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We study the dynamics of a straight vortex line in a partially Bose-Einstein condensed atomic gas. Using a
variational approach to the stochastic field equation that describes the dynamics of the condensate at nonzero
temperature, we derive the stochastic equations of motion for the position of the vortex core. Using these
results, we calculate the time it takes the vortex to spiral out of the condensate. Due to the fact that we include
thermal fluctuations in our description, this lifetime of the vortex is finite even if its initial position is in the
center of the condensate.
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I. INTRODUCTION

Contrary to classical fluids, superfluids support rotation
only through quantized vortices. Since quantized vortices are
therefore one of the hallmarks of superfluidity, the experi-
mental and theoretical study of these topological excitations
has attracted a great deal of attention in the field of Bose-
Einstein condensed gases. Following their first experimental
observation[1], they have now been observed and experi-
mentally studied by various groups[2–4].

Theoretically, the dynamics of a single vortex line in a
Bose-Einstein condensate has been studied extensively in the
zero-temperature limit[5]. In the absence of external rota-
tion, the vortex is predicted to precess around the center of
the condensate, which has indeed been observed experimen-
tally by Andersonet al. [6]. However, in this experiment it is
also observed that the distance of the vortex core to the cen-
ter of the condensate increases with time, i.e., the vortex
spirals out of the condensate. This observation is a sign of
the presence of dissipation and thus cannot be explained on
the basis of a zero-temperature approach. To understand it,
we have to include the effects of the noncondensed compo-
nent of the gas. Although the effects of the noncondensed
thermal cloud on the equilibrium properties of rotating Bose
gases have been investigated[7–10], the nonequilibrium dy-
namics of a single vortex at nonzero temperatures has at-
tracted relatively little attention.

It is the purpose of this paper to study the effects of the
thermal cloud on the motion of a single vortex in a Bose-
Einstein condensate. The starting point of our study is the
stochastic Gross-Pitaevskii equation derived by one of us
[11,12]. This equation generalizes the usual Gross-Pitaevskii
equation, which provides an accurate description of the dy-
namics of the condensate at zero temperature, to nonzero
temperatures by the inclusion of a dissipative term that de-

scribes the growth or decay of the condensate. Moreover,
thermal fluctuations are included by an additive noise term
that is related to the growth or decay of the condensate by
means of a fluctuation-dissipation theorem. Although this
equation can be solved numerically[13], we intend to cap-
ture as much of the physics as possible by using a variational
approach to stochastic field equations that was developed by
two of us [14].

To make the paper more self-contained, we briefly discuss
the zero-temperature dynamics of a vortex in a Bose-Einstein
condensate in Sec. II. In Sec. III we then derive the stochas-
tic equations of motion that describe the motion of the vortex
core at a nonzero temperature. In Sec. IV we use these equa-
tions to derive an equation for the average distance of the
vortex to the center of the condensate and use the latter result
to calculate the lifetime of the vortex. We compare our re-
sults with the available theoretical results[15,16]. Unfortu-
nately, there does not exist a detailed experimental study of
the lifetime of the vortex. We end in Sec. V with our con-
clusions.

II. VORTEX DYNAMICS AT ZERO TEMPERATURE

The dynamics of a Bose-Einstein condensate is, at zero
temperature, well described by the Gross-Pitaevskii equation

i"
] fsx,td

] t
= F−

"2¹2

2m
+ Vextsxd + T2Bufsx,tdu2Gfsx,td,

s1d

for its macroscopic wave functionfsx ,td. Here m is the
atomic mass, andT2B=4pa"2/m is the two-body transition
(T) matrix at zero energy, witha.0 the s-wave scattering
length of the atoms of interest. We take the external trapping
potential of the form

Vextsxd =
1

2
mfv2sx2 + y2d + vz

2z2g, s2d

with vz@v, which implies that we have a pancake-shaped
condensate. The reason for choosing this geometry is that it
allows us to neglect the curvature of the vortex line, provided
that the vortex is close to the center of the condensate.
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To study the dynamics of a vortex at zero temperature we
use the variationalansatz

fsx,td =
ÎNc

Îp3/2q2qzfq2 + ux
2std + uy

2stdg

3hfx − uxstdg + ify − uystdgjexpH−
x2 + y2

2q2 −
z2

2qz
2J ,

s3d

whereNc is the number of condensate atoms. Thisansatzhas
the same form as the exact wave function for a noninteract-
ing Bose-Einstein condensate with a vortex along thez axis.
We treat the width of the condensate in the radial and axial
directions, denoted byq and qz, respectively, as time-
independent variational parameters. The pancake-shaped ge-
ometry implies thatqz!q. The coordinates of the vortex in
the x-y plane, denoted byuistd, are taken to be time-
dependent variational parameters. For the case that the vor-
tex is close to the center of the condensate, we expect that
the variationalansatzin Eq. (3) offers a quantitatively good
description of the wave function of the condensate in the
weakly interacting limit that is determined by the condition

Nca

Î "

msv2vzd1/3

! 1, s4d

with Nc the number of atoms in the condensate.
To determine the equations for the variational parameters

we note that the Gross-Pitaevskii equation follows from a
variation of the action

Sffp,fg =E dtE dxH i"

2
Ffpsx,td

] fsx,td
] t

− fsx,td
] fpsx,td

] t
G + fpsx,tdF"2¹2

2m
− Vextsxd

−
T2B

2
ufsx,tdu2Gfsx,tdJ . s5d

After substitution of theansatzin Eq. (3) into this action we
find the result

Sfu,qg =E dtHNc"

q2 fuystdu̇xstd − uxstdu̇ystd + vpsq,Ncduy
2std

+ vpsq,Ncdux
2stdg− NcVsq,qz,Ncd + Osui

3dJ , s6d

with the precession frequency of the vortex equal to

vpsq,qz,Ncd =
"

2mq2 +
mv2q2

2"
−

aNc"

Î2pmq2qz

, s7d

and the potential, which represents the total energy of the
condensate per particle, given by

Vsq,qz,Ncd =
"2

mq2 +
"2

4mqz
2 + mv2q2 +

1

4
mvzqz

2

+
aNc"

2

2Î2pmq2qz

. s8d

As a result we observe that the equilibrium widths of the
condensate in radial and axial direction, denoted from now
on again byq andqz, respectively, are determined by mini-
mizing the potentialVsq,qz,Ncd for a given number of con-
densate atoms. By varying the action with respect to the
position of the vortex we find that the motion of the vortex is
determined by the equations

u̇xstd = − vpsNcduystd, u̇ystd = vpsNcduxstd, s9d

which imply that the vortex precesses around the center of
the condensate with precession frequencyvpsNcd, which is
equal tovpsq,qz,Ncd evaluated at the equilibrium values ofq
andqz.

Although the above variational analysis has already pro-
vided us with a simple description of the precession of the
vortex around the center of the condensate, it fails to account
for the experimental obervation that the vortex spirals out of
the condensate in the absence of rotation[6]. Contrary, the
vortex remains, according to the equations of motion in Eq.
(9), at a fixed distance from the condensate center. In par-
ticular, this implies that if the initial position of the vortex is
the center of the condensate, it will remain there forever.
This discrepancy between theory and experiment is resolved
by including the effects of thermal fluctuations, as we will
see in the next sections.

III. VORTEX DYNAMICS AT NONZERO TEMPERATURE

The dynamics of a Bose-Einstein condensate is at nonzero
temperatures, i.e., in the presence of a thermal cloud at tem-
peratureT=1/skBbd and with a chemical potentialm, deter-
mined by the stochastic Gross-Pitaevskii equation[11–14]

i"
] fsx,td

] t
= S1 +

b

4
"SKsx,tdDH−

"2¹2

2m
+ Vextsxd − m

+ T2Bufsx,tdu2Jfsx,td + hsx,td. s10d

This Langevin field equation quite generally generalizes the
Gross-Pitaevskii equation to nonzero temperatures, and in-
cludes both dissipation, i.e., decay or growth of the Bose-
Einstein condensate, and(thermal) fluctuations. The dissipa-
tion and the noise arise physically due to collisions between
noncondensed atoms in which one of the atoms is scattered
into the condensate, and the time-reversed process. The com-
plex Gaussian noise in the stochastic Gross-Pitaevskii equa-
tion is completely determined by the correlations

khpsx,tdhsx8,t8dl =
i"2

2
SKsx,tddst − t8ddsx − x8d, s11d

where the strength of the noise is determined by the so-called
Keldysh self-energy, given by
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"SKsx,td = − 4pisT2Bd2E dk1

s2pd3 E dk2

s2pd3 E dk3

s2pd3s2pd3

3dsk1 − k2 − k3ddse1 − e2 − e3d

3fN1s1 + N2ds1 + N3d + s1 + N1dN2N3g. s12d

In this expression,Ni is the Bose-distribution function of the
thermal cloud, evaluated at an energy of a thermal particle,
which is in the Hartree-Fock approximation given by

ei =
"2k i

2

2m
+ Vextsxd + 2T2Bukfsx,tdlu2. s13d

This approximation is valid in the regime where the tempera-
ture is large compared to the zero-point energy of the exter-
nal trapping potential but smaller than the critical tempera-
ture. Note also that we have taken the thermal cloud to be in
equilibrium, although this can easily be generalized.

In the first approximation we neglect the inhomogeneity
of the thermal cloud over the size of the condensate. In a
good approximation, the Keldysh self-energy then turns out
to be given by[17]

"SK =
− 48ima2skBTd2

p"2 , s14d

which we will use from now on. Note that since the Keldysh
self-energy determines both the dissipation and the strength
of the fluctuations, the stochastic Gross-Pitaevskii equation
can be shown to automatically fulfill the fluctuation-
dissipation theorem which ensures that the condensate re-
laxes to the correct equilibrium distribution.

The (Wigner) probability distribution for the condensate
wave function, which results from the stochastic field equa-
tion in Eq. (10), can be written as the functional integral

Pff,fp;tg =E
fsx,td=fsxd

fpsx,td=fpsxd
dffpgdffgexpH i

"
Seffffp,fgJ ,

s15d

with the effective action given by

Seffffp,fg

=E
t0

t

dt8E dx
2

"SKUSi"
]

] t8
+ H1 +

b

4
"SKJ

3F"2¹2

2m
− Vextsxd + m − T2Bufsx,t8du2GDfsx,t8dU2

.

s16d

To determine the dynamics of the vortex at nonzero tempera-
tures, we have to slightly generalize theansatzin Eq. (3) to
allow also for fluctuations in the number of condensate at-
oms and the global phase of the condensate wave function
[14]. Hence we now use theansatz

fsx,td =
ÎNcstdeiu0std

Îp3/2q2qzfq2 + ux
2std + uy

2stdg
hfx − uxstdg

+ ify − uystdgjexpH−
x2 + y2

2q2 −
z2

2qz
2J . s17d

For the moment we consider the caseT2B=0, but keep the
Keldysh self-energy nonzero. This implies that we are deal-
ing with a noninteracting Bose gas in contact with a heat
bath. Subsitution of the aboveansatzinto the action leads to

SefffNc,u0,ug =E
t0

t

dt8
2

"SKHNcst8dF"
du0st8d

dt8
+ mcst8d

+
"

q2fuxst8du̇yst8d − uyst8du̇xst8dg − mG2

+
"2

4Ncst8d
FdNcst8d

dt8
+

b

2
iSKfmcst8d

− mgNcst8dG2

+
"2Ncst8d

q2 fu̇xst8d

+ vpsq,0duyst8d − guxst8dg2+
"2Ncst8d

q2 fu̇yst8d

− vpsq,0duxst8d − guyst8dg2 + Osui
3dJ , s18d

where we have again taken for the time-independent varia-
tional parametersq andqz the values obtained by minimizing
the potential in Eq.(8). The damping rateg is given by

g =
b"2iSK

8mq2 , s19d

and the condensate chemical potential reads

mcstd =
] „NcVsq,qz,0d…

] Nc
+

"2

2mq4fux
2std + uy

2stdg. s20d

From the action for the variational parameters we are able
to deduce the stochastic rate equation for the number of at-
oms and the stochastic equations of motion for the global
phase and for the position of the vortex. First, the stochastic
rate equation for the number of atoms is given by[14]

dNcstd
dt

= −
b

2
iSKfmcstd − mgNcstd + 2ÎNcstdhstd, s21d

with the correlations of the Gaussian noise given by

khst8dhstdl =
iSK

4
dst − t8d. s22d

Second, the stochastic equation of motion foru0std is given
by [14]
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"
du0std

dt
= m − mcstd −

"

q2fuxstdu̇ystd − uystdu̇xstdg +
nstd

ÎNcstd
,

s23d

where the correlation of the Gaussian noise are given by

knst8dnstdl =
i"2SK

4
dst − t8d. s24d

Since we are mostly interested in the stochastic equations
of motion for the position of the vortex, we neglect from
now on the fluctuations in the number of condensate atoms
and the global phase of the condensate. The Langevin equa-
tions for the position of the vortex core are, from the action
in Eq. (18), seen to be given by

u̇xstd = − vps0duystd + guxstd + hxstd,

u̇ystd = vps0duxstd + guystd + hystd, s25d

where the Gaussian noise is completely determined by

khistdh jst8dl =
q2iSK

4Nc
di jdst − t8d ; sdi jdst − t8d. s26d

The stochastic equations for the position of the vortex core in
Eq. (25) have two extra terms with respect to the zero-
temperature result in Eq.(9). First, the stochastic equations
have a damping term proportional to the damping rateg. As
we will see, this term leads to exponentional increase in the
distance between the vortex position and the center of the
condensate. Secondly, the stochastic equations have an addi-
tive noise term which represents the effect of thermal fluc-
tuations on the position of the vortex core. If these noise
terms would not have been present, the lifetime of the vortex
would again be infinite if the initial position of the vortex is
the center of the condensate. Physically, the vortex is
“kicked” out of the center of the condensate due to thermal
fluctuations, which are represented by the Gaussian noise
terms in Eq.(25).

Although we have, in the first instance, derived the sto-
chastic equation for the position of the vortex core by assum-
ing that we are dealing with a Bose-Einstein condensate of
noninteracting atoms, we can now consider the interacting
case by replacing the precession frequency invps0d by
vpsNcd. The Fokker-Planck equation, which determines the
probability distribution for the position of the vortex, is then
given by

] Pfux,uy,tg
] t

= H ]

] ux
fvpsNcduy − guxg +

]

] uy
f− vpsNcdux

− guyg+
s

2
F ]2

] ux
2 +

]2

] uy
2GJPfux,uy,tg. s27d

In the next section, we use this equation to determine the
average distance of the vortex to the center of the conden-
sate. This result is then used to obtain the lifetime of the
vortex.

IV. LIFETIME OF THE VORTEX

The average distance of the vortex to the center of the
condensate is given by

rstd ; kÎux
2 + uy

2lstd ; E duxduy
Îux

2 + uy
2 Pfux,uy,tg.

s28d

With the Fokker-Planck equation for the position of the vor-
tex core in Eq.(27) we find, with the use of a partial inte-
gration, thatrstd obeys the equation of motion

drstd
dt

= grstd +
s

2rstd
. s29d

The general solution of this equation is given by

rstd =
Îf2gr2s0d + sge2gt − s

Î2g
. s30d

Note that for small timest and distancerstd we have that
rstd~Ît. This may be understood from the fact that, if we
neglect the contribution of the precession frequencyvpsNcd
and the damping rateg to the Fokker-Planck equation in Eq.
(27), the vortex simply undergoes Brownian motion. For
large timest and distancerstd we have thatrstd~egt, as is
easily seen from Eqs.(29) and (30).

For a given initial positionrs0d=rmin, the vortex lifetime
is defined as the time it takes the vortex to reach the edge of
the condensate atrmax. Of course, for our Gaussianansatz
the edge of the condensate is not defined uniquely, but we
could, for instance, takermax=q. In the Thomas-Fermi limit
we havermax=R, with R the Thomas-Fermi radius. The life-
time of the vortex is in first instance given by

t =
1

2g
lnF rmax

2 + s/s2gd
rmin

2 + s/s2gd G . s31d

Let us first discuss the case where we neglect the contribu-
tion of the noise due to thermal fluctuations, i.e., we take
s=0. The lifetime of the vortex is then given by

t0 =
p

6
Sq

a
D2 "

skBTd
lnS rmax

rmin
D . s32d

This result is very similar to the result obtained by Fedichev
and Shlyapnikov[15], who indeed neglect thermal fluctua-
tions. Schmidtet al. [16], who include fluctuations, numeri-
cally find a similar result. In particular, the dependence on
the ratio rmax/ rmin is identical, and we observe that, in the
absence of thermal fluctuations, the lifetime of the vortex
diverges asrmin→0. Interestingly, although we consider the
weakly interacting limit, as opposed to Fedichev and Shlyap-
nikov who consider the Thomas-Fermi limit, the temperature
dependence of the prefactor of the lifetime in Eq.(32) is the
same in both results. This is even more surprising because of
the fact that the dissipation of the vortex considered by
Fedichev and Shlyapnikov is physically due to scattering of
quasiparticles of the vortex core. This mechanism of decay is
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physically quite distinct from the collisional effects we con-
sider here.

Including thermal fluctuations, the vortex lifetime is finite
even if its initial position is the center of the condensate. In
particular, for that case we have that

t =
p

12
Sq

a
D2 "

skBTd
lnF1 +

Nc"
2rmax

2

mq4

1

skBTdG . s33d

We observe that the leading low-temperature dependence of
the lifetime of the vortex isT−1 lnfNc"v / skBTdg, whereas in
the case where we neglected the thermal fluctuations we had
that the lifetime was proportional toT−1.

V. CONCLUSIONS

We have studied, by means of a variational analysis, the
motion of a vortex in a Bose-Einstein condensate. The main
results were the stochastic equations of motion for the posi-
tion of the vortex and their corresponding Fokker-Planck
equation, which enabled us to analytically calculate the life-
time of the vortex. We have compared our results for the
latter with the available theoretical results[15,16]. It is sur-
prising that, although the collisional decay mechanism that is
considered here is physically quite different from the decay
mechanism discussed by Fedichev and Shlyapnikov[15], we
nevertheless find the same temperature dependence if we ne-
glect the thermal fluctuations. Including thermal fluctuations

leads to a different temperature dependence. Note also that,
because we consider condensate dissipation due to collisions,
the lifetime of the vortex is inversely proportional to the
square of the scattering length. The result for the lifetime
found by Fedichev and Shlyapnikov is proportional toa−4/5.
It would therefore be very interesting to experimentally mea-
sure the dependence on the temperature and the scattering
length of the vortex lifetime.

Our present analysis was limited to the case where the
overall density profile is close to a Gaussian, i.e., the so-
called weakly interacting limit. In principle, our treatment
can be generalized to the case where the condensate is de-
scribed by a Thomas-Fermi density profile. However, in this
limit technical problems occur due to the fact that we need to
incorporate the density profile of the core of the vortex. This
strongly limits the feasibility of analytical results. We expect,
however, that the main difference between the weakly inter-
acting limit and the Thomas-Fermi limit is the difference in
the precession frequency of the vortex, which can easily be
found from a zero-temperature approach[5]. Therefore, we
believe that the lifetime results presented here provide also in
the Thomas-Fermi limit a more than qualitative understand-
ing of the dynamics of a vortex at nonzero temperatures.
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