continuation environment
in matlab[86], that previously could support only ODE’s [47, 49, 48], continues
fixed points of an iterate of a map and handles the bifurcations mentioned in
Section 2.2. We do not discuss the computational kernel of the continuer but
rather the defining systems and testfunctions used.

Continuation of cycles

The iteration of (1.1) gives rise to a sequence of points {x1, x2, x3, . . . , xK+1} in
which xj+1 = f(xj , α). Each point x of a cycle of period K then satisfies the
fixed point equation for the K-th iterate

f (K)(x, α) − x = 0,

that we rewrite using (2.2) as

g(x, α) − x = 0. (3.86)

In cl matcont branches of period-K cycles are computed by a variant of the
Gauss-Newton continuation algorithm [3] applied to (3.86).

To detect the bifurcations introduced in Section 2.1, as well as branch points
of (3.86), we use in cl matcont the standard test functions listed in Table
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Bifurcation Test function(s)

LP tn+1 = 0,det

(
FX
tT

)
6= 0

PD det(A+ In) = 0
NS det(A�A− Im) = 0

BP det

(
FX
tT

)
= 0

Table 3.1: Detection of codim 1 bifurcations of cycles.

3.1, where t is the tangent vector to the curve (3.86) in the X-space for X =
(x, α)T , F (X) = g(x, α) − x, A = gx is the Jacobi matrix of g = f (k), and � is
the bialternate matrix product, see e.g., [74], §4.4.4.

We notice that det(A � A − Im), where m = 1
2 n(n − 1), also vanishes if

there is a pair of real eigenvalues with product 1. Such points are called neutral
saddles. We have to exclude them when processing the NS-points.

Continuation of codimension one bifurcation curves

In cl matcont LP, PD, and NS curves for period-K cycles are computed by the
mentioned Gauss-Newton continuation algorithm applied to minimally extended
defining systems, cf. [74]. These systems were first implemented, together with
the standard extended defining systems, in content [73]. We have adopted in
cl matcont the most robust and efficient methods tested there. Here follows
a brief description of the defining systems.

The limit point curve and period-doubling curve are both defined by the
following system {

g(x, α) − x = 0,
s(x, α) = 0,

(3.87)

where (x, α) ∈ Rn+2, g is given by (2.2), while s is obtained by solving one of
the algebraic systems

(
gx(x, α) ∓ In wbor

vTbor 0

)(
v
s

)
=

(
0n
1

)
, (3.88)

where wbor, vbor ∈ Rn are chosen such that the matrix in (3.88) is nonsingular.
One should take the “−” sign in (3.88) for the LP-curve and the “+” sign for
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the PD-curve. The derivatives of s can be obtained easily from the derivatives
of gx(x, α):

sz = −wT (gx)zv, (3.89)

where z is a state variable or an active parameter and w is obtained by solving

(
gTx (x, α) ∓ In vbor

wTbor 0

)(
w
s

)
=

(
0n
1

)
. (3.90)

We note that the quantities called s in (3.88) and (3.90) are the same since they
are both equal to the bottom right element of the inverse of the square matrix
in (3.88).

The Neimark-Sacker and neutral-saddle curves are defined by the following
system 




g(x, α) − x = 0,
si1j1(x, α, κ) = 0,
si2j2(x, α, κ) = 0,

(3.91)

i.e., by n+ 2 equations for the (n+ 3) unknowns x ∈ Rn, α ∈ R2, κ ∈ R. Here
(i1, j1, i2, j2) ∈ {1, 2} and si,j are the components of S:

S =

(
s11 s12
s21 s22

)

which is obtained by solving

(
(gx)

2(x, α) − 2κgx + In Wbor

V Tbor O

)(
V
S

)
=

(
0n,2
I2

)
, (3.92)

where Vbor,Wbor ∈ Rn×2 are chosen (and can be adapted) so that the matrix
in (3.92) is nonsingular. Along the Neimark-Sacker curve, κ is the real part of
the critical multipliers e±iθ. The derivatives of sij can be obtained easily from
the derivatives of gx(x, α) as before.

Table 3.2 specifies test functions used in cl matcont to detect and locate
relevant codim 2 singularities along the codim 1 bifurcation curves. Here a, b
and c are the critical normal form coefficients given by (2.7), (2.9) and (2.11).
The matrix A1 is defined as A1 = A|NC , where A = gx and NC is the orthogonal
complement in Rn of the two-dimensional eigenspace associated with the pair
of multipliers with unit product of AT ; m1 = 1

2 (n− 2)(n− 3).
It is possible and sometimes necessary to adapt the defining system while

continuing a bifurcation curve, i.e., to update the auxiliary variables used in
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LP PD NS

CP a = 0
DPD b = 0
CH c = 0
R1 〈w, v〉 = 0 det(A − In) = κ − 1 = 0
R2 〈w, v〉 = 0 det(A + In) = κ + 1 = 0

R3 κ + 1
2

= 0

R4 κ = 0
LPPD det(A + In) = 0 det(A − In) = 0
LPNS det(A � A − Im) = 0 det(A − In) = 0, κ − 1 6= 0
PDNS det(A � A − Im) = 0 det(A + In) = 0, κ + 1 6= 0
NSNS det(A1 � A1 − Im1 ) = 0

Table 3.2: Detection of codim 2 bifurcations of cycles.

the defining system of the computed branch. The bordering vectors vbor and
wbor may require updating since they must ensure that the matrices in (3.88),
(3.90) are nonsingular. Updating is done in cl matcont by replacing vbor and
wbor with the normalized vectors v, w computed in (3.88), (3.90), respectively.
Updating of V and W in (3.92) is done similarly, while (i1, j1, i2, j2) are updated
in such a way that the linearized system of (3.91) is as well-conditioned as
possible.

When a codim 2 bifurcation is located, the normal form is computed as in
Section 3.2. The tensor-vector products are computed with symbolic derivatives
if available, see also Appendix 3.B, otherwise they are computed with finite
differences. After the computation the non-degeneracy conditions are reported
to the user. We have written routines that provide the predictors to new codim
1 branches as in Section 3.3.2. The user has to specify an initial amplitude when
calling the routines as this might need some (experienced) tuning.

Appendices to Chapter 3

3.A Fifth order coefficients for flip–NS and double NS

Here we give the expressions for the fourth order vectors and fifth order coef-
ficients. We list only those fourth order vectors, which are necessary to obtain
the fifth order coefficients. Also vectors not listed below but present in the
expressions can be found by complex conjugation. For the flip-Neimark-Sacker
bifurcation it is assumed that (kφ mod 2π) 6= 0 for k = 1, 2, 3, 4, 5, 6, 8, 10, while



3.4 Fifth order coefficients for flip–NS 117

for the double Neimark-Sacker bifurcation (kθi mod 2π) 6= 0 for i = 1, 2 and
k = 1, 2, 3, 4, 5, 6 and (θ1/θ2) /∈ ±{5, 4, 3, 2, 3

2 , 1,
2
3 ,

1
2 ,

1
3 ,

1
4 ,

1
5}.

Flip–Neimark-Sacker.
Fourth order vectors:

h400 = − (A− I)−1 [ D(q1, q1, q1, q1) + 6C(h200, q1, q1) + 4B(h300, q1)

+3B(h200, h200) + 24h200f300] , (3.93)

h310 = − (A+ eiθI)−1 [ D(q1, q1, q1, q2) + 3C(h110, q1, q1) + 3C(h200, q1, q2)

+3B(h210, q1) + 3B(h110, h200) +B(h300, q2) + 6h110(f300e
iθ − g210)

]
,

(3.94)

h220 = − (A− e2iθI)−1 [ D(q1, q1, q2, q2) + 4C(h110, q1, q2) + C(h200, q2, q2)

+ C(h020, q1, q1) + 2B(h210, q2) + 2B(h120, q1) + 2B(h110, h110)

+B(h020, h200) + 4h020e
iθg210

]
, (3.95)

h211 = − (A− I)−1 [ D(q1, q1, q2, q̄2) + 2C(h101, q1, q2) + 2C(h110, q1, q̄2)

+ C(h200, q2, q̄2) + C(h011, q1, q1) + 2B(h111, q1) + 2B(h101, h110)

+B(h011, h200) +B(h201, q2) +B(h210, q̄2) + 2h200f111] , (3.96)

h130 = − (A− e3iθI)−1 [ D(q1, q2, q2, q2) + 3C(h020, q1, q2) + 3C(h110, q2, q2)

+3B(h120, q2) + 3B(h020, h110) +B(h030, q1)] , (3.97)

h121 = − (A+ eiθI)−1 [ +D(q1, q2, q2, q̄2) + 2C(h011, q1, q2) + 2C(h110, q2, q̄2)

+ C(h101, q2, q2) + C(h020, q1, q̄2) + 2B(h111, q2) + 2B(h011, h110)

+B(h020, h101) +B(h120, q̄2) +B(h021, q1) − 2h110(f111e
iθ − g021)

]
,

(3.98)

h031 = − (A− e2θI)−1 [ D(q2, q2, q2, q̄2) + 3C(h011, q2, q2) + 3C(h020, q2, q̄2)

+3B(h020, h011) + 3B(h021, q2) +B(h030, q̄2) − 6h020e
iθg021

]
, (3.99)

h022 = − (A− I)−1 [ D(q2, q2, q̄2, q̄2) + 4C(h011, q2, q̄2) +B(h020, h002)

+2B(h011, h011) + 2<(C(h020, q̄2, q̄2)) + 2<(2B(h021, q̄2))] . (3.100)

Fifth order coefficients for (2.45):

f500 =
1

120
〈p1, E(q1, q1, q1, q1, q1) + 10D(h200, q1, q1, q1) + 15C(h200, h200, q1)

+ 10C(h300, q1, q1) + 10B(h200, h300) + 5B(h400, q1)〉, (3.101)
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f311 =
1

6
〈p1, E(q1, q1, q1, q2, q̄2) + 3D(h200, q1, q2, q̄2) + 3D(h110, q1, q1, q̄2)

+ 3D(h101, q1, q1, q2) + 6C(h101, h110, q1) + 3C(h101, h200, q2)

+ 3C(h011, h200, q1) + 3C(h110, h200, q̄2) + 3C(h210, q1, q̄2)

+ 3C(h201, q1, q2) + 3C(h111, q1, q1) + C(h300, q2, q̄2) + 3B(h111, h200)

+ 3B(h110, h201) + 3B(h211, q1) + 3B(h101, h210) +B(h310, q̄2)

+B(h011, h300) +B(h301, q2)〉, (3.102)

f122 =
1

6
〈p1, E(q1, q2, q2, q̄2, q̄2) + 4D(h011, q1, q2, q̄2) + 2D(h110, q2, q̄2, q̄2)

+ 2D(h101, q2, q2, q̄2) +D(h002, q1, q2, q2) +D(h020, q1, q̄2, q̄2)

+ 4C(h011, h101, q2) + 4C(h011, h110, q̄2) + 4C(h111, q2, q̄2)

+ 2C(h021, q1, q̄2) + 2C(h002, h110, q2) + 2C(h020, h101, q̄2)

+ 2C(h012, q1, q2) + 2C(h011, h011, q1) + C(h020, h002, q1)

+ C(h120, q̄2, q̄2) + C(h1,0,2, q2, q2) + 4B(h011, h111) + 2B(h021, h101)

+ 2B(h121, q̄2) + 2B(h112, q2) + 2B(h012, h110) +B(h020, h102)

+B(h002, h120) +B(h022, q1)〉, (3.103)

g410 =
1

24
〈p2, E(q1, q1, q1, q1, q2) + 6D(h200, q1, q1, q2) + 4D(h110, q1, q1, q1)

+ 6C(h210, q1, q1) + 12C(h110, h200, q1) + 4C(h300, q1, q2) +B(h400, q2)

+ 3C(h200, h200, q2) + 6B(h200, h210) + 4B(h110, h300) + 4B(h310, q1)〉,
(3.104)

g221 =
1

4
〈p2, E(q1, q1, q2, q2, q̄2) + 4D(h110, q1, q2, q̄2) + 2D(h011, q1, q1, q2)

+ 2D(h101, q1, q2, q2) +D(h200, q2, q2, q̄2) +D(h020, q1, q1, q̄2)

+ 4C(h011, h110, q1) + 4C(h101, h110, q2) + 4C(h111, q1, q2)

+ 2C(h110, h110, q̄2) + 2C(h120, q1, q̄2) + 2C(h210, q2, q̄2)

+ 2C(h020, h101, q1) + 2C(h011, h200, q2) + C(h201, q2, q2)

+ C(h020, h200, q̄2) + C(h021, q1, q1) + 4B(h110, h111) + 2B(h120, h101)

+ 2B(h121, q1) + 2B(h011, h210) + 2B(h211, q2) +B(h220, q̄2)

+B(h020, h201) +B(h021, h200)〉, (3.105)
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g032 =
1

12
〈p2, E(q2, q2, q2, q̄2, q̄2) + 6D(h011, q2, q2, q̄2) + 3D(h020, q2, q̄2, q̄2)

+D(h002, q2, q2, q2) + 6C(h020, h011, q̄2) + 6C(h021, q2, q̄2)

+ 6C(h011, h011, q2) + 3C(h020, h002, q2) + 3C(h012, q2, q2)

+ C(h030, q̄2, q̄2) + 6B(h011, h021) + 3B(h020, h012) + 3B(h022, q2)

+ 2B(h031, q̄2) +B(h030, h002)〉. (3.106)

Double Neimark-Sacker
Fourth order vectors:

h3100 = − (A− e2iθ1I)−1 [D(q1, q1, q1, q̄1) + 3C(h2000, q1, q̄1) + 3C(q1, q1, h1100)

+3B(h2000, h1100) + 3B(q1, h2100) +B(h3000, q̄1) − 6h2000e
iθ1f2100

]
,

(3.107)

h2200 = − (A− I)−1 [D(q1, q1, q̄1, q̄1) + 4C(q1, h1100, q̄1) + C(h2000, q̄1, q̄1)

+ C(h0200, q1, q1) + 2B(h1100, h1100) + 2B(q1, h1200) + 2B(h2100, q̄1)

+B(h2000, h0200)] , (3.108)

h2110 = − (A− ei(θ1+θ2)I)−1 [D(q1, q1, q̄1, q2) + 2C(q1, h1010, q̄1)

+ 2C(q1, q2, h1100) + C(h2000, q2, q̄1) + C(q1, q1, h0110) + 2B(q1, h1110)

+ 2B(h1010, h1100) +B(q2, h2100) +B(h2000, h0110) +B(h2010, q̄1)

−2h1010(f2100e
iθ2 − eiθ1g1110)

]
, (3.109)

h2101 = − (A− ei(θ1−θ2)I)−1 [D(q1, q1, q̄1, q̄2) + 2C(q1, q̄2, h1100)

+ 2C(q1, h1001, q̄1) + C(h2000, q̄2, q̄1) + C(h0101, q1, q1) +B(q̄2, h2100)

+ 2B(h1001, h1100) + 2B(q1, h1101) +B(h2001, q̄1) +B(h0101, h2000)

−2h1001(e
iθ1g1101 − f2100e

−iθ2)
]
, (3.110)

h1120 = − (A− e2iθ2I)−1 [D(q1, q̄1, q2, q2) + 2C(q2, h1010, q̄1) + 2C(q1, q2, h0110)

+ C(q1, h0020, q̄1) + C(q2, q2, h1100) + 2B(q2, h1110) + 2B(h0110, h1010)

+B(h0020, h1100) +B(h1020, q̄1) +B(q1, h0120) − 2h0020e
iθ2g1110

]
,

(3.111)

h1111 = − (A− I)−1 [D(q1, q̄1, q2, q̄2) + C(h0101, q1, q2) + C(q1, q̄2, h0110)

+ C(q2, q̄2, h1100) + C(q1, h0011, q̄1) + C(q2, h1001, q̄1) + C(q̄2, h1010, q̄1)

+B(q2, h1101) +B(q̄2, h1110) +B(q1, h0111) +B(h1001, h0110)

+B(h1011, q̄1) +B(h0101, h1010) +B(h0011, h1100)] , (3.112)
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h1021 = − (A− ei(θ1+θ2))−1 [D(q1, q2, q2, q̄2) + 2C(q2, q̄2, h1010)

+ 2C(q1, q2, h0011) + C(q1, q̄2, h0020) + C(q2, q2, h1001) + 2B(q2, h1011)

+ 2B(h0011, h1010) +B(q̄2, h1020) +B(q1, h0021) +B(h0020, h1001)

−2h1010(f1011e
iθ2eiθ1g0021)

]
, (3.113)

h1012 = − (A− ei(θ1−θ2))−1 [D(q1, q2, q̄2, q̄2) + 2C(q1, q̄2, h0011)

+ 2C(q2, q̄2, h1001) + C(q1, q2, h0002) + C(q̄2, q̄2, h1010) + 2B(q̄2, h1011)

+ 2B(h0011, h1001) +B(q2, h1002) +B(h0002, h1010) +B(q1, h0012)

−2h1001(e
iθ1g0012 − f1011e

−iθ2)
]
, (3.114)

h0031 = − (A− e2iθ2)−1s [D(q2, q2, q2, q̄2) + 3C(q2, q2, h0011) + 3C(q2, q̄2, h0020)

+3B(q2, h0021) + 3B(h0011, h0020) +B(q̄2, h0030) − 6h0020e
iθ2g0021

]
,

(3.115)

h0022 = − (A− I)−1 [D(q2, q2, q̄2, q̄2) + 4C(q2, q̄2, h0011) + C(q̄2, q̄2, h0020)

+ C(q2, q2, h0002) + 2B(q̄2, h0021) + 2B(h0011, h0011) + 2B(q2, h0012)

+B(h0002, h0020)] . (3.116)

Fifth order coefficients for (2.46):

f3200 =
1

12
〈p1, E(q1, q1, q1, q̄1, q̄1) + 6D(q1, q1, h1100, q̄1) + 3D(h2000, q1, q̄1, q̄1)

+D(h0200, q1, q1, q1) + 6C(q1, h1100, h1100) + 6C(h2000, h1100, q̄1)

+ 6C(q1, h2100, q̄1) + 3C(q1, q1, h1200) + 3C(h2000, h0200, q1)

+ C(h3000, q̄1, q̄1) + 6B(h2100, h1100) + 3B(h2000, h1200)

+ 3B(q1, h2200) + 2B(h3100, q̄1) +B(h0200, h3000)〉, (3.117)

f1022 =
1

4
〈p1, E(q1, q2, q2, q̄2, q̄2) + 4D(q1, q2, q̄2, h0011) + 2D(q2, q̄2, q̄2, h1010)

+ 2D(q2, q2, q̄2, h1001) +D(q1, q̄2, q̄2, h0020) +D(q1, q2, q2, h0002)

+ 4C(q̄2, h0011, h1010) + 4C(q2, q̄2, h1011) + 4C(q2, h0011, h1001)

+ 2C(q1, q2, h0012) + 2C(q̄2, h0020, h1001) + 2C(q2, h0002, h1010)

+ 2C(q1, h0011, h0011) + 2C(q1, q̄2, h0021) + C(q1, h0002, h0020)

+ C(q2, q2, h1002) + C(q̄2, q̄2, h1020) + 4B(h1011, h0011)

+ 2B(q̄2, h1021) + 2B(h0021, h1001) + 2B(q2, h1012) + 2B(h0012, h1010)

+B(h0020, h1002) +B(h0002, h1020) +B(q1, h0022)〉, (3.118)
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f2111 =
1

2
〈p1, E(q1, q1, q̄1, q2, q̄2) + 2D(q1, q2, h1001, q̄1) + 2D(q1, q̄2, h1010, q̄1)

+ 2D(q1, q2, q̄2, h1100) +D(h2000, q2, q̄2, q̄1) +D(q1, q1, q̄2, h0110)

+D(h0101, q1, q1, q2) +D(q1, q1, h0011, q̄1) + 2C(q1, h0011, h1100)

+ 2C(q̄2, h1010, h1100) + 2C(q1, q2, h1101) + 2C(q1, h1001, h0110)

+ 2C(q2, h1001, h1100) + 2C(q1, h1011, q̄1) + 2C(q1, q̄2, h1110)

+ 2C(h1001, h1010, q̄1) + 2C(h0101, q1, h1010) + C(q2, q̄2, h2100)

+ C(h0101, h2000, q2) + C(q1, q1, h0111) + C(h2001, q2, q̄1)

+ C(h2000, q̄2, h0110) + C(q̄2, h2010, q̄1) + C(h2000, h0011, q̄1)

+ 2B(h1010, h1101) + 2B(h1110, h1001) + 2B(h1011, h1100)

+ 2B(q1, h1111) +B(q̄2, h2110) +B(h0101, h2010) +B(h2001, h0110)

+B(h2000, h0111) +B(q2, h2101) +B(h0011, h2100) +B(h2011, q̄1)〉,
(3.119)

g1121 =
1

2
〈p2, E(q1, q̄1, q2, q2, q̄2) + 2D(q2, q̄2, h1010, q̄1) + 2D(q1, q2, q̄2, h0110)

+ 2D(q1, q2, h0011, q̄1) +D(q1, q̄2, h0020, q̄1) +D(q2, q2, h1001, q̄1)

+D(q2, q2, q̄2, h1100) +D(h0101, q1, q2, q2) + 2C(q2, h1001, h0110)

+ 2C(q2, h0011, h1100) + 2C(q1, q2, h0111) + 2C(q2, q̄2, h1110)

+ 2C(h0011, h1010, q̄1) + 2C(q2, h1011, q̄1) + 2C(q̄2, h0110, h1010)

+ 2C(q1, h0011, h0110) + 2C(h0101, q2, h1010) + C(q̄2, h1020, q̄1)

+ C(q1, h0021, q̄1) + C(q2, q2, h1101) + C(q1, q̄2, h0120)

+ C(h0101, q1, h0020) + C(h0020, h1001, q̄1) + C(q̄2, h0020, h1100)

+ 2B(h1110, h0011) + 2B(h1011, h0110) + 2B(h0111, h1010)

+ 2B(q2, h1111) +B(h0021, h1100) +B(h1001, h0120) +B(h0101, h1020)

+B(h0020, h1101) +B(q1, h0121) +B(h1021, q̄1) +B(q̄2, h1120)〉,
(3.120)

g0032 =
1

12
〈p2, E(q2, q2, q2, q̄2, q̄2) + 6D(q2, q2, q̄2, h0011) + 3D(q2, q̄2, q̄2, h0020)

+D(q2, q2, q2, h0002) + 6C(q2, q̄2, h0021) + 6C(q2, h0011, h0011)

+ 6C(q̄2, h0011, h0020) + 3C(q2, q2, h0012) + 3C(q2, h0002, h0020)

+ C(q̄2, q̄2, h0030) + 6B(h0021, h0011) + 3B(h0012, h0020)

+ 3B(q2, h0022) + 2B(q̄2, h0031) +B(h0030, h0002)〉, (3.121)
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g2210 =
1

4
〈p2, E(q1, q1, q̄1, q̄1, q2) + 4D(q1, q2, h1100, q̄1) + 2D(q1, q1, h0110, q̄1)

+ 2D(q1, h1010, q̄1, q̄1) +D(h2000, q2, q̄1, q̄1) +D(h0200, q1, q1, q2)

+ 4C(h1010, h1100, q̄1) + 4C(q1, h0110, h1100) + 4C(q1, h1110, q̄1)

+ 2C(q2, h2100, q̄1) + 2C(h2000, h0110, q̄1) + 2C(q2, h1100, h1100)

+ 2C(h0200, q1, h1010) + 2C(q1, q2, h1200) + C(h2000, h0200, q2)

+ C(q1, q1, h0210) + C(h2010, q̄1, q̄1) + 4B(h1110, h1100)

+ 2B(h2100, h0110) + 2B(h1010, h1200) + 2B(h2110, q̄1) + 2B(q1, h1210)

+B(h0200, h2010) +B(h2000, h0210) +B(q2, h2200)〉. (3.122)

3.B Algorithmic and numerical details

In this Appendix we consider the computation of the derivatives and tensor-
vector products, which are not only necessary for the continuation, but also
for the computation of the critical normal form coefficients at codim 1 and 2
bifurcation points.

Derivatives with respect to phase variables

The iteration of (2.1) gives rise to a sequence of points

{x1, x2, x3, . . . , xK+1},

where xJ+1 = f (J)(x1, α) for J = 1, 2, . . . ,K. Suppose that symbolic derivatives
of f up to order 5 can be computed at each point. We write

A(xJ)i,j =
∂fi
∂xj

(xJ ), B(xJ)i,j,k =
∂2fi

∂xj∂xk
(xJ ), C(xJ )i,j,k,l =

∂3fi
∂xj∂xk∂xl

(xJ),

and similarly for D(xJ ) and E(xJ ).
We want to find recursive formulas for the derivatives of the composition

(2.2), i.e., the coefficients of the multi-linear functions in (2.3) that we now
denote by A(J), B(J), and C(J) to indicate the iterate explicitly:

(A(J))i,j =
∂(f (J)(x1))i

∂xj
, (B(J))i,j,k =

∂2(f (J)(x1))i
∂xj∂xk

,

and C(J), D(J) and E(J) are analogously defined. What follows is a straightfor-
ward application of the Chain Rule.
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For J = 1 we have A(1) = A(x1), B(1) = B(x1) and C(1) = C(x1) and these
are known. Now, as

A
(J)
i,j =

∑

k

∂fi
∂xk

(f (J−1)(x1))
∂(f (J−1)(x1))k

∂xj
=
∑

l

A(xJ)i,kA
(J−1)
k,j , (3.123)

we see that

(F (x, α))x = A(xK)A(xK−1) · · ·A(x1) − In, (3.124)

where F (x, α) = f (K)(x, α) − x.

For the second order derivatives we first write B(J) once in coordinates

B
(J)
i,j,k =

∂

∂xj

∂

∂xk
fi(f

(J−1)(x))

=
∑

l,m

∂2fi
∂xl∂xm

(xJ )
∂(f (J−1))m

∂xj

∂(f (J−1))l
∂xk

+
∑

l

∂fi
∂xl

(xJ)
∂2(f (J−1))l
∂xj∂xk

.

For any two vectors q1 and q2, we can multiply the previous expression by
(q1)j(q2)k and sum over (k, l) to obtain

B(J)(q1, q2) = B(xJ)(A(J−1)q1, A
(J−1)q2) +A(xJ)B(J−1)(q1, q2). (3.125)

As A(xJ) and B(xJ) are known, (3.125) allows to compute the multi-linear form
B(K)(q1, q2) recursively.

Let qi, i = 1, 2, 3, 4, 5, be given vectors. Multi-linear forms with higher order
derivatives can be computed with

C(J)(q1, q2, q3) = C(xJ )(A(J−1)q1, A
(J−1)q2, A

(J−1)q3)
+B(xJ)(B(J−1)(q1, q2), A

(J−1)q3)
∗

+A(xJ )(C(J−1)(q1, q2, q3)),

(3.126)

where ∗ means that all combinatorially different terms have to be included, i.e.,

B(xJ)(B(J−1)(q1, q2), A
(J−1)q3)

∗ = B(xJ)(B(J−1)(q1, q2), A
(J−1)q3)

+B(xJ)(B(J−1)(q1, q3), A
(J−1)q2)

+B(xJ)(B(J−1)(q2, q3), A
(J−1)q1).
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For D(J) we get

D(J)(q1, q2, q3, q4) = D(xJ )(A(J−1)q1, A
(J−1)q2, A

(J−1)q3, A
(J−1)q4)

+C(xJ )(B(J−1)(q1, q2), A
(J−1)q3, A

(J−1)q4)
∗

+B(xJ)(B(J−1)(q1, q2), B
(J−1)(q3, q4))

∗

+B(xJ)(C(J−1)(q1, q2, q3)), A
(J−1)q4)

∗

+A(xJ )D(J−1)(q1, q2, q3, q4).
(3.127)

Finally, for E(J) holds

E(J)(q1, q2, q3, q4, q5)=E(xJ)(A(J−1)q1, A
(J−1)q2, A

(J−1)q3, A
(J−1)q4, A

(J−1)q5)

+D(xJ)(B(J−1)(q1, q2), A
(J−1)q3, A

(J−1)q4, A
(J−1)q5)

∗

+ C(xJ)(B(J−1)(q1, q2), B
(J−1)(q3, q4), A

(J−1)q5)
∗

+ C(xJ)(C(J−1)(q1, q2, q3), A
(J−1)q4, A

(J−1)q5)
∗

+B(xJ)(C(J−1)(q1, q2, q3), B
(J−1)(q4, q5))

∗

+B(xJ)(D(J−1)(q1, q2, q3, q4))(A
(J−1)q5)

∗

+A(xJ)(E(J−1)(q1, q2, q3, q4, q5)).

The multi-linear formsA(K)(q1), B
(K)(q1, q2), C

(K)(q1, q2, q3),D
(K)(q1, q2, q3, q4)

and E(K)(q1, q2, q3, q4, q5) are then used in the computations of the normal form
coefficients for codim 1 and codim 2 bifurcations of period-K cycles and also in
the algorithms for branch switching.

Derivatives with respect to parameters

If enough symbolic derivatives of f are available, then matcont computes the
expressions involving J1 and A1 in (2.3) symbolically. The idea is as follows.
Taking the derivative of (2.2) with respect to αk, gives

∂(f (J)(x1, α))

∂αk
=

∂f

∂αk
(xJ , α) +

∂f

∂x
(xJ , α)

∂(f (J−1)(x1, α))

∂αk
, (3.128)

which is recursively computable. Also mixed derivatives, which are necessary
for continuation and branch switching, can be found recursively:

∂2(f (J)(x1, α))

∂αk∂x
=

∂2f

∂αk∂x
(xJ , α) +

∂2f

∂x2
(xJ , α)

∂(f (J−1)(x1, α))

∂αk
. (3.129)
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In fact, the recursion is not applied to (3.129) itself, but to its product with a
fixed vector.

This is sufficient for all continuations of fixed points and their codim 1 bi-
furcations. It is also sufficient for all cases of branch switching from codim 2
points, except for the case of degenerate flip. For this case, we fall back to a
finite difference approximation. Since it is only used in the prediction step for
which high accuracy is not needed, this seems acceptable.

Recursive formulas for derivatives of the defining systems for contin-
uation

For the continuation of fixed points and cycles we need the derivatives of (2.2)
which can be computed from (3.124) and (3.128).

Now, we consider the derivatives of s (as defined in (3.87)) with respect to
z, a state variable or parameter. The flip and Neimark-Sacker cases can be
handled in a similar way. Let M be the matrix in (3.88). By taking derivatives
of (3.88) with respect to z we obtain

M

[
vz
sz

]
+

[
A

(K)
z 0
0 0

] [
v
s

]
= 0. (3.130)

Using (3.90) we obtain

sz = −wT (A(K))zv. (3.131)

If z represents one of the state variables, then sxi
= −〈w,B(K)(ei, v)〉 as com-

puted before. When z is a parameter αk we can write

sαk
=

K∑

J=1

CJ , (3.132)

where

CJ = −wT fx(xK) · · · (fx(x
J))αk

fx(x
J−1) · · · fx(x1)v (3.133)

where J = 1, . . . ,K. In this expression

(fx(x
J ))αk

= [fx(f
(J)(x1, α))]αk

= fxα(xJ , α) +B(xJ)TJ (3.134)

where TJ is a vector, that can be recursively defined by

TJ = fαk
(xJ−1, α) +A(xJ−1)TJ−1, T1 = 0. (3.135)
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Summarizing, for the computation of sα we need to compute fx, fαk
, fxx, fxαk

in all iteration points x1, . . . , xK , and given these compute TJ for J = 1, . . . K.
Then

CJ = −wTA(xK) · · · (fxαk
(xJ ) +B(xJ)TJ)A(xJ−1) · · · A(x1)v (3.136)

and sαk
is computed via (3.132).

Numerical computation of the directional derivatives

If symbolic derivatives of the original map are not available, then finite dif-
ferences have to be used. However not the full tensors are needed, but the
multi-linear forms evaluated on vectors which can be computed with directional
derivatives and central finite differences. This is an option of last resort and
which is not reliable for high order derivatives and very high iterates. For a
general discussion of directional derivatives we refer to [106]. Similar to [78], an
analysis based on the assumption that higher order derivatives are of the same

order of magnitude as the function itself leads to hmin ≈ ε
1/(k+2)
m , where εm de-

notes machine-precision. Using double-precision we have εm ≈ 10−15 and thus
h ≡ h1 = 10−5, which is the default value in cl matcont. In cl matcont,
the Increment (= h1) can be adjusted by the user. The increments of the
higher-order derivatives are then adapted according to the above formulas.



Chapter 4

Applications

Applications make systematic theory more attractive. In this Chapter we will
deal with a variety of examples, several of which were already introduced in the
Introduction.

We start with a Section on a real planar map, which we will call the general-
ized Hénon map (GHM) and appears in studies of diffeomorphisms with codim
2 homoclinic and heteroclinic tangencies. One case deals with a saddle fixed
point with a non-transversal homoclinic orbit and has saddle value near 1; this
case is excluded by earlier works [57, 132]. The transition through 1 of this
saddle value implies several bifurcation scenarios. Thus this map serves as a
good (test) example to apply the results of Chapters 2 and 3.

Then we go to higher dimensional examples, where the center manifold has
dimension strictly less than the number of state variables at the codim 2 bifur-
cation points. Therefore the results of Chapter 3 are necessary to analyze the
scenarios. The first example is from adaptive control, the second is biologically
motivated.

Another control application is from robotics where we are able to demon-
strate the existence of a bubble-structure, which was only observed in perturbed
normal forms before. Also a transcritical-flip bifurcation is found, where the
analysis of Section 2.3 does not apply directly and needs refinement.

Finally we study bifurcations of periodic orbits in vector fields with and
without periodic forcing. Firstly we consider a 4-dimensional extension of the
Lorenz-84 model, which describes the atmospheric circulation. To our best
knowledge, it is the first autonomous ODE system appearing in applications
that demonstrates the fold-flip bifurcation. Secondly, non-degeneracy is checked

127
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in an epidemic model with periodic forcing.

Some of the calculations can still be done by hand and/or symbolically, with
maple [85] or mathematica [163]. For others we rely on numerical methods
like Numerical Integration of ODE’s combined with Automatic Differentiation
[75]. Some sample codes are given in the Appendix.

4.1 The generalized Hénon map

4.1.1 Introduction

The real planar map

(
X
Y

)
7→
(

1 + Y − aX2

bX

)
(4.1)

was first introduced by Hénon [79] as a planar diffeomorphism that mimics essen-
tial stretching and folding properties of the Poincaré map of the Lorenz system
and has a strange attractor. It was also mentioned in [79], that any quadratic
planar map with constant Jacobian can be put into the canonical form (4.1) by
a linear coordinate transformation. Making another linear transformation, we
can write (4.1) as (

x
y

)
7→
(

y
α− βx− y2

)
, (4.2)

which is called the standard Hénon map in what follows. Since the late 1970s, the
standard Hénon map served as an important but artificial example to illustrate
many analytical results and numerical techniques of dynamical systems theory.

It is remarkable that the map (4.2) was earlier derived by Gavrilov and
Shilnikov in [57, 58] as the principal part of the Poincaré maps near the non-
transverse homoclinic orbit to a saddle fixed point, where its stable and unstable
invariant manifolds have quadratic tangency, see also [132]. This phenomenon
has codimension one and is called the homoclinic tangency. Denote by λ and γ
the eigenvalues of the saddle fixed point, so that 0 < |λ| < 1 < |γ|. If the saddle
quantity σ = |λγ| < 1, a one-parameter unfolding of such a singularity leads to
the standard Hénon map (4.2) with βk = O(σ−k), where k enumerates shrinking
definition strips of the Poincaré maps near the critical homoclinic orbit. Thus,
the appearing Hénon maps in this case have small Jacobians: βk → 0 as k → ∞.
If σ > 1, a similar result holds for the inverse Poincaré maps.
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The standard Hénon map and related problems giving rise to Smale’s horse-
shoe have been the object of many studies. The references can be found, for
example, in [126].
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Figure 4.1: Principal bifurcation curves of the standard Hénon map (4.2).

Many details on the bifurcation diagram of (4.2) in the (β, α)-plane have
been obtained by Mira [125]. In Figure 4.1, principal bifurcation curves of (4.2)
recomputed with content [109] are shown, which constitute a small part of the
bifurcation set described in [125]. A “backbone” of the bifurcation diagram is
formed by three curves: t(1) corresponding to the existence of a fixed point with
eigenvalue 1; f (1) corresponding to the existence of a fixed point with eigenvalue
-1; and n(1), where (4.2) has a fixed point with eigenvalues e±iθ, 0 < θ < π.
Crossing the curves t(1) or f (1) for β 6= ±1 results in nondegenerate fold or flip
(period-doubling) bifurcations, respectively. In contrast, a bifurcation at n(1) is
degenerate, since for |β| = 1 the map (4.2) is area-preserving (conservative). At
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intersections of these curves, fixed points with double linear degeneracy exist:
with eigenvalues ±1 (point FF ), with a double eigenvalue 1 (point R1(1)); and
with a double eigenvalue -1 (point R2(1)). These points are origins of other
curves in the parameter plane corresponding to local and global bifurcations in
(4.2). From FF and R2(1) the bifurcation lines n̄(2) and n(2) start, respectively,
where the standard Hénon map has a period-2 cycle with eigenvalues e±iθ, 0 <
θ < π. From FF , R1(1), and R2(1) other curves emanate, where (4.2) exhibits
global bifurcations. Some of these curves are also shown in Figure 4.1. These
are curves hom1,2, where the stable and unstable invariant manifolds of a saddle
fixed point are tangent (homoclinic tangency), and het1,2, where a tangency of
a stable manifold of one saddle with an unstable manifold of another saddle
occurs. Notice that curves hom1 and het2 intersect at point (β, α) = (0, 2) on
the α-axis, along which the standard Hénon map is noninvertible and reduces
to the scalar unimodular map y 7→ α − y2. For α = 2 this scalar map indeed
has an orbit connecting two fixed points and another orbit that is homoclinic
to one of these fixed points. According to [125], the standard Hénon map (4.2)
has an infinite number of bifurcation curves corresponding to fold (t(k)) and flip
(f (k)) bifurcations of k-cycles with period k > 1. Some of them are depicted in
Figure 4.1. Several higher degeneracies on these curves were also reported and
analyzed by Mira [125].

Due to its conservative nature for |β| = 1, the bifurcation diagram of the
standard Hénon map (4.2) exhibits a number of highly degenerate features.
This prevents applying Mira’s results in homoclinic studies, where the standard
Hénon map only approximates the actual Poincaré map.

In this section, we study an extension of (4.2), namely the map

(
x
y

)
7→
(

y
α− βx− y2 +Rxy + Sy3

)
, (4.3)

where R and S are constants. This map is called the generalized Hénon map
(GHM). For R = S = 0 it reduces to (4.2). Of course, one can add many
different terms to the standard Hénon map to destroy its degeneracy. Our
motivation to study this particular extension of (4.2) is that it appears in the
bifurcation analysis of non-transversal homoclinic orbits and heteroclinic cycles
of both codim 1 and 2.

We focus on the following two codim 2 bifurcations of maps with homoclinic
tangencies, which will be described in more detail in Section 4.1.2:

(1) the critical diffeomorphism in R2 has a neutral saddle (σ = 1) with a
quadratic homoclinic tangency (see [63], [69] and [70]; the analogous case
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in R3 is considered in [72]);

(2) the critical diffeomorphism in R3 has a saddle with a generalized homoclinic
tangency (i.e., the unstable manifold of the saddle has a quadratic tan-
gency to its stable manifold but is non-transversal to leaves of the strong
stable foliation in the stable manifold at the homoclinic points) (see [64]).

There are other global bifurcations of generic maps, where GHM appears natu-
rally. If a diffeomorphism in R2 has two saddle fixed points O1 and O2 connected
by two heteroclinic orbits, one of which is non-transversal (codim 1), then GHM
appears as a rescaled first-return map when (σ1−1)(σ2−1) < 0, where σi is the
saddle quantity of Oi [66]. If a diffeomorphism in R3 has a codim 1 homoclinic
tangency to a saddle-focus fixed point with eigenvalues ν1,2 = λe±iϕ, ν3 = γ,
where 0 < λ < 1 < γ, 0 < ϕ < π, and λ2γ < 1, then GHM appears when
λγ > 1 [68].

GHM seems to play an important role in other homoclinic studies. From
[36] it follows that the Poincaré map near a non-transverse homoclinic orbit to
a saddle-saddle equilibrium in a three-dimensional ODE is a smooth extension
of the standard Hénon map (4.2) that can be reduced to GHM with S = 0 and
small β and R. It is also known that GHM with |β| = 1 and R = 0 appears in the
analysis of two-dimensional area-preserving diffeomorphisms with homoclinic
tangencies [65], and three-dimensional divergence-free ODE’s with a homoclinic
orbit to a saddle-focus equilibrium [19]. It seems that the appearance of GHM
as a rescaled first-return map can be expected in other cases of homoclinic and
heteroclinic tangencies, when the so-called “effective dimension of the problem”
[152] can change.

This section is organized as follows. In Section 4.1.2 we describe in detail
two codim 2 homoclinic bifurcations, where the generalized Hénon map appears
as a rescaled Poincaré map near the homoclinic orbit. Section 4.1.3 is devoted
to analytical and numerical study of the bifurcation diagram of (4.3) in case
S = 0 and then in the general case S 6= 0. In Section 4.1.4 we discuss the
correspondence between the bifurcations of the generalized Hénon map and
those of the original diffeomorphisms with the codim 2 homoclinic tangencies.
Some open problems are discussed in Section 4.1.5.

4.1.2 Homoclinic bifurcations and GHM

As mentioned in the Introduction, here we formulate two problems with ho-
moclinic tangencies [63, 70] leading to the generalized Hénon map. Namely,
we consider (1) a two-dimensional diffeomorphism with a homoclinic tangency
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of a neutral saddle; (2) a three-dimensional diffeomorphism with a generalized
homoclinic tangency. In both cases the analysis leads to a two-parameter fam-
ily fµ, µ = (µ1, µ2)

T ∈ R2 of diffeomorphisms close to the diffeomorphism f0.
The first parameter µ1 in both cases is the splitting parameter, i.e., it measures
the displacement of the stable and unstable manifolds. The second parame-
ter µ2 is the deviation of the saddle quantity from 1 in the first case, and a
characterization of the geometry in the second case.

We are interested in orbits located entirely in a small neighborhood U of the
critical homoclinic orbit. This neighborhood consists of a small neighborhood
U0 of the saddle fixed point and a finite number of small neighborhoods of
points of the homoclinic orbit outside of U0. We call a periodic orbit (cycle)
p-round if it lies entirely in U and has exactly p points within each of the small
neighborhoods located outside U0. Bifurcations of single-round orbits (1-round
orbits) are studied below with the help of first-return (or Poincaré) maps.

Homoclinic tangency of a neutral saddle in R2

Here we consider bifurcations in a generic two-parameter family fµ of planar
diffeomorphisms satisfying at µ = 0 the following conditions:

(A) f0 has a saddle fixed point O with eigenvalues γ, λ, such that 0 < |λ| <
1 < |γ|;

(B) the saddle quantity σ ≡ |λγ| = 1;

(C) the invariant manifolds W u(O) and W s(O) have a quadratic tangency at
points of a homoclinic orbit Γ (see Figure 4.2).

Domains of definition

As usual in homoclinic studies, the Poincaré map is constructed as the compo-
sition of two maps: “local” – defined in U0 and “global” – defined along the
part of the homoclinic orbit in U \ U0. In other words, single-round periodic
orbits of period k + n0 for all k > k̄ (the meaning of k̄ will be explained later)
are fixed points of fk+n0

µ ≡ fn0
µ ◦ fkµ . In this construction, we will use a general

representation of the global map T1 = fn0
µ (based only on the geometry of tan-

gency) and a special form of the local map T k0 = fkµ , in which nonlinear terms
are asymptotically small for k → ∞ .
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U0

O M+

M−

Figure 4.2: Tangency of the stable and the unstable invariant manifolds.

Let us consider two points of the critical homoclinic orbit Γ in U0: M
+ on a

local stable manifold and M− on a local unstable manifold1. It is obvious that
there is an integer n0 such that M+ = fn0

0 (M−).
Next we can choose two small neighborhoods: Π+ (of point M+) and Π− (of

point M−). Consider the forward images of Π+ under f0. As is shown in Figure
4.3, there is some k̄, such that for all k ≥ k̄ there is a “good” intersection of
fk0 (Π+) and Π−. “Good” means that fk0 (Π+) \Π− consists of two components.
Denote fk0 (Π+)∩Π− by σ1

k. We can also iterate Π− under f−1
0 to obtain domains

σ0
k = f−k0 (Π−) ∩ Π+, which are the pre-images of σ1

k, i.e., σ1
k = fk0 (σ0

k). It is
easy to see that the Poincaré map for the single-round (k + n0)-periodic orbit
is defined only in σ0

k. Indeed, only σ0
k may consist of orbits which end up in Π−

after k iterations2.
Now we can define T1 ◦ T k0 = fk+n0

µ as the first-return map in such a strip
for all µ with sufficiently small ‖µ‖. For details we refer to [63, 64]. Here we

1In this neighborhood there are infinitely many such points – we choose any two of them.
2If we consider 2-round periodic orbits the situation would be different, because then we

should think about i+j+2n0-periodic orbits of type (i, j). The 2-round periodic orbit of type
(i, j) has i points near the saddle, then n0 points near the “global” part of the homoclinic
orbit, then j points near the saddle, and n0 points near the homoclinic orbit. In this case,
the domain of definition consists of two strips, σ0

i and σ0
j .
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(b)(a)

Π−

σ0
k

σ0
k+1

T
−1

0 (Π−)

Π+

M+O

T
−k

0
(Π−)

M−

σ
1
k+1

T
k
0 (Π+)

M−

M+

σ1
k

O

T0(Π
+)

Π+

Π−

Figure 4.3: Domains of definition: σ1
k = fk0 (σ0

k).

give only a representation of the global map T1, because it is used below:

x̄0 − x+ ≡ ax1 + b(y1 − y−) + e20x
2
1 + e11x1(y1 − y−) + e02(y1 − y−)2 +· · ·,

ȳ0 ≡ µ1 + cx1 + d(y1 − y−)2 + f20x
2
1 + f11x1(y1 − y−) + f30x

3
1

+ f21x
2
1(y1 − y−) + f12x1(y1 − y−)2 + f03(y1 − y−)3 + · · · .

(4.4)
Here all coefficients are smooth functions of µ; moreover, bcd 6= 0. Note that
the definition of the global map depends on n0.

Rescaling results

Here we present only the results of the rescaling performed in [63]. The Poincaré
map for any k > k̄ can be reduced to the map

{
X̄ = Y,
Ȳ = α− βX − Y 2 +RλkXY + SλkY 3 + o(λk),

(4.5)

where λ is the stable eigenvalue of the saddle, α, β,X, Y cover all finite values
as k → ∞, and R,S depend on the coefficients of the global map (4.4), namely:

R = 2a− b

d
f11 − 2

c

d
e02, S = − bc

d2
f03. (4.6)
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There is the following correspondence between (α, β) and (µ1, µ2):

α = −dγ2k[µ1 − γ−k(y− + . . . ) + cλk(x+ + . . . )],
β = −bc(1 + µ2)

k(1 + . . . ).
(4.7)

Generalized homoclinic tangency in R3

Here we consider a generic two-parameter family fµ of three-dimensional diffeo-
morphisms satisfying at µ = 0 the following conditions:

F
ss

M−

W u(O)

M+

W s(O)

O

Figure 4.4: Generalized homoclinic tangency

(A) f0 has a saddle fixed point O with eigenvalues λ1, λ2, γ, such that 0 <
|λ2| < |λ1| < 1 < |γ|;

(B) |λ1γ| > 1, |λ2γ| < 1;

(C) the invariant manifolds W u(O) and W s(O) have a quadratic tangency at
points of a homoclinic orbit Γ (see Figure 4.4);

(D) T1(P
ue(M−)) is transversal to W s

loc at M+ but is tangent to F ss(M+) at
M+ where M+,M− are some points on local stable and local unstable
manifolds respectively, P ue is the tangent plane to the extended unstable
manifold at the point M−, T 1 is the global map from a neighborhood of
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M− to M+, F ss(M+) is a leaf of the strong stable foliation containing
M+.3

Domains of definition

As in the planar case, we can choose two points on the homoclinic orbit in
a sufficiently small neighborhood U0 of the saddle fixed point: M+ on the
local stable manifold, and M− on the local unstable manifold. We also choose
sufficiently small neighborhoods Π+ and Π− of points M+ and M−. We write
k̄ for the minimal k such that fk0 (Π+) and Π− have a “good” intersection. And
we denote σ1

k = fk0 (Π+)∩Π− and σ0
k = f−k0 (Π−)∩Π+. The picture is similar to

Figure 4.3 but in three dimensions (with an additional contraction direction).
Also we need a representation for the global map T1:

x̄1 − x+
1 = a11x1 + a12x2 + µ2(y − y−) + e02(y − y−)2 + · · · ,

x̄2 − x+
2 = a21x1 + a22x2 + b2(y − y−) + · · · ,
ȳ = µ1 + c1x1 + c2x2 + d(y − y−)2 + · · · .

(4.8)

Here all coefficients are smooth functions of µ; moreover, c1d 6= 0. As in the
planar case, the definition of the global map depends on the choice of points
M±.

Rescaling results

For a family fµ of diffeomorphisms of R3 close to the diffeomorphism f0 with
the generalized homoclinic tangency the following result is valid [64]. The first-
return map for |λ1γ| > 1, |λ2γ| < 1 and for any k > k̄ can be reduced on some
invariant 2-dimensional manifold to the map

{
X̄ = Y,
Ȳ = α− βX − Y 2 +Rλk1XY + o(λk1),

(4.9)

where
R = 2

(
a11 −

e02c1
d

)
(4.10)

and
α = −dγ2k[µ1 − γ−k(y− + . . . ) + λk(c1x

+ + . . . )],
β = −c1(µ2 + . . . )(λ1γ)

k.
(4.11)

3In this section we consider only one of the two cases treated in [64] (case I). Case II is
similar.
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Note that in this case only the quadratic extra term appears (the term with y3

exists but has order of O(γ−k) = o(λk) since |λ1γ| > 1).
When |λ1γ| > 1 and |λ2γ| > 1, another extension of the standard Hénon

map appears [64].

4.1.3 Bifurcation diagrams of GHM

In this section we study the generalized Hénon map
(
x
y

)
7→ Fα,β =

(
y

α− βx− y2 +Rxy + Sy3

)
, (4.12)

where R and S are (not necessarily small) constants. Then we consider the limit
case when R and S are substituted by Rλk and Sλk, respectively. Since |λ| < 1,
these sequences tend to zero as k → ∞. For the figures the representative values
R = ±0.5 and R = ±0.1 have been used.

Codim 1 and 2 bifurcations of fixed points

This subsection is organized as follows. First we consider (4.12) with S = 0. We
derive the bifurcation curves for local codim 1 bifurcations and verify their non-
degeneracy conditions. At the codim 2 points we compute the critical normal
form coefficients. Thus we prove the non-degeneracy of these bifurcations for
R 6= 0. Having this knowledge, we consider S 6= 0 and obtain similar results.

The Quadratic Extension (S = 0)

Proposition 4.1.1 The generalized Hénon map (4.12) with S = 0 has the fol-
lowing codimension one bifurcations of fixed points:

Fold: If R 6= 1, there is a non-degenerate fold bifurcation for α = (β+1)2

4(R−1)

with the critical fixed point at x = y = β+1
2(R−1) .

Flip: If R 6= −1, 2, there is a nondegenerate flip bifurcation for α =
1
4 (β + 1)2(3 −R) with the critical fixed point at x = y = β+1

2 .

Neimark-Sacker: If R 6= 0, 1, 2, there is a Neimark-Sacker bifurcation
for

α =
(β − 1)(β − 1 + 2R)

R2
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with the critical fixed point at x = y = β−1
R . It is defined for β ∈

[ 2−3R
2−R ,

2+R
2−R ] when R ∈ (0, 2) and β ∈ [ 2+R2−R ,

2−3R
2−R ] when R /∈ [0, 2]. The

bifurcation is nondegenerate away from strong resonances.

Proof. We write DF for the Jacobi matrix of F with respect to (x, y). These
curves follow easily from the fixed point equation, i.e., Fα,β(x)−x = 0, together
with a condition on the multipliers. These conditions are given by the following
equations are det(DF−I) = 0 (fold), det(DF+I) = 0 (flip) and det(DF )−1 = 0
(NS). We have to exclude neutral saddles for the NS-bifurcation and therefore
restrict to the interval as given above.

Then we have to check that these codim 1 bifurcations are nondegenerate.
We use the formulas for the normal form coefficients from Section 2.1, formulas
(2.7),(2.9) and (2.11). The bilinear form corresponding to the GHM with S = 0
is

B(x, y) =

(
0

R(x1y2 + y1x2) − 2x2y2

)
, (4.13)

while the vectors

qfold =

(
1
1

)
, pfold =

(
−β + (β+1)R

2(R−1)

1

)
(4.14)

qflip =

(
−1
1

)
, pflip =

(
1
2 (β(2 −R) −R)

1

)
, (4.15)

qns =

(
γ
1

)
, pns =

(
−γ
1

)
, (4.16)

where γ =
(β−1)(R−2)+

√
(β−1)2(R−2)2−4R2

2R and satisfy the conditions:

(DF )qfold = qfold, (DF )T pfold = pfold, 〈pfold, qfold〉 6= 0,
(DF )qflip = −qflip, (DF )T pflip = −pflip, 〈pflip, qflip〉 6= 0,
(DF )qns = eiθqns, (DF )T pns = e−iθpns, 〈pns, qns〉 6= 0.

We do not give intermediate calculations, but directly present the normal form
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coefficients

cfold =
4(1 −R)2

β(2 −R) − (2 − 3R)
, (4.17)

cflip =
4(1 +R)

(β(2 −R) − (2 +R))(β + 1)(R− 2)
, (4.18)

cNS =
(1 −R)R2

2(β(2 −R) − (2 − 3R))
. (4.19)

�

From the expressions above we see that for R = −1, 0, 1, 2 the map is more
degenerate.

Proposition 4.1.2 The generalized Hénon map (4.12) with S = 0, R 6= 0, has
the following codimension two bifurcations of fixed points:

Fold-flip There is a fold-flip bifurcation of the fixed point x = y = 0 for
(α, β) = (0,−1). The normal form coefficients are a(0) = 1

2 (1−R), b(0) =
1
4 (1 +R), c(0) = 1

4 (1 −R), d(0) = − 1
8 (5 + 3R).

Resonance 1:1 There is a resonance 1:1 at (α, β) =
(

4(−1+R)
(2−R)2 ,

2−3R
2−R

)

for the fixed point x = y = β−1
R . The normal form coefficient is s =

sgn((1 −R)R).

Resonance 1:2 There is a resonance 1:2 at (α, β) =
(

4(3−R)
(2−R)2 ,

2+R
2−R

)
for

the fixed point x = y = β−1
R . The normal form coefficients are C1 =

−(1 +R) and D1 = (1 −R)R/4.

Resonance 1:3 There is a resonance 1:3 at (α, β) =
(

5−2R
(2−R)2 ,

2
2−R

)

for the fixed point x = y = β−1
R . The normal form coefficient is c =

(1−R)(R−i
√

3(2+R))
4(1+R+R2) .

Resonance 1:4 There is a resonance 1:4 for the fixed point x = y = 0 at

(α, β)= (0, 1). The normal form coefficient is A(0)= R(1−R)+i(−2+3R+R2)√
(1+R2)(4+4R+2R2)

.

Proof. We calculate common points of the three bifurcation curves and find the
first three codimension two bifurcations. It is easy to see that on the Neimark-
Sacker bifurcation curve we encounter the strong resonances 1:3 and 1:4, while
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we move from the resonance 1:1 point to the 1:2 point. Solving for the eigen-
values, the parameter values for these bifurcations can be computed explicitly.

Fold-flip. Using the formulas from Section 3.2 with the critical eigenvectors

qfold = 2pfold = −
(

1
1

)
, qflip = 2pflip =

(
1
−1

)
, (4.20)

we find for the truncated critical normal form
(
x1

x2

)
7→
(
x1 + a(0)x2

1 + b(0)x2
2 + c(0)x3

1 + d(0)x1x
2
2

−x2 + x1x2

)
(4.21)

the following coefficients

a(0) =
1

2
(1 −R), b(0) =

1

2
(1 +R), c(0) =

1

4
(1 −R), d(0) = −1

4
(5 + 3R).

We see that, indeed, depending on R the following cases occur.

sign a(0) sign b(0)
R < −1 + - case 3

−1 < R < 1 + + case 1
R > 1 - + case 2

Next we calculate the critical coefficient determining the non-degeneracy of the
FF point (see 2.3) to be cNS = 1

4R
2(1 − R), meaning that a closed invariant

curves coming from the Neimark-Sacker bifurcation of the period-2 cycle will
be unstable for case 1 and stable for case 2. Note that we excluded R = 0 and
R = 1. For (α, β,R) = (0,−1, 0) we actually have a codimension three point,
since the coefficient cNS is then equal to zero.

Resonance 1:1 We shift the critical fixed point to the origin:
(
x
y

)
7→
(
y
−x+ 2y +Rxy − y2

)
. (4.22)

Bringing the linear part to the Jordan form, we get
(
x
y

)
7→
(

1 1
0 1

)(
x
y

)
+

(
1
2a20x

2 + a11xy + 1
2a02y

2

1
2b20x

2 + b11xy + 1
2b02y

2

)
, (4.23)

where a20 = 0, b20 = 2(R−1) and b11 = R−2. This map is locally approximated
by the time-one flow of the Bogdanov normal form

{
η̇1 = η2,
η̇2 = η2

1 + sη1η2.
(4.24)



4.1 The generalized Hénon map 141

Here the critical coefficient is given by s = sgn(b20(a20 + b11 − b20))
= sgn((1 −R)R).

Resonance 1:2 The shifted map can be written as
(
x
y

)
7→
(

y
−x− 2y +Rxy − y2

)
, (4.25)

while the time-one flow that approximates the second iterate of the normal form
of this map is generated by

(
ẋ
ẏ

)
=

(
y

C1(0)x
3 +D1(0)xy

2

)
. (4.26)

where C1(0) = −(1 +R) and D1(0) = (1 −R)R/4.
Resonance 1:3 Shifting the fixed point to the origin and introducing a

complex variable, we can write the critical map as

z 7→ µz +
∑

k+l≥2

1

k!l!
gklz

kz̄l (4.27)

where µ = ei2π/3 and g20 = −1 − i√
3
(1 + 2R), g11 = −1 − R

2 ,

g02 = −(1 + R) + i√
3
(R − 1). The third iterate of the corresponding normal

form can be approximated by the time-one flow of the equation

ż = B1(0)z̄
2 + C1(0)z

2z̄, (4.28)

where

B1(0) =
3R

2
+
i

2

√
3(2 +R), C1(0) =

1

2
(R− 1)

(
−R+ i

√
3(2 +R)

)
(4.29)

Since B1(0) 6= 0 we can scale C1(0) to c = C1(0)
|B1(0)|2 . After some simplifications

we find c =
(R−1)(−R+i

√
3(2+R))

4(1+R+R2) .

Resonance 1:4 We apply the same procedure as above with µ = eiπ/2 and
obtain g20 = ḡ02 = −1 − iR and g11 = −1. The coefficients of the truncated
critical normal form

z 7→ µz + C(0)z2z̄ +D(0)z̄3 (4.30)

are

C(0) = 1
4 (1 + i)

(
(1 − i) − (1 − 2i)R−R2

)
,

D(0) = 1
4 (1 + i)

(
(−1 + i) + (1 + 2i)R+R2

)
.
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Since D(0) 6= 0 the flow approximating the 4-th iterate of this map can be scaled
to

ż = A(0)z2z̄ + z̄3, (4.31)

where

A(0) =
−iC(0)

|D(0)| =
R(1 −R) + i(R2 + 3R− 2)√

(1 +R2)(2R2 + 4R+ 4)
.

We plot A(0) as a parametric function of R in Figure 4.5 �
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Figure 4.5: The complex values of A as a function of R. In the limit R → ±∞
the graph “closes”.

The Cubic Extension (S 6= 0)

Proposition 4.1.3 The generalized Hénon map (4.12) with R,S 6= 0 has the
following codimension one bifurcations of fixed points:

Fold. There is a fold bifurcation at

α =
2(1 −R)3 + 9(β + 1)(1 −R)S ± 2

(
(R− 1)2 + 3(β + 1)S

)3/2

27S2

of the fixed point

x = y =
(1 −R) ±

√
(R− 1)2 + 3(β + 1)S

3S
.

The fold normal form coefficient is given by

cfold =
−6S

√
(1 −R)2 + 3(β + 1)S

(3(β − 1)S −R(1 −R)) ±R
√

(1 −R)2 + 3(β + 1)S
. (4.32)
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Flip. There is a flip bifurcation of the fixed point

x = y =
1 ±

√
1 − 3(β + 1)S

3S

at α =

2(1 − 3R) + 9(β + 1)(R+ 1)S ± 2(1 − 3R+ 6(β + 1)S)
√

1 − 3(β + 1)S

27S2
.

The normal form coefficient is given by cflip =

3S2
(
−3 + R − 3R2 + 6(β − 1)S ± 7R

√
1 − 3(β + 1)S

)

(
3(β − 1)S + R(−1 ∓

√
1 − 3(β + 1)S)

)(
3(β + 1)S + R(−1 ∓

√
1 − 3(β + 1)S)

) .

(4.33)

Neimark-Sacker. There is a Neimark-Sacker bifurcation of the fixed
point x = y = β−1

R at

α =
(β − 1)R(β − 1 + 2R) − (β − 1)3S

R3
.

for which we have

cNS =
R2((1 −R)R− 3S(β − 1)

(β(2 −R) − (2 − 3R))R− 3(β − 1)2S
. (4.34)

Proof. The bifurcation curves follow from the same equations as in the previous
proof. We should note that, unlike in the quadratic case, here the fold and
flip curves consist of two branches which are connected. To prove the non-
degeneracy we have to find the critical eigenvectors and higher order derivatives
as before. We show computations for one branch only.

B(x, y) =

(
0

R(x1y2 + y1x2) − 2x2y2

(
R+

√
(1 −R)2 + 3(β + 1)S

)
)
,(4.35)

qfold =

(
1
1

)
, pfold =

(
−β +

R
(
−1+R+

√
(1−R)2+3(β+1)S

)

3S
1

)
. (4.36)
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With these definitions we calculate cfold = 〈p,B(q, q)〉/〈p, q〉 as given in the
proposition on one branch. On the other it is similar. We proceed with the flip
bifurcation.

B(x, y) =

(
0

R(x1y2 + y1x2) − 2x2y2
√

1 − 3(β + 1)S

)
,

C(x, y, z) =

(
0

6Sx2y2z2

)
,

qflip =

(
−1
1

)
, pflip =

(
β +

R
(
−1+

√
1−3(β+1)S

)

3S
1

)
,

(4.37)

we calculate cflip = 〈p, C(q, q, q)− 3B(q, (A− I)−1B(q, q))〉/6〈p, q〉 and find the
expression on one branch.

For the Neimark-Sacker bifurcation we omit the intermediate calculations,
but the coefficient cNS is obtained in the same way. �

The above codimension one bifurcations are degenerate in several points.
We treat them in two propositions. The cusp, generalized flip and generalized
Neimark-Sacker are collected together, since they are determined by vanishing
of the corresponding normal form coefficient. The fold-flip and the strong res-
onances fall into another group, since an extra condition on the multipliers is
imposed.

Proposition 4.1.4 The generalized Hénon map (4.12) with R,S 6= 0 has the
following codimension two bifurcations of fixed points:

Cusp. There is a cusp bifurcation of the fixed point x = y = 1−R
3S at

α = (R−1)3

27S2 and β = −1 − (R−1)2

3S .

Generalized flip. With α, x, y defined in the previous Proposition, the
flip bifurcation is degenerate at

β = −1 +
1

24S

(
12 − 4R− 37R2 ± 7R

√
−8 + 8R+ 25R2

)
.

Chenciner. The Neimark-Sacker bifurcation of the previous Proposi-

tion is degenerate at α = (R−1)(R2+R−2−18S)
27S2 , β = 1 + R(1−R)

3S , while the

fixed point satisfies x = y = 1−R
3S .
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Proof. This follows easily from the expressions for the normal form coefficients
at the codimension one bifurcations. �

Proposition 4.1.5 The generalized Hénon map (4.12) with R,S 6= 0 has the
following codimension two bifurcations of fixed points:

Fold-flip There is a fold-flip bifurcation of the fixed point x = y = 0 at
α = 0 and β = −1. There is another fold-flip bifurcation for x = y = 2−R

3S

and α = (R+1)(R−2)2

27S2 , β = −1 − R(R−2)
3S .

Resonance 1:1. For β = 1 − R
6S

(
R− 2 ±

√
(R− 2)2 + 24S

)
there is a

resonance 1:1.

Resonance 1:2. For β = 1 − R
6S

(
R− 2 ±

√
(R− 2)2 − 24S

)
there is a

resonance 1:2.

Resonance 1:3. For β = 1 + R
6S

(
R− 2 ±

√
(R− 2)2 − 12S

)
there is a

resonance 1:3.

Resonance 1:4. There is a resonance 1:4 at β = 1 and β = 1− R(R−2)
3S .

It is possible that either the 1:1 or the 1:2 resonance does not exist. In the first
case even the 1:3 resonance may not be present.

Proof. The eigenvalues can easily be computed along the codim 1 curves.
Imposing an extra condition on them one finds the reported values for β on the
corresponding codim 1 curve. The non-degeneracy of the codim 2 points can
also be checked. �

Branch Switching in GHM

Let us also illustrate the developed techniques for branch switching and their
implementation in cl matcont, as in this map all planar bifurcations where
our switching formulas apply, occur. Let us start with the 1:2 resonance and
the fold-flip. For these cases we can apply the algorithms analytically, i.e., with
R as a parameter. We note that q = (1,−1)T in both cases is an eigenvector of
the Jacobian matrix corresponding to eigenvalue −1.

For the 1:2 resonance we have (x1, x2)= (0, 0) and (α0, β0) =
(

4(3−R)
(2−R)2 ,

2+R
2−R

)
.

The critical center manifold reduction yields, see [71],

C1 =
−(1 +R)

2
, D1 =

1

4
(6 + 5R+R2). (4.38)
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Applying the algorithm from Section 3.3.2, we find

v10 =

( −2
2−R
−1

)
, v01 =

(
−4(3−R)
(2−R)2

− −2
2−R

)
, p̃ =

(
1

− 2+R+R2

2(1+R)

)
ε, (4.39)

So that our prediction for the NS bifurcation curve of the period-2 cycle is

(x, y) =

(
2

2 −R
,

2

2 −R

)
+

√
2ε

1 +R
q,

(α, β) =

(
4(3 −R)

(2 −R)2
,
2 +R

2 −R

)
+

(
2(4 + 3R2 −R3)

(1 +R)(2 −R)2
,

2R2

(1 +R)(2 −R)

)
ε.

The fold-flip bifurcation occurs for (x1, x2) = (0, 0) at (α0, β0) = (0,−1).
The critical center manifold reduction yields

a =
1

2
(1 −R), b =

1

2
(1 +R), c2 = −1

4
(1 −R), c4 =

1

4
(1 +R)2. (4.40)

Then applying the algorithm from Section 3.3.2, we find

v10 =

( −2
R2

2−R

)
, v01 =

(
0
−2

2−R

)
, p̃ =

(
−1

(1−R)R2

2(1+R)

)
ε. (4.41)

Therefore, our prediction for the NS bifurcation curve of the period-2 cycle
emanating here is

(x, y) = (0, 0) +

√
2ε

1 +R
q, (α, β) = (0,−1) +

(
2,

−2R2

(1 +R)(2 −R)

)
ε.

Let us compare the predictions with the exact expressions for these curves.
Consider the following set

α = (1 + β)(β − 1 −R+R2)/R2, (4.42)

x1 =
R(β + 1) +

√
(R− 2)(β + 1)(2 +R− β(2 −R))

2R
, (4.43)

x2 =
R(β + 1) −

√
(R− 2)(β + 1)(2 +R− β(2 −R))

2R
, (4.44)

when

1

4
(3 −R)(β + 1)2 ≤ α ≤ 5 + 4R+R2 + 2β(3 +R) + β2(5 + 2R−R2)

2(2 + 2R+R2)
.
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It consists of two different pieces, where a Neimark-Sacker bifurcation of a cycle
of period 2 occurs. If we take 0 ≤ ε� 1 and consider the linear approximations

of (4.42) near β = −1 − R2

2−R ε̃ and β =
(

2+R
2−R

)
+ R2

2−R ε̃ we find for the 1:2
resonance

(α, β) =

(
4(3 −R)

(2 −R)2
,
2 +R

2 −R

)
+

(
4 + 3R2 −R3

(2 −R)2
,
R2

2 −R

)
ε̃+ O(ε̃2).

(x, y) =

(
2

2 −R
,

2

2 −R

)
+
√
ε̃q + O(ε̃)

and for the fold-flip bifurcation

(α, β) = (0,−1) +

(
1 +R,

−R2

2 −R

)
ε̃+ O(ε̃2).

(x, y) = (0, 0) −
√
ε̃q + O(ε̃)

So up to positive factor our results coincide up to first order in ε.
For the other two cases a numerical approach is more illuminating. There is

a period-doubling curve of period 4 cycles along which there are two degenerate
flips near (α, β) = (3,−1). For R = 0 we found a fold curve and a period-
doubling curve of cycles of period 4. Then we produced the approximations to
the fold curves of the 8-th iterates in the degenerate flip points and from these
easily continued the fold curves of cycles of period 8. In Figure 4.6(a) we show
the continuation results and also the approximation curves. For the 1:4 reso-
nance we used R = −0.1. For this specific value of R, the 1:4-resonance involves
the mentioned local branches. In Figure 4.6(b) we show the continuation results
and also the approximate curves.

Global bifurcations

It is known that the strong resonances and the fold-flip points are the origins of
homoclinic and heteroclinic “horns”. The boundaries of these horns correspond
to primary homoclinic and heteroclinic tangencies, respectively. Here we use
the algorithm described in [17] to compute these boundary curves numerically.

Let us briefly explain the algorithm. Let f(x) have a transverse homoclinic
orbit at the fixed point ξ. We want to find the boundary, on which we have
tangency. We approximate the homoclinic orbit by a finite number of points,
say n. Let qs and qu be eigenvectors of the matrix DF T , the transposed of the
Jacobi matrix, corresponding to the stable and unstable manifold respectively.
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Then we define the following algebraic system.

xi+1 − f(xi) = 0 for 1 ≤ i ≤ n− 1,

〈qs, (x1 − ξ)〉 = 0,

〈qu, (xn+1 − ξ)〉 = 0.

It is shown in [17, 95, 15, 16] (with error estimates) that a regular zero of
this system corresponds to a transversal homoclinic orbit and a limit point
corresponds to a tangency of the stable and unstable manifolds. Thus, a zero
for this system can be continued in one parameter using content [109] and
a limit point can be continued in two parameters using a standard defining
system resulting in the boundary curves for homoclinic structures. Similarly
the heteroclinic boundary can be found.

To compute the stable and unstable manifolds of fixed points and cycles at
fixed parameter values, we used the algorithms due to Krauskopf and Osinga
[101, 102] implemented in DsTool [10].

Small coefficients

As we have seen in Section 2, the Poincaré map for both codim 2 homoclinic
tangency cases can be reduced to the map

{
x̄ = y,
ȳ = α− βx− y2 +Rλkxy + Sλky3 + o(λk),

(4.45)



4.1 The generalized Hénon map 149

where |λ| < 1 is the stable eigenvalue of the saddle, α, β, x, y cover all finite
values as k → ∞. The closer we are to the neutral saddle, the higher k we have
to consider. Since R and S scale with λk, the case when k is large corresponds
to exponentially small (in k) coefficients R and S. It follows from the previous
text that the codim 1 bifurcation are nondegenerate away from the codim 2
bifurcations. If we use the parametric form of the Neimark-Sacker bifurcation
curve,

α = cos2 ψ − 2 cosψ, β = 1 −R cosψ, 0 < ψ < π, (4.46)

we find

cNS =
R

4 cos2
(
ψ
2

)λk + o(λk). (4.47)

Thus, for small R the Lyapunov coefficient, for the stability of the closed invari-
ant curve emerging from the NS-bifurcation, has the same sign as R.

The codimension 2 bifurcations which occur only if S 6= 0, are at infinity
and therefore inaccessible. For the codim 2 bifurcation we give the constant and
linear terms in λk.

Fold-flip The normal form coefficients are

a(0) = 1 −Rλk + o(λk), b(0) = 1 +Rλk + o(λk),

c(0) =
3

2
(1−Rλk)+3Sλk+o(λk), d(0) = −1

2
(5+3Rλk)+3Sλk+o(λk).

The critical coefficient cNS at the fold-flip point is4

cNS = (R2 + 2RS + 8s21)λ
2k + o(λ2k).

Resonance 1:1 The normal form coefficient s has the same sign as Rλk.

Resonance 1:2 The normal form coefficients are C1 = −2+2(R−4S)λk+
o(λk) and D1 = 1

2Rλ
k + o(λk).

Resonance 1:3 The non-degeneracy is given by the real part of the nor-
mal form coefficient C1 = − i√

3
+ 1

6 (R+ i(R− 2S))λk + o(λk).

Resonance 1:4 The normal form coefficient A determining the bifurca-
tion sequence is given by A = −i+

(
( 1
2 + 2i)R− 4iS

)
λk + o(λk).

4We took every possible term of the order of λ2k in the second equation of (4.45). The
coefficient s21 in front of the x2y-term was the only relevant coefficient.
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We see immediately that when R→ 0, the bifurcations of the strong resonance
become degenerate. For the fold-flip it follows that the Lyapunov coefficient
for the Neimark-Sacker bifurcation of period 2 becomes degenerate if we do not
consider O(λ2k)-terms.

Description of bifurcations

Here we describe the bifurcation diagram of the quadratic GHM for both positive
and negative R. The bifurcations of the standard Hénon map remain as a
backbone, compare Figure 4.1 with Figures 4.7, 4.8. However, from the previous
considerations, it follows that the bifurcations are nondegenerate for R 6= 0 and
that the cubic term can be neglected if S is small. We describe the local codim
2 bifurcations of low period of the generalized Hénon map, since these organize
the parameter plane mostly. These points are also the origins of some global
bifurcations, which are then addressed. All bifurcation curves are computed
using content [109]. Below the t(1) curve there are no fixed points, and the
dynamics are not interesting. On this curve there are two codim 2 points.

First we have the fold-flip point FF , which for small R is case 1 of Section
2.3. Near this bifurcation an unstable invariant closed curve appears and is
destroyed. To show what happens, we take α = 0.3 and vary β, see Figures
4.9 and 4.10. From (1) to (3) we see the stable and unstable manifolds of the
two saddle fixed points getting closer until they intersect. Furthermore we see
that an Arnol’d tongue of period 12 is present around the period 2 fixed point.
Going from (3) to (4) this orbit gains stability and an invariant closed curve
is born. It consists of two disjoint sets and an iterate jumps from one set to
the other. Close to n̄(2) the closed invariant curve is smooth, but moving to
(5) it becomes bigger and loses its smoothness. Eventually it “merges” with
the stable manifold of the period 12 orbit and is destroyed. Then from (5) to
(6) the period 12 orbits disappear through a fold bifurcation and the manifolds
move away from each other.

The second codim 2 point R1(1) on the t(1) curve is a 1:1 resonance. From
this point a Neimark-Sacker curve n(1) emerges. The corresponding invariant
closed curve is stable for negative R and unstable for positive R. The structure
is completed with Arnol’d tongues emerging from n(1) and curves of homoclinic
tangencies, see Figure 4.11.

The Neimark-Sacker bifurcation generates closed invariant curves, here we
discuss their domain of existence. Possible destruction scenarios for a closed
invariant curve inside the resonance tongue were studied theoretically in [1,
7, 30]. We consider here the lowest weak resonance, i.e., of order 5, which is
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Figure 4.7: Bifurcation diagram for the generalized Hénon map for R = −0.5.

located inside the homoclinic wedge of the 1:1 resonance. The bifurcation curves
are shown in Figure 4.12, while the meaning of the hom-curves is explained in
Figure 4.13.

In the region bounded by n(1) and homi,i a closed invariant curve exists,
surrounded on the outside by saddles and nodes of period 5. Then there are
two curves homi,i and homi,o. The distance between them becomes exponen-
tially small if we move to the tip of the horn. In the region bounded by these
two curves there are transversal homoclinic structures. Between curves homi,o

and homo,i the invariant circle exists as the unstable manifold of a saddle to-
gether with a node. We see that these two curves intersect below the flip f (5)

and end up tangentially at the t(5)-curves. If we move on, the curves homo,i

and homo,o bound another region with homoclinic tangle. If we move further



152 Applications

-3

-2

-1

0

1

2

3

4

5

-3 -2 -1 0 1 2 3

n̄(2)

f (2)

R2
(2)

hom1

f (4)

f (3)

t(3)

het1

f (1)

R1
(1)

n(2)

t(1)

t(4)

het2

R2
(1)

hom2

n(1)

FF

β

α

Figure 4.8: Bifurcation diagram for the generalized Hénon map for R = 0.5.

across homo,o we will again see an invariant circle. Other weak resonances are
present and the previous structure repeats itself again. This agrees well with
the theoretical picture. However, we note that the model map studied in [1],
has some limitations, so that only two of four possible branches of homoclinic
tangencies can appear. Also the intersection of homi,o with homo,i may occur
either above or below the flip bifurcation curve.

Tracing the Neimark-Sacker curve, we encounter other strong resonances.
The 1:4 resonance can have several bifurcation sequences, but when R is small,
only case I for positive R and case VIII for negative R remain. While case I is
the simplest, case VIII has the richest bifurcation sequence (see, for example,
[106]). Then the 1:3 resonance is encountered. Apart from a period 3 orbit
with a homoclinic connection nothing special occurs. Then finally we meet the
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1:2 resonance. For small R, this involves only one of two possible cases [106],
namely, the one from which the Neimark-Sacker curve n(2) for the period-2
cycle emanates. The behavior of the generated invariant circle is determined
by the sign of R. Continuing further we observe a cascade of nondegenerate 1:2
resonances R2(k) located on the flip curves and connected by Neimark-Sacker
bifurcation segments (in Figure 4.7 only R2(1) and R2(2) are visible).

We now give more details on global bifurcations. Above the period-doubling
curve there always exists a transversal heteroclinic orbit connecting the two
period-1 saddles. The other invariant manifolds of these saddles can also in-
tersect or become tangent. The wedges of the corresponding heteroclinic and
homoclinic tangencies (delimited by het1,2 and hom1,2) form boundaries of pa-
rameter regions where nontrivial hyperbolic sets exist. The boundary curves
het2 and hom1 intersect giving rise to a Double (Homoclinic/Heteroclinic) Tan-
gency (DHT ) point, see Figures 4.14 and 4.15. We start in region (1) where
there are two saddle fixed points and two transversal heteroclinic orbits which
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are always present. Going to region (2) the stable manifold of x1 becomes
tangent to the unstable manifolds of this point and two transversal homoclinic
orbits are born. From (1) to (3) the unstable manifolds of x2 touch the stable
of x1 and two heteroclinics are born. In region (4) all six transversal orbits are
present.

Finally, let us point out that there exists a homoclinic tangency to a neutral
saddle in the generalized Hénon map (see points NHT in Figure 4.16). This
means that GHM, which itself was derived to study the homoclinic tangency to
a neutral saddle, also exhibits this codim 2 bifurcation. It implies the existence
of a fractal bifurcation set near this singularity in the parameter plane. In
particular, we see that the fold and flip curves accumulate on the homoclinic
tangency curve, while strong 1:1 resonances (slowly) approach the corresponding
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NHT points.

4.1.4 Interpretation

Here we discuss the correspondence between the obtained bifurcation diagrams
of the generalized Hénon map and two bifurcations of diffeomorphisms with
codim 2 homoclinic tangencies.

Homoclinic tangency of a neutral saddle in the plane

We begin with a note on invertibility. The standard Hénon map has the line
β = 0 in the parameter plane, which corresponds to zero Jacobian (i.e., the map
is noninvertible). The GHM has no such line in the parameter plane, but in
the phase plane it always has a line of non-invertibility for all α, β. This line
y = β

Rλk = −bc
R γk shifts to infinity as k → ∞. The non-invertibility effects are,

therefore, inaccessible (not observable) in the original map fµ near the codim 2
point (when k is sufficiently large), which is consistent with the fact that fµ is
a diffeomorphism.

The correspondence between parameters (α, β) and (µ1, µ2) is given by the
formulas (4.7) from Section 4.1.2. From the second equation in (4.7) follows
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that in this case µ2 has the asymptotic form

µ2 =

(
− β

bc

) 1
k

− 1 (4.48)

for k → ∞. Thus, in the (µ2, µ1)-plane we can see only one half of the (α, β)-
plane of the GHM, depending on the sign of bc which is determined by the global
map: bc < 0 if the global map is orientation-preserving, bc > 0 if the global map
is orientation-reversing.
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Figure 4.13: Sketches of various homoclinic tangencies inside the resonance
tongue of period 5.

Interpretation for fixed k

The relationships (4.7) imply that bifurcations which occur in GHM at finite
values of parameters (α, β) are present in the original map (even infinitely many
times – for every k ≥ k̄) and that the corresponding parameter values (µ1, µ2)
tend to the point (0, 0) as k → ∞. Moreover here we have infinitely many regions
in the (µ1, µ2)-plane, where the bifurcation diagram of the GHM appears in the
rescaled coordinates. All these regions accumulate on the line µ1 = 0.

For all k ≥ k̄ we have the same (rescaled) picture – a “half” of the bifurcation
diagram of the generalized Hénon map that is described in the previous section.
Note that in the considered case the stability type is the same for fixed points of
GHM as for the corresponding orbits in the original planar map. A fixed point
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of GHM corresponds to a single-round periodic orbit with period k + n0 of the
original map. A cycle of period m corresponds to a cycle of period m(k + n0),
more precisely to a m-round orbit of period m(k + n0), which exactly m times
did k iterations near the saddle (from strip σ0

k to σ1
k) and n0 iterations along the

“global” part of homoclinic trajectory (from strip σ1
k to σ0

k). A closed invariant
curve in GHM corresponds to a closed invariant curve of the k+n0-iterate of the
original map (in general, it has k + n0 disjoint components). The parameters
α, β on the curves of homoclinic and heteroclinic tangencies in GHM correspond
to the tangencies of some one-dimensional manifolds of k + n0-periodic orbits.

Interpretation for all periods

If the original diffeomorphism fµ is orientation-preserving, then λγ > 0 and
the global map T1 also preserves the orientation. In this case we have the

accumulation of the fold bifurcation curves t
(1)
k , the flip bifurcation curves f

(1)
k ,

and the Neimark-Sacker bifurcation curves n
(1)
k , as well as domains of existence

of closed invariant curves, to the line µ1 = 0 [58]. We denote the strips between
the fold and flip curves by Dk. These strips also accumulate on the line µ1 = 0.
Moreover, we also have the accumulation of curves of homoclinic tangencies
and curves of heteroclinic tangencies of the invariant manifolds of single-round
periodic orbits of saddle type.
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When γ > 0, the accumulation on the line µ1 = 0 is monotone (see Figure
4.17(a)).

When γ < 0, the accumulation is non-monotone, so that the curves are
located above or below of the line µ1 = 0 depending on the parity of k (see
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Figure 4.17(b))5.
If the original diffeomorphism fµ is orientation-reversing, then λγ < 0 and

the global map T1 can either preserve or reverse the orientation, depending on
the parity of n0. If T1 preserves the orientation, we get as described above, the

accumulation of the bifurcation curves t
(1)
k and f

(1)
k connected by n

(1)
k . If T1

reverses the orientation, we will see no curves n
(1)
k but, instead, the accumulation

of the curves t
(1)
k and f

(1)
k touching at the fold-flip points, as k → ∞ (see

Figure 4.18). As above, this accumulation is monotone (Figure 4.18(a)) or
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Figure 4.18: Bifurcation curves near a planar neutral tangency when the global
map is orientation-reversing.

non-monotone (Figure 4.18(b)), depending on the sign of γ. Therefore, the
whole bifurcation diagram in the case when fµ reverses the orientation is a
superposition of those sketched in Figures 4.17 and 4.18.

Generalized homoclinic tangency in R3

The correspondence between parameters (α, β) and (µ1, µ2) is given in this case
by (4.11) from Section 4.1.2. Contrary to the planar case, the whole (α, β)-plane
is projected to (µ1, µ2) in this case. Indeed, from the second equation in (4.11)

5Note that strips in parameter space between t
(1)
k

and f
(1)
k

with different k can intersect
when c > 0. It means, that for some values of parameters (in the intersection of Di and Dj)
two single-round periodic orbit of different period can coexist. Moreover, these coexisting
orbits can have different type of stability.
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follows the linear asymptotic correspondence between µ2 and β in this case,
namely

µ2 = − β

c1(λ1γ)k
(4.49)

for k → ∞.

Recall that in this case the GHM is obtained via the reduction to a stable
two-dimensional invariant center manifold. Therefore a stable point (invariant
curve) in GHM corresponds to a stable orbit (invariant curve) of the 3D-diffeo-
morphism, but a completely unstable point (unstable invariant curve) in GHM
corresponds to a saddle orbit (saddle invariant curve) in the original diffeomor-
phism. Further interpretation is similar to the case of the planar neutral tan-
gency. In particular, the bifurcation curves and regions accumulate on µ1 = 0.
See Figure 4.19.
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Figure 4.19: Accumulation of bifurcation curves in the 3-dimensional case:
(a) γ > 0; (b) γ < 0.

4.1.5 Discussion

In this section we gave a rather detailed characterization of the bifurcation
structure of the generalized Hénon map (4.3). This allowed us to establish new
facts about the codim 2 homoclinic tangencies. To the best of our knowledge,
the following results are new:
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1. The non-degeneracy of codim 1 and 2 bifurcations of fixed points in (4.3),
including all strong resonances, is verified analytically by computing the
corresponding normal form coefficients.

2. Accumulation of fold and flip bifurcation curves on heteroclinic tangencies
is observed numerically.

3. Cascades of nondegenerate 1:2 resonances of k-cycles are found in GHM.

4. It is shown that GHM itself has a homoclinic tangency of a neutral saddle.

5. The above bifurcation phenomena are interpreted in terms of the origi-
nal maps with the codim 2 homoclinic tangencies. In particular, infinite
cascades of homoclinic tangencies of neutral saddles are predicted.

Below we provide some additional comments on these issues.
The accumulation of fold and flip bifurcation curves on the homoclinic tan-

gency curve was first proved in [57]. It is not guaranteed that all fold curves
originating from n(1) at weak resonance points have to approach the homoclinic
tangency curve. However, the fold curves in GHM (originated at n(1)) indeed
look as if they all approach the corresponding homoclinic tangency curves hom1

and hom2. It seems that the 1
q -resonant periodic orbits are exactly the single-

round orbits of period q, which exist near homoclinic tangency (see Section 4.1.2
for more details). It would be very interesting to explain the correspondence
between 2-round (and more round) orbits near the homoclinic tangency and
orbits of the original map. There are some topological arguments which do not
allow to associate directly 2

q -resonant orbits with 2-round periodic orbits.
Our numerical analysis demonstrated that the double homoclinic tangency

point DHT moves to the half-plane β < 0 for both positive and negative small
values of R 6= 0 (see Figure 4.14(b)). This implies that such codim 2 global
bifurcations will not be present near the homoclinic tangency to a neutral saddle,
if the considered planar diffeomorphism preserves the orientation. Topological
reasons for this effect are not clear.

We conclude this discussion with numerical evidence, Figure 4.16, that the
resonances 1:1 and 1:2 indeed accumulate to NHT as sketched in Figure 4.17(a).
Note that we see only one half of the parameter plane. Figure 4.16 shows
bifurcation curves for orbits with relatively high period together with strong
resonances. Figure 4.16 shows that the 1:1 resonance points with periods ≥ 10
lie practically either on hom1 (a) or on hom2 (b). However, according to Section
4.1.4, these resonance points must converge to the NHT point. This is not very
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evident from the figure, since even the 1:1 points of period 14 (picture (a))
or period 11 (picture (b)) are rather far from the NHT points. Fortunately,
this is not a contradiction with the theory. Indeed, from (4.7) in Section 4.1.2
follows that the 1:1 resonance point of period k lies, on the parameter plane, at a
distance of order of O(γ−k) from the curve of the homoclinic tangency, where γ
is the unstable multiplier of the saddle, while the distance from this 1:1 point to
the NHT point is only of order O( 1

k ) . To see this, recall that (4.48) implies that

the 1:1 resonance k-point has the coordinate µ2 ∼ ( 1
−bc )

1
k −1 ∼ 1

k ln( 1
−bc ). Thus,

such points are exponentially close to the corresponding homoclinic tangency
curve but only polynomially close to the NHT point. These two very different
asymptotics are clearly visible in Figure 4.16.

4.2 Center Manifold Reduction in Examples

4.2.1 Adaptive Control map

Consider a model for controlling a single-input/single-output plant from the
Introduction, see also [62, 56] for references. Regulating the output to a a
constant by a low-order feedback leads to the following map G : R3 7→ R3,

G :




x
y
z


 7→




y
bx+ k + zy

z − ky

c+ y2
(bx+ k + zy − 1)


 , (4.50)

where k and b are considered as main parameters. The coefficient b measures the
mismatch between the reference and the real model. The coefficient k represents
an error in the assumption on how strong the output variable is controlled.
Choosing b = 0, k = 1 implies no errors. The coefficient c comes from the
projection algorithm. It is positive to avoid division by zero. Since the possible
bifurcation sequences are determined by the critical normal form coefficients,
we may also choose the constant c to prevent too complex behavior.

There are two codim 1 bifurcation curves of fixed points with several codim 2
points. In [56] the system was studied numerically near strong resonance points.
We can compute the second and third order derivatives of this map symbolically,
see Appendix 4.A and thus compute the critical normal form coefficients for the
strong resonances analytically and to study their dependence on the parameter
c, which is typically fixed at c = 1/10.
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Figure 4.20: Local bifurcations of (4.50) for c = 1/10: f (1) – flip (period-
doubling), n(1) – Neimark-Sacker bifurcation of the fixed point. Labels Rx denote
the strong resonances; CH1,2 are the Chenciner points. The codim 2 points are
studied in this section.

This map has one fixed point given by (x, y, z) = (1, 1, 1 − b − k). Local
bifurcation analysis reveals two codim 1 bifurcation curves shown in Figure
4.20. For

f (1) : bf = 1 −
(

1

2
+

1

4(c+ 1)

)
k

the fixed point undergoes a period-doubling, while if

n(1) : bNS = −
(
c+ 1

c+ 2

)

and k2 + 4bk < 0 an invariant curve emerges from the fixed point via the
Neimark-Sacker bifurcation.

Starting from k = 0 on the Neimark-Sacker curve and tracing it until we
meet the period doubling curve, we encounter strong resonances. These occur
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for the following values of k:

R4 : k =
2(c+ 1)

c+ 2
, R3 : k =

3(c+ 1)

c+ 2
, R2 : k =

4(c+ 1)

c+ 2
. (4.51)

As is observed in [56], at (k, c) ≈ (1.308, 0.1) the Neimark-Sacker bifurcation is
degenerate. A second degenerate point on the curve was overlooked.

In Appendix 4.A we provide the expressions for the relevant eigenvectors
and the derivatives of (4.50) up to and including the fifth-order.

• Resonance 1:2 A straightforward computation using (3.42), (3.43), and
the expressions from Appendix 4.A yields

c1 =
4(2 + c)2(1 − 3c− 2c2 − 2c3)

3(1 + c)2(18 + 24c+ 11c2 + 2c3)
, (4.52)

d1 =
4(2 + c)2(−12 − 7c+ 6c2 + 37c3 + 32c4 + 8c5)

(6 + 4c+ c2)(3 + 5c+ 2c2)2
. (4.53)

For small c up to c ≈ 0.617 the coefficient d1 is negative, while c1 is
positive up to c ≈ 0.271.

• Resonance 1:3 Now we compute c1 by formula (3.48) and find

Re c1 =
(2 + c)(−3 − 4c+ 6c2 + 33c3 + 18c4)

6(1 + 3c2)(7 + 9c+ 3c2)
. (4.54)

Since c > 0 but small, this means that the invariant closed curve existing
close to the 1:3 bifurcation is stable.

• Resonance 1:4 This bifurcation has the most complicated bifurcation
sequences. Using (3.53) and (3.54), we get

A0(c) =
(2 + c− 4c2 + 3c3 + 2c4) − i(1 + 36c+ 40c2 + 17c3 + 4c4)√

(5 + 6c+ 2c2)(1 − 10c+ 83c2 + 12c3 + 4c4 + 8c5 + 2c6)
sgn(3+2c).

(4.55)
Consider now the case with small positive c. The real part of A0 is always
positive. If we start with c = 0 we find |A0| = 1, and thus we will
encounter the bifurcation sequences IV(a),III(a),III,V,V(a),VI, and VIII
(here the labeling from [106] is used). Actually, for small negative c we
are within the unit circle in the A0-plane, and the dynamics is simple.
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• Chenciner bifurcation For the Neimark-Sacker bifurcation we derive
using (2.11) the following expression for the first Lyapunov coefficient:

l1 =(b(1 + b)2(1 + 2b)(4 + 4b+ 3b2)

+ (4 + 21b+ 50b2 + 102b3 + 92b4 − 7b5)k

+ (14b+ 72b2 + 79b3 − 3b4)k2 + (1 + 3b)(3 + 5b)k3)/

(2b2(1 + b)((1 + b)2 + k)(b(1 + b)2 + 4bk + k2))).

For c = 1/10 we have bNS = −11/21 and l1 vanishes at two points, namely:
CH1 with k ≈ 1.30064 and CH2 with k ≈ 0.0214 (see Figure 4.20). The
first point has been reported in [56] but not analyzed; the second point
was overlooked.

For c = 0.1, b ≈ −.52381 and k ≈ 1.30064, we find e−iθc1 ≈ 0.37721i. As
we have already mentioned, the first Lyapunov coefficient vanishes close
to this point. We compute the derivatives up to fifth order (see Appendix
4.A) and then solve recursively for hjk. This gives

h20 ≈ (−1.4588 − 1.5723i, 0.5516 + 2.0727i, 1.6970 − 1.7342i),

h11 ≈ (−0.7019,−0.7019, 1.1871),

h30 ≈ (−4.7566 − 2.9282i,−5.3569 + 1.5822i, 4.2621 − 4.3465i),

h21 ≈ (1.5723 − 1.7334i, 1.9215 + 1.1523i, 3.1354 − 2.1245i),

h31 ≈ (−6.4616 + 18.7151i, 9.7893 − 12.2545i, 1.9851 − 3.2360i),

h22 ≈ (6.1653, 6.1653, 29.1252).

Using these values for the second Lyapunov coefficient (3.27) we find d1 ≈
−17.5164. The same procedure can be carried out for the second point
yielding d1 ≈ 3423. This implies that both Chenciner bifurcations in
(4.50) are nondegenerate.

From a control point of view coexistence of the fixed point together with
stable attractors is undesirable. In the original paper [56] numerical continu-
ation of fixed points and computation of one–dimensional stable and unstable
manifolds were used. The coexistence of global stable attractors together with
the period one fixed point and tangencies of stable and unstable manifolds were
then deduced from the phase portraits. The authors pointed out that it was
difficult to characterize the bifurcations near the codim 2 points. However, first,
we computed the critical normal form coefficients symbolically and thus were
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able to check that these are indeed nondegenerate codim 2 bifurcations. Second,
we were able to verify the hypothesis that some global bifurcations occurred.
Since these are present in the normal form for certain values of the critical nor-
mal form coefficients, by continuity they should also be observed away from the
resonances. The analysis showed as well that a specific choice of c > 0 may lead
to more desirable bifurcation sequences.

4.2.2 Leslie–Gower competition model

The origin of this example is in [116, 117, 54]. It has been found in biological ex-
periments that two species of flour beetles can coexist under strong competition
for the same food. This was rather unexpected at the time and several models
were built to explain this phenomenon. One of the ideas proposed in [54] and
[147] was to use an age-structured population model. For general background
we refer to [25]; the model that we actually use is a four-dimensional map MLG

(4.56) with 14 parameters described in [147]:

MLG :




j
a
y
z


 7→




j′

a′

y′

z′


 =




b1a

(1 + cjjj + cjaa+ cjyy + cjzz)
(1 − µj)j + (1 − µa)a

b2z

(1 + cyjj + cyaa+ cyyy + cyzz)
(1 − µy)y + (1 − µz)z




(4.56)

This is a Leslie–Gower competition model for the interaction between the ju-
veniles (j) and adults (a) of one species of the flour beetle Tribolium and the
juveniles (y) and adults (z) of another species for the same food. Each species
has its own juvenile recruitment rate b1 and b2, juvenile death rate µj and
µy, and adult death rate µa and µz. The other coefficients cjj , cja, cjy, cjz and
cyj , cya, cyy, cyz describe the competition. All parameters are strictly positive,
but for biological reasons we have

0 < µj , µa, µy, µz < 1. (4.57)

By assumption, the competition does not affect the adults of either species.
As in [147], we will study the influence of the coefficients cyj and cjy on the
behavior of MLG in a case where all other parameters are fixed. In other words,
we study the role of the competition between juveniles alone.
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The origin (0, 0, 0, 0) is a fixed point of (4.56) but is of little interest. The
model also has ‘horizontal’ fixed points, i.e., fixed points of the form (j∗, a∗, 0, 0)
given by

j∗ =
b1(1 − µj) − µa

µacjj + cja(1 − µj)
, a∗ =

1 − µj
µa

j∗ =
b1(1 − µj)

2 − µa(1 − µj)

µa(µacjj + cja(1 − µj))
, (4.58)

where j∗, a∗ > 0 (i.e., biologically meaningful) when

b1(1 − µj) > µa.

Similarly, there are unique ‘vertical’ fixed points of the form (0, 0, y∗, z∗) given
by

y∗ =
b2(1 − µy) − µz

µzcyy + cyz(1 − µy)
, z∗ =

1 − µy
µz

y∗ =
b2(1 − µy)

2 − µz(1 − µy)

µz(µzcyy + cyz(1 − µy))
(4.59)

These are biologically meaningful if y∗, z∗ > 0, i.e., when

b2(1 − µy) > µz.

Furthermore there exists a unique coexistence fixed point (j∗, a∗, y∗, z∗) with

j∗ =
γ(b2β − 1) − (b1α− 1)η

δγ − εη
,

a∗ = α

(
γ(b2β − 1) − (b1α− 1)η

δγ − εη

)
,

y∗ =
−ε(b2β − 1) + (b1α− 1)δ

δγ − εη
,

z∗ = β

(−ε(b2β − 1) + (b1α− 1)δ

δγ − εη

)
,

provided
H ≡ δγ − εη 6= 0, (4.60)

where

α =
1 − µj
µa

, β =
1 − µy
µz

, ε = cjj + cjaα

and
γ = cjy + cjzβ, δ = cyj + cyaα, η = cyy + cyzβ.
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Table 4.1: Parameter values for the Leslie–Gower model.

b1 = 20 cjj = 0.36 b2 = 18 cja = 0.55 cjz = 0.23 µj = 0.23
µa = 0.72 cya = 0.08 cyy = 0.18 cyz = 0.26 µy = 0.29 µz = 0.98

The equation H = 0 defines a hyperbola in (cyj , cjy) space.
We will study the overall dynamics of the model for the parameter values

specified in Table 4.1. The parameters cjy and cyj will vary.
First we consider the horizontal and the vertical fixed points and their sta-

bility. For all values of cjy and cyj , the fixed point obtained from (4.58)

FH = (21.50285631, 22.99611022, 0, 0)

remains unchanged since cjy and cyj do not appear in (4.58). For the given
model parameters, the horizontal fixed point is stable if cyj > cyj0, where cyj0 =
0.474477674. It is biologically plausible that the horizontal fixed point is stable
only if the juveniles of the first species suppress the juveniles of the second
species to a sufficient degree and vice versa. The vertical fixed point (4.59) is
stable if cjy > cjy0, where cjy0 = 0.4571312026.

Now we consider the coexistence fixed point (j∗, a∗, y∗, z∗), starting the con-
tinuation from

FC = (16.42912, 17.570032, 28.871217, 20.916902),

where cyj = cjy = 0. This fixed point bifurcates into vertical and horizon-
tal fixed points respectively, when one of cjy and cyj is varied and the other
variable is fixed at 0. In the model this means that one species drives another
to extinction. Continuation of the coexistence fixed point, where cjy is the
free parameter leads to BP (branching) and PD bifurcations at cjy = cyj0 and
cjy = 0.170849, respectively. The coexistence fixed points bifurcate into vertical
fixed points at the BP. The coexistence fixed point is stable before the BP and
unstable afterwards, this reconfirms the above analytical results. If we continue
the coexistence fixed points with the free parameter cyj , it bifurcates into the
horizontal fixed point at another BP. The coexistence fixed point is stable before
this BP and unstable afterwards.

The solutions to the equation H = 0, where H is given by (4.60), are the
parameter values for which the existence and uniqueness of the coexistence fixed
point are not guaranteed. In the present context, where only cyj and cjy vary,
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this leads to the condition

cyjcjy + acyj + bcjy − c = 0, (4.61)

where a = 0.1666326531, b = 0.0855555552, and c = 0.3350275226, which
indeed defines a hyperbola in (cyj , cjy) space. It is not hard to prove that the
point (cyj0, cjy0) lies on the hyperbola.

Now we return to the stability of the coexistence fixed points. The coexis-
tence fixed point is unstable outside the rectangle

S1 = {(cyj , cjy) : 0 ≤ cyj ≤ cyj0, 0 ≤ cjy ≤ cjy0} .

Figure 4.21 shows the hyperbola H = 0 and the rectangle S1. Inside S1 the
stability properties of the coexistence fixed point are more complicated. By
numerical continuation we find that there is an interior region in which the
coexistence fixed points are unstable. This region is bounded by the PD curve,
where the stability changes. The projection of the PD curve on the (cyj , cjy)-
plane goes twice through the point (cyj0, cjy0). Indeed, the PD curve has two fold-
flip points, where (cyj , cjy) = (cyj0, cjy0). Moreover, there are two degenerate
period-doubling points DPD on the PD curve: (cyj , cjy) = (0.210138, 0.383143)
and (cyj , cjy) = (0.454279, 0.297779). The branches of fold curves of the second
iterate can be computed by switching at the DPD points. These curves emanate
tangentially to the PD curve.

The region where there are stable fixed points of the second iterate is bounded by
the two fold curves of the second iterate and the lower left part of the PD curve.
From the applications point of view, this is the most interesting region because
it shows that indeed the two species can coexist even when the competition is
strong. We note that if both cyj and cjy are larger than 0.5 then the horizontal
fixed points, the vertical fixed points and the fixed points of the second iterate
are all stable. The PD curve and the fold curves of the second iterate are given
in Figure 4.21.

It can be shown analytically that there is a straight line of coexistence fixed
points for the fixed parameter values (cyj , cjy) = (cyj0, cjy0) which bifurcates
to the horizontal and vertical fixed points where cjy = cjy0 and cyj = cyj0
respectively. This straight line can be found numerically by switching to the
fold curve in the fold-flip (LPPD) points of the flip curve since technically it is a
curve of (degenerate) fold points of the original Leslie–Gower map.
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Figure 4.21: The flip curve PD1, the fold curves of the second iterate LP 2,
hyperbola H = 0 and the rectangle S1 in (cyj , cjy)-plane.

4.2.3 Control of a robot-arm

We consider a simple robotic arm which is modeled as a planar double pendu-
lum [118, 148]. The region where the desired solution is stable, is bounded by
Neimark-Sacker, period-doubling and fold bifurcations. Due to the assumption
that the desired solution is always a solution of the system, the fold bifurcation
is actually a transcritical bifurcation. In this time-periodic ODE-system we find
a flip–Neimark-Sacker and a transcritical-flip bifurcation as organizing centers,
which we will study in more detail.

The endpoint of the arm should be controlled to move on a circle, see Figure
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Figure 4.22: The robot-arm as a double pendulum.

4.22, using two drive moments M1 and M2. The equations of motion are

(
M1

M2

)
=

(
ρ
3 + 4

3 + cosφ2 −( 1
3 + 1

2 cosφ2)
−( 1

3 + 1
2 cosφ2)

1
3

)(
φ̈1

φ̈2

)
+

(
k1φ̇1

k2φ̇2

)
+

( 1
2 φ̇2(φ̇2 − 2φ̇1) sinφ2

1
2

(
φ̇1

)2

)
+ kG

(
(ρ2 + 1) cosφ1 + 1

2 cos(φ2 − φ1)
− 1

2 cos(φ2 − φ1)

)
.

(4.62)

A reference solution is specified by

xspec = l(cosφ1 + cos(φ2 − φ1)) = L− r cos(ωt),
yspec = l(sinφ1 − sin(φ2 − φ1)) = r sin(ωt)

and we want to know if it is stable under perturbations. To this end, we write
ψi = φi − φi,spec and Mi = Mi,spec + ∆Mi to measure deviations. To obtain
stability the following control law was stipulated: ∆M1 = Rψ1 and ∆M2 =
Rψ2/3. The above relations are inserted into the equations of motion and
expanded in terms of ψi, ψ̇i and ψ̈i for i = 1, 2 up to third order. The third order
approximation is sufficient to characterize almost all bifurcations of codimension
one and two of the origin. This yields a four-dimensional vector field with
periodic coefficients as functions of φ1 and φ2 and their derivatives. These can
be expressed in terms of xspec and yspec. Then time was scaled such that the
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period is T = 2π. This affects the damping and control coefficients:

m1 = m2 = 10, ρ = m1

m2
, l = .4, L = .5, r = .1,

R̃ =
R

m2ω2l2
, k1 = k2 =

0.5

m2ωl2
, kg =

9.81

ω2l
.

(4.63)

Under variation of the control parameter R and the angular velocity ω, the
stability of the origin, which is always a solution of the new system, is analyzed
by considering the time–T map numerically. The following local bifurcation
diagram with transcritical, period-doubling and Neimark-Sacker bifurcations
was computed with content [109], see Figure 4.23. Then using a Runge-
Kutta-Fehlberg integrator of order 7-8 combined with automatic differentiation
(as in 4.C), we obtained the Poincaré map with the derivatives up to third order.
Thus we were able to evaluate the formulas derived in Sections 2.4 and 3.2.

Flip-NS: For the following parameter values a period-doubling curve and a
Neimark-Sacker curve are intersecting:

ω = 18.7468.., R = −114.5978.. . (4.64)

Evaluation of the center manifold formulas in Section 3.2 gives

a11 = −2.1299.., a12 = −5.0519.., a21 = 0.3385.., a22 = −0.1135.. .

We see that it is non-degenerate and since a11a22 > 0, this corresponds to the
“simple” case. Let us start in the region where the origin is stable, i.e., the
lower part in Figure 4.24 bounded by the curves PD1 and NS1, and go around
the codim 2 point clockwise. Crossing NS1 a stable invariant curve appears
around the origin, which is still the attractor if we traverse PD1. Then the
invariant curve “doubles” into a stable doubled invariant circle near C̃D and
disappears again through NS1. In this scenario there are bubbles as described
in Section 2.4 and shown in the close-up, see Figure 4.24. Going further the
doubled invariant circle shrinks and disappears by NS2 rendering the period
two cycle stable and after PD1 the origin is stable again.

Transcritical-Flip: 6 For the following parameter values a period-doubling
curve and a transcritical-curve are intersecting

ω = 11.7255.., R = −36.0232.. . (4.65)

6In [123] the equations of motion of [118] were used in the analysis of this bifurcation. Only
after publication of [123] were we informed of the correct equations published in [151], which
is used here throughout.
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Figure 4.23: Bifurcation diagram of the origin for the double pendulum system
with control. TR = transcritical of the origin, PD = period doubling of the ori-
gin, NS = Neimark-Sacker of the origin. Close-ups with secondary bifurcation
curves are shown in Figures 4.24 and 4.25.

Then the critical normal form coefficients for Equation (2.26) were computed
to be

a0 = −6.2500.., b0 = −8.6185.., c0 = −423.2120.., d0 = −713.8782.. .
(4.66)

Thus the bifurcation is non-degenerate, but the family is not transversal due
to the assumption that the reference solution always satisfies the equations.
As we do not have the generic unfolding, we should instead investigate the
unfolding of F̃µ(x, y) = F0(x, y) + (µ1x, µ2y)

T , where F0 is the critical map in
Proposition 2.3.2. From the signs of a0 and b0 and the generic unfolding, we
expect interactions of the origin, a nearby mode and a mode of double period.
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Figure 4.24: Local bifurcation diagram near the flip–Neimark-Sacker bifurca-
tion. PD1 = period doubling of the origin, NS1 Neimark-Sacker of the origin,
NS2 = Neimark-Sacker of the period two point, C̃D = period doubling of an
invariant circle (sketch). Also displayed near C̃D is an Arnol’d tongue of a cycle
of period 11 bounded by LP 11

1,2. On this tongue are two fold-flip points FF 11, see
also the rotated magnification of this piece together with the period-doubling
ellipse PD11. The DPD points have not been computed.

We compute linear approximations of curves along which there is a multiplier
+1 or −1. The calculations give the following results:

bifurcation(period) approximation nondegenerate if
transcritical(1) µ1 = x = y = 0 a0 6= 0

flip(1) µ2 = x = y = 0 b0 6= 0
flip(1) y = 0, x = −µ2 = −µ1/a0 b0 6= 0

The degeneracy of the unfolding leads to a secondary flip bifurcation, which
is present on both sides of the TF-bifurcation. This does not happen for the
generic FF-bifurcation.

To conclude this example we interpret our results. The prescribed motion
is stable in region 1 and 2, see Figure 4.25. It coexists with an unstable mode
nearby and in region 2 there is also an unstable double period mode. If the
input parameters for the robot are perturbed clockwise around the TF-point,
the origin and the period-2 mode coalesce and the solution becomes unstable.
There is a nearby fixed mode, which is also of saddle type in region 3.

Going counterclockwise from region 1, to region 4, the nearby mode becomes
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Figure 4.25: Local bifurcation diagram near the TF-bifurcation. TR = trans-
critical, PD(O) = period doubling of the origin, PD(S) = period doubling of
nearby fixed mode.

stable. Next in region 5, the origin has exhibited a flip bifurcation resulting in an
unstable period 2 mode. These disappear in the secondary flip-bifurcation, and
the nearby mode becomes unstable. We may say that the motion is completely
unstable in regions 3 and 6.

4.2.4 The extended Lorenz Model

As an example of the fold-flip bifurcation in ODE’s we study an extension of a
model formulated by [119]. A bifurcation analysis of this model was presented
by [142] and [153]. In the latter paper it was shown, that the Lorenz-84 model
approximates the dynamics of a low-order Galerkin truncation of an atmospheric
flow model. The atmospheric model describes synoptic dynamics, i.e., dynamics
on a time scale of about a week and a length scale of about ten thousand
kilometers. The synoptic atmospheric dynamics over the North Atlantic ocean
is dominated by the jet stream, a westerly circulation, and baroclinic waves,
which transport heat and momentum northward. In the Lorenz-84 model the
intensity of the jet stream is given by X and the sine and cosine coefficients of
a baroclinic wave are given by Y and Z. The dynamical equations for these
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Y = −5.6335141581943.10−2 F = 1.7620532879639 λ1 = 1 ± 10−11

Z = 4.1293337647981.10−2 T = 2.80597685.10−4 λ2 = −1 ± 10−9

U = .31352886978279 λ3 = −0.4305402615

Table 4.2: The critical fixed point of the Poincaré map associated to (4.67) with
the parameter values and the multipliers.

variables are the first three equations in the system





Ẋ = −Y 2 − Z2 − αX + αF − γU2

Ẏ = XY − βXZ − Y +G

Ż = βXY +XZ − Z

U̇ = −δU + γUX + T

(4.67)

The damping time scale of the baroclinic wave is about one week and is scaled to
unity. As α = 1/4 the jet stream is damped more slowly. We extend the Lorenz-
84 model by adding the fourth equation in the spirit of [133], who studied the
influence on the jet stream and the baroclinic waves of external parameters such
as the sea surface temperature. Note, that U interacts nonlinearly with the jet
stream and that the Lyapunov function L = X2 +Y 2 +Z2 +U2 is conserved in
the absence of linear damping and constant forcing. In the following we will fix

β = 1, γ = 0.987, δ = 1.04, G = 0.2.

It is known from [153], that the basic cycle of the Lorenz-84 model, which is
created via a Hopf bifurcation of the trivial equilibrium, represents a traveling
baroclinic wave, and undergoes a period doubling cascade at certain values of
the parameter F . By construction, solutions of the Lorenz-84 model are also
solutions of the extended model for U = T = 0. At a period doubling bifurcation
of the Lorenz-84 model a small perturbation of the extended model can yield a
cycle with Floquet multipliers +1 and −1.

We study the Poincaré map in the plane X = 1.05 at the fold-flip point A.
In Table 4.2 the numerical values are listed. Figure 4.26 shows the bifurcation
diagram obtained in a neighborhood of the codimension 2 point A. In the top
left corner there is a generalized Hopf point GH at which a Hopf bifurcation
and a fold bifurcation of a cycle meet (see, for example, [106], chapter 8.3).
Along the fold line the cycle has one multiplier +1 and two multipliers within
the unit circle. One of them crosses −1 at the codimension 2 fold-flip point
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A. From the picture and its scale we deduce for the coefficients of 2.33 that
a(0), b(0) > 0. Secondly we expect that a(0) is small, since the fold and flip
curves are very close. To compute the multilinear functions, we integrated the
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Figure 4.26: Bifurcation diagram near the codimension two point: Hopf (black),
period-doubling (red), fold of periodic orbits (blue), torus bifurcation (darker
blue). Obtained using auto97 [52].

variational equations described in Appendix 4.B numerically using a Runge-
Kutta-Fehlberg scheme of 7-8 order. Then we implemented the formulas for
the Poincaré map and its derivatives in MATLAB and applied the formulas of
Chapter 3 for the center manifold reduction. This gives

a(0) = 0.002047, b(0) = 4.4010, c(0) = −0.02336, d(0) = 232.682.

These values are in agreement with what we deduced from Figure 4.26. For
these coefficients the Lyapunov coefficient has the value cNS = −0.6062, which
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indicates that there is a stable invariant curve in the center manifold. A config-
uration of the stable invariant circles of the Poincaré map, obtained by forward
integration, is shown in Figure 4.27. A double torus around the period-2 cycle
corresponds to the invariant circles of the second iterate of the Poincaré map.
Also shown are the intersection points of the unstable cycle that bifurcates on
the torus line TR. The period of this cycle is close to that of the motion along
the stable torus. The other period of stable solutions on the torus is much longer
and in fact goes to infinity at the fold-flip point A. Away from TR the torus
breaks up and a strange attractor is created in a thin tube around the original
invariant circle as shown in Figure 4.28. This bifurcation has been also found
recently in another extended Lorenz-84 model by [31]

With a(0), b(0) > 0 we expect the torus to become heteroclinic as can be
seen from the unfolding in Figure 2.6. However, if we calculate the linear ap-
proximation of the heteroclinic bifurcation line J− from Proposition (2.3.7), it
turns out to lie extremely close to the period-doubling line PD in Figure 4.26.
Hence, we cannot find heteroclinic tangencies numerically. In the Poincaré sec-
tion of Figure 4.27, corresponding to phase portrait 4− in Figure 2.6, we do see
that the torus is squeezed and looks like the heteroclinic surface that exists on
J−.

Summarizing, the stable solutions around the codimension 2 point A are

• an equilibrium which represents a steady jet stream without wave activity,

• period 1 and 2 cycles which represent traveling baroclinic waves, and are
also present in the Lorenz-84 model itself,

• a stable torus, which represents a traveling baroclinic wave with an am-
plitude that is slowly modulated or

• a strange attractor, which represents a traveling baroclinic wave with an
amplitude that is modulated irregularly.

The modulation of the amplitude of the traveling wave is due to interaction
with the added mode, U .

4.2.5 The SEIR-epidemic-model

The SEIR epidemic model describes the spread of a non-lethal disease in a large
population, which is divided into four classes: susceptible (S), exposed (E),
infective (I) and recovered (R). We briefly introduce the model (see [50] for
details and references). New susceptibles are ‘born’ with the growth rate µ; β
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Figure 4.27: The invariant circles of the second iterate of the Poincaré map to
the right of TR. The crosses indicate the intersection points of the unstable
cycle which bifurcates on TR.

is the contact rate between susceptibles and infectives. The exposed become
infective with the rate α and the infectives recover with the rate γ. This gives





Ṡ = µ− µS − βSI

Ė = βSI − (µ+ α)E

İ = αE − (µ+ γ)I

(4.68)

and R = 1 − S − E − I. In [114] effects of a seasonal variation of the contact
rate with other parameters constant,

β = β0(1 + δ cos(2πt)),

were studied numerically by considering the Poincaré map

P : (S(0), E(0), I(0)) 7→ (S(1), E(1), I(1)). (4.69)
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Figure 4.28: After the destruction of the torus a strange attractor is created.
Also shown are the intersection points of the saddle type cycle. The integration
was started near the saddle type orbit.

For measles the characteristic parameters are µ = 0.02, α = 35.842 and γ = 100.
A bifurcation diagram in two parameters (β, the mean value, and δ, the degree
of seasonality) was obtained. Codimension 2 bifurcations, namely cusps and
degenerate flips, were found.

We used content [109] to recompute the codim 1 bifurcation curves ob-
tained in [114] and to locate the codim 2 points, see Figure 4.29 and Table 4.3.

The Poincaré map (4.69) was computed using the Runge-Kutta-Fehlberg
integration method of order 7-8 with the absolute step tolerance 10−14. The
derivatives of the Poincaré map were obtained with the same accuracy as the
Poincaré map using the automatic differentiation package adol-c[75] (see Ap-
pendix B). Then the formulas for the critical normal form coefficients derived
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Figure 4.29: Bifurcation diagram of the SEIR-model. Labels t(k)(f (k)) denote
fold(flip) bifurcation of period-k cycles. Point C corresponds to the cusp bi-
furcation of period-2 cycles; D1,2 are the degenerate flip points. The codim 2
points are studied in this section.

in Section 4 were implemented in matlab.

Instead of the original SEIR-model (4.68), we used an equivalent system for
s = logS, e = logE and i = log I. When the variables are small, integrating
this equivalent system is numerically more stable.

For the critical normal form coefficients (2.7) and (3.13) we have found

Cusp : a ≈ −7.53 × 10−7, c ≈ −0.224. (4.70)

We see that the cusp point is indeed nondegenerate, so that precisely three
cycles of period 2 exist for nearby parameter values.

For the degenerate flip points we have obtained using (2.9) and (3.19) the
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Point Parameter Coordinates
C δ ≈ 0.5327 S ≈ 0.02229

β0 ≈ 5928 E ≈ 0.1887 × 10−7

I ≈ 0.5499 × 10−8

D1 δ ≈ 0.03815 S ≈ 0.05029
β0 ≈ 2015 E ≈ 5.3301 × 10−4

I ≈ 1.8846 × 10−4

D2 δ ≈ 0.1328 S ≈ 0.03566
β0 ≈ 3019 E ≈ 4.9463 × 10−4

I ≈ 1.6794 × 10−4

Table 4.3: The codim 2 points in the periodically forced SEIR-model.

following values

D1 : b ≈ −2.33 × 10−6, c ≈ 0.764,

D2 : b ≈ −1.49 × 10−5, c ≈ −0.0313.

Thus, these points are nondegenerate and one fold bifurcation curve t
(2)
k em-

anates tangentially to f (1) from each codim 2 point Dk for k = 1, 2, see Figure
4.29.

Now consider the region enclosed by f (1), t
(2)
1 and t

(2)
2 . Here two different

stable period two attractors coexist, one with two-yearly outbreaks, the other

with yearly outbreaks. One comes from the curve t
(2)
1 originating in D1. The

other is a result of the period doubling when crossing f (1). This region exists,
because the coefficients c of D1 and D2 have opposing signs.

Since we verified the non-degeneracy numerically, this implies that we indeed
deal with codim 2 points. So near the codim 2 points D1,2 and C no other
bifurcations exist, and the picture is complete.

Appendices to Chapter 4

4.A Derivatives for Section 4.2.1

Here we give the expressions of the eigenvectors on the Neimark-Sacker curve

along which all four codimension two bifurcations occur. We fix c = −
(

2b+1
b+1

)
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rather then b, since this simplifies formulas. The equivalent expressions can
easily be computed.

The Jacobi matrix at the fixed point is

A =




0 1 0
b 1 − b− k 1

k(1 + b)
(k(1 + b)(1 − b− k)

b
1 + k +

k

b




with eigenvalues

λ1 =
2b+ k −

√
k(4b+ k)

2b
, λ2 =

2b+ k +
√
k(4b+ k)

2b
, λ3 = −b.

If k2 + 4bk < 0, then the eigenvectors corresponding to λ1 are

q =

(
−k(3b+ k) + (b+ k)

√
k(4b+ k)

(2kb(b+ 1)
,
−k +

√
k(4b+ k)

2k(b+ 1)
, 1

)T
,

p =
1

α

(
−1

2

(
k +

√
k(4b+ k)

)
,− 1

2b

(
k(2b+ 1) +

√
k(4b+ k)

)
, 1

)T
,

where

α =
(1 + b+ k)(k + 4b) − (1 + 3b+ k)

√
k2 + 4b

2b(1 + b)
.

Then the derivative-tensors are given by

B(p, q) =




0
p2q3 + p3q2

(1+b)(2+3b)k
k (p1q2 + p2q1) + 2(1+b)(2+3b)k(1−b−k)

b2 p2q2
+ (1+b)(1+2b)k

b2 (p2q3 + p3q2)




It is easy to see that for the third and higher order tensors only the third
component will be nonzero. We write

C(p, q, r) =




0
0∑3

i,j,k=1 Cijkpiqjrk


 ,

where at least two indices of Cijk are equal to two, otherwise the coefficient is
zero. We have

C122 = C212 = C221 =
2(1 + b)2(4 + 7b)k

b2
,
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C222 =
6(1 + b)2(4 + 7b)k(1 − b− k)

b3
,

C322 = C232 = C223 =
2(1 + b)2(1 + 2b)(4 + 5b)k

b3
.

In a similar manner we find

D(p, q, r, s) =




0
0∑3

i,j,k,l=1Dijklpiqjrksl


 ,

where at least three indices of Dijkl are equal to two, otherwise the coefficient
is zero. We have

D1222 = D2122 = D2212 = D2221 =
6(1 + b)2(8 + 24b+ 17b2)k

b3
,

D2222 =
24(1 + b)2(8 + 24b+ 17b2)k(1 − b− k)

b4
,

D3222 = D2322 = D2232 = D2223 =
24(1 + b)2(1 + 2b)(2 + 3b)k

b4
.

And finally the fifth order tensors are given by

E(p, q, r, s, t) =




0
0∑3

i,j,k,l,m=1Eijklmpiqjrksltm


 ,

where

E12222 = E21222 = E22122 = E22212 =

E22221 =
24(1 + b)3(16 + 52b+ 41b2)k

b4
,

E22222 =
120(1 + b)3(16 + 52b+ 41b2)k(1 − b− k)

b5
,

E32222 = E23222 = E22322 = E22232 =

E22223 =
24(1 + b)2(1 + 2b)(16 + 44b+ 29b2)k

b5

and all other coefficients are zero.
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4.B Poincaré maps and their derivatives

In this appendix we derive a method to compute numerically the derivatives
of a Poincaré map up to and including third order by integrating higher-order
variational equations. Let f(x) be a smooth vector field in Rn. We take a local
cross-section Σ ⊂ Rn with dimension n− 1. The hypersurface Σ does not need
to be a coordinate plane, but should be chosen transversal to the flow of f .
This is satisfied if for the normal nΣ(x) for x ∈ Σ we have 〈f(x), nΣ(x)〉 6= 0.
Let L0 be a τ0-periodic orbit through Σ and U ⊂ Σ a subset which contains an
intersection point x0 of L0∩Σ. If L0 intersects Σ in multiple points we shrink U
until we have one point of intersection, i.e., x0. The Poincaré map P : U → Σ

Σ

x

L0

x0
P (x)

Figure 4.30: The geometry of the Poincaré map.

is defined for x ∈ U by

P (x) = φ(t(x), x),

where t(x) is the arrival time after which the orbit intersects Σ for the first time
again, and φ(t, x) is the solution to

ẋ = f(x), x ∈ Rn,

with the initial condition φ(0, x) = x (see Figure 4.30). Note that φ is as smooth
as f . The arrival time τ depends on x with t(x0) = τ0. The Floquet multipliers

of L0 can be calculated as the eigenvalues of the monodromy matrix ∂φ(τ0,x)
∂x .

It always has a trivial eigenvalue 1. With the Liouville Theorem one can prove
that the product of the multipliers is always positive.
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We proceed with a method to derive the Poincaré map and its derivatives
numerically. We closely follow the presentation of [144], but we extend it to the
third order derivatives. We can write for a displacement x+ h ∈ Rn

φ(t, x+ h) = φ(t, x) +
∂φ(t, x)

∂x
h+

1

2

∂2φ(t, x)

∂x2
h2 + . . . .

We assume that (x + h) ∈ Σ, or, more precisely, ∂φ(t,x)
∂x h = (Dxφ(t, x))(h),

∂2φ(t,x)
∂x2 h2 = (D2

xφ(t, x))(h, h) etcetera. The multilinear functions ∂iφ(t,x)
∂xi satisfy

the variational equations, which we find by successive differentiation of φ̇(t, x) =
f(φ(t, x)). Since f and φ are Cr we can change the order of the derivatives and
find

d

dt

∂φ(t, x)

∂x
=Df(φ(t, x))

∂φ(t, x)

∂x
,

d

dt

∂2φ(t, x)

∂x2
=D2f(φ(t, x))

(
∂φ(t, x)

∂x

)2

+Df(φ(t, x))
∂2φ(t, x)

∂x2
,

d

dt

∂3φ(t, x)

∂x3
=D3f(φ(t, x))

(
∂φ(t, x)

∂x

)3

+ 3D2f(φ(t, x))

(
∂2φ(t, x)

∂x2
,
∂φ(t, x)

∂x

)

+Df(φ(t, x))
∂3φ(t, x)

∂x3
.

The initial conditions are given by

∂φ(t, x)

∂x

∣∣∣∣
t=0

= In,
∂2φ(t, x)

∂x2

∣∣∣∣
t=0

= 0, and
∂3φ(t, x)

∂x3

∣∣∣∣
t=0

= 0.

To find an analytic solution to the variational equations is an exception, but
numerically we can integrate these equations and we will show how to use them
to compute the derivatives of the Poincaré map. Normally one considers a cross
section Σ and the Poincaré map is just the return map to Σ. This is the case
when one looks at periodic orbits, which account for fixed points of the Poincaré
map. However, we will set up the structure of the Poincaré map for a flow from
a cross section Σ1 to a cross section Σ2 to distinguish the initial and the final
cross-section. In this way the notation is clearer, but in the end we will set
Σ1 = Σ2. The sections are defined by equations g1(x) = 0 and g2(x) = 0
respectively and we assume both sections to be transversal to the flow.

Let x1 ∈ Σ1 be the initial point and we define P : Σ1 → Σ2 by P (x1) =
x2 = φ(t(x1, x1)), such that g2

(
φ(t(x1), x1)

)
= 0. Here t(x1) is the travel time
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and it depends, of course, on the initial point. We compute the first derivative
of P by differentiation with respect to x1

∂P

∂x1
= f(x2)

∂t

∂x1
+

∂φ

∂x1

(
t(x1), x1

)
. (4.71)

Remark 4.2.1 We add a word of caution. We should make a distinction be-
tween the variables of the ODE in Rn and the variables of the Poincaré map in
Σ ∼ Rn−1. The derivatives above are formal w.r.t. x1 ∈ Rn, but the LHS of
(4.71) has the domain Σ1. Therefore the RHS has to be restricted to Σ1. Now, if
we take Σ1 = Σ2 to be given by setting the n-th coordinate equal to a constant,
then the derivatives of the Poincaré map will contain a block of zeros, namely
for the n-th component. This result follows easily from (4.72) and (4.74) for the
linear and quadratic part and can be extended for higher orders. In this way
we can take the variables {x1, . . . , xn} of f in Rn as variables for the Poincaré
map, excluding the n-th.

The first variational equation provides the matrix ∂φ
∂x1

. The derivative ∂t
∂x1

is

still unknown. We obtain it by differentiating the relation g2

(
φ(t(x1), x1)

)
= 0

〈Dg2(x2),

(
f(x2)

∂t

∂x1
+

∂φ

∂x1

(
t(x1), x1

))
〉 = 0,

or

∂t

∂x1
= − 1

〈∇g2(x2), f(x2)〉
Dg2

∂φ

∂x1
.

Note that the transversality condition implies that the denominator is nonzero.
Now we suppose that Σ1 and Σ2 are just coordinate planes, i.e., g1 and g2 are
given by taking, for instance the last, a coordinate equal to a constant. We
write aij = ∂φi

∂x1,j

(
t(x1), x1

)
. Then we have ∂t

∂x1,i
= − ani

fn(x2)
and in coordinates

the (n− 1) × (n− 1) matrix ∂P
∂x1

(x1) is given by

( ∂P
∂x1

)
ij

= aij −
fi(x2)

fn(x2)
anj . (4.72)

The restriction to the first n− 1 components is given by taking 1 ≤ i, j ≤ n− 1.
We continue with the second derivative. We differentiate another time and

we find

∂2P

∂x2
1

= Df(x2)f(x2)
( ∂t

∂x1

)2

+ 2Df(x2)
∂φ

∂x1

∂t

∂x1
+ f(x2)

∂2t

∂x2
1

+
∂2φ

∂x2
1

.
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Note that the first variational equation is used here to simplify the derivatives.

As before ∂2φ
∂x2

1
is obtained from the second variational equation and ∂2t

∂x2
1

by

differentiating g
(
φ(t(x1), x1)

)
once more

D2g2(x2))
(
f(x2)

∂t

∂x1
+

∂φ

∂x1

)2

+Dg2(x2)
[
Df(x2)f(x2)

( ∂t

∂x1

)2

+2Df(x2)
∂φ

∂x1

∂t

∂x1
+ f(x2)

∂2t

∂x2
1

+
∂2φ

∂x2
1

]
= 0, (4.73)

or more compactly (using (4.71) and (4.73))

D2g2(x2)
( ∂P
∂x1

)2

+Dg2(x2)
∂2P

∂x2
1

= 0.

For notational clarity we drop from now on the subscript 1 in x1. All derivatives
are now with respect to (the components xj of) x or to t. Returning to the

specific case of a return map we introduce the notation bijk = ∂2φi

∂xj∂xk
, fi = fi(x2)

and fij = Difj(x2). Making these substitutions also for the time derivatives,
we obtain

∂2Pi
∂xj∂xk

= bijk −
fi
fn
bnjk +

1

fn

n∑

s=1

(
fsi−

fi
fn
fsn

)( fs
fn
anjank − askanj − asjank

)
.

(4.74)
As before we have 1 ≤ i, j, k ≤ n− 1.

Finally we do the third derivative as well. Differentiating one more time, we
find

∂3P

∂x3
= D2f(x2)

(
f2(x2)

(
∂t
∂x

)3

+ 3f(x2)
∂φ
∂x

(
∂t
∂x

)2

+ 3
(
∂φ
∂x

)2
∂t
∂x

)

+Df(x2)
2
(
f(x2)

(
∂t
∂x

)3

+ 3∂φ∂x

(
∂t
∂x

)2)
+ f(x2)

∂3t
∂x3 + ∂3φ

∂x3

+3Df(x2)
(
f(x2)

∂t
∂x

∂2t
∂x2 + ∂φ

∂x
∂2t
∂x2 + ∂φ

∂x2
∂t
∂x

)
.
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More explicitly in coordinates we have

∂3Pi
∂xj∂xk∂xl

=

n∑

r,s=1

Drsfi(x2)

(
frfs

∂t

∂xj

∂t

∂xk

∂t

∂xl
+ fs

∂φr
∂xj

∂t

∂xk

∂t

∂xl

∗
+
∂φr
∂xj

∂φs
∂xk

∂t

∂xl

∗)

+
n∑

r,s=1

Dsfi(x2)Drfs(x2)

(
fr

∂t

∂xj

∂t

∂xk

∂t

∂xl
+
∂φr
∂xj

∂t

∂xk

∂t

∂xl

∗)

+
n∑

s=1

Dsfi(x2)

(
fs(x2)

∂t

∂xj

∂2t

∂xk∂xl

∗
+
∂φs
∂xj

∂2t

∂xk∂xl

∗
+

∂2φs
∂xj∂xk

∂t

∂xl

∗)

+ fi
∂3t

∂xj∂xk∂xl
+

∂3φi
∂xj∂xk∂xl

.

(4.75)

Here the ∗ means that the term with j, k, l cyclically permuted should be in-
cluded as well. The above expression is then invariant under changing the order
of the differentiation, if f is smooth. The third order derivative of the time can
be found from

D3g2(x2)

(
∂P

∂x

)3

+ 3D2g2
2(x2)

∂2P

∂x2

∂P

∂x
+Dg2(x2)

∂3P

∂x3
= 0.

4.C Automatic Differentiation of Poincaré Maps

For the examples in Section 4.2.3 and 4.2.5 we have studied codim 2 bifurcations
of periodic solutions. For the analysis we needed third- or even fifth-order
derivatives of the Poincaré map. These numerical data can be obtained using
adol-c [75], a package for automatic differentiation, that is more accurate and
efficient than finite differences or integrating variational equations. Here we
describe how we have used this package and give an example code.

We start with a solution Y = Y (t) of a T -periodic ODE

Ẏ = f(Y, t), Y ∈ Rn.

A periodic solution corresponds to a fixed point of the Poincaré (period) map
Y (0) 7→ Y (T ) = P (Y (0)). Continuation of codim 1 bifurcations of fixed points
can be done, for instance, in content [109]. Continuation using adol-c has
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been explored in [77]. Thus we may encounter a codim 2 bifurcation. To perform
the normal form analysis of the codim 2 bifurcation, we need the derivatives of
the Poincaré map. For most cases, third-order derivatives are sufficient, but
for some cases fifth-order tensors are required. These may be programmed as
follows.

First the variables and parameters are initialized and then the active section
is marked with the command trace on. The initial point Y (0) is passed by
overloading to a variable which is of type adouble defined by adol-c. Then
we integrate the system until time T and get the final point Y (T ). This point
is passed on to a passive variable, again by overloading, and we mark the end
of the active section with the command trace off. Now the derivatives can
be obtained with the command tensor eval and stored for the computation of
the critical normal form coefficients.7 The following code in C++ shows how the
third-order derivatives for the cusp of section 4.2.5 can be computed.

Note that here we treat the periodic case only. For autonomous systems, the
total derivative of the flow can be computed with adol-c and then projected
on a Poincaré cross-section, see Appendix 4.B.

/*--------------------------Example code-----------------------*/

#include <math.h>

#include "adouble.h" // these ADOL-C files should be accessible

#include "drivers.h" // from the compiling directory

#include "taylor.h"

#include "adalloc.h"

#include "util.c" // the function onestep is programmed in util.c

#define ny 3 // ny is the phase dimension

#define np 5 // np is the number of parameters

int i;

double TIME,PERIOD,STEP,Y[ny],YSEC[ny],PAR[np];

/*--------------------------initializations--------------------*/

void init(double *TIME, double *PERIOD, double *STEP, double *Y,

double *PAR){

*TIME = 0;

*PERIOD = 2.00000000E+00;

*STEP = 1E-03;

Y[0] = 0.00350065958911; // This is the cusp point from

Y[1] = 0.00119618571534; // section 4.2.5

Y[2] = 5.444402484663578E-04;

7We did this computation in matlab [86].
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PAR[0] = 2.00000E-02;

PAR[1] = 3.58420E+01;

PAR[2] = 5.92846844109E+03;

PAR[3] = 1.00000E+02;

PAR[4] = 0.535277498805;

}

/*--------------------------Main Program-----------------------*/

int main() {

init(&TIME, &PERIOD, &STEP, Y, PAR);

trace_on(1);

adouble *ay; // define computational variables

ay = new adouble[ny];

for (i = 0; i<ny; i++) ay[i] <<= Y[i]; // pass initial values

i=1;

do {

if(TIME+STEP-PERIOD >0){ // stop if time == period

STEP = PERIOD-TIME;

i=0;

}

onestep(&STEP, &TIME, PAR, ay); // make one time step

} while(i!=0);

for (i = 0; i<ny; i++) ay[i] >>= YSEC[i]; //pass final values

delete[] ay;

trace_off();

poincare(Y); //get the derivatives

}

The function onestep should be written such that the adouble ay is passed to
another adouble. In our code we assumed that a one-step integration method
is used. This can be easily adjusted to multistep methods. Note also that the
stepsize STEP is assumed to be automatically adjusted in onestep according to
predefined tolerances.

/*---------------------Obtain the derivatives------------------*/

void poincare(double *Y) {

int i,j,k,p,dim;

int d=4;

int* multi = new int[d];

double** S = new double*[ny];

for (i = 0; i < ny; i++) {
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S[i] = new double[ny];

for (j = 0; j < ny; j++){

S[i][j] = (i==j)? 1.0:0.0;

}

}

dim = binomi(ny+d, d);

double** tensors;

tensors = myalloc2(ny, dim);

tensor_eval(1, ny, ny, d, ny, Y, tensors, S);

double* tensor = new double[dim];

double DERIV[ny+1][ny+1][ny+1][ny+1];

multi[0] = 0;

for (i = 0; i < ny+1; i++) {

for (j = i; j < ny+1; j++) {

for (k = j; k < ny+1; k++) {

multi[1] = k;

multi[2] = j;

multi[3] = i;

tensor_value(d, ny, tensor, tensors, multi);

for (p = 0; p < ny; p++) DERIV[p][k][j][i]=tensor[p];

}

}

}

delete[] multi;

free(tensors);

free(tensor);

}

The variable DERIV will contain the required information as follows

DERIV[p][i][0][0] =
∂Pp(Y (0))

∂Yi
, i ≥ 1

DERIV[p][i][j][0] =
∂2Pp(Y (0))
∂Yi∂Yj

, i ≥ j ≥ 1,

DERIV[p][i][j][k] =
∂3Pp(Y (0))
∂Yi∂Yj∂Yk

, i ≥ j ≥ k ≥ 1,

where the indices i, j, k are non-increasing and p denotes the component of P .
Thus, only one half of the derivatives is stored, which causes no problems if the
map P is smooth enough. These derivatives may be stored in a file for further
analysis in matlab, for example.



Chapter 5

Final remarks and future

work

In Chapter 2 we have contributed to the analysis of codim 2 bifurcations occur-
ring in generic two-parameter families of maps. In some sense it completes the
analysis of local codimension two bifurcations of fixed points as together with
the descriptions in [106, 32] for all cases there is now a proper analysis of the
truncated normal form.

Specifically we have paid attention to the fold–flip, flip–Neimark-Sacker and
double Neimark-Sacker bifurcations. We have combined various analytical and
numerical methods to study the dynamics in the symmetric and perturbed nor-
mal forms. Although the theoretical picture already shows a richness of bifur-
cations, we notice that our studies indicate even further complications. Here we
have focused primarily on local bifurcations, but global bifurcations are present.

There are several open problems for future research. In Section 2.4, we have
focused primarily on local bifurcations, but many global bifurcations are present.
In both the flip–Neimark-Sacker and the double Neimark-Sacker bifurcations the
heteroclinic structures imply complex dynamics which is not yet well described.
The resonances on the 2- and 3-tori can be mapped in more detail. Then the
effect of asymmetric perturbations and the relation of the truncated normal form
and the original map can be investigated in more detail. Studies in this direction
have been performed in [39, 9, 2, 33, 7, 146, 29], but might be done even more
systematically using available symbolic and numerical tools. Especially near the
quasi-periodic saddle-node bifurcation in the Chenciner bifurcation resonance

195
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bubbles can be explored in more detail.
In Chapter 3 we have derived the explicit formulas for the normal form co-

efficients to verify the nondegeneracy of codimension two bifurcations of fixed
points. Applying our results to n-dimensional maps, one avoids the computa-
tion of the center manifold, but can directly evaluate the critical normal form
coefficients in the original basis. Note that the formulas remain valid if the map
has the minimal dimension for a bifurcation to occur. Thus they are useful in
this case too, as one can avoid the transformation of the linear part of the map
into Jordan form. The full verification of the genericity of a codim 2 bifurcation
requires not only establishing its nondegeneracy at the critical parameter values
but also a careful analysis of how the system depends on parameters. Gener-
alizing the normalization technique to parameter-dependent maps, we can also
relate unfolding and system parameters to make predictions about new codim
1 branches.

We have described the implementation of continuation and normal form
analysis of fixed points and cycles in matcont. We use minimally extended
systems, which proved to be one of the best methods. This continues to be
work in progress as there are several problems for future work. Let us mention
a few.

We use the iterated maps in case of cycles. When we are dealing with
stiff systems and small basins of attraction, a BVP-approach using extended
systems for the fixed point, i.e., f(x1) − x2 = 0, . . . , f(xn) − x1 = 0, might be
more efficient. Another idea is to use automatic differentiation systematically as
an alternative to symbolic derivatives. One reason is that symbolic derivatives
may not always be available. The second is that preliminary evidence suggests
that the computation of normal form coefficients for high iterates is faster when
automatic differentiation is used. Then we did not discuss global bifurcations.
As a first step, it is well worth the effort to incorporate in our package some
of the recent algorithms, [103] to compute (un)stable manifolds. If a transverse
intersection appears to be present, then using the defining systems as in [17],
approximations of homoclinic orbits may be computed. Finally, a graphical user
interface can be added.

The ideas above are still only about maps. We have applied our results to
limit cycles using numerical integration of the higher-order variational equations.
This approach has obvious limitations for high-dimensional and stiff ODE’s as
even the accurate computation of the Poincaré map may be problematic. A more
robust approach to study codim 2 bifurcations of limit cycles combines the center
manifold reduction near the cycle with a periodic normalization of the ODE on
the center manifold. First theoretical advances in this direction have been made
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in [88, 43]. Recently, in matcont [108] this has been implemented for codim
1 bifurcations. Here, numerical techniques based on discretized boundary-value
problems (BVPs) with the piecewise polynomial approximation of solutions and
the orthogonal collocation proved to be suitable for the continuation of limit
cycles and their bifurcations [53]. If one can derive the periodic normal forms
for codim 2 bifurcations of limit cycles, then the approach of [108] could easily
be extended.

Finally, let us mention the accumulation of nondegenerate 1:2 resonances
R2(k). Since its first observation in a periodically forced prey-predator model
[113] it has been shown to exist in various dynamical systems but the progress
in its theoretical understanding is very slow. One proposal for an unfolding can
be found in [162]. The generalized Hénon map seems to be the most tractable
model to study this phenomenon. Indeed, for S = 0 and small R, all 1:2
resonance points are located near the line β = 1, where the standard Hénon
map is area-preserving. In the conservative case, much is known, see [122], but
some eigenvalues of the renormalization operator seem to be rather different.
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Priložen. 11 (1977), no. 2, 1–10, 95.

[5] , Geometrical Methods in the Theory of Ordinary Differential
Equations, Springer-Verlag, New-York, 1983.

[6] V.I. Arnol’d, V.S. Afraimovich, Yu.S. Il’yashenko, and L.P. Shil’nikov,
Bifurcation theory, Dynamical Systems V. Encyclopaedia of Mathematical
Sciences (V.I. Arnol’d, ed.), Springer-Verlag, New York, 1994.

[7] D.G. Aronson, M.A. Chory, G.R. Hall, and R.P. McGehee, Bifurcations
from an invariant circle for two-parameter families of maps of the plane:
A computer-assisted study, Comm. Math. Phys. 83 (1982), 303–354.

[8] D. Arrowsmith and C. Place, An Introduction to Dynamical Systems,
Cambridge University Press, Cambridge, 1990.

[9] D.K. Arrowsmith, J.H.E. Cartwright, A.N. Lansbury, and C.M. Place,
The Bogdanov map: bifurcations, mode locking, and chaos in a dissipative
system, Int. J. Bif. Chaos 3 (1993), 803–842.

[10] A. Back, J. Guckenheimer, M. Myers, F. Wicklin, and P. Worfolk, DsTool:
Computer assisted exploration of dynamical systems, Notices Amer. Math.

199



200 BIBLIOGRAPHY

Soc. 39 (1992), 303–309.
[11] C. Baesens, J. Guckenheimer, S. Kim, and Mackay R.S., Three coupled

oscillators: mode-locking, global bifurcations and toroidal chaos, Phys. D
49 (1991), 387–475.

[12] F.S. Berezovskaya and A.I. Khibnik, On the problem of bifurcations of
auto-oscillation near resonance 1 : 4,[investigation of a model equation],
Academy of Sciences of the USSR Scientific Centre of Biological Research,
Pushchino, 1979, In Russian, with an English summary.

[13] , On the bifurcation of separatrices in the problem of stability loss
of auto-oscillations near 1 : 4 resonance, J. Appl. Math. Mech. 44 (1980),
938–943, In Russian.

[14] W.-J. Beyn, A. Champneys, E.J. Doedel, W. Govaerts, Yu.A. Kuznetsov,
and B. Sandstede, Numerical continuation, and computation of normal
forms, Handbook of Dynamical Systems (B. Fiedler, ed.), vol. 2, Elsevier
Science, Amsterdam, 2002, pp. 149–219.
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generalized Hénon maps, Proc. of Int. Conf. “Progress in Nonlinear Sci-
ence” dedicated to 100th Anniversary of A.A.Andronov, 2001, pp. 63–79.

[65] S.V. Gonchenko and L.P. Shil’nikov, On two-dimensional area-preserving
maps with homoclinic tangencies that have infinitely many generic elliptic
periodic points, Notes of St.-Petersburg Steklov Math. Inst. 300 (2003),
155–166.

[66] S.V. Gonchenko, L.P. Shil’nikov, and O.V. Stenkin, On Newhouse regions
with infinitely many stable and unstable tori, Proc. of Int. Conf. “Progress
in Nonlinear Science”, dedicated to 100th Anniversary of A.A. Andronov,
2002, pp. 80–102.



204 BIBLIOGRAPHY

[67] S.V. Gonchenko, L.P. Shil’nikov, and D.V. Turaev, Dynamical phenomena
in systems with structurally unstable Poincaré homoclinic orbits, Int. J.
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Samenvatting

De theorie van dynamische systemen kent zijn toepassing in vele vakgebieden.
Of een natuurkundige nu bewegingsvergelijkingen van deeltjes bestudeert, een
chemicus de uitkomst van reactieschema’s wil begrijpen of een bioloog de groei
en sterfte in een populatie wil beschrijven, een wiskundige zal dit formuleren als
een dynamisch systeem en de evolutie daarvan bestuderen.

Voor de modellen die we in dit kader bestuderen, nemen we nu voor het
gemak aan dat er wetten zijn die op elke tijdstap voorschrijven wat de variabelen
in het model gaan doen. Zulke systemen noemen we deterministisch; dit wil
niet zeggen dat het gedrag van de variabelen eenvoudig en voorspelbaar is.
Daarnaast maken we nog een onderscheid in deze groep dynamische systemen,
namelijk tussen degene die met lineaire en die met niet-lineaire vergelijkingen
beschreven worden. Voor de eerste klasse kunnen we vaak expliciete oplossingen
geven en is het mogelijk het hele model te beschrijven. Voor de tweede klasse, die
we hier bestuderen, is dat bijna altijd onmogelijk en moeten we meer meetkundig
en/of numeriek te werk gaan.

Een model kan, als het het proces getrouw genoeg beschrijft, gebruikt wor-
den voor voorspellingen. Dat kan echter alleen als het goed doorgerekend kan
worden. Met de komst van de computer is er veel mogelijk geworden, maar som-
mige problemen liggen voorlopig nog buiten bereik van onze huidige methoden.
Op grond van redelijke aannamen kan het model versimpeld worden, terwijl het
nog steeds geldt als typerend voor het probleem en misschien begrijpen we dan
het ontstaan van bepaalde patronen.

In dit proefschrift kijken we naar dynamische systemen gegeven door eindig
dimensionale afbeeldingen die afhangen van parameters. Parameters in een
model zijn bijvoorbeeld de temperatuur, die extern geregeld kan worden, of de
overlevingskans van een individu in een populatie, als bijvoorbeeld de hoeveel-
heid beschikbaar voedsel een beperkende rol heeft in een model. We bestuderen
in deze systemen de stabiliteit van oplossingen die gegeven worden door vaste (of
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periodieke) punten, terwijl we de parameters variëren. Zo’n vast punt noemen
we kritiek als deze (in-)stabiel wordt als een parameter een kritieke waarde over-
schrijdt. Dit heet een bifurcatie. In het algemeen geldt, hoe meer parameters
we nemen, hoe ingewikkelder het wordt alle mogelijke oplossingen en bifurcaties
van het dynamisch systeem te beschrijven. Nu geeft een twee parameter analyse
van een dynamische systeem een soort kaart van stabiliteitsovergangen. Deze is,
omdat het vlak is, goed te bevatten. Met nog meer parameters zal dit lastiger
zijn.

Een definitie van codimensie is het aantal benodigde parameters om alle
typen dynamica in de buurt van een kritiek punt te beschrijven. Voor vaste pun-
ten van afbeeldingen zijn er drie gevallen waar we in essentie maar een parame-
ter nodig hebben: een zadel-knoop, een periode-verdubbeling en een Neimark-
Sacker bifurcatie. Sinds de jaren 70 van de vorige eeuw zijn er duidelijke stel-
lingen voor deze bifurcaties die onder een aantal voorwaarden beschrijven wat er
generiek, dat wil zeggen in het algemeen te verwachten is. De Neimark-Sacker
bifurcatie wordt echter beter beschreven als we twee parameters gebruiken.

Het is niet moeilijk om na te gaan in welke situaties twee parameters nodig
zijn. Dat zijn namelijk de gevallen met een parameter waarbij niet aan een
van de voorwaarden van de eerder genoemde stellingen is voldaan. In totaal
zijn dat er elf, waarin de afgelopen decennia veel werk aan is verricht. In de
inleiding proberen we een historisch overzicht van de belangrijkste bijdragen te
geven. Toch waren er nog een drietal gevallen waar wel naar gekeken was, maar
onze kennis niet volledig was, namelijk de fold-flip, de flip-Neimark-Sacker en de
dubbele Neimark-Sacker bifurcatie. In de laatste twee gevallen blijkt het weer
handig om een extra parameter te gebruiken in de beschrijving.

In het tweede hoofdstuk geven we een overzicht van de codimensie-een en
-twee bifurcaties en de bijbehorende dynamica. Vervolgens bestuderen we de
drie eerder genoemde codimensie-twee bifurcaties in detail. Hiertoe versimpelen
we de vergelijkingen en beschrijven dan de codimensie-een bifurcaties die hier
ontspringen en de stabiliteit van de verschillende oplossingen. Daarna onder-
zoeken we wat er in het oorspronkelijke model kan gebeuren. In het bijzonder
kijken we numeriek naar het effect van resonanties en merken we op dat in de
ontvouwing van de dubbele Neimark-Sacker bifurcatie een periodiek punt deze
bifurcatie opnieuw kan vertonen.

In het derde hoofdstuk bekijken we afbeeldingen in meer dimensies. In de
buurt van een codimensie twee punt kunnen we de afbeelding beperken tot de
Centrum Variëteit, waarbij we de vergelijkingen meteen in de “simpelste” nor-
maalvorm zetten. Daarna kan men uit deze normaalvorm coëfficiënten aflezen
en daarmee de voorwaarden van de stellingen nagaan. We geven formules voor
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deze coëfficiënten en bespreken ook hoe we deze uitrekenen in een nieuwe ver-
sie van het programma MATCONT voor afbeeldingen. Ook beschouwen we
de parameter-afhankelijkheid van deze normaalvorm, wat we gebruiken om het
numeriek volgen van secundaire vertakkingen te initialiseren vanaf codimensie-
twee bifurcaties.

Tot slot bekijken we in het vierde hoofdstuk een aantal toepassingen. Eerst
analyseren we een ontvouwing van een globale bifurcatie, dat wil zeggen van
krommen in plaats van vaste punten. Ook hier vinden we in de ontvouwing van
deze globale bifurcatie dat een periodiek punt dat in de ontvouwing ontstaat,
deze bifurcatie opnieuw vertoont, en dat dat zich oneindig vaak herhaalt.

Hierna komen toepassingen aan bod om de resultaten uit hoofdstuk twee
en drie te illustreren. We rekenen een aantal normaalvorm coëfficiënten uit om
genericiteits condities te controleren bij een model voor epidemiologie en een
voor adaptieve controle. In een uitbreiding van het Lorenz-84 model demon-
streren we de fold-flip bifurcatie voor een periodieke oplossing. Als laatste tonen
we in een model voor een robot-arm de flip-Neimark-Sacker bifurcatie aan samen
met de eerder onderzochte resonantie structuur.
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