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We perform a theoretical analysis to interpret the spectra of purely long-range helium dimers produced by
photoassociation(PA) in an ultracold gas of metastable helium atoms. The experimental spectrum obtained
with the PA laser tuned closed to the 23S1↔2 3P0 atomic line has been reported in a previous paper. Here, we
first focus on the corrections to be applied to the measured resonance frequencies in order to infer the
molecular binding energies. We then present a calculation of the vibrational spectra for the purely long-range
molecular states, using adiabatic potentials obtained from perturbation theory. With retardation effects taken
into account, the agreement between experimental and theoretical determinations of the spectrum for the 0u

+

purely long-range potential well is very good. The results yield a determination of the lifetime of the 23P
atomic state.
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I. INTRODUCTION

Photoassociation(PA) spectroscopy is a powerful tech-
nique for acquiring information about the collisional proper-
ties of laser-cooled atoms. It has revealed a rich array of
high-resolution spectroscopic data for alkali diatomic mol-
ecules[1] and provided a means of testing calculations of
molecular dynamics. It has also led to good estimates of the
s-wave scattering length[2,3] that determines the behavior of
ultracold dilute gases near quantum degeneracy.

The case of4He atoms in the metastable 23S1 statesHe*d
is distinctive in that each atom carries a large internal energy
of 20 eV. PA experiments with He* were first demonstrated
by Herschbachet al. with atoms trapped in a magneto-
optical trap(MOT) [4]. However, the quantitative study of
pair interactions has still to be completed, in particular for a
precise determination of thes-wave scattering lengtha. In
order to extract quantitative information from PA spectros-
copy we have performed a new PA experiment starting from
a magnetically trapped and evaporatively cooled metastable
helium gas at temperatures just above the Bose-Einstein con-
densation(BEC) [5,6]. We have thereby achieved higher
density, lower temperature, and greater state selectivity than
were obtained previously[4].

The present paper is meant to provide a theoretical
complement for the interpretation of our recent PA experi-
ments in magnetically trapped metastable helium atoms[7].
As a preliminary step toward the characterization of pair in-
teractions, we have reported the first observation of purely
long-range helium dimers produced by photoassociation of
metastable helium atoms, with the PA laser tuned close to the
2 3S1↔2 3P0 atomic line (see Fig. 1). These helium mol-
ecules are the largest dimers ever observed spectroscopically,

although there is growing interest in macrodimers formed by
cold Rydberg atoms with even larger dimension[8,9]. The
main difference with our dimers is that they are produced
from two highly excited atoms and therefore carry a huge
internal energy of 40 eV. However, whereas one might ex-
pect the molecules to decay through autoionization, the pri-
mary decay mechanism is radiative. This fact allowed us to
develop an original, “calorimetric” detection method based
on the strong heating of the atomic cloud at resonant PA
frequencies. Our preliminary model for the heating accounts
for the conversion of a decaying molecule’s vibrational ki-
netic energy into additional thermal energy within the cloud.
Autoionization appears to have a negligible effect, probably
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FIG. 1. (a) Illustration of the principle of a photoassociation
(PA) experiment. A free pair of metastable atoms is resonantly ex-
cited into a purely long-range 0u

+ molecular bound state. The poten-
tial curve for the5Sg

+ state is the one given by Ref.[11], the 0u
+ is

the one obtained by the calculation described in the text. Note the
change in energy and length scales between the5Sg

+ and the purely
long-range 0u

+ potential wells.
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because the inner turning points for these giant dimers are so
far apart(around 150 bohr radii). Ionization is unlikely at
such distances, so it is not surprising that these molecular
states have not been observed with the ion detectors used in
MOT experiments[4].

Because4He has no hyperfine structure, the theoretical
approach is relatively simple as compared with alkali sys-
tems. Thus, giant helium dimers present an interesting case
study, and we have attempted to emphasize important physi-
cal concepts in somewhat of a tutorial approach. In particu-
lar, a perturbative description of the electronic potentials is
given, which provides a physical understanding of the for-
mation of these molecules. Then, with a single-channel adia-
batic calculation of the effective molecular potentials we find
purely long-range spectra that are in excellent agreement
with those computed in Ref.[10] by more sophisticated tech-
niques.

In Sec. II, after a brief review of the experiment, we relate
the molecular binding energy to the measured resonance fre-
quency by subtracting shifts due to the magnetic trapping
potential and the nonzero temperature of the atomic cloud. In
particular, the free-bound character of the transitions leads to
temperature-induced shifts which do not exist in the case of
bound-bound transitions. Section III describes the calculation
of the long-range part of the 23S - 2 3P molecular interac-
tion potentials, as well as the theoretical values for the bind-
ing energies of the giant dimers. Our perturbative approach
shows how purely long-range potential wells arise from the
competition between the dipole-dipole interaction and the
atomic fine structure. Finally, we compare both the experi-
mental and theoretical determinations of the binding ener-
gies. With its high accuracy, the experiment provides a clear
illustration of retardation effects in the electromagnetic inter-
action and of tiny corrections due to the vibration-induced
coupling between electronic and nuclear degrees of freedom.
Moreover, it yields a measurement of the radiative decay rate
G of the atomic excited state 23P with an accuracy of 0.2 %.

II. DERIVING THE BINDING ENERGIES FROM PA
MEASUREMENTS

A. Acquisition of PA spectra

We perform PA experiments with a cold metastable he-
lium gas confined in a magnetic trap. The atomic cloud is
cooled by rf-induced evaporation to a temperature in themK
range, just above the BEC transition[12]. The cloud is illu-
minated for a short periods0.1–10 msd by a low-intensity
PA laser beam and then allowed to thermalize for a few
hundred milliseconds. It is subsequently released and then
detected optically after a few-milliseconds expansion time.
Giant helium dimers are produced when a free(unbound)
pair of cold atoms absorbs a PA photon and is excited into a
bound state of the purely long-range potential. This free-
bound transition occurs when the PA laser is tuned red of the
2 3S1↔2 3P0sD0d atomic line (see Fig. 1). Several reso-
nance lines appear in the recorded temperature data, indicat-
ing that the formation of transient molecules results in the
deposition of energy in the surrounding atomic cloud. Figure
2 illustrates the typical data obtained when we tune the PA

laser in the vicinity of a bound state in the 0u
+ potential well.

Although few atoms are lost[Fig. 2(a)], a strong increase in
temperature[Fig. 2(b)] and consequently a strong decrease in
peak optical density[Fig. 2(c)] are monitored. Since the
cloud is very cold(typically 5 mK), the excitation of rela-
tively few molecules is enough to cause significant heating.
Thus, the atomic cloud serves as a sensitive calorimeter ca-
pable of detecting the position of the molecular lines with an
accuracy of 0.5 MHz. The quantitative study of the heating
mechanism is in progress and will be published in a separate
paper.

B. Discussion of the various line-shift mechanisms

Acquiring experimental spectra consists in measuring the
PA laser detunings at which molecular lines are resonantly
excited in the magnetically trapped atomic cloud. For an ac-
curate interpretation of the data, we need to take into account
the correct line-shape function, which may include shifts
and/or asymmetric broadening due to various mechanisms.
We do so on the basis of the following calculation of the
molecular binding energy, which emerges straightforwardly
from the conservation of energy and momentum.

1. Conservation of energy for a free-bound transition

The energyEi of a pair of trapped atoms in the initial
unbound state can be written

FIG. 2. Detection of the resonant formation of giant dimers in
thev=4 vibrational state of the 0u

+ potential well. After the PA laser
pulse and further thermalization, the remaining atoms are detected
optically: (a) atom number,(b) temperature inmK, and (c) peak
optical density vs the PA laser detuning from the atomicD0 line.
Each point represents a new evaporated cloud after PA pulse illu-
mination, thermalization, and ballistic expansion. The curves in
graphs(a) and (c) indicate the averaging of data over five adjacent
points. The curve in graph(b) is a Lorentzian fit to the data with a
width of 2.8 MHz. Strong heating of the atomic cloud is observed
when the PA laser is resonant with a molecular transition.
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EisrW1,rW2,PW ,pW reld =
PW 2

4m
+

PW rel
2

m
− mW · fBW srW1d + BW srW2dg, s1d

where m is the mass of the4He atom, PW =pW1+pW2 is the
momentum of the pair’s center of mass,pW rel=spW1−pW2d /2 is

the relative momentum,BW srW1d and BW srW2d are the magnetic
field at the location of each atom, andmW is the magnetic
dipole moment of an atom in the 23S1 state sthe Landé
factor being 2, we definem=−2mB, with the Bohr magne-
ton mB,0d. In expressions1d, we neglect any interaction
energy between the two atoms. This will be justified be-
low.

After the pair of atoms absorbs a photon with momentum

"kW and frequencynL, the binding energyhb,0 of the result-
ing molecule can be inferred from the conservation law for
energy and momentum:

EisrW1,rW2,PW ,pW reld + hnL =
PW M

2

4m
+ hsn0 + bd, s2d

with PW + "kW = PW M ,

wherePW M is the final momentum of the molecule andhn0 is
the energy of theD0 line (for an isolated atom in a zero
magnetic field). The difference between the molecular bind-
ing energy and the PA laser detuningd=nL−n0,0 is thus
given by

hsb − dd = − "kW ·
PW

2m
−

"2k2

4m
− mW · fBW srW1d + BW srW2dg +

pW rel
2

m
.

s3d

Any dependence of the molecular level energy on the mag-
netic field sZeeman effectd or on the densitysmean-field in-
teraction of the molecule with the surrounding atomic and/or
molecular cloudd is a priori included inb, which may there-
fore also depend on the position of the molecule.

Note that the relative kinetic-energy termpW rel
2 /m in Eq. (3)

would not appear in the case of a bound-bound transition,
since it would be implicitly included in the initial binding
energy. As it is always positive, it contributes anasymmetric
line shape, and consequently a mean shift[13]. Also, the
harmonic magnetic trapping potential contains quadratic
terms which contribute to the inhomogeneous, asymmetric
broadening, and shift of the lines. However, the temperature
is low enough that the asymmetric broadening terms remain
much smaller than the natural Lorentzian width. Thus, the
only effect is a shift of the peak position of the lines, which
can be calculated by averaging Eq.(3) over the distribution
function for the initial pair of free atoms.

2. Initial distribution function of the free pair

The distribution function for the pairsthat undergo the PA
transition is the thermal distribution for a pair of trapped
atomsmultiplied by the transition probability. According to
the Franck-Condon overlap principle, the latter is propor-
tional to the Franck-Condon factor, namely the square of the

overlap between the initial and final radial wave functions.
Since the excited state is a bound state, the overlap is peaked
at the Condon radiusRC close to the classical outer turning
point. According to Table II in Sec. III, the transition occurs
mainly for an internuclear distanceRC= i rW1−rW2i &50 nm,
which is much smaller than the size of the atomic cloud
(,100 mm atT,10 mK). This allows us to use the approxi-
mationrW1. rW2. rW in Eqs.(1) and(3), whererW is the center of
mass of the pair. Furthermore, because the temperature is so
low, the collision between two atoms occurs in thes-wave
scattering regime, for which the relative angular momentum
pW rel="qW has no component orthogonal to the internuclear
axis. Thus, the vectorial character ofpW rel can be ignored,
since there is only one degree of freedom for the relative
motion of the colliding atoms. For internuclear distancesR
close toRC, the radial partusRd of the ground-state wave
function can be approximated asusRd~sinfqsR−adg~q
since qRC!1 (with a representing thes-wave scattering
length; see, e.g., Ref.[1]). Consequently, the Franck-Condon
factor is proportional toq2. Finally, the distribution function
for a pair of trapped atoms in thes-wave scattering regime
absorbing a PA photon is found to be proportional to

q2dsrW1 − rW2dexpf− EisrW1,rW2,PW ,qd/kBTg. s4d

3. Mean frequency shifts

a. Average over the center-of-mass momentum.The first
term in the right-hand side of Eq.(3) is responsible for the
Doppler profile. It produces no average shift, since there isa
priori no correlation between the momenta of the two atoms

and of the photon:kkW ·PW l=0. However, it is responsible for a
symmetric broadening of the lines, which scales likeÎT (T,
the temperature of the cold gas). In the microkelvin range of
temperature, this Doppler broadening turns out to be small
compared with the natural lifetime broadening of the mo-
lecular states probed.

The second term in the right-hand side of Eq.(3) is the
recoil energy of the molecule after absorbing the photon. In
units of h, its numerical value is,21 kHz, which is well
below our experimental accuracy. Therefore we neglect the
corresponding shift.

b. Average over the center-of-mass position.Using ex-
pression(4), the average over the positionsrW1 and rW2 turns
out to be an average over the positionrW of the center of mass
of the pair. The shift induced by the external trapping poten-
tial is thus calculated to be

k− mW · fBW srW1d + BW srW2dgl = 2mB0 + 3
2kBT, s5d

where 2mB0 is twice the Zeeman shift of one atom at the
center of the trap, and 3kBT/2 is the average of the harmonic
trapping potential energy, according to the equipartition
theorem for quadratic energy terms.

As already noted, the binding energyhb a priori also
depends on the center-of-mass position, and should therefore
be averaged as well. However, we neglect this position de-
pendence, since the effect of both the inhomogeneous mag-
netic field (molecular Zeeman effect) and density(atom-
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molecule interaction) turn out to be small compared with our
experimental accuracy, as discussed below.

c. Average over the relative momentum.Making use of
expression(4), we find the average of the relative kinetic-
energy term:

K"2q2

m
L =

E "2q2

m
q2expS−

"2q2

mkBT
Ddq

E q2expS−
"2q2

mkBT
Ddq

=
3

2
kBT, s6d

where the denominator normalizes the distribution function.
Let us mention that while there is only one degree of free-
dom for the relative momentumsin the s-wave scattering
regimed, our inclusion of the pair distribution function leads
us coincidentally to the same 3kBT/2 that one finds when
treating three classical degrees of freedom.

d. Other shift mechanisms.The mean-field interaction due
to the surrounding medium on both the initial and final states
of the transition can cause density-dependent shifts of the
lines. As far as the initial pair of free atoms is concerned, the
mean-field interaction energy is 4p"23na/m, where the
atomic densityn,1014cm−3, the s-wave scattering length
a,20 nm [5,6], andm,6.68310−27 kg. In units ofh, the
upper bound for this mean-field interaction is less than
,60 kHz, which is below our experimental accuracy and
therefore negligible. The mean-field energy shift of the final
molecular state, which would appear as a density-dependent
term in the experimental binding energy, has not been de-
tected experimentally.

Finally, light-induced line shifts are completely negli-
gible, since the spectra were measured with PA laser intensi-
ties well below the atomic saturation intensity.

e. Summary.In our experiment, each molecular line pro-
duces a resonant increase in temperature as a function of PA
detuningd. Each resonance line is fit by a Lorentzian. The
fit’s center frequencydv is taken to be the resonant frequency
for excitation to vibrational levelv. Accounting for the cor-
rections described above, we infer the molecular binding en-
ergy hbv of this vibrational level to be

hbv . hdv + 2mB0 + 3kBT. s7d

C. Experimental checks for the line shifts

We have measureddv, B0, andT for the linesv=0 through
v=4 in the 0u

+ potential well, forB0=0.1 to ,10 G and for
T=1.5–30mK. The temperature of the gas was varied by
changing the final rf frequency of the evaporation ramp
above the critical temperature. Consequently, the atomic den-
sity was also varied fromn,0.531013 to ,831013at/cm3.

In Eq. (7) the most important correction is due toB0.
Figure 3 shows the dependence onB0 of the measured de-
tuning dv of the v=3 line, after it is corrected for the
temperature-induced effects3kBTd. If the magnetic field is
measured in units ofmB0, a linear fit to the data gives a slope
of −2.02±0.02. Given Eq.(7), the contribution of the initial
pair of free cold atoms(the “ground” state), should be ex-
actly −2mB0. A deviation from this value could be attributed

to the contribution of the mean Zeeman effect of the molecu-
lar bound(“excited”) state. As the 0u

+ electronic state is non-
degenerate, the molecule cannot have any magnetic dipole
moment except one induced by the molecular rotation, which
is expected to be of the order of the nuclear magneton, or
about three orders of magnitude smaller thanmB. Given the
experimental accuracy and the range of magnetic field ex-
plored, the correspondingly small Zeeman effect would be
difficult to measure. But our data permit us to set an upper
bound of 0.02m=0.04umBu on the molecular magnetic dipole
moment. This result justifies neglecting the molecular Zee-
man effect in the calculation of the mean line shifts.

Figure 4 displays the measured position of thev=4 line,
corrected for the magnetically induced shifts2mB0d, as func-
tion of the atomic cloud density. Data with(circles) and
without (squares) the additional temperature-dependent cor-
rection are shown. The uncorrected data has been displayed
in order to illustrate the importance of the temperature effect
(up to 2 MHz at,30 mK) as compared to the experimental
accuracys0.5 MHzd. For this set of data, the density was
increased simply by further evaporative cooling of the gas.
Thus, higher density is associated with lower temperature,
and the temperature-induced shift indicated by the squares
nearly vanishes for large density. It should be noted here that
the size of the molecules(917 a0,50 nm, see Table II) is
not vanishingly small compared with mean interatomic dis-
tance in the cloud(,260 nm at 631013 at/cm3). Under
these conditions, one might expect to find a density-
dependent shift due to the mean-field interaction between the
molecule and the surrounding atomic medium. However, no
such shift is evident in our data after we apply the correc-
tions for temperature and magnetic field. The error bars in-
clude experimental uncertainty ind, B0, and T. Additional
scatter of about 0.3 MHz can be attributed to the uncertainty
in the PA laser frequency lock. We have studied the stability
of the experiment and the possible sources of systematic er-

FIG. 3. Experimental determination of the binding energy in the
0u

+ potential well for the vibrational levelv=3: illustration of the
dependence of the measured detuningdv on the magnetic fieldB0,
after correction from the temperature-induced shift[see Eq.(7)].
The slope of the linear fit is compatible with the expected depen-
dence inB0 (see in the text).
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ror in all achievable parameter ranges(accumulating many
more data than are shown in Fig. 4). We conclude that the
binding energy forv=4 is −18.2±0.5 MHz, in units ofh.

Finally, from Fig. 4 and from the 0.5 MHz uncertainty, we
can infer that the density-induced energy shift of the mol-
ecules must be smaller than,100 KHz per 1013cm−3 of den-
sity. Actually, the atomic Bose gas surrounding the molecule
is near resonance and therefore has a permittivity that differs
from the vacuum value. For an ideally homogeneous me-
dium, the permittivity would enter in the resonant dipole
potential [14], leading to a density-dependent term in the
binding energy which would be at least a factor 2 above our
upper bound. Since we do not detect this effect, we conclude
our gas cannot be considered as an homogeneous medium on
the size scale of a molecule. This point may deliver impor-
tant information about the three-particle correlation function
in the atomic gas and would require further study, but it has
not been investigated so far.

Similar data were registered for the other vibrational lines
that we were able to measure. The experimental results for
the binding energies are reported in Table I, Sec. III.

III. ROVIBRATIONAL STRUCTURE OF THE GIANT
DIMERS

In order to interpret the measurements described above,
we now develop the calculation of the long-range interaction
of one atom in the 23S1 state, and another one in the
2 3PJ=0,1,2 state. It happens that some of the resulting
potential-energy curves have minima at very large internu-
clear distance and support purely long-range bound states. In
particular, the calculated spectrum of five vibrational states
in the 0u

+ potential will be shown to be in excellent agreement
with our measurements.

A. Electronic potential curves for the 2 3S+2 3P system with
fixed nuclei

1. Hamiltonian

The general task for calculating molecular potentials in
4He consists in solving the following Schrödinger equation
[15]:

Ĥucal = sT̂n + T̂e + V̂ + Ĥrelducal = Eaucal, s8d

whereT̂n = o
k=1

2
p̂k

2

2M
, T̂e = o

i=1

4
p̂i

2

2m
,

andV̂ = V̂sr̂ k, r̂ id, Ĥrel = Ĥrelsr̂ i,ŝid.

Here, ucal is a stationary solution corresponding to a set of
quantum numbershaj to be detailed later. The Hamiltonian

written above appears as the sum of four termsT̂n, T̂e, V̂, and

Ĥrel which represent, respectively, the kinetic energy of the
two nuclei, the kinetic energy of the four electrons, the non-
relativistic interaction between the six charged particles, and
the relativistic part of the Hamiltonian. This operator is writ-
ten as function of the positions of the nucleir̂ k, and of the
electronsr̂ i, and as function of the spin coordinatesŝi of the
four electrons. The4He nuclei have no spin. To solve this
very complicated problem, we adopt a perturbative approach,
in which we consider the internuclear distance large enough

that the interaction potentialV̂ can be treated as a perturba-
tion of the system of two independent atomsA andB. Thus
the Hamiltonian(8) is approximated as follows:

FIG. 4. Experimental determination of the binding energies in
the 0u

+ potential well: illustration, in the case of the vibrational level
v=4, of the dependence of the measured detuningdv on the tem-
perature and on the density, after correction from the magnetically
induced shift[see Eq.(7)]. Data are displayed before(squares) and
after (circles) applying the temperature-dependent correction. Error
bars include uncertainty in the measurements ofd, B0, andT.

TABLE I. Comparison between experimental and theoretical
binding energies in the case of the 0u

+ purely long-range potential
well. Column (A) gives the experimental results, after the correc-
tions discussed in Sec. II are applied. Column(B) gives the binding
energyEv,J calculated from Eq.(18) within the adiabatic approxi-
mation, for J=1. For each bound state,eRet is an estimate of the
contribution toEv,J of the retardation effect.eRet comes from the
comparison with the nonretarded calculation. Similarly,eRad is the
calculated estimate of the termkfJ,Vu

±u]2/]R2ufJ,Vu
±l [see Eq.(18)].

Note that the binding energies presented in column(B) already
implicitly contain the contributionseRet and eRad. All the energies
are given in units ofh, in MHz.

(A) (B) (C) (D)

v Experiment Ev,J eRet eRad

5 −2.487 −0.78 +0.053

4 −18.2±0.5 −18.12 −1.6 +0.28

3 −79.6±0.5 −79.41 −2.6 +0.95

2 −253.3±0.5 −252.9 −3.9 +2.4

1 −648.5±0.5 −648.3 −5.2 +5.3

0 −1430±20 −1418 −6.6 +10.3
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Ĥ = T̂n + Ĥ0sAd + Ĥ0sBd + ĤfssAd + ĤfssBd + ÛsRd, s9d

where Ĥ0 and Ĥfs are, respectively, the nonrelativistic and
relativistic part of the Hamiltonian for one isolated atom, and

ÛsRd stands for the long-range electrostatic interaction be-
tween the two atoms, whose leading term is the retarded
dipole-dipole interaction.

To describe long-range molecular interactions, we expand
the molecular state in linear combinations of(entangled)
atomic states(LCAO approximation). Moreover, according
to the usual Born-Oppenheimer approximation we first con-
sider only the electronic degrees of freedom while keeping
the nuclei(more precisely, the atomic centers of mass) fixed.
We then treat both the dipole-dipole interaction and the
atomic fine structure as perturbations of the nonrelativistic
Hamiltonian for two independent atoms. We write the two
interactions in the basis set of states formed by the tensorial
product of isolated nonrelativistic atomic states:
huatomA:LA,MLA;SA,MSAl ^ uatomB:LB,MLB;SB,MSBlj.
Considering one atomic orbital in the 23S state and another
one in the 23P state, the space of states is of dimension 54.
Since the two nuclei are identical, the Hamiltonian is un-

changed under the inversionÎe of all the electrons with re-

spect to the center of mass[16]. The operatorÎe commutes
with the Hamiltonian(9) and has two eigenvaluesv= ±1
with eigenstates labeledgerade(g) andungerade(u), respec-
tively.

2. Retarded dipole-dipole interaction

The dipole-dipole interactionÛsRd, first, only couples the
orbital angular momenta of the two independent nonrelativ-
istic atoms. It is diagonal in the Hund’s case(a) basis set
labeledu2S+1Lu/gl (see, e.g., Refs.[16,17]). These states can
be written as follows in the atomic basis:

u2S+1Lu/gl =
1
Î2

s1 + vÎeduA:0,0;B:1,MLl ^ uS,MSl

=
1
Î2

suA:0,0;B:1,MLl − vs− 1dSuA:1,ML;B:0,0ld

^ uS,MSl.

Here,S is the total electronic spin of the moleculesS=0, 1,
or 2d, L is the projection onto the molecular axis of the
electronic orbital angular momentum of the molecule. In the
Hund’s casesad basis, the retarded dipole-dipole interaction
is, respectively, given by Ref.f17,18g

− 2vs− 1dSC3/R
3fcosskRd + kR sinskRdg, s10ad

vs− 1dSC3/R
3fcosskRd + kR sinskRd − skRd2cosskRdg,

s10bd

for 2S+1og/u states(10a), and2S+1pg/u states(10b). The coef-
ficient C3 is related to the atomic dipole matrix elementd

=k2 3Pud̂zu2 3Sl, and thus to the radiative lifetime 1/G of the
atomic transition:

C3 =
udu2

4p«0
=

3

4
"GS l

2p
D3

, s11d

with «0 the vacuum permittivity. The fine-structure splitting
is small enough that we assume the three atomic lines of
interest s2 3S1↔2 3PJ=0,1,2d have the same wavelengthl
=1083.3 nm within 0.1 nm. The radiative decay rateG
=2p31.6248 MHz can beinferred from l2 and from an
accurate calculation of the oscillator strength of the
atomic transition f19g. Finally, C3 is found to be C3
=6.405 a.u., within a relative uncertainty of 5310−4.

3. Fine-structure coupling

We next consider the relativistic part of the Hamiltonian,

ĤfssAd+ĤfssBd, which is diagonal in the Hund’s case(c) ba-
sis [by definition of Hund’s case(c), see, e.g., Ref.[16]],
with three eigenvalues corresponding to the three states
2 3S1+2 3PJ=0,1,2. The eigenstates can only be characterized
by the projectionV of the total electronic angular momen-
tum (orbital and spin) on the molecular axis[16]. In 4He the
atomic fine structure can be modeled using the following
operator:

Ĥfs = aLW ·SW + bsLW ·SWd2, s12d

whereLW and SW are the atomic orbital and spin angular mo-
menta. In addition to the usual spin-orbit coupling, spin-spin
magnetic dipole interaction between the two electrons is an
important effect in heliumf20g, leading to a nonequidistant
splitting of the fine-structure levels. In our model, the con-
stantsa andb are determined phenomenologically, in order
to reproduce the fine-structure splittings which have been
measuredf21,22g very accurately:

a = −
DJ=2↔1

2"2 and b =
2DJ=1↔0 − DJ=2↔1

6"4 ,

with

DJ=2↔1 = h 3 2.291 175 GHz,

DJ=1↔0 = h 3 29.616 950 GHz.

4. Potential curves with fixed nuclei

According to the Movre-Pichler approach[23], both re-
tarded dipole-dipole interaction and atomic fine structure
coupling

ĤfssAd + ĤfssBd + ÛsRd s13d

should be considered simultaneously as a perturbation of the
nonrelativistic Hamiltonian for two independent atoms

Ĥ0sAd+Ĥ0sBd. Only the projectionV of the total electronic
angular momentum on the molecular axis is a good quantum
number. States of differentu/g symmetry are uncoupled and
two sets of potential curves can be determined independently
for gerade and ungerade states. Since we do photoassociation
experiments in a magnetically trapped atomic cloud, the ini-
tial quasimolecular state is5Sg

+, and gerade states are not
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accessible by single-photon excitation. Thus we focus only
on ungerade states. Figure 5 shows the results of the calcu-
lated ungerade eigenvalues of the operators13d as a function
of R. Here, the electronic states are determined with fixed
nuclei. Also, the potential curves describe only the long-
range part of the molecular interactions as a consequence of
the perturbative description. For theV=0 space, the reflec-
tion symmetry sin a plane containing the molecular axisd
leads to a relevant additional label +/−, which distinguishes
two states with different energies. ForVÞ0 states, this sym-
metry can be defined as well but the two resulting states have
the same energy.

5. Physical origin of the purely long-range molecules

The Hamiltonian(13) is block diagonal with each block
corresponding to a givenVu/g

s±d subspace. As an example, let
us consider the subspace 0u

+. It is of dimension four. Figure 6
illustrates the physical reason why a purely long-range well
arises in this subspace of states. If we consider only the

dipole-dipole interaction, one eigenvalue is purely repulsive,
while the three others are purely attractive, two of them be-
ing identical[Fig. 6(a)]. They all have the same asymptote.
The four corresponding eigenstates are pure Hund’s case(a)
states. Let us consider separately the repulsive state and the
manifold of attractive states. If we “turn on” the fine-
structure coupling inside each of these two subspaces of
states, while neglecting the couplings between them, then the
potential curves repel each other and the asymptotes no
longer coincide. Of course, since the neglected couplings are
not small, the four asymptotes have no straightforward
physical meaning. However, the important point is that a
crossing shows up between the repulsive curve and one at-
tractive curve[Fig. 6(b)]. Finally, if we turn on the neglected
fine-structure terms, we couple the subspaces corresponding
to the two crossing states, and an anticrossing appears[Fig.
6(c)]. The resulting potential well is thus a consequence of
the fine-structure mixing of long-range molecular interac-
tions, which links the inner, repulsive dipole-dipole curve
with an outer, attractive one. What is remarkable about this
well is thateven the repulsive part occurs at very long range,
in a region where the asymptotic dipole-dipole expression
remains a very good approximation. That is why the pertur-
bative approach used here is very well suited to describe the
bound states lying in this kind of well, or the so-called purely
long-range molecular states[24].

Due to the competition between the dipole-dipole and the
fine-structure interactions, not only the potential curves, but
also the electronic states explicitly depend onR. As an illus-
tration, the 0u

+ purely long-range electronic eigenstate is
shown in Fig. 7. The eigenstate is given with its projections
over the Hund’s case(a) basis set. It evolves from the pure
Hund’s case(a) 5Pu at short range, where the dipole-dipole
interaction dominates, to a pure Hund’s case(c) for asymp-
totically large values ofR where the dipole-dipole interaction
vanishes like 1/R3. Consequently, the fixed-nuclei approxi-
mation must be corrected by an accounting of the coupling
between the electronic and nuclear degrees of freedom.

The discussion just presented can also be applied to all the
otherVu/g

s±d subspaces. Figure 5 shows three purely long-range
ungerade potential wells. One is connected to the 23S1
+2 3P0 asymptote and belongs to the 0u

+ subspace; it has
been presented above. The two others are connected to the
2 3S1+2 3P1 asymptote and belong to the 0u

− and 2u sub-
spaces. Within the fixed-nuclei approximation the calculated
0u

+ well is 2.130 GHz deep, the 2u one is 0.321 GHz deep,
and the 0u

− one is 0.054 GHz deep. We will examine these
wells more closely in the following discussion.

B. Description of the motion of the nuclei

So far the dynamics of the electrons has been treated in-
dependently from the dynamics of the nuclei. In our pertur-
bative model, the coupling between the two comes from the
kinetic-energy operator for the relative motion of the nuclei:

T̂nsR,u,wd = −
"2

2m
S 1

R

]2

] R2R−
,W2

"2R2D . s14d

In this expressionsR,u ,wd are the spherical coordinates of
the fictitious particle of reduced massm associated with the

FIG. 5. Ungerade electronic potential curves(in GHz) for fixed
nuclei for the 23S+2 3P system vs the internuclear distanceR (in
atomic units; 1a0,0.0529 nm). The potential curves result from
the numerical diagonalization of the Hamiltonian(13). Three ar-
rows indicate the three purely long-range potential wells in which
bound states are determined numerically.
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pair of nuclei, and,W is the orbital angular momentum asso-
ciated with its rotation.

1. Effect of the rotation

First, the effect of the rotation of the nuclei on the elec-
tronic states calculated above can be found if we add the last
term of Eq.(14) to the Hamiltonian(13). The operator to be
diagonalized becomes

Ĥ = ĤfssAd + ĤfssBd + ÛsRd +
,W2

2mR2 . s15d

Now, the space of states has to be extended to the rotational

degrees of freedom. Only the total angular momentumJW =LW

+SW +,W has to be conserved,11 so we must consider the set of
statesufJ,Vu

±l defined by the product of electronic states de-

termined aboveuVu
s±dl and of rotational statesuJ,M ,Vl f25g:

ufJ,Vu
±l= uVu

s±dl ^ uJ,M ,Vl. The quantum numberM is the

projection ofJW onto a lab-fixed frame. Since the molecule is

linear, ,W is orthogonal to the molecular axis, which means
,z=0 andJz=Lz+Sz. Thus the electronic quantum numberV

represents the projection ofJW onto the molecular axis and it
is recalled as a parameter in the notation for the rotational

state. In this basis,,W can be written as,W =JW −LW −SW, the square
of which is given by

,Ŵ2 = Ĵ2 + L̂ 2 + Ŝ2 − 2 Ĵz
2 + 2 L̂zŜz + sL̂+Ŝ− + L̂−Ŝ+d − sĴ+L̂−

+ Ĵ−L̂+d − sĴ+Ŝ− + Ĵ−Ŝ+d. s16d

In Eq. (16), the first line contains terms that couple elec-
tronic states with each otherinside each Vu

s±d block. The
second line contains the terms that couple states belonging to

different V subspaces, due to the action ofĴ± which obeys
anomalouscommutation rules[26] and couplesV to V71.
These off-diagonal coupling terms become important where
potential curves belonging to differentV subspaces cross

1Here, LW and SW represent themolecularorbital and spin angular
momenta.

FIG. 6. Eigenvalues of the restriction of the Hamiltonian(13) to the 0u
+ subspace. Energies are given in GHz, distances are in atomic

units. (a) The fine-structure coupling is neglected: the eigenstates are pure Hund’s case(a) states.(b) The fine-structure coupling is partly
included: couplings between the repulsive state and the attractive ones are neglected. After diagonalization, one attractive and one repulsive
states cross each other.(c) Finally, including all the fine-structure coupling terms leads to an anticrossing and a purely long-range potential
well. Note that graph(b) is only for illustration and that the neglected terms are not small.

FIG. 7. Eigenstate for the 0u
+ purely long-range potential well

connected to the 23S+2 3P0 asymptote within the fixed-nuclei ap-
proximation. The electronic state is given with its decomposition in
the Hund’s case(a) basis set: the weights are the squares of the
projection on the different subspaces of Hund’s case(a) states. Dis-
tances are in atomic units.
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each other; they produce anticrossings. For the three purely
long-range wells of interest, such crossings appear far
enough in the classically forbidden region that the off-
diagonal coupling terms can be neglected in the calculation
of the binding energy. Thus, in the following calculation,
only the terms coupling states within a givenV subspace
[first line in Eq.(16)] are kept in the expression of the rota-
tion of the nuclei.

Figure 8 shows the change in the three ungerade potential
wells resulting from the inclusion of the rotation of the nu-
clei in the Hamiltonian. The minimum possible value forJ is
J=V. For higher values ofJ the contribution of the centrifu-
gal barrier due to the rotation of the nuclei increases. Bose-
Einstein statistics dictates thatJ should be odd for 0u

+, and
even for 0u

− (see, e.g., Ref.[25]). There is no restriction onJ
for the 2u state, since it is doubly degenerate.

2. Effect of the vibration

Next, since the electronic states depend onR (Fig. 7), the
vibration of the nuclei also influences the electronic degrees
of freedom. This effect is described by the radial part of the
kinetic energy of the nuclei, namely, the first term in paren-
thesis in Eq.(14). This final addition to the Hamiltonian
leads to the following equation:

Ĥucl = H−
"2

2m

1

R

]2

] R2R+ ĤJucl = Eucl, s17d

where the eigenstatesucl are written using a basis with sepa-
rable variables:ucl= uxvl ^ ufJ,Vu

±l, with uxvl the vibrational
part, andufJ,Vu

±l the electronic and rotational part. With these
notations, ufJ,Vu

±l are the R-dependent eigenstates of the

hamiltonian Ĥ, with the eigenvaluesVJ,Vu
±sRd determined

previously and given in Fig. 8.
Because the crossings between electronic potential curves

lie far enough in the classically forbidden region, the action
of ]2/]R2 on the electronic part should be considered as a
diagonal correction and we neglect the off-diagonal terms of
this operator. This is the so-called adiabatic approximation
[15], and Eq.(17) reduces to a set of independent radial
equations:

H−
"2

2m
S d2

dR2 +KfJ,Vu
±U ]2

] R2UfJ,Vu
±LD + VJ,Vu

±sRd

− EJ,Vu
±,vJusRd = 0, s18d

where the vibrational part of the wave function has been

written kRW uxvl=usRd /R, andEJ,Vu
±,v is the binding energy for

the rovibrational levelsJ,vd in theVu
± potential well. Finally,

the vibration of the nuclei is described through a single ef-
fective potential well which is the sum ofVJ,Vu

±sRd swhich
already takes into account the rotation of the nucleid and of
the correction coming form the dependence inR of the

eigenstates ofĤ.

C. Calculation and comparison with the experimental
spectrum

Table I provides the comparison between the experimental
results obtained for the 0u

+ potential well[column A], and the
calculated binding energies from the adiabatic approach de-
veloped above[column B]. In column (A), the measured
binding energies include the corrections discussed in Sec. II.
Within the experimental accuracy, the agreement between
our measurement and our predictions forJ=1 is remarkably
good (except for thev=5 line, which is too close to the
atomic resonance to be observed). Note that thev=0 line
was probed with a different laser set up, so its measured
binding energy is less precise than the others(see Ref.[7]).
Also, thes0u

+,J=3d progression is too weak to be observed in
our experiment.

The effect of retardation on the calculated energy is illus-
trated by the quantityeRet [Table I, column(C)]. It increases
the depth of the well, and therefore the binding energies as

FIG. 8. Influence of the nuclear rotation on the electronic poten-
tial energy for the threeungeradepurely long-range wells shown in
Fig. 5. The dotted lines are the result of the fixed-nuclei approxi-
mation. The full lines are the potential used to calculate the binding
energies presented in Table II. Note that the horizontal and vertical
scales are different for each graph.
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well. Compared with the nonretarded calculation[k→0 in
the expressions(10a) and (10b)], retardation is a correction
proportional toR2 in relative value, but to 1/R in absolute
value. Therefore, it becomes very important in relative val-
ues for very elongated states(up to ,30 % for v=5), and it
is more important in absolute values for less elongated states
(eRet=−6.6 MHz forv=0). Given the experimental accuracy
of 0.5 MHz, this work is a demonstration of the retardation
effect, which has to be taken into account to reproduce the
measured binding energies. This effect has been already
demonstrated for sodium atoms in 1996[27].

The correction to the electronic potential due to the vibra-
tion of the nuclei is illustrated by the quantityeRad in Table I,
column (D). Practically eRad is the difference between the
binding energy calculated with and without the term
kfJ,Vu

±u]2/]R2ufJ,Vu
±l in Eq. (18). This term is part of the ki-

netic energy of the system. Thus it brings a positive contri-
bution to the effective electronic potential and it moves the
bound states upward in the wells. Its contribution is nonva-
nishing in the region where the electronic state changes its
character withR due to the anticrossings discussed previ-
ously, that is to say in the vicinity of the bottom of the
potential well. Therefore the correction is stronger for the
deepest states, as they do not extend very far from this re-
gion. Weakly bound states extend much farther into regions
where the electronic state does not depend strongly onR
(pure Hund’s case c), and the net effect is less pronounced.

Finally, the high accuracy of the data and the good agree-
ment between the experimental and calculated spectra lead to
an experimental determination of theC3 coefficient, which
describes the dipole-dipole interaction. In our calculations,
changingC3 by 0.1 % changes the binding energies by at
most 0.3 MHz, which is of order of our experimental accu-
racy. Therefore, the present results confirm the theoretical
value used for theC3 coefficient to within 0.2 %. As a con-
sequence of Eq.(11), we can infer that the atomic radiative
decay rate isG=2p3 s1.625±0.003d MHz. As far as we
know, this is the most accurate experimental determination
for the helium 23P decay rate.

D. Other ungerade giant dimers

Bound states in ungerade potential wells other than 0u
+

have not been explored. However, the calculation presented
above can also be applied for those. Table II presents the
theoretical results for the molecular binding energies and
characteristic sizes in the three ungerade purely long-range
potential wells. Column(A) gives the results obtained when
one solves Eq.(18). Experimentally, bound states are pro-
duced by driving an electric dipole transition from the elec-
tronic state5Sg

+ with J=2, so onlyJ=1, 2, or 3 are acces-
sible. In Table II, the results are given for one relevant value
of J, taking into account the Bose-Einstein statistics already
mentioned in Sec. III B 1.

The purely long-range character of these molecules arises
from the very large distance at which their inner classical
turning points lie[Table II, column(B)]. The outer turning
points [column (C)] and mean sizeskRl=kxvuRuxvl [column
(D)] are also particularly large, leading to an unusual type of

“giant” dimer for which asymptotic calculations allow an
accurate description. At such large distances, the next order
term C6/R6 in the electromagnetic interaction can clearly be
neglected. TheC6 coefficient has never been published for
this system, but one can estimate that it is smaller than the
value ofC6=3265 a.u. for the 23S-2 3S interaction[11] and
calculate the order of magnitude of the neglected term. For
internuclear distances larger than 150a0, which is the range
of interest for these purely long-range molecules(see Table
II ), C6/R6,C3/R331.5310−4. So neglecting this term
leads to an error smaller than the one due to the uncertainty
on C3.

While writing the present article we were informed that
Venturi et al. [10] had submitted for publication the result of
a multichannel calculation, which is also in very good agree-
ment with our experimental results. Their method is more
elaborate and allows for a direct solution of the full set of Eq.
(17). However, the binding energies obtained by both meth-
ods are equal to within 0.5 MHz for all the bound states
presented in Table II. We have also performed a multichannel
resolution of Eq.(17) with the use of a mapped Fourier grid
method. Our results[28] are comparable to those of Ref.[10]
to within 100 kHz. The main reason why the adiabatic ap-
proach is efficient and the multichannel calculation is not
required is that there is no crossing between the adiabatic
potential wells of interest and the other potential curves. This
allows for a single-channel calculation that leads to Eq.(18)
and is accurate enough to reproduce the experimental spec-
trum.

IV. SUMMARY AND CONCLUSION

In a previous paper[7], we reported an accurate measure-
ment of the binding energies of purely long-range helium

TABLE II. Results of the calculation detailed in the text for the
three purely long-rangeungeradewells. Column(A) gives the bind-
ing energyEv,J calculated within the adiabatic approximation. The
three last columns illustrate the unusual size of the dimers.Rmin and
Rmax are classical inner and outer turning points,kRl is the mean
internuclear distance. All the energies are given in MHz, and the
lengths in atomic units.

(A) (B) (C) (D)

v Ev,J
a Rmin Rmax kRl

0u
+, J=1 5 −2.487 147.6 2182 1797

4 −18.12 147.7 1122 917

3 −79.41 148.1 689 560

2 −252.9 149.5 467 379

1 −648.3 152.9 336 276

0 −1418 162.5 246 213

0u
−, J=2 0 −7.304 461.7 970 824

2u, J=2 3 −4.584 320.5 2097 1712

2 −21.41 322.5 1231 999

1 −72.32 329.3 808 659

0 −191.5 351.1 558 477

aBinding energies are given with respect to the asymptote of the
potential considered.
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dimers in the 0u
+ potential well connected to the 23S1

+2 3P0 asymptote. The present paper reports theoretical cal-
culations which complement the experimental results in or-
der to interpret the spectra measured.

The experiment consists in measuring the PA laser detun-
ings for which a strong heating of the atomic cloud is ob-
served. The heating is assumed to be a consequence of the
resonant excitation of a bound state in the 0u

+ potential well.
To infer the corresponding binding energy, the measured PA
laser detunings must be corrected from a mean shift of the
molecular lines due to the nonzero magnetic fieldB0 at the
center of the trap, and also to the nonzero temperature of the
cold gas. Since the detunings are measured with high accu-
racy, a simple calculation shows that the temperature-
induced shift must be considered, given the range of tem-
perature explored(2–30mK). This calculation does not
include the exact shape and width of the lines but only gives
a mean correction. The binding energies deduced after cor-
rection are independent of the density, and no magnetic di-
pole moment is detectable for the excited state. Apart from
the symmetric and asymmetric broadening mechanisms dis-
cussed in Sec. II, the line shapes are actually also influenced
by the dynamics of the heating mechanism. Indeed the tem-
perature curves are an indirect measurement of the line shape
which relies on the efficiency of the thermalization of the
cloud. An incomplete thermalization can lead to another
source of broadening of the lines, but no additional shift. The
calorimetric detection scheme and its implications on the line
shape will be discussed in a separate paper.

Here we have presented an approximate solution of the
Schrödinger equation that is well suited for asymptotically
large internuclear distances. The adiabatic approach allows
for accurate calculations of the binding energies in the case
of purely long-range potential wells. The calculation can eas-

ily be extended to other purely long-range potential wells
which can in principle also be observed in our experimental
conditions, namely, 0u

− and 2u.
Finally, the comparison between the experimental and

theoretical determination of the binding energies in the 0u
+

potential well is very good if retardation effects are taken
into account. As a consequence, an accurate measurement of
the radiative decay rate for the excited atomic state 23P can
be inferred. The accuracy of the experimental data allows for
a test of retardation effects as well as of tiny vibration-
induced couplings between electronic and nuclear degrees of
freedom.

Thus, the excellent agreement between our perturbative
calculation and our experiment suggests a good understand-
ing of the purely long-range system. This work is a first step
towards a better knowledge of pair interactions in ultracold
metastable helium. Further developments will follow in or-
der to measure thes-wave scattering lengtha for two 2 3S1
atoms, for which the uncertainty is currently on the order of
30 % [5,6,29]. The need for an improved value ofa has been
highlighted in recent investigations of collisional properties
[30] and of the dynamical behavior[31] of the ultracold
metastable helium gas. We are currently focusing on two-
photon PA experiments, from which we hope to determinea
precisely by measuring the energy of the most weakly bound
state in the5Sg

+ potential shown in Fig. 1. The work pre-
sented here has been a necessary preliminary step toward the
two-color PA experiments, since it characterizes purely long-
range molecular states that appear to be convenient interme-
diate excited levels for the two-photon process.
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