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ABSTRACT

We introduce datatype specifications based on schemes, a slight generalization

of first order specifications. For a schematic specification (Z, 1E), Hoare's Logic

HL(z, 1E) for partial correctness is defined as usual and on top of it a proof system

(z, E) h p S 4-
for termination assertions is defined. The system is first order in

nature, but we prove it sound and complete w.r.t. a second order semantics. We pro-

vide a translation of a standard proof system HLT(A) for total correctness on a

structure A into our format.

O. INTRODUCTION

In this note we will present a formalized proof system for total correctness of

while-programs. Its merits should be first of all that it acts as a first order

proofsystem(although we can, at this moment, only prove a soundness result w.r.t.

a second order semantics which allows fewer models for a specification than the usual

first order semantics would do). The advantage of having a formalized proof system

(z, 1E) p Sb for program termination which is just as first order as Hoare's

logic HL(z, 1E) h {p}S{q} for partial correctness is both the possibility of mechani-

sation and the effect of giving a firm basis for a logical (proof theoretic) inves-

tigation of the system.

An essential point is that we want to base our proof system on a specification

(z, 1E) rather than on a structure A, which is done by most authors. For Hoare's Logic

there is no strict need either to consider HL(A) for a fixed datastructure A, and the

more general case of HL(z,E) is clearly of substantial importance.

In various fairly standard approaches to total correctness, such as in HAREL i7'

and ;..8]
for deterministic sequential processes and in APT & OLDEROG :1 and GRUMBERG
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et al. [6] for fair parallel computation the essence of using a fixed domain A is in

the assumption that certain parts of A, as a many-sorted algebra, are well-ordered.

This gives rise to quite natural proof rules like the system HLT(A) that we explain

in section 1.1 in order to compare it with our system.

Instead we will develop a device called schemes which constitutes a slight gene-

ralization of the first order predicate logic. For a specification with schemes we

write (z, 1E) (whereas (z,E) denotes a specification with E L(z)). Using schemes we

can work in quite a flexible way with signature extensions, a method that proved to

be useful and to be of first order character in BERGSTRA & KLOP [2]. Thus we obtain

a proof system for termination assertions (z, I) r p S 4, on top of a logic for part-

ial correctness, in the same way as in BERGSTRA & KLOP [2] proof systems for program

inclusion are obtained from a partial correctness logic.

We will now sum up the main notations and results.

For a specification (z, E) with 1E a set of schemes, the logic of partial correct-

ness HL(z, 1E) brings nothing new. A proof system (z, E) h p S is then defined such

that soundness can be shown for a semantics
s

in Lemma 5.

As a relation of (z, E), p and S, E is recursively enumerable, thus deserving its

denotation as a proof system.

Given a fixed A let E
A

be the set of all schemes t, over z
A

that are true in A in

the sense of
s .

There is the following completeness result:

THEOREM (9.2) (zA, h p S A p

In order to compare our system with a usual formalism using well-ordered sets we take

the notation -,p] S [] for total correctness (i.e. 'Lp] S [q] 5 fpl S fql & p S )

and define a system HLT(A) h [p] S [1] for datastructures A with a fixed well-ordering

5 on it. Then we define a canonical specification (zA, E4A) of such A and state the

following result:

THEOREM (11.1) HLT(A) h S [q] HL(zA, h S {q} and (zA, h p S .

This result says that the proposed formalism can be used to represent methods using

well-ordered sets.

Some final remarks should be made. First of all it would be nice to have a logic

for total correctness which is of a first order nature and which is sound and complete

for a semantics of specifications and programs which is of first order nature as well.

For partial correctness the corresponding problem was solved in BERGSTRA & TUCKER [5].

There a so called axiomatic semantics for while-programs is given such that HL is

sound and complete for it in a most general and first order way. It is not clear to

us whether or not a similar result can be obtained for total correctness. Anyhaw,ifwe

consider simultaneously first order semantics for specifications and the operational

semantics (which is not first order) for programs, a proof system f- for (z,E)i-p-)-S
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is either not sound or trivial. This follows immediately from the Compactness

Theorem.

Secondly it should be noticed that in principle it is possible to produce a

sophisticated proof theory of (z, 1E) p S 1 . Indeed, for one structure A already

many different and plausible specifications (Z,Fi) can be found which have different

proof theoretic properties. Of course a similar line of investigation is possible for

methods using well-ordered sets, but that will require replacing the well-ordering

by a better one from time to time. Essentially this involves a modification of the

datastructure which seems less attractive from a theoretical point of view.

1. SCHEMES

A scheme will be a generalization of an assertion. Next to the usual predicate-

logical symbols a scheme may also contain symbols 4. The 4 function syntactically

as n-ary relation symbols (although their semantics is quite different); the n will

mostly be omitted. Formally:

DEFINITION 1.1. The set Sch(Z) of schemes over the signature z, with typical variable

(1 , is inductively defined by:

t
1

t
2'

(p.(t .,t ) (all n,i)1
1 n ' 1 l'" n

4,1 A 4,2, , VxcP, 3)4.

HeretheP.are n-ary predicate symbols from z, t1 . E Ten(z) (the set of z-terms) and

the 4 are scheme variables. The latter are not part of z, but will be considered to

be standardly included in the language (as logical symbols), just like the ordinary

variables x,y,... .
Note that A44(z) c Sch(z), where Ass(z) is the set of assertions

over Z.

EXAMPLE 1.2. (i) The induction scheme IND . [(p(0) A Vx(q)(x) (1)(Sx))11-> Vx(p(x).

(ii) (p1 -> (4)2 ,p1), a scheme with 0-ary scheme variables.

NOTATION 1.3. If is a scheme containing precisely the scheme variables (p1,...,(pn,

we write cD E

2. SUBSTITUTION IN SCHEMES

The intended meaning of the scheme variables is that one may substitute assertions

for them. For technical reasons it is convenient to allow even substitution of schemes
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for the scheme variables.

DEFINITION 2.1. Let 4,Y E Sch. Then t[Y/T(x1,...,xn)] is the result of replacing each

occurrence of the form (p(t1,...,tn) (ti E Ten) in 4,, by Y[ti,...,tn/x1,...,xn].

('Ordinary' substitution [t/x] in a scheme is defined just as for assertions.)

EXAMPLE 2.2. (i) Let t E IND and Y x+y = y+x. Then INDWT(x)] E T[0/x] A Vx(Yjx/x2

Y[Sx/x]) Vx/[x/x] 0+y = y+0 A vx(x+y = y+x Sx+y = y + Sx) Vx x+y = y+x.

(ii) Let t (p1 -4 (T2 (pi). Then CTOO/T111:(1)(x)&2] E (POO ((P(x) (POO).

3. SEMANTICS OF SCHEMES

The most important one of the definitions below is no. (iii) where A t is

defined: A is a standard model of t.

DEFINITION 3.1. (i) Let t E Sch(z) and let t E 4)(q)). Then 4, r z 14,414, E A4.4(2)}.

(E.g., IND r2pA is the set of all induction axioms over the signature of Peano's

Arithmetic.)

(ii) Let A E Alg. Then A I= t abbreviates A t r Z. (E.g. we have Ad= IND for

every model A of PA.)

(iii) A 1=s VA' ?_ A : A' 1= t. Here A' a>, A means: A' is an expansion of A (i.e.

A plus added 'structure'). In words: t is schematically true in A. (E.g. N IND.

As a contrast, consider a nonstandard model N* of PA. Then N* 1= IND, but not

N* 1=s IND.)

(iv) If E c Sch(2), we call (2, I) a scheme specification. (Cf. an ordinary specifi-

cation (2,E) where E c A44(2).) Example: (zpA , WAR), i.e. Peano plus the scheme IND.

(v) Let 2' z . Then (2, E)2, = (2', F r z.). Here E r z. = 14,[-W]
J

p E

4,(;) Ell. (So, by attaching 2' as subscript the scheme specification is transformed

to an ordinary specification.)

(vi) Let A E Alg(z). Then A (2, 1E) abbreviates A (2,1)2.

(vii) Let A E Alg(z). Then: A 1=s (2,1E) A 4, OE E.

(viii) Algs(z, 1) = {A E Alg(z) 1 A 1=s (2, E)}. (E.g. Algs(2pA, PA) = {N}.)

(ix) Algs(z, E) 1=s t 4-. VA E Algs(z, IE) A 1=s 4). Instead of the LHS we will also

write simply (2,1E) 1=s t.

4. DERIVABILITY OF SCHEMES

DEFINITION 4.1. (2, E) t is defined as the usual derivability of an assertion from

a specification (to this end the 4 are treated as n-ary predicate symbols) plus the
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substitution rule:

4,1

4'1E4)21(1)(3°1

for all 4,
1,

4,,

2
E Sch(z) and all scheme variables (p.

PROPOSITION 4.2. (z, E) F p (z, 10z F p, for all p E A44(z).

PROOF. (...) trivial; (.4) induction on the length of the proof of (z, E) F p.

(This amounts to commutativity of substitution and derivability in the usual sense.)

The following lemma presents a useful soundness result:

LEMMA 5. (E, I) 1- (Z, 10 1=s 4'.

PROOF. Assume (z, E) F 4' and consider a structure A with A = (z, I). We show that

A 1=s Therefore consider A A with A' 1= (z, E) and z =

The following sequence of implications establishes A' 1.=

(Z,I) F 4'((;)

E) F 4'(;)

(Z', E) F 4,(-1;) for all p E A44(z') (4.2)

E) F 4'(P) " "

(z, E)z. F

Of course A' (z, 1E) implies A' I= (z, I)z, and consequently

A' 1= 4D(13) for all p E A44(Z')

which is A' 1=

REMARK 5.1. The corresponding completeness result fails. To see this let us consider

the example (zpA, 1P,A). Completeness of F w.r.t. would entail

(ZPA'") I- 4' 4I (ZPA 1") s

for all 4, and especially for all p E A4S(ZpA): (zpA, PA) p (zpA, PAR) p.

Now Algs(zpA, PAR) = {N} and we find (ZpA, PAR) F p N p.

From 4.2 and (zpA, 1PAR)1 = (zpA,PA) this leads to PA h p p
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which contradicts Gödel's incompleteness theorem.

DEFINITION 6. The schematic theory EA of a structure A is defined as the set of all

schemes E Sch(ZA) such that A1=5

LEMMA 6.1. The following are equivalent:

(i) (IA' 'EA) 1-`"

(") (ZA, EA)
(iii) A

PROOF. (i) (ii) according to Lemma 5. (ii) (iii) = (i) are evident from the defi-

nitions. 0

DEFINITION 7. As is the maximal (full) expansion of A, i.e. As is a structure (with

presumably an uncountable signature) which contains a name for each possible relation

function or constant on it.

The following property follows easily:

PROPOSITION 7.1.A ks 4,4-.A5

A
s

will be used in the proof of Theorem 9.2. Moreover, in sections 10 and 11 we

will use the partial correctness logic HL(z, E) for schematic specifications.

DEFINITION 7.2. HL(z, E) 1- NI S 14(1 is Hoare's logic over (z, E).

Syntactically one requires that S E WP(z) and cp , * ESch(z). Its axioms and rules

are exactly the same as usually for HL, the only difference being that schemes may

occur at the position of assertions in the original system.

8. TERMINATION ASSERTIONS

DEFINITION 8.1. (i) Let p E Ass(z) and S E WP(z). Then p is a termination asser-

tion.

(ii) (Semantics:) If A E Alg(z) then: A p S+.)S converges on every input a E A

such that A 1= p(a).

The next definition is based on the concept of 'prototype proof' n(S) as defined

in BERGSTRA & KLOP [2]. This is roughly a scheme of which every ordinary proof of

{p}S{q} is a substitution instance. To this end we view a proof of {p}S{q} as an

'interpolated statement', i.e. a statement in which assertions may occur; see Exam-

ple 8.5 of a n(S). For the precise details we refer to BERGSTRA & KLOP [2].
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Simply speaking a prototype proof n(S) is obtained by using scheme variables as

precondition, postcondition, intermediate assertions and invariants. Let 9... * be

the scheme variables occurring in n(S) in linear order. Then the logical information

that is required about T * is a scheme T S-4- * which incorporates all implica-

tions that are used in applications of the rule of consequence.

DEFINITION 8.2. Let S E WP(z). Then T * abbreviates the scheme

VON ic;fTlrr(S){*})), where m(S) is the prototype proof of S, K denotes the set of im-

plications used in ITIIT(S)10, and V denotes the universal closure. Here T,* are

scheme variables different franthosein n(S). (As in BERGSTRA & KLOP [2] and in Exam-

ple 8.5, we will denote the scheme variables in u(S) by rl,r2,... .)

Now we have the following proposition; the proof is routine and therefore omitted.

S ;S S9
(i) (1) * (pPROPOSITION 8.3. r A r * for some r.

(ii) TI *I A T2 *2 I- TI A T2 *1 A *2'

(iii) HL(z, E) ITISOO FT j"--* for some proof scheme T *

(In fact we must write T(3)("), *(1.) etc. instead of cp,* where -it is a list of the rele-

vant variables.)

The next definition is crucial.

DEFINITION 8.4. Let p S+ be a termination assertion. Then 4)(p S+) is the correspon-

ding termination scheme, defined by:

cI,Cp S+) E (fp A T(Z)1 {false}) 3Z(p A cp(i()).

Here Z- is a list of the free variables in p and the variables in S.

EXAMPLE 8.5. Let S E while x 0 do x:= P(x) od, in the signature of PA;

P is the predecessor function.

Now n(S) E

{ro(x)}

{r1(x)}

while x 0 do

{r1(x) A x 01

{r2(Px)}

x:= P(x)

fr2(x)1

fr1(x)1

fr1(x) A x = 01

{r3(x)}.

od
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Let us determine the termination scheme 4,(true -4- 5+ ).

x({true A (p(x)} ir(S)-(falsel) =

{ true A (p(x)

ro(x) r1(x),

r1(x) A x & 0 r2(Px),

r2(x)

r1(x) A X = 0 4 r3(x),

r3(x) falsel.

Now 4,(true S4 ) = a 3x (p(x), where a is the universal closure of the conjunction

of the six implicationsabove.

Note that 4, 4,(true S 4 ) is none other than IND, to be precise:

(zpA, FAA) h IND. Here 4, IND follows by the substitution (p(x) -7 ro(x) r(x)

r2(x) in 4, and by deriving from a that

(p(0) A tix(-T(x) ep(Sx)) (where S denotes the successor function).

NOTATION 8.6. We will write often (z, E) h p S + instead of (z, E) 4,(p S 4 ).

9. Before formulating the main theorem we need the following proposition, whose

routine proof is omitted.

PROPOSITION 9.1. As i= 4,(p S+ ) 4.* As p -4- S+ .

THEOREM 9.2. The following are equivalent:

(i) (EA, EA) h 4,(p )

(ii) A 4,(p -4 S4 )

(iii) A !-= p 5+ .

COMMENT: This result indicates the completeness of (z, 1E) E 4,(p S+ ) as a logic

for total correctness.

PROOF: (i) ,» (ii) by Lemma 6.1. (ii) (iii):

A 1=s 4,(p S+ ) 4..* (by Proposition 7.1)

As 1= 4,(p -4- S+ ) 4:-» (by Proposition 9.1)

As p S+ 4-, (trivially)

A 1= p S+ . 0

10. (zpA, PA), AN EXAMPLE IN DETAIL

Let N be the structure (co,+,.,S,P,O) and let F AA be a suitable version of Peano's
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arithmetic .on N with a scheme for induction as indicated in the example in 1.2

We will list here some properties of the partial and total correctness logics

based on (z, FHA) (z
PA'

FHA)

As a matter of fact (z, FHA) F p S+ is incomplete for total correctness on N.

This is easily seen from the fact that the set of programs S with (z, FHA) I- true
0 0

FI2S+ is z, whereas on the other hand N 1= true 54-is a complete predicate of

programs S. The example 8.5 shows, however, that (z, PA) proves the termination of

nontrivial programs.

11. RELATIONS WITH A STANDARD PROOF METHOD

Let A be a data structure containing a binary relation < which is in fact a well

ordering of A with smallest element o E A. For A we have a system of proving total

correctness HLT(A) and a canonical specification (zA, <A). After detailed definitions

we prove.the following result which indicates that HLT(A) can be formalized via

(z E
A'

) and its total and partial correctness logic.
A

THEOREM 11.1. If

HL (A)
T

F [p]S[q]

then

HL(ZA,E <A) I- {p}S{q}

and

(ZA, 1E) p S+

The system HLT(A) is nothing new, versions of it appeared in [1], [5], [6] and [7]

and various other places. The intended meaning of [p]S[q] is: {p}S{q} & p .

DEFINITION 11.2. HL (A)
T

has the following rules:

[p[t/x]] x:= t [p]

[p]Sl[q] [q]S2[r]

[p]S1 ;S2[r]

[p A b]Sl[q] [p A -b]S2[q]

[p] if b then Si else S2 fi [q]

A p p' [p']S[g'] A ].= q' q

[p]S[q]

[1(a) A b]S[313 < a I(13)] A 1(0) -b

[lo] while b do S od [I0 A -b]
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where I = 3a I(a) and a,p VAR(S).
0

11.3. (EA, E 7) consists of EA, the theory of A in Ass(zA), and the scheme 1:< of in-

duction along < :

vp[owa < p T(a))) cp(p)] Va T(a).

11.4. We can now prove the theorem. The first part concerns partial correctness. This

is a straightforward induction on program depth, except in the case of the while rule.

We will consider this case.

Suppose that

[I ]

0
while b do S

0
od [I

0
A -b]

has been deduced from

[I(a) A b]S0[3p < a NH], A 1. I(0) -b

with 10 s 3a 1(a).

From the induction hypothesis we find (in HL(ZA,

h (I(a) A bl So {3p < a I(p)}

using the rule of consequence then

F fI(a) A bl So 001

and with existential generalization on the precondition

I- 00 A bl So {101

then with the while rule

I- {I0} while b do So od A -bl.

11.5. The second part of the proof involves showing (zA, EA) h p S4, . We abbreviate

(zA, Ii`0 to (z, I) in this part of the proof. Of course we use induction on the

structure of the proof of [p]S[q]. With X we denote the variables occurring free in

p, S, q.

Suppose that [p]S[q] was obtained by applying the rule of consequence to [p']S[W],

then by the induction hypothesis (z, I) p S. ; an easy logical calculation then

shows (z, I) h p S because E F p p'.

For the case S E x := t we explain the argument in detail.

(E, I) h VX(p A T - false) 3 3X p A (p

because this is a tautology. Then
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thus

(z, 1E) h (VX(p A r[t/x]) A Vx(r -> false)) -> 3x p A

(z, 1E) h [p A 0 3X p A

(Z, TE) h (p(p -÷ s )

(Z, h p s .

The argument in case [p]S[q] was obtained from an application of the conditional

rule 11.2 (iii) is entirely straightforward and is therefore omitted.

The harder cases of composition and iteration remain and we treat composition here.

Let S E S
l'
.S

2'
Assume HL (A)

T
h [p]S[q]. Choose an assertion u with

HL (A)
T

h [P]Sl[u],HLT(A) h [u:S2[q].

We show that (z, E) h p S+ . It is sufficient to derive, working in (z, 1E),

-3X p A 0 from p A 0 .false. So assume p A p false. Then for some r:

pA0§-1->randr--52-> false.

Because of HL(z, 1E) h fp1S1ful (part (i) of this theorem) one obtains a proof scheme
S
1

S
1

p r, combining this one with p A u one obtains using Proposition 8.3
S
1

S
2

S
2

p A T r A u; from false one immediately obtains r A u false.

Now using the induction hypothesis on S2 we know that (z, I) h S2+ ) thus

S
2

(z, 1E) h (r A ----, false) -3Xr A T. Substituting u for p and applying mpdus
1

ponens we obtain -3Xr A u. After applying the rule-of consequence on p A T r A u,
Si

VX(r A u) false we find p A -----> false. The induction hypothesis on S, then

immediately yields -3X p A T .

The case that S . while b do S, od is similar but tedious and will be omitted. It

occurs in detail in [3]. 0
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