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We present a generalized Gross�Pitaevskii equation that describes the dis-
sipative dynamics of a trapped partially Bose-condensed gas. It takes the
form of a complex nonlinear Schro� dinger equation with noise. We consider an
approximation to this Langevin field equation that preserves the correct equi-
librium for both the condensed and the noncondensed parts of the gas. We
then use this formalism to describe the reversible formation of a one-dimen-
sional Bose condensate, and compare with recent experiments. In addition, we
determine the frequencies and the damping of collective modes in this case.

I. INTRODUCTION

The observation of Bose�Einstein condensation in ultracold trapped
atomic vapors1�3 has offered the possibility to study the equilibrium and
nonequilibrium properties of these degenerate gases experimentally and to
compare the results with ab initio calculations. The latter have as an input
only the mass and the scattering length of the particular atom of interest,
and the trap parameters involved in the experimental setup. To describe
the various equilibrium and nonequilibrium properties like for example
density profiles, topological excitations, collective-mode frequencies, and
damping rates, various theories have been developed in recent years at dif-
ferent levels of sophistication. At the most elementary level, the Gross�
Pitaevskii equation already captures many of the experimentally observed
phenomena.4 It describes in Hartree approximation the zero-temperature
dynamics of the condensate, and has been used to explain and predict
many features of these Bose�Einstein condensed systems. At the next level,
the static and dynamic properties of the noncondensed or thermal part of
the gas are to be included. This can in first instance be done by including
into the Gross�Pitaevskii equation the Hartree�Fock interaction with the
thermal cloud and coupling it to an equation for the dynamics of the
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thermal part of the gas. The latter is in good approximation given by a
Boltzmann equation for the single-particle distribution function.5

All these theories describe in essence only the average dynamics of the
gas. Near the critical region, however, fluctuations in the order parameter
are generally much larger than the average value of the order parameter
itself and it is clearly necessary to include fluctuations into a theory of the
trapped gas. Moreover, also far below the critical temperature it is essential
to include the effect of fluctuations, and especially the resulting dissipation,
into a description of the nonequilibrium dynamics of the gas. For example,
to understand the damping of collective modes, we need to consider fluc-
tuations that disturb either the phase or the amplitude of the macroscopic
wave function of the condensate. Finally, also the phenomena of phase
``diffusion''6 is solely due to fluctuations.

From a fundamental point of view, the desired dissipative generaliza-
tion of the Gross�Pitaevskii equation that is capable of treating these
phenomena should obey the so-called fluctuation-dissipation theorem.7 The
latter guarantees that both the condensed as well as the noncondensed
components of the gas relax to thermal equilibrium. In addition, it also
forces the order parameter to fluctuate around its mean value. Therefore,
the central quantity describing the dynamics of the condensate is no longer
this mean value, but the full probability distribution of the order parameter.
With these remarks in mind, a unified theory describing the coherent
dynamics of the condensate wave function, the incoherent collisions
between the various components of the gas, as well as the fluctuations
around the average value of the order parameter has been developed by
one of us.8

The purpose of this paper is two-fold. First, we explain how within the
framework of such a unified approach the coupled dynamics of the thermal
cloud and the condensate can be solved by a single stochastic field equa-
tion. In particular, we show that we are able to describe not only the
correct equilibrium of the trapped gas, but also its relaxation towards this
equilibrium, in a manner that takes selfconsistently into account both
mean-field effects as well as fluctuations. Second, we aim to show that
fluctuations are crucial when trying to understand experimental results on
the issues of collective-mode damping and condensate growth. This is an
important conclusion, since these topics are still not very well understood
even though they have received a large amount of attention in the last few
years.

The paper is organized as follows. We first summarize in Sec. II the
results of our general stochastic approach to the dynamics of a trapped,
partially Bose�Einstein condensed atomic gas. We here only physically
motivate the outcome of this approach and refer for all the details of the
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derivation to Ref. 8. To show the numerical feasibility of the approach, we
then consider in Sec. III a number of important nonequilibrium problems
that can be easily addressed by solving the appropriate stochastic field
equation. We restrict ourselves here to an experimentally realistic one-
dimensional geometry, but the generalization to two- or three-dimensional
situations is straightforward. In Sec. IV we end with some conclusions.

II. DISSIPATION AND NOISE

For an accurate theoretical description of a trapped interacting Bose
gas we are in principle interested in all its correlation functions, i.e., in the
expectation values

Tr[ \̂(t)[�� -(x1) } } } �� -(xn) �� (x$1) } } } �� (x$n)]sym],

where \̂(t) is the Schro� dinger-picture density operator of the gas and the
subscript ``sym'' implies a completely symmetrized ordening of the various
creation and annihilation operators denoted by �� -(x) and �� (x), respec-
tively. Using the language of field-theory, all these correlation functions can
be calculated from the moments of a Wigner distribution P[,*, ,; t],
which roughly speaking gives the probability for the gas to be at time t in
the coherent state |,(x)) defined by �� (x) |,(x)) =,(x) |,(x)). The evolu-
tion of the gas is, therefore, fully determined by an appropriate Fokker�
Planck equation for this Wigner distribution. Since we are in practice
mostly interested in a few low-order moments of the distribution function,
it turns out, however, to be much more convenient to reformulate the
above mentioned Fokker�Planck theory in terms of an equivalent
Langevin theory for a stochastic complex field ,(x, t).

In the case of a weakly-interacting Bose gas the desired Langevin
equation can be derived from first principles, because the low densities of
the system guarantee that three and higher-body processes are negligible.
Hence, we only need to incorporate all the effects of collisions between two
atoms, which can be achieved by making use of the so-called many-body
T-matrix approximation.9 In this manner we ultimately arrive at a
Langevin equation that is of the form

i�
�,(x, t)

�t
=\&

�2{2

2m
+Vext(x)&+&iR(x, t)

+T 2B |,(x, t)|2+ ,(x, t)+'(x, t). (1)
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Here � is Planck's constant, m is the mass of the atoms, Vext(x) is the exter-
nal trapping potential, T 2B=4?�2a�m is the s-wave approximation to the
two-body transition matrix, and a is the scattering length. This Langevin
equation has technically been derived using a functional formulation of the
Keldysh formalism,8 and describes the fluctuations as well as the mean-field
effects of both the condensed and the low-energy part of the noncondensed
component of the gas. Physically the latter can be understood from the fact
that averaging the product ,*(x, t) ,(x$, t) over the different realizations of
the noise '(x, t), which by construction is equivalent to averaging over the
Wigner distribution P[,*, ,; t], gives information on, respectively, the off-
diagonal as well as the diagonal elements of the one-particle density matrix
Tr[ \̂(t)[�� -(x) �� (x$)]sym]. The derivation requires that the high-energy
part of the system is sufficiently close to equilibrium that it can be
described as having a temperature T and a chemical potential +. As a result
it plays the role of a ``heat bath'' that can be eliminated from the theory.10

This requirement is usually well satisfied in practice and enters through the
correlations of the gaussian noise. They are given by

('*(x, t) '(x$, t$)) =
i�2

2
7K (x) $(t&t$) $(x&x$), (2)

where the brackets denotes an average over the different realizations of the
noise. The explicit expression for the Keldysh selfenergy 7K (x) arises physi-
cally from collisions that scatter an atom out or into the ``heat bath'' and
equals8

�7K (x)= &
4i[T 2B]2

(2?)5 �6 | dp1 dp2 dp3 $(p1&p2&p3)

_$(Vext(x)+=1&=2&=3)(1+N1) N2N3 , (3)

with Ni#N(=i) the Bose distribution for the eliminated part of the gas, and
=i=p2

i �2m+Vext(x) the semiclassical energy of a highly energetic atom
with momentum �pi in the trap. Implicitly the use of Eqs. (2) and (3) thus
requires that the high-energy part of the gas can be treated in the semi-
classical approximation. Again this is usually the case for present-day
experiments.

The Keldysh selfenergy determines not only the strength of the
gaussian fluctuations, but also of the dissipation rate 2R(x, t)��, which
physically is the difference between the rate for collisons between two ``heat
bath'' atoms that eject one atom out of the ``heat bath'' and the rate for the
time-reversed process. Indeed, if the gas is sufficiently close to or below the
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critical temperature, the imaginary part in our generalized Gross�Pitaevskii
equation is well approximated by

iR(x, t)= &
;
4

�7K (x) \&
�2{2

2m
+Vext(x)&++T 2B |,(x, t)|2+ . (4)

Here ; is 1�kBT and kB is Boltzmann's constant. If R(x, t) has this par-
ticular form, we are ensured that the trapped gas will relax to equilibrium,
because it enforces the fluctuation-dissipation theorem mentioned in the
introduction. Note that Eq. (4) is always valid for the energy levels below
the chemical potential, i.e., for the condensate, but causes the energy dis-
tribution function for the noncondensed cloud to relax to its ``classical''
value N(=)=[;(=&+)]&1. Therefore, it cannot describe the exponential
decay of the density of noncondensed atoms at the edges of the thermal
cloud. Instead, the density of thermal atoms decays algebraically. In addi-
tion, this classical approximation overestimates the average number of
atoms in the one-particle eigenstates above the chemical potential. Both
defects can be cured,11 but are unimportant for the condensate and the
low-energy part of the thermal cloud, where most of the atoms reside, and
for which our theory is intended to be valid.

III. APPLICATIONS

At this point, we briefly explain the experimental setup we are con-
sidering in the rest of this paper. It is inspired by a recent experiment by
Stamper-Kurn et al.,12 and is the ideal realization of the conditions men-
tioned above. In the experiment we are considering, a Bose gas is first
trapped in a sigar-shape harmonic trap with a radial frequency |r and an
axial frequency |z , and cooled to a temperature above the transition tem-
perature. Subsequently, a dimple is created in the external trapping poten-
tial by focusing a red-detuned laser beam along the z-axis. This dimple is
steep enough that there is only one energy level in the potential per-
pendicular to the z-axis. We assume the dimple to be well approximated by
a harmonic potential with radial and axial trapping frequencies |= and |z ,
respectively. Factorizing the total wave function ,(x) as ,=(x, y) ,(z), the
atoms trapped inside this dimple form effectively a one-dimensional gas,
with an interaction strength g=T 2B�2?l 2

= . Here l==- ��m|= is the har-
monic oscillator length and ,=(x, y) the harmonic ground state in the
frozen direction of the dimple. By changing the depth of the dimple, its
lowest energy level == can become lower than the chemical potential of the
noncondensed three-dimensional gas. If this situation occurs, the atoms will
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condense into this ground state. Notice that during this process, the non-
condensed gas in the three-dimensional trapping potential will remain close
to equilibrium, and represents the ``heat bath'' mentioned previously.

As a first application, intended also to gain confidence in our
numerics, we consider the situation in which the gas in the dimple is above
the critical temperature for Bose�Einstein condensation and we are in first
instance allowed to neglect the mean-field effects by putting T 2B equal to
zero in Eq. (1). Of course, the two-body T matrix remains nonzero in
Eq. (3), since otherwise we would be considering a completely noninter-
acting gas and no relaxation to equilibrium can occur. We show in Fig. 1
that in this case, the density of the harmonically trapped one-dimensional
gas relaxes to the correct equilibrium given by n(z)=�: |,:(z)|2�;(=:&+),
where =: are the energies and ,:(z) the corresponding one-particle

Fig. 1. Stationary density profile of a gas without mean-field interactions above the
critical temperature. The time step used is 2t=0.002|&1

z . The spatial discretization 2z
used for the different lines is [1] 2z=0.05lz , [2] 2z=0.2lz , and [3] 2z=0.8lz . Also
shown with the dashed lines are the exact classical density profiles for curves [1], [2],
and [3], and with the solid line the continuum result. The chemical potential of the
three-dimensionally trapped gas is +=&30�|z , and its temperature is T=400 nK.
The trapping frequencies are |z=2?_13 Hz and |r=2?_20 Hz.12 The radial trap-
ping frequency of the dimple is |==2?_500 Hz, and the ground-state eigenvalue is
===&25�|z . We considered sodium atoms, with a scattering length of 2.75 nm.
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eigenstates of the gas in the dimple. The equilibrium is shown for several
sizes of the spatial mesh used in the numerical solution of the Langevin
equation.13 We see that the density distribution converges only for rather
small mesh sizes towards the continuum limit given by [2l 2

z ;�|z]
&1�2_

[;(Vext&+)]&1�2, where lz=- ��m|z is the harmonic oscillator length
along the z direction. This is caused by the relatively large contribution of
high-energy states due to the classical behavior of the thermal cloud. We
emphasize, however, that given a certain mesh size, the exact equilibrium
corresponding to that particular discretization of the hamiltonian is
reproduced numerically. Moreover, it is important to realize that if we had
not included the noise the density of the gas would be zero, since for +<==

the Gross�Pitaevskii equation has only a trivial solution. Hence, it is clear
that the fluctuation-dissipation theorem ensures that the noise and the
imaginary term in Eq. (1) cooperate in order to occupy the energy levels
thermally. Thus, including fluctuations is crucial in treating the effects of
the thermal cloud.

Next, we calculate the damping of the breathing mode in an interact-
ing one-dimensional Bose gas of sodium atoms below the critical tem-
perature. Shown in Fig. 2 is the value of the density n(0) in the center of
the one-dimensional trap. First, the gas relaxes towards equilibrium at an
effective chemical potential +&===30�|z , where == is the eigenvalue of
,=(x, y) in the dimple. The fact that the value of gn(0) does not relax to
30�|z can be understood by realizing that mean-field effects are included
in our formalism, because the stochastic field ,(z, t) describes both the
condensed and the noncondensed parts of the one-dimensional gas. This
implies that the chemical potential for the condensed part of the gas is
effectively lowered by the interaction with the noncondensed part of the
gas. After allowing the gas to equilibrate for 0.61 s, the axial trapping
frequency is instantaneously changed to 0.95|z , and the gas starts to
oscillate. The frequency | and the damping rate # of the oscillation are
found by fitting to n(0, t)=neq(0)+$n(0) exp(&#t)[1&cos(|t)], which
describes both the relaxation of the density to its new equilibrium, as
well as the excitation and damping of the oscillation. The results are |=
136.84 s&1 and #=12.3 s&1. The excitation frequency is close to the result
0.95 } - 3 } |z=134.4 s&1 predicted by the Gross�Pitaevskii theory.15 As
expected, the frequency therefore deviates somewhat from the mean-field
result because fluctuations are important in a one-dimensional geometry.

Note that the damping is in principle caused both by the collisions
with the reservoir of thermal atoms in the three-dimensional trapping
potential, which are described by the Keldysh selfenergy 7K (x), as well as
by the nonlinear term in the Langevin equation which induces damping
upon averaging over the different realizations of the noise.16 The latter
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Fig. 2. Damped oscillations of the trapped partially Bose-condensed gas after a small
and instantaneous change of the axial trapping frequency |z at t=0.61 s. Here, we used
2z=0.05lz , ===&60�|z , and |==2?_1200 Hz. The remaining parameters are the
same as in Fig. 1.

includes both collisional, as well as Landau damping. It is interesting to
realize at this point that Landau damping is usually considered only in
the local-density approximation, in which the gas is treated locally as
homogeneous.17 Technically this is required since otherwise the creation
process of a quasiparticle-quasihole pair cannot conserve energy. Clearly
such an approximation is not needed within the present approach, since the
finite lifetime of the quasiparticles and quasiholes is automatically included
in the formalism.

In Fig. 3, snapshots of the density profile are shown at several times
during the initial growth of the condensate. These are taken from the same
simulation presented in Fig. 2. As expected, the condensate shows up as a
peak in the density profile. Also shown are the Thomas�Fermi solution
[+&Vext(z)]�g for the condensate density and the noninteracting result for
the noncondensed part of the gas. The latter diverges at the critical point
where the effective chemical potential becomes equal to zero. This is due to
the fact that in one dimension, mean-field theory completely fails near the
critical temperature. Figure 3 shows that far enough from the condensate,
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Fig. 3. Growth of the density profile of the trapped partially Bose-condensed gas for the
same conditions as in Fig. 2. The snapshots are taken at t=2|&1

z , t=4|&1
z , t=10|&1

z ,
t=20|&1

z , t=30|&1
z , and t=40|&1

z . The dashed lines show the equilibrium mean-field
results in and outside the condensate.

the noninteracting result is obtained. Again, in the center of the trap one
obtains the Thomas-Fermi result only approximately due to the effect of
interactions.

Finally, we consider the reversible formation of a one-dimensional
Bose condensate, similar in spirit to the experiments by Stamper-Kurn et
al.12 The dimple perturbing the external trapping potential is now oscillat-
ing in such a way, that the lowest energy level in the dimple crosses the
chemical potential of the three-dimensionally trapped gas several times
according to ===+++ sin(|t), with |=2? s&1 and +=&30�|z . The
calculations have been done with and without noise. In the latter case we
are, therefore, just solving a Gross�Pitaevskii equation with an imaginary
term that accounts for the exchange of atoms between the low-density gas
in the three-dimensional trap and the condensate in the one-dimensional
trap. Note that in such a calculation we cannot properly account for the
presence of a thermal component in the dimple and all the atoms are
automatically assumed to be in the condensate. This corresponds to the
usual mean-field approach that has up to now been used for condensate
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Fig. 4. Reversible formation of a condensate. The solid line shows the central density
for a sinusoidal time dependence of the effective chemical potential in the dimple that
is shown with the dashed line. The time step used was 2t=0.003|&1

z , the discretiza-
tion 2z=0.05lz , and |==2?_1200 Hz. The other parameters used are the same as
in Fig. 1. The two dot-dashed lines correspond to simulations without noise, with
initially for the top curve 10 and for the bottom curve 0.1 atoms in the harmonic
oscillator ground state.

growth problems.18 The results presented in Fig. 4 show that without noise,
the condensate evaporation and growth cannot be described properly.
Indeed, in that case, our findings depend strongly on the initial conditions.
Moreover, the periodic growth occurs with decreasing amplitude. To
describe the growth cycles correctly, one needs to include fluctuations into
the generalized Gross�Pitaevskii equation, which is to be expected since we
are at times in the critical region. Notice that we quantitatively reproduce
the lagging behind of the condensate as observed in an experiment performed
with an essentially three-dimensional dimple. We observed a lagging behind
of roughly 0.1 s, whereas in experiment 0.07 s was measured.12

IV. CONCLUSIONS

We have shown that our generalized stochastic Gross�Pitaevskii equa-
tion consistently takes into account the dissipative dynamics of a trapped
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partially Bose�condensed gas, and describes the equilibrium density profile,
condensate growth, coherent dynamics, and damping in a unified way. In
our opinion, the one-dimensional experiment considered here would be
ideal for a detailed comparison between theory and experiment in the
problem of condensate growth, because the three-dimensional cloud
remains in equilibrium. In view of the discrepancy between theory and
experiment that exists for this problem,18 we hope that such an experiment
will indeed be performed in the near future. In addition, a numerical study
of the two-dimensional case would be of interest and might be used to
investigate for example the dissipative dynamics and the formation of vor-
tices in a rotating Bose gas. Applications to the growth and collapse cycles
of a condensate with negative scattering length and to the damping of
collective modes in three-dimensional anisotropic traps are also in progress.
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