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Cooper-pair formation in trapped atomic Fermi gases

M. Houbiers and H. T. C. Stoof
Institute for Theoretical Physics, University of Utrecht, Princetonplein 5, 3584 CC Utrecht, The Netherlands

~Received 12 October 1998!

We apply the Schwinger-Keldysh formalism to study the nonequilibrium dynamics of the BCS transition to
the superfluid state in trapped atomic6Li. We find that the Fokker-Planck equation for the probability distri-
bution of the order parameter is, sufficiently close to the critical temperature, identical to the equation that
describes the switching on of a single-mode laser.@S1050-2947~99!08502-9#

PACS number~s!: 03.75.Fi, 32.80.Pj, 42.50.Vk, 67.40.2w
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I. INTRODUCTION

After the successful experiments to trap and cool gase
the bosonic alkali-metal atoms87Rb, 7Li, and 23Na @1–3#
below the critical temperature for Bose-Einstein conden
tion ~BEC!, the field of atomic physics has attracted a lot
interest. Besides the ongoing experiments on the prope
of the Bose condensate in these gases, several groups
started experiments in order to observe also quantum de
eracy effects in fermionic gases. A particularly promisi
candidate in this respect is the fermionic isotope6Li which is
predicted to make a BCS transition to a superfluid state
relatively high temperatures. Indeed, the triplets-wave scat-
tering lengthas of this atom is enormously large and neg
tive @4#, resulting in a critical temperature of the same ord
of those of the BEC experiments@5#. A requirement for this
relatively high critical temperature is that amixture of two
different hyperfine levels of the6Li atom must be trapped
Depending on the precise hyperfine states trapped, this
be done in a magnetic or optical trap. In either case, a st
of the dynamics of this BCS phase transition offers the
citing opportunity to observe the evolution of a spontane
breaking of symmetry under almost ideal conditions.

In the case of a magnetically trapped gas mixture, a dr
back of the larges-wave scattering length is the correspon
ing large decay rate and resulting short lifetime of the g
@5,6#. Fortunately, this decay can be suppressed by appl
a magnetic bias field. For example, the lifetime of a gas w
a typical density of 231012cm23 atoms per hyperfine state
is of the order of 1 s in amagnetic bias field of about 7 T
whereas it is of the order of only 0.2 ms at 0.1 T. Evident
the lifetime of the gas must be longer than the time scale
which the formation of Cooper pairs occurs. In previo
work @5#, we made on the basis of mean-field theory t
rough estimate that the nucleation time is ofO(\/kBTc). For
a homogeneous mixture with a density of 231012cm23 in
each hyperfine level, the critical temperature was calcula
to be 37 nK, resulting in a nucleation time of about 0.2 m
Since low magnetic fields are experimentally much m
convenient, it is also from this point of view sensible
make a precise calculation of the nucleation time of the B
transition. The aim of the present paper is therefore to de
mine the dynamics of the BCS phase transition, from whi
as a byproduct, the time scale for the formation of Coo
pairs can be extracted.

The paper is organized as follows. In Sec. II we pres
PRA 591050-2947/99/59~2!/1556~6!/$15.00
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the appropriate quantum kinetic theory for a trapped Fe
gas with effectively attractive interactions. In particular, w
first derive in Sec. II A the nonlinear Langevin equation th
describes the long wavelength dynamics of the BCS or
parameter. Next, we also incorporate in Sec. II B the effe
of an external trapping potential, by making use of the f
that for the experimental conditions of interest the density
the atoms varies only slowly over the extent of the Coop
pair wave function. In Sec. II C we then derive the desir
Fokker-Planck equation with which we can study the tim
evolution of the gas during the BCS phase transition. W
finally discuss our results in Sec. III and end with som
conclusions.

II. QUANTUM KINETIC THEORY

The dynamics of the phase transition can be described
using a path-integral representation of the Schwing
Keldysh formalism@7,8#. This can, for instance, be unde
stood from an analogy in quantum mechanics, where
probability amplitude for a particle moving from a positio
x0 at time t0 to another positionx at time t is given by the
path integral

^x,tux0 ,t0&5E d@x#expS i

\
S@x# D , ~1!

with S@x#5* t0
t dt8L(x,dx/dt8) the action andL the appro-

priate Lagrangian of the particle. The analogy with a seco
order phase transition is obtained when we consider the
ticle to move in the ‘‘Mexican-hat’’ potentialV(x)52ax2

1bx4/4. The quantity of interest is then the probability di
tribution for being at positionx at time t, i.e.,

P@x;t#5E dx0^x,tux0 ,t0&^x0 ,t0ux,t&P@x0 ;t0#. ~2!

Using Eq.~1! and absorbing the initial probability distribu
tion P@x0 ;t0# into the definition of the integration measur
it thus equals a path integral over the periodic pathsx(t8)
where t8 runs first backward in time fromt to t0 and then
forward in time fromt0 to t, i.e., over a Schwinger-Keldysh
contourC. Moreover, the action for this path integral is

S@x#5E
C
dt8H 1

2
mS dx

dt8
D 2

1ax22
1

4
bx4J . ~3!
1556 ©1999 The American Physical Society
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The equation of motion for the probability distribution ca
now be obtained from this path integral by noting that t
pathx(t8) defined on the Schwinger-Keldysh contour can
decomposed according to

x~ t8!5xcl~ t8!6
1

2
j~ t8!

into a classical pathxcl(t8) and fluctuationsj(t8) both de-
fined on the real time axis. The fluctuations can subseque
be integrated out and one arrives in this manner at an ef
tive theorySeff@xcl# for the classical path only. Because w
still have to integrate over all the classical paths, the equa
of motion for the probabilityP@x;t# then follows by apply-
ing the usual quantization procedure to this effective acti
How this program works out for the BCS transition in
trapped atomic Fermi gas is the topic of this paper@9#.

A. Cooper-pair wave function

As mentioned, we here study the dynamics of the B
phase transition. Analogous to the simple quantum mech
cal description for the position probability of a particle, w
thus need to derive the time dependence of the probab
distribution for the order parameterD which describes the
superfluid phase@10–12#. The starting point is the probabil
ity P@c,c* ;t# for a gas of atoms in two hyperfine stat
denoted byua&5u↑&,u↓&,

P@c,c* ;t#5E d@c#d@c* #expS i

\
S@c,c* # D , ~4!

where the functional integral is over the complex fermion
fields ca(x,t) that are defined on the Schwinger-Keldy
contourC with t0→2`. Physically, the latter limit ensure
that we study only the ‘‘universal’’ long-time behavior of th
gas that is most relevant for our purposes. The ac
S@c,c* # is given by

S@c,c* #5(
a

E
C
dtE dx ca* ~x,t !S i\

]

]t
1

\2
“

2

2m
1ma

2
V0

2
c2a* ~x,t !c2a~x,t ! Dca~x,t !, ~5!

whereV0,0 represents a local attractive interatomic int
action, which should not be confused with the two-bodyT
matrix 4pas\

2/m to avoid a double counting of the effec
of the interaction@5#. We now introduce by means of
Hubbard-Stratonovich transformation the complex order
rameter D(x,t). This amounts to adding to the actio
S@c,c* # the complete square

1

V0
E
C
dtE dxuD~x,t !2V0c↓~x,t !c↑~x,t !u2,

which after integration over the order parameter only lead
a multiplication of Eq.~4! by 1. As a result the action be
comes quadratic in the fermionic fieldsca(x,t), which can
immediately be integrated out@11#. We thus arrive at an
effective field theory for the order parameterD(x,t) that
equals
e

tly
c-

n

.

S
i-

ty

n

-

-

to

S@D,D* #52 i\ Tr@ ln G21#1E
C
dtE dx

uD~x,t !u2

V0
, ~6!

where the trace runs over the spin, time, and spatial v
ables, and the Green’s-function matrix is defined
G(x,t;x8,t8)[2 i ^TC@c(x,t)c†(x8,t8)#&. The spinorc(x,t)
is given by c(x,t)[„c↓(x,t), c↑* (x,t)… and TC is the time
ordering operator on the Schwinger-Keldysh contourC, tak-
ing into account the anticommuting nature of the fields.

Around the critical temperatureTc , the order parameterD
is small compared tokBT, and Eq.~6! can be expanded in
powers of D, by expanding the Green’s functio
G(x,t;x8,t8). To include to lowest order all relevant physic
it suffices to take into account only the terms proportiona
uDu2 anduDu4. To calculate these quadratic and quartic pa
of the effective action forD explicitly, we must remember
that the time integrals within these expressions are over
Schwinger-Keldysh contour, and must be rewritten as ti
integrals over the real axis2`,t8,t only. The zeroth-
order Green’s functionG0(x,t;x8,t8) defined on the contou
must then be decomposed into so-called retarded, advan
and Keldysh components. Furthermore, the order param
D(x,t) on the contour can be decomposed in a classical
f(x,t) and fluctuationsj(x,t) defined on the real time axi
as

D~x,t6!5f~x,t !6
1

2
j~x,t !, ~7!

where the upper and lower sign refer to the chronologi
and antichronological branch of the Schwinger-Keldysh c
tour, respectively. The important point here is that the flu
tuations allow the classical part of the order parameter
evolve from zero to a nonzero value when the system
driven through the phase transition, and we can thus ind
describe the dynamics of the classical fieldf(x,t) around
the critical temperature by means of this Schwinger-Keldy
method. In contrast, this cannot be achieved within
framework of mean-field theory, where the order parame
always remains zero if it is zero initially.

Applying subsequently a gradient expansion, which is j
tified because it turns out that the spatial variations in
order parameter are small on the size of the Cooper pairs@5#,
the quadratic plus quartic part of the effective action Eq.~6!
up to quadratic order in the fluctuations becomes

S@f,f* ,j,j* #5E dxE
2`

t

dt8H f~x,t8!L ~R!~x,t8!j* ~x,t8!

1j~x,t8!L ~A!~x,t8!f* ~x,t8!

1
1

2
j~x,t8!L ~K !~x,t8!j* ~x,t8!J , ~8!

where to lowest nonvanishing order in“ and in ]/]t the
retarded and advanced factors are well known@10–12#,

L ~R,A!~x,t !5a1g“22buf~x,t !u26N0

p

8

\

kBT

]

]t
, ~9!

and the Keldysh part is given by
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L ~K !~x,t !5 iN0

p

2
. ~10!

Here we considered only the optimal casem↑5m↓ and used
particle-hole symmetry around the Fermi level of the syste
The constantsa, b, andg are given by

a5N0S 12
T

Tc
D , ~11!

b5N0

7

8

z~3!

~pkBT!2
, ~12!

and

g5N0

7

8

z~3!

6p2 S \vF

kBTD 2

. ~13!

Furthermore, N05mkF /(2p2\2) denotes the density o
states at the Fermi level for a single spin state, the crit
temperature obeyskBTc.5/3eF exp(21/l) @5# with l
52kFuasu/p, andvF is the Fermi velocity of the system.

The last term in the right-hand side of Eq.~8! describes
the quadratic fluctuations. If one would neglect them, a
integrate out the~in that case linear! fluctuations, one would
obtain a dissipative nonlinear Schro¨dinger equation for the
classical partf(x,t) of the order parameter which woul
also arise from the BCS equilibrium theory. Of course,
our nonequilibrium purposes, the quadratic fluctuatio
are important and have the effect of adding noise to
dissipative nonlinear Schro¨dinger equation. In general, th
Fourier transforms of Eqs.~9! and~10!, i.e.,L (R,A)(k,v) and
L (K)(k,v), are therefore related through the famo
fluctuation-dissipation theorem@13#

L ~K !~k,v!562i @2NB~\v!11#Im@L ~R!,~A!~k,v!#, ~14!

where NB(\v) denotes the Bose distribution evaluat
at \v. At low frequencies it indeed givesL (K)(k,v)
562i (2kBT/\v)Im@L (R),(A)(k,v)#, in agreement with
the above results. Notice that if we expand the quadr
part of the actionS@D,D* # in Eq. ~6! up to lowest non-
vanishing order in“ and ]/]t, we only have to expand
the quartic part ofS@D,D* # to zeroth order, i.e., we only
need to consider the local contributions proportional
f(x,t)j* (x,t)uf(x,t)u2 and its complex conjugate. Since th
factorb has no imaginary part, we conclude that it is inde
consistent to neglect Keldysh-like terms that would in pr
ciple also arise from the quartic part of the actionS@D,D* #.

B. Trapped Fermi gases

In order to arrive at an equation of motion for the pro
ability distribution of the classical valuef(x,t) of the order
parameter, we first integrate out the fluctuationsj(x,t) from
the action. Before doing so, however, we need to realize
in real experiments, the gas will be trapped in an exter
potentialV(x) generally in the shape of a three-dimension
~3D! isotropic harmonic oscillatorV(x)5mv0

2x2/2. As a re-
sult, the coefficientsa, b, and g in Eqs. ~11!–~13! now
depend onx, since the Fermi energyma(x)5ma2V(x)
.

al

d

r
s
e

ic

d
-

at
al
l

2(4pas\
2/m)n2a(x) and therefore the densitiesna(x) and

the critical temperatureTc(x) are position dependent. Henc
we can make use of the following expansion in the effect
action Eq. ~8! f(x,t)5(nan(t)fn(x) and j(x,t)
5(nbn(t)fn(x), where the normalized wave function
fn(x) are solutions to Schro¨dinger’s equation@14#:

2@a~x!1g~x!“2#fn~x!5N0~x!«nfn~x!. ~15!

It is well known that close toTc , the spatial region where th
order parameter becomes nonzero is small compared to
region over which the density changes@5,14#. So, we can
take N0(x).N0(0), vF(x).vF(0), but we must expand
Tc(x) aroundx50, since it depends exponentially on th
coupling constantl(x).

Considering again only the optimal case thatm↓5m↑ and
using that the density in each hyperfine level aroundx50
can be approximated byna(x)5nt(0)@12(x/R)2#/2, where
nt(0) is the total gas density in the center of the trap, it
found from the zero temperature expression for the resp
tive chemical potentials thatR obeys

R25 l 4S 4pnt~0!as12S p2

A3
D 2/3

@nt~0!#2/3D , ~16!

with l 5A\/mv0. From this expression one can immediate
see that the effect of the mean-field interaction in the ga
to contract the gas cloud to the center of the trap. Expand
Tc(x) aroundx50, one arrives at@14#

a~x!5N0~0!H lnS Tc~0!

T

eF~x!

eF~0! D2
1

l~0!S N0~0!

N0~x!
21D J

~17!

and Eq.~15! turns out to be just the Schro¨dinger equation for
a 3D harmonic oscillator with effective frequency

vD54pA 2l11

7lz~3!

kBT

mvF~0!R
[

\

mlD
2

. ~18!

The eigenvalues are therefore given by

«n5
2m

\2

g~0!

N0~0!S n1
3

2D\vD2 lnS Tc~0!

T D . ~19!

Notice that depending on the temperature, the eigenva
«n become unstable, i.e., with decreasing temperature
can become negative one by one. The temperature wher«0
becomes zero, is the critical temperatureTc of the inhomo-
geneous system. It is clear from Eq.~19! that due to finite
size effects, this critical temperatureTc is lower than the
homogeneous critical temperatureTc(0) corresponding to
the density in the center of the trap as first pointed out
Baranov and Petrov@14#.

C. Fokker-Planck equation

Now it is important to realize that there is always a regi
sufficiently close to the critical temperatureTc of the system,
where it is a good approximation to take into account o
one single mode
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f0~x!5S 1

Ap l D
D 3/2

expS 2
x2

2l D
2 D ~20!

in the expansion forf and j because the higher modesfn
remain stable and their influence thus remains small. Furt
more, as will be shown explicitly by a numerical examp
later on, the coupling between modes in the nonlinear te
of Eqs.~8! and~9! can be neglected sufficiently close to th
critical temperature. Substituting everything into the act
S@f,f* ,j,j* # in Eq. ~8!, we first perform the integral ove
x, and subsequently integrate out the fluctuations that
now solely represented by the fieldsb0(t) andb0* (t). From
the resulting action the effective Hamiltonian for the clas
cal fields a0(t) and a0* (t) can be obtained by introducin
their conjugated momenta in the standard way. We find

HD5
8ikBT

pN0~0! H 2kBT
]2

]a0]a0*
1

]

]a0
@N0~0!«01b8ua0u2#a0

1
]

]a0*
@N0~0!«01b8ua0u2#a0* J , ~21!

whereb85b*dxuf0(x)u45b/(2p l D
2 )3/2.

The equation of motion, or Fokker-Planck equation,
the probability distributionP is now given by Schro¨dinger’s
equation

i\
]

]t
P@a0 ,a0* ;t#5HDP@a0 ,a0* ;t#, ~22!

which has an equilibrium solution

P@a0 ,a0* ;`#}expS 2
F~a0 ,a0* !

kBT D , ~23!

where the Landau free energyF(a0 ,a0* )5N0(0)«0ua0u2

1b8ua0u4/2. Sinceb8.0, this free energy has the shape o
parabolic well forT.Tc where«0.0, whereas it become
Mexican-hat shaped below the critical temperature wh
«0,0. It is important to note from the first term in the righ
hand side of Eq.~21! that the above Fokker-Planck equatio
has a positive and diagonal diffusion matrix. This is caus
by the fact that we are allowed to neglect memory effects
the effective action for the order parameter, and that
probability distributionP@a0 ,a0* ;t# corresponds to a Wigne
representation of the density matrix. In particular, the
sence of off-diagonal terms in the diffusion matrix is not
result of the neglect of any quantum effects, as one migh
tempted to think on the basis of similar Fokker-Planck eq
tions used in quantum optics.

The dynamics of the phase transition can most easily
extracted if we introduce dimensionless variablesI, u, t ac-
cording to

a05S kBT

2b8
D 1/4

AI expiu, ~24!

t5
pN0~0!\

A32~kBT!3b8
t, ~25!
r-

s

n

re

-

r

e

d
n
e

-

e
-

e

and also the constant

a52A2b8

kBT

N0~0!«0

b8
. ~26!

The Fokker-Planck equation in Eq.~22! can then be rewrit-
ten in the form

]

]t
P5H ]2

]I 2
4I 1

1

I

]2

]u2
1

]

]I
@2~ I 2a!I 24#J P, ~27!

which is exactly the Fokker-Planck equation associated w
the single-mode laser@15#. In that case the constanta repre-
sents the ‘‘pump parameter,’’ andI is equivalent to the ‘‘la-
ser intensity.’’

The second term on the right-hand side of Eq.~27! gives
rise to phase diffusion@16#, but when the system is initially
in a state which does not depend onu, it will remain phase
independent, and we can omit this term from the Fokk
Planck equation. The stationary solution in terms of the
mensionless variables becomes

Pst@ I ;a#5N~a!expS 2
~ I 2a!2

4 D , ~28!

whereN(a) is a normalization factor. This is a Gaussia
distribution centered aroundI 5a, wherea,0 for T.Tc ,
and a.0 for T,Tc . Note, however, thatI only assumes
positive values, so even above the critical temperature,
averagê I & is larger than zero.

III. RESULTS AND CONCLUSIONS

We model the phase transition by changing the constaa
suddenly from a negative valuea0,0 to a positive valuea
.0 att50. The reasoning behind this simplified descripti
is as follows. In principle the pump parametera is a dynami-
cal quantity whose value follows from a kinetic equation f
the distribution function of the atoms in the gas. Howev
the process of evaporative cooling that is most likely to
used in actual experiments with spin-polarized atomic6Li to
cool the gas to the desired low temperatures is very fast
to the large value of thes-wave scattering length and corre
sponding large cross section for elastic collisions. As a c
sequence, it is an excellent first approximation to assume
the ‘‘translational’’ degrees of freedom of the atoms in t
gas are always in thermal equilibrium, but that the ord
parameter is not and needs more time to adapt. In this pic
of the phase transition the pump parameter will then ind
change almost instantaneously for the time scales of inte
on which the probability distributionP@ I ;t# evolves from
the stationary solutionPst@ I ;a0# at t50 to the stationary
solution Pst@ I ;a# at sufficiently larget. We have therefore
solved Eq.~27! numerically fora0522 anda514 using
the methods developed in Ref.@15#. The evolution of the
probability distributionP@ I ;t# is plotted for several times in
Fig. 1. It is clear that after a dimensionless time ofO(1), the
order parameter of the phase transition has reached its
tionary value. This is shown explicitly in the inset of Fig.
where the averagêI &(t) and the varianceŠ(I 2^I &)2

‹(t) are
plotted. It should be noted that Fig. 1 differs from simil
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plots known from laser theory, because of the different ini
condition that is relevant here.

In order to see to what extent the approximations we h
made are valid, we finish the paper with an explicit nume
cal example. For a gas mixture with densityna(0)52
31012 cm23, or equivalentlynt(0)5431012 cm23, one
has for the homogeneous critical temperatureTc(0).37 nK
@5#. If this gas is trapped in a 3D isotropic harmonic oscil
tor with \v0 /kB57.1 nK @2#, the extent of the cloud isR
.11l at T530 nK, whereasl D.2l is then indeed much
smaller. The critical temperatureTc according to Eq.~19! is
Tc.31 nK. The second mode of Eq.~19! becomes unstable
only at T.26 nK. At this temperature the pump parame
a.13, which gives a first upper bound on the validity of o
theory. However, a more stringent one is that it is only
good approximation to take one single mode into accoun
we can also neglect the nonlinear coupling in the Ham
tonian. We must then require that the interactionbuf(0)u2 is
small compared toN0(0)\vD . This is true only for T
.29.3 nK, from which it follows that the approximations a
valid if a<4.3. For T529.3 nK, the order paramete
D(0)/kBT.1.

In Fig. 1 we therefore have chosena54, and from the
inset of this figure we conclude that for a total dens
nt(0)5431012 cm23, one unit of dimensionless timet cor-
responds to 8.9 ms, which is indeed much larger than
time between two thermalizing collisions that turns out to
about 0.03 ms for these densities. In addition, it is also m
larger than the estimate of\/kBTc(0)50.2 ms in our previ-
ous work @5#, because Eq.~25! clearly shows that the time

FIG. 1. Evolution of the probability distribution for the orde
parameter in normalized units. The inset shows the average v
^I &, and its variance as a function of time.
an

et
,

n,
l

e
-

-

r

if
-

e
e
h

scale depends also on several other relevant parame
From the general theory of phase-ordering kinetics@17#, we
expect the time scale for the formation of the Cooper pairs
be proportional to

\

kBTc~0! S l D

j~0! D
z

,

with j(0)[\vF(0)/2pkBTc(0) the typical extent of the
Cooper pairs andz the appropriate dynamical exponen
Comparing with our result

pN0~0!\

A32@kBTc~0!#3b8
5

1

A7z~3!
S p

2 D 5/4 \

kBTc~0!
kF~0!j~0!

3S l D

j~0! D
3/2

, ~29!

we therefore conclude thatz53/2. Due to the fact thatl D

@j(0), the nucleation time is thus considerably larger th
the rough estimate ofO„\/kBTc(0)…, whicha posteriorialso
justifies our neglect of memory effects. In addition, also t
factorkF(0)j(0)@1. The appearance of this additional fact
can be understood by noting that the average binding en
for the Cooper pairs is ofO„kBTc(0)… and that the number o
one-particle states involved in the formation of a Cooper p
is of O„N0(0)kBTc(0)j3(0)…5O„@kF(0)j(0)#2

…. Applying
the usual arguments of statistical mechanics, we then c
clude that the spread in binding energy is of ord
O„kBTc(0)/kF(0)j(0)…, leading to an intrinsic time scale fo
the formation of Cooper pairs ofO„\kF(0)j(0)/kBTc(0)….

In principle, we expect to be able to reduce the nucleat
time by increasing the final value of the pump parametea,
but a detailed analysis of this situation requires inclusion
more modes in the theory. In a future publication we w
come back to this multimode regime. However, within t
context of the present theory, we conclude that for a lifeti
of the gas of the order of the nucleation time, one need
magnetic bias field of about 0.7 T. A better option, therefo
appears to trap and cool the lowest two hyperfine states i
optical trap, which was recently shown to be possible
bosons@18#. In any case, we believe that this paper, in co
bination with Ref.@5#, shows that there are at least no the
retical limitations to achieve a BCS transition in spi
polarized atomic6Li.
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