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Chapter 1
Introduction

The company Emotional Brain is developing a software program that supports physi-
cians to diagnose patients with psycho-pathological syndromes. Additionally, the
software can predict how medicinal interventions will change the patient’s physio-
logical state. This diagnostic and predictive instrument may support physicians to
assess medical needs of patients with vague and indistinct symptoms.

The domain knowledge of the software program comes from experts in psycho-
neurological endocrinology and specifically in clinical psychological endocrinology,
psycho-pharmacological endocrinology, and bio-physiological endocrinology. These
experts are affiliated with the research group psychopharmacology of the faculty of
Pharmaceutical Sciences at Utrecht University in the Netherlands. Central to the soft-
ware program is the knowledge about the neurotransmitters dopamine, serotonin,
noradrenalin and acetylcholine that comprise neurological-psychological personal-
ity profiles. These neurotransmitter systems describe which people are susceptible
to depression, and which medication is likely to give desirable results in treating
depression.

An important feature of this knowledge is that certain pieces are shared by ex-
perts, while other pieces are not. Another important feature is that this knowledge
is scientific. Scientific knowledge is often subject to discussion and change, and such
discussion and change becomes manifest as disagreements among experts over es-
sential or less essential aspects of the medical diagnosis and treatment. These two
properties may make the knowledge contradicting, because—knowingly or not—
experts can have different opinions about aspects of the knowledge.

In this thesis, we report about software agents that are designed to represent
knowledge of human professionals. Equipped with knowledge from a medical ex-
pert, these agents can assist physicians with medical assessments. Separate software
agents, each with knowledge from a different medical expert, can potentially assist
physicians even better. Without human mediations, agents can act autonomously
and consult each other to provide joint assessments. Emotional Brain has decided
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to design the software program as a multiagent system in which several agents each
represent one medical expert or one domain of relevant knowledge. These software
agents may consult each other to reach well-founded and justified assessments, and
may request others to adopt and retract beliefs to reach joint assessments.

Our agents can be programmed to report their lack of information to conclude on
an assessment as well as their joint assessments to the physicians.1 Agents can also
be programmed to report their disagreements with other agents to their responsible
human experts. If agents were to report every encountered disagreement to their ex-
perts, this would necessitate profuse human consulting. In general, humans should
only be consulted if agents cannot conclude or cannot resolve disagreements them-
selves. Our agents will have operational definitions for when their disagreements are
irresolvable. That is, agents will be provided with explicit criteria when attempts to
resolve a disagreement have failed. If two agents have an irresolvable disagreement,
they may propose to agree to disagree. Because expert time is expensive, agents
should only consult them as a last resort, that is: if agents agree to disagree.

We will use an interpretation by Ellenbogen [Ell03] of a use account of truth
that has been described by the later Wittgenstein2. This account of truth describes
when our agents are justified to have beliefs, beliefs about other agent’s beliefs, or
when they are justified not to have beliefs. We will not contribute to a theory of
truth that entitles humans to call their beliefs justified and true, but we will describe
whether our agents are, according to the responsible human experts, justified to
have true beliefs. Our agents will be justified to call their beliefs true, if, in the
domain of knowledge that the agents are said to represent, they are entitled to call
their beliefs true. Explicit criteria will provide agents with operational definitions
about when other agents (and they themselves) are justified to have beliefs. We
will develop communication strategies that entitle agents to have beliefs that are
based on distributed chains of justifications. Likewise, we will develop decision
strategies that implement multiagent belief revision. These decision strategies will
prescribe that our agents may retract their beliefs only after they have conferred with
others. Retracting beliefs will occur in a fashion in which beliefs remain justified in
a distributed fashion. We will argue that if our agents have initial beliefs that are
justified in the domain of knowledge that the agents represent, then their conclusions
will also be justified in this domain.

Given that we design a multiagent system in which agents each can rep-
resent a medical expert or a domain of relevant knowledge, our research
aim is to model the agents’ decision-making and communication, such
that the justifications of the agent’s beliefs are preserved.

1The multiagent system we will design in this thesis is implemented by the company Emotional Brain
in the software language Java; however, we will not discuss the software implementation. Nor will we
discuss the medical domain that our agent’s may represent.

2There are two commonly recognized stages of Wittgenstein’s thought—the early and the later. The
early Wittgenstein provided new insights into the relations between world, thought and language. The
later Wittgenstein took the step in critiquing all of traditional philosophy including its climax in his own
early work.
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Cognitive Agents and Multiagent Systems

We may dispute whether everyday systems, ranging from thermostats to human
beings, are cognitive systems with beliefs and desires. We adopt the intentional
stance3 and agree with the view that human beings are taken as classic examples
of cognitive systems. However, a sceptical view might endorse that humans are
just very successful in convincing others to believe they are cognitive, while, in fact,
they are only pretending. A more plausible view is that if systems can convince
us that they hold beliefs, we take it that they are worthy of being classified and
treated as having cognitions.4 An operational definition whether software agents
have beliefs should specify a process of inquiry in which the presence or absence of
beliefs are measured. This inquiry will lead up to a ‘verdict’ whether or not the agent
allegedly holds a belief. Agents communicate to convince other agents that they have
certain cognitive attitudes, such as beliefs. Therefore, an agent’s judgement whether
another agent believes a proposition is based on certain criteria. Interpreted with
a Wittgensteinian use-semantics (from Ellenbogen [Ell03]), according to the agent’s
community, such criteria are sufficient to correctly predicate that other agents believe
propositions.

If convincing arguments are sufficient criteria to believe correctly that another
agent believes a proposition, what would then be the sufficient criteria for an agent to
believe correctly a proposition. Whichever philosophical stance we adopt for humans
(see Latour [Lat99]), for agents we take it that it is their deliberate decision-making
that explicitly defines the criteria that allow them to be explicitly justified to believe
and know propositions. Thus, agents have to be equipped with rules that explicitly
state the criteria when they are allowed to believe propositions. Additionally, they
have to be equipped with rules that explicitly state the criteria when they are correct
to believe that other agents have beliefs.

Agents capitalise on their ability to interact with other agents to co-operate, co-
ordinate and negotiate to pursue their collective goals, and they act in competitive
ways with the intent to achieve their private goals (see Wooldridge and Jennings
[WJ95]; Russell and Norvig [RN03]; Weiss [Wei99]; Jennings et al. [JSW98]). Agents
also have the ability to make autonomous actions and the ability to make autonomous
decisions. These decisions are about how to interact with other agents and about
which actions to take. To effectively establish their objectives, agents have to de-

3Dennett, in True Believers: The Intentional Strategy and Why It Works [Den81], asserts that if an agent
adopts the intentional stance, she follows a predictive strategy of interpretation that presupposes the
rationality of the entities the agent hopes to understand and predict. This strategy is very useful and
powerful because it addresses understanding and prediction at a level of abstraction useful for agent
communication.

4For if convincing is not enough, what would be? Turing has put forward a compelling analogous
argument in his seminal article Computing Machinery and Intelligence [Tur50] in which he held that com-
puters would in time be programmed to acquire abilities rivalling human intelligence. He put forward
the idea of an ‘imitation game’ in which a computer and a human being would be interrogated and if
the interrogator could not distinguish them by questioning them, it would be unreasonable not to call the
computer intelligent.
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ploy the appropriate processes, such as learning, problem solving and planning (see
Wooldridge and Jennings [WJ97]; d’Inverno et al. [dLW97]; Grosz and Kraus [GK96]).

Multiagent systems are systems composed of multiple interacting agents (Jen-
nings [Jen01]). These agents are considered autonomous and computational entities
that perceive their environment, model their perceptions and act upon their models in
a fashion that is intended to achieve their prime (design) objectives (see Lesser [Les95];
Sycara [Syc98]; Huhns and Singh [HS97a]; Moulin and Chaib-Draa [MCD96]).

Wooldridge [Woo02], among others, distinguishes two perspectives on multiag-
ent systems. The micro perspective centres on an agent’s individual abilities, such
as autonomy over her actions and decisions without the intervention of humans
and other agents. The principal engineering objective from this perspective is to
design agent systems that can reason and draw decisions autonomously. The macro
perspective centres on issues related to groups of agents for who communication is
vital to co-ordinate their actions and decisions to pursue their collective goals. The
ultimate objective from the macro perspective is to design agents that effectively
communicate and collaborate to pursue otherwise unattainable goals. We adopt the
latter perspective to model the communication between software agents that have
the goal to reach collaborative assessments.

To model such agent communication, the agent system literature distinguishes
three different approaches. In the mental model approach, the agent’s cognitive state
is central to the agent’s justification and generation of communicative utterances.
These utterances have a direct effect on the receiver’s cognitive state (cf. Cohen and
Perrault [CP79]). Another approach is based on the social structure that is presumed
to exist before the agents engage in conversation. The validity of communicative
utterances depends on the speaker’s perceived social structure in which she is al-
lowed to make them (cf. Colombetti [Col00] and Singh [Sin00]). The third approach
is based on argumentation theory in which communicative utterances are allowed as
in argumentation (cf. Amgoud et al. [APM00, AMP00]).

Our approach to model agent communication cannot be uniquely classified as
one of these three approaches. We take it that an agent is entitled to use the predicate
‘to believe’ a proposition, and to utter communicative utterances based on her beliefs,
desires, and her beliefs and desires about other agents’ beliefs and desires. In this
respect, we may view our agents from the mental model approach. However, our
agents will be entitled to use the predicate ‘to believe’ and to use utterances according
to criteria that have been agreed upon by their community. In this respect, the
community provides a social structure that agents use to be justified to communicate
and to have beliefs. In a sense, after an agent has uttered a communicative act
that allows the intended receiver to believe that the speaker believes a proposition,
the speaker makes a commitment to the receiver to believe the proposition. In
anticipation, the receiver may use the manifested belief of the speaker in collaborative
plans, knowing that the speaker has committed and thus will consult her if she
wishes to change her beliefs. Agents will use privately held beliefs and desires, and
manifested beliefs and desires of other agents, as arguments to be correct, according
to her community, to make decisions and to utter communicative acts.
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Aim and Scope

Our aim is to model agents’ decision-making and communication, such that justifi-
cations of the agent’s beliefs are preserved. We discuss the following subjects.

• Use-semantics. We provide a Wittgensteinian use-semantics for epistemic
propositions such that we will be able to express what it means for an agent to
believe propositions. This use-semantics will allow our agents to believe propo-
sitions conform to the conventions of the human experts that our agents will
represent. With his language games, the later Wittgenstein described that the
meaning of a statement is determined by a community’s agreement on the cri-
terion for its correct usage. We will use games that are similar to Wittgenstein’s
language games to provide semantics for decision-making and communica-
tion. Our agents’ use of language will be described by criterion rules. These
rules describe the meaning of the words in the language, including when to call
propositions a truth. Our agents will be justified to regard propositions truths
if the criteria to do so have been met. The criteria for decision-making and
communication will have to adhere to the conventions of the human experts
that our agents represent, making their application correct in the community
of the human expert to make decisions and communicate information.

In Chapter 2, we briefly review the prevailing truth-theories such as Correspon-
dence theory of truth, Coherence theory of truth, and a theory of truth based on
Wittgensteinian use-semantics. We provide the ontological commitment of the
logic we use in subsequent chapters to model an agent’s cognitive state. The
ontological commitment of a language is what it assumes about the nature of
reality (cf. Russell and Norvig [RN03, p. 242]). Unlike propositional logic that
assumes that there are facts that either hold or do not hold in the world and
that facts thus are either true or false, we will assume that propositions have an
agreed-upon use that determines their truth value. It is such use that we take
to be the truth-conditions for agents to have correct beliefs and knowledge.

• Decision games. The situations in which a decision is correctly drawn will be
specified as the decision’s principal determinant. We will use such determi-
nants as criteria in criterion rules that will define the agent’s decision-making,
resulting in criterion-governed decision behaviour, that, according to the agent,
is conform the shared use of the decision in her community. Thus, our agent’s
ability to believe correctly justified propositions is provided by criteria that
entitle her to make decisions to come to believe such propositions. The shared
use of the epistemic predicates to believe and to be ignorant is provided with
decision games.

In Chapter 6, we provide the general structure of criterion-governed decision-
making. Two decision games will be presented that enable our agents to decide
to add and retract beliefs. Both decision games will consist of three semantically
different decisions, providing the meaning of believing a proposition. In one
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decision, the agent is justified to decide to add a belief based on her private
knowledge; in the second decision, the agent is justified to decide to add a belief
based on the meaning of believing a particular proposition; the third decision
allows an agent to conform to other agents’ beliefs. The consequences of
making the semantically distinct decisions are the same: the agent is justified to
predicate to believe a particular proposition. Similar semantics will be provided
for the decision to be ignorant about a proposition. The consequence of making
this decision is that the agent is justified to predicate to be ignorant about a
particular proposition.

• Dialogue games. To communicate beliefs and desires, we will define speech acts
that allow our agents to exchange information about their mental states. To use
speech acts correctly, communication will also be governed by criterion rules:
the semantics of speech acts will be provided by dialogues games. Our agents
can communicate information with speech acts because they regard the use of
speech acts shared in their community. The exchange of information between
our agents will be the result of moves in a dialogue game that our agents make
and interpret as utterances of speech acts.

In Chapter 7, we present five dialogue games that provide agents with argu-
ments to make justified decisions. Two games will define the use of speech acts
that agents may utter with the aim of providing themselves with information.
With this information, agents can become justified to decide to add beliefs or to
retract beliefs. Two other dialogue games will define the use of speech acts that
agents may utter with the aim of providing other agents with information. With
this information, other agents may become justified to decide to add or retract
beliefs. An extra dialogue game will inform agents about changed cognitive
states.

• Agreeing to disagree. If an agent has a disagreement with another agent,
and the five dialogue games could not make either agent justified to decide
to change her beliefs such that the disagreement would be resolved, then, as
seen from the agent’s perspective, the disagreement is irresolvable. Because
communication is governed by dialogue games, and decision-making to change
beliefs is governed by decision games, the agents have an operational definition
when they run out of options to resolve their disagreements.

In Chapter 8, we use the decision and dialogue games to implement agent be-
haviour that may resolve the disagreement. However, if the disagreement turns
out to be irresolvable, the agents settle their dispute by agreeing to disagree.

• Paraconsistency. We will argue that an agreement to disagree is tantamount
to believing an inconsistent proposition, and that an agreement to disagree
between two agents can be a third agent’s justification to believe an inconsistent
proposition. Because the meaning of epistemic propositions, such as beliefs,
is provided by a use-semantics, our agents can give a sensible meaning to
inconsistent propositions, just as to any other consistent proposition.
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In Chapter 3, we will describe inconsistent and paraconsistent propositions. In
short, a paraconsistent proposition is a consistent representation of a proposi-
tion with inconsistent information. We will describe several sources of incon-
sistencies, and that our agents may sometimes not be able to avoid believing
paraconsistent propositions. But foremost, we will describe the meaning of
paraconsistent propositions and describe how our agents will use these propo-
sitions to guide their behaviours.

• Multi-valued logic. If we are to enable our agents to believe inconsistent propo-
sitions, we need a logic that allows them to have such propositions consistently.
To cater for additional epistemic modalities that our agents may need, such as
an unknown belief state, a multi-valued logic is defined in which a proposi-
tion’s truth value is not restricted to denote truth and falsity. We define a formal
method that allows propositions with epistemic modality such as ignorance,
inconsistency and bias. Because agents are entities with epistemic attitudes,
logics with the latter epistemic modality are particularly suitable to describe
the cognitive state of agent systems.

In Chapter 4, we define multi-valued logic to represent inconsistencies as well
as other epistemic attitudes agents may have. Examples of such epistemic
attitudes are inconsistent and unknown belief states, as well as epistemic atti-
tudes biased towards true, false or inconsistent belief states. We provide the
epistemological commitment of the logic we use to model an agent’s cognitive
state. A logic’s epistemological commitment provides the possible states of
knowledge that the logic allows for each state of affairs (cf. Russell and Norvig
[RN03, p. 244]). For our logic, the epistemological commitment provides the
possible epistemic states an agent may associate with each state of affairs, such
as believing a proposition to be true, to be false, to be inconsistent, or having no
opinion. The multi-valued logics are used to define the agent’s cognitive state
on which the preconditions i.e. the truth-conditions for correct use of decision
and speech acts are defined. The rules that define correct decision-making
and correct communication are designed to handle inconsistent information
properly.

Outline of this Thesis

After a brief general discussion of truth-theories, in Chapter 2, we present and
contrast the Wittgensteinian use-account of truth with Correspondence theory and
Coherence theory of truth. We then in Chapter 3 describe paraconsistent logics, and
describe the meaning of paraconsistent propositions with the Wittgensteinian use-
account of truth. The next chapter deals with the definition of multi-valued logics
that will allow our agents to believe paraconsistent propositions. Then in Chapter 5
we define our cognitive agents: they will consist of a mental state structure that
represents the agent’s beliefs and desires, a set of inference rules that constitute the
agent’s knowledge base, and a set of inferences that constitute the agent’s view on
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the meaning of epistemic propositions. Chapter 6 is devoted to the definition of the
two decision games our agents will have. The following chapter describes the five
dialogue games. Chapter 8 will deal with agreeing to disagree, and with the concept
of common knowledge mentioned in Chapter 2. We provide conclusions and future
research in Chapter 9.
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Chapter 2
Epistemological Foundations

Meaning is use.
LW [Wit01]

Philosophers have given a great deal of thought to the subject of beliefs, justifications
for beliefs, and to the question of whether people are allowed to think that their
beliefs are knowledge. This chapter lays the epistemological foundations for our
agents, who will be justified to have beliefs, in accordance with a use-based theory of
truth. We will present a brief overview of three theories of truth, including a specific
interpretation by Ellenbogen [Ell03] of Wittgenstein’s account of truth and meaning.
To allow our agents to have beliefs and knowledge, we will use a Wittgensteinian
interpretation of epistemic statements that denote an agent’s beliefs and knowledge.

In Section 2.1, we describe the notions of propositions, beliefs, and belief justi-
fications. We then in Section 2.2 briefly review three well-known theories of truth:
Correspondence, Coherence, and Consensus theory of truth. In Section 2.3, we
provide the epistemological foundations of belief, knowledge and common knowl-
edge that we will use throughout the remainder of this thesis. In the last section
(Section 2.4), we will provided agents with a foundation for an explicit account of
meaning.

2.1 Propositions and Beliefs

We are primarily concerned with propositions that can be the object of an agent’s
epistemic modality, such as her beliefs and desires. Whereas sentences are linguistic
entities in some language, propositions are often taken to be non-linguistic, abstract
and timeless entities. Because we will use propositions to represent beliefs and
desires, we take it that propositions are the bearers of truth values. Additionally, we
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take it that propositions can be expressed by statements, and that statements can be
expressed by sentences.

For ease of reference, we will often use personal names to denote arbitrary agents.
Agent Sarah will often be a speaker in a dialogue, and she will be speaking to a
listening agent John. Sometimes we need a third agent Fred to make the conversations
more interesting. We will abbreviate Sarah with an ‘s’, John with a ‘j’ and Fred with
an ‘f’.

If reasons exist to believe a proposition, then Sarah is said to be justified to believe
the proposition, and if Sarah is aware of these reasons, then she is said to be explicitly
justified to believe the proposition. The reasons for believing a proposition are called
belief justifications, and Sarah’s beliefs that are in fact justified are called justified beliefs
(see Audi [Aud98, p. 2]). The following case illustrates that Sarah may fail to believe
propositions while she is in principle justified to believe them. Fermat’s last theorem
expresses an a priori proposition which proves to be true after painstaking analysis
(see Aczel [Acz96]). The proposition is that equation xn plus yn equals zn and has
no non-zero integer solutions for x, y and z when n > 2. Sarah may believe this
proposition to be true based on, for example, a sequence of other true propositions.
This sequence provides her with a reason to believe the proposition; making her
belief in the proposition explicitly justified. Even though the truth of the proposition
was long disputed and not known, Sarah had always been justified in principle.

The opposite of failing to believe justified beliefs can also occur: Sarah can have
unjustified beliefs. Several reasons can be given why Sarah can have unjustified
beliefs. She can be explicitly justified to believe a proposition ψ; however, if she
retracts the belief justifications, ψ becomes unjustified. These unjustified beliefs can
persist as long as their unjustified nature is not revealed. To complicate matters,
Sarah can be explicitly justified to believe a proposition ψ, while in fact, her believe
inψ is not justified. For example, she can be explicitly justified to believe a false belief
in ψ if she justifies her belief in ψ on the grounds that a proposition φ is believed by
John. If John retracts his belief in φ, then ψ becomes unjustified and possibly false,
and if he does not inform Sarah about the retraction, then Sarah remains explicitly
justified to believe ψ.

2.2 Theories of Truth

A theory of truth seeks to describe what it means for a proposition to be true. Philoso-
phers and logicians distinguish different categories of truth theories, each defining
the concept of truth differently. Early approaches to the semantics of propositions
in the philosophy of language centre on the view that semantics is truth-conditional.
Truth-conditions are thought of as theoretical entities that make propositions true or
false, or, stated differently, truth-conditions are the entities that determine a state-
ment’s truth value. A theory of truth defines the general properties of propositions
and their truth-conditions.
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The oldest known theory of truth, Correspondence theory, dates back to Antiquity.
As we will briefly describe in Section 2.2.1, this theory stems from the idea that truth
corresponds to reality, and thus that truth-conditions are facts in reality. Because
agents will not have direct access to reality, it is doubtful whether Correspondence
theory can be useful for agents, who cannot have access to truth-conditions. Two
competing theories in which the truth is in principle accessible to agents are more
adequate to model an agent’s conception of the truth. These two theories describe
truth-conditions that are of an epistemic nature: Coherence and Consensus theories.
The truth-conditions in Coherence theory (Section 2.2.2) state that the truth of a
proposition is its coherence with other true propositions. The truth-conditions in
Consensus theory (Section 2.2.3) state that the truth of a proposition is based on
conventions of a group of agents.

Two other frequently used theories that we will only mention are the Redundancy
theory and the Semantic theory of truth (see Horwich [Hor98]). These theories
provide an account of truth that is non-epistemic, that is, the truth can be described
without the need of an agent to be aware of it. Most classical logics adopt the Semantic
theory, which defines truth as a function in a meta-language. The familiar example
by Tarski [Tar56], “ ‘Snow is white’ is true if and only if snow is white” expresses the
idea that a proposition is true only if its translation in a meta-language is true.

2.2.1 Correspondence theory of truth

Dating back to Aristotle, many philosophers adhere to the idea that truth consists in
a relation to reality. Correspondence theory states that truth-conditions are facts in
reality and hence the theory defines truth as correspondence to a segment of reality.
In this theory, a proposition is said to be true if it corresponds to a fact in reality, and
is false if there are no such corresponding fact.

In epistemology, the doctrine of realism states that reality exists independently of
its perception. Because the proponents of Correspondence theory presume that real-
ity provides the truth-conditions for propositions, propositions can be true without
ever being observed. Today, many philosophers believe in mathematical realism or
mathematical Platonism, which holds that mathematical relationships exist indepen-
dently of human thought. Realism is easy to adopt in relation to chairs and tables.
The question of whether it is a truth that an object is a chair would be answered
affirmatively if the object were a concrete example of the abstract chair or ‘chairness’.
The concrete object is called an individual; the abstract object is called a universal (see
Klima [Kli04]). A realist is a philosopher who believes that universals are real and
exist independently of anyone thinking of them. A realist adheres to the view that
individual are instances of their universals, and that this is independent of whether
agents know about the existence of these universals. An instance of a truth is taken
to be a proposition that instantiates the universal ‘Truth’ in an objective manner. An
agent could classify an instance into a wrong universal, or sometimes may not even
know an instance’s universal.
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Problems with Correspondence theory concern the ancient metaphysical problem
of universals, described by Klima [Kli04], which addresses the question what univer-
sals are supposed to be, or whether they exist. Because according to Correspondence
theory, truth-conditions are facts in reality, and that reality exists independently of
its perception, the truth may transcend an agent’s capacity for knowledge: the truth
need not be known by agents. An agent is justified to believe that a proposition
is a truth if the agent knows that the proposition corresponds to a fact in reality.
Demanding a strict correspondence relation between believing a truth and knowing
a fact makes it rather difficult—if not impossible—for agents to have justified beliefs.
See Latour [Lat99] for engaging reading about his question “do you believe in reality?”
As defended by classical sceptics like Pyrrho1, agents may never know reality, and,
consequently, may never know the truth (see Derose [DW98]).

A practical problem with Correspondence theory is that some propositions have
an inherent uncertainty. Most propositions referring to the past and future are un-
certain because what they are said to refer to does not exist anymore or does not exist
yet. In principle, the proposition ‘John is a brave man’ can refer to John’s behaviour,
which Sarah can observe and classify as truly brave. However, the statement that
Fred, who lived in Antiquity and who is dead by now, was brave, can pose a chal-
lenge for agents, because there may be nothing left in reality to which the statement
can be said to refer. Another statement that Sarah, who is still alive, is brave, can also
pose a problem. To what does the statement that ‘Sarah is brave’ refer if Sarah had
not yet encountered situations in which she can display brave behaviour? As long
as Sarah does not need to be brave, she cannot be said to be brave; while if she has to
be brave, she can be said to be brave. Inconsistent propositions, as will be discussed
in Chapter 3, also fail to have a physical counterpart.

In Truth and other enigmas [Dum78], Dummett says that an agent is a realist if
she thinks that propositions can be true or false even though she may have no
way of ever discovering their truth. For a realist, the truth is considered objective
and can transcend the agent’s capacity for knowledge. The main problem with
Correspondence theory is that some propositions do not have truth-conditions, which
means that, in general, agents will be denied access to know the truth of propositions.
This problem led philosophers to consider alternative ways to answer the question
of what constitutes the truth. An alternative conception of truth is addressed in the
next section on Coherence theory of truth.

2.2.2 Coherence theory of truth

Coherence theory defines truth as coherence with a specified set of propositions.
That is, the truth-condition of a proposition is its coherence with a specified set.
Coherence theory has several versions, differing with regard to two major issues:
what the contents of the specified set should be, and who is supposed to know the

1Pyrrho, c. 360–c. 270 BC was a Greek philosopher from Elis, founder of the Greek school of scepticism.
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specified set. An agent is justified to believe that a proposition constitutes a truth if
what the agent believes coheres with the specified set (see Young [You02]).

According to some early versions of Coherence theory, the coherence relation is
consistency (Davidson [Dav86]; Rescher [Res73]). To say that a proposition coheres
with a certain specified set of propositions, in this view, is to say that the proposition
is consistent with the specified set. This account of coherence is unsatisfactory for
the following reason. If a proposition is consistent with the specified set, and the
negation is consistent with the same specified set, then even if the proposition and
its negation are inconsistent with each other, they are both truths. If coherence were
consistency, the coherence theorist would have to claim that both propositions are
true. In general, more sophisticated coherence relations are considered, such as strict
logical entailment. According to these more sophisticated relations, a proposition
coheres with a set of propositions if and only if it is entailed by elements of the set.

In contrast with Correspondence theory’s emphasis on an independent reality,
the coherence view supposes that true beliefs constitute an inter-related system in
which each belief adds justification to all other beliefs, independent of a reality. The
truth is in a sense arbitrary and not objective. This does not seem to do justice to the
intuition that truth and reality are at least related.

Putnam, in Reason, Truth and History [Put81], defends coherence theories against
accusations of arbitrariness by attempting to reconcile them with pragmatic theo-
ries. To briefly comment on Pragmatism, Peirce, who is considered the founder of
Pragmatism, and later James (Menand [Men97]), formulated the pragmatic theory in
which truth is defined as the success and utility of the practical consequences of an
idea (James [Jam95, Jam97]). The idea that a belief is a truth is that acting upon the
belief yields desirable and satisfactory results. Under this account of truth, an agent
will be justified to call something true if inquiry has ceased to provide new insights
into reality. Agents are said to know the truth if the agent’s methods of enquiry
concerning reality have been perfected and thus allow agents to know reality objec-
tively. Putnam states that the specified set consists of those propositions that will
be believed when agents with finite cognitive capacities have reached some limit of
inquiry. Thus, the propositions that an agent may be justified to believe in the future,
is the specified set, which provides the conditions for truths. This may make the con-
ception of truth robust against accusations of arbitrariness; however, on this account
of truth, just as with pragmatics, agents can never be sure whether propositions can
be treated as knowledge or as possibly false beliefs that need further inquiry. In the
next section, we address consensus theories of truth in which, in principle, agents
can distinguish truths from false beliefs.

In a broad sense, truth maintenance systems (Doyle [Doy79]) implement the idea
that the truth of propositions is the propositions’ coherence with other propositions.
Informally, a proposition in a truth maintenance system is true when sufficient other
true propositions exist that add to the justification of the proposition. If the truth-
status of a particular proposition is changed, the system will recursively update the
truth-status of other propositions that depend on that particular proposition, thus
maintaining the justification of true propositions. The truth of propositions is en-
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forced by testing whether propositions that have lost parts of their justification still
have sufficient justification such that they may be called true. Just as in Coherence
theory, the truth of a particular proposition in a truth-maintenance system depends
on whether a relation exists with other propositions that add justification to that par-
ticular proposition. Our agents could be closely modelled upon a truth-maintenance
system in which an agent’s belief would constitute a truth if it were based on other
beliefs that are held true by other agents or the agent herself. Such a model would
have profound implications for our agents because it would assume that agents have
direct access to other agents’ beliefs. This flies in the face of a fundamental assump-
tion of agent systems, that a cognitive state is inaccessible to other agents. Moreover,
such an approach does not explain how a community of agents can agree on the use
and truth of propositions; a truth-maintenance system would only provide a method
to calculate that propositions have sufficient justification to be regarded as truths. In
the following section, we will explain how a community defines the use and truths
of propositions through Consensus theory.

2.2.3 Consensus theory of truth

Consensus theory of truth defines the truth as something that has been agreed upon
by a group. On this account, the truth-condition of a proposition is an agreement of a
group of agents. This theory provides a subjective account of truth comparable to the
subjective nature of Coherence theory: for both theories, the truth is independent of
what may be said to occur in reality. Coherence theory allows the truth for one agent
to be different from that of another agent. However, because the whole group agrees
on what the truth is taken to be, Consensus theory does not permit agent specific
accounts of truth. Yet it is still possible for a group to agree on something, while
another group agrees differently. On a consensus account of truth, what an agent
may call the truth may not be fully subjective, but may still be regarded arbitrary and
irrespective of what can be said to constitute reality.

Wittgenstein’s account of truth can be said to be a special type of Consensus theory.
This theory is based on the dictum ‘meaning is use’, which states that agents learn
what it means to call something ‘the truth’ by agreeing on the linguistic practices of
their community. Ellenbogen [Ell03] gives a cunning twist to the agents’ agreements
on when they are justified to call a proposition a truth, while avoiding an arbitrary
account of truth. Wittgenstein’s account of truth will be discussed in the following
section.

2.2.4 Wittgenstein’s account of truth

Wittgenstein rejected the realist conception that the truth-conditions of propositions
are facts in reality, and that the meaning of propositions is a reference to some segment
of reality. He adopted an account of meaning which is based on use. This change of
meaning led to his rejection of the realist conception of truth in which agents come
to know their environments. Wittgenstein reasoned that if there is nothing more to
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meaning than use, then the concept of truth is nothing more than what agents can
grasp through their use of those statements, which they treat as true. Ellenbogen, in
Wittgenstein’s Account of Truth, argues that

the dictum “meaning is use” that what makes it correct to call statements
“true” is our agreement on the criteria whereby we call them “true”.
[Ell03, p. xii]

This interpretation of meaning centres on the view that language users establish
the meaning of statements with the criteria to use these statements. The dictum
‘meaning is use’ states that someone comes to understand what it is for a state of
affairs to obtain by a theoretical description of the features involved. That is to say
that a theoretical description provides a principal determinant, i.e. a criterion, to use
a statement correctly. People use these criteria to understand which properties need
to obtain for the correct application of statements.

According to this view, truth is acquired by learning how to use the predicate
‘is true’ for statements. It only makes sense to think of ‘the truth’ in terms of what
humans can know, because it is only given such knowledge that they can learn what
counts as establishing their truths. People learn when propositions establish a truth
by participating in the linguistic practices of their community. That is to say, they
become aware of the criteria that their community uses to establish truths. Within
linguistic communities, people agree on correct uses of statements; it is this practice
of agreeing upon criteria which statements they may treat as being true or false. The
meaning of statements is not that some people use them in a particular way, but
rather that their use is shared by a community. By learning a language, members
of a community adopt the criteria to use the statements of the language by tacitly
agreeing on the conventions of the community. Thus, the meaning of a statement is
a community’s tacit agreement on a criterion for its correct use.

Someone may adopt a rule that states in which situations she can use a proposition.
Because this rule expresses a criterion to use a proposition, we will call this rule a
criterion rule. We will say that someone has represented the meaning of a proposition
if she has a criterion rule with a criterion that specifies the situation in which the
proposition may be used, and this use has been agreed upon by her community.
Because this rule uses the criterion for the correct use of a proposition, and this use
is conventional, we will call this rule a conventional rule. People learn that criterion
rules are conventional rules when they engage in the conversational activities of their
community. Thus, a conventional rule states that the criterion associated with it has
been agreed upon by the community to establish the truth values of the proposition.

For each type of statement, a community needs to have methods to determine
whether they call statements true or false. A community agrees about what counts
as an adequate test of any given type of statement. Different types of inquiry reflect
different agreements on what is taken to count as adequate tests; these different
agreements are referred to as language games. The members of a community are
said to agree on the criteria to determine when it is correct to predicate ‘is true’
of statements within a language game. Therefore, an agent who has mastered a
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language has learned when the sentence of the language can be used to denote
statements, and because she is conversant with the rules of the language game, she
has learned when a statement is called a truth. By learning the conventional rules for
predicating is true of the sentences in a language that her community treats as being
true or false, the agent acquires a conception of truth based on use. That is to say,
as agents participate in the rule-following practices of a community, they play the
language games of the community.

A use-based approach of meaning allows agents to construct explanations depen-
dent on the truth or falsity of putatively undecidable propositions. An agent may
have an understanding of an undecidable proposition because she knows when,
according to her community, it is said to be true. An agent could even tell why
attempts at verification are blocked. The statement ’Sarah is brave’ and ‘Sarah is not
brave’ can both be undecidable for John because Sarah may not yet have encountered
situations in which she can display her braveness (cf. Section 2.2.1). John however
may understand that both statements cannot be true together. John can be said to
have a grasp of what would make each proposition true. Therefore, John’s grasp of
the truth-conditions of undecidable propositions is not exclusively his ability to tell
whether they are true. The fact that John has a grasp of how to investigate the truth
value suffices to attribute him an understanding of its truth-conditions.

Different language games provide different uses of statements. The language
game of is true describes the situations in which agents are, according to their com-
munity, correct to use the predicate is true. Other games describe when agents are
entitled to correctly predicate is real and is fair. Note that the language games of is
real and is true need not coincide. That is, the theory neither denies nor presumes
reality. Other language games may describe when agents are entitled to predicate
epistemic propositions correctly, such as to know and to believe propositions. These
will be presented in the following section.

2.3 Agents and a Use Account of Truth

Wittgenstein, in Philosophical Investigations [Wit01], describes the idea that meaning
is use. According to Ellenbogen [Ell03], this should be interpreted to import that
a criterion to correctly use a statement is the criterion to determine the truth of the
statement. We will extend this idea and describe what it means for agents to predicate
that they believe and know propositions. In the remainder of this thesis, we will
use this use account of truth to provide our agents with operational definitions for
justified beliefs.

2.3.1 Agents and a use account of belief

We adopt the view that the meaning of statements equals the conventional rules that a
community has tacitly agreed upon to establish their truth (see Section 2.2.4). Similar
to the language game to correctly predicate that statements are true, in the following
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paragraphs, we describe when agents are explicitly justified to predicate epistemic
statements, such as to believe, correctly according to their community’s agreed upon
use. Next, we provide the mechanism that describes the meaning of beliefs.

An agent will be explicitly justified to believe a statement if she regards herself
entitled, according to her community, to predicate to believe the statement. Just
like any other statement, an agent is correct, according to her community, to use a
statement if the criterion of its application has been met. We take it that the criterion
to predicate to believe a statement is, among others, the criterion to establish the truth
of the statement.2 However, being justified in principle to believe a statement, as
illustrated in Section 2.1 with Fermat’s last theorem, is not a sufficient condition for
believing the statement. Whether an agent actually has a belief when she is justified
to have it, depends on whether she applies the processes of her cognitive state that
can change her mental state to reflect that she believes the statement. If, in addition
to being explicitly justified to believe a statement, an agent has the opportunity to
come to believe it, she will be said to be in the state of believing the statement.

An agent need not retract her beliefs if, according to the agent, the criteria to
establish the beliefs cease to hold. If a criterion ceases to hold, the agent will be
considered to have an unjustified belief. We consider it good practice to provide
different language games to predicate to believe a statement, and to be ignorant about a
statement. An agent is explicitly justified to be ignorant about a statement if the agent
regards herself entitled, according to her community, to predicate to be ignorant about
the statement. If an agent is explicitly justified to be ignorant about a statement, and
the agent is given the opportunity to change her cognitive state accordingly, she is
said to have forgotten the belief. We assume that the criteria that entitle agents to
predicate to believe and to be ignorant about a statement cannot be met simultaneously.
That is to say, agents cannot be said to believe a statement and to be ignorant about
that statement at the same time.

Under Ellenbogen’s interpretation of Wittgenstein’s account of meaning, and
taking an agent’s mental processes into account, Sarah may regard herself explicitly
justified to believe a statement if:

1. She regards herself entitled, according to her community, to predicate to believe
the statement, and she has had the opportunity to change her mental state
accordingly.

2. She did not have the opportunity to change her mental state, even though she
regards herself entitled, according to her community, to predicate to be ignorant
about the statement.

If an agent were asked what it means to believe a certain statement, then she can
reply with the criteria that entitled her to predicate to believe and to be ignorant about
the statement. However, if an agent were asked why she believes a certain statement,
then she can reply with the circumstances that made her explicitly justified to adopt

2In Chapter 6, we will broaden the criterion to believe statements to include that agents may conform
to beliefs of other agents, and that agents may infer beliefs from existing beliefs.
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the belief. More specifically, she could answer that at a certain moment in the past,
the criterion to believe the statement had been met, and that ever since, she has not
been justified (or additionally not given the opportunity) to become ignorant about
the statement.

We could provide Sarah with an operational definition when she is explicitly
justified to predicate that John is said to have beliefs he is justified to have, and
beliefs he is not justified to have. If Sarah has an operational definition, then she
can be said to have an understanding in which situations John has justified and
unjustified beliefs. If Sarah is justified to believe that, first, the criterion to retract a
belief has been met for John; second, John had the opportunity to change his mental
state accordingly, and third, John did not change his cognitive state accordingly,
then arguably, Sarah is explicitly justified to believe that John is not justified to have
the belief. Even though John can be said to have this unjustified belief, he can be
explicitly justified to have it, because it could be that he cannot know better. The
same holds for Sarah.

Similar to the language game to predicate correctly to believe a proposition, a
community can agree upon what it means for Sarah to believe that John has a belief.
Sarah can be said to be explicitly justified to have a belief regarding a belief of John,
when John has attested to have the belief. Similar to Sarah’s own beliefs, Sarah
predicates correctly that John has a belief if the criterion to determine that John has
such a belief has been met. Sarah explicitly justifies her belief that John has a belief
with John’s behaviour.3 The behaviour of a system may convince Sarah to adopt a
belief if the agent’s community has agreed that this behaviour satisfies the criterion
to predicate that the system ‘believes’. Analogous to Turing’s idea of an ‘imitation
game’ that can be said to provide a criterion to call a system intelligent (cf. footnote 4
on page 3), in a similar fashion, a community could agree on a criterion when a
system is said to believe a proposition. If a human who according to the criterion
of an interrogator’s community believes a statement cannot be distinguish (by the
interrogator) from a machine that attests to believe a statement, then the interrogator
could be said to be justified to believe that the machine believes the statement. Note
however that because the truth is not grounded in reality, the criterion to predicate
is true and to predicate is real need not be equal. Consequently, if Sarah is justified to
believe that John believes a statement, she can still meaningfully question whether
John really believes the statement. We will further address the decoupling of the
grammars of is true and is real in Section 3.3 on a use interpretation of believing
inconsistencies.

2.3.2 Agents and a use account of knowledge

Analogous to what it means for an agent to have a belief, an agent is justified to
know a statement if, according to the agent, the criterion to predicate to know the
statement has been met. If the agent has had the opportunity to change her cognitive

3It could even be argued that if Sarah cannot remember that she believes a statement, but she observes
she behaves as if she believes it, she may be justified to predicate to believe the statement.
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state accordingly, she can be said to know the proposition. The only difference
between an agent knowing a statement and her believing it, is that, in the former
case, the criterion allows her, in conformity with her community, to predicate to know
a statement, while in the latter case, the criterion allows her to predicate to believe a
statement. In popular speech, beliefs are often said to be refutable while knowledge
is said not to be; nevertheless, the criteria for believing or knowing define when
agents are entitled to believe or know something.

An agent may regard her knowledge that another agent knows or believes a
statement as correct if the agent has acted (to change her mental state to reflect that
she knows) in accordance with the use of the predicate to know. If a community agrees
that it is impossible for agents to know other agents’ mental states, then agents are
not allowed to say that they know such things, and if they do, they are not seriously
saying they know what other agents’ mental states are, they are merely joking. Other
communities may agree differently and provide a use in which agents are allowed
to predicate to know that other agents have beliefs, for example by adopting the
intentional stance (Dennett [Den81]). The intentional stance states that agents may
ascribe mental predicates to entities with the aim of understanding and predicting
these entities (cf. footnote 3 on page 3). What matters for the agent designers is
that with these epistemological foundations, the criteria for predicating to know that
another agent believes or knows a statement is constructive. For example, Sarah could
be correct to know that John did not commit a certain crime, based on his testimony
that he did not do it. Sarah’s community could augment the truth-conditions—and
thus alter the meaning of knowing the truth in this particular case—with a positive
result from a polygraph that John is not lying. A community could also agree that
a polygraph is not such a useful and predictive instrument after all, and, become to
use a brain-scanner to define what John ‘really’ believes.

Whether the epistemic modalities, such as believing and knowing, are formalised
with a certain formal system is not important for the question when agents are
justified to believe and know propositions. We could use systems of knowledge
satisfying the axiomatic system S4 that corresponds to modal logic (Kripke [Kri63])
to formalise an agent’s knowledge, or we could use axiomatic system KD45 often
referred to as doxastic logic (see Meyer and van der Hoek [MvdH95]) to represent
the agent’s belief state. What does matter is that a community agrees which criterion
defines the correct use of the predicate to believe and to know. In Chapter 4 we will
describe our formal system that can handle epistemic modalities such as beliefs and
ignorance.

Next, we briefly describe knowledge held by groups of agents. Informally, a
statement is mutually known among a set of agents if each agent knows the proposi-
tion. Common knowledge is a little more complicated. Lewis, in Convention [Lew02],
gives an intuitive and explicit analysis of common knowledge as a hierarchy of state-
ments of the form ‘agent i knows that agent j knows that ... knows a proposition.’
For our current analysis it would not matter whether agents use: either Schiffer’s
[Sch72] approach in which epistemic logic (Hintikka [Hin62]) is used to define com-
mon knowledge as a hierarchy of statements; or Barwise’s [Bar88] formal approach
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in which common knowledge is analysed as fixed points; or Aumann’s [Aum76]
approach with algorithms for determining what information is commonly known by
Bayesian agents. Just as for the modalities of believing and knowing propositions, for
the remainder of this chapter, it does not matter how the concept of common knowl-
edge is formalised. What does matter is that a community of agents has agreed upon
the criterion to call a piece of knowledge common knowledge.

2.4 Agents and Meaning

2.4.1 Agents understanding meaning

According to Wittgenstein, an agent is said to grasp the meaning of a statement if
she uses the statement according to the criterion that has been agreed upon by her
community. An agent need not be aware that she uses a statement in accordance
with a use that her community has agreed upon. That is to say, she has a criterion
rule that allows her to use the statement conform to the conventional use. An agent
becomes aware of the meaning of a statement if she may predicate, according to her
community, that her use of the statement is conventional.

Although agents may be justified to know the meaning of statements, other agents
in their community can still use these statements differently. Knowing the meaning,
i.e. the agreement on the use of a statement shared by a community, still allows the
members of a community to have different conceptions of what this shared use is
supposed to be. This is a direct consequence of the dictum ‘meaning is use’ which
allows agents to know a statement if the criterion to do so has been met. If an agent
regards herself entitled to know that a statement is used in a certain situation that is
described by a certain criterion that everybody tacitly agrees upon, then the agent
can be said to know the meaning of the statement. The agent will then be said to
know that a criterion is part of a conventional rule that governs the correct use of the
statement. If criteria are agreed upon tacitly, agents can be said to know that other
agents use the same conventional rules although they never explicitly agreed upon
them.

Our agents need not doubt their knowledge about the meaning of statements as
long as they do not observe difference in the way they use the propositions. This
is an important feature, because it could allow meaning to change gradually, and
to be learned by new members of the community. Agents who are learning to use
statements, e.g. to predicate that they know that other agents believe something, may
make mistakes as seen from another agent’s perspective. If Sarah and John observe
that they have a different criterion for the use of a statement, the agent with the most
authority may correctly predicate that the other has made a ‘mistake’. Assume Sarah
teaches John, and Sarah is a leading authority on some subject. Sarah may encourage
John to change his rules such that he will correctly predicate, e.g. to believe certain
statements in more situations. That is to say, John will know that a different criterion
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is conventional, and this criterion will make him more often correctly use a certain
predicate.

In which situation can an agent know that what she knows is the meaning of a
statement is in fact just a belief about the meaning of the statement? Stated differently,
when can agents conclude that what they assumed to be tacitly agreed upon by their
community, is in fact not a convention, and is not agreed upon explicitly by everyone?

2.4.2 Changing the meaning

An agent may revise her judgement that a certain criterion rule is conventional and
thus change the meaning of a statement associated with that rule by judging that
another criterion rule is conventional. An agent’s judgement that a criterion rule
is shared and conventional can be made only after the agent has come (as we have
defined) to know that the rule’s criterion can be used to establish the associated
proposition. An agent cannot come to know that a criterion is used in her commu-
nity to establish a statement if she does not know that the criterion can be used to
determine the proposition in the first place. That is, an agent must first come to learn
a relation between a criterion and a statement, i.e. a criterion rule, and later come to
learn that this relation is conventional and in Wittgenstein’s terminology a ‘form of
life’.

“Agreement in form of life is logically prior to agreement in opinions.
For agreement in form of life is our agreement on a shared world picture.
And this world picture forms the inherited background against which we
distinguish true and false (O.C. #94)”4 Ellenbogen [Ell03, p. 4]

Agents can change conventional rules. Consider the following example.

“From the beginning of the seventeenth to the late nineteenth century, the
defining criterion of gold was solubility in aqua regia. But in the nineteenth
century it was discovered that gold had the atomic number 79, a feature
not exclusively correlated with the feature of solubility in aqua regia; that
is, the former criterion was discovered to have room for other non-“noble”
metals whereas the latter criterion defined ‘gold’.” [Ell03, pp. 9–10]

The first person to discover the symptom that gold has the atomic number 79
did not know that this symptom would become the criterion to tell gold from other
metals. This person had to convince herself that this atomic number is a symptom
more indicative than the criterion of solubility in aqua regia. Only then could this
person try to convince other people who were still using the criterion of solubility in
aqua regia that this criterion was less useful than the atomic number 79. The precise
number of renowned chemists that had to be convinced before the old criterion was
degraded to a symptom is hard to tell; nevertheless, the precise criterion to adopt
new use may not be of particular importance. Wittgenstein’s observation is that

4O.C. #94, Wittgenstein in On Certainty [Wit72].
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these changes of language games give a predictive and understandable account of
how humans change the meaning of sentences and statements. For example, students
in chemistry may not be able to distinguish fool’s gold (iron sulphide) from what
their lecturer calls ‘gold’ because it has the lustre of gold ore. If the students accept
the lecturer to be an authority, then they accept that the atom number equal to 79 is
the criterion for what their community calls ‘gold’.

2.4.3 Dispute the meaning

Next we describe that even though agents are entitled to know the meaning of a
statement, they may still dispute whether their criteria to use a statement is the
criterion to correctly use the statement. Agents may be entitled to know how their
community uses a statement; nevertheless, they may encounter other agents who
use the statement differently.

If Sarah believes something that contradicts something that John believes, and
both are aware they disagree, then both may desire to resolve their disagreement. In
such a situation, Sarah has an indication that either of them holds a belief that they
are not justified to have, or either of them may adopt a belief that they are justified
to have. The same holds for John. Sarah may try to convince John to retract or adopt
certain beliefs with the intent to resolve the disagreement. Sarah could also test her
own beliefs, which may result in her being justified to retract or adopt beliefs that
would resolve the disagreement. If all four possibilities have been pursued, yet have
not resolved the disagreement, then, from Sarah’s perspective, the disagreement
can be said to be irresolvable. These contradictions, disagreements and irresolvable
disagreements will be further addressed in Chapter 8.

The language game of predicating to believe a statement consists of conventional
rules, and thus, as seen from an agent’s perspective, and all agents use the same
criterion rules, all agents should be entitled to believe the same statements. If,
according to the rules of this game, Sarah is justified to believe that a statement is
true, and, as far as she can tell, John is justified to believe that the statement is false,
and thus they disagree over this statement, then the following two situations can be
the case. Either one of the agents has used knowledge to infer beliefs that resulted in
their disagreement. Or, the agents have a different account of believing, that is, they
have different criteria to come to believe statements. That is, as seen from Sarah’s
perspective, the assumed conventional status of the criterion rules that both John and
Sarah use to predicate ‘to believe’ are not conventional.

If agents are taken to represent a domain of relevant knowledge, then, on behalf of
their domains, they may provide epistemic judgements about what is considered true
and false. However, these agents may not change the knowledge of their domains.
If agents encounter irresolvable disagreements, then, from their perspective, this
results from an incorrect assumption (made by domain experts) that a conventional
rule is shared by all the agents. In such a situation, the responsible experts must be
consulted because the knowledge is their responsibility.
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2.5 Concluding Remarks

In this chapter we presented the philosophical foundations that we use to understand
what it means for our agents to believe a statement, to have a piece of knowledge,
and to know the meaning of statements, and as we will later describe, the meaning
of decisions and speech acts.

We described three theories that define what it means for a proposition to be true.
Correspondence theory of truth states that a proposition’s truth-conditions are facts,
and hence defines truth as correspondence to a segment of reality. In this theory,
the truth-conditions are not part of an agent’s cognitive state, and consequently, the
agent does not have direct access to the truth-conditions to verify the truth. The
two other theories are epistemic theories of truth that define that truth-conditions
are part of the agent’s cognitive state. Coherence theory defines the truth-condition
of a proposition as the coherence with a specified set of propositions held by an
agent. The truth is arbitrary and not objective in the sense that different agents
can have different specified sets and thus have different accounts of what it is that
constitutes the truth. Our agents are taken to adhere to Wittgenstein’s use account
of truth. Under this account, the truth-condition of a statement is the criterion that
an agent uses to predicate that the statement is true. According to the agent, this
criterion has been agreed upon by her community as to specify the situations in
which she is correct to predicate that the statement is true. The statement is true for
the agent if the statement’s criterion has been met in her cognitive state. Such truths
could be considered arbitrary, independent of what could be called reality, but unlike
Coherence theory, in which agents can have different conceptions of what the truth is
supposed to be, under a Wittgensteinian use account of truth, for agents the criterion
when to predicate is true is shared.

We extended Ellenbogen’s interpretation of the Wittgensteinian use account of
truth to allow agents to predicate to believe and to be ignorant about statements.
Additionally, we described what it means for our agents to have knowledge and
what it means to know the meaning of statements.
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Chapter 3
Paraconsistent Logics

Doublethink means the power of holding two contradictory beliefs in one’s mind
simultaneously, and accepting both of them.

G O, “1984” [O48]

More often than they may wish for, agents and humans are confronted with contra-
dictory information. Such pieces of information may guide agents and humans to
believe things that they assume cannot be real. For example, a doctor may find no
overt signs that a patient suffers from a certain disease, yet lab results indicate that
the patient does suffer from that disease. We may sometimes jump to conclusion,
in this situation that either the doctor’s judgement or the lab result is wrong. We
may sometimes also deliberately hold contradictory beliefs and doublethink if this
serves a purpose. In this chapter, we describe what it means for our agents to have
contradictory beliefs and what we are to do if our agents become explicitly justified
to have such contradictory beliefs.

In Section 3.1, we describe several circumstances in which our agents become
explicitly justified to decide to believe inconsistent statements, and come to have
an inconsistent world picture. In Section 3.2, we provide a rationale to justify the
existence and application of inconsistencies. We then turn in Section 3.3 to a use
interpretation of contradictory beliefs, after which we in Section 3.4 describe para-
consistent propositions and two fundamental assumptions of logic that need to be
challenged to consistently represent inconsistent propositions in logics.

3.1 An Unavoidable Inconsistent World Picture

If Sarah is explicitly justified to believe a statement, that is, she regards herself
entitled, according to her community, to predicate to believe a statement, then she
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may, as described in Section 2.3.1, change her cognitive state such that she can be
said to believe the statement. Because a community agrees on the criterion for
the correct use of statements, the community can agree that Sarah correctly uses a
statement based on her beliefs about John’s beliefs. Thus, agents may use their beliefs
about other agents’ beliefs as grounds to justify their own beliefs. The question we
address is how Sarah should cope with situations in which different sources supply
justifications that would lead her to believe contradictory statements. If a source
supplies Sarah with a justification for a statement, and another source supplies a
justification for the statement’s negation, then, Sarah may be justified to believe both
statements, and thus be explicitly justified to have an inconsistent belief.

A possible argument for Sarah not to come to believe inconsistent statements is
that she could postpone believing one of the statements, and thus postpone believing
an inconsistency. If a source that supplied Sarah with a justification cannot justify its
own information, Sarah’s postponement may give the source time to revise its un-
justified information, which would obviate Sarah’s need to believe the inconsistent
statement. The validity of this argument is predicated under the assumption that
at least some of the source’s information is unjustified, and this unjustified nature
will be revealed, and resolved, eventually. Sarah, who is justified to believe incon-
sistent statements, may inform the sources that they provide her with contradictory
information. While the sources are engaged in resolving their disagreement, Sarah
is arguably justified to postpone her decision until the sources have agreed on their
opinions. The net effect would be that Sarah does not have to entertain inconsistent
statements, although she is justified to have them, when the inconsistency is going
to be refuted in the future. If the source’s definitive answer would take a long time,
contradictory propositions can be considered to have an undetermined epistemic
status, associated with an unknown truth value.1

How should Sarah act if she believes the disagreeing information is not temporary
but permanent? It would not be satisfactory if Sarah postponed her decision to
believe both propositions because this would be equal to renouncing to adopt a belief
indefinitely, while she is explicitly justified to believe both contradictory statements.
The question is rephrased as to whether situations can occur in which sources disagree
and their disagreement is final.

Assume that the two sources that provided Sarah with evidence to believe incon-
sistent statements are John and Fred. If Fred and John have pursued every method
at their disposal to resolve their differing belief, but failed to do so, then they may
settle their differing opinion with an agreement. In this agreement Fred and John
acknowledge that they have differing beliefs, that is, they agree to disagree. Infor-
mally, if two agents have a disagreement and their opinions will not change when
they are confronted with new information, then it can be considered rational for
them to agree to disagree. That is to say, the two agents agree that the information

1Or instead of the epistemic status equal to ‘unknown’, such statements can be considered to posses
truth values associated with truth value ‘true by default’. Such default truth values are considered to be
either refuted and recalled, because they only have a tentative epistemic truth status, or they are confirmed
in which case their tentative status is eventually overwritten by a permanent one.
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that could have resolve the disagreement, as seen from their perspectives, has not
helped to convince themselves, and the other, to adopt or retract beliefs such that
the disagreement is resolved. In Chapter 8, we will discuss the precise criterion to
be justified to agree to disagree. If John and Fred have agreed to disagree about a
proposition, then their difference of opinion is permanent. If Sarah is justified to
believe inconsistent statements based on John and Fred’s belief in a proposition, and
Sarah believes that John and Fred have agreed to disagree about the statement, then
she is aware their differing opinion is final, and thus that she is justified to believe an
inconsistency.

3.2 Sources of Inconsistencies

Several philosophical considerations have been put forward to comprehend why true
contradictions or dialetheias exist. In the fourth century B.C., the Greek philosopher
Eubulides of Miletus described a paradigmatic example of a true contradiction in the
Liar Paradox. The paradox results from evaluating the truth value of the following
self-referential sentence ‘I am lying now’. This sentence and equivalent sentences,
such as in (3.1), are called Liar Sentences.

“this statement is not true” (3.1)

Logicians, among others, have often treated inconsistency as an undesirable prop-
erty of logics. Other people with practical concerns often treat inconsistency as a state
of a system that must be contained and handled with care. Software system design-
ers for example accept that large amounts of data contain inconsistencies. These
inconsistencies result from, for example, human errors when entering data such as
patient information. Inconsistencies may also originate from sensor malfunctions.
If software is to handle data that result from interaction with an environment such
as vision or audio, inconsistencies are bound to emerge eventually when the data
are processed. These inconsistencies do not reflect an inconsistent environment, but
technical or human error that can, in principle, be prevented and resolved. While
such errors are being investigated and resolved by either agents or their responsible
human experts, the software, i.e. agents, should handle inconsistencies in a satisfac-
tory fashion. Bertossi et al. [BHS04] for example, design databases that are tolerant
to inconsistencies. These databases should manage information with inconsistencies
without generating spurious answers to queries. Paraconsistent logics should behave
similarly; they should allow inconsistent propositions without generating spurious
proofs.

The domain knowledge that our agents represent originates from experts in psy-
cho neurological endocrinology. In this domain, contradictory beliefs can emerge
when explaining human depression. The following example may exaggerate and
oversimplify the scientific knowledge from these domains; however, it captures the
essence that scientific terms may be used in similar situations while having different
meanings. Domain experts working in the area of clinical psychology may describe
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depression in terms of the person’s psyche in relation to her environment and espe-
cially to other humans. For this expert, a depression is the result of chronic stress.
Another expert from the area of bio-psychological endocrinology would not use
psyche-related terms to understand and explain depressions. Such an expert un-
derstands depression as a function of neurotransmitters produced by the brain and
the effects on a person’s behaviour when these neurotransmitters bind to receptors.
For this expert, a depression is the result of excessive secretion of neurotransmitter
cortisol in the brain. If both experts were to consult each other, which knowledge
would be most valid? They may come to understand that cortisol and stress are
somehow related2, but they could just as well consider that the rule of the other is
incompatible with theirs. In particular, for the company Emotional Brain, such het-
erogeneity of domain experts’ opinions necessitates a software system that handles
possible inconsistencies.

3.3 A Use Interpretation of Believing Contradictions

In this section, we provide an interpretation of believing contradictory statements
based on use. We then describe when beliefs in contradictory statements can be used
to steer an agent’s behaviour.

Correspondence theory of truth, as described in Section 2.2.1, defines truth as
correspondence with a segment of reality. Under this account, an agent is justified
to call a statement a truth if what the statement corresponds to is real. That is, if an
agent can call a state of affairs real, then she may call its corresponding statement
a truth. Conversely, if an agent may call a statement a truth, then she may call
its corresponding state of affairs real. Analogously, if an agent can call a state of
affairs not real, then she may call its corresponding statement false, and if she calls
a statement false, then she may call its corresponding state of affairs not real. Let us
call the rules that agents use for the application of these predicates their grammars.

Assume that Sarah adheres to the view that reality is unique, that is, she may
not call a state of affairs real and not real simultaneously. In other words, according
to Sarah, reality exists only in one particular way. Additionally, assume that Sarah
adheres to an account of truth as described by Correspondence theory. Under these
assumptions, if Sarah is to call a statement inconsistent, then she should call a state
of affairs both real and not real. According to Correspondence theory, the coupling
of the grammars of is real and is true, and the grammars of is not-real and is false
prohibit statements to be both true and false, because this would fly in the face of
the assumption of a unique reality. Thus, under the assumption of a unique reality,
Correspondence theory cannot meaningfully allow our agents to have inconsistent
beliefs.

We therefore adopt a use interpretation of meaning, as described in Section 2.2.4.
This allows a community of agents to agree on the criteria to use the predicates is

2Contemporary psychology, e.g. Kolb and Wishaw [KW03], relates cortisol and stress; cortisol can thus
be called a stress hormone.
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true, is false, is real and is not-real. If agents agree to use the predicates is true and
is real differently from usage imposed by Correspondence theory, then agents could
meaningfully call a statement true and false without predicating to call a state of
affairs real and not real simultaneously. We assume that our community of agents
agreed that the grammar of is true is only intended to coincide with the grammar
of is real. Thus, the truth-condition for a proposition is not that it corresponds to
something real, but that the criterion to call a statement a truth is intended to be
equal to the criterion to call a state of affairs real. If the intended equality of both
criteria fails, then agents can meaningfully predicate that a statement is inconsistent
without necessarily predicating that that reality is not unique. Thus, under a use
account of truth, a community can agree on the criterion to call something a truth
that allows agents to meaningfully believe inconsistent statements, and at the same
time meaningfully believe that their world is unique.

Given that with a use account of truth, agents can meaningfully believe inconsis-
tent statements, agents can use these inconsistencies to avert them. An agent’s belief
in inconsistent statements does not declare her world inconsistent, but merely refutes
the assumption that the rules to talk about the truth never lead to contradictions. We
take it that our agents assume a unique reality. If, as described in Section 3.1, Sarah is
justified to believe that a statement is both true and false, then, under the assumption
of a unique reality, she may conclude that either the sources have provided her with
unjustified information, or that the criteria that entitle her to believe the inconsistency
cannot be used to talk about reality. Because we assumed that our community of
agents has agreed that the grammar of is true and is real is intended coincide, that is,
agents should be justified to predicate is true and is real of a statement in the same
circumstances, then an agent’s belief in inconsistent statements is a motive to enquire
into the sources of her beliefs with the aim to refute the inconsistency.

The theory of belief revision provides a systematic analysis of preventing data-
bases or sets of statements from becoming inconsistent. Two theories prevail on how
to modify descriptions of a world in the light of new information: the theory of re-
vision by Gärdenfors [Gär88], and the theory of update by Katsuno and Mendelzon
[KM91]. Both theories formalise how an agent has to change a theory or her belief
state when new information has to be incorporated. However, a fundamental dis-
tinction exists between the two types of modifications. The first type, revision, is used
when agents obtain new information about a static environment. The second type of
modification, update, consists of bringing a belief state up-to-date when an environ-
ment that it intends to describe, changes. As observed by Katsuno and Mendelzon
[KM91], the difference is temporal and focal: revision describes the change of the
agent’s description of her environment which, presumably, has not changed, while
update describes the change of the agent’s description of her environment which,
presumably, has changed.

An example of revision is when Sherlock Holmes learns that the murder weapon
was used left-handedly, and he thus revises the set of possible suspects to those who
are left-handed, leaving, for example, the butler as the last suspect. The world in
which the murder was committed did not change, only Sherlock’s beliefs regarding
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the murderer have changed. A theory is updated when data from a sensor overwrite
the sensor’s previous data: a sensor is said to update its data. Other examples of this
variety are database updates: if Sarah enters “transfer 200K euros to John’s account”,
then she updates John’s account information.

In contrast, instead of preventing these undesired inconsistencies, agents may
need to accept them and deal with them later. Our agents will be equipped with
a use account of truth, which will enable them to be explicitly justified to believe
statements in accordance with their community, that is, conform to the tacit agreement
of the experts they are representing. From the assumption that the grammar of
is true intends to coincide with the grammar of is real, agents can meaningfully
believe that a statement is inconsistent while also meaningfully assuming that their
environment cannot be inconsistent. When Sarah revises her cognitive state to believe
inconsistent statements, she can be taken to admit, knowingly, to have a belief about
her environment that does not tally with her assumption of a unique reality. Her
inconsistent belief may motivate her to enquire into the sources of her belief with the
aim to refute her inconsistent belief. When new information about her environment
becomes available, Sarah may revise her beliefs and possibly retract the inconsistent
belief, and replace it with a consistent one. Sarah was never justified to believe that
her environment is inconsistent.

Assume that Sherlock Holmes does some belief revision. Mr. Holmes starts out
with two suspects for his murder case: the butler and the gardener. Because Holmes
does not believe that the butler has done it, nor does he believe that the gardener
has committed the crime, the situation is characterised by an uninformed Holmes.
We could say that Holmes is entitled to predicate to be ignorant that the gardener
committed the crime, and the same for the butler. Because Holmes knows that
somebody must have committed the crime, and because his suspects are the only
two left who could have done it, he is motivated to enquire with the aim to learn
new information such that he is justified to adopt the belief that either the butler or
the gardener has done it. However, the situation is characterised as over-informed
if Holmes has information that justifies him to believe that both the butler and the
gardener have done it. For example, Holmes may believe that the murder weapon
is used left-handedly and the butler is the only left-handed suspect, thus Holmes is
explicitly justified to believe that the butler has done it. Additionally, the gardener
has confessed that he has committed the crime, Holmes is thus explicitly justified
to believe that the gardener has done it. Holmes knows that not both could have
committed the crime, thus he is motivated to enquire with the aim to learn new
information such that he becomes explicitly justified to retract either the belief that
the butler has done it, or the belief that the gardener has.

As said, an agent’s belief in inconsistent statements is a motive to enquire into the
sources of her belief with the aim to refute the inconsistent belief. If this inquiry does
not resolve the situation, as described in Section 3.1 on an unavoidable inconsistent
world picture, then the inconsistent statement is a motive to revise the grammar of
is true. That is to say, belief in inconsistent statements has a second use: such beliefs
motivate communities to revise their use of the predicate is true and is false such that
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they cannot be predicated simultaneously.

3.4 Paraconsistent Logics

The previous section described that agents may meaningfully believe inconsistent
statements, and that such beliefs may serve the purpose of guiding the agents’
activities to resolve such beliefs. In this section, we describe how to formalise in-
consistent statements. When dealing with logics, we will use the term ‘proposition’
interchangeably with the term ’statement’.

Greek philosophers found contradictions of great interest; however, a formal
analysis only dates back to Vasiliev’s imaginary logic (Bazhanov [Baz98]) at the start
of the twentieth century. Vasiliev, among others, challenged the logical principle that
anything can be proven from absurdity, ex contradictione quodlibet (ECQ). In standard
logics, such as classical, intuitionist and modal logic, if inconsistent propositions are
asserted, then with ECQ any proposition can be proven. A paraconsistent logic is
taken to be a logic that allows inconsistent propositions to be asserted without be-
coming trivial. That is to say, a paraconsistent logic does not allow that anything
can be proven from an absurdity. In standard logics, contradictory assertions have
no model, viz. no representation of contradictory information. To allow logical the-
ories with inconsistent propositions while preserving a model, inconsistencies have
to be represented consistently. A paraconsistent proposition refers to inconsistent
propositions that are part of a consistent theory.

Suber [Sub97] and Andrews [And96] discuss two fundamental assumptions un-
derlying the very fabric of logic, which are revealed by investigating the negation
operator: the principle of non-contradiction and the principle of excluded middle.
Given a proposition p and its classical negation¬p, the principle of non-contradiction
asserts that at most one statement is true and that both can be false. Thus, the principle
says that if a proposition p is true, then ¬p cannot also be true. This flies in the face of
any attempt to model a paraconsistent logic that allows both p and ¬p to be true, and
can represent inconsistent propositions without absurdity following. For our logic
to cope with inconsistent propositions, we will introduce a special truth value that
will represent a proposition’s inconsistent truth-nature consistently. To allow such
an extra truth value, another fundamental assumption of classical logic, the principle
of excluded middle, has to be challenged.

Inverse to the principle of non-contradiction is the principle of excluded middle,
which asserts that at least one statement p or ¬p is true and that not both can be
false. The principle says that if p is not true, then ¬p must be true, and if p is false,
then it cannot be that ¬p is also false. Combining the two principles leads to the
classical two-valued logics in which at most and at least one proposition p or ¬p is
true. Thus either p is true and ¬p is false, or p is false and ¬p is true. Rejecting
the principle of excluded middle will allow logics with additional non-classical truth
values. The truth values to represent a lack of information that is associated with
an information state ‘undefined’ or ‘unknown’, and truth values that represent an
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inconsistent information state can then be added. Kleene [Kle50] provided a three-
valued logical system in which a new truth value to represent a lack of information
is introduced. A truth value can be added, in a similar fashion, to a logical system
to represent inconsistent information. Belnap, in A useful four-valued logic [Bel77],
does precisely this: he adds two truth values to represent unknown and inconsistent
information states.

In Chapter 4, we will reject the principle of non-contradiction and the principle
of excluded middle to construct logics that allow paraconsistent propositions. The
theories of these logics will have the following properties. If a theory rejects the
principle of non-contradiction, then a proposition p, and, at the same time, the
negation¬p may follow from the theory. In addition, if the theory rejects the principle
of excluded middle, then if a proposition p does not follow from the theory, then its
negation, ¬p, does not need to follow from the theory at the same time. That is to
say that the theory allows a third truth value associated with a proposition other
than true and false. Such a third, non-classical truth value can be used, for example,
to represent the contradictory information state of inconsistent propositions. If a
proposition p follows from a theory, and, at the same time, the negation ¬p follows
from the same theory, then the corresponding paraconsistent proposition is also said
to follow from such a theory. Equally, if a paraconsistent proposition follows from a
theory, then both the corresponding p and ¬p follow from that theory. A theory that
consistently represents inconsistent propositions need not be inconsistent itself. The
theories that we will define in the following chapter will not allow situations in which
p follows from a theory, and, at the same time, p does not follow from the theory.
Analogously, it is not allowed that ¬p follows from a theory, and, at the same time,
¬p does not follow from the theory. The formal semantics of propositions, including
paraconsistent propositions, will be presented in Chapter 4 on multi-valued logics.

3.5 Concluding Remarks

We described when our agents become explicitly justified to decide to believe in-
consistent statements. Sarah is explicitly justified to decide to believe an inconsis-
tent statement if two sources provide her with information that, conform to Sarah’s
community, entitles one source to predicate that the proposition is true, and simul-
taneously entitles the other to predicate that the statement is false. If, in addition to
Sarah’s justification to believe that the statement is both true and false, the sources
have agreed to disagree about information, that allows Sarah to believe the inconsis-
tent statement, Sarah has no choice but to believe the inconsistency.

Just as any consistent proposition, the ’meaning is use’ interpretation provides
paraconsistent propositions with a meaning. The meaning of a statement is the
criterion for its correct use that a community has agreed upon. If a community
agrees that the use of believing inconsistent statements is that it can be established
when a certain criterion has been established, then an agent can use this belief, for
example, as a motive to revise beliefs that resulted in believing the inconsistency.
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However before the agent can revise her belief in the inconsistent belief, she may
need to represent this belief consistently. Two fundamental properties of logic, viz.,
the principle of non-contradiction and the principle of excluded middle, have to be
challenged to allow a logic to represent an agent’s inconsistent belief consistently.
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Chapter 4
Multi-valued Logics

A multi-valued logic is a logical system in which the truth value of a proposition
is not restricted to the classic truth values ‘true’ and ‘false’. Other values can be
introduced to represent alethic modalities of necessarily and contingently true and
false, or probabilistic modalities of certainly and possibly true and false. A different
type of epistemic modality is ignorance, inconsistency and bias. Because agents
are entities with epistemic attitudes, logics with the latter epistemic modality are
particularly suitable to describe (multi) agent systems. In this chapter, we define a
multi-valued logic that allows our agents to have consistently, among other attitudes:
beliefs, ignorance and desires about inconsistent information.

In Section 4.1, we will define bilattice structures, which provide formal relations
between the classical and novel truth values. These truth values will be used in
Section 4.2 to construct a logical language of multi-valued logics. We then turn in
Section 4.3 to subsets of such languages which will be denoted as theories of multi-
valued logic. With these theories, we can represent an agent’s epistemic attitudes,
such as her lack of beliefs and her inconsistent beliefs. To allow efficient represen-
tation of these theories, in Section 4.4 we provide theory descriptions that allow
straightforward implementation. To allow theories to represent changing environ-
ments, the activity of changing theories has to be dealt with, this is done in Section 4.5.
This chapter is partly based on published work by Lebbink et al. [LWM03b, LWM03c].

4.1 Bilattice Structure

A bilattice is an algebraic structure that formalises a space of generalised truth values.
This structure provides the formal treatment of the relations between truth values
that will be needed to construct multi-valued logics.
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4.1.1 Rejecting the principle of the excluded middle

To allow logics to represent inconsistent propositions in a non-trivial manner, as
described in Section 3.4, the assumptions of non-contradiction and the excluded
middle have to be challenged. In principle, we only have to reject the assumption of
non-contradiction if we are to allow a logic to represent paraconsistent propositions.
The additional rejection of the assumption of the excluded middle is justified by the
conceptual argument that agents, in order to be ignorant, should be allowed to fail to
assign propositions a classical truth value. An addition to the conceptual argument
is that such rejection will help us construct logics that can consistently represent
inconsistent propositions. By waiving the assumption of the excluded middle, non-
classic truth values can be defined and added to a logic (see Rescher [Res69]); such
truth values can represent an agent’s ignorance or consistently represent inconsistent
propositions. Logics can be kept from becoming inconsistent if the inconsistent
propositions that are to follow from the logic are represented as consistent formulae
with a new truth value that represents the proposition’s inconsistent truth status.

We will denote the classical truth value ‘true’ and ‘false’ by t and f respectively. To
represent the inconsistent modality of a proposition, we use i; informally, i represents
the information of both t and f. To represent the information associated with an
undetermined or unknown information state of neither t nor f, we use u. Other truth
values that represent biased information states will be identified in Section 4.1.4.

4.1.2 Lattices

Before exploring the bilattice structure, it is worth reviewing some general notions of
ordered sets first. Given a set P, a subset S ⊆ P, and a partial-order1

≤ on P, a ∈ P is
an upper bound of S if s ≤ a for all s ∈ S. The inverse to the upper bound is the lower
bound, i.e. a ∈ P is a lower bound of S if s ≥ a for all s ∈ S. The set of all upper bounds
of S is denoted up(S), and the set of all lower bounds is denoted lo(S). a ∈ P is a least
upper bound (or join or supremum) of S, denoted tS = a, if a ∈ up(S) and a ≤ s for
all s ∈ up(S). Analogously, a ∈ P is a greatest lower bound (or meet or infimum) of S,
denoted uS = a, if a ∈ lo(S) and s ≤ a for all s ∈ lo(S) (cf. Lipschutz [Lip64]).

Definition 4.1 (lattice). A lattice is a structure 〈B,≤〉 such that B is a non-empty set of
elements, relation ≤ is a partial order over B, and for all finite S ⊆ B exists a greatest lower
bound uB and a least upper bound tB. (cf. Davey [DP02]).

A lattice is called complete if, and only if, for all subsets exists a least upper bound
and a greatest lower bound. A lattice is finite if B is finite.

4.1.3 Bilattices

The notion of a bilattice was first introduced by Ginsberg [Gin88] as a general frame-
work for many AI applications, such as truth maintenance systems (Doyle [Doy79])

1A partial-order is a reflexive, transitive and antisymmetric relation.

36 digital v1.0



4.1 Bilattice Structure

and default inferences (Reiter [Rei80]). A bilattice is an algebraic structure that
formalises a space of generalised truth values with two lattice orderings (Ginsberg
[Gin88]; Fitting [Fit90]). Bilattices can be used for reasoning about the semantics of
logic programs (Fitting [Fit91]), for pragmatics in linguistics (Schöter [Sch96]), or for
semantics of logical systems (Arieli and Avron [AA98]).

Definition 4.2 (bilattice). Given two lattices 〈B,≤b〉 and 〈D,≤d〉, the structure B = 〈B ×
D,≤k,≤t〉 is a bilattice if the partial orders are defined as follows (with b1, b2 ∈ B and
d1, d2 ∈ D): 〈b1, d1〉 ≤k 〈b2, d2〉 if b1 ≤b b2 and d1 ≤d d2, and 〈b1, d1〉 ≤t 〈b2, d2〉 if b1 ≤b b2
and d2 ≤d d1 (cf. Fitting [Fit91]).

Notation 4.1. Instead of truth value 〈b, d〉, we write b] d. Additionally, we abuse notation
and write that θ is a truth value from bilattice B by writing θ ∈ B.

4.1.4 Truth values

The bilattice B that we will use throughout this thesis will provide use with truth
values that are taken from the Cartesian product of the values of the lattices 〈B,≤b〉

and 〈D,≤d〉. Let B and D be finite sets of rational numbers from Q between and
including 0 and 1, that is, {0, 1} ⊆ B ⊆ Q and D = B. Truth value b ] d ∈ B × D has
the following interpretation: The numbers from B quantify the presence or lack of
positive support for some expression; in contrast to the numbers from D that quantify
the presence or lack of negative support for some expression. 0 stands for lack of
support and 1 stands for full presence of support.

The four-valued logic that has been proposed by Belnap [Bel77] corresponds with
the bilattice in figure 4.1. This bilattice is the smallest complete bilattice and has
four truth values. The truth value 1] 0 stands for the classical truth value ‘true’ and
is denoted t. In accord with our intuition, only positive support and no negative
support exists for t. The truth value 0 ] 1 stands for the classical truth value ‘false’
and is denoted f. For truth value f no positive support and full negative support
exists. The non-orthodox truth value 0]0 represents a complete lack of information;
it is denoted u and in accord with intuition holds that neither positive support nor
negative support exist. The truth value 1 ] 1 represents the inconsistency of the
information; it is denoted i and it expresses that both full positive and full negative
support exist.

All complete bilattices have by definition at least the four truth values present
in the smallest complete bilattice. Other bilattices with more truth values are con-
structed by taking the sets of elements B and D with more than two elements. With
B = D = {0, 1/2, 1} the bilattice from figure 4.2 with nine truth values is constructed.
Truth values from bilattices with more than four truth values can be used to repre-
sent biased information or probabilities (see Ginsberg [Gin88]). The truth value 1/2]0
denotes that some positive support and no negative support exists; in a figurative
sense, 1/2]0 is more true than false and thus biased to true. A partial inconsistent truth
value 1/2]1/2 denotes an unbiased information state in which some positive and some
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Figure 4.1: Smallest complete bilattice
for a four-valued logic.
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Figure 4.2: Second smallest complete
bilattice having nine truth values.

negative support for some expression exists. Another partial truth value would be
1] 1/2 which is biased towards true and 1/2 ] 1 which is biased towards false.

4.1.5 Truth values orderings, and maximal and minimal elements

Truth values are ordered by the amount of truth and by the amount of information.
A truth value θ1 represents less information than truth value θ2, denoted θ1 ≤k θ2,
as expressed in equation (4.1). A truth value θ1 represents less truth than truth value
θ2, denoted θ1 ≤t θ2, as expressed in equation (4.2).

b1 ] d1 ≤k b2 ] d2 = (b1 ≤b b2) ∧ (d1 ≤d d2) (4.1)
b1 ] d1 ≤t b2 ] d2 = (b1 ≤b b2) ∧ (d2 ≤d d1) (4.2)

The truth value u = 0 ] 0 has less positive support and equal negative support
than t = 1] 0, and t has equal positive and less negative support than i = 1] 1, that
is, u has less information than t, and t has less information than i, i.e. u ≤k t ≤k i.
The truth value f = 0] 1 has equal positive support and more negative support than
u = 0] 0, and u has less positive support and equal negative support than t = 1] 0,
that is, f has a lower amount of truth than u, and u has a less amount of truth than t,
i.e. f ≤t u ≤t t.

Two truth values θ1 and θ2 are comparable in the information order ≤k, denoted
θ1 ≷k θ2, if θ1 ≤k θ2 or θ2 ≤k θ1. Moreover, two truth values θ1 and θ2 are not
comparable in order ≤k, denoted θ1 'k θ2, if θ1 �k θ2 and θ2 �k θ1. Comparability
in order ≤t is defined analogously. For instance, the truth values t and f are not
comparable in the k-order, that is, t �k f and f �k t, i.e. t 'k f.2

Because we will only be dealing with finite bilattices, we will use the maximal
and minimal elements of sets of truth values instead of upper and lower bounds.

2In classical logics, truth value ‘false’ is often defined as the negation of truth value ‘true’, i.e. ¬t = f.
For the truth values t and f from a bilattices structure the negation ¬ is not defined.
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The maximal elements of a set of truth values Θ ⊆ B in order ≤k is denoted maxk(Θ),
and the set of minimal elements of Θ is denoted mink(Θ). The maximal and minimal
elements in order ≤t can be defined analogously; however, they will not be used.

maxk(Θ) = {θ ∈ Θ | ∀θ′ ∈ Θ \ θ (θ �k θ
′)} (4.3)

mink(Θ) = {θ ∈ Θ | ∀θ′ ∈ Θ \ θ (θ′ �k θ)} (4.4)

If maxk(Θ) and mink(Θ) are singleton sets, then we will speak of the k-maximum and
k-minimum respectively.

To each order ≤k and ≤t join ⊕ and meet ⊗ operations are associated according to
the following equations:

b1 ] d1 ⊗k b2 ] d2 = (b1 ub b2)] (d1 ud d2) (4.5)
b1 ] d1 ⊕k b2 ] d2 = (b1 tb b2)] (d1 td d2) (4.6)
b1 ] d1 ⊗t b2 ] d2 = (b1 ub b2)] (d1 td d2) (4.7)
b1 ] d1 ⊕t b2 ] d2 = (b1 tb b2)] (d1 ud d2) (4.8)

The k-meet ⊗k can be thought of as the truth value representing the information
that is shared by the two truth values, i.e. the mutual information of the two truth
values, e.g. f ⊗k t = u, or 0 ] 1 ⊗k 1 ] 0 = 0 ] 0. Likewise, the k-join ⊕k is thought
of as the information that results after combining two truth values, e.g. f ⊕k t = i,
or 0 ] 1 ⊕k 1 ] 0 = 1 ] 1. The t-meet ⊗t can be thought of as the minimal positive
support and the maximum negative support both truth values have, e.g. u⊗t i = f, or
0]0⊗t 1]1 = 0]1. The t-join ⊕t is thought of as the maximum positive support and
the minimum negative that both truth values have, e.g. u⊗t i = t, or 0]0⊗t 1]1 = 1]0.
The k-join and k-meet for sets of truth values Θ ⊆ B are denoted

⊕
k(Θ) and

⊗
k(Θ)

respectively. The operators for the order ≤t are denoted analogously. See Ginsberg
[Gin88] and Fitting [Fit90] for formal treatments of bilattices and their operators.

Remark 4.1. Because our bilattices are products of finite linear orders with themselves, our
bilattices are distributive. A complete bilattice is (infinitely) distributive if θ1 ⊗

⊕
(Θ) =⊕

({θ1⊗θ′ | θ′ ∈ Θ}). In the finite case, this reduces to finite distributivity: θ1⊕(θ2⊗θ3) =
(θ1 ⊕ θ2) ⊗ (θ1 ⊕ θ3).

4.1.6 Truth value successor

A successor relation on truth values of a bilattice identifies pairs of adjacent truth
values in either the knowledge or truth ordering. These relations are useful when
procedures have to be developed to execute functions on truth values. Especially
retraction, as will be defined in Section 4.5.2, will depend on the following successor
relation.

The successor relation is defined with respect to the bilattice orderings ≤k and
≤t; only the k-successor relation will be used and discussed. Informally, θ1 is a k-
successor of θ2, denoted θ2 Rk θ1, if θ2 is adjacent to θ1, θ2 ≤k θ1, and no other truth
values are in between.
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Definition 4.3 (k-successor). Given a complete bilattice B, relation Rk ⊆ B × B is a
k-successor if for θ1 Rk θ2 holds:

• θ1 ≤k θ2 ;

• ∀θ′ ∈ B
(
(θ1 ≤k θ′) ∧ (θ′ ≤k θ2)

)
⇒

(
(θ′ = θ1) ∨ (θ′ = θ2)

)
.

Both truth values t and f from the smallest complete bilattice (see figure 4.1) are
adjacent to u, i.e. u Rk t and u Rk f. Thus, relation Rk is not a function.

4.2 A Language of Multi-valued Logic

The bilattices from the previous section will be used to construct logics in which
propositions can be assigned ‘classical’ and non-classical truth values. This section
provides the language for these logics, which are multi-valued because, as we will
define in the next section, multiple truth values can be assigned to propositions simul-
taneously. The propositions from this language of multi-valued logic are constructed
in a fashion that is considered truth value bearing, capable of being the object of an
agent’s belief, ignorance or desire.

Throughout this thesis, we assume that F is a finite set of propositional letters
or formulae. A proposition of multi-valued logic is a pair p : θ with formula p from
a set of formulae F and a truth value θ from a (finite) bilattice B. A language of
multi-valued logic consists of the finite number of propositions of multi-valued logic
that can be construed in such a manner. If ambiguity is unlikely to occur, we will
speak of propositions instead of propositions of multi-valued logic.

Definition 4.4 (a language of multi-valued logic LB,F ). Given a complete bilattice B
and a set of formulae F , a language of multi-valued logic LB,F is the smallest set that
satisfies: if p ∈ F and θ ∈ B then p : θ ∈ LB,F .

The reading of proposition p : θ is that ‘formula p has at least truth value θ’. The
adverb ‘at least’ refers to the information order ≤k and states that p has been assigned
possibly more information than represented byθ, but certainly at least the information
of θ. A proposition p : θ1 is said to represent more or equal information than p : θ2
if θ1 represents more information than θ2, i.e. θ2 ≤k θ1. Two propositions p : θ1 and
p : θ2 are said to be comparable in order ≤k if θ1 and θ2 are comparable in order ≤k;
moreover, the two propositions are not comparable in order ≤k if their truth values
are not comparable in order ≤k.

4.3 Theories of Multi-valued Logic

With the language from the previous section, sets of propositions are constructed in
which multiple truth values can be assigned to propositions simultaneously. This
section provides rules to construct four different types of these sets, which we will
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call theories of multi-valued logic. These theories have properties that resemble an
agent’s belief, ignorance or desire, and are used in Chapter 5 to describe parts of the
agents’ cognitive state.

A theory of multi-valued logic is a set of multi-valued logic propositions T ⊆
LB,F . The properties of theories are expressed as rules under which the sets are
closed. In the remainder, and only if confusion is unlikely to occur, we speak of
theories instead of theories of multi-valued logic. In Section 4.3.1 we will define
normal and complete theories, in Section 4.3.2 we will define inverse and complete
inverse theories.

4.3.1 Normal and complete theories

The complete lack of information associated with truth value u always applies for
all propositions present in a theory. The set of formulae F defines the syntactic
structures for which the theory can represent information. For all formulae p ∈ F a
theory assigns at least the unique information state u.

p ∈ F =⇒ p : u ∈ T (R1)

The reading of proposition p : θ that formula p has at least truth value θ enforces
that if a proposition is part of a theory, then the propositions with less information
are also part of the theory. If formula p has at least truth value θ1 in theory T, i.e.
p : θ1 ∈ T, and θ2 represents less or an equal amount of information than θ1, i.e.
θ2 ≤k θ1, then formula p also has at least truth value θ2 in theory T . The information
in p : θ2 is said to be subsumed under p : θ1.

p : θ1 ∈ T & θ2 ≤k θ1 =⇒ p : θ2 ∈ T (R2)

Information is closed in a theory if the k-join of truth values of the same formula
present in the theory is also present. Recall that the k-join is thought of as the
information that results from combining two truth values.3 Compare figure 4.3 in
which a formula has (at least) two truth values θ1 and θ2, and figure 4.4 in which
truth value θ3 is present which is the k-join of θ1 and θ2.

p : θ1 ∈ T & p : θ2 ∈ T =⇒ p : (θ1 ⊕k θ2) ∈ T (R3)

Definition 4.5 (closure of sets of propositions Cn). Given aLB,F , the closure ofΨ ⊆ LB,F
under a set of rules R, denoted Cn(Ψ,R) ⊆ LB,F , has the following properties:

1. idempotent: Cn(Cn(Ψ,R)) = Cn(Ψ,R) ;

2. increasing: Ψ ⊆ Cn(Ψ,R) ;

3. monotone: Ψ1 ⊆ Ψ2 ⇒ Cn(Ψ1,R) ⊆ Cn(Ψ2,R) .
3For example, as we will discuss in Chapter 5, interpret the theory as an agent’s belief state. If the agent

believes that formula p is t, and, at the same time, that p is f, then the agent also believes that p is i.
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Figure 4.4: Complete theory T re-
stricted to formula p.

We define theories of multi-valued logic as sets of propositionsΨ ⊆ LB,F that are
closed under sets of rules.

Definition 4.6 (multi-valued logic theory). Given a LB,F , a set T ⊆ LB,F is called a:

• normal theory if T = Cn(T , {R1,R2}) ;

• complete theory if T = Cn(T , {R1,R2,R3}) .

Notation 4.2. By |T |F ⊆ LB,F we denote a (unique) theory that is restricted to the formulae
from F ⊆ F , i.e. |T |F = {p : θ ∈ T | p ∈ F}. If a set of formulae F equals a singleton set, we
substitute F with its element, e.g. instead of |T |{p} we write |T |p .

Figure 4.1 and 4.2 depict bilattices with four and nine truth values respectively;
however, in general, complete bilattices can have any (finite) number of truth values
equal to the cube of a natural number starting from two, i.e. 22, 32, 42, etc. Because
we need not assume a specific number of truth values, we will use pictures of generic
bilattices with an unspecified number of truth values. The truth values i and u have
been omitted for clarity. Figure 4.3 depicts a bilattice with truth values from a theory
that has been restricted to one formula. The surface between and including θ1 and θ2
and u is the set of truth values that hold for an example formula, say p. In a figurative
sense, the surface is said to equal |T |p. Truth values θ1 and θ2 are the maxima for p.
Figure 4.4 depicts a bilattice in which the surface between θ3 and u equals a complete
theory that is restricted to p. The difference with the normal theory from figure 4.3 is
that the maxima of a normal theory, in this case θ1 and θ2, need not be a singleton set,
whereas the maxima of a complete theory, due to closure under rule R3, is a singleton
set.

4.3.2 Inverse theories

Inverse theories are used to represent information about propositions that are not
present in theories. The opposite to the presence of propositions is the absence
of propositions. To represent propositions that are absent in a theory, one either
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Figure 4.5: Inverse theory T restricted to formula p.

explicitly states which propositions are present in the theory, and leaves implicit the
propositions that are absent, or one explicitly states the propositions that are absent,
by making them present in an inverse theory. The latter approach is adopted in the
definition of inverse theories.

The propositions that, due to closure under rule R1, are always present in normal
and complete theories cannot be present in inverse theories. The least amount of
information, which is represented in proposition p : u, is not present in an inverse
theory.

p ∈ F =⇒ p : u < T (R1d)

Under the assumption that inverse theories are closed under rule R1d, a signifi-
cant asymmetry surfaces with non-inverse theories: Non-inverse theories cannot be
empty while inverse theories can. In a non-inverse theory, all p ∈ F have at least truth
value u, which is the reason p : u cannot be part of an inverse theory. The asymmetry
reveals a hitherto implicit assumption that because theories are constructed to repre-
sent the truth modality of formulae, if a (normal and complete) theory represents a
formula, then the theory has to store the formula with a non-informative truth value.

The opposite of subsumed information from R2 states that if a proposition p :θ1 is
not part of a theory, i.e. p : θ1 < T, then also the propositions with more information,
p : θ2 with θ1 ≤k θ2, are not part of that theory, i.e. p : θ2 < T . Stated differently, if a
proposition is part of an inverse theory, i.e. p :θ1 ∈ T, then all propositions with more
or equal information, i.e. p : θ2 and θ1 ≤k θ2, are also present in an inverse theory
p : θ2 ∈ T .

p : θ1 ∈ T & θ1 ≤k θ2 =⇒ p : θ2 ∈ T (R2d)

Definition 4.7 (multi-valued logic inverse theory). Given a LB,F , a set T ⊆ LB,F is
called an inverse theory if T = Cn(T , {R1d,R2d}) .

Figure 4.5 depicts the bilattice that results from restricting an example inverse
theory to formula p. Intuitively, the surface between and including θ1 and θ2 and i is
the restricted (inverse) theory.
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4.4 Multi-valued Logic Theory Descriptions

The previous section provided rules that define the different theories of multi-valued
logic. These rules however do not lend themselves to be programmed easily. This
section provides descriptions of the information state of theories that can be pro-
grammed straightforwardly.

The k-maximal elements of a set of propositions T ⊆ LB,F , maxk(T ) ⊆ LB,F
is the set of propositions with a truth value that is the k-maximal element of all
propositions of T . Analogously, the k-minimal elements of a set of propositions
T ⊆ LB,F , mink(T ) ⊆ LB,F is the set of propositions with a truth value that is the
k-minimal element of all propositions of T .

Definition 4.8 (maximal elements of a theory). Given a LB,F , the set of k-maximal
elements of T ⊆ LB,F , denoted maxk(T ) ⊆ LB,F , is defined as follows: maxk(T ) = {p : θ ∈
T | θ ∈ maxk({θ′ ∈ B | p : θ′ ∈ T })} .

Definition 4.9 (minimal elements of a theory). Given a LB,F , the set of k-minimal
elements of T ⊆ LB,F , denoted mink(T ) ⊆ LB,F , is defined as follows: mink(T ) = {p : θ ∈
T | θ ∈ mink({θ′ ∈ B | p : θ′ ∈ T })} .

Remark 4.2. From definition 4.8 and 4.9 follows maxk(T ) ⊆ T and mink(T ) ⊆ T .

Proposition 4.1. Given aLB,F , for every set T ⊆ LB,F we have: (proofs in Appendix A.2)

1. T = Cn(T , {R1,R2})⇒ T = Cn(maxk(T ), {R1,R2}) (normal)

2. T = Cn(T , {R1,R2,R3})⇒ T = Cn(maxk(T ), {R1,R2,R3}) (complete)

3. T = Cn(T , {R1d,R2d})⇒ T = Cn(mink(T ), {R1d,R2d}) (inverse)

The information that is represented by a theory can be described by a small
subset of propositions of the theory. This set will be called the theory description;
it can be used to prescribe and describe theories efficiently and uniquely. A unique
description of a normal and complete theory T ⊆ LB,F is a setΨ ⊆ LB,F that equals
the k-maximal elements of T, i.e. Ψ = maxk(T ). If Ψ is closed under the rules of a
normal or complete theory respectively, T will be yielded. A unique description of
an inverse theory is provided by the k-minimal elements of the propositions that are
present in the inverse theory.

Definition 4.10 (theory description ||T ||). Given a LB,F , the set ||T || ⊆ LB,F is called a
theory description for theory T ⊆ LB,F :

1. if T is a normal theory then ||T || = maxk(T ) ;

2. if T is a complete theory then ||T || = maxk(T ) ;

3. if T is inverse theory then ||T || = mink(T ) .
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Figure 4.6: Adding p : θ2 to T with
||T ||

p = p : θ1 results in figure 4.7 or 4.8.
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Figure 4.7: Normal theory T ′ with
||T
′
||

p = {p : θ1, p : θ2} .

Notation 4.3. By ||T ||F we denote the description ofT that is restricted to the set of formulae
F ⊆ F , i.e. ||T ||F = {p : θ ∈ ||T || | p ∈ F}. If a set of formulae F equals a singleton set, we
substitute F with its element, e.g. instead of ||T ||{p} we write ||T ||p. If a theory description ||T ||
is a singleton set, we omit the set notation and state its element, e.g. instead of ||T || = {p : t}
we write ||T || = p : t .

The description ||T ||{p,q} = {p : t, q : f} states that propositions p : t and q : f describe
the information state of formulae p and q in T .

Remark 4.3. If T = Cn(T , {R1,R2,R3}), then, because T is closed under R3 we have that
||T ||

p is a singleton set, for all p ∈ F .

4.5 Changing Theories of Multi-valued Logic

If theories and theory descriptions are to be used to represent and implement an
agent’s mental states, such as her beliefs, ignorance and desires, then actions to
change theories have to be specified. Because agents may change their mental states,
this section provides update actions of adding and retracting sets of propositions
from theories. To cater for such need to change theories, procedures on theory
descriptions are provided for implementing these actions efficiently.

4.5.1 Adding propositions to theories

The addition of propositions to a theory results in a possibly unchanged theory that
incorporates these propositions. The action of adding Ψ ⊆ LB,F to T ⊆ LB,F is to
take the set-theoretical union ofΨ and T, and to take the closure of the resulting set
under the theory’s rules.

Definition 4.11 (addition to theories). Given a LB,F , addition of Ψ ⊆ LB,F to theory
T ⊆ LB,F , denoted add(Ψ,T ), yields theory T ′ ⊆ LB,F with T ′ = Cn(T ∪Ψ,R), with R
the rules associated with T .
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Figure 4.8: Complete theory T with ||T ||p = p : θ3 .

Notation 4.4. Instead of add({ψ},T ), we write add(ψ,T ) .

Proposition 4.2. Addition (def. 4.11) is commutative. Proof in Appendix A.2.

Because addition is commutative, the order of adding propositions to theories
does not influence the resulting theory; consequently, the addition of a set of proposi-
tions to a theory can be regarded as the addition of the set’s propositions sequentially.

The addition of p : θ2 to a normal theory with theory description ||T ||p = p : θ1
results in one of the following three theory descriptions. See figure 4.6 and 4.7 for a
depiction. If p :θ2 is subsumed under p :θ1, i.e. θ2 ≤k θ1, then p :θ2 is already present
in T and the theory description is unchanged. If p : θ1 is subsumed under p : θ2, i.e.
θ1 ≤k θ2, then p:θ2 is new information that is not yet present in the theory. The current
information is overwritten by the new information: the new theory description is
||T
′
||

p = p : θ2. If p : θ1 and p : θ2 are not comparable in order ≤k, i.e. θ1 'k θ2, then
||T
′
||

p = {p : θ1, p : θ2}. See figure 4.7 for a depiction, and see algorithm 4.1 for a
procedure to add propositions to descriptions of normal theories.

Algorithm 4.1 (addition to a normal theory). Given p : θ1 ∈ LB,F and (normal) theory
T ,T ′ ⊆ LB,F with T ′ = add(p : θ1,T ). The procedure to compute ||T ′|| from ||T || is
provided next. TakeΨ B ||T || and Φ B |Ψ|p. If ∃p : θ′ ∈ Φ (θ1 ≤k θ′), i.e. p : θ1 ∈ T, then
||T
′
|| B ||T ||; else, take Φ2 B {p : θ′ ∈ Φ | θ′ ≤k θ1}, i.e. Φ2 are propositions that are equally

or less informed then p : θ1. TakeΨ B Ψ \Φ2, and take ||T ′|| B Ψ ∪ {p : θ1} .

The addition of a proposition p:θ2 to a complete theory with ||T ||p = p:θ1 results in
one of the following three theory descriptions. See figure 4.6 and 4.8 for a depiction.
If p:θ2 is subsumed under p:θ1, i.e. θ2 ≤k θ1, then p:θ2 is already present inT and the
theory description is unchanged. If p : θ1 is subsumed under p : θ2, i.e. θ1 ≤k θ2, then
p : θ2 is not yet present in T, and the new theory description is ||T ′||p = p : θ2. If p : θ1
and p : θ2 are not comparable in order ≤k, i.e. θ1 'k θ2, then ||T ′||p = p : (θ1 ⊕k θ2). See
figure 4.8 for a depiction, and see algorithm 4.2 for a procedure to add propositions
to theory descriptions of complete theories.

Algorithm 4.2 (addition to a complete theory). Given p:θ1 ∈ LB,F and complete theories
T ,T ′ ⊆ LB,F withT ′ = add(p:θ1,T ). The procedure to compute ||T ′|| from ||T || is provided
next. Take Ψ B ||T || and p : θ2 B |Ψ|p. If θ1 ≤k θ2, i.e. p : θ1 ∈ T, then ||T ′|| B ||T ||; else,
takeΨ B Ψ \ {p : θ2} and θ1 B θ1 ⊕k θ2. Take ||T ′|| B Ψ ∪ {p : θ1} .
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Figure 4.9: Retracting p:θ1 from normal
theory T with ||T ||p = {p : θ2, p : θ3} .
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Figure 4.10: Normal theory T with
||T ||

p = {p : θ4, p : θ5, p : θ2} .

The procedure of adding a proposition to a description of an inverse theory is similar
to the procedure of adding the proposition to a description of a normal theory.

Algorithm 4.3 (addition to an inverse theory). Given p : θ1 ∈ LB,F and inverse theories
T ,T ′ ⊆ LB,F with T ′ = add(p : θ1,T ), with θ1 , u. The procedure to compute ||T ′||
from ||T || is provided next. Take Ψ B ||T || and Φ B |Ψ|p. If ∃p : θ′ ∈ Φ (θ′ ≤k θ1), i.e.
p : θ1 ∈ T, then ||T ′|| B ||T ||; else, take Φ2 ⊆ Φ with Φ2 B {p : θ′ ∈ Φ | θ1 ≤k θ′}, i.e. Φ2
are propositions that are equally or more informed then p : θ1. Take Ψ B Ψ \ Φ2, and take
||T
′
|| B Ψ ∪ {p : θ1} .

4.5.2 Retracting propositions from theories

Theories can also be changed by retracting propositions. The retraction of propo-
sitions from a normal or inverse theory possibly results in an unchanged theory
that does not incorporate the propositions. However, the retraction of propositions
from a complete theory need not result in a theory that does not incorporate the
propositions. This ineffectiveness of retraction will be explained shortly.

Definition 4.12 (retraction from theories). Given a LB,F , retraction of Ψ ⊆ LB,F from
theory T ⊆ LB,F , denoted retr(Ψ,T ), yields theory T ′ ⊆ LB,F with:

• normal theory: T ′ = T \ {p : θ′ ∈ LB,F | (p : θ ∈ Ψ) ∧ (θ ≤k θ′)} ;

• complete theory: T ′ = Cn(T \ {p :θ′ ∈ LB,F | (p :θ ∈ Ψ)∧ (θ ≤k θ′)}, {R1,R2,R3}) ;

• inverse theory: T ′ = T \ {p : θ′ ∈ LB,F | (p : θ ∈ Ψ) ∧ (θ′ ≤k θ)} .

Notation 4.5. Instead of retr({ψ},T ), we write retr(ψ,T ) .

Remark 4.4. Retraction of propositions from normal and inverse theories yield theories that
are closed under the associated rules, i.e. Cn(T ,R) = Cn(retr(Ψ,T ),R) for R = {R1,R2}
or R = {R1d,R2d}. Retractions of propositions from complete theories yield theories that are
closed by definition.
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Figure 4.11: Retracting p :θ1 from com-
plete theory T with θ1 = 0] d ⊕k b] 0 .
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Figure 4.12: Complete theory T with
||T ||

p = p : θ′1 .

Taking the closure of complete theories is necessary because the resulting sets
would otherwise not need to be proper theories. If a set of propositions would be
the result of taking the set-theoretical difference of a theory and a set of propositions,
then the resulting set need not be a proper complete theory because, if the set would
be closed under the associated rules, the proposition could become an element of the
set again. Stated differently, the retraction from complete theories can be ineffective
if what is retracted is restored by the application of rule R3.

Proposition 4.3. Retraction (def. 4.12) is commutative. Proof in Appendix A.2.

Order of retracting propositions does not influence the outcome of retraction;
consequently, the retraction of sets of propositions from theories can be regarded as
retracting the elements of the set of propositions sequentially.

If a proposition is retracted from a normal theory, the resulting set remains closed
under the rules R1 and R2. If proposition p : θ1 is retracted from a theory T with
||T ||

p = {p : θ2, p : θ3}, and p : θ1 is subsumed under p : θ2, i.e. θ1 ≤k θ2, and p : θ1 is not
comparable to p : θ3 i.e. θ1 'k θ3 (see figure 4.9), then the k-maximal element p : θ2
is replaced by two k-maximal element p : θ4 and p : θ5. Consequently, the resulting
theory T ′ has description ||T ′||p = {p : θ4, p : θ5, p : θ3} (see figure 4.10). Let θ′1 be a
k-predecessor of θ1, i.e. θ′1 Rk θ1, then the truth value θ4 is the t-meet of θ2 and θ′1,
i.e. θ4 = θ2 ⊗t θ′1. truth value θ5 is the t-join of θ2 and θ′1, i.e. θ5 = θ2 ⊕k θ′1. See
algorithm 4.4 for a procedure to compute ||T ′|| from ||T || .

Algorithm 4.4 (retraction from a normal theory). Given p : θ1 ∈ LB,F and (normal)
theories T ,T ′ ⊆ LB,F with T ′ = retr(p : θ1,T ) with θ1 , u. The procedure to compute
||T
′
|| from ||T || is provided next. Take Ψ B ||T || and Φ B |Ψ|p. If ∀p : θ′ ∈ Φ (θ1 �k θ′),

i.e. p : θ1 < T, then ||T ′|| B ||T ||; else, take Φ2 B {p : θ′ ∈ Φ | θ1 ≤k θ′}, i.e. Φ2
are propositions that are equally or more informed than p : θ1. Take Ψ B Ψ \ Φ2. Take
θ2 B

⊕
k{θ
′
∈ B | p : θ′ ∈ Φ2}, and let θ′1 be a k-predecessor of θ1, i.e. θ′1 Rk θ1. Take

||T
′
|| B Ψ ∪ {p : (θ2 ⊗t θ′1), p : (θ2 ⊕t θ′1)} .

The retraction of a set of propositions from a complete theory need not be effective.
That is to say, a retracted set may remain part of the theory after its retraction, we
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Figure 4.13: Retracting p : θ1 from in-
verse theoryT with ||T ||p = {p:θ2, p:θ3} .
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Figure 4.14: Inverse theory T with
||T ||

p = {p : θ4, p : θ5, p : θ2} .

may have Ψ ⊆ retr(Ψ,T ). The retracted proposition may be added to the theory
because a complete theory is closed under rule R3. Consider the following example.

Example 4.1. If we have a complete theory T with |T |p = p : i and we retract p : i from T,
then we haveT ′ = retr(p: i,T ) with ||T ′||p = p: i. BecauseT \{p: i} yields a set of proposition
Ψ with p : t, p : f ∈ Ψ, the closure under rule R3 will make p : i present in T ′ again. That is,
the retraction was not effective.

To enforce that the retraction of p :θ from a complete theory T is effective, instead
of retracting p : θ, the retraction of p : 0 ] d or p : b ] 0 with (b ] 0 ⊕k 0 ] d) = θ1
will be effective. See figure 4.11 and figure 4.12. If T = Cn(T , {R1,R2,R3}) then for
all p : θ ∈ LB,F we have p : θ < retr(p : b ] 0,T ) and p : θ < retr(p : 0 ] d,T ). Because
b]0 ≤k θ and ∀p:θ′ ∈ retr(p:b]0,T ) holds (θ′ �k θ), thus ∀p:θ′ ∈ retr(p:b]0,T ) holds
¬∃p:θ′′ ∈ retr(p:b]0,T )∧(θ ≤k θ′⊕kθ′′), i.e. rule R3 cannot make p:θ ∈ retr(p:b]0,T ).
A similar argument holds for 0 ] d ≤k θ. That is, after retracting p : θ from T, the
resulting theory T ′ will have a description ||T ′||p = p : θ′1 with θ′1 the k-predecessor
of θ1, i.e. θ′1 Rk θ1. See algorithm 4.5 for a procedure to compute ||T ′|| from ||T || .

Assumption 4.1. The propositions that are to be retracted from a complete theory are chosen
such that the retraction will be effective.

Algorithm 4.5 (retraction from a complete theory). Given p : θ1 ∈ LB,F and complete
theories T ,T ′ ⊆ LB,F with T ′ = retr(p : θ1,T ) with θ1 , u. The procedure to compute
||T
′
|| from ||T || is provided next. TakeΨ B ||T || and p:θ2 B |Ψ|p. If θ1 �k θ2, i.e. p:θ1 < T,

then ||T ′|| B ||T ||; else take Ψ B Ψ \ {p : θ2} and take θ1 B θ′1 with θ′1 Rk θ1. Take
||T
′
|| B Ψ ∪ {p : θ1} .

The retraction of propositions from an inverse theory is similar to retracting
propositions from a normal theory. If a proposition is retracted from an inverse
theory, the resulting theory remains closed under rules R1d and R2d. If proposition
p:θ1 is retracted from a theoryT with ||T ||p = {p:θ2, p:θ3}, and θ2 ≤k θ1, and θ1 'k θ3
(see figure 4.13), then the k-minima p : θ2 is replaced by two new k-minima p : θ4 and
p:θ5. Consequently, the resulting theoryT ′ has description ||T ′||p = {p:θ4, p:θ5, p:θ3}
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(see figure 4.14). Let θ′1 be a k-successor of θ1, i.e. θ1 Rk θ′1, then the truth value θ4 is
the t-meet of θ2 and θ′1, i.e. θ4 = θ2 ⊗t θ′1. truth value θ5 is the t-join of θ2 and θ′1, i.e.
θ5 = θ2 ⊕k θ′1. See algorithm 4.6 for a procedure to compute ||T ′|| from ||T || .

Algorithm 4.6 (retracting from an inverse theory). Given p : θ1 ∈ LB,F and inverse
theories T ,T ′ ⊆ LB,F with T ′ = retr(p : θ1,T ). The procedure to compute ||T ′|| from ||T ||
is provided next. TakeΨ B ||T || andΦ B |Ψ|p. If ∃p :θ′ ∈ Φ (θ′ ≤k θ1), i.e. p :θ1 < T, then
||T
′
|| B ||T ||; else, take Φ2 B {p : θ′ ∈ Φ | θ1 ≤k θ′}, i.e. Φ2 are propositions that are equally

or more informed than p : θ1. Take Ψ B Ψ \ Φ2. Take θ2 B
⊗

k{θ
′
∈ B | p : θ′ ∈ Φ2}, and

let θ1 be a k-predecessor of θ′1, i.e. θ1 Rk θ′1. Take ||T ′|| B Ψ∪ {p : (θ2 ⊗t θ′1), p : (θ2 ⊕t θ′1)} .

4.6 Concluding Remarks

In this chapter, we defined three types of theories: normal, complete and inverse
theories of multi-valued logic. Depending on the type, theories are sets of proposi-
tions that are closed under sets of rules. These theories provide a formal account of
propositions that can be true, false, neither true nor false, or both true and false, as
well as truth values that are biased towards either true or false. Propositions of these
theories consist of a formula taken from a set of formulae F and a truth value taken
from a bilattice B. In this thesis, we will not commit to a specific set of formulae or
to a specific bilattice. To facilitate the implementation of these theories, we defined
theory descriptions that represent theories of multi-valued logics. For both theories
and their theory descriptions, we defined addition and retraction operations.
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The world is its own best model.
R B [Bro86]

We will use the term cognitive agent to denote the kind of entity for which issues
of representation are central for achieving her objectives. For these agents, their
representation of an environment is essential to guide their behaviours. Having a
representation contrasts with subsumption architectures, which are characterised by
Brooks with the slogan “the world is its own best model”. Subsumption architectures
work on the assumption that an explicit representation of an external reality is not
needed, and that an agent’s behaviour can be guided from the synergy between
sensation and actuation. Whether our agents’ beliefs represent: facts in reality,
beliefs held by other agents, or beliefs held by human experts, does not matter for the
truth of beliefs. This because our agents can become explicitly justified to believe, as
described in Chapter 2, based solely on their cognitive states. These cognitive agents
have no need for an external reality to justify their beliefs. If beliefs were justified
by a segment of reality, then Brooks’ approach would be appropriate: reality would
always have more details than its representation. Because our agents justify their
beliefs on their own cognitive states, arguably, agents only have interest in their own
cognitive states. A cognitive state is a cognitive agent’s only world.

In this chapter, we use the theories of multi-valued logic from Chapter 4 to
represent cognitive states that our agents use to store their beliefs, desires and their
beliefs about other agents’ beliefs and desires. A cognitive state will also incorporate
what an agent calls knowledge and what she calls the meaning of propositions. In
Section 5.1, we will define an agent’s cognitive state as a collection of mental states, a
knowledge base and an epistemology. We turn in Section 5.2 to describe the relations
between the different mental states. These relations describe how mental states have
to be changed to retain a coherence cognitive state. In Section 5.3, we will discuss
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the agent’s deliberation cycle that defines when changes to her mental states will be
made. The deliberation cycle will provide a roadmap for the different types of rules
that we will define in subsequent chapters to allow agents to make decisions and to
communicate.

5.1 The Agent’s Cognitive State

Our agents are said to have beliefs, desires, and beliefs about other agents’ beliefs and
desires. These mental states will be grouped in what we call a mental state structure,
which is part of the agent’s cognitive state (Section 5.1.1). To formulate conditions
and properties of the agent’s mental state structure, we define in Section 5.1.2 a
language of mental state. We will describe in Section 5.1.3 the properties of the
different mental states an agent has regarding herself and others. In addition to the
mental state structure, our agents will have knowledge of some relevant domain
(Section 5.1.4), and knowledge of the meaning of propositions in their community,
that is, the agents are said to have an epistemology (Section 5.1.5). These three
elements, viz., mental states, knowledge base and epistemology will constitute an
agent’s cognitive state (Section 5.1.6).

5.1.1 The mental state structure

Our agents will be said to believe propositions to be true, false, unknown, inconsis-
tent, or some other truth value. They may also desire to believe propositions and
desire to be ignorant about other propositions. In addition, agents may have beliefs
regarding other agents’ beliefs, beliefs regarding lack of beliefs, and beliefs about
what others may or may not desire to believe. These different beliefs and desires
are represented in different mental states and are stored in what will be called the
agent’s mental state structure. We will implement a mental state structure with sev-
eral theories of multi-valued logic. As said before, we will not commit to a specific
bilattice B nor to a specific set of formulae F . An agent designer is free to choose
whichever bilattice or set of formulae he or she wants to take. The specific properties
of the agent’s mental states will determine which type of theory has to be used, viz.,
a normal, complete or inverse theory.

Definition 5.1 (mental state structureM). Given aLB,F , a mental state structureM is
a tuple 〈T1,T2, . . . ,Tn〉 with mental state Ti ⊆ LB,F (with i ≤ n and n ≤ 2; we will shortly
be dealing with n ∈N).

Notation 5.1. Instead of writing that T is an element of tupleM, we write T ∈ M .

The set A denotes the names of the agents that participate in the multiagent
system. In general, a mental state structureMs is indexed with the name of an agent
s ∈ A who ‘owns’ the mental states. In definition 5.2, the complete set of mental
state names will be defined; these mental state names correspond to the mental
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states that we will describe in Section 5.1.3. Later, in Section 5.2, we will provide a
comprehensive treatment of the relations between the mental states.

A heuristic for the different mental state names is that Sarah has her own beliefs,
denoted by Bs, her desires about her beliefs, denoted DsBs, and her desires about
her ignorance, denoted DsB̃s. The ‘B̃s’ represents Sarah’s ignorance, and if preceded
by ‘Ds’, it denotes her desires about her ignorance. Sarah also has beliefs regarding
other agents’ beliefs. ‘BsB j’ denotes Sarah’s beliefs about John’s beliefs. Sarah also
has beliefs about the lack of desires that other agents have, ‘BsD̃ jB j represents Sarah’s
beliefs about John’s lack of desires to believe. The ‘D̃ j’ represents John’s lack of
desire. Note that the ‘∼’ is not an operator on ‘B’ or ‘D’, and that ‘DsB̃s’ and ‘DsBs’
are different names for a mental state structure. Next, we define the complete set of
different mental state names.

Definition 5.2 (mental state names MSN). Given the set of agent namesA, the finite set
of mental state names MSNs for agent s ∈ A with j, a ∈ A, j , s, and either a = s or a = j,
has the following elements:

• Mental states about beliefs, beliefs about beliefs, beliefs about lack of beliefs, etc.
Bs,BsB j,BsB jBs,BsB̃ jBs,BsB̃ j,BsB jB̃s,BsB̃ jB̃s,BsB jBsB j,BsB jBsB̃ j ∈MSNs

• Mental states about desires to believe, beliefs about desires to believe, beliefs about
ignorance about desires to believe, beliefs about the lack of desire to believe, etc.
DsBa,BsD jBa,BsB jDsBa,BsB̃ jDsBa,BsD̃ jBa,BsB jD̃sBa,BsB̃ jD̃sBa ∈MSNs

• Mental states about desires to be ignorant, beliefs about desires to be ignorant, beliefs
about ignorance about desire to be ignorant, etc.
DsB̃a,BsD jB̃a,BsB jDsB̃a,BsB̃ jDsB̃a,BsD̃ jB̃a,BsB jD̃sB̃a,BsB̃ jD̃sB̃a ∈MSNs

The set of mental state names of a multiagent system is denoted MSN and equals the union
of all mental state names, MSN =

⋃
s∈A MSNs .

In definition 5.1, n ∈ N is the number of different mental states that make up the
agent’s mental state structure. Let d ∈ N be the number of agents in the multiagent
system, i.e. d is the cardinality of A. Just as in definition 5.2, let variables s, j, a ∈ A
with j , s, and either a = s or a = j, then equation (5.1) shows that the number of
mental states n that are part of the mental state structure of agent s is a linear function
of d and equals 34d − 31. For example, in expression BsB jDsB̃s (in the last line of the
equation), because variable j can take d − 1 different agent names, the number of
different possible mental states equals d− 1. The expression BsB jDsB̃a equals 2(d− 1)
because a is either equal to j or equal to s. For the other three mental states an
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Number of agents d 1 2 3 10 1000
Number of mental states n 3 37 71 309 33969

Table 5.1: Number of mental states in the agent’s cognitive state in relation to the
number of agents in the multiagent system.

analogous situation holds, thus the total number in the last line equals 8(d − 1).

n = 34d − 31
= 1 (for Bs)
+ 4(d − 1) (for BsB j,BsB̃ j,BsB jBsB j,BsB jBsB̃ j)
+ 4(d − 1) (for BsB jBs,BsB jB̃s,BsB̃ jBs,BsB̃ jB̃s)
+ 2d (for DsBa,DsB̃a)
+ 8(d − 1) (for BsD jBa,BsD jB̃a,BsD̃ jBa,BsD̃ jB̃a)
+ 8(d − 1) (for BsB jDsBa,BsB̃ jDsBa,BsB jD̃sBa,BsB̃ jD̃sBa)
+ 8(d − 1) (for BsB jDsB̃a,BsB̃ jDsB̃a,BsB jD̃sB̃a,BsB̃ jD̃sB̃a)

(5.1)

The number of mental states that are part of an agent’s mental state structure is
reasonably small for a small number of agents. If only one agent s is present in the
multiagent system, then three mental states are needed, viz., Bs,DsBs and DsB̃s. If
two agents are present, 37 mental states are needed per agent, and with 10 agents,
309 mental states are needed; see table 5.1.

Assume a bijective function exists from {i ∈ N | i ≤ n} to the set of mental state
names MSNs. With such a function, instead of writing that a mental state with index
i is part of Sarah’s mental state structure Ti ∈ Ms, the index i is uniquely mapped to
a mental state name, which is used to denote the mental state. For example, if we
would map the mental state of Sarah’s desire to believe, i.e. DsBs ∈ MSNs, to integer
4, then instead of writing T4 ∈ Ms, we can write DsBs ∈ Ms, and instead of writing
ψ ∈ T4, we can write ψ ∈ DsBs .

5.1.2 The language of mental state

We will define a language, that we call the language of mental stateLMS, which can be
used to formulate conditions on the agent’s mental state structure. We call a sentence
of LMS a mental state sentence, which we will use to express the information that
is represented in an agent’s mental state structure. We will define two languages of
mental state: a full languageLMS, and a sublanguageL′MS ⊆ LMS that consists of basic
literals only. A subset of the sublanguage L′MS is sufficiently expressive to uniquely
identify mental state structures. In addition to the basic literals, the full languageLMS
has the operators∧ and¬ that denote conjunction and classical negation respectively,
additionally, the operators ∈∈ and ∈< denote types of entrenchment that will be
defined in Section 6.1.5.
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Definition 5.3 (the languages of mental stateLMS andL′MS). Given aLB,F , and the set
of mental state names MSN, the languages of mental state L′MS ⊆ LMS are the smallest
sets closed under:

• if ψ ∈ LB,F and T ∈MSN then basic literals pψ ∈ T q, pψ < T q ∈ L′MS ;

• if π1, π2 ∈ L
′

MS then pπ1 ∧ π2q, p¬π1q ∈ LMS ;

• if π1, π2 ∈ LMS then pπ1 ∧ π2q, p¬π1q ∈ LMS ;

• if ψ ∈ LB,F and T ∈MSN then pψ ∈∈ T q, pψ ∈< T q ∈ LMS .

Notation 5.2. We introduce the following abbreviations: ¬(ψ ∈ T ) ≡ ψ < T , ψ <∈ T ≡
¬(ψ∈∈T ),ψ<<T ≡ ¬(ψ∈<T ),π1∨π2 ≡ ¬(¬π1∧¬π2). Additionally, we have abbreviation
{π1, π2, . . . , πn} ≡ π1 ∧ π2 ∧ · · · ∧ πn .

Note the difference between BsB j ∈ MSNs and BsB j ∈ Ms. The former BsB j is an
identifier for Sarah’s beliefs about John’s beliefs, and the latter is a theory of multi-
valued logic that represents Sarah’s beliefs about John’s beliefs.

Definition 5.4 (semantics of L′MS). Given a mental state structure M, a mental state
sentence π ⊆ L′MS is satisfied inM, denotedM |= π, for T ∈ M if:

1. for basic literal pψ ∈ T q ∈ L′MS holdsM |= pψ ∈ T q if ψ ∈ T ;

2. for basic literal pψ < T q ∈ L′MS holdsM |= pψ < T q if ψ < T .

Definition 5.5 (semantics of LMS). Given a mental state structure M, a mental state
sentence π ⊆ LMS is satisfied inM, denotedM |= π, for T ∈ M if:

1. for sentence p¬πq ∈ LMS holdsM |= p¬πq if M |, π ;

2. for sentence pπ1 ∧ π2q ∈ LMS holdsM |= pπ1 ∧ π2q if M |= π1 and M |= π2 ;

3. see definition 6.7, Section 6.1.5, for the semantics of pψ ∈∈ T q, pψ ∈< T q ∈ LMS .

Notation 5.3. We adopt a number of notational conventions to make expressions less cum-
bersome. If confusion is unlikely, we write normal brackets instead or leave out the object
language distinction ‘pq’ altogether. For example, instead ofMs |= pψ ∈ Bsq, we may write
Ms |= (ψ ∈ Bs) orMs |= ψ ∈ Bs. Instead of writing that several propositions are satisfied
separately, sets of propositions can be satisfied. For example, instead ofMs |= ψ ∈ Bs and
Ms |= φ ∈ DsBs, we may writeMs |= {ψ ∈ Bs, φ ∈ DsBs} orMs |= {(ψ ∈ Bs), (φ ∈ DsBs)}
orMs |= (ψ ∈ Bs), (φ ∈ DsBs) .

To express maximal and minimal elements in LMS, two syntactical substitutions
are introduced for two finite conjunctions from LMS. The expression p : θ ∈ maxk(T )
represents a finite conjunction of basic literals from L′MS, and states that p : θ is a
maximal element of theory T in order ≤k. Proposition p : θ is part of maxk(T ) if
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and only if p : θ ∈ T, and for all propositions p : θ′ with a truth value with more
information, i.e. (θ ≤k θ′) ∧ (θ , θ′), holds that p : θ′ is not part of the theory.

p : θ ∈ maxk(T ) ≡ (p : θ ∈ T ) ∧ {(p : θ′ < T ) ∈ L′MS | (θ ≤k θ
′) ∧ (θ , θ′)}

Similarly, the expression p : θ ∈ mink(T ) represents a finite conjunction of basic
literals from L′MS, and states that p : θ is a minimal element of theory T in order ≤k.
Proposition p :θ is part of mink(T ) if and only if p :θ ∈ T, and for all propositions p :θ′

with a truth value with less information, i.e. (θ′ ≤k θ) ∧ (θ , θ′), holds that p : θ′ is
not part of the theory.

p : θ ∈ mink(T ) ≡ (p : θ ∈ T ) ∧ {(p : θ′ < T ) ∈ L′MS | (θ
′
≤k θ) ∧ (θ , θ′)}

5.1.3 Descriptions of the mental states

In Section 4.3 on theories of multi-valued logic, three types of theories have been
defined as sets of propositions that are closed under different sets of rules, viz., rules
R1 up to R3 and rules R1d and R2d. We now explain which theories can describe
which mental state.

An agent’s belief state is the mental state with propositions for which the agent
is justified to predicate to believe. Sarah’s belief state is denoted Bs ∈ MSNs, and is
represented by a complete theory of multi-valued logic because the following three
properties hold.

1. Sarah cannot be ignorant about propositions that represent no information. We
assume that it is not possible for Sarah to be ignorant that a proposition has a
truth value equal to u. Sarah always believes that a formula p has at least truth
value u, i.e. p : u ∈ Bs. This property is enforced by closure under rule R1.

2. If Sarah believes that a formula p has at least truth value θ1, and truth value
θ2 has less information than θ1, i.e. θ2 ≤k θ1, then she also believes that p has
at least truth value θ2. For example, if Sarah believes that p has at least truth
value i, i.e. p : i ∈ Bs, then she necessarily also believes that p has at least truth
value t and f. This property is enforced by closure under rule R2.

3. If Sarah believes that a formula p has at least truth value θ1, and also that p has
at least truth value θ2, then because she has no choice, she necessarily has to
believe that p has at least both truth values at the same time. That is to say, Sarah
believes that p has at least the k-join of θ1 and θ2, i.e. θ1 ⊕k θ2. For example, if
Sarah believes that p has at least truth value t and at the same time that p has at
least truth value f, then she necessarily also believes that p is inconsistent, i.e.
p : i ∈ Bs. This property is enforced by closure under rule R3.

Figure 5.1, on page 58, depicts Sarah’s belief state that has been restricted to
formula p; this bilattice is a generic bilattice with n truth values equal to figure 4.3.
This set of truth values that Sarah believes at a given moment is graphically depicted
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by the lattice below truth value θ. The complement is the set of propositions that
Sarah is said to be ignorant about at that given moment. Next to being in a state of
believing a proposition, agents can be said to desire to believe certain propositions.
We assume that an agent’s desires originate from the expert that she represents.1

The mental state that will represent the set of propositions that Sarah desires to
believe is denoted DsBs ∈ MSNs, and is represented by a normal theory of multi-
valued logic because the following three properties hold.

1. Sarah desires to believe that at least no information about a formula p holds;
that is, it is not possible to have a desire to believe a proposition with less
information than no information. Sarah desires to believe that a formula p has
at least truth value u, i.e. p:u ∈ DsBs. This property is enforced by closure under
rule R1.

2. If Sarah desires to believe a proposition, then she also desires to believe propo-
sitions with less information. If she desires to believe that formula p has at least
truth value θ1, then she also desires to believe that p has at least truth value θ2
with θ2 ≤k θ1. This property is enforced by closure under rule R2.

3. Contrary to her beliefs, if Sarah desires to believe that formula p has a certain
truth value, say t, then she can alternatively also desire that p has another truth
value, say f, yet without desiring that p should be inconsistent. If Sarah desires
that p has truth values t and f, then she desires to believe these in the future, but
not necessarily at the same time in the future, because she may have a choice
what to believe and when. Thus, Sarah may have two contradicting desires at a
given moment, yet she need not desire to have an inconsistent belief somewhere
in the future. However, she does not have a choice what to believe: if Sarah
believes that p has truth values t and f, then she has the conjunctive belief that p
is inconsistent; this because she believes, at this moment, that p has both truth
values. Thus, if Sarah desires to believe that a formula has several truth values,
she need not take the k-join of the truth values because she has a choice what
to believe in the future. Hindriks observed a similar phenomenon in the agent
language GOAL [Hin01, chap. 11] in which declarative goals, i.e. goals that
specify the cognitive state an agent desires to reach, should be formalised with
less stringent consistency requirements. The goals of a GOAL agent are not
allowed to become inconsistent; a solution would be to enhance a declarative
goal (or desire) with an explicit time frame when the goal is to be achieved.
Two goals with different time frames would not be considered inconsistent. In
our framework, if Sarah’s desires were enhanced with an explicit time frame,

1In general, agents are often taken to have the tacit desire to believe as many truths as possible and to
avoid believing falsehoods. Evolutionary biology may provide a justification for such an assumption for
humans and animals: if they are to survive, they have to keep an accurate record of their environments to
guide their behaviour to avoid lethal actions and situations. For software agents, however, such survival
conditions may not exist, for they are unlikely to embark on perilous quests to discover Middle-Earth.
Nevertheless, the two tacit desires are sensible: if agents are to achieve co-operative and competitive plans
successfully, accurate beliefs about other agents’ beliefs and desires are indispensable.
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Figure 5.1: Sarah’s belief state restricted
to p (eq. (5.2)).
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Figure 5.2: Mental states BsB̃ j and BsB j
are disjoint (eq. (5.3)).

then we could express that at this moment she can desire to believe that p has
truth value t and f at the same future moment in time.2 This desire would
imply that she desires at that certain future moment in time to believe that p is
inconsistent.

The mental state that will represent the set of propositions that Sarah desires to be
ignorant about, i.e. the proposition she desires not to believe, is denoted DsB̃s ∈MSNs,
and is represented by an inverse theory of multi-valued logic because the following
two properties hold.

1. Sarah should not desire to be ignorant about a proposition that represents no
information. This is because she necessarily always believes that a formula has
at least truth value u, and consequently, to desire to be ignorant about this,
is not sensible. It is therefore never the case that Sarah desires to be ignorant
about a formula p with no information, i.e. p : u < DsB̃s. This is enforced by
closure under rule R1d.

2. If Sarah desires to be ignorant about a formula p with truth value θ1, then she
also desires to be ignorant about proposition p : θ2 that has more information,
i.e. θ1 ≤k θ2. This is enforced by closure under rule R2d.

For similar reasons why mental state DsB̃s is represented by an inverse theory,
Sarah’s beliefs about John’s ignorance, denoted BsB̃ j, is represented by an inverse
theory of multi-valued logic because the following two properties hold.

1. Because agents cannot be ignorant about propositions that represent no infor-
mation, Sarah is not allowed to believe that John is ignorant that formula p has
at least truth value u. i.e. p:u < BsB̃ j. This is enforced by closure under rule R1d.

2. If Sarah believes that John is ignorant about a formula p with truth value θ1,
then she should also believe that John is at least ignorant that p has at least

2A mental state structure does not provide beliefs and desires with explicit time frames. We assume
that time is explicitly represented within the formulae in F .

58 digital v1.0



5.1 The Agent’s Cognitive State

normal theories DsBa, BsD jBa, BsB jDsBa, BsB̃ jDsB̃a, BsB̃ jB̃s, BsD̃ jB̃a,

BsB jD̃sB̃a, BsB̃ jD̃sBa

complete theories Bs, BsB j, BsB jBs, BsB jBsB j

inverse theories BsB̃ j, BsB̃ jBs, BsB jB̃s, BsB jBsB̃ j, DsB̃a, BsD jB̃a, BsB jDsB̃a,

BsB̃ jDsBa, BsD̃ jBa, BsB jD̃sBa, BsB̃ jD̃sB̃a

Table 5.2: The types of Sarah’s mental states, with s, j ∈ A and a = s or a = j.

truth value θ2 that represents more information, i.e. θ1 ≤k θ2. For example, if
Sarah believes that John is ignorant about p : t, then Sarah should also believe
that John is ignorant about p : i. This is enforced by closure under rule R2d.

Figure 5.2 depicts Sarah’s belief about John’s belief, i.e. BsB j, and Sarah’s belief
about John’s ignorance, i.e. BsB̃ j. The truth values θ1 and θ2 are the truth values of
the minimal elements of Sarah’s beliefs about John’s ignorance, i.e. ||BsB̃ j||

p = {θ1, θ2}.
For the set of truth values θ′ with more information than θ1 and θ2, i.e. θ1 ≤k θ′ or
θ2 ≤k θ′, Sarah believes that John is at most ignorant about. Sections 5.2.1 through
5.2.2 will provide comprehensive treatments of the relations between the different
mental states.

As said before, an agent may also have beliefs regarding other agents’ beliefs, their
lack of beliefs, and what others may, or may not, desire to believe. Sarah’s beliefs
about John’s desires what an agent a ∈ A is to believe is denoted BsD jBa ∈MSNs. John
can in his turn believe that Sarah believes this, or he can believe that Sarah is ignorant
about this, which would be denoted by B jBsD jBa ∈ MSN j and B jB̃sD jBa ∈ MSN j
respectively. Sarah may also believe that John does not have a desire to believe a
proposition ψ, this will be denoted by ψ ∈ BsD̃ jB j. The most intricate mental state
may be when Sarah believes that John is ignorant whether she desires him to be
ignorant about ψ, i.e. ψ ∈ BsB̃ jD̃sB̃ j. See table 5.2 for a complete list of our agents’
mental states and their corresponding type of theory.

5.1.4 The agent’s knowledge base

As described in the introductory chapter, our agents represent one medical expert
or one domain of relevant knowledge. The knowledge that our agents are assumed
to have will be described in their knowledge bases, which we will define as sets of
inference rules that allow our agents to infer beliefs from existing beliefs.

Syntactically, an inference rule consists of an antecedent and a consequent that
both describe properties of an agent’s mental state structure. Our inference rules will
have a use similar to production rules (cf. Steffik [Ste95]); the formal definition of
their usage will be provided in Section 6.3 where we define decision games to decide
to believe propositions based on inference rules. Intuitively, if Sarah is entitled to
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know an inference rule, and the antecedent of the rule holds in her mental state
structure, then she is taken to be correct to infer the consequent of the rule. A set of
inference rules will be called a knowledge base.

Definition 5.6 (inference rule). Given languages of mental stateL′MS ⊆ LMS, an inference
rule is a pair π1 � π2 with π1 ∈ LMS the antecedent, and π2 ∈ L

′

MS the consequent.

The consequent of an inference rule is a basic literal from the language of mental
state, while the antecedent can be any sentence from the language of mental states.
We assume that inference rules are sufficiently expressive to represent our expert’s
domain knowledge.

Example 5.1 (inference rule). Assume formula p1 reads as “the patient is suffering from
disease X”, and q1 reads as “the patient shows symptom Y” The inference rule (q1 : t ∈ Bs)�
(p1 : t ∈ Bs) has the reading that if Sarah is justified to believe that it is true that the patient
shows symptom Y, then she is justified to believe that it is true that the patient suffers from
disease X.

Definition 5.7 (knowledge base K ). An agent’s knowledge base K is a finite set of
inference rules that the agent is entitled to predicate to know.

Sarah’s knowledge baseK is a set of inference rules that is specified by the medical
expert who Sarah represents. Because the expert has specified Sarah’s knowledge
base, Sarah is entitled to predicate to know the contents of her knowledge base. The
inference rules from her knowledge base allow her to alter her mental state structure,
she is however not allowed to alter her knowledge base.

5.1.5 The agent’s ontology and epistemology

We will provide an agent with an explicit account of the meaning of having or
lacking epistemic attitudes, such as believing and desiring, in what we call the
agent’s epistemology. This epistemology will define what it means, according to the
agent’s view of her community’s agreements, to have beliefs, desires, and beliefs of
other agents’ beliefs and desires. We will abuse the term ‘Epistemology’, which is
the branch of philosophy concerned with knowledge and justification, in a similar
way as the term ‘Ontology’ is abused in Computer Science. We will first provide
our interpretation of an ontology and an epistemology, we will then relate these
interpretations to existing definitions.

The meaning of any sentence or statement, as described in Section 2.4.1, is that,
according to our agents, they regard themselves entitled to predicate to know that
the use of the sentence or statement is shared in their community, i.e. that the use
is common knowledge. Stated differently, the agents know that a certain criterion
rule is used in their community that describes the (correct) use of the sentence or
statement.

• Informally, an ontology represents an agent’s knowledge of the meaning of
certain sentences. That is to say, in the terminology of the use semantics, an
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ontology represents the information that an agent knows that it is common
knowledge that the use of the sentences is shared. Thus, according to the
agent’s cognitive state, the agent regards herself entitled to predicate to know
that all agents in her community know that the use of the sentences is shared.
Thus, an ontology would be the set of criterion rules that allow an agent to use
sentences in accordance with the conventions in her community. If agents are
allowed, based on their private cognitive states, to predicate that the rules of
usage are shared, then the content of ontologies is agent specific. An ontology
thus reflects an agent’s personal view of the shared agreement on the sentences’
meaning.

• Informally, an epistemology represents an agent’s knowledge of what it means to
have certain mental states, such as beliefs and desires. Given an epistemology,
an agent regards herself entitled to predicate to know that all agents in her
community know that the criterion for having (or lacking) certain mental states
is shared. That is to say, an epistemology consists of the criterion rules that
allow an agent to have mental states in accordance with the conventions in
her community. Similar to ontologies, the contents of epistemologies are agent
specific. An epistemology reflects our agent’s personal view of the shared
agreement on the meaning of believing and desiring.

We will implement criterion rules as inference rules, and an agent’s epistemology
as a finite set of inference rules. Similar to an agent’s knowledge base, for which
the agent is implicitly entitled to predicate that she knows the inference rules, for
an agent’s epistemology, the agent is implicitly entitled to predicate to know that all
agents in her community know that the use of the inference rules is shared. Stated
differently, for the inference rules part of an agent’s epistemology, the agent knows
that the rules are common knowledge.

Definition 5.8 (an epistemology E). An agent’s epistemologyE is a finite set of inference
rules for which the agent regards herself entitled to predicate to know that the use of the
inference rules is shared in her community.

In general, agents can be a member in different divisions of communities within
the multi-agent system. However, for our current purposes, we taken an agent’s
community to be all agents in the multi-agent system, i.e. the community equalsA.

We now give an example of an agent’s epistemology. From MedicinNet.com, the
medical online dictionary:

“Fever: Although a fever technically is any body temperature above the
normal of 98.6 degrees F. (37 degrees C.), in practice a person is usually
not considered to have a significant fever until the temperature is above
100.4 degrees F (38 degrees C.).”

Sarah’s epistemology may consist, among others, of the following two inference
rules. Given four formulae with the following reading, q2 reads “the patient has
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body temperature above 37 degrees C.”, q3 reads “the patient has a body temperature
above 38 degrees C”, p2 reads “the patient has a fever”, p3 reads “the patient has a
significant fever”.

((q2 : t ∈ Bs)� (p2 : t ∈ Bs)) ∈ Es

((q3 : t ∈ Bs)� (p3 : t ∈ Bs)) ∈ Es

The second rule has the intuitive reading “if I, Sarah, am justified to believe that the
patient has a body temperature above 38 degrees C, then I am justified to believe that
the patient has a significant fever”.

Next, we describe ontologies and their relation to our epistemologies. Ontology
has a long-standing history in Philosophy, in which it provides a systematic account
of existence. It is only since the 90s that the term Ontology, which is often used
interchangeably with Metaphysics, came to be used for something different (Smith
and Welty [SW01]). In Computer Science, according to Gruber [Gru93b, p. 907],
“formal ontologies became an object for specifying content-specific agreement for
the sharing and reuse of knowledge among software entities.”

The view endorsed by the Semantic Web (Berners-Lee et al. [BLHL91]) is that
ontologies are systematically ordered data structures that facilitate the exchange
of information between computers. These ontologies define vocabularies, which
are shared via web pages on the Internet. Web pages are annotated (Noy et al.
[NSD+01]) with specially designed declarative code from e.g. the Web Ontology Lan-
guage (OWL) (Antoniou and van Harmelen [AvH03]) which functions as semantic
content of a web page. The addition of meaning to web pages would allow users to
search the Internet not only for syntactic, but also for semantic contents. By address-
ing the technical abilities of the Internet to distribute meaning, the World Wide Web
is enhanced such that it can be searched for semantic content that is encoded in its
ontologies.

In Computer Science, the purpose of ontologies is to facilitate effective com-
munication between people, organizations, and software systems (Uschold [Usc96];
Uschold and Gruninger [UG96]). These ontologies intend to give rise to greater
reuse, inter-operability of knowledge structures, and in general, more reliable and
scalable software products. The software engineering discipline acknowledges the
value of reusing knowledge structures; an ontology captures the explicit agreement
that is needed to make co-operation between developers more effective.

Next, we contrast our definition of an epistemology with two definitions of an
ontology that have been given in the literature.

• According to Gruber [Gru93a, p. 199], “an ontology is an explicit specification
of a conceptualization”. The explicitness of specifications allows designers to
communicate effectively about properties of the objects they are developing,
and because specifications can be communicated, in principle, the designers
can explicitly agree on specifications. The software objects that are being de-
veloped need not be aware of an explicit specification. Gruber’s ontologies
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are centred on use in software engineering: the ontology’s goal is to facilitate
inter-operability and reuse of knowledge structures.

• Sowa, in Knowledge Representation [Sow00] uses another definition:

“The subject of ontology is the study of the categories of things that
exist or may exist in some domain. The product of such a study,
called an ontology, is a catalog of the types of things that are assumed
to exist in a domain of interest D from the perspective of a person
who uses a languageL for the purpose of talking aboutD.” [Sow00,
p. 492]

The artefacts Sowa calls ontologies have the purpose to enable persons to
communicate about some domain. To allow communication, the concepts of the
domain should have an agreed upon use in the language. Sowa acknowledges
that the meaning of sentences can be personal and that persons can have a
different perspective on the meaning.

Combining effective communication between software systems and scalable soft-
ware provides a firm basis for the adoption of ontologies in multiagent systems.
Agents communicate with other agents in conformance to some agreed upon lan-
guage. The meaning of sentences and communicative acts that agents exchange,
should be, by definition, explicitly or tacitly agreed upon by the agents (see Weiss
[Wei99]). Agents could be built to automatically construct ontologies (e.g. Mena et al.
[MIG00]) or agents may communicate about their private ontologies with the intent
to align their ontologies (e.g. van Diggelen et al. [DBD+06]). In the definitions by
Gruber and Sowa, ontologies allow humans or software systems to communicate
about words, but do not describe how the meaning of epistemic propositions can
be defined. Although it is indispensable for agents to have a grasp of the mean-
ing of propositions, with such an understanding of propositions, they still have no
way of telling the epistemic status of the proposition. In addition to the meaning of
propositions, agents in general need a definition when they are correct to believe and
know propositions. An agent’s epistemology will not only provide an agent with the
meaning of propositions, but will also stipulate when propositions obtain a certain
epistemic status.

Because an epistemology reflects an agent’s private view on the agreement on the
use of epistemic propositions, this private view does not enforce that every agent
considers the alleged agreement shared. If two agents reveal a hitherto undiscovered
difference in their use of a proposition, while both agents were perfectly entitled to
predicate that both their usage was conventional, the agents become aware that their
view on the agreements is not conventional within their community. This agent-
specific notion of epistemology that represents the meaning of propositions, flies in
the face of the mainstream thought that meaning conveying objects like ontologies
and our epistemologies have to be conventional to be of any use. In Section 7.1
on speech act theory, we will describe that a strict convention is not necessary: a
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perceived convention would also suffice to make ontologies and epistemologies to
be of use in decision making and communication.

5.1.6 Definition of the cognitive state

An agent’s cognitive state is defined as the following structure.

Definition 5.9 (cognitive state CS). An agent’s cognitive state CS is a tuple 〈M,K ,E〉
in which: M is the agent’s mental states structure, K is the agent’s knowledge base, and E
is the agent’s epistemology.

Our agents will represent domain specific knowledge, which will be encoded in
their inference rules. Predicated under the assumption that agents are not allowed
to change the expert’s knowledge, an agent need not be capable of changing her
inference rules. We will not provide our agents with strategies to obtain knowledge
themselves; agents are provided with knowledge from the domain experts. We
thus assume that our agents are equipped with inference rules that they are said to
know. Similarly, we will not provide strategies that allow agents to obtain common
knowledge other than through the domain experts. However, in Chapter 6 on
decision games, we will provide agents with rules to obtain beliefs based on other
beliefs and beliefs about other agent’s beliefs

5.2 Coherence of an Agent’s Mental State Structure

In this section, we describe the different coherence relations that exist between the
mental states that make up an agent’s mental state structure.

5.2.1 Coherence of beliefs about beliefs

Some of the agent’s epistemic modalities are not related with one another, such
as agents’ beliefs about other agents’ beliefs and their own beliefs; however, other
epistemic modalities are necessarily related. For example, if Sarah believes that
John believes a proposition, then she is not allowed to believe also that John is
ignorant about that proposition. These necessary relations between different belief
and ignorance states are described by the inter-agent belief coherence principles.

The most primitive relation between epistemic states is that if an agent believes
a proposition then she necessarily is not ignorant about the proposition. This allows
Sarah’s belief state and ignorance state to be represented with one mental state Bs.
If Sarah believes proposition ψ, i.e. Ms |= ψ ∈ Bs, it is then impossible for her to
be ignorant about ψ at the same time, i.e. Ms |, ψ < Bs. See also the previous
figure 5.1 for a depiction. Because both belief and ignorance state are represented in
one mental state, no effort has to be made to enforce this trivial relation. This trivial
relation is provided because it may help to explain why other relations between
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epistemic modalities exist. The reverse implication also holds.

Ms |= ψ ∈ Bs ⇔ Ms |, ψ < Bs (5.2)

If Sarah believes that John believes a proposition ψ, then she should not at the
same time believe that John is ignorant about ψ. For sake of illustration, assume that
if Sarah believes proposition ψ then it can be read as ‘Sarah likes John’, and if John
believes ψ then it can be read as ‘John likes Sarah’. If Sarah believes that John likes
her, i.e. ψ ∈ BsB j, then Sarah cannot believe that John is ignorant about whether he
likes her, i.e. ψ < BsB̃ j. In a proverbial sense, Sarah uses the relation expressed in
equation (5.2) from left to right to believe something about John’s ignorance state
from the fact that he believes something. The other way around does not hold: if
Sarah does not believe that John is ignorant about whether he likes her, then she is
not allowed to believe that John likes her. See also the figure 5.2 on page 58 for a
depiction.

Ms |= ψ ∈ BsB j ⇒ Ms |= ψ < BsB̃ j (5.3)

By contraposition from equation (5.3), it follows the coherence relation that if
Sarah believes that John is ignorant about ψ, i.e. ψ ∈ BsB̃ j, then she cannot also
believe that John believes ψ, i.e. ψ < BsB j. Sarah has used equation (5.2) from right to
left to believe something about John’s beliefs from the fact that he does not believe
something. The implication does not hold in the opposite direction. If Sarah does
not believe that John believes he likes her, Sarah is not allowed to believe that John
is ignorant whether he likes her; this because John may never have told her.

From equation (5.3), it follows that the intersection of Sarah’s belief of John’s
belief with Sarah’s belief of John’s ignorance is empty, i.e. BsB j ∩ BsB̃ j = ∅. The
empty intersection reflects the intuition from equation (5.2) that an agent’s beliefs
and ignorance are complements. However, the ‘inverse’ that Sarah either believes
that John believes ψ, or that she believes that he does not believe ψ, does not hold:
it is possible that ψ < BsB j ∪ BsB̃ j. Stated differently, it is possible that Sarah is not
informed whether John believes ψ, and neither whether he does not believe ψ.

More intricate situations emerge when the epistemic modalities are nested one
level deeper. If Sarah believes that John believes that she believes ψ, i.e. ψ ∈ BsB jBs,
then Sarah also has to believe that John is ignorant whether she is ignorant about
ψ, i.e. ψ ∈ BsB̃ jB̃s. If Sarah believes that John believes that she believes she likes
him, then Sarah also believes that John does not believe (i.e. is ignorant) that she is
ignorant whether she likes him. This is because if John believes that Sarah believes
she likes him, i.e. ψ ∈ B jBs, then, as expressed in equation (5.3), he does not believe
that Sarah is ignorant whether she likes him, i.e. ψ < B jB̃s. From this property, Sarah
may believe that John does not believe that she is ignorant whether she likes him. The
other way around does not hold: from Sarah’s belief that John is ignorant whether
she is ignorant whether she likes him, i.e. ψ ∈ BsB̃ jB̃s, Sarah is not allowed to believe
that John believes that she likes him, while she may, but that is another story!

Ms |= ψ ∈ BsB jBs ⇒ Ms |= ψ ∈ BsB̃ jB̃s (5.4)

digital v1.0 65



Cognitive Agents

tf

|BsB̃ jB̃s|
p

|BsB jBs|
p@

@I
@@Iq��
�

�
�

q
@

@
@

@
@

q
�

�
�

�
� q@

@
@

@
@

q���
q
@

@@qq��
��

q
@

@
@@q

Figure 5.3: Mental state BsB jBs is a sub-
set of BsB̃ jB̃s (eq. (5.4)).
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Figure 5.4: Mental state BsB jB̃s is a sub-
set of BsB̃ jBs (eq. (5.5)).

If Sarah believes that John believes that she is ignorant about ψ, i.e. ψ ∈ BsB jB̃s,
then Sarah also believes that John is ignorant about whether she believes ψ, i.e.
ψ ∈ BsB̃ jBs. If Sarah believes that John believes that she is ignorant whether she likes
him, then Sarah also believes that John does not believe that she believes she likes
him. This is because if John believes that Sarah is ignorant whether she likes him,
i.e. ψ ∈ B jB̃s, then, as expressed by the contraposition of equation (5.3), he does not
believe that Sarah believes she likes him, i.e. ψ < B jBs. From this property, Sarah
may believe that John does not believe that she believes she likes him. Again, the
opposite does not hold: from Sarah’s belief that John does not believe that she likes
him, Sarah cannot conclude that John believes that she is ignorant whether she likes
him.

Ms |= ψ ∈ BsB jB̃s ⇒ Ms |= ψ ∈ BsB̃ jBs (5.5)

If Sarah believes that John does not believe (i.e. is ignorant) whether she is ignorant
about ψ, i.e. ψ ∈ BsB̃ jB̃s, then Sarah does not believe that John believes her to be
ignorant about ψ, i.e. ψ < BsB jB̃s. If Sarah believes that John does not believe that
Sarah is ignorant whether she likes him, then Sarah does not believe that John believes
that she is ignorant whether she likes him. This relation is similar to the contraposition
of equation (5.3) in the sense that if Sarah believes something about the ignorance
of John (regarding her), then Sarah should not believe John to believe something
(about her). The opposite relation does not hold: from Sarah’s lack of belief that John
believes whether she likes him, Sarah cannot conclude that she believes that John
is ignorant whether she believes she likes him. For example, John may believe that
Sarah has not made up her mind whether she likes him or not, but he never told
Sarah, i.e. ψ < BsB jB̃s, Sarah however, may believe that John is puzzled whether or
not she has made up her mind about him.

Ms |= ψ ∈ BsB̃ jB̃s ⇒ Ms |= ψ < BsB jB̃s (5.6)

By contraposition from equation (5.6), the coherence relation follows that if Sarah
believes that John believes that she is ignorant about a proposition ψ, i.e. ψ ∈ BsB jB̃s,
then Sarah cannot believe that John is ignorant that she is ignorant about ψ, i.e.
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Figure 5.5: Mental states BsB jB̃s and
BsB̃ jB̃s are disjoint (eq. (5.5)).
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Figure 5.6: Mental states BsB̃ jBs and
BsB jBs are disjoint (eq. (5.7)).

ψ < BsB jB̃s. From equation (5.6) it follows BsB jB̃a ∩ BsB̃ jB̃a = ∅, see figure 5.5 for a
depiction.

If Sarah believes that John is ignorant that she believes ψ, i.e. ψ ∈ BsB̃ jBs, then
Sarah does not believe that John believes that she believes ψ, i.e. ψ < BsB jBs. If
Sarah believes that John is ignorant whether she believes she likes him, she does not
believe that John believes that she believes she likes him. This is because John may
be ignorant whether she is ignorant whether she likes him. The implication the other
way around does not hold: consider the following counterexample. It is very well
possible for Sarah not to believe that John is ignorant whether she believes she likes
him, and to be ignorant about whether John believes that she likes him, at the same
time. Stated differently, Sarah neither believes that John is ignorant about whether
she believes she likes him, and whether she does not believe that he believes that she
believes she likes him, i.e.Ms |= (ψ < BsB̃ jBs), (ψ < BsB jBs).

Ms |= ψ ∈ BsB̃ jBs ⇒ Ms |= ψ < BsB jBs (5.7)

By contraposition from equation (5.7), the coherence relation follows that if Sarah
believes that John believes that she believes a proposition ψ, i.e. ψ ∈ BsB jBs, then
Sarah cannot believe that John is ignorant whether she believes ψ, i.e. ψ < BsB̃ jBs.
From equation (5.7), it follows that BsB jBs ∩BsB̃ jBs = ∅, see figure 5.6 for a depiction.

Two relations that may seem sensible are whether Sarah’s beliefs about John’s
ignorance about whether Sarah is ignorant about ψ indicate that Sarah is ignorant
about whether John is ignorant about whether Sarah believes ψ; i.e. whether ψ ∈
BsB̃ jB̃s implies ψ < BsB̃ jBs. In addition, the relation in which Sarah’s beliefs about
John’s ignorance about whether Sarah believes ψ indicate that Sarah is ignorant
about whether John is ignorant about whether Sarah is ignorant aboutψ; i.e. whether
ψ ∈ BsB̃ jBs implies ψ < BsB̃ jB̃s. Although they may seem sensible with the following
analogy, they are not sensible in an epistemic sense. From equations (5.5) and (5.7)
follows Ms |= ψ ∈ BsB jB̃s ⇒ Ms |= ψ < BsB jBs, and from equations (5.4) and (5.6)
followsMs |= ψ ∈ BsB jBs ⇒Ms |= ψ < BsB jB̃s. If we were to replace ‘B j’ by ‘B̃ j’ in the
previous two derived coherence relations, we might be tempted to accept the two
alleged relations. Consider the following counterexample. It is perfectly conceivable
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Figure 5.7: Overview of the relations from figures 5.3, 5.4, 5.5 and 5.6.

that John does not believe that Sarah believes she likes him, and that he does not
believe that Sarah is ignorant whether she likes him, at the same time; as in figure 5.2:
ψ < B jBs and ψ < B jB̃s. Sarah can come to believe the counterexample that John
does not believe both beliefs, i.e. Ms |= (ψ ∈ BsB̃ jBs), (ψ ∈ BsB̃ jB̃s), which provides
a counterexample for both relations. See figure 5.7 for an overview of the relations
between the four mental states BsB jB̃s, BsB̃ jBs, BsB̃ jB̃s and BsB jBs.

5.2.2 Coherence of beliefs about desires

Analogous to Section 5.2.1 in which coherence relations between beliefs about beliefs
and ignorance about beliefs are described, we next describe coherence relations
between beliefs about desires and ignorance about desires. The modality that Sarah
believes that John entertains beliefs will be broadened to the modality that Sarah
believes that John entertains certain mental states. In the following discussion, if the
mental state is instantiated with John’s belief state, then the coherence relations, as
described in Section 5.2.1, will result. In the following paragraphs, this mental state
will be instantiated with desires to believe and desires to be ignorant.

Analogous to equation (5.3), if Sarah believes that John desires an agent a to believe
ψ, i.e. ψ ∈ BsD jBa, then she cannot believe that John does not desire a to believe ψ,
i.e. ψ < BsD̃ jBa. This is expressed in equation (5.8) if we substitute T B D jBa and
T̃ B D̃ jBa. Similar arguments hold for desires to be ignorant: we may substitute
T B D jB̃a and T̃ B D̃ jB̃a. If we substitute T B B j and T̃ B B̃ j, then we have that
equation (5.8) equals (5.3).

Ms |= ψ ∈ BsT ⇒ Ms |= ψ < BsT̃ (5.8)

With substitutions T B Bs and T̃ B B̃s in equations (5.9) up to (5.12) we find
the following equalities. Equation (5.9) equals (5.4), equation (5.10) equals (5.5),
equation (5.11) equals (5.6), and equation (5.12) equals (5.7). Given agent a ∈ A and
either a = s and a = j, and the substitutions T B DsBa and T̃ B D̃sBa, or T B DsB̃a
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and T̃ B D̃sB̃a, then for a mental state structure we have the following equations.

Ms |= ψ ∈ BsB jT ⇒ Ms |= ψ ∈ BsB̃ jT̃ (5.9)
Ms |= ψ ∈ BsB jT̃ ⇒ Ms |= ψ ∈ BsB̃ jT (5.10)
Ms |= ψ ∈ BsB̃ jT̃ ⇒ Ms |= ψ < BsB jT̃ (5.11)
Ms |= ψ ∈ BsB̃ jT ⇒ Ms |= ψ < BsB jT (5.12)

5.2.3 Coherence of desires

Agents may desire that they themselves or others believe or are ignorant about
propositions. However, under certain circumstances some combinations of desires
can be assumed not to be sensible. We describe coherence principles that constrain the
agent’s mental state structure to avoid these combinations. The properties presented
next are intra-agent desire coherence principles, that is, they hold for the cognitive
state of a single agent.

In Section 5.1.3, we described that an agent’s desire state is a normal theory of
multi-valued logic, and, if an agent desires to believe two propositions, say, p : t
and p : f, then she need not desire to believe both propositions at the same time. A
similar issue is that if Sarah desires to believe a proposition, she could, in principle,
at the same time desire to be ignorant about the proposition. That is to say, Sarah
could desire to believe a certain proposition at a given moment in the future, and
desire to be ignorant about this proposition at another moment in the future. Sarah
is considered irrational if she desires to believe a proposition at a certain moment in
the future, and, at the same time, she desires to be ignorant about the proposition at
the same moment in the future. We assume that such combinations of desires are
irrational because we take it that agents cannot believe something and be ignorant
about it at the same time. If Sarah’s desires were enhanced with a time frame that
states when her desires should hold in her mental state structure, then Sarah’s desires
can still be considered rational if she would desire to believe a proposition today and
desire to be ignorant about it tomorrow. However, because we lack this ability to
express when desires should hold, we assume that the desires to believe and the
desires to be ignorant are disjoint.

Assumption 5.1 (disjoint belief and ignorance desires). If Sarah desires an agent a ∈ A
to believe a proposition, then she does not desire a to be ignorant about the same proposition,
i.e. DsBa ∩DsB̃a = ∅ .

The desire to believe ψ and the desire to be ignorant about φ are coherent if
and only if ψ and φ have different formulae, or ψ and φ are coherent if and only if
their formulae are equal and their truth values are not comparable in order ≤k. For
example, because t 'k f, Sarah may desire to believe p : t and desire to be ignorant
about p : f. Sarah may, however, because t ≷k i, i.e. t ≤k i, not desire to believe p : i, and
desire to be ignorant about p : t.

The ‘inverse’ of the assumption that Sarah desires John either to believe ψ or to be
ignorant about ψ does not hold: it is possible that ψ < DsB j ∪DsB̃ j. Stated differently,
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Figure 5.8: Mental states DsB̃ j and DsB j
are disjoint (assumption 5.1).
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Figure 5.9: Mental states BsD jB̃a and
BsD jBa are disjoint (eq. (5.13)).

Sarah is indifferent whether John believes something. See figure 5.8 for a depiction of
these disjoint desires. Notice that agents may desire themselves and others to believe
inconsistent propositions, while it is not sensible for them to have conflicting desires.
If agents do have conflicting desires, then they should be resolved before they may
make decisions or utter communicative acts. Resolving conflicting desires is beyond
the scope of this dissertation.

A desire to believe or to be ignorant about a proposition can be considered a
declarative goal. A declarative goal is a description of the state of affairs sought
by an agent (cf. Winikoff et al. [WPHT02]). If an agent desires to believe a specific
proposition, she may undertake activity with the intent to come to believe the propo-
sition. Procedural goals, in contrast, are activities that are performed in an attempt to
achieve declarative goals. If an agent desires to believe a proposition, she may need
to derive which activities given her current situation will achieve her declarative
goal. Given that the situation remains unchanged, she may come to desire that the
activities are performed, e.g. by other agents. Agents that can construct procedural
goals from declarative goals will have to draw up a sound plan as to when to perform
which activity. If we were to allow an agent both to desire to believe a proposition
and to desire to be ignorant about the same proposition, then we have to presume
an intricate mechanism to co-ordinate that the actions of achieving both desires are
planned without becoming unachievable. A full-fletched theory of plans would al-
low all possible alternating sequences of actions of adding and retracting beliefs that
would satisfy any complicated combination of enhanced desires. By assuming that
an agent’s desires are coherent, the agent need not be equipped with such advanced
capabilities to plan decisions.

The desire coherence assumption, as given in assumption 5.1, does not exclude
that an agent’s desires regarding other agents’ beliefs conflict.

Sarah may still desire that John believes a proposition and desire Fred to be
ignorant about that same proposition. Similarly, John may desire Sarah to believe
a proposition, while Fred may desire her to be ignorant about that proposition.
However, Sarah may desire John (or herself) to believe a proposition p : θ1, and
additionally, desire John to be ignorant about p :θ2, if and only if the truth values are
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Figure 5.10: Mental state BsB jDsBa is a
subset of BsB̃ jDsB̃a (eq. (5.14)).
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Figure 5.11: Mental state BsB jDsB̃a is a
subset of BsB̃ jDsBa (eq. (5.15)).

not comparable in order ≤k, i.e. θ1 'k θ2.
If Sarah believes that John desires an agent a ∈ A (with a = s or a = j) to believe ψ,

then, according to assumption 5.1, Sarah is not allowed to believe that John desires
a to be ignorant about ψ. Analogously, if Sarah believes that John desires an agent
a to be ignorant about ψ, then Sarah is not allowed to believe that John desires a to
believe ψ.

Ms |= ψ ∈ BsD jBa ⇒ Ms |= ψ < BsD jB̃a (5.13)

By contraposition from equation (5.13), it follows that if Sarah believes that John
desires an agent a ∈ A to be ignorant about a propositionψ, i.e.ψ ∈ BsD jB̃a, then Sarah
does not believe that John desires the agent a to believeψ, i.e.ψ < BsD jBa. In addition,
it follows that the intersection of both mental states is empty, i.e. BsD jBa∩BsD jB̃a = ∅,
see figure 5.9 for a depiction.

If the epistemic nesting is deepened another level, the following coherence relation
can be expressed. If Sarah believes that John believes that she desires agent a ∈ A
(with a = s or a = j) to believe ψ, then Sarah believes that John is ignorant about
whether she desires a to be ignorant about ψ. Sarah grounds her mental states on the
assumption that John’s mental state structure adheres to equation (5.13). Analogous
to the previous relation, if Sarah believes that John believes that she desires a to be
ignorant aboutψ, then Sarah believes that John is ignorant about whether she desires
a to believe ψ.

Ms |= ψ ∈ BsB jDsBa ⇒ Ms |= ψ ∈ BsB̃ jDsB̃a (5.14)
Ms |= ψ ∈ BsB jDsB̃a ⇒ Ms |= ψ ∈ BsB̃ jDsBa (5.15)

From equation (5.14) and equation (5.11), it follows that ψ ∈ BsB jDsBa implies ψ <
BsB jDsB̃a, and from equation (5.15) and equation (5.12), it follows that ψ ∈ BsB jDsB̃a
implies ψ < BsB jDsBa. From these two implications, it follows that BsB jDsBa ∩

BsB jDsB̃a = ∅; see figure 5.12 for an overview.
Similar to the possibility that agents have no beliefs about other agents’ beliefs nor

about their ignorance, as depicted in figure 5.2, or the possibility to have a non-empty
intersection of BsB̃ jBs and BsB̃ jB̃s as depicted in figure 5.7, beliefs about desires can
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Figure 5.12: Overview of the relations from figures 5.10 and 5.11.

also have non-empty intersections. For example, if Sarah desires to believe ψ, then
she may not desire to be ignorant about ψ; she may not have informed John about
this, thus she could believe that John is ignorant what she desires, i.e. ψ ∈ BsB̃ jDsBs
and ψ ∈ BsB̃ jDsB̃s. This is reflected, as depicted in figure 5.12, in the non-empty
intersection of BsB̃ jDsBa and BsB̃ jDsB̃a.

Definition 5.10 (coherent mental state structure). An mental state structure M is co-
herent if and only if equations (5.8), (5.9), (5.10), (5.11), (5.12), assumption 5.1, equations
(5.13), (5.14) and (5.15) hold.

5.3 Agent System Dynamics

In Section 5.1 on the agent’s cognitive state, we defined the static components that
make up an agent’s mental state structure. In Section 5.2, we described the coherence
relations between different mental states that our agents have. Next, we will identify
different processes that will take turns to change the agent’s mental state structure.
The order in which these processes are allowed to change the agents’ mental state
structures is defined in the agent’s deliberation cycle (Section 5.3.4). However, first
we will define actions that change the agent’s mental states while respecting the
coherence principles.

5.3.1 The basic actions of change

The action of adding propositions to theories of multi-valued logic (def. 4.11), yields
theories in which the propositions are present. The addition of propositions to mental
states that are part of an agent’s mental state structure should respect the coherence
principles. We will identify sequences of actions that change mental states while
keeping the mental state structure that encompasses the mental state coherent. As
defined in Section 5.2, numerous properties hold for an agent’s mental state structure.
These properties may be violated if a proposition is added to a mental state and
subsequently, e.g., not retracted from other mental states. For example, if Sarah
updates her belief that John believes ψ, i.e. she adds ψ to BsB j, then, as described by
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equation (5.3), she has to retract ψ from BsB̃ j. Methodologically, we view actions as
functions on the mental states. First, we define basic actions of adding and retracting
propositions from mental states.

Definition 5.11 (basic action of addition). The basic action of adding Ψ ⊆ LB,F to
a mental state T ⊆ LB,F with T ∈ M, denoted addb

ms(Ψ,T )(M), is defined by lifting
add(Ψ,T ) from definition 4.11 to a function of the mental state structure addb

ms(Ψ,T )(M)
yieldingM′ with T ′ ∈ M′ and T ′ = add(Ψ,T ) .

Definition 5.12 (basic action of retraction). The basic action of retracting Ψ ⊆ LB,F
from a mental state T ⊆ LB,F with T ∈ M, denoted retrb

ms(Ψ,T )(M), is defined by lifting
retr(Ψ,T ) from definition 4.12 to a function of the mental state structure retrb

ms(Ψ,T )(M)
yieldingM′ with T ′ ∈ M′ and T ′ = retr(Ψ,T ) .

Remark 5.1. Because add(Ψ,T ) and retr(Ψ,T ) yield a theory of multi-valued logic, ifM is
a mental state structure, then addb

ms(Ψ,T )(M) and retrb
ms(Ψ,T )(M) yield a proper mental

state structure.

5.3.2 The complex actions of change

Functional composition of basic actions will be defined to form complex actions that
will keep the mental state structure coherent. The order of the function composition of
the basic actions that we define next will not matter, because the order of performing
the actions will not influence the resulting mental state structure. Composition of
functions f (x) and g(x) is denoted (g ◦ f )(x) and equals (g ◦ f )(x) = g( f (x)).

Definition 5.13 (complex action of addition). The complex action of adding Ψ ⊆ LB,F
to a mental state T ⊆ LB,F with T ∈ M, denoted addms(Ψ,T )(M), yields a mental state
structureM′ equal to the following function compositions (with s, j, a ∈ A, s , j and either
a = s or a = j):

1. As described by equation (5.8):

• addms(Ψ,BsB j)(Ms) =
(
addb

ms(Ψ,BsB j) ◦ retrms(Ψ,BsB̃ j)
)
(Ms) ,

• addms(Ψ,BsB̃ j)(Ms) =
(
addb

ms(Ψ,BsB̃ j) ◦ retrms(Ψ,BsB j)
)
(Ms) .

2. As described by equation (5.9), and the contraposition of equation (5.12):

• addms(Ψ,BsB jBs)(Ms) =(
addb

ms(Ψ,BsB jBs) ◦ addms(Ψ,BsB̃ jB̃s) ◦ retrms(Ψ,BsB̃ jBs)
)
(Ms) .

3. As described by equation (5.10), and the contraposition of equation (5.11):

• addms(Ψ,BsB jB̃s)(Ms) =(
addb

ms(Ψ,BsB jB̃s) ◦ addms(Ψ,BsB̃ jBs) ◦ retrms(Ψ,BsB̃ jB̃s)
)
(Ms) .
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4. As described by assumption 5.1:

• addms(Ψ,DsBa)(Ms) =
(
addb

ms(Ψ,DsBa) ◦ retrb
ms(Ψ,DsB̃a)

)
(Ms) ,

• addms(Ψ,DsB̃a)(Ms) =
(
addb

ms(Ψ,DsB̃a) ◦ retrms(Ψ,DsBa)
)
(Ms) .

5. As described by the contraposition of equation (5.13), and equation (5.8):

• addms(Ψ,BsD jBa)(Ms) =(
addb

ms(Ψ,BsD jBa) ◦ retrms(Ψ,BsD jB̃a) ◦ retrms(Ψ,BsD̃ jBa)
)
(Ms) ,

• addms(Ψ,BsD jB̃a)(Ms) =(
addb

ms(Ψ,BsD jB̃a) ◦ retrms(Ψ,BsD jBa) ◦ retrms(Ψ,BsD̃ jB̃a)
)
(Ms) .

6. As described by the contraposition of equation (5.8):

• addms(Ψ,BsD̃ jBa)(Ms) =
(
addb

ms(Ψ,BsD̃ jBa) ◦ retrms(Ψ,BsD jBa)
)
(Ms) ,

• addms(Ψ,BsD̃ jB̃a)(Ms) =
(
addb

ms(Ψ,BsD̃ jB̃a) ◦ retrms(Ψ,BsD jB̃a)
)
(Ms) .

7. As described by equation (5.11), with substitutions T B B̃s, T B D̃sBa, T B D̃sB̃a :

• addms(Ψ,BsB̃ jT )(Ms) =
(
addb

ms(Ψ,BsB̃ jT ) ◦ retrms(Ψ,BsB jT )
)
(Ms) .

8. As described by equation (5.12), with substitutions T B Bs, T B DsBa, T B DsB̃a :

• addms(Ψ,BsB̃ jT )(Ms) =
(
addb

ms(Ψ,BsB̃ jT ) ◦ retrms(Ψ,BsB jT )
)
(Ms) .

9. As described by the contraposition of equation (5.12), and equations (5.9) and (5.14):

• addms(Ψ,BsB jDsBa)(Ms) =
(
addb

ms(Ψ,BsB jDsBa) ◦ retrms(Ψ,BsB̃ jDsBa) ◦

addms(Ψ,BsB̃ jD̃sBa) ◦ addms(Ψ,BsB̃ jDsB̃a)
)
(Ms) .

10. As described by the contraposition of equation (5.12), and equations (5.9) and (5.15):

• addms(Ψ,BsB jDsB̃a)(Ms) =
(
addb

ms(Ψ,BsB jDsB̃a) ◦ retrms(Ψ,BsB̃ jDsB̃a) ◦

addms(Ψ,BsB̃ jD̃sB̃a) ◦ addms(Ψ,BsB̃ jDsBa)
)
(Ms) .

11. As described by the contraposition of equation (5.11), and equation (5.10):

• addms(Ψ,BsB jD̃sBa)(Ms) =(
addb

ms(Ψ,BsB jD̃sBa) ◦ retrms(Ψ,BsB̃ jD̃sBa) ◦ addms(Ψ,BsB̃ jDsBa)
)
(Ms) ,

• addms(Ψ,BsB jD̃sB̃a)(Ms) =(
addb

ms(Ψ,BsB jD̃sB̃a) ◦ retrms(Ψ,BsB̃ jD̃sB̃a) ◦ addms(Ψ,BsB̃ jDsB̃a)
)
(Ms) .

12. For all other theories T ∈MSN, such as Sarah’s belief state Bs, we have:
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• addms(Ψ,T )(Ms) = addb
ms(Ψ,T )(Ms) .

Proposition 5.1. If M is a coherent mental state structure (def. 5.10), then for any ψ ∈
LB,F and T ∈ MSN, addms(ψ,T )(M) yields a coherent mental state structure. Proof in
Appendix A.3.

Definition 5.14 (complex action of retraction). The complex action of retracting Ψ ⊆
LB,F from a mental stateT ⊆ LB,F withT ∈ M, denoted retrms(Ψ,T )(M), yields a mental
state structureM′ equal to the following function:

1. As described by the contraposition of equation (5.9):

• retrms(Ψ,BsB̃ jB̃s)(M) =
(
retrb

ms(Ψ,BsB̃ jB̃s) ◦ retrb
ms(Ψ,BsB jBs)

)
(M) ,

• retrms(Ψ,BsB̃ jD̃sBa)(M) =
(
retrb

ms(Ψ,BsB̃ jD̃sBa) ◦ retrb
ms(Ψ,BsB jDsBa)

)
(M) ,

• retrms(Ψ,BsB̃ jD̃sB̃a)(M) =
(
retrb

ms(Ψ,BsB̃ jD̃sB̃a) ◦ retrb
ms(Ψ,BsB jDsB̃a)

)
(M) .

2. As described by the contraposition of equation (5.10):

• retrms(Ψ,BsB̃ jBs)(M) =
(
retrb

ms(Ψ,BsB̃ jBs) ◦ retrb
ms(Ψ,BsB jB̃s)

)
(M) .

3. As described by the contraposition of equations (5.14) and (5.10):

• retrms(Ψ,BsB̃ jDsB̃a)(M) =(
retrb

ms(Ψ,BsB̃ jDsB̃a) ◦ retrms(Ψ,BsB jDsBa) ◦ retrb
ms(Ψ,BsB jD̃sB̃a)

)
(M) .

4. As described by the contraposition of equations (5.15) and (5.10):

• retrms(Ψ,BsB̃ jDsBa)(M) =(
retrb

ms(Ψ,BsB̃ jDsBa) ◦ retrb
ms(Ψ,BsB jDsB̃a) ◦ retrb

ms(Ψ,BsB jD̃sBa)
)
(M) .

5. For all other theories T ∈MSN, such as Sarah’s belief state Bs, we have:

• retrms(Ψ,T )(Ms) = retrb
ms(Ψ,T )(Ms) .

Proposition 5.2. If M is a coherent mental state structure (def. 5.10), then for any ψ ∈
LB,F and T ∈ MSN, retrms(ψ,T )(M) yields a coherent mental state structure. Proof in
Appendix A.3.

The complex actions that will keep the mental state structure coherent are up-
date functions. For example, if Sarah decides to believe that John believes ψ, i.e.
addms(Ψ,BsB j)(Ms), then Sarah updates her beliefs about his beliefs, and her beliefs
about his ignorance. If Sarah later learns that John does not believe ψ, and she up-
dates her mental state structure, i.e. retrms(Ψ,BsB j)(Ms), then she updates her beliefs
about his beliefs only, and she does not add ψ back to his ignorance. If Sarah were
to revise her decision to believe that John believes ψ, that is, she would ‘undo’ her
decision and restore the original situation from before her decision. She would not
only restore her beliefs about his beliefs, but also her beliefs about his ignorance.
That is, our complex update actions do not perform revision of the agent’s mental
states, they update the agent’s mental states.
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5.3.3 Updating the agent’s mental state structure

Definition 5.15 (update action). The action of updating mental state structure M with
π ∈ L′MS, denoted update(π,M), yields a mental state structureM′ with:

• if π = pψ ∈ T q, thenM′ = addms(ψ,T )(M) ;

• if π = pψ < T q, thenM′ = retrms(ψ,T )(M) .

We define a generalised update function that instead of basic literals from L′MS,
updates a mental state structure with a coherent subset of L′MS.

Definition 5.16 (coherent subset of L′MS). Set Π is a coherent subset of L′MS if holds:

• Π ⊆ L′MS ;

• if pψ ∈ T q ∈ Π, then pψ < T q < Π ;

• if pψ < T q ∈ Π, then pψ ∈ T q < Π .

Definition 5.17 (update action on sets). The action of updating mental state structureM
with a coherent subset ofL′MS Π, denoted updates(Π,M), yields a mental state structureM′

with:

• if Π = {}, thenM′ =M ;

• if π ∈ Π, thenM′ = updates(Π \ π,update(π,M)) .

Remark 5.2. Because addb
ms(Ψ,T )(M) and retrb

ms(Ψ,T )(M) yield a mental state structure
(remark 5.1), if M is a mental state structure, then updates(Π,M) yields a proper mental
state structure.

Proposition 5.3. IfM is a coherent mental state structure (def. 5.10), then updates(Π,M)
yields a coherent mental state structure, for any coherent subset of L′MS Π. Proof in Ap-
pendix A.3.

5.3.4 The agent’s deliberation cycle

In anticipation of the following two chapters, the changes on the agent’s mental
state structure are induced by decision-making and communication. An update of
an agent’s mental state structure can be either initiated by the agent’s decision rules
(Chapter 6), or by the agent’s dialogue rules (Chapter 7). Both types of rules will have
preconditions that specify the agent’s mental state structure in which the rule may be
applied. Analogously, both types of rules will have post-conditions that specify the
properties of the agent’s mental state structure directly after application of the rule.

The order in which the decision and dialogue rules are allowed to change the
mental state structure is specified in the agent’s deliberation cycle. Next, we define
our deliberation cycle, which has eight steps, named ‘a’ up to ‘h’, including three
tests, two actions, and three updates of the mental state structure. The deliberation
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Figure 5.13: Our agent’s deliberation cycle.

cycle starts at step a, has four embedded cycles, and no ending. The most embedded
cycle a-b-c handles the agent’s decision-making; the directly encompassing cycle
a-d-e handles received communication, the first outer cycle a-d-f-g-h handles the
outgoing communication, and the other outer cycle a-d-f describes that the agent is
idle. See figure 5.13 for an illustration.

The deliberation cycle consists of three tests that steer the agent to enter the
embedded cycles of the deliberation cycle. Once entered in an embedded cycle,
the executions of dialogue and decision rules may change the agent’s mental state
structure.

a. Test whether decision rules are applicable, if such rules are applicable, then
select a rule and go to step b to execute the rule, else go to step d to see whether
communication has been received.

b. Execute the decision rule that has been selected in step a. The execution of a
decision rule has no observable effects for other agents. Go to step c to update
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the mental state structure accordingly.

c. Update the mental state structure, that is, replace the current mental state struc-
ture by the result of the update function of the current mental state structure
and the post-conditions of the decision rule from step b. Go to step a to check
whether more decisions can be made.

d. Test whether communication has been received, that is, speech acts that are
directed at the agent. Take the oldest act from the queue of received acts, and
go to step e. If the queue is empty, go to step f to check whether the agents is
allowed to utter communication.

e. Update the mental state structure, that is, replace the current mental state struc-
ture by the result of the update function of the current mental state structure
and the post-conditions of the dialogue rule from step d. Go to step a to check
whether decisions can be made.

f. Test whether dialogue rules are applicable, if such rules are applicable, select
a rule and go to step g to execute the rule, else go to step a to check whether
decisions can be made.

g. Execute the dialogue rule that has been selected in step f. The execution has
the effect of uttering a speech act directed at another agent. Go to step h to
update the mental state structure accordingly.

h. Update the mental state structure, that is, replace the mental state structure by
the result of the update function of the current mental state structure and the
post-conditions of the dialogue rule from step g. Go to step a to check whether
decisions can be made.

Cycling through steps a-b-c enforces that decision-making is done before the
agent engages in conversation. As we will define in Section 6.1.4 on the activity of
decision-making, if the test whether the agents possesses an applicable decision rule
is negative, then the agent’s mental state structure is closed under decision-making.
Thus, the agents will only engage in conversation if her mental state structure is
closed under a set of decision rules.

Cycling through steps a-d-e enforces that all received communicative acts are
processed before the agents may initiate conversation. Only after all received com-
munication has been processed, that is, the mental state structure has been updated
accordingly, then the agent may utter speech acts to other agents. After a speech act
has been processed, step a allows the agent to make decisions that became applicable
based on her changed mental state structure. That is to say, cycle a-b-c is embedded
in cycle a-d-ewith step a as the intermediating test giving control to either cycle.

The outer-cycle stepping through a-b-f-g-h handles outgoing communication.
Only if all incoming communicative acts have been processed, then the agent will
test whether communicative acts may be uttered. Step d is the intermediating test
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dividing control between the cycle for processing received communication and the
cycle for outgoing communication.

If the agent neither possesses applicable decision rules, nor has unprocessed
received communication, nor possesses applicable dialogue rules, then the agent is
idle. The activity of an idle agent is that she cycles through steps a-d-f testing
whether she may enter one of the three cycles. If the test in step a is answered
negative, then Sarah’s mental state structure is closed under decision-making. If
the test in step d is answered negative, then the agent has no unprocessed received
communication. If in addition to the previous two tests, the test in step f is answered
negative, then the agent’s mental state structure is closed under decision and dialogue
rules and her mental state structure cannot change due to received communication,
that is, the agent is idle. The steps from cycle a-d-f allow the agent to become active
when decision rules become applicable again or a communication has been received,
or when a dialogue rule has become applicable.

5.4 Concluding Remarks

In this chapter, we presented our agents’ cognitive state as a structure that incorpo-
rates a mental state structure, the agent’s knowledge base and her epistemology. A
mental state structure represents an agent’s mental states, such as her beliefs, desires,
and beliefs about other agents’ mental states. An agent’s beliefs are represented by a
complete theory of multi-valued logic, her desires to believe by a normal theory, and
her ignorance and her desires to be ignorant about propositions by an inverse theory
of multi-valued logic. We then defined two languages of mental state to allow us,
and the agents themselves, to express properties of their mental state structure. This
language allows experts to provide agents with inference rules that have precondi-
tions that specify properties of an agent’s mental state structure. In addition to the
mental state structure, the agent’s cognitive state consists of a knowledge base, which
is a set of inference rules that, as we will define in the next chapter, the agent can use
to derive new beliefs. This knowledge base will generally consist of domain specific
knowledge that the agent is said to know. Analogous to the agent’s knowledge base,
is her epistemology, which is a set of inference rules that allows an agent not only
to derive new beliefs but also to add new beliefs that other agents may derive. The
epistemology represents the shared use of the propositions.

We defined several coherence principles on the agent’s mental state structure.
These principles resulted in sequences of actions that change the agent’s mental state
structure while keeping it coherent. The agent’s deliberation cycle specifies when
decision and dialogue rules, which we will present in the next two chapters, are
allowed to change the agent’s mental state structure.
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Chapter 6
Decision Games to Change
Beliefs

Thinking is the talking of the soul with itself.
P 427–347 BC

Agents are regarded as autonomous entities capable of performing activities inde-
pendently from other agents. Their activities are actions intended to change parts
of their environments, in particular for cognitive agents, as described in Chapter 5,
these activities are mental exercises to change their mental states. The activity of
communication, which will be elaborated in Chapter 7, is regarded as the action in
which an agent utters sentences with the intent to change her environment, which
will be the mental state structure of the agent that receives the uttered sentence. This
chapter deals with the activity of decision-making, which will be regarded as the
activity in which an agent intends to change her mental state structure. As Plato
observed, thinking, and—what we will discuss shortly—decision-making, can be
described as uttering sentences directed at oneself. Decision-making will be taken
to be the ‘uttering’ of sentences with the intent to effect change in the ‘speaker’s’
mental state structure. According to Ellenbogen [Ell03], Wittgenstein in Philosophical
Investigations [Wit01], described that the meanings of statements are determined by
the criteria for their correct use. In a similar fashion, we will describe that the criteria
for correct use determine the meanings of decisions. A decision game defines the
meaning of decisions with rules how to make decisions correctly.

This chapter will provide decision rules that define when agents are justified to
decide to believe and disbelieve propositions. We will first deal with generic decision
games. This first section will describe what decision-making with a ‘meaning is use’
interpretation looks like, and how a generic decision game is formalised. After
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a short formal description of cognitive preconditions and cognitively entrenched
propositions, the generic preconditions of decisions to adopt and retract a belief will
be discussed in Section 6.2. We then turn in Section 6.3 to the preconditions that
explicitly justify agents to adopt and retract beliefs based on inference rules and
meaning. In Section 6.4, we describe when our agents are justified to decide to
change their beliefs based on the testimony of beliefs of other agents. In Section 6.5,
the desirability of decisions will be discussed and the preconditions that, based on
desirability, justify agents to decide to believe and be ignorant about propositions.
We end with concluding remarks in Section 6.6.

6.1 Making Decisions

In general speech, agents can be said to have correctly drawn decisions if the nec-
essary conditions of what they have decided upon have been met and the decisions
are grounded in experience or knowledge (Baron [Bar00]). The situations in which
a decision is correctly made can be specified as the decision’s principal determinant.
This section will provide how such determinants can be used in rules when to make
decisions to provide the general structure of rule governed decision-making. Be-
fore we discuss our decision games, we first briefly review a few classic knowledge
systems.

6.1.1 Symbolic AI

Symbolic AI, or Classical AI, is the branch of Artificial Intelligence research that con-
cerns itself with attempting to represent human expertise explicitly. This research
pursues to represent expertise in a declarative form, such as fact and rules that can
be used by reasoning methods to produce human-like intelligence. If this approach
is to be successful then it is necessary to translate often implicit or procedural knowl-
edge possessed by humans into an explicit form using symbols and rules for their
manipulation. Knowledge systems or experts systems are examples of success of
Symbolic AI that have emerged in narrow but deep knowledge domains. Next, we
review some implemented and well-known classic knowledge systems.

MYCIN (Shortliffe [Sho76]) is a knowledge system designed in the early 1970s at
the Stanford University in the programming language Lisp. The system was
designed to diagnose infectious diseases, especially bacterial infections of the
blood, and recommend therapies and antibiotics (Buchanan [GS90]). Its diag-
nostic search is based on a heuristic classification model. Briefly, the specific
data that has been entered by a user is abstracted to data about diseases, which
is matched to abstract hypothesis. These hypotheses provide requirements for
abstract therapies, which can be instantiated with specific therapies and antibi-
otics. The search is implemented with backward chaining production rules (cf.
Steffik [Ste95, p. 134]).
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MOLE (Eshelman [Esh88]), and its predecessor MORE (Kahn [Kah88]), are knowl-
edge system shells for creating knowledge systems based on a classification
model. MOLE and MORE have been mainly used for building knowledge
systems that perform diagnosis. The initial design of MORE was based on
experience with diagnostic problems in a drilling-fluids domain, and it was
used for the diagnosis of epileptic seizures, and manufacturing defects in cir-
cuit boards. Unlike MYCIN, MOLE assumes that every finding has a cause and
seeks a specific causal interpretation for the finding. It attempts to differentiate
among competing hypotheses, favouring single, parsimonious explanations
when possible.

PROSPECTOR (Duda [DR76]) is a knowledge system that classifies mineral explo-
ration prospects and evaluates candidate ore deposits. It uses intermediate
hypotheses to classify observational data, and unlike MYCIN, it employs an
elaborate certainty calculus for combining and controlling the use of evidence.
It implementation uses a probability-based inference network.

XCON, also called R1 (McDermott [McD82]), is another type of knowledge systems,
unlike the previous described systems for classification, it is used for config-
uration. It is the first knowledge system for configuration and uses forward
chaining (cf. Steffik [Ste95, p. 133]) to search a component database and sets of
requirements to construct a configuration.

One major insight gained from early work in problem solving was the importance
of domain-specific knowledge. Knowledge systems are constructed by obtaining
knowledge from a human expert and coding it into a form that a computer may
apply to similar problems. This reliance on the knowledge of a human domain expert
for the system’s problem solving strategies is a major feature of knowledge systems.
These systems derive information from existing information. Next, we describe a
similar process in which agents are said to decide to have a new information state.

6.1.2 Meaning and use of decisions

According to the dictum ‘meaning is use’, as described in Section 2.3.1, an agent is
justified to believe a proposition, that is, justified to have a mental state in which
she is said to believe a proposition, if, she regards herself entitled, according to
her community, to predicate to believe the proposition. That is to say, according
to the agent, the criterion to correctly predicate to believe the proposition has been
met in her mental state structure. The meaning of believing a proposition is the
circumstances in which an agent may come to entertain and maintain the mental
state of believing. We will call the activity that changes an agent’s mental state such
that she can be said to entertain a mental state, decision-making. The activity of
deciding to believe a proposition changes an agent’s cognitive state to reflect that
she believes the proposition. Informally, we say that an agent decides to add a belief
to her mental state structure. Under the assumption that what an agent is going
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to decide upon is not already present in her mental state structure, a consequence
of the decision is that the belief is added to her mental states. Analogously, it can
be said that abandoning existing beliefs is the activity in which the agent’s mental
state structure changes to reflect that she does not believe the proposition anymore.
To structure the processes of decision-making, we provide decision rules that will
change an agent’s mental state structure to reflect her perceived explicit justification
for believing or disbelieving propositions.

The decision rules that we will define in subsequent sections implement that an
agent regards herself entitled, according to her community, to know a conventional
rule that describes the situations in which she is explicitly justified to make a certain
decision. A decision rule consists of a set of preconditions that define in which
situations an agent is explicitly justified to make a decision, and consists of a set of
post-conditions that describe the properties that hold after the agent has made the
decision. The set of preconditions reflect the criterion of a conventional rule, and
the post-conditions provide the properties of an agent’s mental state structure after
the agent has changed her mental state structure to reflect that the decision has been
made.

Two activities are involved in having beliefs: the agent’s decision to adopt new
beliefs, and the decision to retract existing beliefs. These decisions should implement
that an agent may change her beliefs if she is justified to do so. That is to say, if an agent
is justified to believe a proposition, then she may change her mental state structure
to reflect this. We implement the change of the agent’s mental state structure by
adding a proposition to her belief state, and retracting propositions from her belief
state. In subsequent sections, two decision games are defined that describe the use
of decisions in which agents change their beliefs.

Our main objective in this chapter is to provide decision rules that prescribe in
which situations our agents are explicitly justified to adopt and retract beliefs. The
decision rules are not intended to describe the behaviour of some group of software
agents, but the rules prescribe when our agents are correct to adopt and retract be-
liefs, according to our perceived conventions of the medical domain that our agents
represent. Similar to the axioms of expected utility theory, which define economic
rational behaviour (Neumann and Morgenstern [vNM44]), the decision rules can be
regarded to define when agents are correct to change their beliefs. Our agents are
not assumed to behave economically rational, as voiced by expected utility theory,
but their decision behaviours should be conform our perceived conventions of the
medial domain. Although our agents have not themselves agreed on the conventions
when to make decisions, we assume that their responsible human experts have.

6.1.3 Decision games

A decision game is a finite number of decision rules that define the correct use of
decisions. We will use decision games to explain what the effects of these decisions
are, and why agents are allowed to make them. Intuitively, we view decision games
as single-player games in which the moves in the game correspond with an agent’s
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decisions. In two-player games, such as the game of chess, the players make moves
and take turns with the aim of reaching a state in which one has won. In single-
player games, such as the card game called patience, a player only makes moves,
presumably also with the aim of reaching a state in which the player has won the
game. Our agent’s goal in decision games will be to reach a certain mental state that
she may characterise as desirable. We will return to the issue of desirable states in
Section 6.5 on desiring to change beliefs.

The different decisions that our agents can make are taken from a language of
decisions LD which we define next.

Definition 6.1 (decision language LD). Given a LB,F , a set of agent names A, and the
set of mental state identifiers MSN, the decision language LD consists of the following
decisions. If s ∈ A, ψ ∈ LB,F and ms ∈MSN, then:

1. Agent s’s decision to add proposition ψ to her mental state ms:
d2ai(s, ψ,ms) ∈ LD with i ∈ {1, 2, 3, 4}.

2. Agent s’s decision to retract proposition ψ from her mental state ms:
d2ri(s, ψ,ms) ∈ LD with i ∈ {1, 2, 3, 4}.

A decision rule for decision δi ∈ LD consists of a precondition, which specifies a
certain mental state structure, denoted pre(δi) ∈ LMS, and a consequent of δi, which
is the post-condition on a mental state structure, denoted post(δi) ⊆ L′MS. The pre-
condition specifies Sarah’s mental state structure before she makes the decision; the
post-condition specifies Sarah’s mental state structure directly after she has made the
decision. The following definition of a decision does not specify specific precondi-
tions and post-conditions of decision. The three subsequent sections 6.3 up to 6.5 we
define decisions d2a1 and d2r1 up to d2a4 and d2r4 by providing the specific sets of
preconditions and post-conditions.

Definition 6.2 (decision rule). Given the languages of the mental state L′MS ⊆ LMS,
and the language of decisions LD, a decision rule for a decision δi ∈ LD is a structure
(δi, pre(δi), post(δi)) with pre(δi) ∈ LMS the precondition of δi, and post(δi) ⊆ L′MS the
post-condition of δi.

Instead of a precondition pre(δi) ∈ LMS, we will sometimes talk about a set of
preconditions. Such a (finite) set is an abbreviation of a (finite) conjunction of sen-
tences fromLMS. Similarly, instead of a set of post-conditions post(δi) ⊆ L′MS, we will
sometimes talk about the post-conditions as a conjunction from LMS.

We defined the structure of a decision rule; next, we will discuss the activity
governed by decision rules called decision-making.

6.1.4 The activity of decision-making

Sarah is allowed to make decision δi if the preconditions of δi hold in her mental state
structure, i.e. Ms |= pre(δi). Directly after Sarah has made decision δi, her mental
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state structure will have been updated with the post-conditions of the decision, i.e.
M
′
s |= post(δi). We will not define the actual activity of updating an agent’s mental

state structure such that the post-conditions of a decision will become to hold. We
only provide the preconditions and post-conditions. The activity in which Sarah is
said to make decision will be governed by forward chaining production rules (cf.
Section 6.1.1).

The activity of making a decision should change the agent’s mental state structure.
If a decision does not have observable effects on an agent’s mental state structure,
then whether or not the agent makes the decision would not make an observable
difference. Such a decision could not serve a purpose. If for all decision rules
holds that if the post-conditions are valid in an agent’s mental state structure, i.e.
M |= post(δi), and the preconditions are not valid in that mental state structure, i.e.
M |, pre(δi), then the decision changes the agent’s mental state structure. To enforce
that decisions do change an agent’s mental state structure we make the following
assumption.

Assumption 6.1. For all decision rules, the negation of the post-condition of the decision is
part of the precondition of the decision.

Example 6.1 (decision rule). If set {(ψ2 ∈ T2), (ψ3 < T3)} ⊆ LMS is the post-condition of
decision δi, then with assumption 6.1 we have ¬((ψ2 ∈ T2) ∧ (ψ3 < T3)) ∈ pre(δi). If we
extend the preconditions of δi exclusively with (ψ1 ∈ T1) ∈ LMS, then we have decision rule:
(δi, (ψ1 ∈ T1)∧¬((ψ2 ∈ T2)∧ (ψ3 < T3)), {(ψ2 ∈ T2), (ψ3 < T3)}). Directly after Sarah has
made decision δi holds thatMs |= post(δi) andMs |, pre(δi).

In formalising decision-making using the application of decision rules, the focus
is on functional input-output behaviour of the agent: the agent starts with a certain
initial mental state structure, and after decision-making, she has a different one.
In many decision processes, several possible sets of conclusions, that is, different
specifications of a mental state structure, can be reached. This phenomenon occurs
in different formalisations of reasoning. In belief revision for example, retracting
beliefs in a minimal fashion can be done in several ways. In practical decision-ma-
king, as exercised by our agents, different allowed decisions may lead to different sets
of conclusions and different mental state structures. We will regard these multiple
end states, often called extensions or expansions, a feature of the specific domain that
the agents represent.

Next to adding new beliefs, our agents may decide to retract their beliefs. Re-
tracting beliefs or non-monotonic reasoning in general is a subfield of Artificial Intel-
ligence trying to find more realistic formal models of reasoning than classical logic.
In common sense reasoning, one often draws conclusions that have to be withdrawn
when further information is obtained. The set of conclusions thus does not grow
monotonically with the given information. It is this phenomenon that nonmono-
tonic reasoning methods try to formalize. Many systems that exhibit non-monotonic
behaviour have been described and studied in the literature. Examples are e.g. Re-
iter [Rei78] who set forth the rule of negation called the closed world assumption.
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With this rule, we can assume the negation of a proposition if we cannot prove the
proposition (in Horn logic theories). Clark [Cla78] described the rule of negation as
failure. Informally, negation as failure is related to the common default assumption
that what is not known to be true is false, negation as failure is an interpretation of
logical negation according to which the negation of a formula is true if and only if
the formula cannot be proved true. A non-monotonic logic is a formal logic whose
consequence relation is not monotonic (cf. McDermott and Doyle [MD80]). Circum-
scription (McCarthy [McC80]) is a non-monotonic logic that deals with the minimiza-
tion of predicates subject to restrictions expressed by predicate formulas. Informally,
circumscription formalizes the common sense assumption that things are as expected
unless otherwise specified. Default logic (Reiter [Rei80, Rei87]) is a non-monotonic
logic that formalizes reasoning with default assumptions. Default logic aims at
formalizing inference rules without explicitly mentioning all their exceptions. In
autoepistemic logic (McDermott and Doyle [MD80], Marek and Truszczyski [MT91])
a modal operator is provided to reconstruct a non-monotonic logic as a model of an
ideally rational agent’s reasoning about its own beliefs. These non-monotonic logics
do not model the reasoning of an agent but only provide static systems. We will not
provide a logic for our agents’ reasoning, we will only assume that reasoning ends.

Another salient aspect of decision-making, or reasoning in general, is that the
process of making decisions may never end. We assume that our agent’s decision
processes do end. This assumption may seem strong; however, as viewed from a
programming perspective, this is a quite normal precondition. A much stronger
precondition is that in order to enforce termination of the decision process, the rules
from the agent’s knowledge base and her epistemology are taken to terminate with
the agents’ decision rules. The agent cannot herself determine that her decision
process will not terminate, we take it to be the responsibility of the medical expert to
provide the agent with rules such that endless decision-making does not occur.

Definition 6.3 (closure of mental state structures). The closure of a mental state struc-
ture M under a set of decision rules ∆, denoted Cl(M,∆), has the idempotency property:
Cl(Cl(M,∆)) = Cl(M,∆). In general, the closure of mental state structures is not increasing
and not monotone.

If Sarah cannot make decisions anymore, then her mental state structure is closed
under the process of decision-making.

Definition 6.4 (closed under decision-making Cl). Given a set of decision rules ∆, a
mental state structureM is closed under decision-making with decisions from ∆, if and
only if for all (δi, pre(δi), post(δi)) ∈ ∆ holdsM |, pre(δi) .

We defined the activity of decision-making; next, we define the consequences this
activity has on the agent’s mental states.
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6.1.5 Cognitive entrenchment

Sarah’s belief in ψ is entrenched in her cognitive state in the following situation. If
Sarah decides to retract her belief in ψ, then the closure of her mental state structure
under decision-making will make her believe ψ again. If Sarah’s belief in ψ is not
cognitively entrenched, then retracting her belief inψ and closing the resulting mental
state structure under decision-making will not make her believe ψ again.

Definition 6.5 (cognitively entrenched presence ∈∈). Given a mental state structure
M, a mental state T ∈ M, and a set of decision rules ∆, the presence of ψ in T is
cognitively entrenched in T for M and ∆, denoted M,∆ |= ψ ∈∈ T, if and only if
Cl(retrms(ψ,T )(M),∆) |= ψ ∈ T .

Similar to Sarah’s beliefs that can be entrenched in her cognitive state are her
ignorance about propositions that can also be entrenched in her cognitive state.
Sarah’s lack of belief is entrenched in the following situation. If Sarah decides to
believe ψ, then the closure of her mental state structure under decision-making will
make her ignorant about ψ again. The absence of a proposition from her belief state
is entrenched in her cognitive state. If Sarah’s ignorance about ψ is not cognitively
entrenched, then adding her belief inψ and closing the resulting mental state structure
under decision-making will not make her ignorant about ψ again.

Definition 6.6 (cognitively entrenched absence ∈<). Given a mental state structure
M, a mental state T ∈ M, and a set of decision rules ∆, the absence of ψ in T is
cognitively entrenched in T for M and ∆, denoted M,∆ |= ψ ∈< T, if and only if
Cl(addms(ψ,T )(M),∆) |= ψ < T .

Definition 6.7 (semantics of entrenchment in LMS). In addition to definition 5.4, given
a cognitive state CS = 〈M,K ,E〉, sentences pψ ∈∈ T q, pψ ∈< T q ∈ LMS are satisfied inM,
alongside theK and E, together with a set of decision rules ∆ if:

• for pψ ∈∈ T q ∈ LMS holdsM,∆ |= pψ ∈∈ T q ifM,∆ |= ψ ∈∈ T ;

• for pψ ∈< T q ∈ LMS holdsM,∆ |= pψ ∈< T q ifM,∆ |= ψ ∈< T .

6.2 Generic Criteria to Change Beliefs

In this section, we will describe the common denominator of the agent’s decisions
to believe propositions, and the diametrically opposed decisions to become ignorant
about propositions.

6.2.1 Generic criteria for decisions to believe

Sarah’s decision to believe proposition ψ, i.e. the decision to add ψ to her belief state,
d2a(s, ψ,Bs) ∈ LD, has at least the following preconditions: Sarah is ignorant about ψ,
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and her ignorance about ψ is not cognitively entrenched in her cognitive state. This
description is formalised in the following equation by substitution T B Bs.

(ψ < T ), (ψ << T ) ∈ pre(d2a(s, ψ,T )) (6.1)

The set of post-conditions of the decision to believe a proposition is equal for all
different uses, which we will present in subsequent sections. If an agent decides to
believe ψ, she will believe ψ.

(ψ ∈ T ) ∈ post(d2a(s, ψ,T )) (6.2)

The post-conditions can be enforced on Sarah’s mental state structure, as defined in
Section 5.3.1, by the action addms(ψ,T )(Ms).

6.2.2 Generic criteria for decisions to be ignorant

Sarah’s decision to be ignorant about proposition ψ, i.e. the decision to retract ψ from
her belief state, d2r(s, ψ,Bs) ∈ LD, has at least the following preconditions. Sarah
believes ψ, and her belief in ψ is not cognitively entrenched in her cognitive state.
This description is formalised in the following equation by substitution T B Bs.

(ψ ∈ T ), (ψ <∈ T ) ∈ pre(d2r(s, ψ,T )) (6.3)

Irrespective of the precise set of preconditions to decide to be ignorant about a
proposition ψ, if an agent decides to be ignorant about ψ, she will not believe ψ.

(ψ < T ) ∈ post(d2r(s, ψ,T )) (6.4)

The post-conditions can be enforced on Sarah’s mental state structure, as defined in
Section 5.3.1, by the action retrms(ψ,T )(Ms).

As defined in Section 2.3.1, the meaning for an agent to have a mental state
structure in which she believesψ is that the preconditions to decide to believeψ have
been met in the past, and that ever since the preconditions to be ignorant about this
ψ have not been met, and that if these preconditions had been met, the agent has not
had the opportunity to retract her belief in ψ. Analogously, the meaning for an agent
to be ignorant about ψ, i.e. not to believe ψ, is that the preconditions to decide not to
believe ψ have been met, and that ever since the agent was not justified to decide to
believe ψ, and that if she had been justified to do so, she has not had the opportunity
to addψ to her belief state. Thus, to remain in a state of believingψ, or being ignorant
about ψ, presupposes that the decisions to retract ψ, or to add ψ, respectively, have
not been allowed.

The truism that should be reflected in an agent’s decision rules is that if the
agent believes a proposition, then she cannot be ignorant about this proposition
(cf. equation (5.2)). It is of vital importance that the use of the decision to believe
a proposition does not interfere with the use of the decision to be ignorant about
that same proposition. The meaning of the decision to believe and the meaning of
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the decision to be ignorant have to be chosen (i.e. agreed upon) such that after an
agent has decided to believe a proposition ψ, a decision rule to decide to be ignorant
about ψ should not directly be applicable. The interference of both rules may lead
to oscillatory behaviour in which an agent decides to believe a proposition ψ, after
which she directly decides to be ignorant about ψ, after which she decides to believe
ψ again, ad infinitum. Such oscillatory, or even chaotic, behaviour is a challenging
problem for multiagent systems and distributed artificial intelligence in general since
it is not obvious how to avoid or mitigate such harmful overall system behaviour
(see Moulin and Chaib-Draa [MCD96]).

6.3 Inference Rules and Meaning to Change Beliefs

In this section, we discuss when our agents are justified to infer new beliefs from
existing beliefs, that is, when agents may decide to adopt beliefs, and when agents
may decide to retract beliefs. Additionally, we discuss when our agents are justified
to decide to change their beliefs based on the meaning of propositions.

6.3.1 Deciding to add beliefs using inference rules

In the following paragraphs, we provide a semantic for the inference rules that have
been defined in Section 5.1.4 and that make up the agent knowledge base. Similar
to Modus Ponens, if the antecedent of an inference rule holds for the agent’s mental
state structure but not the consequent, then by application of the inference rule, the
agent will decide that the consequent holds in her mental state structure. Under the
assumption that Sarah is justified to know the inference rule and that the antecedent
holds in her mental state structure, then Sarah is justified to change her mental state
structure to reflect the consequent.

Sarah is explicitly justified to decide to believe ψ in the following situation. First,
in addition to the generic preconditions d2a(s, ψ,Bs) from Section 6.2.1, she knows
an inference rule π � (ψ ∈ Bs) ∈ Ks. Second, as required by assumption 6.1, the
consequent of the inference rule does not hold for her mental state structure, i.e.
she does not believe ψ. Third, the antecedent of the inference rule holds in her
mental state structure, i.e. Ms |= π. This precondition is generalised by replacing
Sarah’s belief Bs by a general mental state name T ∈ MSNs. Thus, Sarah is justified
to have ψ ∈ T if she knows an inference rule π � (ψ ∈ T ) ∈ Ks, and Ms |= π.
This precondition on Sarah mental state structureMs is formalised in the following
equation.

pre(d2a(s, ψ,T )) ⊂ pre(d2a1(s, ψ,T ))
π ∈ pre(d2a1(s, ψ,T )) (6.5)

Example 6.2. If Sarah regards herself entitled to know the inference rule (φ ∈ Bs)� (ψ ∈
Bs) ∈ Ks withψ reads as “the patient is suffering from disease X”, and φ reads as “the patient
shows symptom Y”, then, alongside the decision rule from equation (6.5), the inference rule
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has the following reading. “If I (Sarah) believe that symptom Y has been observed by the
patient, then I am justified to believe that the patient suffers from disease X.”

6.3.2 Deciding to retract beliefs using inference rules

Analogous to the previous paragraph, Sarah is justified to decide to be ignorant
about ψ in the following situation. First, in addition to the generic preconditions
d2r(s, ψ,Bs) from Section 6.2.2, she knows an inference rule π � (ψ < Bs) ∈ Ks.
Second, the consequent does not hold in her mental state structure, i.e. Sarah believes
ψ. Third, the antecedent holds in her mental state structure, i.e. Ms |= π. This
precondition is generalised by replacing Sarah’s belief Bs by a general mental state
structure T ∈MSNs. Thus, Sarah is justified to have ψ < T if she knows an inference
rule π � (ψ < T ) ∈ Ks, and Ms |= π. This precondition on Sarah mental state
structureMs is formalised in the following equation, and is part of the precondition
of Sarah’s decision to have ψ < T .

pre(d2r(s, ψ,T )) ⊂ pre(d2r1(s, ψ,T ))
π ∈ pre(d2r1(s, ψ,T )) (6.6)

The generalisations (of the decision to retract and the decision to add) to include not
only to change the agent’s beliefs, but to allow inference rules that can change any
mental state, provide a practical mechanism for designer to program the agents to
change their mental state structures with inference rules. We provide this mechanism
in anticipation of Chapter 8 where we will provide inference rules that program the
agents to change their mental state such that they will resolve their disagreements or
agree to disagree.

6.3.3 Deciding to add and retract beliefs using meaning

Informally, an agent is justified to decide to believe a proposition if she regards herself
entitled to know the meaning of the proposition, i.e. she knows the criterion for the
correct use of the proposition, and the agent is aware that the criterion has been met
in her mental state structure.

The decision rules that agents may use to deduce beliefs based on meaning are
similar to the decision rules for deducing beliefs with inference rules. The difference
with decision rules from the previous paragraph is that instead of knowing an infer-
ence rule, an agent regards herself entitled to know a conventional rule that conveys
the meaning of being in some mental state, such as believing. If an agent knows a
conventional rule, then, according to the agent, the use of the criterion to establish the
consequent of the rule is common knowledge. Because, according to the agent, the
use is common knowledge, the agent can be said to know that other agents use the
same criterion to establish some mental state. While an inference rule that is part of
an agent’s knowledge base provides an agent with a relation that transfers justifica-
tion from the antecedent to the consequent, an inference rule that is part of an agent’s
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epistemology provides an agent with a relation that can also be used to describe that
another agent transfers justification from the antecedent to the consequent.

Sarah is justified to decide to believe a proposition ψ if, in addition to the general
preconditions d2r(s, ψ,Bs), Sarah knows the meaning of believingψ, i.e. she knows an
inference rule is common knowledge π� (ψ ∈ Bs) ∈ Es, and the antecedent π holds
in her mental state structure. This precondition on Ms is generalised by replacing
Sarah’s belief Bs by a general mental state structure T ∈MSNs.

pre(d2a(s, ψ,T )) ⊂ pre(d2a2(s, ψ,T ))
π ∈ pre(d2a2(s, ψ,T )) (6.7)

Sarah is justified to decide to be ignorant about ψ if, in addition to the general
preconditions d2r(s, ψ,Bs), she knows the meaning of being ignorant about ψ, i.e. she
knows an inference rule is common knowledgeπ� (ψ < Bs) ∈ Es, and the antecedent
π holds in her mental state structure. This precondition on Ms is generalised by
replacing Sarah’s belief Bs by a general mental state structure T ∈MSNs.

pre(d2r(s, ψ,T )) ⊂ pre(d2r2(s, ψ,T ))
π ∈ pre(d2r2(s, ψ,T )) (6.8)

6.3.4 Deciding that other agents add and retract beliefs

If an agent regards herself entitled to know the meaning of a proposition, then the
agent knows the criterion that has been agreed upon by her community. Agents are
thus said to know that other agents in their community use the same criterion as
they do. Thus, Sarah may infer that the consequences of a conventional rule hold
in John’s mental state structure if the preconditions of the rule hold according to
Sarah for John’s mental state structure. We need a function that translates a set of
conditions on Sarah’s mental state structure to the set of conditions that, as seen from
Sarah’s perspective, hold for John’s mental state structure. For example ψ ∈ Bs has
to be translated to ψ ∈ BsB j. First, we define a function that translates sentences (i.e.
basic literals) from the L′MS, then we define a function that translates sentences from
the full language of LMS.

Definition 6.8 (translation function tran1). Given a L′MS, and a set of agent names A,
translation function tran1(x, π) translates sentence π ∈ L′MS to the perspective of agent x
yielding π′ ∈ L′MS.

• If x , s, then tran1(x, ψ ∈ Bs) = ψ ∈ BsBx, tran1(x, ψ < Bs) = ψ ∈ BsB̃x, tran1(x, ψ ∈
DsBs) = ψ ∈ BsDxBx, and tran1(x, ψ ∈ DsB̃s) = ψ ∈ BsDxB̃x.

• If x , s and a , s, then tran1(x, ψ ∈ DsBa) = ψ ∈ BsDxBa, and tran1(x, ψ ∈ DsB̃a) =
ψ ∈ BsDxB̃a.

• If x , s, then tran1(x, ψ ∈ BsT j) = ψ ∈ BsBxT j, and tran1(x, ψ < BsT j) = ψ ∈
BsB̃xT j, with T j ∈ {B j, B̃ j}.
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• If x , s, then tran1(x, ψ ∈ BsD jBa) = ψ ∈ BsBxD jBa, and tran1(x, ψ < BsT j) = ψ ∈
BsB̃xT j, with T j ∈ {B j, B̃ j}.

• In all other cases, tran1(s, π) = >.

Definition 6.9 (translation function tran2). Given the languages of mental state L′MS ⊆

LMS, and a set of agent names A, translation function tran2(x, π) translates sentence
π ∈ LMS to the perspective of agent x ∈ A yielding π′ ∈ LMS with:

• If π ∈ L′MS, then π′ = tran1(x, π) .

• If π = ¬π1, then π′ = ¬tran2(x, π1) .

• If π = π1 ∧ π2, then π′ = tran2(x, π1) ∧ tran2(x, π2) .

Example 6.3. Sarah knows that in her community, a criterion to believe φ is that φ is
believed by another agent and that she does not believe ψ, i.e. (((φ ∈ BsB j) ∧ (φ < Bs)) �
(ψ ∈ Bs)) ∈ Es. Because Sarah knows the rule is used by all agents in her community,
she may want to test whether the antecedent holds for another agent x ∈ A, so we have
tran2(x, (φ ∈ BsB j) ∧ (φ < Bs)) = (φ ∈ BsBxB j) ∧ (φ ∈ BsB̃x).

Sarah may decide to believe that John believes ψ, i.e. ψ ∈ BsB j, if she does not
believe that John believes ψ, i.e. ψ < BsB j, she knows that π is a criterion to believe ψ,
i.e. π� (ψ ∈ Bs) ∈ Es, and according to her mental state structure, π holds in John’s
mental state structure, i.e. Ms |= tran2( j, π). In such a situation, Sarah may deduce
that John believesψ, i.e.ψ ∈ BsB j. Instead of defining a decision rule that implements
this behaviour, we will define a different decision rule that, alongside the coherence
relations from Section 5.2.1, will make Sarah perform the same deductions.

Sarah may decide to be ignorant that John is ignorant about ψ, i.e. ψ < BsB̃ j, if she
believes that John is ignorant about ψ, i.e. ψ ∈ BsB̃ j, she knows that π is a criterion
to believe ψ, i.e. π � (ψ ∈ Bs) ∈ Es, and according to her mental state structure,
π holds in John’s mental state structure, i.e. Ms |= tran2( j, π). The post-condition
of this decision will result in a mental state structure, due to coherence relation
Ms |= ψ ∈ BsB j ⇒ Ms |= ψ < BsB̃ j (eq. (5.3)), in which the proposed post-condition
of the decision of the previous paragraph holds. The precondition of the decision
of the previous paragraph, ψ < BsB j, will hold in the mental state structure, due
to the contraposition of equation (5.3), if the precondition of the following decision
holds. Sarah’s decision to retract ψ from her belief about John’s ignorance is denoted
d2r(s, ψ,BsB̃ j).

(ψ < BsB̃ j), tran2( j, π) ∈ pre(d2r2(s, ψ,BsB̃ j)) (6.9)

Sarah may decide to believe that John is ignorant about ψ, i.e. ψ ∈ BsB̃ j, if she
is ignorant whether John is ignorant about ψ, i.e. ψ < BsB̃ j, she knows that π is the
criterion to be ignorant about ψ, i.e. π� (ψ < Bs) ∈ Es, and according to her mental
state structure, π holds in John’s mental state structure, i.e.Ms |= tran2( j, π). In such
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situation, Sarah may deduce that John is ignorant aboutψ, i.e.ψ ∈ BsB̃ j. This decision
behaviour will be subsumed under the following decision rule.

Sarah may decide to be ignorant that John believes ψ, i.e. ψ < BsB j, if she believes
that John believes ψ, i.e. ψ ∈ BsB j, she knows that π is the criterion to be ignorant
about ψ, i.e. π � (ψ < Bs) ∈ Es, and Ms |= tran2( j, π) holds in John’s mental state
structure. Due to equation (5.3) and its contraposition, the proposed decision rule
from the previous paragraph is subsumed under the following decision rule.

(ψ ∈ BsB j), tran2(s, π) ∈ pre(d2r2(s, ψ,BsB j)) (6.10)

Example 6.4. If Sarah regards herself entitled to know the conventional rule (φ ∈ Bs) �
(ψ ∈ Bs) ∈ Es with ψ reads as “the patient is suffering from disease X”, and φ reads as “the
patient shows symptom Y”, then, with decision rule from equation (6.9), the conventional
rule has the following reading. “Anybody who believes that symptom Y has been observed by
the patient, is justified to believe that the patient suffers from disease X.” If Sarah believes that
John believes φ, then Sarah may decide to believe that John believes ψ with a d2a2(s, ψ,BsB j).

It is possible that Sarah is justified to believe that John believes ψ while in fact
he does not believe ψ. Based on the meaning of believing ψ, Sarah may be justified
to believe that John believes ψ. Even though Sarah’s beliefs about John’s mental
state structure are not incorrect, Sarah can be justified to believe that John believes
ψ, while, John may not have had the opportunity to decide to believe ψ. Thus, Sarah
can come to have beliefs about John that he does not have. However, if both Sarah’s
and John’s mental state structure are closed under decision-making, this situation
will be resolved.

6.4 Conformism to Change Beliefs

6.4.1 Conformism to believe

Another ground for agents to be justified to believe a proposition is by conforming
to other agents’ beliefs. If Sarah believes that John believes a proposition that she
does not believe herself, then Sarah may decide to believe the proposition on the
basis that John has been justified to decide to believe the proposition in the past. If
Sarah has no reason to suspect that her view of the meaning of the predicate to believe
is different from John’s, then Sarah may continue to regard herself entitled to know
that her perceived criterion of to believe is conventional. If the criterion to predicate to
believe is shared by Sarah and John, then Sarah can use her belief about John’s belief
as a substitute for other preconditions, like those presented in Section 6.3; this saves
her the effort to check whether other preconditions have been met.

Sarah is justified to decide to believe a proposition if she believes that John
believes the proposition. Sarah’s belief that John believes a proposition is justified
either in testimony, which will be the result of communication that is to be discussed
in Chapter 7, or justified in the meaning of propositions, as described in Section 6.3.3.
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In anticipation of the decision rules that allow agents to retract beliefs, which we
will discuss in Section 6.5.6, Sarah needs to be assured that the source in which she
justifies her belief is aware of the dependence of her newly accepted belief. If Sarah
believes that John believes that she believes that he believes ψ, i.e. ψ ∈ BsB jBsB j, then
Sarah is justified to believe that if John retracts his belief in ψ, then he will consult
her.

Sarah is justified to decide to believeψ, if, in addition to the general preconditions
of d2a(s, ψ,Bs), she believes that John believes ψ, i.e. ψ ∈ BsB j, and she believes that
John believes this, i.e. ψ ∈ BsB jBsB j.

pre(d2a(s, ψ,Bs)) ⊂ pre(d2a3(s, ψ,Bs))
(ψ ∈ BsB j), (ψ ∈ BsB jBsB j) ∈ pre(d2a3(s, ψ,Bs))

(6.11)

6.4.2 Conformism to be ignorant

Inverse to the decisions in which agents conform to the beliefs of other agents,
as described in Section 6.4.1, we now describe the decisions that allow agents to
conform to other agents’ ignorance. If Sarah adopts a belief grounded in the beliefs
about John’s beliefs, she does so without verifying the preconditions John may have
used to adopt the belief. If an agent adopts an ignorance state, that is to say, she
retracts a belief based on the beliefs about the ignorance of John; she does so without
checking whether John has cogent reasons not to believe the proposition.

Sarah is justified to decide to be ignorant about ψ if Sarah believes a proposition
ψ, in addition to the general preconditions of d2r(s, ψ,Bs), if she believes that John
is ignorant about ψ, i.e. ψ ∈ BsB̃ j, and she believes that John believes this, i.e. ψ ∈
BsB jBsB̃ j.

pre(d2r(s, ψ,Bs)) ⊂ pre(d2r3(s, ψ,Bs))
(ψ ∈ BsB̃ j), (ψ ∈ BsB jBsB̃ j) ∈ pre(d2r3(s, ψ,Bs))

(6.12)

Decisions may cancel out each other’s post-conditions, resulting in deviant be-
haviour. This behaviour occurs when Sarah’s decision to conform to John’s igno-
rance (eq. (6.12)) cancels out the effects of her decision to conform to Fred’s beliefs
(eq. (6.11)). The truism that if a community comes to believe a proposition then one
agent has to be first to do so, provides the following problem. Assume Fred and
John both do not believe ψ, and Sarah is the first to believe ψ. If Sarah has used
a decision rule we have presented so far, then, because of this decision rule, her
belief in ψ is entrenched in her mental state structure. Because Sarah’s belief in ψ
is entrenched, the decision to conform to either Fred’s or John’s ignorance will not
make her retract her belief in ψ. Fred cannot change his beliefs because of a similar
reason: the decision rule that allows Fred to conform to John’s ignorance entrenches
his ignorance to conform to Sarah’s belief, which means that Fred cannot conform
to Sarah’s beliefs, and can not decide to believe ψ. The same argument holds for
John: he cannot conform to Sarah’s belief in ψ, because his ignorance is entrenched
in his belief that Fred is ignorant about ψ. For the sake of argument, assume that
Fred flouts the rules once, and does conform to Sarah’s belief and decides to believe
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ψ. John may now conform to either John or Sarah’s belief and decide to believe ψ
because he is the last to be ignorant about ψ; however, this is only possible because
Fred has changed the meaning of believing ψ. The question remains how Sarah first
became justified to believe the proposition. Assume Sarah knows an inference rule
that justifies her to believe ψ. If this rule is applicable, she may still not decide to
believe ψ with d2a1 (eq. (6.5)) because her ignorance about ψ is entrenched with d2r3
(eq. (6.12)). Thus, the only way that Sarah could have become the first to believe ψ is
if she, just like Fred, has flouted the rules. In the following section, we resolve this
problem by augmenting the preconditions to conform to other agents’ beliefs such
that agents may change their beliefs only if they desire to do so.

6.5 Desiring to Change Beliefs

We assume that an agent’s desires originate from the human expert she is said to
represent, and that ultimately, the agent’s beliefs will have purpose for this expert.
In this section, we will restrict the activity of conforming to other agents’ beliefs, as
described in Section 6.4, to those beliefs that will serve a purpose. Our agents will
use desires as motivational aspects such that she makes decisions with the intention
to balance her mental state structure.

6.5.1 The motivations to make decisions

We will restrict the use of decisions to those situations that an agent considers to
have purpose. When a decision’s post-conditions are desired or indirectly desired,
as will be defined in Section 6.5.4, then our agents will consider the decision to have
a purpose. In The Fixation of Belief [Men97, p. 13], Peirce goes even further when he
states that beliefs that are not desired should be rejected.

“The irritation of doubt causes a struggle to attain a state of belief. . . . It
is certainly best for us that our beliefs should be such as may truly guide
our actions so as to satisfy our desires; and this reflection will make us
reject any belief which does not seem to have been so formed as to insure
this result.”

Our agents may have desires for different reasons. We assume that Sarah’s desires
regarding an agent a ∈ A, as specified with the mental states DsBa and DsB̃a, originate
from the human experts the agents represent. We assume that if agents desire to
believe or desire to be ignorant about propositions, then believing or disbelieving
these propositions serves a purpose for the experts. A desire alone is not considered
a sufficient condition to come to believe propositions, neither for humans nor for
agents. As Peirce said, desires will guide an agent’s actions so as to satisfy her
desires, and thus guide the adoption of beliefs. If our agents are constrained to
conform to other agents’ beliefs that they desire to believe, then our agents do not
have to conform to all other beliefs others may have.
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If an agent desires her mental state structure to possess a certain property, which
it does not possess, then the agent has an unbalanced mental state structure. For
example, if Sarah desires to believe ψ, and she does not believe ψ, then she has an
unbalanced mental state structure. We will use these unbalanced mental states as
motivational aspects to direct the agents’ activities. If an agent has an unbalanced
mental state structure, she is motivated to act with the intention of balancing her
mental state structure. Beun [Beu01] used a similar account of unbalanced mental
states to motivate communication between agents. In Chapter 7, we will use unbal-
anced mental state structures to describe when agents are motivated to communicate
with the intent to become justified to make decisions that balance their mental states.
Sarah can balance her mental state structure by either changing her beliefs or by
changing her desires. Because an agent’s desires originate from a human expert,
agents are not allowed to change those; what agents are allowed to change are their
beliefs.

1. Sarah has an unbalanced mental state structure if she desires to believe a propo-
sition ψ, and, at the same time, she is ignorant about ψ, i.e. she does not believe
ψ. See equation (6.13). If Sarah has such an unbalanced mental state structure,
she is motivated to decide to add ψ to her beliefs, because this would balance
her mental state structure.

Ms |= (ψ ∈ DsBs), (ψ < Bs) (6.13)

2. An analogous unbalanced mental state structure is when Sarah desires to be
ignorant about ψ, and, at the same time, she believes ψ, i.e. she is not ignorant
about ψ. See equation (6.14). If Sarah has such an unbalanced mental state
structure, she is motivated to decide to retract ψ, because this would balance
her mental state structure.

Ms |= (ψ ∈ DsB̃s), (ψ ∈ Bs) (6.14)

6.5.2 Cognitive preconditions

An agent’s unbalanced mental state structure can be balanced by updating the mental
state structure with certain basic literals π ∈ L′MS. To establish which basic literals are
needed to balance a mental state structure, not only are the agent’s current mental
state structure and her desires needed, such as DsBa and DsB̃a, but also the decision
rules that allow her to change her beliefs. Informally, if Sarah’s mental state structure
will be closed under her decision rules, then updating her mental states with sets
of basic literals π ∈ L′MS may make her justified to make a decision which has as a
consequence that she balances her mental state structure. We now define these sets
of preconditions. In Section 6.5.4 we will use these cognitive preconditions to define
how Sarah can update her mental states to balance it.

Given that Π1 is a coherent subset of L′MS (def. 5.16) and Π2 ⊆ L
′

MS is a set of
conditions on a mental state structure, we define whenΠ1 is a cognitive precondition
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of Π2. Informally, Π1 is a cognitive precondition of Π2 if the mental state structure
is updated with Π1, and closed under decision-making, then Π2 will hold in the
resulting mental state structure. Additionally, if the mental state structure is updated
withΠ1 and not closed under decision-making, thenΠ2 does not hold in the resulting
mental state structure. That is to say, updating the mental state structure with Π1
indeed changed the mental state structure such that Π2 becomes valid.

Definition 6.10 (cognitive precondition ///). Given a L′MS, a coherent subset of L′MS Π1
(def. 5.16) is a cognitive precondition ofΠ2 ⊆ L

′

MS for mental state structureM and a set
of decision rules ∆, denotedM,∆ |= Π1 ///Π2, if and only if:

• Cl(updates(Π1,M),∆) |= Π2 ;

• updates(Π1,M) |, Π2 .

Set of conditions Π1 is minimal cognitive precondition of Π2, informally, if Π1
is a cognitive precondition of Π2 and all proper subsets of Π1 are not a cognitive
precondition of Π2.

Definition 6.11 (minimal cognitive precondition //). Given a L′MS, a coherent subset
of L′MS Π1 (def. 5.16) is a minimal cognitive precondition of Π2 ⊆ L

′

MS for M and ∆,
denotedM,∆ |= Π1 //Π2, if and only if:

• Π1 ///Π2 ;

• ∀Π′1 ⊂ Π1 ¬(Π′1 ///Π2) .

Notation 6.1. If sets Π1,Π2 ⊆ L
′

MS equal a singleton set, we substitute the element for the
sets, e.g. instead of {ψ1 ∈ T1} // {ψ2 ∈ T2} we write ψ1 ∈ T1 // ψ2 ∈ T2 .

Example 6.5. Given a set of decision rules ∆ with δr1, δr2 ∈ ∆:

• ψ1, ψ2, ψ3, ψ4, ψ5 are pair wise unequal; T1,T2,T3,T4, T5 are pair wise unequal;

• δr1 = (δi1, {ψ1 ∈ T1, ψ2 ∈ T2}, {ψ3 ∈ T3}) ;

• δr2 = (δi2, {ψ3 ∈ T3, ψ4 ∈ T4}, {ψ5 ∈ T5}) ;

• M is a mental state structure.

Then:

• We haveM,∆ |= {ψ1 ∈ T1, ψ2 ∈ T2} // ψ3 ∈ T3 because with δr1 we have
Cl(updates({ψ1 ∈ T1, ψ2 ∈ T2},M),∆) |= ψ3 ∈ T3 .

• We haveM,∆ |= {ψ3 ∈ T3, ψ4 ∈ T4} // ψ5 ∈ T5 because with δr2 we have
Cl(update({ψ3 ∈ T3, ψ4 ∈ T4},M),∆) |= ψ5 ∈ T5 .

• We haveM,∆ |, {ψ1 ∈ T1, ψ2 ∈ T2, ψ3 ∈ T3, ψ4 ∈ T4} // ψ5 ∈ T5 because with δr1
and δr2 we haveM,∆ |= {ψ1 ∈ T1, ψ2 ∈ T2, ψ4 ∈ T4} // ψ5 ∈ T5 .
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A condition π1 is partial minimal cognitive precondition of Π2, informally, if π1
is an element of a minimal cognitive precondition of Π2.

Definition 6.12 (partial cognitive precondition /). Given a L′MS, basic literal π ∈ L′MS
is a partial minimal cognitive precondition or partial cognitive precondition, of Π ⊆ L′MS
forM and ∆, denotedM,∆ |= π /Π, if and only if:

• ∃Π′ ⊆ L′MS (M,∆ |= Π′ //Π) ;

• π ∈ Π′ .

6.5.3 Coherent desires

Based on the assumption that an agent’s desires are coherent, as described in Sec-
tion 5.2.3, we may be tempted to conclude that these coherent desires only motivate
an agent to make decisions with post-conditions that do not conflict with her desires.
For example, if Sarah desires to believe ψ, then under assumption 5.1, she is not
allowed to desire to be ignorant about ψ. Thus, using her desire to motivate her
decision to come to believe ψ cannot be in conflict with her desire to be ignorant
about ψ. However, as we will describe next, mental state structures closed under
decision-making may motivate agents to make decisions that have consequences that
do conflict with their desires.

If Sarah decides to believe a proposition, then in the resulting mental state struc-
ture she may use inference rules (Section 6.3) to decide to believe additional proposi-
tions. These inferred propositions may conflict with the agent’s desires. For example,
assume Sarah desires to believe she is a millionaire, ψ ∈ DsBs, and that she desires
to believe she is a professor, φ ∈ DsBs. Also, assume that Sarah knows an inference
rule that states that if she believes she is a professor, then she cannot believe that she
is a millionaire, i.e. (φ ∈ Bs) � (ψ < Bs) ∈ Ks. Sarah’s decision to believe that she is
a professor does not conflict with her desires, because φ is not part of her desires to
be ignorant, i.e. φ < DsB̃s. However, if Sarah closes her mental state structure under
decision-making, a consequence of her decision to believe φ is that with decision
rule d2r1 (eq. (6.6)), she will become ignorant that she is a millionaire, i.e. ψ < Bs.
Although the direct consequence of Sarah’s decision to believe φ does not conflict
with her desires, because ψ ∈ DsBs, the indirect consequence that Sarah becomes
ignorant about ψ does conflict with her desires to believe.

• Sarah’s hypothetical belief in ψ does not conflict with her desires, denoted
coherent(ψ ∈ Bs,∆s), if and only if the following set of conditions hold for her
mental state structure. If Sarah’s belief in ψ is a partial cognitive precondition
to believe φ, i.e. ψ ∈ Bs / φ ∈ Bs, then she should not desire to be ignorant
about φ. Analogously, if Sarah’s belief in ψ is a partial cognitive precondition
to be ignorant about φ, i.e. ψ ∈ Bs / φ < Bs, then she should not desire to
believe φ. The set coherent(ψ ∈ Bs,∆s) is a conjunction of the propositions that
should not be present in her desires if Sarah’s belief in ψ is to be coherent with
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her mental state structure. Thus, if holdsMs |= coherent(ψ ∈ Bs,∆s), then Sarah
can decide to believe ψ without going against her desires.

coherent(ψ ∈ Bs,∆s) =
{(φ < DsB̃s) ∈ L′MS | ψ ∈ Bs / φ ∈ Bs} ∪

{(φ < DsBs) ∈ L′MS | ψ ∈ Bs / φ < Bs}
(6.15)

• A similar condition states that Sarah’s hypothetical ignorance about ψ does not
conflict with her desires, denoted coherent(ψ < Bs,∆s), if and only if the following
set of conditions hold for her mental state structure. If Sarah’s ignorance about
ψ is a partial cognitive precondition to believe φ, i.e. ψ < Bs / φ ∈ Bs, then she
may not desire to be ignorant about φ. Analogously, if Sarah’s ignorance about
ψ is a partial cognitive precondition to be ignorant about φ, i.e. ψ < Bs / φ < Bs,
then she should not desire to believeφ. Thus, if holdsMs |= coherent(ψ < Bs,∆s),
then Sarah can decide to be ignorant aboutψwithout going against her desires.

coherent(ψ < Bs,∆s) =
{(φ < DsB̃s) ∈ L′MS | ψ < Bs / φ ∈ Bs} ∪

{(φ < DsBs) ∈ L′MS | ψ < Bs / φ < Bs}
(6.16)

The previous two conditions state that Sarah’s decisions to change her belief are
coherent with her desires. Next, we provide conditions in which John’s decision to
change his beliefs are coherent with Sarah’s desires.

• John’s decision to believe ψ does not conflict with Sarah’s desires, denoted
coherent(ψ ∈ BsB j,∆s), if and only if the following conditions hold. If, according
to Sarah, John’s belief in ψ is a partial cognitive precondition for him to believe
φ, i.e. ψ ∈ BsB j / φ ∈ BsB j, then Sarah should not desire that John believes
φ. Analogously, if, according to Sarah, John’s belief in ψ is a partial cognitive
precondition for him to be ignorant about φ, i.e. ψ ∈ BsB j / φ ∈ BsB̃ j, then Sarah
should not desire John to be ignorant about φ. Thus, if holdsMs |= coherent(ψ ∈
BsB j,∆s), then, according to Sarah, John can decide to believe ψ without going
against Sarah’s desires.

coherent(ψ ∈ BsB j,∆s) =
{(φ < DsB̃ j) ∈ L′MS | ψ ∈ BsB j / φ ∈ BsB j} ∪

{(φ < DsB j) ∈ L′MS | ψ ∈ BsB j / φ ∈ BsB̃ j}
(6.17)

• Analogous arguments state that John’s decision to be ignorant about ψ does
not conflict with Sarah’s desires if and only if the following conditions hold. If,
according to Sarah, John’s ignorance aboutψ is a partial cognitive precondition
for him to believe φ, i.e. ψ ∈ BsB̃ j / φ ∈ BsB j, then Sarah should not desire that
John is ignorant about φ. Analogously, if, according to Sarah, John’s ignorance
about ψ is a partial cognitive precondition for him to be ignorant about φ, i.e.
ψ ∈ BsB̃ j / φ ∈ BsB̃ j, then Sarah should not desire John to believe φ. Thus, if
holdsMs |= coherent(ψ < BsB j,∆s), then, according to Sarah, John can decide to
be ignorant about ψ without going against Sarah’s desires.

coherent(ψ ∈ BsB̃ j,∆s) =
{(φ < DsB̃ j) ∈ L′MS | ψ ∈ BsB̃ j / φ ∈ BsB j} ∪

{(φ < DsB j) ∈ L′MS | ψ ∈ BsB̃ j / φ ∈ BsB̃ j}
(6.18)
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6.5.4 Indirect coherent desires

In subsequent sections and chapters, our agents will motivate their decisions and
communication with their unbalanced mental state structures. We now define indi-
rect desires that are derived from Sarah’s direct desires based on her decision-making.
Informally, indirect desires are states of Sarah’s mental state structure in which, if
closed under decision-making, Sarah may be allowed to balance her mental state
structure. Additionally, indirect desires do not conflict with Sarah’s direct desires.

Sarah will be said to desire indirectly to believe a proposition if the decision
to believe the proposition balances her mental state structure, or the decision will
balance a mental state structure of another agent.

• The set ind(DsBs) is the set of propositions that Sarah indirectly desires to
believe. It equals her direct desires to believe, i.e. DsBs, combined with the set
of propositionsψ that are coherent with her desires, i.e. coherent(ψ ∈ Bs,∆s), and
that contains the following propositions. As usual, take s, j, a ∈ A with j , s
and either a = s or a = j.

– Proposition ψ is an element of ind(DsBs) if Sarah’s belief in ψ is a partial
cognitive precondition for her belief in φ, i.e. ψ ∈ Bs / φ ∈ Bs, and either
Sarah desires to believe φ herself, or she believes that John desires a to
believe φ, i.e. (φ ∈ DsBs) ∨ (φ ∈ BsD jBa).

– Proposition ψ is an element of ind(DsBs) if ψ ∈ Bs is a partial cognitive
precondition for Sarah to be ignorant about φ, i.e. ψ ∈ Bs / φ < Bs, and
either Sarah desires to be ignorant aboutφ, or she believes that John desires
a to be ignorant about φ, i.e. (φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a).

– Proposition ψ is an element of ind(DsBs) if Sarah’s ignorance about ψ
is a partial cognitive precondition for her to be ignorant about φ, i.e.
ψ < Bs /φ < Bs, and either Sarah desires to believeφ herself, or she believes
that John desires a to believeφ, i.e. (φ ∈ DsBs)∨(φ ∈ BsD jBa). By deciding to
believe ψ, Sarah’s ignorance about φmay become un-entrenched, making
it possible to balance her mental state structure.

– Proposition ψ is an element of ind(DsBs) if ψ < Bs is a partial cognitive
precondition for ψ ∈ Bs, i.e. ψ < Bs / φ ∈ Bs, and either Sarah desires to be
ignorant about φ, or she believes that John desires a to be ignorant about
φ, i.e. (φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a). By deciding to believe ψ, Sarah’s belief
in φmay become un-entrenched, making it possible to balance her mental
state structure.
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Formally, we have:

ind(DsBs) = DsBs ∪
{
ψ |Ms,∆s |= coherent(ψ ∈ Bs,∆s) ∧((

(ψ ∈ Bs / φ ∈ Bs) ∧ ((φ ∈ DsBs) ∨ (φ ∈ BsD jBa))
)

∨

(
(ψ ∈ Bs / φ < Bs) ∧ ((φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a))

)
∨

(
(ψ < Bs / φ < Bs) ∧ ((φ ∈ DsBs) ∨ (φ ∈ BsD jBa))

)
∨

(
(ψ < Bs / φ ∈ Bs) ∧ ((φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a))

))}
• The set ind(DsB̃s) is the set of propositions that Sarah indirectly desires to be

ignorant about. It equals her direct desires to be ignorant about, i.e. DsB̃s,
combined with the set of propositions ψ that are coherent with her desires,
coherent(ψ < Bs,∆s), and that contains the following propositions.

– Proposition ψ is an element of ind(DsB̃s) if Sarah’s ignorance about ψ is a
partial cognitive precondition for her belief in φ, i.e. ψ < Bs / φ ∈ Bs, and
either Sarah desires to believe φ herself, or she believes that John desires
a to believe φ, i.e. (φ ∈ DsBs) ∨ (φ ∈ BsD jBa).

– Proposition ψ is an element of ind(DsB̃s) if ψ < Bs is a partial cognitive
precondition for Sarah to be ignorant about φ, i.e. ψ < Bs / φ < Bs, and
either Sarah desires to be ignorant about φ herself, or she believes that
John desires a to be ignorant about φ, i.e. (φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a).

– Proposition ψ is an element of ind(DsB̃s) if ψ ∈ Bs is a partial cognitive
precondition for φ ∈ Bs, i.e. ψ ∈ Bs / φ ∈ Bs, and either Sarah desires
to believe φ herself, or she believes that John desires a to believe φ, i.e.
(φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a). By deciding to be ignorant about ψ, Sarah’s
belief in φ may become un-entrenched.

– Proposition ψ is an element of ind(DsB̃s) if ψ < Bs is a partial cognitive
precondition for ψ ∈ Bs, i.e. ψ ∈ Bs / φ < Bs, and either Sarah desires to be
ignorant about φ herself, or she believes that John desires a to be ignorant
about φ, i.e. (φ ∈ DsBs) ∨ (φ ∈ BsD jBa). By deciding to be ignorant about
ψ, Sarah’s ignorance about φ may become un-entrenched.

Formally, we have:

ind(DsB̃s) = DsB̃s ∪
{
ψ |Ms,∆s |= coherent(ψ < Bs,∆s) ∧((

(ψ < Bs / φ ∈ Bs) ∧ ((φ ∈ DsBs) ∨ (φ ∈ BsD jBa))
)

∨

(
(ψ < Bs / φ < Bs) ∧ ((φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a))

)
∨

(
(ψ ∈ Bs / φ ∈ Bs) ∧ ((φ ∈ DsB̃s) ∨ (φ ∈ BsD jB̃a))

)
∨

(
(ψ ∈ Bs / φ < Bs) ∧ ((φ ∈ DsBs) ∨ (φ ∈ BsD jBa))

))}
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In subsequent sections and chapters, we will abstract from our design decisions
how our agents can reach certain mental states. Instead of specifying which decisions
an agent has to make to reach a certain mental state, e.g. to decide to believe a
proposition, we will use indirect desires ind(DsBs) and ind(DsB̃s) in the preconditions
of decisions. The sets of indirect desires provide an abstraction over the precise
decisions and desires that are involved to guide our agent’s activities, such as deci-
sion-making and communication.

Analogous to Sarah’s indirect desires about her own beliefs and ignorance, she
will be said to have indirect desires regarding other agents. Indirect desires regarding
other agents should not contradict Sarah’s direct desires.

• The set ind(DsB j) is the set of propositions that Sarah indirectly desires John to
believe. It equals Sarah direct desires about John’s beliefs, i.e. DsB j, combined
with the set of propositionsψ that are coherent with Sarah’s desires about John’s
beliefs, coherent(ψ ∈ BsB j,∆s), and that contains the following properties.

– Proposition ψ is an element of ind(DsB j) if Sarah believes that John’s belief
in ψ is a partial cognitive precondition for her belief in φ, i.e.ψ ∈ BsB j /φ ∈
Bs, and Sarah has the indirect desire to believe φ, i.e. φ ∈ ind(DsBs).

– Proposition ψ is an element of ind(DsB j) if ψ ∈ BsB j is a partial cognitive
precondition for φ ∈ BsB j, i.e. ψ ∈ BsB j / φ ∈ BsB j, and Sarah desires John
to believe φ, i.e. φ ∈ DsB j.

– Proposition ψ is an element of ind(DsB j) if ψ ∈ BsB j is a partial cognitive
precondition for Sarah to be ignorant about φ, i.e. ψ ∈ BsB j / φ < Bs, and
Sarah indirectly desires to be ignorant about φ, i.e. φ ∈ ind(DsB̃s).

– Proposition ψ is an element of ind(DsB j) if ψ ∈ BsB j is a partial cognitive
precondition for ψ ∈ BsB̃ j, i.e. ψ ∈ BsB j / φ ∈ BsB̃ j, and Sarah desires John
to be ignorant about φ, i.e. φ ∈ DsB̃ j.

Formally, we have:

ind(DsB j) = DsB j ∪
{
ψ |Ms,∆s |= coherent(ψ ∈ BsB j,∆s) ∧((

(ψ ∈ BsB j / φ ∈ Bs) ∧ (φ ∈ ind(DsBs))
)

∨

(
(ψ ∈ BsB j / φ ∈ BsB j) ∧ (φ ∈ DsB j)

)
∨

(
(ψ ∈ BsB j / φ < Bs) ∧ (φ ∈ ind(DsB̃s))

)
∨

(
(ψ ∈ BsB j / φ ∈ BsB̃ j) ∧ (φ ∈ DsB̃ j)

))}
• The set ind(DsB̃ j) is the set of propositions that Sarah indirectly desires John to

be ignorant about. It equals Sarah direct desires about John’s ignorance, i.e.
DsB̃ j, combined with the set of propositions ψ that are coherent with Sarah’s
desires about John’s ignorance, coherent(ψ ∈ BsB̃ j,∆s), and that contains the
following properties.
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– Proposition ψ is an element of ind(DsB̃ j) if Sarah believes that John’s ig-
norance about ψ is a partial cognitive precondition for her belief in φ,
i.e. ψ ∈ BsB̃ j / φ ∈ Bs, and Sarah has the indirect desire to believe φ, i.e.
φ ∈ ind(DsBs).

– Proposition ψ is an element of ind(DsB̃ j) if ψ ∈ BsB̃ j is a partial cognitive
precondition for φ ∈ BsB j, i.e. ψ ∈ BsB̃ j / φ ∈ BsB j, and Sarah desires John
to believe φ, i.e. φ ∈ DsB j.

– Proposition ψ is an element of ind(DsB̃ j) if ψ ∈ BsB̃ j is a partial cognitive
precondition for Sarah to be ignorant about φ, i.e. ψ ∈ BsB̃ j / φ < Bs, and
Sarah indirectly desires to be ignorant about φ, i.e. φ ∈ ind(DsB̃s).

– Proposition ψ is an element of ind(DsB̃ j) if ψ ∈ BsB̃ j is a partial cognitive
precondition for φ ∈ BsB̃ j, i.e. ψ ∈ BsB̃ j / φ ∈ BsB̃ j, and Sarah desires John
to be ignorant about φ, i.e. φ ∈ DsB̃ j.

Formally, we have:

ind(DsB̃ j) = DsB̃ j ∪
{
ψ |Ms,∆s |= coherent(ψ ∈ BsB̃ j,∆s) ∧((

(ψ ∈ BsB̃ j / φ ∈ Bs) ∧ (φ ∈ ind(DsBs))
)

∨

(
(ψ ∈ BsB̃ j / φ ∈ BsB j) ∧ (φ ∈ DsB j)

)
∨

(
(ψ ∈ BsB̃ j / φ < Bs) ∧ (φ ∈ ind(DsB̃s))

)
∨

(
(ψ ∈ BsB̃ j / φ ∈ BsB̃ j) ∧ (φ ∈ DsB̃ j)

))}
6.5.5 Desiring to believe

As said, our agents will use desires as motivational aspects such that they will make
decisions with the intention to balance her mental state structure. Sarah’s decision
to conform to desired belief ψ is denoted d2a4(s, ψ,Bs).

Sarah will be justified to decide to believe ψ if the following preconditions hold.
First, the preconditions of the decision to conform to John’s beliefs, d2a3(s, ψ,Bs) from
equation (6.11), hold in her mental state structure. That is, the set of preconditions
pre(d2a3(s, ψ,Bs)) is a subset of pre(d2a4(s, ψ,Bs)). Second, Sarah will be justified to
decide to believe ψ if she indirectly desires to believe ψ. That is, condition ψ ∈
ind(DsBs) is an element of pre(d2a4(s, ψ,Bs)).

pre(d2a3(s, ψ,Bs)) ⊂ pre(d2a4(s, ψ,Bs))
(ψ ∈ ind(DsBs)) ∈ pre(d2a4(s, ψ,Bs))

(6.19)

Third, if Sarah believes that John believes that she is ignorant about ψ, i.e. ψ ∈
BsB jB̃s, then she believes that John does not desire her to be ignorant about ψ, i.e.
ψ ∈ BsD̃ jB̃s. That is to say, a property of the set of preconditions is that if precondition
ψ ∈ BsB jB̃s holds in Sarah mental state structure, then precondition ψ ∈ BsD̃ jB̃s holds
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also in her mental state structure. If this property holds, then Sarah is aware that
John does not use her ignorance to justify his beliefs or ignorance. See Section 7.3.2
for the reasons for asking approval for decisions to add and retract beliefs.

∀ j ∈ A \ s
(
(ψ ∈ BsB jB̃s) ∈ pre(d2a4(s, ψ,Bs)) ⇒

(ψ ∈ BsD̃ jB̃s) ∈ pre(d2a4(s, ψ,Bs))
)

(6.20)

6.5.6 Desiring to be ignorant

Sarah will be justified to decide to ignorant about ψ if the following precondi-
tions hold. First, the preconditions of the decision to conform to John’s ignorance,
pre(d2r3(s, ψ,Bs)) from equation (6.12), hold in her mental state structure. Second,
Sarah will be justified to decide to be ignorant about ψ if she indirectly desires to be
ignorant about ψ.

pre(d2r3(s, ψ,Bs)) ⊂ pre(d2r4(s, ψ,Bs))
(ψ ∈ ind(DsB̃s)) ∈ pre(d2r4(s, ψ,Bs))

(6.21)

Third, if Sarah believes that John believes that she believes ψ, i.e. ψ ∈ BsB jBs,
then she believes that John does not desire her to believe ψ, i.e. ψ ∈ BsD̃ jBs. Thus,
the set of preconditions has the property that if precondition ψ ∈ BsB jBs holds in
Sarah mental state structure, then precondition ψ ∈ BsD̃ jBs holds also in her mental
state structure. Informally, in addition to the other preconditions, Sarah is justified
to retract her belief in ψ if she is not aware that another agent, say John, has used her
ignorance to justify his beliefs or ignorance.

∀ j ∈ A \ s
(
(ψ ∈ BsB jBs) ∈ pre(d2a4(s, ψ, B̃s)) ⇒

(ψ ∈ BsD̃ jBs) ∈ pre(d2a4(s, ψ, B̃s))
)

(6.22)

6.6 Concluding Remarks

In this chapter, we presented decision games that provide the meaning of decisions
to add beliefs and decisions to retract beliefs. These decision games consist of de-
cision rules that reflect conventional rules that are taken to be agreed upon by the
community of agents. Our agents have not themselves agreed upon the criteria to
make decisions correctly, but we assume that the experts who the agents represent
have agreed on the criteria of the decisions. Because agents represent a domain of
knowledge or a medical expert, and the meaning of believing and being ignorant,
i.e. the use of the decision to believe and to be ignorant, have been agreed upon by
the experts, the agents are not allowed to alter the meaning of decisions. It is the
responsibility of the expert that the agents are equipped with adequate knowledge
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that either reflects their personal knowledge or that reflects conventional knowledge.
Agents are thus not allowed to create knowledge.

Our agents can decide to believe and decide to be ignorant about propositions
based on inference rules that the agents know. That is, agents use decision d2a1
(eq. (6.5)) and decision d2r1 (eq. (6.6)) in combination with their private knowledge
of inference rules to change their mental states. Second, our agents may decide to
believe and decide to be ignorant about propositions based on the meaning of the
propositions that the agent knows. That is, the agents use decision d2a2 (eqs. (6.7)
and (6.9)) and decision d2r2 (eqs. (6.8) and (6.10)) to change their beliefs, but also
their beliefs about other agents’ beliefs. Lastly, our agents may decide to believe and
decide to be ignorant about propositions based on conformism and desires. That
is, agents use decision d2a4 (eq. (6.19)) and decision d2r4 (eq. (6.21)) to ground their
own beliefs on their beliefs about other agents’ beliefs. In subsequent chapters, we
assume that our agents have these decisions with the semantics as defined at their
disposal. The decisions d2a3 and d2r3 to conform to other agent’s beliefs will not be
used directly; the preconditions of these decisions have been used in the decisions
d2a4 and d2r4. The set of decision rules∆ is the following set.

∆ = {(d2a1, pre(d2a1), post(d2a1)), (d2a2, pre(d2a2), post(d2a2)),
(d2a4, pre(d2a4), post(d2a4)), (d2r1, pre(d2r1), post(d2r1)),
(d2r2, pre(d2r2), post(d2r2)), (d2r4, pre(d2r4), post(d2r4))}

The decision rules from ∆ respect the coherence principles of the agent’s mental
state structure as provided in Section 5.2. That is to say, if the agent’s mental state
structure is coherent, application of the decision rules will retain a coherent mental
state structure.

In our multiagent system, agents should not become explicitly justified to believe
propositions that their responsible human experts should not also be justified to
believe. However, as has been said before, being justified to believe something does
not mean that it will be believed. The software agents will assist physicians in their
judgements: either a doctor considers that a certain diagnosis, i.e. decision, can be
made conform to the conventions of the medical community, and the agent may
agree, or the agent may provide a diagnosis that the physician failed to consider.
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Chapter 7
Dialogue Games to Communicate
Beliefs and Desires

To allow our agents to communicate beliefs and desires, we will define speech
acts that enable them to exchange information about their mental states. The later
Wittgenstein described with his language games that the meaning of statements is
determined by a community’s agreement on the criteria for their correct use. We will
describe, in a similar fashion, that the meaning of speech acts is also determined by
a community’s agreement on the criteria for their correct use. We will call the sets
of rules that prescribe in which situations our agents are correct to use speech acts
dialogue games. These dialogue games define the meaning of speech acts. Stated
differently, information exchange between our agents about their mental states is the
result of moves in a dialogue game that our agents make and interpret as speech acts.

First, in Section 7.1 we provide a background to dialogue games in which we will
describe speech act theory, agent communication, and the relation with Wittgenstein’s
language games. In the subsequent five sections, we will define dialogue games
that allow our agents to communicate beliefs and desires. Section 7.2 provides
the meaning of speech acts in which agents ask others whether they may come to
believe propositions. The diametrically opposed speech act in which agents ask
others whether they may become ignorant about propositions will be described
in Section 7.3. Section 7.4 provides the meaning of speech acts that allow agents
to requests others to come to believe propositions, and in Section 7.5, we define
speech acts that allow agents to request others to be ignorant about propositions. In
Section 7.6, a dialogue game is provided in which agents inform others about their
beliefs and desires that have changed due to decision processes. A special section is
devoted to the situation in which an agent has run out of speech acts that may make
her justified to decide to believe and decide to retract propositions (Section 7.7). We
conclude in Section 7.8.
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7.1 A Background to Dialogue Games

Before we present how our agents can convey information to each other, we provide
a brief background to the dialogue games of subsequent sections. In order to com-
municate information, as we will discuss in Section 7.1.1, our agents’ utterances will
need to have certain properties as described by speech act theory. In Section 7.1.2,
we turn to agent communication issues, and relate these to an agent’s view of the
meaning of, in this chapter, speech acts. In Section 7.1.3, we introduce dialogue
games as sets of usage rules.

7.1.1 Communications in speech act theory

Philosophy of language provides the basis of communications in speech act theory
(Austin [Aus62]), which is founded on the idea that with the utterance of words
we can not only make statements (Searle [Sea69]), but also perform actions, and
even change our social world (Habermas [Hab84]). Three main aspects of a speech
act are identified: the locution refers to the lowest level of the speech act that only
exhibits syntactic properties that are transmitted. The illocutionary act refers to the
meaning, i.e. the use, of the speech act. The perlocutionary act refers to the changes
that the locution induces on its receiver. Different illocutions can have an equal
locution, making it troublesome for the receiver to interpret and reveal the illocution.
The perlocution may depend on the receiver, because the receiver may interpret
locutions differently.

Grice, in his article Meaning in 1957, drew a distinction between what he called
natural meaning, and what he called non-natural meaning [Gri57, Gri89, chap. 14]. In
general, natural meaning concerns some state of affairs, while non-natural meaning
of words is related to a speaker’s intentions in communicating something to a listener.
Examples of natural meaning might be “those spots mean measles” and “that drop
in barometric pressure means bad weather”. Not all bearers of natural meaning
are natural events or facts. In the example “high secretion levels of cortisol mean
depression”, the amount of secretion is used to describe behaviour of some brain
tissue, and the word “depression” is used to describe the social and physiological
behaviour of a person.

Grice offered the following analysis of a type of non-natural meaning called
speaker’s meaning or intentional meaning. The speaker Sarah means something
non-naturally by uttering a locution if, and only if, she intends the locution to pro-
duce some effect in the receiver John, by means of his recognition of her intention. In
Utterer’s meaning, sentence-meaning and word-meaning, Grice offers the following ac-
count of the meaning of a speech act according to the receiver of the act [Gri68, Gri89,
chap. 6]. Sarah’s utterance of a locution that she believes proposition ψ, means for
the receiver that she believes ψ if, and only if, according to the receiver John, Sarah
uttered a locution such:

1. that John should believe that Sarah believes ψ,
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2. that John should believe that Sarah intended 1, and

3. that 1 should be achieved by means of achieving 2.

A distinction can be made between the natural meaning of a locution, which we
may take to be an agent’s shared agreement on its general use, and what an agent
means by the locutions over and above their natural meaning. Grice describes the
latter with what he called conversational implicature [Gri75, Gri89, chap. 2]. He
explains conversational implicature with the cooperative principle, which calls on a
speaker to “Make your conversational contribution such as is required, at the stage
at which it occurs, by the accepted purpose or direction of the talk exchange in which
you are engaged.” [Gri75, Gri89, p. 26]. This cooperative principle is intended as a
description of a speaker’s normal behaviour in conversations—not as a prescriptive
command. From the cooperative principle, the maxims of conversation are derived.

• Maxim of quantity: information. Make your contribution as informative as is
required for the current purposes of the exchange, and do not make your
contribution more informative than is required.

• Maxim of quality: truth. Do not say what you believe to be false, and do not say
that for which you lack adequate evidence.

• Maxim of relation: relevance. Be relevant.

• Maxim of manner: clarity. Avoid obscurity of expression, avoid ambiguity, be
brief (avoid unnecessary prolixity), and be orderly.

The maxims of conversation should be understood as describing the assump-
tions listeners normally make about the way speakers will communicate. Rather
than moral prescriptions for how speakers ought to communicate, the maxims are
presumptions that listeners rely on to interpret locutions. Research into this extra
meaning of locutions over and above their conventional meaning is called the study
of implicature. By anticipating the presumed adherence to the maxims of conversa-
tion, a speaker exploits this presumed adherence such that the receiver can retrieve
the speaker’s intentions even by using speech acts in other ways than their com-
munity has agreed upon. If a locution seems to flout the maxims of conversation,
while nonetheless the receiver judges the speaker to obey the cooperative principle,
the receiver has to look for other interpretations such that the locution does obey
the maxims of conversation. Pragmatics is generally conceived as the study of un-
derstanding language and specifically as the study of how context influences the
interpretation of meaning. The study of implicature is included in pragmatics, but
not in the study of semantics.

Roughly, if a speaker Sarah thinks a listener John will interpret that she believesψ
through his recognition that she uses a certain locution with the intent to convey her
belief ψ, then, by uttering the locution, the speaker conversationally implicates that
she believes ψ (cf. Grice [Gri89, pp. 30–31]). For example, if Sarah says to John, “I am
out of petrol”, and John replies, “there is a garage round the corner”, then John may
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be taken to have conversationally implicated that the garage is open and has gas to
sell. “[T]he speaker implicates that which he must be assumed to believe in order to
preserve the assumption that he is observing the maxim of relation.” Grice [Gri89,
p. 32]. Conveying information from John to Sarah is possible under the assumption
that he did not flout the maxim of relation. It is only then that Sarah can interpret
and retrieve the information that (John believes that) the garage is open and has gas
to sell; otherwise John’s response would have been irrelevant.

7.1.2 Agent communication

Similar to their human counterparts, software agents will communicate with the
intent to transfer information to an intended receiver. As Weiss [Wei99, p. 361] ob-
serves, “Communications are a natural way in which the agents ... may interact with
one another other than through incidental interactions through the environment.”
The structures that agents use to transfer information are locutions; the structure that
identifies a locution with a certain content that originates from an uttering agent and
is directed to an intended receiver, we call a communicative act.

The multiagent system community has been concentrating for some years on
building standard interaction frameworks. Two examples of agent communication
languages that both rely on speech act semantics are the Knowledge Query and
Manipulation Language (KQML, Finin et al. [FFMM94]) and the standards body
Foundation for Intelligent Physical Agents (FIPA) agent communication language
(FIPA-ACL, [FIP02]).

KQML is a language and protocol for exchanging information and knowledge. Pro-
grams use KQML to communicate attitudes about information, such as query-
ing, stating, believing, requiring and subscribing. It is both a message format
and a message-handling protocol that supports run-time knowledge sharing
among agents.

FIPA-ACL provides speech act semantics, expressed semi-formally using epistemic
modal logic. FIPA defined utterances in ACL in terms of the beliefs, desires and
intentions of the speaker. The ACL intends to enable agents using FIPA-ACL
to be certain that other agents will understand the meaning of utterances in the
same way as the speaker, cf. Labrou [Lab01].

In this mentalistic approach, a receiver should be able to verify that a speaker’s
criterion for making an utterance is equal to the receiver’s criterion for interpreting
the utterance. This ability to verify is questionable, and as a result, the mentalistic
approach has been criticised (Moulin [Mou97], Singh [Sin03, Sin98]). This critique is
based on what is called the semantic verification problem [Woo00]: an agent cannot
verify that other agents act according to held dialogues. This problem is analogous to
the verification problem for truths in Correspondence theory: because propositions’
truth-conditions are facts in reality, and agents may not have access to reality, agents
may have no method of knowing the truth (cf. Section 2.2.1). By definition, agents
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do not have access to the cognitive state of other agents, and only have indirect
access to these states through communication. If the truth-conditions whether Sarah
is correct to predicate that John believes a proposition are part of John’s cognitive
state, then Sarah has no method of knowing whether John believes the proposition.
That is to say, with the mentalistic approach a receiver can never verify the speaker’s
mentalistic criteria of an utterance.

The FIPA-ACL specification [FIP02] has been provided a formal semantics for
utterances expressed in BDI logic (Rao and Georgeff [RG98]). This specification
assumes that agents do have access to the truth-conditions for predicating whether
agents have, for example, beliefs and desires. With such mentalistic semantics, it has
been difficult to provide a basis for inter-operable agents between different platforms.
A related problem with agents from different platforms and the verification problem
is the sincerity assumption, which is considered too restrictive to be of use in, for
example, electronic business (see Dignum [Dig00]).

In the same line of thought of the dictum ‘meaning is use’ (Section 2.3.1), we take
it that the members of a community have agreed upon the criteria for the correct
use of communicative acts. If an agent regards herself entitled to know that she
uses a communicative act in accordance with the use that her community has agreed
upon, then the agent is justified to believe that she can use the communicative act
to transfer information to a receiver of the act. Our agents may not themselves have
agreed upon what the criteria of the communicative act, but we take it that the human
counterparts the agents represent have. The speaker is justified to believe that she
can transfer information because, according to the speaker, the intended receiver will
be aware of the shared use of the communicative act.

The dialogue rules that we will define in subsequent sections implement that an
agent regards herself entitled, according to her community, to know a conventional
rule that describes the situations in which she is explicitly justified to utter a certain
communicative act. Similar to a decision rule, as described in Section 6.1.2, a dialogue
rule provides a set of preconditions and a set of post-conditions. The criterion of the
conventional rule is the set of preconditions that define in which situations an agent
is explicitly justified to utter a communicative act. The post-conditions describe the
properties that hold after uttering the act. Thus, if the preconditions of a dialogue
rule have been met for an agent, then the agent may utter the communicative act
associated with that rule.

As said, the set of preconditions of a dialogue rule reflect the criterion of a con-
ventional rule. That is to say, an agent is entitled to know that the use of these
preconditions is shared, and that this use is common knowledge in her community.
The preconditions specify properties of an uttering agent’s mental state structure
that, according to the agent, her community has agreed upon to be the circumstances
in which a communicative act is used correctly. Stated differently, the preconditions
for the correct use of a locution provide the meaning of the locution, i.e. the illocution
of the speech act. The post-conditions of the dialogue rule provide the properties
that hold in the agent’s mental state structure after the utterance of the locution, i.e.
the perlocution of the speech act. If an agent regards herself entitled, according to
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her community, to know that the use of an illocution is shared, then she knows that
all agents in her community use the same criterion for that illocution. Thus, because
the speaker may assume that an illocution’s use is common knowledge, she may
derive that the properties that have to hold if she were to utter a communicative act
must hold for all speakers of that act. Thus, if an agent receives a locution that she
interprets to be a certain illocution, then she can derive properties of the speaker’s
mental states. These properties are described in the post-conditions of the commu-
nicative act. If Sarah utters a locution directed at John, John can deduce properties
of Sarah’s mental states that have held at the time she uttered the act. Because John
knows the situations in which he is justified to utter the locution, he knows that the
same preconditions have held for Sarah. Thus, agents can come to believe properties
of their communication partners by uttering and receiving communicative acts.

Agents may be justified to predicate to believe propositions, but fail to believe
them, simply because they have not had the opportunity to decide to believe the
propositions and change their belief state accordingly (see Section 2.3.1). A similar
argument holds for communicative acts. Agents may be explicitly justified to utter
communicative acts, but fail to utter them because other activities, such as decision-
making, have taken precedence. Stated differently, the dialogue rules do not provide
a strategy when to communicate, or what will be communicated, the dialogue rules
define in which situations agents are explicitly justified to communicate.

7.1.3 Dialogue games

In computer science, and especially in the development of multiagent systems, com-
munication between autonomous agent systems has been used to allow agents to
provide arguments (see Parsons et al. [PWA03] and Reed [Ree98]) to convince other
agents to perform actions to reach private and collective goals. The dialogue ty-
pology by Walton and Krabbe [WK95] identifies different categories of dialogues by
specifying the agent’s initial situations and goals.

1. Persuasion dialogues are dialogues in which a speaker seeks to convince a
listener to accept to believe a particular proposition. McBurney and Parsons
[MP01a] provide a dialectical argumentation framework for qualitative rep-
resentation of epistemic uncertainty in scientific domains. Prakken [Pra00]
provides a formal framework for argumentative dialogue systems with the
possibility of counterarguments. Dialogue games in Law have similar objec-
tives, for example, Prakken and Sartor [PS98, PS96] discuss disputes in which
participants have conflicting arguments.

2. Negotiation dialogues are dialogues in which participants seek to agree on how
to divide a resource (see McBurney et al. [MvEPA03] and Sadri et al. [STT01]).

3. Deliberation dialogues are dialogues in which participants make plans by dis-
cussing which actions to perform in which situations (see Hitchcock et al.
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[HMP01]) or deliberate which uncertain belief should be accepted (see McBur-
ney and Parsons [MP01b]). These dialogues result in collective intentions (see
Dignum et al. [DDKV01]) or group plans (see Dignum et al. [DDKV00]).

4. Information seeking dialogues are dialogues in which a speaker seeks to find
a truth value of a proposition by asking a listener who may have the answer
(see Hulstijn [Hul00] and Beun [Beu01]). Inquiries are information seeking
dialogues in which the participants co-operate to answer a question for which
the participants have no individual answer.

The dialogue games that we will define in subsequent sections will allow agents
to persuade others to add or retract beliefs. Agents will be persuaded to change
their mental states when the preconditions of decision rules have been met. Thus,
by providing other agents with information through communication, the following
dialogues contribute to the category of persuasion dialogues. Our dialogue games
allow our agents to seek for information. Specifically, our agents seek information
that may make them explicitly justified to make decisions that will balance their men-
tal state structure. The current work also contributed to the category of information
seeking dialogues.

We use unbalanced mental state structures to provide agents with motives to
communicate. If Sarah desires to believe a proposition ψ that she does not believe,
and, at the same time, her decision rules have not made her come to believe ψ,
then she is motivated to communicate with the intent to balance her mental state
structure. The agent’s deliberation cycle, as described in Section 5.3.4, defines when
agent may make decisions and engage in conversation. It is only if Sarah’s mental
state structure is closed under decision-making that she may utter communicative
acts. Consequently, if Sarah’s mental state structure is closed under decision-making,
and her mental state structure remains unbalanced, then her decision rules could not
balance her mental states.

Just as decision games are sets of rules that define when agents are justified to
make decisions (see Section 6.1.3), dialogue games are finite sets of dialogue rules that
define in which situations agents are justified to utter communicative acts. Unlike
the game of chess, a dialogue game does not define the goal of winning. In a dialogue
game, an agent’s goal is to balance her mental state structure. Just as in the game
of chess, participating agents in a dialogue game make moves and take turns. They
make moves with the aim to reach a state in which their mental state structures are
balanced.

The communication language that our agents use consists of communicative acts
which are structures with the following syntax: λ(s, j, ψ) where λ is a locution, s is
the name for the agent uttering the locution, j is the name of the intended receiver,
and ψ is the content of the locution. The communication language is defined as the
set of all possible communicative acts between agents in the multiagent system. In
subsequent sections, we will present five dialogue games in which each dialogue
game provides the semantics of the communicative acts.
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Definition 7.1 (communication language LC). Given a LB,F , a set of agent names A,
the communication languageLC consists of the following communicative acts. If s, j ∈ A,
s , j, and ψ ∈ LB,F , then:

1. Section 7.2 provides the dialogue game with questions for belief additions: qbai(s, j, ψ),
gqbai(s, j, ψ), dqbai(s, j, ψ) ∈ LC, with i = 1 or i = 2.

2. Section 7.3 provides the dialogue game with questions for belief retractions: qbri(s, j, ψ),
gqbri(s, j, ψ), dqbri(s, j, ψ) ∈ LC, with i = 1 or i = 2.

3. Section 7.4 provides the dialogue game with requests for belief additions: rba(s, j, ψ),
grbai(s, j, ψ), drbai(s, j, ψ) ∈ LC, with i = 1 or i = 2.

4. Section 7.5 provides the dialogue game with request for belief retractions: rbr(s, j, ψ),
grbri(s, j, ψ), drbri(s, j, ψ) ∈ LC, with i = 1 or i = 2.

5. Section 7.6 provides the dialogue game with inform statements about belief and desire
changes: is(s, j, ψ,ms) ∈ LC, with ms ∈MSNs.

Definition 7.2 (dialogue rule). Given the languages of mental state L′MS ⊆ LMS, and
the language of communication LC, a dialogue rule for a communicative act µ ∈ LC
is a structure (µ, pre(µ), post(µ)) with pre(µ) ∈ LMS the set of preconditions of µ, and
post(µ) ⊆ L′MS the set of post-conditions of µ.

7.1.4 The activity of communicating

Sarah is allowed to utter a communicative act λ(s, j, ψ) if the preconditions of λ(s, j, ψ)
hold her mental state structure, i.e. Ms |= pre(λ(s, j, ψ)). Directly after Sarah has
uttered µ, her mental state structure will have been updated with the post-conditions
of µ, i.e.M′

s |= post(λ(s, j, ψ)). We will not define the actual activity of updating an
agent’s mental state structure such that the post-conditions of a communicative act
will become to hold. We only provide the preconditions and post-conditions. The
mental state structure of a receiving agent John need not be updated directly. This
is because another agent Fred may also have directed a communicative act to John,
and John is still processing Fred’s communicative (cf. the agent’s deliberation cycle
in Section 5.3.4).

For the same reason that the activity of making a decision (Section 6.1.4) should to
change the agent’s mental state structure, the activity of uttering a communicative act
should change the agent’s mental state structure. If a speaker utters a communicative
act, then the act should be informative according to the speaker of the act. If an
utterance of a communicative act λ(s, j, ψ) does not change the speaker’s mental state
structure, then whether or not the speaker utters the act does not make a difference.1

1Under the assumption of an ideal communication channel and an ideal cognitive state that does not
’forget’ unintentionally, every uttered communicative act will arrive at the intended receiver. Conse-
quently, once a speaker has uttered a communicative act directed at some receiver, the second time the
speaker utters the same act directed at that receiver, the receiver cannot retrieve new information from that
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If the utterance of λ(s, j, ψ) has not made a difference from a speaker’s perspective,
then the act is not informative. To enforce that communicative acts are informative,
the negation of the speaker’s post-conditions of the acts are taken to be part of the
preconditions.

Assumption 7.1. For all dialogue rules, the negation of the speaker’s post-condition of a
communicative act is part of the precondition of the communicative act (cf. assumption 6.1).

Example 7.1 (dialogue rule). If set {(ψ ∈ BsB jBs), (ψ ∈ B jBs)} ⊆ LMS is the post-con-
dition of communicative act λ(s, j, ψ), then with assumption 7.1 we have ¬(ψ ∈ BsB jBs) ∈
pre(λ(s, j, ψ)). Note that¬(ψ ∈ B jBs) is not part of the precondition, this because it is not part
of the speaker’s post-condition. If we extend the preconditions of λ(s, j, ψ) exclusively with
(ψ ∈ Bs) ∈ LMS, then we have dialogue rule: (λ(s, j, ψ), (ψ ∈ Bs) ∧ ¬(ψ ∈ BsB jBs), {(ψ ∈
BsB jBs), (ψ ∈ B jBs)}). Directly after Sarah has uttered λ(s, j, ψ), her part of the post-condi-
tion holds in her mental state structure, i.e.Ms |= (ψ ∈ BsB jBs). Note thatMs |, λ(s, j, ψ).
Directly after John has processed λ(s, j, ψ), his part of the post-condition holds in his mental
state structure, i.e.M j |= (ψ ∈ B jBs).

7.2 Questions for a Belief Addition

We will present a dialogue game that provides the rules of usage for agents to pose
and answer questions whether they may decide to be believe propositions. This set
of dialogue rules is the dialogue game with questions for a belief addition. First, we
provide an intuitive reading of the game’s communicative acts (Section 7.2.1) and
an example dialogue (Section 7.2.2), after which we define the communicative act in
which agents ask whether they may decide to believe propositions (Section 7.2.3). A
receiving agent must interpret these communicative acts (Section 7.2.4), and update
her mental states accordingly, after which she may respond. An agent may respond
with a positive answer (Section 7.2.5) or with a negative answer (Section 7.2.6). The
effects of these communications are that a chain of justifications is created distributed
over the mental state structures of the dialogue participants (Section 7.2.7). This
section is partly based on published work by Lebbink et al. [LWM03a, LWM04c,
LWM04a, LWM04b].

7.2.1 Intuitive readings

With an utterance of a question for a belief addition, or qba for short, agents ask for
information that they may need for deciding to believe propositions. With a qba,
an agent communicates her desire to believe a certain proposition with the intent to
receive information such that she may become justified to believe the proposition. It is
with respect to the normative agreement of the speaker and receiver’s community on

act. If the assumption of an ideal communication channel would be waived, uttering a communicative
act more than once can make sense: a speaker would repeat her communication if she assumes that it did
not arrive at the intended receiver.
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the meaning of the predicate to believe a proposition, that the speaker asks permission
to believe a proposition. In this question, an agent does not ask for permission
from the intended receiver to believe a proposition, but asks for information that,
according to their community, provides a justification for believing the proposition.
A similar, but different utterance is when an agent asks for information whether she
may decide, according to the desires of the intended receiver, to believe a proposition.
An agent may need to check whether her decisions to believe propositions will agree
with other agents’ desires. On the surface, this latter question may seem equal to the
first. “May I believe the proposition that p?” or similarly, “Does p?” in which p reads
“this fifteen-amp fuse fits in our fuse box” asked by Sarah can be interpreted as that
she desires to believe that this is physically possible according to the manufacturing
specifications of the box and the fuse. A different question is whether the fifteen-amp
agrees with John’s desire to use an electric circular saw needing more current. To
distinguish between the two different illocutions, qba1 is the questions asked against
the background of the communities’ agreed upon meaning of the predicate to believe.
The illocution, in which an agent asks whether her belief agrees with the intended
receiver, is denoted by qba2. Agents can ask both questions, it will be up to the
receiver to interpret the question, and answer accordingly.

An agent may utter a locution that is intended to be a response to a qba. A receiver
may interpret this locution as the illocution of granting a question for a belief addition,
denoted gqba. In a gqba1, a speaker provides a receiver with a testimony that she
judges that a specific proposition may be believed according to the proposition’s
meaning. In a gqba2, a speaker provides a receiver with a testimony that the receiver
may believe a specific proposition according to the speaker’s desires. An agent may
also utter a locution that is interpreted as denying a question for a belief addition,
denoted dqba. The illocution of a dqba1 is uttered with the intent to convey that the
speaker has insufficient information whether the receiver may decide to believe the
proposition. The utterance does not connote that the receiver may, according to their
community, be ignorant about the proposition; this will be dealt with in Section 7.3
on questions for belief retraction. In a dqba2, the speaker intends to convey that the
receiver learns that a proposition does not agree with the speaker’s desires. If Sarah
asks whether she may believe that she can use a fifteen-amp fuse, i.e. a qba1, and
whether he agrees she will use a fifteen-amp fuse, i.e. a qba2, John could answer her
with “yes, you may believe that you could”, i.e. gqba1, “but I believe I need a bigger
one”, i.e. dqba2.

In short, the communicative acts have the following reading.

• qba1(s, j, ψ) reads “May I according to the use of ψ believe ψ?”

• qba2(s, j, ψ) reads “May I according to your desires believe ψ?”

• gqba1(s, j, ψ) reads “According to the use of ψ, you may believe ψ.”

• gqba2(s, j, ψ) reads “According to my desires, you may believe ψ.”

• dqba1(s, j, ψ) reads “I do not have justifications for you to believe ψ.”
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Figure 7.1: Dialogues about questions for belief addition (example 7.2).

• dqba2(s, j, ψ) reads “According to my desires, you may not believe ψ.”

Sarah is motivated to decide to believe ψ, as described in Section 6.5.1, if she
has an indirect desire to believe ψ and she is ignorant about ψ, that is, if she has an
unbalanced mental state structure, i.e.Ms |= (ψ ∈ ind(DsBs)), (ψ < Bs). If Sarah has
such an unbalanced mental state structure and the decision rules that enable her to
change her beliefs have not balanced it, then Sarah is motivated to utter questions
with the intention of getting answers in which she will be provided with information
such that she becomes explicitly justified to believe ψ. Thus, if Sarah’s mental state
structure has been closed under decision-making, she desires to believe ψ, and does
not believe ψ, then she is motivated to ask other agents whether she may come
to believe propositions such that her decision rules will balance her mental state
structure.

7.2.2 An example dialogue

We will present an example dialogue between Sarah, John and Fred, who consult
each other about a patient’s situation.

Example 7.2. Assume proposition ψ reads as “it is true that the patient is suffering from
disease X”, and φ reads as “it is true that the patient shows symptom Y” and Fred knows the
inference rule from example 5.1. See figure 7.1 for a depiction.
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1. Assume Sarah indirectly desires to believe ψ, i.e. ψ ∈ ind(DsBs), and she does not
believe ψ, i.e. ψ < Bs, then she has an unbalanced mental state structure regarding ψ.
Sarah asks Fred and John whether she may believe ψ.

2. • Assume John does not believe ψ. John answers negatively with “I do not have
information from which you would be allowed to predicate to believe that the
patient is suffering from X”.

• Assume that Fred knows an inference rule from which he can derive that if he
would believeφ, he would be entitled to believeψ, i.e. (φ ∈ B f )� (ψ ∈ B f ) ∈ K f .
Assume also that Fred does not believe φ, i.e. φ < B f . Thus, due to this inference
rule and his belief that Sarah desires to believe ψ, he has an indirect desire to
believe φ, i.e. φ ∈ ind(D f B f ). He asks both Sarah and John whether he may
believe φ.

3. • Assume Sarah does not believe φ, i.e. φ < Bs. Sarah answers negatively.
• Assume John believes φ, i.e. φ ∈ B j. John answers positively.

4. Fred decides to believe φ with decision d2a1 on the grounds of his belief that John
believes φ. Fred then decides to believe ψ with decision d2a1, based on his belief in φ.

5. Fred answers Sarah’s question regarding ψ positively.

6. Sarah decides to believe ψ with decision d2a1 grounded on Fred’s belief in ψ, and thus
balancing her mental state structure regarding her desire to believe ψ.

7.2.3 Posing questions for belief addition

If Sarah has an unbalanced mental state structure regarding some proposition ψ and
she is explicitly justified to believe ψ, then she is motivated to decide to believe ψ.
If Sarah’s mental state structure is closed under decision-making and she still has
an unbalanced mental state structure, then the preconditions to decide to believe ψ
have not been met in her mental state structure. That is to say, Sarah does not believe
that John believes ψ which would make her justified to believe ψ. If Sarah does not
believe that John believesψ, then she is justified to ask whether he believesψ. Thus, if
Sarah is motivated to decide to believe ψ, but the decision (d2a4 from equation (6.19))
to conform to John’s belief is not allowed because Sarah is ignorant whether John
believes ψ, then a qba1 may resolve Sarah’s ignorance about whether John believes ψ,
and possibly balance her mental state structure.

If Sarah indirectly desires to believeψ and she does not believeψ, i.e.ψ ∈ ind(DsBs)
and ψ < Bs, then she is motivated to utter a qba. An indirect desire (Section 6.5.4)
restricts the use of a qba to those situations in which the speaker’s belief in ψ balances
her mental state structure. The communicative acts qba1 and qba2 will be derived
from the meaning of this qba. The common precondition of all qba is that the speaker
has an unbalanced mental state structure.

(ψ ∈ ind(DsBs)), (ψ < Bs) ∈ pre(qba(s, j, ψ)) (7.1)
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In addition to the common precondition, Sarah is justified to pose a qba1 regarding
ψ, if she does not believe that John believes ψ, and she does not believe that John
is ignorant about ψ, i.e. ψ < BsB j and ψ < BsB̃ j. If these preconditions hold, Sarah
is justified to direct a qba1 to John. This part of the meaning is replaced by different
preconditions to provide alternative meanings, i.e. usage, of the communicative act
qba1. The preconditions of qba are a proper subset of the preconditions of qba1, i.e.
pre(qba(s, j, ψ)) ⊂ pre(qba1(s, j, ψ)).

pre(qba(s, j, ψ)) ⊂ pre(qba1(s, j, ψ))
(ψ < BsB j), (ψ < BsB̃ j) ∈ pre(qba1(s, j, ψ)) (7.2)

Sarah may pose a qba2 regardingψ if she does not believe that John does not desire
her to be ignorant about ψ, i.e. ψ < BsD̃ jB̃s. That is, according to Sarah, it is possible
that John desires her to be ignorant about ψ. If this is the case, she should ask him
whether her belief inψwould agree with his desires. However, Sarah need not check
with agents that according to her beliefs do not believe that she is ignorant about
ψ, that is, Sarah only has to check with those agents that according to her beliefs
believe that she is ignorant about ψ, i.e. ψ ∈ BsB jB̃s. Sarah has to check this, because,
as described in Section 6.5.5, the preconditions for Sarah to decide to believe ψ, i.e.
d2a(s, ψ,Bs), is that if Sarah believes that John believes that she is ignorant about ψ,
i.e. ψ ∈ BsB jB̃s, then she should believe that John does not desire her to be ignorant
about ψ, i.e. ψ ∈ BsD̃ jB̃s. As we will describe in Section 7.2.5 in equation 7.11, the
precondition ψ ∈ BsD̃ jB̃s will follow as a post-condition of communication. The
agents who believe that Sarah is ignorant aboutψ could have used their beliefs about
her ignorance to justify their decisions; Sarah only has to check with these agents
whether her adoption of a belief interferes with their desires.

pre(qba(s, j, ψ)) ⊂ pre(qba2(s, j, ψ))
(ψ ∈ BsB jB̃s), (ψ < BsD̃ jB̃s) ∈ pre(qba2(s, j, ψ)) (7.3)

Given the common preconditions to utter a qba from equation (7.1), the receiver
can derive properties of the speaker’s mental state structure. The receiver John may
derive that speaker Sarah desires to believe ψ, i.e. ψ ∈ B jDsBs, and that she does not
believe ψ, i.e. ψ ∈ B jB̃s, that is, John is aware that Sarah has an unbalanced mental
state structure regarding ψ. Additionally, John may become to believe that Sarah
believes that he believes that she is ignorant about ψ, i.e. ψ ∈ B jBsB jB̃s. As described
in Section 6.4.2,ψ ∈ B jBsB jB̃s is a precondition for John to decide to retract his belief in
ψ. If John interprets a received locution as a qba1, the following additional properties
of Sarah’s mental states may be derived. John may derive that Sarah does not believe
that he believes ψ, and that she believes that he does not believe ψ; that is, John may
believe that Sarah has no clue whether he believes ψ, i.e. ψ ∈ B jB̃sB j and ψ ∈ B jB̃sB̃ j.
If John interprets a locutions from Sarah as a qba2, then John is justified to believe that
she does not believe that he desires her to be ignorant about ψ. John’s mental state
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structure should change according to the following post-conditions.

(ψ ∈ B jB̃sB j), (ψ ∈ B jB̃sB̃ j), (ψ ∈ B jDsBs),
(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s)

∈ post(qba1(s, j, ψ)) (7.4)

(ψ ∈ B jB̃sD̃ jB̃s), (ψ ∈ B jDsBs),
(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s)

∈ post(qba2(s, j, ψ)) (7.5)

Because the meaning of the communicative acts is taken to be agreed upon by the
human experts that the agents represent, a speaker of a communicative act is justified
to believe what properties the listener will derive after receiving and interpreting the
communicative act. After uttering a qba(s, j, ψ), Sarah is justified to believe that
John believes that she desires to believe ψ, i.e. ψ ∈ BsB jDsBs. Additionally, after a
qba1(s, j, ψ), Sarah is justified to believe that John believes that she is ignorant about
ψ. Sarah’s mental state structure has changed according to the following post-con-
ditions.

(ψ ∈ BsB jB̃s), (ψ ∈ BsB jDsBs) ∈ post(qba1(s, j, ψ)) (7.6)
(ψ ∈ BsB jDsBs) ∈ post(qba2(s, j, ψ)) (7.7)

7.2.4 Interpreting communicative acts

As said, an agent is explicitly justified to utter a communicative act if she regards her-
self entitled, according to her community, to use the communicative act. Illocutions
have readings, which we use to provide intuitive meanings of communicative acts; in
contrast, the set of preconditions that reflect a community’s agreement on the correct
use of the illocutions provide the agents with the conventional meaning. It is the
agent’s awareness of the agreement on the correct use of illocutions that agents use to
justify their utterances. More important, because an agent regards herself entitled to
know that the use of a communicative act is shared in her community, she can use the
act to convey information. Because a speaker can assume her utterance to be recog-
nised by the receiver to be in accord with their community’s agreement, a speaker
is justified to believe that the receiver will interpret the speaker’s communicative
act as she has intended. This anticipated recognition makes the speaker justified to
believe that she conveys information to a receiver. For example, the qba1(s, j, ψ) with
reading “May I according to the use of ψ believe ψ?” reflects Sarah’s assumption that
John recognises that, in accord with their communities’ agreement on the use of the
illocution, she desires to believe ψ. Thus, according to Sarah’s view of the use of the
qba1(s, j, ψ), she has to desire to believe ψ; because she regards that the use is shared,
she is justified to believe that John can derive her desire to believe ψ. Additionally,
Sarah intends to convey that she is not justified, conform to the conventions of her
community, to believe ψ, and because she assumes John assumes she communicates
in compliance with the maxims of conversation, she thinks her utterance will be
interpreted (by John) to intend to be responded such that she may become justified
to believe ψ.
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Communicative acts can be interpreted to belong to different types, such as as-
sertives, commissives, directives, declaratives (see Searle [Sea79]). In a commissive,
a speaker commits herself to an action; in a directive, a speaker tries to get the hearer
to carry out a certain action. We like to distinguish our communicative acts sim-
ilarly. In a question, the speaker tries to make the receiver utter a speech act that
will provide the speaker with certain information. In an answer, an agent commits
herself to the information that she intends to convey. A useful interpretation of our
communicative acts is to form question-answer pairs. A communicative act is called
an answer in response to another communicative act, which is called a question, if
the answer conveys information that is requested in the question.2

Based on the agreed upon meaning of the two communicative acts, an agent may
interpret that an act is an answer in response to another act. Sarah may interpret
that her uttering λ1(s, j, ψ) is in response to λ2( j, s, φ) if, according to her view of the
use of the two locutions (i.e. provided by her dialogue rules) the preconditions of
λ1(s, j, ψ) are a subset of the post-conditions of the λ2( j, s, φ). According to Sarah,
John will also interpret that λ1(s, j, ψ) is an answer to λ2( j, s, φ); because the use of the
communicative acts is shared.

If an agent is to use a communicative act to exchange information with another
agent, she has to be entitled to know that the intended receiver of the communicative
act uses the same meaning (i.e. the agreed upon use) of the act. By definition of mean-
ing, an agent assumes that other agents of her community use the same preconditions
and post-conditions for communicative acts. In principle, a speaker in a dialogue
can know when the intended receiver would interpret the speaker’s communica-
tive act as an answer in response to some communicative act. A formal analysis of
agents who can become aware of question-answer pairs in their communication is
beyond the scope of this dissertation. In subsequent sections, communicative acts
are grouped by the speaker’s interpretation whether the acts are positive or negative
answers in response to some previous communicative act.

7.2.5 Positive answers to questions for belief addition

If Sarah has interpreted a received locution as an illocution qba1( j, s, ψ), and she has
updated her mental states according to the locution’s post-conditions, then she may
either answer negatively with a dqba1(s, j, ψ), which we will discuss in Section 7.2.6,
or positively with a gqba1(s, j, ψ), which we discuss here.

Sarah is aware that John has an unbalanced mental state structure if she believes
that John desires to believe ψ, and she believes that he is ignorant about ψ, i.e.
ψ ∈ BsD jB j and ψ ∈ BsB̃ j. A similar, but stronger expression is when Sarah believes
that John desires to believe ψ, and she does not believe that he believes ψ, i.e.
ψ ∈ BsD jB j and ψ < BsB j. With the coherence relation expressed in the contraposition
of equation (5.3), we haveMs |= ψ ∈ BsB̃ j ⇒Ms |= ψ < BsB j. Instead of requiring that
Sarah believes that John is ignorant about ψ, i.e. ψ ∈ BsB̃ j, Sarah has to be ignorant

2Whether a communicative act conveys information from a speaker to a receiver depends on the agent
who judges whether the requested information is exchanged.
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about whether John believes ψ, i.e. ψ < BsB j. In the latter situation, Sarah can balance
John’s mental state structure even if Sarah is not explicitly aware that John has an
unbalanced mental state structure.

The set of preconditions to utter a gqba1(s, j, ψ) is that Sarah is aware that John has
an unbalanced mental state structure regarding ψ, and she judges herself entitled to
predicate to believeψ (see eq. (7.8)). Sarah may utter a gqba2(s, j, ψ), if she is aware that
John has an unbalanced mental state structure regarding ψ, and she does not desire
that John is ignorant about ψ, i.e. ψ < ind(DsB̃ j).

(ψ ∈ Bs), (ψ ∈ BsD jB j), (ψ < BsB j) ∈ pre(gqba1(s, j, ψ)) (7.8)
(ψ < ind(DsB̃ j)), (ψ ∈ BsD jB j), (ψ < BsB j) ∈ pre(gqba2(s, j, ψ)) (7.9)

Given the preconditions to utter a gqba, a receiver may derive properties of the
speaker’s mental states. If a receiver John interprets a locution as a gqba1(s, j, ψ),
the perlocution is that he may deduce that Sarah is aware that he has an unbalanced
mental state structure regardingψ, i.e.ψ ∈ BsB jDsBs andψ ∈ B jB̃sB j. If John interprets
that a locution has been uttered with Sarah’s intent to be in response to an earlier
uttered qba1( j, s, ψ), i.e. interpreted as an gqba1(s, j, ψ), then John has already updated
his mental states to reflect that Sarah is aware of his unbalanced mental state structure
regarding ψ. More precisely, if John interprets a received locution as a gqba1(s, j, ψ),
then he may also believe that Sarah believes ψ, and he believes that she believes this,
i.e. ψ ∈ B jBs and ψ ∈ B jBsB jBs (eq. (7.10)). If John interprets a received locutions as
a gqba2(s, j, ψ), then he may believe that Sarah believes that he does not desire her to
be ignorant about ψ.

(ψ ∈ B jBs), (ψ ∈ B jBsB jBs), (ψ ∈ B jBsD jB j), (ψ ∈ B jB̃sB j) ∈ post(gqba1(s, j, ψ)) (7.10)
(ψ ∈ B jD̃sB̃ j), (ψ ∈ B jBsD jB j), (ψ ∈ B jB̃sB j) ∈ post(gqba2(s, j, ψ)) (7.11)

Based on the listener’s post-condition of a gqba1, the post-condition of the gqba1
is that the speaker Sarah is justified to believe that John believes that she believes ψ.
After uttering a gqba2, speaker Sarah is justified to believe that John believes that she
does not desire John to be ignorant about ψ.

(ψ ∈ BsB jBs) ∈ post(gqba1(s, j, ψ)) (7.12)
(ψ ∈ BsB jD̃sB̃ j) ∈ post(gqba2(s, j, ψ)) (7.13)

7.2.6 Negative answers to questions for belief addition

If Sarah has an unbalanced mental state structure regarding ψ, and her decision rules
cannot balance it by making her believeψ, then, as described in Section 7.2.3, she may
utter qbas with the intent to be answered such that she becomes explicitly justified to
believe ψ. If has Sarah run out of communicative acts that, if answered, may change
her mental state structure such that she becomes explicitly justified to believe ψ, then
she may answer John’s qba1( j, s, ψ) that she cannot provide him with justifications to
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believe ψ. Sarah has run out of communicative acts to become justified to be believe
ψ if her mental state structure enjoys the property finished(s, ψ ∈ Bs) as expressed
in equation (7.79) in Section 7.7. Thus, if John utters a qba1( j, s, ψ) and Sarah has
no untried communicative acts to come to believe ψ herself, then she may utter a
dqba1(s, j, ψ).

Sarah is justified to utter a dqba1(s, j, ψ) if she is aware that John has an unbalanced
mental state structure regardingψ and she does not believeψ. Additionally, Sarah has
run out of communicative acts to become explicitly justified to believe ψ; this holds
if pre(dqba1(s, j, ψ)) is closed under condition finished(s, ψ ∈ Bs). Sarah is justified to
utter a dqba2(s, j, ψ) if she is aware that John has an unbalanced mental state structure
regarding ψ, and she does have an indirect desire that John is ignorant about ψ.

(ψ < Bs), (ψ ∈ BsD jB j), (ψ < BsB j) ∈ pre(dqba1(s, j, ψ)) (7.14)
(ψ ∈ ind(DsB̃ j)), (ψ ∈ BsD jB j), (ψ < BsB j) ∈ pre(dqba2(s, j, ψ)) (7.15)

Listener John can derive properties of Sarah’s mental states from the preconditions
of a dqba1(s, j, ψ). John may believe that Sarah does not believe ψ and that he believes
that she believes this, i.e. ψ ∈ B jB̃s and ψ ∈ B jBsB jB̃s. Additionally, just as with the
post-conditions of positive answers (eqs. (7.10) and (7.11)), John may become aware
that Sarah is aware that John has an unbalanced mental state structure regarding ψ,
i.e. ψ ∈ BsB jDsBs and ψ ∈ B jB̃sB j. From a dqba2(s, j, ψ), listener John may derive that
Sarah desires him to be ignorant about ψ.

(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s), (ψ ∈ B jBsD jB j), (ψ ∈ B jB̃sB j) ∈ post(dqba1(s, j, ψ)) (7.16)
(ψ ∈ B jDsB̃ j), (ψ ∈ B jBsD jB j), (ψ ∈ B jB̃sB j) ∈ post(dqba2(s, j, ψ)) (7.17)

Speaker Sarah may derive properties of John’s mental state structure. The post-
condition of a dqba1 is that Sarah believes that John believes that she is ignorant
about ψ, i.e. ψ ∈ BsB jB̃s. The post-condition of a dqba2 is that Sarah believes that John
believes that she desires him to be ignorant about ψ, i.e. ψ ∈ BsB jDsB̃ j.

(ψ ∈ BsB jB̃s) ∈ post(dqba1(s, j, ψ)) (7.18)
(ψ ∈ BsB jDsB̃ j) ∈ post(dqba2(s, j, ψ)) (7.19)

7.2.7 Distributed chains of justifications

Sarah is explicitly justified to believe a proposition if, first, she regards herself entitled
to know what a criterion is to predicate to believe the proposition, and second, this
criterion has been met in her mental state structure (Section 2.3.1). We next discuss
the situations in which Sarah’s beliefs are entrenched in her mental state structure.
Similar to the entrenchment of Sarah’s belief is the entrenchment of Sarah’s ignorance;
without loss of generality, we will only discuss the situation in which Sarah’s belief
is entrenched. Sarah’s belief in φ or her ignorance about φ can be a reason that she is
explicitly justified to believe ψ, i.e. φ ∈ Bs/ψ ∈ Bs or φ < Bs/ψ ∈ Bs. If we were to ask
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Sarah why she believes ψ, she could answer that she believes φ or is ignorant about
φ respectively. Intuitively, these answers provide a chain of justification.

If Sarah’s belief in φ1 is a criterion for her to believe φ2, and her belief in φ2 is
a criterion for her to believe φ3, then her belief in φ1 provides her with an explicit
justification to believe φ2, and her belief in φ2 provides her with an explicit justifi-
cation to believe φ3. The criteria create a chain of justification linking Sarah’s belief
in φ3 with her belief in φ1. Stated differently, the meaning of believing φ2 and φ3
describe a chain of justification from belief in φ1, through her belief in φ2, to her
belief in φ3. Sarah’s belief in φ1 provides her with an indirect, explicit justification
to believe φ3. If we were to ask Sarah why she believes φ3, then she could answer
that she believes φ2. If we are somehow not satisfied with her response, Sarah could
also answer that she believes φ1, because her belief in φ1 indirectly justifies her belief
in φ3. Sarah’s justification to believe φ1 propagates to her justification to believe φ2,
which propagates in her mental state structure to her justification to believe φ3.

Another situation in which Sarah’s belief in ψ is entrenched in her mental state
structure is when her belief in ψ is justified by her belief that John believes φ1, i.e.
φ1 ∈ BsB j/ψ ∈ Bs, or her belief inψ is justified by her belief that John is ignorant about
φ, i.e.φ1 ∈ BsB̃ j/ψ ∈ Bs. If we were to ask Sarah why she believesψ, she could answer
that she believes that John believes φ1, or that she believes that John is ignorant about
φ1, respectively. On his turn, John may justify his belief in φ1 with his belief in a
particular φ2. In general, John’s justification to believe φ1 is inaccessible to Sarah.
Consequently, Sarah can only answer the question why she believes ψ by referring
to her belief that John believes φ1. If we are not satisfied with Sarah’s answer, Sarah
can respond that her part of the chain of justifications stops here, and for further
justification, we should ask John. This chain of justifications is distributed over the
mental state structures of Sarah and John.

With the reading of the word ‘correctly’ under Correspondence theory of truth
(Section 2.2.1), if Sarah has justified her belief in ψ with her belief that John believes
φ, then her belief in ψ is correctly justified if John in fact justified to believe φ. Thus,
if Sarah believes that John believes φ, while John does not believe φ, then Sarah can
be said to be falsely justified to believe ψ. However, under a Wittgensteinian account
of truth, if Sarah’s belief that John believes ψ is not accompanied by John’s belief
in φ, she is still explicitly justified to believe ψ. This because it is the criterion that
she does believe that John believes φ that defines when she is correct—according
to her community—to believe ψ. Whether Sarah’s belief that John believes φ is
accompanied by John’s belief in φ is a different matter. Thus, under an account of
truth, according to Correspondence theory, a chain of justifications can span different
mental state structures, while under a Wittgensteinian account of truth, a chain of
justifications stops at the boundaries of a mental state structure. The truth is thus
confined to an agent’s cognitive state. This observation tallies with Wittgenstein’s
observation in On Certainty “To be sure there is justification; but justification comes
to an end.” [Wit72, #192] and “Knowledge is in the end based on acknowledgement.”
[Wit72, #378]. Wittgenstein’s account of truth allows our agents correctly to predicate
to know and to believe propositions based on their bounded cognitive states, while from
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John’sM Fred’sM Sarah’sM

φ ∈ B j -φ ∈ B f B j - φ ∈ B f

φ ∈ B f
- ψ ∈ B f ψ ∈ BsB f ψ ∈ Bs- -

Figure 7.2: A distributed chain of justification.

the agent’s perspective, a chain of justifications appears to span over mental state
structures of other agents.

The communicative acts qba1, gqba1 and dqba1, just as any other communicative
act that we will introduce in the following sections, will provide agents with explicit
justifications to have beliefs about other agents’ beliefs, desires, lacks of belief, and
lacks of desire. The rules of the dialogue games provide Sarah with conditions
in which situations she may come to believe properties of other agents. If Sarah
interprets John’s utterance as being a certain illocution, she is consequently explicitly
justified to have beliefs about John’s mental states. The beliefs of our agents will have
a chain of justifications that ends in the beliefs that the agent has about the beliefs of
the expert she represents, or in the belief about another agent’s beliefs. If we were
to ask Sarah why she believes a proposition, her answer would ultimately consist
of beliefs about other agents in the multiagent system, or beliefs that are derived
from the agent’s knowledge base. If we were to follow the chain of justifications that
makes Sarah explicitly justified to believe a certain proposition, a question would
be whether such chains end in the agents’ knowledge bases. Stated differently, the
question would be whether the beliefs of agents are grounded in knowledge that the
human experts have provided them. The answer depends on the agents’ knowledge,
that is, their inference rules and epistemology, this because this knowledge may
construct cycles in chains of justifications. It is conceivable that Sarah’s belief in ψ
has a chain of justifications that ends in her belief that John believes φ, and John’s
belief in φ has a chain of justifications that ends in his belief that Sarah believes
ψ. Because an agent’s justification is, in general, inaccessible to other agents, Sarah
and John may not be aware of the cycle in their chains of justifications. We will not
elaborate on the implications of cyclic chains and leave unanswered whether such
cycles are inimical to entrust agents with beliefs.

For example, the dialogue in example 7.2, figure 7.1, creates a distributed chain
of justification as depicted in figure 7.2. Under the assumption that John’s belief
in φ originates directly from an expert he represents, and who provides John with
justification to believe φ, Fred’s belief that John believes φ provides Fred with an
explicit justification to believe φ. Fred justifies his belief in ψ on his belief in φ. Thus,
John’s justification to believe φ propagates to Fred’s justification to believe φ and
ψ. Sarah’s belief that Fred believes ψ provides Sarah with an explicit justification to
believe ψ. Thus John’s justification to believe ψ propagates through John’s believe in
ψ to Sarah’s belief in ψ. The chain of justification is distributed over John’s, Fred’s
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and Sarah’s cognitive states.

7.3 Questions for a Belief Retraction

This section will deal with a dialogue game that provides the rules of usage for agents
to pose and answer questions whether they may decide to retract beliefs. This section
is partly based on published work by Lebbink et al. [LWM05].

7.3.1 Intuitive readings

With the utterance of a question for a belief retraction, or qbr for short, agents ask
for information which they may need to decide to be ignorant about propositions.
Similar to a qba (Section 7.2), with a qbr, agents seek information such that they
will be justified to perform the activity of deciding to retract a belief. With a qbr1,
an agent asks whether she is entitled, according to her community, to decide to be
ignorant about a proposition. With a qbr2, an agent asks whether the desires of the
intended receiver tally with her desires to be ignorant about a proposition. An agent
may utter a locution that a receiver may interpret as the illocution of granting a
question for belief retraction, denoted gqbr. With a gqbr1, the speaker provides the
receiver with her testimony that she judges that a specific proposition, according
to their community, need not be believed. With a gqbr2, the speaker acknowledges
that according to her desires the receiver may be ignorant about a proposition. An
agent may also utter a locution that is interpreted as denying a question for a belief
retraction, dqba for short. The dqbr1 is the illocution with the connotation that the
speaker has insufficient information whether the receiver may decide to be ignorant
about the proposition. The utterance does not connote that the receiver may believe,
according to their community, the proposition. (This can be achieved with a qba1 as
described in Section 7.2.) The dqbr2 conveys that the speaker does not grant an agent’s
belief retraction because the speaker desires the agent to believe the proposition.

In short, the communicative acts have the following reading.

• qbr1(s, j, ψ) reads “May I according to the use of ψ be ignorant about ψ?”

• qbr2(s, j, ψ) reads “May I according to your desires be ignorant about ψ?”

• gqbr1(s, j, ψ) reads “According to the use of ψ, you may be ignorant about ψ.”

• gqbr2(s, j, ψ) reads “According to my desires, you may be ignorant about ψ.”

• dqbr1(s, j, ψ) reads “I do not have justifications for you to be ignorant about ψ.”

• dqbr2(s, j, ψ) reads “According to my desires, you may not be ignorant aboutψ.”

Sarah is motivated to decide to be ignorant about a proposition ψ, as described in
Section 6.5.1, if she has an indirect desire not to believe ψ and she believes ψ, that is,
if she has an unbalanced mental state structure, i.e.Ms |= (ψ ∈ ind(DsB̃s)), (ψ ∈ Bs). If
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Sarah’sM John’sM Sarah’sM

ψ1 ∈ Bs ψ1 ∈ B jBs ψ2 ∈ B j ψ2 ∈ BsB j ψ3 ∈ Bs- -- -

Figure 7.3: Sarah’s belief in ψ3 is indirectly justified on her belief in ψ1.

Sarah has such an unbalanced state, and the decisions that can change her beliefs have
not balanced her mental state structure, then Sarah is motivated to utter questions
with the intent of providing her with information such that the decisions that will
balance her mental states will become justified. If Sarah’s mental state structure is
closed under decision-making, and she desires to be ignorant about ψ, and she does
believeψ, then she is motivated to ask other agents whether she may become ignorant
about propositions such that her decision rules will balance her mental states. This
she can achieve with a qbr1.

7.3.2 Reasons for asking approval

One might wonder why agents should ask approval from other agents to retract
their beliefs even if they are, according to their community, entitled to be ignorant
about propositions. A reason for co-operative agents would be that their beliefs and
ignorance have to be co-ordinated in order to achieve collaborative plans. For selfish
agents, dialogues in which agents ask approval for belief retraction have the following
use. If Sarah believes that John believes that she believes ψ1, i.e. ψ1 ∈ BsB jBs, and
Sarah were to decide to be ignorant about ψ1, then she may render John’s beliefs, as
seen from her perspective, unjustified.3 This is because John may have used Sarah’s
belief in ψ1 to ground his own belief in ψ2. See figure 7.3 for a depiction of the
following chain of justification. If Sarah has grounded her belief in ψ3 on John’s
belief in ψ2, she may render her own belief in ψ3 unjustified if she does not consult
John about her intended decision to retract her belief in ψ1. Because Sarah is not
aware of the chain of justification linking her belief in ψ1 to her belief in ψ3, she has
a selfish reason to ask John whether he agrees with her intended decision to retract
her belief in ψ1. Coordination of this decision she can achieve with a qbr2.

7.3.3 An example dialogue

Example 7.3. Assume proposition ψ reads as “it is true that the patient is suffering from
disease X”, and φ reads as “it is true that the patient shows symptom Y” and Fred knows the

3From Sarah’s perspective, John’s beliefs may be unjustified; however, from John’s perspective, as
described in Section 7.2.7, he may regard himself justified to have his beliefs. Stated differently, the
distributed chain of justification, as seen from Sarah’s perspective, may not exist, while John is not aware
that the chain does not exist.
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Figure 7.4: Dialogues about belief retraction with a sub dialogue (example 7.3).

inference rule from example 5.1. Additionally, assume that in previous conversation Sarah
told John and Fred that she believes ψ. However, new lab results indicate that this diagnosis
should be refuted. Because Sarah believes that John and Fred believe that she believes ψ, she
first has to retract her previous diagnosis before she can make a new one. However, before she
can retract the previous diagnosis, she asks John and Fred whether she can. See figure 7.4 for
a depiction.

1. Assume Sarah indirectly desires to be ignorant about ψ, i.e. ψ ∈ ind(DsB̃s), and she
believes ψ, i.e. ψ ∈ Bs, then Sarah has an unbalanced mental state structure regarding
ψ. Sarah asks Fred and John whether she may retract her belief in ψ. Sarah asks Fred
and John whether she is correct, according to their use of the predicate to believe, to
retract belief in ψ, i.e. Sarah utters a qbr1(s, j, ψ) and a qbr1(s, f , ψ). Additionally,
assume Sarah is believes that John and Fred believe she believe ψ, i.e. ψ ∈ BsB jBs and
ψ ∈ BsB f Bs, the John and Fred may have used her belief in ψ to ground their own
beliefs, she checks with them, i.e. Sarah utters a qbr2(s, j, ψ), and a qbr2(s, f , ψ).

2. • Assume John does not believe ψ, i.e. ψ < B j, John utters gqbr1( j, s, ψ). Assume
John’s desires do not disagree with Sarah’s proposed retraction, i.e.ψ < ind(D jBs).
John utters gqbr2( j, s, ψ).

• Assume Fred’s desires do not disagree with Sarah’s proposed retraction, i.e. ψ <
ind(D f Bs). Fred utters gqbr2( f , s, ψ).

• Assume Fred believes ψ, i.e. ψ ∈ B f , and knows inference rule (φ ∈ B f )� (ψ ∈
B f ) ∈ K f , then the presence of his belief in ψ is cognitively entrenched in his
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belief in φ, i.e.M f ,∆ |= ψ ∈∈ B f . Consequently, Fred cannot agree that Sarah
retracts her belief in ψ. Additionally, assume Fred believes that both John and
Sarah believe that he believes φ, i.e. φ ∈ B f B jB f and φ ∈ B f BsB f ). Fred asks
Sarah and John whether he may retract his belief in φ: Fred utters a qbr1,2( f , sφ)
and a qbr1,2( j, sφ).

3. Assume both Sarah and John do not believe φ, i.e. and φ 3 nBs and φ < B j. Addi-
tionally, Assume both Sarah’s and John’s desires do not disagree with Fred’s proposed
retraction. Both Sarah and John respond that Fred may retract his belief in φ.

4. Fred retracts his belief in φ with decision d2r4. As a consequence, his belief in ψ is not
entrenched anymore, and he retracts ψ with decision d2r4.

5. Fred responds to Sarah that she may retract her belief in ψ: he utters a gqbr1(ψ) to her.

6. Sarah may retract her belief in ψ with decision d2r4.

7.3.4 Posing questions for belief retraction

If Sarah has an unbalanced mental state structure regarding ψ and deciding to be
ignorant about ψ will balance her mental state structure, then she is motivated
to ask John whether she may be ignorant about ψ. John’s answer could make
Sarah explicitly justified to decide to retract her belief in ψ (with decision rule from
equation (6.21)), and balance her mental state structure.

Sarah is justified to utter a qbr(s, j, ψ) if she has an unbalanced mental state struc-
ture regarding ψ, that is, she indirectly desires to be ignorant about ψ which she
believes, i.e. ψ ∈ ind(DsB̃s) and ψ ∈ Bs.

(ψ ∈ ind(DsB̃s)), (ψ ∈ Bs) ∈ pre(qbr(s, j, ψ)) (7.20)

Additionally, for a qbr1, equal to the preconditions of a qba1 (eq. (7.2)), Sarah
should not believe that John believes ψ and she does not believe that John is ignorant
about ψ, i.e. ψ < BsB j and ψ < BsB̃ j.

pre(qbr(s, j, ψ)) ⊂ pre(qbr1(s, j, ψ))
(ψ < BsB j), (ψ < BsB̃ j) ∈ pre(qbr1(s, j, ψ)) (7.21)

A different use of a qbr is to confer with agents whether they agree with the
proposed belief retraction. With a qbr2(s, j, ψ), Sarah asks John whether he agrees with
her proposed retraction to believe ψ. Sarah could ask all agents in the multiagent
system for approval to become ignorant about ψ; however, she only needs to address
a qbr2 to those agents she believes could have used her belief in ψ to justify their own
beliefs (cf. Section 6.4.1). If Sarah believes that John believes that she believes ψ, i.e.
ψ ∈ BsB jBs, and she does not believe that John does not desire her to believe ψ, i.e.
ψ < BsD̃ jBs, then she may ask whether she may retract her belief in ψ.

pre(qbr(s, j, ψ)) ⊂ pre(qbr2(s, j, ψ))
(ψ ∈ BsB jBs), (ψ < BsD̃ jBs) ∈ pre(qbr2(s, j, ψ)) (7.22)
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After receiving a locution and interpreting it to be a qbr1(s, j, ψ), the perlocution
for John may be to conclude that Sarah has an unbalanced mental state structure
regarding ψ, i.e. ψ ∈ B jDsB̃s and ψ ∈ B jBs. Additionally, John is justified to believe
that Sarah neither believes that he believes ψ nor that he is ignorant about ψ, i.e.
ψ ∈ B jB̃sB j and ψ ∈ B jB̃sB̃ j. After interpreting a locution to be a qbr2(s, j, ψ), in
addition to being aware of the unbalanced mental state structure, John is justified
to believe that Sarah is ignorant whether he does not desire her to believe ψ, i.e.
ψ ∈ B jB̃sD̃ jBs. John’s mental state structure should change according to the following
post-conditions.

(ψ ∈ B jB̃sB j), (ψ ∈ B jB̃sB̃ j), (ψ ∈ B jDsB̃s),
(ψ ∈ B jBs), (ψ ∈ B jBsB jBs)

∈ post(qbr1(s, j, ψ)) (7.23)

(ψ ∈ B jB̃sD̃ jBs), (ψ ∈ B jDsB̃s),
(ψ ∈ B jBs), (ψ ∈ B jBsB jBs)

∈ post(qbr2(s, j, ψ)) (7.24)

After uttering a qbr(s, j, ψ), Sarah is justified to believe that John believes that she
desires to be ignorant about ψ, i.e. ψ ∈ BsB jDsB̃s. Additionally, after a qbr2(s, j, ψ),
Sarah is justified to believe that John believes that she believes ψ. Sarah’s mental
state structure has changed according to the following post-conditions.

(ψ ∈ BsB jBs), (ψ ∈ BsB jDsB̃s) ∈ post(qbr1(s, j, ψ)) (7.25)
(ψ ∈ BsB jDsB̃s) ∈ post(qbr2(s, j, ψ)) (7.26)

7.3.5 Positive answers to questions for belief retraction

If Sarah has interpreted a locution as a qbr( j, s, ψ), and she has updated her mental
states accordingly, then she may either answer negatively with a dqbr(s, j, ψ), which
we will discuss in Section 7.3.6, or positively with a gqbr(s, j, ψ), which we discuss
now.

Sarah is justified to utter a gqbr1( j, s, ψ) if she does not believe ψ, and she is aware
that John has an unbalanced mental state structure regarding ψ. Sarah may utter a
gqbr2( j, s, ψ) if she believes that John desires to be ignorant about ψ, and she does not
desire that John believes ψ.

(ψ < Bs), (ψ ∈ BsD jB̃ j), (ψ < BsB̃ j) ∈ pre(gqbr1(s, j, ψ)) (7.27)
(ψ < ind(DsB j)), (ψ ∈ BsD jB̃ j), (ψ < BsB̃ j) ∈ pre(gqbr2(s, j, ψ)) (7.28)

After the utterance of a gqba1(s, j, ψ), John is justified to believe that Sarah does not
believe ψ, that he believes that she believes this, that Sarah believes that he desires
to be ignorant about ψ, and that he believes that Sarah is ignorant whether he is
ignorant about ψ. After the utterance of a gqba2(s, j, ψ), John is justified to believe
that Sarah does not desire him to believe ψ.

(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s), (ψ ∈ B jBsD jB̃ j), (ψ ∈ B jB̃sB̃ j) ∈ post(gqbr1(s, j, ψ)) (7.29)
(ψ ∈ B jD̃sB j), (ψ ∈ B jBsD jB̃ j), (ψ ∈ B jB̃sB̃ j) ∈ post(gqbr2(s, j, ψ)) (7.30)
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Similar post-conditions hold for the speaker. After uttering a gqbr1(s, j, ψ), Sarah is
justified to believe that John believes that he is ignorant about ψ. After a gqbr2(s, j, ψ),
Sarah is justified to believe that John believes that she does not desire him to believeψ.

(ψ ∈ BsB jB̃s) ∈ post(gqbr1(s, j, ψ)) (7.31)
(ψ ∈ BsB jD̃sB j) ∈ post(gqbr2(s, j, ψ)) (7.32)

7.3.6 Negative answers to questions for belief retraction

Similar to the negative answers to a qba1( j, s, ψ), a qbr1( j, s, ψ) can be answered neg-
atively if Sarah has run out of methods to become justified to be ignorant about ψ.
That is to say, Sarah has run out of communicative acts that may make her justified
to change her mental state structure to balance it.

Sarah is justified to utter a negative response to a qbr1( j, s, ψ) if the following
preconditions hold. Sarah is aware that John has an unbalanced mental state structure
regardingψ, i.e.ψ ∈ BsD jB̃ j andψ < BsB̃ j, Sarah believesψ and all her communicative
acts to become justified to predicate to be ignorant about ψ have not made her decide
to be ignorant about ψ. That is to say, all communicative acts that could make her
justified to retract her belief inψ have been tried. Sarah has run out of communicative
acts to become justified to be ignorant about ψ if her mental state structure enjoys the
property finished(s, ψ < Bs) as expressed in equation (7.79) in Section 7.7.

(ψ ∈ Bs), (ψ ∈ BsD jB̃ j), (ψ < BsB̃ j) ∈ pre(dqbr1(s, j, ψ)) (7.33)
(ψ ∈ ind(DsB j)), (ψ ∈ BsD jB̃ j), (ψ < BsB̃ j) ∈ pre(dqbr2(s, j, ψ)) (7.34)

Receiver John may derive properties of Sarah’s mental states from the precondi-
tions of a dqbr1(s, j, ψ). From a dqbr1(s, j, ψ), John is justified to believe that Sarah is
aware that he has an unbalanced mental state structure regardingψ, i.e.ψ ∈ B jBsD jB̃ j
and ψ ∈ B jB̃sB̃ j, and John is justified to believe that Sarah believes ψ. From a
dqbr2(s, j, ψ), John is justified to believe that Sarah desires him to believe ψ.

(ψ ∈ B jBs), (ψ ∈ B jBsB jBs), (ψ ∈ B jBsD jB̃ j), (ψ ∈ B jB̃sB̃ j) ∈ post(dqbr1(s, j, ψ)) (7.35)
(ψ ∈ B jDsB j), (ψ ∈ B jBsD jB̃ j), (ψ ∈ B jB̃sB̃ j) ∈ post(dqbr2(s, j, ψ)) (7.36)

In a similar fashion, Sarah can derive properties of John’s mental states. After
uttering a dqbr1(s, j, ψ), Sarah is justified to believe that John believes that she believes
ψ. After a dqbr2(s, j, ψ), Sarah is justified to believe that John believes that she desires
him to believe ψ.

(ψ ∈ BsB jBs) ∈ post(dqbr1(s, j, ψ)) (7.37)
(ψ ∈ BsB jDsB j) ∈ post(dqbr2(s, j, ψ)) (7.38)

7.3.7 Distributed belief revision

Next, we describe how distributed chains of justification are traversed by distributed
belief revision. If Sarah has a desire to be ignorant about ψ, i.e. ψ ∈ DsB̃s, and she
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Figure 7.5: A distributed chain of justification (equal to figure 7.2).

believes ψ, i.e. ψ ∈ Bs, while her mental state structure is closed under decision-ma-
king, then her belief in ψmust be entrenched in her cognitive state, i.e.Ms |= ψ∈∈ Bs.
Two reasons exist why her belief in ψ can be entrenched.

1. The chain of justification (cf. Section 7.2.7) for Sarah’s belief in ψ ends in her
belief in φ that is not part of her indirect desires to be ignorant about, i.e.
φ < ind(DsB̃s). Because of φ < ind(DsB̃s), the closure under decision-making
does not retract Sarah’s explicit justification to come to believe ψ again, that
is to say, her decisions cannot retract her belief in φ, and thus her belief in
ψ remains entrenched. Analogously, the chain of justification can also end in
Sarah’s ignorance about φ that is not part of her indirect desires to believe, i.e.
φ < ind(DsBs).

2. The chain of justification for Sarah’s belief in ψ ends in her belief that another
agent, say John, believes φ. Analogously, the chain of justification can also end
in her belief that John is ignorant about φ.

In the following example, we show that the distributed chain of justification in
figure 7.5, that is created by the example dialogue from Section 7.2.2, will be traversed
by the example dialogue from Section 7.3.3. Assume that the chain of justification
for Sarah’s belief in ψ ends in her belief that Fred believes ψ. The dialogue game
presented in this section allows Sarah to request Fred to retract ψ. Due to the
perlocution of the speech acts, Fred will become to believe that Sarah desires to be
ignorant about ψ. With this belief, he will consider whether he can retract his belief
in ψ. Either Fred’s belief in φ is not cognitively entrenched, in which case he will
retracts ψ with the appropriated decision game, and he will reports back to Sarah
that he no longer believes ψ. Alternatively, his belief in ψ is entrenched, in which
case he cannot retract his belief in ψ.

Assume that the chain of justification for Fred’s belief in ψ ends in his belief that
John believes φ. Fred requests John to retract φ. Consequently, John comes to believe
that Fred desires to be ignorant about φ. John considers whether he can retract his
belief inφ, which he can becauseφ is not entrenched in his cognitive state. He retracts
it and reports to Fred. Fred’s belief in ψ is now no longer entrenched. Fred retracts
φ and ψ, and he reports to Sarah. Because Sarah’s belief in ψ now also not longer
entrenched, she retracts it and balance her mental state structure.

In general, the dialogue game presented in this section provides communicative
acts that may provide the explicit justifications that may allow agents to retract or
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add beliefs by traversing the chain of justification backwards. The distributed chain
of justification of an agent’s belief is considered recursively for retraction by the
different agents that provide the distributed chain.

7.4 Requesting a Belief Addition

In this section, we will present a dialogue game that provides the rules of usage
for agents to request others to believe propositions. This section is partly based on
published work by Lebbink et al. [LWM03c, LWM03b].

The previous two sections provided the meaning of communicative acts that
enable agents to ask others for information such that they may adopt beliefs (Sec-
tions 7.2), and to ask others for information such that they may retract beliefs (Sec-
tion 7.3). In this section, we provide the semantics of communicative acts in which
agents request others to adopt beliefs.

7.4.1 Intuitive readings

The utterance of a request for a belief addition, or rba for short, will allow agents to
request other agents to decide to believe propositions. With a rba, an agent intends
to convey her desire that the intended receiver believes a certain proposition. Unlike
the illocutions of a qba1 and a qbr1, with a rba, speaker Sarah does not intend to
convey information whether she is justified or not to believe the proposition herself.
The receiver John has to acquire justification to believe the proposition via another
illocution, such as with a qba or a qbr. An agent may utter a locution that a receiver
may interpret as the illocution of granting a request for belief addition, denoted
grba. With a grba1, a speaker provides a receiver with a testimony that she had
judged herself justified to decide to believe the proposition she has been requested
to believe. With a grba2, speaker Sarah acknowledges to the intended receiver John
that she agrees with his desire that she is to believe a certain proposition. With a
drba1, a speaker provides a receiver with a testimony that she did not judge herself
justified to decide to believe the proposition. In a drba2, the speaker intends to
convey to the intended listener that she has an indirect desire that conflicts with the
listener’s desire that the speaker is to believe a proposition. John could request Sarah
to believe that dinner will be served in two hours, i.e. rba( j, s, ψ). Because of certain
circumstances in their restaurant, Sarah could respond that she agrees to believe that,
i.e. grba1(s, j, ψ). However, because their movie starts in two hours, she does not
agree to desire to believe it, i.e. drba2(s, j, ψ). In short, the communicative acts have
the following reading.

• rba(s, j, ψ) reads “will you please believe ψ?”

• grba1(s, j, ψ) reads “I believe ψ.”

• grba2(s, j, ψ) reads “I am willing to believe ψ.”
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Figure 7.6: Dialogues about requests for belief addition (example 7.4).

• drba1(s, j, ψ) reads “I do not believe ψ.”

• drba2(s, j, ψ) reads “I do not want to believe ψ.”

Sarah is motivated to utter an rba to John, if she has a mental state structure in
which she desires that John believes a proposition ψ, and she does not believe that
John believes ψ, i.e.Ms |= (ψ ∈ ind(DsB j)), (ψ < BsB j).

7.4.2 An example dialogue

Example 7.4. See figure 7.6 for a depiction. Consider the following interpretation (as in
example 7.2), ψ reads as “the patient is suffering from disease X”, and φ reads as “the patient
shows symptom Y”. Symptom Y is a sufficient criterion to determine disease X.

1. Assume Sarah desires that John believes ψ, i.e. ψ ∈ DsB j, and that she does not believe
that John believes ψ, i.e. ψ < BsB j. Sarah requests John to believe ψ.

2. Assume that John does not believe ψ, i.e. ψ < B j, and that a criterion for him to believe
ψ is that Fred believes φ, for example, John knows an inference rule (φ ∈ B jB f ) �
(ψ ∈ B j) ∈ K j. John requests Fred to believe φ.

3. Assume that Fred does not believe φ, i.e. φ < B f , and that he can comply with John’s
desire to believe φ: he decides to believe φ.

4. Fred grants John’s request to believe φ.
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Figure 7.7: Dialogues about requests for belief addition (example 7.5).

5. John may now decide to believe ψ.

6. John grants Sarah’s request to believe ψ.

Example 7.5. See figure 7.7 for a depiction. Consider the following interpretation (as in
example 7.2), ψ reads as “the patient is suffering from disease X”, and φ reads as “the patient
shows symptom Y”. Symptom Y is a sufficient criterion to determine disease X.

1. Assume Sarah desires that John believes ψ, i.e. ψ ∈ DsB j, and Sarah does not believe
that John believes ψ, i.e. ψ < Bs. Sarah requests John to believe ψ.

2. Assume that John does not believeψ, i.e.ψ < B j. John asks Fred whether he may believe
ψ.

3. Assume that Fred does believe ψ, i.e. ψ ∈ B f , he grants John’s question.

4. John decides to believe ψ.

5. John grants Sarah’s request to believe ψ.

7.4.3 Requesting a belief addition

Sarah is motivated to request John to believeψ if she indirectly desires John to believe
ψ, and she does not believe that John believes ψ.

(ψ ∈ ind(DsB j)), (ψ < BsB j) ∈ pre(rba(s, j, ψ)) (7.39)
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After receiving a rba(s, j, ψ), and given the communicative act’s preconditions,
John may deduce the following properties of Sarah’s mental states. John believes
that Sarah desires him to believe ψ, and that Sarah did not believe that he believes ψ.
After the utterance of the request, the mental state structure of the receiver John has
changed according to the following post-conditions.

(ψ ∈ B jDsB j), (ψ ∈ B jB̃sB j) ∈ post(rba(s, j, ψ)) (7.40)

A speaker may assume that the addressee derives the same post-conditions as she
would have done if she had received the communicative act herself. Consequently,
after having uttered an rba(s, j, ψ), Sarah believes that receiver John believes that she
desires him to believe ψ, i.e. ψ ∈ BsB jDsB j.

(ψ ∈ BsB jDsB j) ∈ post(rba(s, j, ψ)) (7.41)

7.4.4 Granting a request for belief addition

Sarah is justified to utter the illocution grba1(s, j, ψ) in response to a rba( j, s, ψ) if she
believes that John has the desire that she believes ψ, and she does not believe that
John believes that she believes ψ. A post-condition of a rba( j, s, ψ) (eq. (7.40)) is that
Sarah believes that John is ignorant whether she believes ψ, i.e. ψ ∈ BsB̃ jBs. With the
coherence relation from equation (5.7), we have that Sarah does not believe that John
believes that she believes ψ, i.e. ψ < BsB jBs. We will use the latter as a precondition
because it is less limited and will allow the application of the grba in more situations.
In addition, if Sarah believes ψ, then she may utter a grba1(s, j, ψ). Sarah is justified to
utter a grba2(s, j, ψ) if Sarah does not have an indirect desire to be ignorant about ψ.

(ψ ∈ Bs), (ψ ∈ BsD jBs), (ψ < BsB jBs) ∈ pre(grba1(s, j, ψ)) (7.42)
(ψ < ind(DsB̃s)), (ψ ∈ BsD jBs), (ψ < BsB jBs) ∈ pre(grba2(s, j, ψ)) (7.43)

Given these preconditions, receiver John may deduce the following properties
of Sarah’s mental states. From a grba1(s, j, ψ), John is justified to believe that Sarah
believes ψ, and that he believes that Sarah believes that he desires her to believe ψ.
Remark that if John interprets that the grba1(s, j, ψ) is in response to an rba1( j, s, ψ),
then John is already justified to have ψ ∈ B jBsD jBs. From a grba2(s, j, ψ), John is
justified to believe that Sarah does not desire herself to be ignorant about ψ.

(ψ ∈ B jBs), (ψ ∈ B jBsB jBs), (ψ ∈ B jBsD jBs) ∈ post(grba1(s, j, ψ)) (7.44)
(ψ ∈ B jD̃sB̃s), (ψ ∈ B jBsD jBs) ∈ post(grba2(s, j, ψ)) (7.45)

Speaker Sarah is justified to have the following mental properties: after uttering a
grba1(s, j, ψ), she may believe that John believes that she believesψ, and after uttering
a grba2(s, j, ψ), she may believe that John believes that she believes that she does not
desire herself to be ignorant about ψ.

(ψ ∈ BsB jBs) ∈ post(grba1(s, j, ψ)) (7.46)
(ψ ∈ BsB jD̃sB̃s) ∈ post(grba2(s, j, ψ)) (7.47)
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7.4.5 Declining a request for belief addition

An agent is justified to utter a negative response drba(s, j, ψ) in similar conditions as
when she is justified to utter a positive response. The difference is that in case of the
negative response Sarah does not believe ψ, while in the positive response she does.

Sarah is justified to utter a drba1(s, j, ψ) in response to a rba1( j, s, ψ) if Sarah believes
that John desires her to believe ψ, and she does not believe that John believes that
she believes ψ, i.e. ψ ∈ BsD jBs and ψ < BsB jBs. Additionally, Sarah is ignorant about
ψ, i.e. ψ < Bs, and she has no communicative acts left to become justified to decide to
believe ψ. Sarah has run out of communicative acts to become justified to be believe
ψ if her mental state structure enjoys the property finished(s, ψ ∈ Bs) as expressed in
equation (7.79) in Section 7.7. Sarah is justified to utter a drba2(s, j, ψ) if she cannot
comply with John’s desire that she believes ψ because she has an indirect desire to
be ignorant about ψ.

(ψ < Bs), (ψ ∈ BsD jBs), (ψ < BsB jBs) ∈ pre(drba1(s, j, ψ)) (7.48)
(ψ ∈ ind(DsB̃s)), (ψ ∈ BsD jBs), (ψ < BsB jBs) ∈ pre(drba2(s, j, ψ)) (7.49)

After receiving a drba1(s, j, ψ), John is justified to believe that Sarah is ignorant
about ψ, and that she believes that he desires her to be ignorant about ψ. After
receiving a drba2(s, j, ψ), John is justified to believe that Sarah desires to be ignorant
about ψ.

(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s), (ψ ∈ B jBsD jBs) ∈ post(drba1(s, j, ψ)) (7.50)
(ψ ∈ B jDsB̃s), (ψ ∈ B jBsD jBs) ∈ post(drba2(s, j, ψ)) (7.51)

After uttering a drba1(s, j, ψ), Sarah is justified to believe that John believes that
she is ignorant about ψ, and after uttering a drba2(s, j, ψ), Sarah is justified to believe
that John believes that she desires to be ignorant about ψ.

(ψ ∈ BsB jB̃s) ∈ post(drba1(s, j, ψ)) (7.52)
(ψ ∈ BsB jDsB̃s) ∈ post(drba2(s, j, ψ)) (7.53)

7.5 Requesting a Belief Retraction

In this section, we will present a dialogue game that provides the rules of usage for
agents to request others to retract beliefs. This section is partly based on published
work by Lebbink et al. [LWM05].

7.5.1 Intuitive readings

With a request for belief retraction, or rbr for short, an agent provides information
to another agent with the intention that the receiver retracts a belief. With the
communicative act of granting a request for belief retraction, or grbr for short, an
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Figure 7.8: Dialogues about requests for belief retraction (example 7.6).

agent agrees to be ignorant about a proposition. With a communicative act of denying
a request for belief retraction, or drbr for short, an agent declines to be ignorant about
a proposition. In short, the communicative acts have the following reading.

• rbr(s, j, ψ) reads “will you please be ignorant about ψ?”

• grbr1(s, j, ψ) reads “I do not believe ψ.”

• grbr2(s, j, ψ) reads “I am willing to be ignorant about ψ.”

• drbr1(s, j, ψ) reads “I believe ψ.”

• drbr2(s, j, ψ) reads “I do not want to be ignorant about ψ.”

Note that the reading of grbr1 is equal to the reading of a grba1 from Section 7.4.1.
This equivalence will be discussed in Section 7.6.1 on the intuitive reading of inform
statements.

Sarah has an unbalanced mental state structure if she desires that John does not
believe ψ, and she does not believe that John is ignorant about ψ, i.e. Ms |= (ψ ∈
ind(DsB̃ j)), (ψ ∈ BsB j). If Sarah is in such a state, she is motivated to request John to
retract his belief in ψ, and she is motivated to provide him with information such
that he becomes justified to decide to retract ψ.
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Figure 7.9: Dialogues about requests for belief retraction (example 7.7).

7.5.2 An example dialogue

Example 7.6. See figure 7.8. Consider the following interpretation (as in example 7.2), ψ
reads as “the patient is suffering from disease X”, and φ reads as “the patient shows symptom
Y”. Symptom Y is a sufficient criterion to determine disease X.

1. Assume that Sarah desires that John does not believe ψ, i.e. ψ ∈ DsB̃ j, and she believes
that John does believe ψ, i.e. ψ ∈ BsB j. Sarah request John to retract ψ.

2. Assume that John believes ψ, i.e. ψ ∈ B j, and that ψ is entrenched in his mental
state structure due to his belief that Fred believes φ, i.e. φ ∈ B jB f /ψ ∈ B j. Thus,
John indirectly desires that Fred is ignorant about φ; this would make his belief in ψ
un-entrenched. John requests Fred to retract φ.

3. Assume Fred believes φ, i.e. φ ∈ B f , but his belief in φ is not entrenched in his mental
state structure. With decision rule d2r4 he retracts his belief in φ.

4. Fred does not believe φ (anymore), and grants John’s request to retract φ.

5. Assume that John’s belief in ψ is now not entrenched anymore, and he can thus retract
his belief in ψ.

6. John does not believe ψ (anymore), and grants Sarah’s request to retract ψ.
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Example 7.7. See figure 7.9. Consider the following interpretation (as in example 7.2), ψ
reads as “the patient is suffering from disease X”, and φ reads as “the patient shows symptom
Y”. Symptom Y is a sufficient criterion to determine disease X.

1. Assume that Sarah desires that John does not believe ψ, i.e. ψ ∈ DsB̃ j, and she believes
that John does believe ψ, i.e. ψ ∈ BsB j. Sarah request John to retract ψ.

2. • Assume that John believes ψ, i.e. ψ ∈ B j.
• Assume that ψ is entrenched in John’s mental state structure due to his belief in
φ, i.e. φ ∈ B j/ψ ∈ B j.

• Assume that John indirectly desires to be ignorant about φ and ψ. John may thus
asks both Sarah and Fred whether he may be ignorant about φ.

3. Sarah and Fred both respond affirmative that John may be ignorant about φ.

4. John first retracts his belief in φ, and, as a result, his belief in ψ is not entrenched
anymore. John then retracts his belief in ψ.

5. John does not believe ψ (anymore), and grants Sarah’s request to retract ψ.

7.5.3 Requesting a belief retraction

Sarah is motivated to utter an rbr(s, j, ψ) if the following two criteria hold. Sarah
desires that John is ignorant about proposition ψ, and she does not believe that John
is ignorant about ψ, i.e. ψ < BsB̃ j. The latter condition could be replaced by a more
informative condition that Sarah believes that John believesψ, i.e.ψ ∈ BsB j. However,
as captured in the coherence relation from equation (5.3), the latter condition tends
to restrict the application of the rbr unnecessarily.

(ψ ∈ ind(DsB̃ j)), (ψ < BsB̃ j) ∈ pre(rbr(s, j, ψ)) (7.54)

John judges that Sarah uses the same preconditions for a rbr as he does. Based on
this, John is justified to have the following mental states after the rbr(s, j, ψ) has been
uttered. John believes that Sarah desires that he is ignorant about ψ, i.e. ψ ∈ B jDsB̃ j.
Secondly, he believes that Sarah is ignorant about whether he is ignorant about ψ,
i.e. ψ ∈ B jB̃sB̃ j. If the precondition of the rbr(s, j, ψ) had been ψ ∈ BsB j instead of
ψ < BsB̃ j, John would have been justified to have ψ ∈ B jBsB j instead of ψ ∈ B jB̃sB̃ j.
Because Sarah used a less restricting condition, John can only come to believe a less
informative statement. This observation is consistent with the coherence relation
from equation (5.4), i.e. BsB jBs ⊆ BsB̃sB̃ j.

(ψ ∈ B jDsB̃ j), (ψ ∈ B jB̃sB̃ j) ∈ post(rbr(s, j, ψ)) (7.55)

Sarah may also judge that John uses the same post-conditions for a rbr as she does.
She is thus justified to believe that he believes that she desires him to be ignorant
about ψ.

(ψ ∈ BsB jDsB̃ j) ∈ post(rbr(s, j, ψ)) (7.56)
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7.5.4 Granting a request for belief retraction

Sarah may utter a grbr1(s, j, ψ) if she believes that John desires her to be ignorant
about ψ, and she is ignorant about ψ. Sarah may utter a grbr2(s, j, ψ) if she does not
indirectly desire to believe ψ.

(ψ < Bs), (ψ ∈ BsD jB̃s), (ψ ∈ BsB̃ jB̃s) ∈ pre(grbr1(s, j, ψ)) (7.57)
(ψ < ind(DsBs)), (ψ ∈ BsD jB̃s), (ψ ∈ BsB̃ jB̃s) ∈ pre(grbr2(s, j, ψ)) (7.58)

After receiving a grbr1(s, j, ψ), John is explicitly justified to believe that Sarah is
ignorant about ψ, and that Sarah believes that he desires her to be ignorant about ψ.
After receiving a grbr1(s, j, ψ), John is explicitly justified to believe that Sarah does
not desire him to be ignorant about ψ.

(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s), (ψ ∈ B jBsD jB̃s) ∈ post(grbr1(s, j, ψ)) (7.59)
(ψ ∈ B jD̃sB j), (ψ ∈ B jBsD jB̃s) ∈ post(grbr2(s, j, ψ)) (7.60)

After uttering a grbr1(s, j, ψ), Sarah is explicitly justified to believe that John be-
lieves that she is ignorant aboutψ, and after uttering a grbr2(s, j, ψ), Sarah is explicitly
justified to believe that John believes that she does not desire him to be ignorant
about ψ.

(ψ ∈ BsB jB̃s) ∈ post(grbr1(s, j, ψ)) (7.61)
(ψ ∈ BsB jD̃sB j) ∈ post(grbr2(s, j, ψ)) (7.62)

7.5.5 Declining a request for belief retraction

Sarah is justified to utter a drbr(s, j, ψ) in response to a rbr( j, s, ψ) if the following criteria
hold. Sarah believes that John desires her to be ignorant about ψ i.e. ψ ∈ BsD jB̃s, and
she does not believe that he is ignorant about whether she is ignorant about ψ, i.e.
ψ ∈ BsB̃ jB̃s. A drbr1(s, j, ψ) is allowed, if, in addition to these two conditions, Sarah
believes ψ, i.e. ψ ∈ Bs, and Sarah has no untried communicative acts that may make
her justified to become ignorant about ψ. Sarah has run out of communicative acts
to become justified to be believe ψ if her mental state structure enjoys the property
finished(s, ψ < Bs) as expressed in equation (7.79) in Section 7.7. A drbr2(s, j, ψ) is
allowed if Sarah also indirectly desires to believe ψ, i.e. ψ ∈ ind(DsBs).

(ψ ∈ Bs), (ψ ∈ BsD jB̃s), (ψ ∈ BsB̃ jB̃s) ∈ pre(drbr1(s, j, ψ)) (7.63)
(ψ ∈ ind(DsBs)), (ψ ∈ BsD jB̃s), (ψ ∈ BsB̃ jB̃s) ∈ pre(drbr2(s, j, ψ)) (7.64)

From the preconditions of a drbr1(s, j, ψ), receiver John may derive properties of
Sarah’s mental states. John is justified to believe that Sarah believes ψ, and that
he believes that she believes this, and that Sarah believes that he desires her to be
ignorant about ψ. The post-conditions of a drbr2(s, j, ψ) are that John is justified to
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believe that Sarah desires to believe ψ.

(ψ ∈ B jBs), (ψ ∈ B jBsB jBs), (ψ ∈ B jBsD jB̃s) ∈ post(drbr1(s, j, ψ)) (7.65)
(ψ ∈ B jDsBs), (ψ ∈ B jBsD jB̃s) ∈ post(drbr2(s, j, ψ)) (7.66)

After uttering a drbr1(s, j, ψ), Sarah is justified to believe that John believes that
she believes ψ. After uttering a drbr2(s, j, ψ), Sarah is justified to believe that John
believes that she desires to believe ψ.

(ψ ∈ BsB jBs) ∈ post(drbr1(s, j, ψ)) (7.67)
(ψ ∈ BsB jDsBs) ∈ post(drbr2(s, j, ψ)) (7.68)

7.6 Inform Statement about Changed Belief and Desire

7.6.1 Intuitive reading

In an inform statement, abbreviated is, an agent communicates information about her
changed mental state, so that the receiver obtains a correct belief about her mental
state. If Sarah has adopted a belief, then she may inform John that she has changed
her mental state with the intent that John believes that she has a new belief. The
communicative act has the following reading, with ms ∈MSNs:

• is(s, j, ψ,ms) reads “I have ψ ∈ ms.”

Specifically, if ms equals Bs, then is(s, j, ψ,Bs), has a reading equal to the grba1(s, j, ψ)
from Section 7.4.1, and the drbr1(s, j, ψ) from Section 7.5.1: “I believeψ.” Analogously,
if ms equals B̃s, then is(s, j, ψ, B̃s) has a reading equal to the drbr1(s, j, ψ) and the
grba1(s, j, ψ): “I do not believe ψ.”

We could define one locution with the reading “I believe ψ” that the agents have
to interpret to be either a grba1, drbr1 or is (cf. Section 7.2.4 on interpreting com-
municative acts). Interpretation should then be based on other previously uttered
communicative acts. We chose to make syntactically different locutions that need
not be interpreted. This makes it possible for agents to judge from the syntacti-
cal properties of incoming communication to tell which illocution the speaker has
used. This approach is only feasible if the number of speech acts is reasonably small.
Because, if our agents would need thousands of different speech acts, the computa-
tional costs would outweigh the complexity of interpreting whether a single locution
is one of many different meanings. If communicative acts were interpreted by agents,
the agent’s communication language could be considerable smaller because fewer
communicative acts would be needed to convey information. Because of pragmatic
reasons, such as complexity of the framework, we chose our agents not to interpret
communicative acts.
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Figure 7.10: Dialogue with inform statements about belief change (example 7.8).

7.6.2 An example dialogue

Example 7.8 (inform about changed belief). Assume that Sarah desires to believeφwhich
she does not believe,

• Ms |= (ψ < Bs), (φ < Bs), (φ ∈ DsBs) and (ψ ∈ Bs)� (φ ∈ Bs) ∈ Ks,

• M j |= (ψ < B j), (φ < B j)

• M f |= (ψ ∈ B f ), (φ < B f )

See figure 7.10 for a depiction.

1. Sarah asks Fred and John whether she may believe ψ.

2. As a result, among others, Sarah believes that John and Fred believe that she does not
believeψ. Assume that John does not believeψ: he answers Sarah’s question negatively,
and assume that Fred does believe ψ: he answers Sarah’s question positively.

3. Assume that Sarah, based on her belief that Fred believes ψ, decides to believe ψ.

4. From situation 1, Sarah believes that John and Fred believe that she does not believe ψ;
however, she now does believe ψ. Sarah informs John and Fred that she believes ψ.

5. After receiving the is(s, j, ψ,Bs), John is justified to believe that Sarah believes ψ.
Assume that John, based on his belief that Sarah believes ψ, decides to believe ψ.

6. From situation 2, John believes that Sarah believes that he does not believe ψ; however,
he now does believe ψ. John informs Sarah that he believes ψ.
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7.6.3 Inform statement

Sarah is justified to utter an is(s, j, ψ,Bs) if she believes that John believes that she is
ignorant about ψ, while she believes ψ. Analogously, Sarah is justified to utter an
is(s, j, ψ, B̃s) if she believes that John believes that she believesψ, while she is ignorant
about ψ.

(ψ ∈ BsB jB̃s), (ψ ∈ Bs) ∈ pre(is(s, j, ψ,Bs)) (7.69)
(ψ ∈ BsB jBs), (ψ < Bs) ∈ pre(is(s, j, ψ, B̃s)) (7.70)

The post-conditions are straightforward, after receiving an is(s, j, ψ,Bs), the re-
ceiver John is explicitly justified to believe that Sarah believes ψ, and that he believes
that she believes this. After receiving an is(s, j, ψ, B̃s), John is explicitly justified to
believe that Sarah is ignorant about ψ, and that he believes that she believes this.

(ψ ∈ B jBs), (ψ ∈ B jBsB jBs) ∈ post(is(s, j, ψ,Bs)) (7.71)
(ψ ∈ B jB̃s), (ψ ∈ B jBsB jB̃s) ∈ post(is(s, j, ψ, B̃s)) (7.72)

The post-conditions for the speaker of the inform statement are also straightfor-
ward. After uttering an is(s, j, ψ,Bs), speaker Sarah is explicitly justified to believe
that John believes that she believesψ. After uttering an is(s, j, ψ, B̃s), Sarah is explicitly
justified to believe that John believes that she is ignorant about ψ.

(ψ ∈ BsB jBs) ∈ post(is(s, j, ψ,Bs)) (7.73)
(ψ ∈ BsB jB̃s) ∈ post(is(s, j, ψ, B̃s)) (7.74)

7.6.4 Correct representations

Next, we describe several properties of the dialogue games. If John believes that
Sarah believes a proposition, then Sarah believes that John believes that she believes
the proposition, is a property that remains valid under communication. That is to
say, if John believes that Sarah believes ψ, i.e. ψ ∈ B jBs, and Sarah believes that John
believes that she believesψ, i.e.ψ ∈ BsB jBs, thus, B jBs ⊆ BsB jBs, then, after the closure
of their mental state structures under communication, still holds B jBs ⊆ BsB jBs.

Proposition 7.1. Suppose Ms and M j with BsB jBs ∈ Ms and B jBs ∈ M j with B jBs ⊆

BsB jBs, then after any communication yieldingM′
s andM′

j with BsB jB′s ∈ M′
s and B jB′s ∈

M
′

j holds B jB′s ⊆ BsB jB′s. Sketch of proof in Appendix A.4.

A property of the dialogue game about inform statements is that if Sarah’s mental
state structure is closed under inform statements then if Sarah believes that John
believes that she believes ψ, then Sarah does also believe ψ, i.e. BsB jBs ⊆ Bs. Stated
differently, if Sarah is not allowed to utter inform statements to John, then Sarah will
be aware that John has represent her beliefs correctly if what she believes that John
believes about her beliefs is actually believed by her. Sarah is said to be aware that
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John has represented her beliefs incorrectly if and only if BsB jBs * Bs, if this situation
holds, then because an inform statement is applicable, Sarah will inform John about
his beliefs.

Proposition 7.2. If Sarah is not allowed to utter an inform statement to John that she is
ignorant about ψ, i.e.Ms |, pre(is(s, j, ψ, B̃s)), then Sarah’s beliefs about John’s beliefs about
her beliefs are correct, i.e.Ms |= ψ ∈ BsB jBs ⇒Ms |= ψ ∈ Bs. Proof in Appendix A.4.

Another important property is that agents’ beliefs about other agents’ beliefs
are correct. John is said to have correctly represented Sarah’s beliefs if what he
believes about Sarah’s beliefs is actually believed by Sarah, i.e. B jBs ⊆ Bs. However,
because John has no access to Sarah’s true beliefs, he cannot be aware that he has
correctly represented her beliefs. Still the dialogue games provide this property if
holds B jBs ⊆ BsB jBs.

Proposition 7.3. If Sarah is not allowed to utter an inform statement to John that she is
ignorant about ψ, i.e.Ms |, pre(is(s, j, ψ, B̃s)), and B jBs ⊆ BsB jBs, then John’s beliefs about
Sarah’s beliefs are correct, i.e.M j |= ψ ∈ B jBs ⇒Ms |= ψ ∈ Bs. Proof in Appendix A.4.

The previous three propositions about agents’ beliefs have their duals about
agents’ ignorance. A property of the dialogue games is that if Sarah’s and John’s
cognitive states are closed under communication and John believes that Sarah is
ignorant about ψ, then Sarah believes that John believes that she is ignorant about ψ,
i.e. B jB̃s ⊆ BsB jB̃s.

Proposition 7.4. Suppose Ms and M j with BsB jB̃s ∈ Ms and B jB̃s ∈ M j with B jB̃s ⊆

BsB jB̃s, then after any communication yieldingM′
s andM′

j with BsB jB̃′s ∈ M′
s and B jB̃′s ∈

M
′

j holds B jB̃′s ⊆ BsB jB̃′s. Sketch of proof in Appendix A.4.

If Sarah is not allowed to utter inform statements to John, then Sarah will be
aware that John has represent her ignorance correctly if what she believes that John
believes about her beliefs is actually not believed by her.

Proposition 7.5. If Sarah is not allowed to utter an inform statement to John that she
believes ψ, i.e.Ms |, pre(is(s, j, ψ,Bs)), then Sarah’s beliefs about John’s about her ignorance
are correct, i.e.Ms |= ψ ∈ BsB jB̃s ⇒Ms |= ψ < Bs. Proof in Appendix A.4.

Another important property is that John’s beliefs about Sarah’s ignorance are
correct. John is said to have correctly represented Sarah’s ignorance if what he
believes about Sarah’s beliefs is in fact not believed by Sarah. This property only
holds if B jB̃s ⊆ BsB jB̃s.

Proposition 7.6. If Sarah is not allowed to utter an inform statement to John that she
believes ψ, i.e.Ms |, pre(is(s, j, ψ,Bs)), and B jB̃s ⊆ BsB jB̃s, then John’s beliefs about Sarah’s
ignorance are correct, i.e.M j |= ψ ∈ B jB̃s ⇒Ms |= ψ < Bs. Proof in Appendix A.4.
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7.7 Run Out of Communicative Acts

Next, we provide the property of Sarah’s mental states in which she has completely
run out of communicative acts to become explicitly justified to decide to believe or
to decide to be ignorant about a proposition.

Informally, Sarah has run out of questions for a belief addition (with a subscript 1)
regarding proposition ψ if she may not utter a qba1 and all her uttered qba1s have
been answered. Sarah may not utter a qba1(s, a, ψ) with a ∈ A \ s, i.e. ∀a ∈ A \ sMs |,
pre(qba1(s, a, ψ)). Sarah is said to be aware that if she has uttered a qba1(s, a, ψ), then it
has been answered ifMs |= post(qba1(s, a, ψ)), and a has answered either positively, i.e.
Ms |= post(gqba1(a, s, ψ)), or negatively, i.e.Ms |= post(dqba1(a, s, ψ)). Equation (7.75)
expresses that Sarah has run out of qba1s regarding ψ because she cannot utter a qba1
to any of the agents in the multiagent system, and, as seen from Sarah’s perspective,
all her questions have been answered.

∀a ∈ A \ s
(
Ms |, pre(qba1(s, a, ψ)) ∧

(
Ms |= post(qba1(s, a, ψ))⇒(

Ms |= post(gqba1(a, s, ψ)) ∨Ms |= post(dqba1(a, s, ψ))
)))

(7.75)

Similar to the situation in which Sarah has run out of qba1s, Sarah has run out of qbr1s
in the following situation.

∀a ∈ A \ s
(
Ms |, pre(qbr1(s, a, ψ)) ∧

(
Ms |= post(qbr1(s, a, ψ))⇒(

Ms |= post(gqbr1(a, s, ψ)) ∨Ms |= post(dqbr1(a, s, ψ))
)))

(7.76)

Sarah has run out of rbas in the following situation.

∀a ∈ A \ s
(
Ms |, pre(rba(s, a, ψ)) ∧

(
Ms |= post(rba(s, a, ψ))⇒(

Ms |= post(grba1(a, s, ψ)) ∨Ms |= post(drba1(a, s, ψ))
)))

(7.77)

Sarah has run out of rbrs in the following situation.

∀a ∈ A \ s
(
Ms |, pre(rbr(s, a, ψ)) ∧

(
Ms |= post(rbr(s, a, ψ))⇒(

Ms |= post(grbr1(a, s, ψ)) ∨Ms |= post(drbr1(a, s, ψ))
)))

(7.78)

Sarah cannot become explicitly justified to believe ψ through communication if
she has run out of communicative acts that may change her mental states such that
she may become explicitly justified to decide to believe ψ.

1. Sarah has run out of qba1s to become justified to believe φ, if for all partial
cognitive preconditions ψ ∈ Bs for Sarah to believe φ, i.e. ψ ∈ Bs/φ ∈ Bs, holds
that she has run out of qba1s regarding ψ, as expressed in equation (7.75), for all
agents in the multiagent system.
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2. Sarah has run out of qbr1s to become justified to believe φ, if for all partial
cognitive preconditions ψ < Bs for Sarah to believe φ, i.e. ψ < Bs/φ ∈ Bs, holds
that she has run out of qbr1s regarding ψ, as expressed in equation (7.76), for all
agents in the multiagent system.

3. Sarah has run out of rbas to become justified to believe φ, if for all partial
cognitive preconditions ψ ∈ BsBa for Sarah to believe φ, i.e. ψ ∈ BsBa/φ ∈ Bs,
holds that she has run out of rba1s regarding ψ, as expressed in equation (7.77),
for all agents in the multiagent system.

4. Sarah has run out of rbrs to become justified to believe φ, if for all partial
cognitive preconditions ψ ∈ BsB̃a for Sarah to believe φ, i.e. ψ ∈ BsB̃a/φ ∈ Bs,
holds that she has run out of rbr1s regarding ψ, as expressed in equation (7.78),
for all agents in the multiagent system.

This description that Sarah has run out of communicative acts to become justified
to believe ψ, is formalised with condition finished(s, ψ ∈ Bs). In analogous fashion,
finished(s, ψ < Bs) formalises that Sarah has run out of communicative acts to be-
come justified to be ignorant about ψ. In the following chapter, we will also use
finished(s, ψ ∈ BsB j) and finished(s, ψ ∈ BsB̃ j) to describe that Sarah has run out of
communicative acts to convince John to believe ψ or convince him to be ignorant
about ψ respectively.

finished(s, π)⇔
Ms |= (φ ∈ Bs/π)⇒ (7.75) ∧
Ms |= (φ < Bs/π)⇒ (7.76) ∧

∀a ∈ A \ s
(
Ms |= (φ ∈ BsBa/π)⇒ (7.77)

)
∧

∀a ∈ A \ s
(
Ms |= (φ ∈ BsB̃a/π)⇒ (7.78)

)
(7.79)

7.8 Concluding Remarks

In order to communicate information, as described by speech act theory, the utter-
ances that our agents use to communicate must have certain properties. The locutions
that agents send to each other need to have, according to the agents, a use that is com-
mon knowledge. If a speaker regards the use of an utterance common knowledge,
i.e. the rules of usage are shared, then the intended receiver of the utterance should
be capable of recognising that the speaker has directed the utterance with the aim of
inducing certain effects in the receiver. A dialogue game is a set of dialogue rules that
describe when an agent may utter a communicative act conform to the shared use of
the act, and the dialogue rules describe the changes to the agent’s mental states after
she has received or uttered the communicative act.

We defined the communicative act in which agents ask whether they may decide
to believe propositions, i.e. speech acts qba, gqba and dqba. The agent utters such
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communicative acts with the intent to achieve a state in which she is explicitly justified
to add a belief. A receiving agent interprets these communicative acts, and updates
her mental states accordingly, after which she may respond. An agent may respond
with a positive or with a negative answer. The effects of these communications are
that a chain of justifications is created which is distributed over the mental state
structures of the dialogue participants. That is to say, according to the agent’s mental
state structure, a proposition may be viewed to be justified based on the mental state
structures of other agents.

Three other dialogue games provide the semantics of communicative act in which
agents ask whether they may decide to be ignorant about propositions, i.e. speech
acts qbr, gqbr and dqbr. This game has the reverse effect of the game with questions
for a belief addition: the agent intends to achieve a state in which she is explicitly
justified to retract a belief. A distributed chain of justification is traversed backwards
recursively when agents ask others whether they may decide to be ignorant about
propositions.

The dialogue game with requests for a belief addition, i.e. speech acts rba, grba
and drba, provides the semantics of communicative acts in which agents request
others whether they will decide to believe propositions. These acts are uttered with
the intent that the receiver changes her cognitive such that she becomes explicitly
justified to believe a certain proposition. The dialogue game with requests for a belief
retraction, i.e. speech acts rbr, grbr and drbr, provides the semantics of communicative
acts in which agents request other whether they will decide to be ignorant about
propositions. This game has the reverse effect of the game with requests for a belief
addition: the agent intends to achieve a state in which she believes that the intended
receiver is explicitly justified to be ignorant about a particular proposition. In an
additional dialogue game, the agent will inform other agents about her changed
mental states.

Our agents may utter communicative acts according to the dialogue rules that
the agents are entitled to know. In the following chapter, we assume that our agents
utter communicative acts with a semantics as defined in this chapter. That is to say,
the agents’ set of dialogue rules consists of the dialogue rules with the preconditions
and post-conditions as defined in this chapter.
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Chapter 8
Agreeing to Disagree

The scientific theory I like best is that the rings of Saturn are composed entirely
of lost airline luggage.

M R [Ros94, p. 439]

Some propositions and theories can be very appealing and seem to follow straight-
forwardly from established truths and opinions. We may easily integrate these
propositions and theories with our thoughts, while others may not. For example, we
could believe that the rings of Saturn are entirely composed of lost airline luggage;
others could believe this to be absolute nonsense. Whatever we believe, humans
and agents may very likely have disagreements on what to believe. Most of the
time our disagreements can be resolved; however, occasionally disagreements may
seem irresolvable. Would such an irresolvable disagreement be a bad sign? Would
an irresolvable disagreement on the lost luggage influence our judgement whether a
patient suffers from a depression? We may assume it would most likely not. It would
be useful just to set aside irresolvable disagreements and focus attention on solvable
problems. This setting aside is what we seem to be doing when we are tempted to
quarrel over the question what tasty food is and what not. “There’s no accounting
for taste” is a saying that addresses the tacit agreement that disputes about taste
are useless; this because we seem to acknowledge that differences in taste exist and
cannot be resolved. We seem to agree that we may disagree about taste. Our agents
should be made capable, in the same line of thought, to agree that irresolvable dis-
agreements are irresolvable, that is, our agents should be made capable of agreeing
to disagree.

First, in Section 8.1 we will define when an agent has a disagreement with another
agent about the truth value of a proposition, and when an agent is justified to believe
that she has a disagreement. Additionally, we describe how agents should change
their beliefs to resolve disagreements. We turn in Section 8.2 to provide inference
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rules that allow the agents to resolve their disagreements. In Section 8.3 we describe
when an agent, if resolving their disagreement proves impossible, is justified to
believe that she has an irresolvable disagreement. We provide several inference
rules that allow our agents to communicate their irresolvable disagreements with
the intent to resolve them. This communication may result in an agreement to
disagree. In Section 8.4 we discuss that, according to Aumann’s ‘no disagreement’
theorem, agents cannot agree to disagree. We discuss how this theorem adds to the
interpretation of our agent’s agreement to disagree. We provide concluding remarks
in Section 8.5. This chapter is partly based on published work by Lebbink et al.
[LWM03b, LWM03c, LWM04a, LWM04b].

8.1 Disagreements

Agents can disagree over what to believe because they can have different beliefs.
Another truism is that these disagreements are either resolvable or irresolvable. This
section addresses what it takes for propositions to be contradictory and for agents
to disagree, when agents can be said to be aware of disagreements, and how agents
may resolve their disagreements.

8.1.1 Contradictory propositions

Two propositions are said to differ if their formulae or their assigned truth values
differ. For example, propositions p : t and q : t are different because p , q, and
propositions p : t and p : u are different because t , u. Two propositions are said
to contradict if and only if they have equal formulae and the information that is
represented by their truth values contradicts. Two pieces of information are said to
contradict if the corresponding truth values are not comparable in order ≤k, i.e. the
truth values θ1 and θ2 contradict if and only if θ1 'k θ2. In a four-valued (multi-
valued) logic only truth value t contradicts with f and vice versa. In a nine-valued
logic, several combinations of truth values contradict. For example, truth value 0]1/2
contradicts with truth value 1] 0 and 1/2 ] 0.

Two propositions do not contradict if and only if they have equal formulae and
the information represented by their truth value is non-contradictory. Propositions
p :θ1 and p :θ2 do not contradict if and only if θ1 ≷k θ2. For example, the propositions
p : u and p : i do not contradict with all other propositions p : θ with a truth value θ
from any bilattice.

8.1.2 Disagreeing and agreeing agents

If Sarah and John believe that the formula of a proposition. is assigned at most a
truth value that is contradictory, then they disagree about the truth value of the
proposition. Sarah and John disagree about a proposition with formula p if, for
example, Sarah believes that p is true and John believes that p is false, and Sarah and
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John do not believe more about p. For example, if Sarah believes that p has at least
truth value t, i.e. p : t ∈ Bs, then she can still believe that p is inconsistent, i.e. p : i ∈ Bs.
If Sarah believes that p is inconsistent, then she also believes that p has at least truth
values t and f. If Sarah also believes that p has a least truth value f, then she does not
disagree with John over p. Thus, the truth values of formula p that Sarah believes
at most should be contradictory with the truth value of p that John believes at most.
Sarah believes that formula p is assigned at most truth value θ if p : θ is part of the
set of k-maximal elements of her belief state (def. 4.8), i.e. p : θ ∈ maxk(Bs). Thus, as
given in equation (8.1), Sarah and John disagree about a proposition with formula p
if Sarah believes that p has at most truth value θ1, and John believes that p has at most
truth value θ2, and θ1 and θ2 are contradictory.

(Ms |= p : θ1 ∈ maxk(Bs)) ∧ (M j |= p : θ2 ∈ maxk(B j)) ∧ (θ1 'k θ2) (8.1)

Sarah and John are said to agree about a proposition if they believe the proposi-
tion’s formula to have at most a truth value that does not contradict.

Example 8.1. Next we provide the situation in which Sarah and John disagree over the truth
value of p. Assume that Sarah and John use a bilattice with 112 = 121 distinct truth values,
and thus, t = 10/10 ] 0/10, f = 0/10 ] 10/10, u = 0/10 ] 0/10, and i = 10/10 ] 10/10.

1. Assume that Sarah believes that a certain proposition or event p is in 70% true and in
30% false, and that John believes that p is in 30% true and in 70% false. We represent
Sarah’s and John’s beliefs as p : 7/10 ] 3/10 ∈ maxk(Bs), and p : 3/10 ] 7/10 ∈ maxk(B j).
Thus, suppose: Ms with Bs ∈ Ms with p : θ1 ∈ maxk(Bs), andM j with B j ∈ M j with
p : θ2 ∈ maxk(B j).

2. If θ1 =
7/10 ] 3/10 and θ2 =

3/10 ] 7/10, then, because θ1 'k θ2, Sarah and John disagree
about the truth value of p.

Equation (8.1) describes the criterion when we can observe that Sarah and John
disagree over the truth value of a formula. In the following section (Section 8.1.3), we
will describe the agents’ decisions that may resolve their disagreements. However,
because we did not describe the criterion when agents can themselves observe that
they disagree over the truth value of a formula, we will in Section 8.1.4 provide
the criterion when agents are said to be aware of their disagreements. Based on
such a disagreement-awareness, an agent may act with the aim of resolving their
disagreement (Section 8.1.5).

8.1.3 Resolving disagreements

A disagreement between Sarah and John can be resolved in different ways: either
Sarah or John adds a proposition, or one retracts a proposition, such that the disagree-
ment is resolved. Combinations in which both Sarah and John add a proposition,
or one agent retracts and the other adds a proposition, or one agent both adds and
retracts propositions to resolve the disagreement, will not be considered. Assume as
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Figure 8.1: Resolve a disagreement by
adding beliefs (θ′ = θ1 ⊕k θ2).
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Figure 8.2: Resolve a disagreement by
retracting beliefs (θ′ = θ1 ⊗k θ2).

in equation (8.1) that Sarah disagrees with John about the truth value of formula p.
We discuss four different ways to resolve their disagreement.

The disagreement is resolved if either Sarah or John decides to believe at least
p : (θ1 ⊕k θ2). For all θ′ ∈ B we have θ ≤k (θ′ ⊕k θ), thus θ1 ≷k (θ1 ⊕k θ2). John’s
decision to believe p : (θ1 ⊕k θ2) will resolve their disagreement. Analogously, Sarah’s
decision to believe p : (θ1 ⊕k θ2) will also resolve their disagreement. See figure 8.1
for a depiction of the truth values.

1. To make Sarah believe at least p : (θ1 ⊕k θ2), it suffices if she decides to believe
a certain p : ξ1 which, combined with her current belief p : θ1, will make her
believe p : (θ1 ⊕k θ2). If Sarah decides to believe p : ξ1 with (θ1 ⊕k ξ1) = (θ1 ⊕k θ2)
then, due to the closure of her belief state under rule R3 from Section 4.3.1,
she will come to believe p : (θ1 ⊕k θ2). However, different values for ξ1 will
resolve the disagreement. Sarah will only be interested in the smallest truth
value with respect to order ≤k that resolves the disagreement. Truth value ξ1 is
the abbreviation for the truth value with the least amount of information, i.e.
the k-meet of all such truth values ξ1, that resolve the disagreement.

ξ1 ≡

⊗
k

(
{θ′ ∈ B | (θ1 ⊕k θ

′) = (θ1 ⊕k θ2)}
)

(8.2)

Proposition 8.1. A disagreement between Sarah and John (eq. (8.1)) will be resolved if Sarah
decides to believe p : ξ1 (eq. (8.2)). Proof in Appendix A.5.

2. An analogous argument holds for John. If John is made to believe a least
p : (θ1 ⊕k θ2), he has to decide to believe at least a certain p : ξ2 with (θ2 ⊕k ξ2) =
(θ1 ⊕k θ2). Deciding to believe p : ξ2, combined with his current belief p : θ2
and due to the closure of B j under rule R3, will make him believe p : (θ1 ⊕k θ2).
John is also only interested in the truth value with the least possible amount of
information that resolves the disagreement. Truth value ξ2 is the abbreviation
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for the truth value with the least amount of information, i.e. the k-meet of all
such truth values ξ2, that resolve the disagreement.

ξ2 ≡

⊗
k

(
{θ′ ∈ B | (θ2 ⊕k θ

′) = (θ1 ⊕k θ2)}
)

(8.3)

Proposition 8.2. A disagreement between Sarah and John (eq. (8.1)) will be resolved if John
decides to believe p : ξ2 (eq. (8.3)). Proof in Appendix A.5.

Example 8.2. Next, we provide example truth values that Sarah may use to resolve her
disagreement with John. Continued from example 8.1. We have: Ms with Bs ∈ Ms with
p : θ1 ∈ maxk(Bs) with θ1 =

7/10 ] 3/10, andM j with B j ∈ M j with p : θ2 ∈ maxk(B j) with
θ2 =

3/10 ] 7/10.

1. We have ξ1 =
0/10 ] 7/10, e.g.M′

s = addms(p : ξ1,Bs)(Ms) with B′s ∈ M′
s with p : θ′1 ∈

maxk(B′s) withθ′1 =
7/10]3/10⊕k

0/10]7/10 =
7/10]7/10. Becauseθ2 ≤k θ′1, the disagreement

is resolved.

2. We have ξ2 =
7/10 ] 0/10, e.g.M′

s = addms(p : ξ2,B j)(M j) with B′j ∈ M
′

j with p : θ′2 ∈
maxk(B′s) withθ′2 =

3/10]7/10⊕k
7/10]0/10 =

7/10]7/10. Becauseθ1 ≤k θ′2, the disagreement
is resolved.

The propositions p : ξ1 and p : ξ2 are the propositions with the least amount
of information that resolve the disagreement. Both agents could decide to believe
propositions that are more informative; however, to resolve their issues, we assume
that agents change their beliefs as little as possible.

Retracting beliefs can have the same effect as the opposite decision of adding
beliefs: a disagreement can be resolved if either Sarah or John retracts certain beliefs
such that in their remaining belief state they come to believe at most p : (θ1 ⊗k θ2).
Proposition p : (θ1 ⊗k θ2) is the most Sarah may believe to agree with John, and
p : (θ1 ⊗k θ2) is also the most John may believe to agree with Sarah. See figure 8.2 for
a depiction.

3. If Sarah is to believe at most p : (θ1 ⊗k θ2), then she has to become ignorant
about a certain p : η1. Truth value η1 has less information than θ1, i.e. η1 ≤k θ1;
otherwise Sarah would not retract anything. Additionally, η1 does not have less
information than (θ1 ⊗k θ2), i.e. η1 �k (θ1 ⊗k θ2); otherwise Sarah would retract
more than necessary. Truth value η1 is the abbreviation for the truth value with
the least amount of information, i.e. the k-meet of all such truth values, that
apply for both criteria.

η1 ≡

⊗
k

(
{θ′ ∈ B | (θ′ ≤k θ1) ∧ (θ′ �k (θ1 ⊗k θ2))}

)
(8.4)

Proposition 8.3. A disagreement between Sarah and John (eq. (8.1)) will be resolved if Sarah
decides to be ignorant about p : η1 (eq. (8.4)). Proof in Appendix A.5.
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4. An analogous argument holds for John. If John is to believe at most p : (θ1 ⊗k
θ2), he has to become ignorant about a certain p : η2. Truth value η2 has less
information than θ2, i.e. η2 ≤k θ2; otherwise John would not retract anything.
Additionally, η2 does not have less information than θ1 ⊗k θ2, i.e. η2 �k (θ1 ⊗k
θ2); otherwise John would retract more than necessary. Truth value η2 is the
abbreviation for the truth value with the least amount of information, i.e. the
k-meet of all such truth values, that apply for both criteria. See figure 8.2 for a
depiction.

η2 ≡

⊗
k

(
{θ′ ∈ B | (θ′ ≤k θ2) ∧ (θ′ �k (θ1 ⊗k θ2))}

)
(8.5)

Proposition 8.4. A disagreement between Sarah and John (eq. (8.1)) will be resolved if John
decides to be ignorant about p : η2 (eq. (8.5)). Proof in Appendix A.5.

Example 8.3. Next, we provide example truth values that Sarah may use to resolve her
disagreement with John. Continued from example 8.1. We have: Ms with Bs ∈ Ms with
p : θ1 ∈ maxk(Bs) with θ1 =

7/10 ] 3/10, andM j with B j ∈ M j with p : θ2 ∈ maxk(B j) with
θ2 =

3/10 ] 7/10.

1. We have η1 =
4/10 ] 0/10, e.g. M′

s = retrms(p : η1,Bs)(Ms) with B′s ∈ M′
s with θ′1 ∈

maxk(B′s) with θ′1 =
3/10 ] 3/10. Because θ′1 ≤k θ2, the disagreement is resolved.

2. We have η2 =
0/10 ] 4/10, e.g. M′

j = retrms(p : η2,B j)(M j) with B′j ∈ M
′

j with θ′2 ∈
maxk(B′j) with θ′2 =

3/10 ] 3/10. Because θ′2 ≤k θ1, the disagreement is resolved.

8.1.4 Disagreement-awareness

Disagreeing agents can become aware of their disagreement, as we will describe
now. We assume that our agents’ mental states are closed under communication
of inform statements (Section 7.6). Given this assumption and proposition 7.2, it
follows that Sarah is aware that John has represented her beliefs correctly, and with
proposition 7.5, it follows that Sarah is aware that John has represented her igno-
rance correctly. Additionally, given this assumption and proposition 7.3, it follows
that Sarah’s beliefs about John’s beliefs are correct, and with proposition 7.6, it fol-
lows that Sarah’s beliefs about John’s ignorance are also correct. If we would not
assume that agents are aware that their beliefs are correctly represented, we had to
describe situations in which Sarah would be aware that John is incorrectly aware of a
disagreement with her, or situations in which Sarah would be aware that John is in-
correctly not aware of disagreement with her. Given the assumption, three different
levels of disagreement-awareness are identified.

1. The lowest level of disagreement-awareness is that Sarah disagrees with John
about the truth value of a formula; however, she is not aware they disagree.
This unawareness is solely because Sarah does not have beliefs about John’s
beliefs from which she can become aware of their disagreement.
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2. The first level of a disagreement-awareness is that Sarah is aware that she
disagrees with John. Figure 8.3 depicts the following mental state structures,
and equation (8.6) provides a sentence in LMS that defines when Sarah has a
first-order disagreement disagreement-awareness with John.

• Sarah believes at most that p has truth value θ1, i.e. p : θ1 ∈ maxk(Bs).

• Ideally, if Sarah believes that John believes that formula p has at most truth
value θ2 and θ1 disagrees with θ2, then she disagrees with John about p,
i.e. θ1 'k θ2. However, Sarah does not believe what John believes at most;
she only believes what John believes at least. The best approximation that
Sarah can have of what John believes at most is by the combined informa-
tion from her beliefs about his beliefs and her beliefs about his ignorance.
The hypothetical truth value of the formula p that John believes at most,
say θ′, as seen from Sarah’s perspective, has equal or more information
than the k-maximal elements of her beliefs about John’s beliefs about p, i.e.
p : θ3 ∈ maxk(BsB j) and θ3 ≤k θ′.

• Sarah’s approximation of what John believes at most, proposition p : θ′,
is not part of Sarah’s belief about John’s ignorance. According to Sarah,
her belief about John’s beliefs provides a lower bound to what he believes
at most, and her beliefs about his ignorance provides an upper bound to
what he believes at most. Sarah may believe at most that John believes at
least p : θ3, i.e. p : θ3 ∈ maxk(BsB j). If a proposition p : τ2 that would resolve
the disagreement, if believed by John or Sarah, i.e. τ2 ≤k (θ1 ⊕k θ3), is not
believed by John, i.e. p : τ2 ∈ BsB̃ j, and θ1 disagrees with θ3, i.e. θ1 'k θ3,
then Sarah is aware of a disagreement with John about the truth value of
formula p.

Sarah is aware of the first-order disagreement if Ms |= equation (8.6) with
θ1 'k θ3 and τ2 ≤k (θ1 ⊕k θ3).

(p : θ1 ∈ maxk(Bs)) ∧ (p : θ3 ∈ maxk(BsB j)) ∧ (p : τ2 ∈ BsB̃ j) (8.6)

Proposition 8.5. If Sarah has a first-order disagreement-awareness with John (eq. (8.6)),
then she has a disagreement with John (eq. (8.1)). Proof in Appendix A.5.

Example 8.4. Next, we provide the situation in which Sarah has a first-order disagreement-
awareness with John about the truth value of p. Continued from example 8.1. Suppose: Ms
with Bs,BsB j,BsB̃ j ∈ Ms with p : θ1 ∈ maxk(Bs), p : θ3 ∈ maxk(BsB j) and p : τ2 ∈ BsB̃ j.

1. If θ1 =
7/10 ] 3/10 and θ3 =

3/10 ] 3/10, then because θ3 ≤k θ1 Sarah does not have a
first-order disagreement-awareness with John about the truth value of p.

2. If θ1 =
7/10 ] 3/10 and θ3 =

2/10 ] 6/10, then because θ3 'k θ1 Sarah believes that John
has a belief that disagrees with her belief. Additionally, if τ2 =

4/10 ] 6/10, then she
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Figure 8.3: disagreement-awareness
about formula p.
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Figure 8.4: Awareness of disagreement-
awareness about formula p.

believes that John cannot have a belief in which they agree, i.e. τ2 ≤k (θ1 ⊕k θ3), i.e.
4/10] 6/10 ≤k

7/10] 6/10. Thus, Sarah has a first-order disagreement-awareness with John
about the truth value of p.

3. The second level of a disagreement-awareness is described by the situation in
which Sarah is aware that John is aware that they disagree. Figure 8.4 depicts
the following mental state structures, and equation (8.7) provides a sentence in
LMS that defines when Sarah has a second-order disagreement-awareness with
John.

• Ideally, if Sarah believes that John believes that p has at most truth value
θ3, and that John believes that she believes that p has at most a truth value
θ4 that disagrees with θ3, then she is aware that John is aware that they
disagree. Just as in to the previous paragraph, we have p :θ3 ∈ maxk(BsB j).

• Sarah believes at most that John believes at least that she believes at least
p : θ4, i.e. p : θ4 ∈ maxk(BsB jBs). Note that θ4 need not be equal to θ1 that
Sarah actually assigns to p (eq. (8.1)); Sarah may deliberately keep John
ignorant about what she actually believes, i.e. θ4 ≤k θ1. Thus, as seen
from Sarah’s perspective, John is aware that they disagree if θ3 'k θ4.
The proposition that would, from John’s perspective as seen from Sarah’s
perspective, resolve the disagreement is p : (θ3 ⊕k θ4).

• As seen from Sarah’s perspective, John does not believe the proposition
p : (θ3 ⊕k θ4) that would resolve the disagreement, i.e. p : τ2 ∈ BsB̃ j with
τ2 ≤k (θ3 ⊕k θ4).

• Additionally, Sarah believes that John believes that she is ignorant about
the proposition that would resolve the second-order disagreement-awa-
reness, i.e. p : τ3 ∈ BsB jB̃s with τ3 ≤k (θ3 ⊕k θ4).

Sarah is aware of the second-order disagreement ifMs |= equation (8.7) with
θ3 'k θ4, τ2 ≤k (θ3 ⊕k θ4) and τ3 ≤k (θ3 ⊕k θ4).

(p : θ3 ∈ maxk(BsB j)) ∧ (p : θ4 ∈ maxk(BsB jBs)) ∧
(p : τ2 ∈ BsB̃ j) ∧ (p : τ3 ∈ BsB jB̃s)

(8.7)
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Proposition 8.6. If Sarah has a second-order disagreement-awareness with John (eq. (8.7)),
then Sarah has a first-order disagreement-awareness with John (eq. (8.6)). Proof in Ap-
pendix A.5.

Example 8.5. Next, we provide the situation in which Sarah has a second-order disagree-
ment-awareness with John about the truth value of p. Continued from example 8.4. Suppose:
Ms with Bs,BsB j,BsB̃ j,BsB jBs, BsB jB̃s ∈ Ms with p : θ1 ∈ maxk(Bs), p : θ3 ∈ maxk(BsB j),
p : θ4 ∈ maxk(BsB jBs), p : τ2 ∈ BsB̃ j and p : τ3 ∈ BsB jB̃s.

1. Assume θ1 =
7/10 ] 3/10, θ3 =

2/10 ] 6/10 and τ2 =
4/10 ] 6/10, then Sarah has a first-order

disagreement-awareness with John about the truth value of p, see example 8.4(2).

2. If θ4 =
2/10 ] 1/10, then because θ4 ≤k θ3 Sarah is not aware that John is aware of their

disagreement, i.e. Sarah does not have a second-order disagreement-awareness about
the truth value of p.

3. If θ4 =
5/10 ] 1/10, i.e. θ3 'k θ4, and if τ3 =

5/10 ] 4/10, i.e. τ3 ≤k (θ3 ⊕k θ4), i.e.
5/10]4/10 ≤k

5/10]6/10, then Sarah has a second-order disagreement-awareness with John
about the truth value of p.

Additional situations in which either Sarah’s or John’s beliefs are incorrect, or
situations in which further levels of awareness, such as third-order disagreement-
awareness, would emerge, are not needed for our agents, and are not discussed.

8.1.5 Resolving disagreement-awareness

Next, we address propositions that resolve a disagreement-awareness. Assume that
Sarah is aware that John is aware that they disagree about the truth value of formula
p (eq. (8.7)). As described in Section 8.1.3, Sarah resolves the disagreement if she
decides to believe p : ξ1 (eq. (8.2)). Because Sarah does not have access to John’s true
beliefs, and thus does not believe what John believes at most, she does not have access
to p : ξ1; consequently, she cannot resolve the disagreement itself. The best Sarah can
do is to resolve the disagreement that she can become aware of. As far as Sarah can
tell, she has resolved the disagreement with John if she has resolved her first-order
disagreement-awareness. Because John may not have informed Sarah about his true
beliefs, Sarah can be aware that she has resolved the disagreement, while John is
aware that he still has a first-order disagreement with Sarah.

In the following discussion, four situations are distinguished, and three special
propositions are defined that, as seen from Sarah’s perspective, resolve her disagree-
ment-awareness. Table 8.1 summarises the four situations and figure 8.5 depicts the
truth values of the special propositions.

1. Sarah resolves her first-order disagreement-awareness if she comes to believe
at least p : (θ1 ⊕k θ3). Because Sarah does not have access to John’s true beliefs,
i.e. p:θ2 ∈ maxk(B j), and only has beliefs about his beliefs, i.e. p:θ3 ∈ maxk(BsB j),
deciding to believe p : (θ1 ⊕k θ3) resolves Sarah’s first-order awareness of the
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Figure 8.5: Resolving disagreement-
awareness about p by adding beliefs.
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Figure 8.6: Resolving disagreement-
awareness about p by retracting beliefs.

disagreement. To make Sarah believe at least p : (θ1 ⊕k θ3), it suffices if she
decides to believe a certain p : ξ3 which, combined with her current belief p :θ1,
would make her believe p : (θ1 ⊕k θ3). Truth value ξ3 is the abbreviation for the
truth value with the least amount of information that resolves her first-order
disagreement-awareness.

ξ3 ≡

⊗
k

(
{θ′ ∈ B | (θ1 ⊕k θ

′) = (θ1 ⊕k θ3)}
)

(8.8)

Proposition 8.7. Sarah’s first-order disagreement-awareness with John (eq. (8.6)) will be
resolved if Sarah decides to believe p : ξ3 (eq. (8.8)). Proof in Appendix A.5.

2. Sarah resolves her second-order disagreement-awareness if she comes to be-
lieve a certain p : θ′ and communicates to John that she believes p : ξ3, e.g. with
the communicative act is(s, j, p : ξ3,Bs), and thus adds to her beliefs that John
has about her beliefs, that she believes p : ξ3, i.e. addms(p : ξ3,BsB jBs)(Ms).

Proposition 8.8. Sarah’s second-order disagreement-awareness with John (eq. (8.6)) will be
resolved if Sarah decides to believe p : ξ3 (eq. (8.8)). Proof in Appendix A.5.

3. From Sarah’s perspective, John resolves Sarah’s first-order disagreement-awa-
reness if John decides to believe p : ξ2 (eq. (8.3)). If John were to come to believe
p:ξ2 and thus, from Sarah’s perspective, come to believe p:(θ1⊕kθ3) (cf. eq. (8.6)),
then John would resolve Sarah’s first-order disagreement-awareness.

Proposition 8.9. Sarah’s first-order disagreement-awareness with John (eq. (8.6)) will be
resolved if John decides to believe p : ξ2 (eq. (8.3)). Proof in Appendix A.5.

4. From Sarah’s perspective, John resolves Sarah’s second-order disagreement-
awareness if John comes to believe a certain p : (θ3 ⊕k θ4). Sarah may want
to keep John ignorant about her true beliefs; from her perspective, John only
believes that she believes at least p :θ4, i.e. p :θ4 ∈ maxk(BsB jBs). As described in
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Section 8.1.4, Sarah can become aware that John is aware of their disagreement,
and thus, from Sarah’s perspective, if John comes to believe p : (θ3 ⊕k θ4), then
the second-order disagreement-awareness would be resolved (figure 8.4). Note
that if John comes to believe p : (θ3⊕k θ4) then his first-order disagreement-awa-
reness need not be resolved.

From Sarah’s perspective, John need not decide to believe p : (θ3 ⊕k θ4), he
only has to decide to believe a certain p : ξ4 which, combined with Sarah’s
beliefs about his current beliefs p :θ3 ∈ maxk(BsB j), would resolve his first-order
disagreement-awareness.

ξ4 ≡

⊗
k

(
{θ′ ∈ B | (θ3 ⊕k θ

′) = (θ4 ⊕k θ3)}
)

(8.9)

Proposition 8.10. Sarah’s second-order disagreement-awareness with John (eq. (8.7)) will
be resolved if John decides to believe p : ξ4 (eq. (8.9)). Proof in Appendix A.5.

The difference between p : ξ2 that John needs to decide to believe to resolve the
first-order disagreement-awareness, and p : ξ4 that John needs to decide to believe
to resolve the second-order disagreement-awareness, reflects the difference between
what Sarah believes at most, i.e. p : θ1 ∈ maxk(Bs) and what, according to Sarah, John
believes about Sarah’s beliefs, i.e. p : θ4 ∈ maxk(BsB jBs). That is: ξ4 ≤k ξ2 reflects
θ4 ≤k θ1.

Example 8.6. Next, we provide example truth values that Sarah may use to resolve her dis-
agreement-awareness with John. Continued from example 8.5. Suppose: Ms with Bs, BsB j,
BsB̃ j, BsB jBs, BsB jB̃s ∈ Ms with p:θ1 ∈ maxk(Bs), p:θ3 ∈ maxk(BsB j), p:θ4 ∈ maxk(BsB jBs),
p : τ2 ∈ BsB̃ j and p : τ3 ∈ BsB jB̃s.

1. Assume: θ1 =
7/10 ] 3/10, θ3 =

2/10 ] 6/10, θ4 =
5/10 ] 1/10, τ2 =

4/10 ] 6/10, τ3 =
5/10 ] 4/10,

i.e. Sarah has a second-order disagreement-awareness with John about the truth value
of p, see example 8.5(3).

2. We have ξ3 =
0/10 ] 6/10, e.g.M′

s = addms(p : ξ3,BsB jBs)(Ms) with BsB jB′s ∈ M′
s with

p : θ′4 ∈ maxk(BsB jB′s) with θ′4 =
5/10 ] 1/10 ⊕k

0/10 ] 6/10 =
5/10 ] 6/10. Because θ3 ≤k θ′4,

the second-order disagreement-awareness is resolved.

3. We have ξ4 =
5/10 ] 0/10, e.g. M′

s = addms(p : ξ4,BsB j)(Ms) with BsB′j ∈ M
′
s with

p :θ′3 ∈ maxk(BsB′j) with θ′3 =
2/10] 6/10 ⊕k

5/10] 0/10 =
5/10] 6/10. Because θ4 ≤k θ′3, the

second-order disagreement-awareness is resolved.

The opposite of deciding to add beliefs to resolve a disagreement-awareness, is
that Sarah or John decide to retract certain beliefs such that they come to agree. Four
situations are distinguished, and three special propositions defined that, as seen from
Sarah’s perspective, resolve her disagreement-awareness. Figure 8.6 depicts the truth
values, and table 8.2 summarises the four situations.
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Decision: Resolves:
d2a(s, p : ξ3,Bs) Sarah’s 1-order disagreement-awareness
d2a(s, p : ξ3,BsB jBs) Sarah’s 2-order disagreement-awareness
d2a(s, p : ξ2,BsB j) Sarah’s 1-order disagreement-awareness
d2a(s, p : ξ4,BsB j) Sarah’s 2-order disagreement-awareness

Table 8.1: Overview of the decisions to add beliefs that resolve Sarah’s awareness of
the disagreement.

1. Sarah resolves her first-order disagreement-awareness if she decides to be ig-
norant about propositions such that she comes to believe at most p : (θ1 ⊗k θ3).
Because Sarah does not have access to John’s true beliefs, i.e. p : θ2 ∈ maxk(B j),
and only has beliefs about his beliefs, i.e. p :θ3 ∈ maxk(BsB j), deciding to believe
at most p : (θ1 ⊗k θ3) resolves Sarah’s first-order awareness of the disagreement.
Proposition p : (θ1 ⊗k θ3) is the most Sarah may believe if she is to agree with
John, i.e. (θ1 ⊗k θ3) ≷k θ3.

To come to believe at most p : (θ1 ⊗k θ3), Sarah must decide to be ignorant about
a certain p:η3. Truth value η3 should have less information than θ1, i.e. η3 ≤k θ1,
and η3 should not have less information than (θ1⊗k θ3), i.e. η3 �k (θ1⊗k θ3), and
η3 is the smallest in order ≤k.

η3 ≡

⊗
k

(
{θ′ ∈ B | (θ′ ≤k θ1) ∧ (θ′ �k (θ1 ⊗k θ3))}

)
(8.10)

Proposition 8.11. Sarah’s first-order disagreement-awareness with John (eq. (8.6)) will be
resolved if Sarah decides to be ignorant about p : η3 (eq. (8.10)). Proof in Appendix A.5.

2. Sarah resolves her second-order disagreement-awareness if she retracts a belief
such that she comes to believe at most p : (θ3 ⊗k θ4). Sarah believes at most that
John believes that she believes that formula p has at least truth value θ4, i.e.
θ4 ∈ maxk(BsB jBs), while in fact Sarah believes at most p:θ1, i.e. p:θ1 ∈ maxk(Bs),
with θ4 ≤k θ1.

Because of θ4 ≤k θ1 (proposition 7.2) we have (θ3 ⊗k θ4) ≤k (θ1 ⊗k θ3), and if
Sarah is to come to believe at most p : (θ3 ⊗k θ4), then she may have to decide
to retract more beliefs than necessary. If Sarah believes at most p : (θ3 ⊗k θ4),
then she is unnecessarily ignorant about information, this because believing at
most (θ1 ⊗k θ3) would also have resolved the disagreement. Consequently, if
Sarah is to change her beliefs as little as possible, she is to resolve her first-order
disagreement-awareness.1

Proposition 8.12. Sarah’s second-order disagreement-awareness with John (eq. (8.7)) will
be resolved if Sarah decides to be ignorant about p : η3 (eq. (8.10)). Proof in Appendix A.5.

1If Sarah resolves the first-order disagreement, then she has to admit that θ4 ≤k θ1 and θ4 , θ1, that is,
she implicitly has to admit that she knowingly kept John unaware of her true beliefs.
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Decision: Resolves:
d2r(s, p : η3,Bs) Sarah’s 1-order disagreement-awareness
d2r(s, p : η3,BsB jBs) Sarah’s 2-order disagreement-awareness
d2r(s, p : η2,BsB j) Sarah’s 1-order disagreement-awareness
d2r(s, p : η4,BsB j) Sarah’s 2-order disagreement-awareness

Table 8.2: Overview of the decisions to retract beliefs that resolve Sarah’s awareness
of the disagreement.

3. From Sarah’s perspective, John resolves Sarah’s first-order disagreement-awa-
reness if he decides to be ignorant about a certain p : η2 (eq. (8.5)), and thus
would come to believe at most p : (θ1 ⊗k θ3).

Proposition 8.13. Sarah’s first-order disagreement-awareness with John (eq. (8.6)) will be
resolved if John decides to be ignorant about p : η2 (eq. (8.5)). Proof in Appendix A.5.

4. From Sarah’s perspective, John resolves Sarah’s second-order disagreement-
awareness if he decides to be ignorant about propositions such that according
to Sarah, John comes to believe at most p : (θ3 ⊗k θ4). Sarah believes that John
believes that she believes p:θ4, i.e. p:θ4 ∈ maxk(BsB jBs). Thus, John would resolve
the disagreement from his perspective, as seen from Sarah’s perspective, if he
becomes to believe at most p : (θ3 ⊗k θ4). Thus, if John comes to believe at most
p : (θ3 ⊗k θ4), Sarah’s second-order disagreement-awareness is resolved.

To come to believe at most p : (θ3⊗k θ4), John must decide to be ignorant about a
certain p : η4. Truth value η4 should have less information than θ3, i.e. η4 ≤k θ3,
and η4 should not have less information than (θ3⊗k θ4), i.e. η4 �k (θ3⊗k θ4), and
η4 is the smallest in order ≤k.

η4 ≡

⊗
k

(
{θ′ ∈ B | (θ′ ≤k θ3) ∧ (θ′ �k (θ3 ⊗k θ4))}

)
(8.11)

Proposition 8.14. Sarah’s second-order disagreement-awareness with John (eq. (8.7)) will
be resolved if John decides to be ignorant about p : η4 (eq. (8.11)). Proof in Appendix A.5.

Example 8.7. Next, we provide example truth values that Sarah may use to resolve her dis-
agreement-awareness with John. Continued from example 8.5. Suppose: Ms with Bs, BsB j,
BsB̃ j, BsB jBs, BsB jB̃s ∈ Ms with p:θ1 ∈ maxk(Bs), p:θ3 ∈ maxk(BsB j), p:θ4 ∈ maxk(BsB jBs),
p : τ2 ∈ BsB̃ j and p : τ3 ∈ BsB jB̃s.

1. Assume: θ1 =
7/10 ] 3/10, θ3 =

2/10 ] 6/10, θ4 =
5/10 ] 1/10, τ2 =

4/10 ] 6/10, τ3 =
5/10 ] 4/10,

i.e. Sarah has a second-order disagreement-awareness with John about the truth value
of p, see example 8.5(3).
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2. We have η3 =
3/10 ] 0/10, e.g.M′

s = retrms(p : η3,Bs)(Ms) with B′s ∈ M′
s with p : θ′1 ∈

maxk(B′s) with θ′1 =
2/10 ] 3/10. Because θ′1 ≤k θ3, the second-order disagreement-awa-

reness is resolved.

3. We have η4 =
0/10 ] 2/10, e.g. M′

s = retrms(p : η4,BsB′j)(Ms) with BsB′j ∈ M
′
s with

p : θ′3 ∈ maxk(BsB′j) with θ′3 =
1/10 ] 2/10. Because θ′1 ≤k θ1, the second-order disagree-

ment-awareness is resolved.

8.2 Acting to resolve Disagreements

If agents have disagreements, and given that their disagreements are unsatisfactory
states to maintain, then agents may take such states of disagreement to motivate
actions with the intent to resolve and come to agree on issues. This section addresses
four inference rules that may lead to the possible actions that resolve a disagreement-
awareness. By adding certain propositions to Sarah’s desires, Sarah will come to
have an unbalanced mental state structure, and this unbalanced state will motivate
her to decide to believe propositions with the intent to balance her mental state
structure. In this balanced state, Sarah will have resolved her disagreement-aware-
ness. If the decision rules cannot balance her mental state structure, then Sarah will
use dialogue rules with the intent to convey and in return receive information such
that the disagreement can be resolved. If Sarah changes her desires, the decision
and dialogue games are ‘instructed’ to resolve the disagreement: the interlocking of
all games can be used to resolve disagreements. Assume for the remainder of this
chapter that Sarah is aware that John is aware that they disagree about the truth value
of formula p, i.e.Ms |= equation (8.7).

8.2.1 Questions to resolve disagreements

Sarah resolves her disagreement-awareness with John, as described in Section 8.1.5,
if she decides to believe p : ξ3 (eq. (8.8)). If Sarah’s decision to believe p : ξ3 does
not conflict with her desires, as described Section 6.5.3, then she is motivated to
desire to believe p : ξ3. We equip Sarah with an inference rule that will make her
add the desire to believe p : ξ3, if, first, she is aware of a second-order disagree-
ment-awareness, Ms |= equation (8.7), and deciding to believe p : ξ3 resolves the
disagreement-awareness; second, believing p : ξ3 is coherent with her desires, i.e.
Ms |= coherent(p : ξ3 ∈ Bs,∆s).(

((8.7) ∧ coherent(p : ξ3 ∈ Bs,∆s))� (p : ξ3 ∈ DsBs)
)
∈ Ks (8.12)

If Sarah desires to believe p : ξ3, then all her beliefs that will make her explicitly
justified to believe p : ξ3 will be part of her indirect desires to believe and her indirect
desires to be ignorant. These indirect desires will make her justified, if she is allowed
to do so, to decide to believe p : ξ3. If Sarah lacks the grounds to decide to believe
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p : ξ3, i.e. her decision rules cannot balance her mental state structure, then she is
motivated to communicate with other agents with the intent to acquire information
such that she will become explicitly justified to decide to believe p : ξ3 afterwards.
Sarah will ask other agents with the communicative act qbas and qbrs whether she
may decide to add or retract beliefs that will make her justified to decide to believe
p : ξ3.

Sarah also resolves her disagreement-awareness with John if she decides to be
ignorant about p : η3 (eq. (8.10)), and thus decides to believe at most p : (θ1 ⊗k θ3). If
Sarah’s decision to be ignorant about p :η3 does not conflict with her desires, then she
is motivated to desire to be ignorant about p : η3. We equip Sarah with an inference
rule that will make her adopt the desire to be ignorant about p:η3, if, first, she is aware
of a second-order disagreement-awareness, i.e.Ms |= equation (8.7), and deciding to
be ignorant about p :η3 resolves the disagreement-awareness; second, being ignorant
about p : η3 is coherent with her desires, i.e.Ms |= coherent(p : η3 < Bs,∆s).(

((8.7) ∧ coherent(p : η3 < Bs,∆s))� (p : η3 ∈ DsB̃s)
)
∈ Ks (8.13)

8.2.2 Requests to resolve disagreements

As seen from Sarah’s perspective, John resolves their disagreement-awareness if he
decides to believe p : ξ4 (eq. (8.9)). If John’s decision to believe p : ξ4 is coherent with
Sarah’s desires about John’s beliefs, i.e.Ms |= coherent(p : ξ4 ∈ BsB j,∆s), then Sarah is
motivated to desire that John believes p : ξ4. We equip Sarah with an inference rule
that will make her adopt the desire that John believes p : ξ4.(

((8.7) ∧ coherent(p : ξ4 ∈ BsB j,∆s))� (p : ξ4 ∈ DsB j)
)
∈ Ks (8.14)

As seen from Sarah’s perspective, John resolves their disagreement-awareness if
he decides to be ignorant about p:η4 (eq. (8.11)). If John’s decision to be ignorant about
p:η4 is coherent with Sarah’s desires about John’s ignorance, i.e.Ms |= coherent(p:η4 ∈

BsB̃ j,∆s), then Sarah is motivated to desire that John is ignorant about p:η4. We equip
Sarah with the inference rule that will make her adopt the desire that John is ignorant
about p : η4. (

((8.7) ∧ coherent(p : η4 ∈ BsB̃ j,∆s))� (p : η4 ∈ DsB̃ j)
)
∈ Ks (8.15)

Example 8.8. Next, we provide a situation in which Sarah resolves her disagreement-awa-
reness with John. Continued from example 8.6. Suppose: Ms with Bs,BsB j,BsB̃ j,BsB jBs,
BsB jB̃s ∈ Ms with p :θ1 ∈ maxk(Bs), p :θ3 ∈ maxk(BsB j), p :θ4 ∈ maxk(BsB jBs), p :τ2 ∈ BsB̃ j
and p : τ3 ∈ BsB jB̃s.

1. Assume: θ1 =
7/10 ] 3/10, θ3 =

2/10 ] 6/10, θ4 =
5/10 ] 1/10, τ2 =

4/10 ] 6/10, τ3 =
5/10 ] 4/10,

i.e. Sarah has a second-order disagreement-awareness with John about the truth value
of p, see example 8.5(3). Thus, ξ3 =

0/10 ] 6/10, see example 8.6(2).
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2. With the inference rule from equation (8.12), Sarah will adopt the desire to believe p:ξ3,
i.e. p : 0/10 ] 6/10 ∈ DsBs.

3. Assume that Sarah knows the following inference rule.(
(q : 7/10 ]

0/10 ∈ Bs)� (p : 7/10 ]
0/10 ∈ Bs)

)
∈ Ks (8.16)

From p:0/10]6/10 ∈ DsBs and the inference rule from equation (8.16) follows q:7/10]0/10 ∈

ind(DsBs). If Sarah decides to add q : 7/10 ] 0/10 to her belief state, then, if she closes her
belief state under decision-making, due to inference rule from equation (8.16), she will
balance her mental state structure.

4. Assume that Sarah believes, q : 10/10 ] 0/10. If her mental state structure is closed under
decision-making, due to inference rule from equation (8.16), she will add p : 7/10] 0/10 to
her belief state. If she adds this, then due to rule R3 she will believe p : 7/10 ] 7/10, and
agree with John: she has resolved her disagreement.

8.3 To Agree to Disagree

We now describe the situation in which agents may become aware that their disagree-
ments are irresolvable. An agent may regard her disagreement with another agent
irresolvable if she has exhausted all possible actions that could have resolved the
disagreement. Stated differently, if all possible communicative acts that, according
to the agent, can resolve the disagreement have been tried and have been answered,
yet the disagreement remains, then the disagreement is irresolvable.

8.3.1 Irresolvable disagreements

In the previous section, we described the decision rules that allow Sarah to change
her desires such that she will become motivated to communicate with the intent to
resolve her disagreement. Next, we describe the properties of Sarah’s mental state
structure in which the disagreement with John has not been resolved.

1. If Sarah decides to believe at least p : ξ3 (eq. (8.8)), then her disagreement-awa-
reness would be resolved. However, her communicative acts that could make
her explicitly justified to decide to believe p : ξ3 have failed, i.e.Ms enjoys the
property finished(s, p : ξ3 < Bs).

2. From Sarah’s perspective, if John decides to believe at least p : ξ4 (eq. (8.9)),
then Sarah’s disagreement-awareness would be resolved. However, Sarah’s
communicative acts that could make John explicitly justified to decide to adopt
p : ξ4, as seen from her perspective, have failed, i.e. Ms enjoys the property
finished(s, p : ξ4 ∈ BsB j).
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3. If Sarah decides to be ignorant about p : η3 (eq. (8.10)), then her disagreement-
awareness would be resolved. However, her communicative acts that could
make her explicitly justified to decide to retract p : η3 have failed, i.e.Ms enjoys
the property finished(s, p : η3 < Bs).

4. From Sarah’s perspective, if John decides to be ignorant about p : η4 (eq. (8.11)),
then Sarah’s disagreement-awareness would be resolved. However, Sarah’s
communicative acts that could make John explicitly justified to decide to retract
p : η4, as seen from her perspective, have failed, i.e. Ms enjoys the property
finished(s, p : η4 ∈ BsB̃ j).

Sarah has run out of communicative acts if these four properties hold in her
mental state structure, i.e.Ms enjoys the property as expressed by equation (8.17).

finished(s, p : ξ3 ∈ Bs) ∧ finished(s, p : ξ4 ∈ BsB j) ∧
finished(s, p : η3 < Bs) ∧ finished(s, p : η4 ∈ BsB̃ j)

(8.17)

We assume that the property as expressed by equation (8.17) can be tested on the
agent’s mental state structure. The agent does not need to have an epistemic attitude,
such as beliefs, about whether the property is true or false. However, we assume
that the property can be used in the antecedent to inference rules to express that the
agent has run out of communicative acts to reach a certain mental state structure.

8.3.2 Believing irresolvable disagreements

If Sarah disagrees with John, and she has tried everything to resolve their disagree-
ment, then, as seen from her perspective, she is justified to decide to believe that
their disagreement is irresolvable. A special purpose formula will be used to express
that Sarah has, from her perspective, an irresolvable disagreement with John about
the truth value of formula p. Formula irdis(s, p : θ4, j, p : θ3) states, as expressed in
equation (8.7), that Sarah disagrees with John about the truth value of p, i.e. among
other properties that p : θ4 ∈ BsB jBs and p : θ3 ∈ BsB j. For s, j ∈ A with s , j, and
p : θ4, p : θ3 ∈ LB,F , then irdis(s, p : θ4, j, p : θ3) ∈ F .2

We assume that Sarah knows the following two inference rules. The antecedent for
Sarah to decide to believe that irdis(s, p :θ4, j, p :θ3) is true, i.e. that their disagreement
is irresolvable, is that, from Sarah’s perspective, she has a disagreement, (eq. (8.7)),
and the disagreement is irresolvable (eq. (8.17)).(

((8.7) ∧ (8.17))� (irdis(s, p : θ4, j, p : θ3) : t ∈ Bs)
)
∈ Ks (8.18)

2Assume that irresolvable disagreements cannot be made about an irresolvable disagreement, i.e.
nesting the irdis formula within an irdis is not possible. We will not discuss whether Sarah can have an
irresolvable disagreement with John whether they have an irresolvable disagreement on the truth value
of p, i.e. irdis(s, irdis(s, p : θ4, j, p : θ3) : t, j, irdis(s, p : θ4, j, p : θ3) : f) < F .
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If Sarah ceases to regard the disagreement as irresolvable, or ceases to think that she
has a disagreement, then she will become ignorant about the disagreement.(

(¬(8.7) ∧ (8.17))� (irdis(s, p : θ4, j, p : θ3) : t < Bs)
)
∈ Ks (8.19)

8.3.3 Communicating irresolvable disagreements

If Sarah believes she has an irresolvable disagreement with John, then she desires
that John believes that she has this irresolvable disagreement. If John were to believe
that Sarah has an irresolvable disagreement with him, he could help to resolve it. If
Sarah knows the following inference rule, then she will act to make John believe that
she has an irresolvable disagreement with him. The antecedent for desiring that John
believes that irdis(s, p:θ4, j, p:θ3) is true, is that Sarah believes she has this irresolvable
disagreement.(

(irdis(s, p : θ4, j, p : θ3) : t ∈ Bs)� (irdis(s, p : θ4, j, p : θ3) : t ∈ DsB j)
)
∈ Ks (8.20)

If Sarah ceases to believe that irdis(s, p : θ4, j, p : θ3) is true, then she does not desire
that John believes this.(

(irdis(s, p : θ4, j, p : θ3) : t ∈ B̃s)� (irdis(s, p : θ4, j, p : θ3) : t < DsB j)
)
∈ Ks (8.21)

The dialogue game of requesting belief additions (Section 7.4) will do the rest and will
make John believe that Sarah has an irresolvable disagreement: Sarah will request
John to believe irdis(s, p : θ4, j, p : θ3) : t, and John will respond either with a negative
or an affirmative answer.

8.3.4 Irresolvable disagreement-awareness

Next, we define inference rules that allow Sarah to decide to believe certain conse-
quences from her belief that John believes that he has an irresolvable disagreement
with her.

Because Sarah is assumed to have a disagreement, as given in equation (8.7),
Sarah’s mental state structure has, among other properties, p : θ3 ∈ maxk(BsB j) and
p : θ4 ∈ maxk(BsB jBs). In addition to Sarah’s disagreement, assume that John believes
he has the following irresolvable disagreement with Sarah: irdis( j, p:θ5, s, p:θ6): t ∈ B j.
John’s mental state structure has, among others properties, p : θ5 ∈ maxk(B jBs) and
p : θ6 ∈ maxk(B jBsB j). For convenience, take κ ≡ irdis( j, p : θ5, s, p : θ6). Assume that
John requested Sarah to believe κ : t, i.e. rba( j, s, κ : t) (cf. Section 7.4). Sarah thus
believes that John has an irresolvable disagreement with her about p.

Ms |= (κ : t ∈ BsB j), (p : θ3 ∈ maxk(BsB j)), (p : θ4 ∈ maxk(BsB jBs)) (8.22)

In this mental state structure, Sarah may decide to believe properties about John’s
mental state structure.
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1. The situation θ6 �k θ3 occurs when, according to Sarah, she is incorrectly
informed about John’s beliefs. Sarah believed that John believed p:θ3; however,
from Sarah’s belief about John’s irresolvable disagreement κ : t ∈ BsB j, she can
conclude that John believes that she allegedly believes that he believes p : θ6,
i.e. p : θ6 ∈ maxk(B jBsB j). If θ6 �k θ3, then Sarah may add p : θ6 to her beliefs
about John’s beliefs.(

((κ : t ∈ BsB j) ∧ (p : θ3 ∈ maxk(BsB j)))� (p : θ6 ∈ BsB j)
)
∈ Ks (8.23)

2. The situation θ4 �k θ5 occurs when, according to Sarah, John is incorrectly
informed about her beliefs. From Sarah’s belief about John’s irresolvable dis-
agreement irdis( j, p : θ5, s, p : θ6) : t ∈ BsB j, she can conclude that John believes
that Sarah believes p:θ5, i.e. p:θ5 ∈ maxk(B jBs). However, Sarah herself believes
that John believes that she believes p : θ4. If θ4 �k θ5, then Sarah may add her
belief about John’s belief about hers, i.e. she decides to add p : θ5 to BsB jBs.(

((κ : t ∈ BsB j) ∧ (p : θ4 ∈ maxk(BsB jBs)))� (p : θ5 ∈ BsB jBs)
)
∈ Ks (8.24)

From the dialogue game to inform about changed beliefs from Section 7.6, the
communicative act is will allow Sarah to inform John that he is incorrectly
informed about her belief. Such communication may resolve, as a last resort,
the disagreement on the truth value of p.

3. Sarah may decide to believe that John has an irresolvable disagreement with her
about the truth value of p if she believes she has an irresolvable disagreement
with him about p. Sarah believes she has an irresolvable disagreement with
John, i.e. κ1 ≡ irdis(s, p : θ4, j, p : θ3) and κ1 : t ∈ Bs, and if she believes that John
believes he has an irresolvable disagreement with her about the same formula,
i.e. κ2 ≡ irdis( j, p : θ6, s, p : θ5) and κ2 : t ∈ BsB j, and, according to Sarah, John is
not incorrectly informed about her beliefs, i.e. θ6 ≤k θ3 and θ4 ≤k θ5, then she
may believe that John has an irresolvable disagreement with her.(

((κ1 : t ∈ Bs) ∧ (κ2 : t ∈ BsB j))� (κ2 : t ∈ Bs)
)
∈ Ks (8.25)

8.3.5 Agreeing or disagreeing to disagree

From Sarah’s belief that John has an irresolvable disagreement with her, the previous
section described three inference rules that allow her to change her beliefs about
John’s beliefs, such that she may resolve the disagreement, or she decides to believe
that he indeed has an irresolvable disagreement with her. Next, we will allow Sarah
to confront John with what she believes about his irresolvable disagreement.

The inference rules that have been described in Section 8.2 changed the agents’
desires such that the dialogue games might possibly resolve the disagreement. If
Sarah’s mental state structure is closed under decision-making, and thus closed
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Figure 8.7: Sarah rejects John’s request that she is to believe that he has an
irresolvable disagreement with her.

under the decision rules and inference rules from the previous section (Section 8.3.4),
then Sarah will be allowed to communicate (cf. the deliberation cycle, Section 5.3.4).
Two options exist:

1. If Sarah does not believe that John has an irresolvable disagreement with her, i.e.
inference rule from equation (8.25) has not been used to change her beliefs, then
Sarah denies John’s request to believe that he has an irresolvable disagreement.
See also figure 8.7. Observe that in such a situation, Sarah has changed her
beliefs about John, and is allowed to communicate an inform statement. This
inform statement will update Sarah’s and John’s beliefs, and either resolve the
disagreement, or John will be allowed to request that Sarah believes a new and
updated irresolvable disagreement.

2. If Sarah believes that John has an irresolvable disagreement with her, then Sarah
can grant John’s request to believe that he has an irresolvable disagreement with
her. Sarah agrees to disagree. After granting John’s request, Sarah believes
that John believes that she also has an irresolvable disagreement with him,
as expressed in the following equation. κ1 ≡ irdis(s, p : θ4, j, p : θ3) and κ2 ≡

irdis( j, p : θ6, s, p : θ5)) with θ6 ≤k θ3 and θ4 ≤k θ5.

Ms |= (κ1 : t ∈ Bs), (κ2 : t ∈ BsB j), (κ2 : t ∈ BsB jBs) (8.26)

If Sarah is allowed to respond affirmatively to Sarah’s request to believe that she
has an irresolvable disagreement with him, Sarah is also allowed to request John to
believe that she has an irresolvable disagreement him. If Sarah had first requested
to believe that they have an irresolvable disagreement, then Sarah’s mental state
structure would turn out slightly different.

Ms |= (κ1 : t ∈ Bs), (κ1 : t ∈ BsB j), (κ1 : t ∈ BsB jBs) (8.27)
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Example 8.9. Next we provide a situation in which John becomes aware that Sarah has agreed
to disagree with him about the truth value of p. Continued from example 8.5. Suppose: Ms
with Bs,BsB j,BsB jBs ∈ Ms with p : θ1 ∈ maxk(Bs), p : θ3 ∈ maxk(BsB j) and p : θ4 ∈

maxk(BsB jBs). Suppose: M j with B j,B jBs,B jBsB j ∈ M j with p : θ2 ∈ maxk(B j), p : θ5 ∈

maxk(B jBs) and p : θ6 ∈ maxk(B jBsB j).

1. Assume: θ1 =
7/10 ] 3/10, θ3 =

2/10 ] 6/10, θ4 =
5/10 ] 1/10 , see example 8.5(3).

2. Assume: θ2 =
3/10 ] 7/10, θ5 =

6/10 ] 2/10, θ6 =
1/10 ] 5/10 .

3. Assume that John is aware that he disagrees with Sarah as expressed by equation (8.7).
Additionally, assume that John has run out of communicative acts to convince Sarah
to agree with him, that is, his mental state structure enjoys property (8.17).

4. From equation (8.7), property (8.17) and the inference rule from equation (8.18) follows:
M j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ B j.

5. FromM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ B j and closure under the inference
rule from equation (8.20) followsM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ D jBs.

6. FromM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ D jBs, andM j |= irdis( j, p : 1/10 ]
5/10, s, p : 6/10]2/10): t < B jBs and the preconditions to utter a request for a belief addition
(eq. (7.39)), John requests Sarah to believe irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t.

7. After communication we have, among other properties,Ms |= irdis( j, p : 1/10] 5/10, s, p :
6/10 ] 2/10) : t ∈ BsB j andM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ B jBsB j.

8. We have θ6 ≤k θ3, i.e. 1/10 ] 5/10 ≤k
2/10 ] 6/10, thus, according to Sarah, John is not

completely informed about her beliefs, but his beliefs are not incorrect.

9. We have θ4 ≤k θ5, i.e. 5/10 ] 1/10 ≤k
6/10 ] 2/10, thus, according to Sarah, John is not

completely informed about what she believes about his beliefs, but his beliefs are not
incorrect.

10. From θ6 ≤k θ3, θ4 ≤k θ5,Ms |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ BsB j, and the
inference rule from equation (8.25) followsMs |= irdis( j, p:1/10]5/10, s, p:6/10]2/10):t ∈ Bs.

11. FromMs |= irdis( j, p: 1/10]5/10, s, p: 6/10]2/10): t ∈ Bs andMs |= irdis( j, p: 1/10]5/10, s, p:
6/10 ] 2/10) : t ∈ BsD jBs and the preconditions to grant a request for a belief addition
(eq. (7.42)), Sarah grants John’s request to believe irdis( j, p : 1/10] 5/10, s, p : 6/10] 2/10) : t.

12. After communication we have, among other properties,M j |= irdis( j, p : 1/10] 5/10, s, p :
6/10 ] 2/10) : t ∈ B jBs andM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ B jBsB j.

13. FromM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ B j,M j |= irdis( j, p : 1/10 ] 5/10, s, p :
6/10 ] 2/10) : t ∈ B jBs andM j |= irdis( j, p : 1/10 ] 5/10, s, p : 6/10 ] 2/10) : t ∈ B jBsB j follows
that John is aware that Sarah has agreed to disagree with him about the truth value of p.
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8.4 Interpretation of an Agreement to Disagree

Next, we provide an interpretation (Section 8.4.2) of our agents’ agreements to dis-
agree in the context of Aumann’s proof that such an agreement cannot exist (Sec-
tion 8.4.2).

8.4.1 The ‘no disagreement’ theorem

In Agreeing to Disagree [Aum76], Aumann provided a formal definition of common
knowledge and used it to prove that two agents cannot “agree to disagree”. If agents
start from a common prior and update, using Bayes’ rule, the probability of an event
on the basis of private information, then it cannot be common knowledge between
them that on agent assigns a certain probability to the event, and another agent
assigns a different probability to the event. In other words, if their posteriors3 of
the event are common knowledge, then the posteriors must coincide. The fact that
Sarah has a different opinion from John is a piece of information that should induce
Sarah and John to revise their opinions. Such a process of revision will continue
until consensus is reached. Aumann’s surprising result is that even if agents justify
their beliefs with private information, common knowledge of their opinions and a
common prior probability distribution implies that their opinions cannot be different.

Translated to our agents, Aumann’s result states the following. The meaning of
speech acts is common prior, which is common knowledge, and the agents updates
her beliefs, i.e. her posteriors, based on utterances of speech acts. If Sarah and John
start from a common prior, such as their belief that a patient suffers from a certain
disease, then after receiving communication from Fred that the patient has a severe
fever, Sarah and John update their belief about the patient’s disease. If Sarah and
John have only used knowledge that they regard common knowledge, then their
new beliefs would have to be the same. Agents cannot disagree.

Since agents often hold different beliefs and they are aware they do so, the ‘no
disagreement’ result raises the question of explaining the origin of differences in
belief. Aumann’s result leaves us with two options: either we admit that common
knowledge of agents’ beliefs fails, or deny the ‘common prior’ assumption (see
Halpern [Hal98]). First, we address the common prior assumption, then we will turn
to the idea of incorrect common knowledge.

The common prior assumption, also known as the ‘Harsanyi Doctrine’ [Har68],
says that differences in beliefs among agents can be completely explained by differ-
ences in information. Essentially, the idea is that agents start out with identical prior
beliefs (the common prior) and then condition their beliefs on the information that
they later receive. If their new beliefs differ, it must be because they have received dif-
ferent information. Effectively, this states that if agents all have the same knowledge,
then they ought to have the same subjective probability assignments. Translated
to our agents, if agents start out with identical beliefs and knowledge, that is, with

3The posterior probability, also known as the posterior, is a revised probability obtained by updating
a prior probability after receiving new information, cf. Grinstead [GS97, p. 155].
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identical cognitive states (the common prior), and then update their cognitive state
after receiving a speech act, because their cognitive states are equal, they interpret
the act equally, and thus their cognitive states remain equal. If their cognitive states
do differ, it must be because they received different speech acts.

We will not deny the common prior assumption. If we do not deny the common
prior assumption, but still wish to explain the differences of agents’ beliefs, we have
to question whether agents’ common knowledge can be incorrect. Next, we explore
this idea and conclude what this means for our agents’ agreement to disagree.

8.4.2 Alleged common knowledge

As said in Section 2.3, facts in reality do not determine the truth of propositions for our
agents. It are the criteria that hold in the agents’ cognitive states that determine the
truth of propositions. These criteria have been (tacitly) agreed upon by the agent’s
community to determine when an agent may regard propositions to constitute a
truth. Furthermore, the community has agreed on the criteria that have to hold in an
agent’s cognitive state to express when she may regard herself entitled to predicate
to believe propositions.

An agent’s view of the meaning of speech acts, as well as of propositions and
decisions, is that she regards herself entitled to predicate to know that her use of the
speech acts is common knowledge. That is, the agent knows a criterion rule that
provides her with a criterion to use some speech act, and, according to the agent, all
agents in her community know the criterion to use the speech act. Notwithstanding
an agent’s justification to know the meaning of some speech act, because she grounds
this knowledge on her cognitive state, other agents may still use the speech act
differently. If the truth-conditions of a proposition had been independent of the
agent’s cognitive state, such as proposed by Correspondence theory, then an agent
could not be justified to know a truth while another agent is also justified to know
a contradictory truth. A similar argument holds for speech acts. If the criteria for
correct usage had been independent of the agent’s cognitive state, then an agent
could not attest that a proposition is a truth while another agent is correct to attest
that the proposition is not a truth. If a fact in reality provides the truth-condition
of a proposition held by two agents, the two agents cannot have a different account
of the truth. If the truth-conditions of a proposition or a speech act are properties
of an agent’s cognitive state, then, because cognitive states are not shared, agents
can predicate to believe propositions that contradict, while nevertheless they can be
justified to believe them.

Thus, with a Wittgensteinian account of meaning, agents can be justified to know
that the use of a speech act is common knowledge, while in an absolute sense,
as defined for example by Aumann, the agents do not have common knowledge.
If agents are perfectly justified to know that the use of a speech act is common
knowledge, then this common knowledge can be the source of the differences in belief
that agents often seem to have. Aumann used his definition of common knowledge
to prove the celebrated result that says that agents cannot “agree to disagree” about
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their beliefs. We provided in intuitive analysis that agents that use Wittgenstein’s
use account of meaning, can agree to disagree about their beliefs.

Speech act theory, as described in Section 7.1.1, explains why a speaker can
communicate information with a speech act. The receiver of the speech act is aware
in which situations the speaker may utter the act. Additionally, the receiver assumes
the speaker intends to be communicate, and thus searches for an interpretation of the
speech acts in which the speaker does communicate. Under this assumption and with
this awareness, the receiver can retrieve the speaker’s intentions, and based on these
intentions can derive information. However, under a Wittgensteinian interpretation
of meaning, a speaker and receiver need not have a shared use of the speech act.
Speaker Sarah utters a speech act with the intention to convey certain information in
accordance with what she regards as the shared use of the act in an absolute sense.
However, receiver John may interpret this act in accordance to what he regards as the
shared use of the act, and if his usage of the act is not equal to Sarah’s, he may ‘retrieve’
different information. If both agents do not become aware that the information
that Sarah intended John to retrieve is not equal to the information that John has
retrieved, they may continue to be justified to believe that their communication has
been effective. From our perspective, their communication has not been effective, but
if this infectiveness remains unobserved by the agents, then, from their perspective,
the difference between the information that was intended to be communicated and
that has been retrieved, may just as well not exist. Our agents need not doubt the
meaning of propositions, decisions, and speech acts, as long as they do not observe
differences in the way they use them.

An agreement to disagree between two agents is an indication that the two agents
have a method to justify beliefs that is not shared. Common knowledge is used in
the following three methods.

• First, an agent regards herself entitled to know that the preconditions of speech
acts are shared, and that this use is common knowledge. It is because of the
common knowledge that the agent can communicate information with speech
acts. This common knowledge may not be common after all.

• Second, an agent regards herself entitled to know that the preconditions of
decisions are shared, and that this shared use is common knowledge. Because
of the shared use, agents can draw the same conclusions, and can agree about
beliefs.

• Third, the agent’s epistemology does not describe shared use after all. That is
to say, the use of the contents of the epistemology is not common knowledge
in the agent’s community.

In short, if an agent has agreed to disagree, then she can doubt the meaning of speech
acts, decisions, or propositions respectively.

Another source for the disagreement between our agents is that they can have
inference rules in their knowledge base that allow them to have irresolvable dis-
agreements. If our agents were allowed and capable to change and communicate
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their knowledge, then the agreement to disagree could be extended to encompass
the situation that agents also failed to change their knowledge. Such an extended
definition of an agreement to disagree, together with Aumann’s no disagreement
theorem, can be taken to mean that our agents failed to have a piece of common
knowledge that they are justified to regard as common knowledge.

8.5 Concluding Remarks

In this chapter, we provided inference rules that together with the decision rules
from Chapter 6 and the dialogue rules from Chapter 7 enable our agents to exchange
information, and in the worst-case scenario, to agree to disagree. First, we defined
four inference rules that allow Sarah to communicate propositions that, from her
perspective on the disagreement, may resolve the disagreement (Section 8.2). We
then provided two rules that describe when Sarah is explicitly justified to believe that
she has an irresolvable disagreement with John, and when she is explicitly justified
to retract that she has such a disagreement (Section 8.3.2). Because Sarah’s beliefs
about an irresolvable disagreement are based on her mental state structure only, John
need not regard their disagreements as irresolvable. We have defined two inference
rules that derive new desires such that the dialogue games from Chapter 7 will
communicate Sarah’s belief about her disagreement with John to him (Section 8.3.3).
Based on Sarah’s belief that John believes that from his perspective they have an
irresolvable disagreement, Sarah can update her beliefs about John’s beliefs; what
Sarah can learn from the communicated irresolvable disagreements is described in
two inference rules. Additionally, as defined in Section 8.3.4, if Sarah also has an
irresolvable disagreement with John, then she is justified to decide to believe that
John has an irresolvable disagreement with her. The dialogue games from Chapter 7
will make Sarah communicate that she agrees with John’s request to believe they
have an irresolvable disagreement, or communicate that she disagrees. That is to say,
Sarah can disagree to disagree, or agree to disagree.

If Sarah and John agree to disagree about the truth value of a proposition, then
they cannot resolve their disagreement themselves. We observed that either:

1. The agents know inference rules that justify them to believe propositions over
which they disagree; or

2. The agents regard the use of certain speech acts, decisions, or the meaning of
epistemic propositions common knowledge, while in fact this use is not shared
between Sarah and John. That is to say, that what they regarded as common
knowledge, is in fact not common knowledge.

An agreement to disagree is an indication that the shared use of a previously
used speech act or decision is not shared after all. Instead of providing the criteria
when certain information is common knowledge, with an agreement to disagree,
we can provide a criterion when certain information is not common knowledge. In
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the absence of a method to obtain access to the criteria that another agent use when
making a statement, we can never define common knowledge in the absolute sense
as Aumann did in his definition of common knowledge. A history of use in which
speech acts and decisions have not led to an agreement do disagree can be taken as
part of the criterion that speech acts and decisions are common knowledge. That is
to say, the absence of an agreement to disagree is part of the criterion for common
knowledge.

An agreement to disagree has not only a theoretical use. As said, the company
Emotional Brain is developing a software program that supports physicians to di-
agnose patients with psychopathological syndromes. The software is implemented
by means of agents who will report their assessments, as well as their inability to
diagnose to the physician. The agents will report their agreements to disagree to
their responsible human experts with the question to change their knowledge such
that disagreements become resolvable.4 If agents consult their responsible experts
for every disagreement they encounter, then, possibly, the experts are consulted more
often than necessary. In general, the physician or expert should only be consulted
if agents cannot find information to conclude on their assessments or cannot resolve
disagreements themselves. Because our agents have operational definitions when
their disagreements are irresolvable, they can agree to disagree. Because time of
experts is expensive, agents should only consult them as a last resort. Experts may
be consulted if agents agree to disagree. We could argue that it is computationally
expensive for agents to reach agreements to disagree, we assume, however, that these
computational costs do not outweigh the costs of an expert’s time.

4How agents report their assessments, their lack of assessments, or their agreements to disagree to
physicians and experts, are implementation specific issues, and are beyond the scope of this thesis.
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Chapter 9
Conclusions and Future Research

A modus vivendi is a manner of living; a way of life, or a temporary agreement
between contending parties pending a final settlement.1

Our objective was to design a multiagent system in which agents each can represent
a medical expert or a domain of relevant knowledge. Additionally, we set to provide
our agents with decision and communication games that will make them act in
accordance with the conventions of the experts that the agents represent. We will
conclude that the beliefs that our agents may come to reach are justifiable in the
expert’s domain. Additionally, we present two future extensions to our architecture.
One extension that may be interesting for the company Emotional Brain is that agents
may question other agents about their grounds to believe propositions. In another
extension, the agents can communicate about the meaning of propositions, decisions
and possibly even speech acts.

In Section 9.1, we conclude that because our agents act in accordance with the rel-
evant conventions, they can represent an expert’s opinion or a domain of knowledge.
In Section 9.2, we describe a possible dialogue game that provides the meaning of
communicative acts that would allow agents to enquire into the grounds that agents
have to justify their beliefs. In Section 9.3, we describe a dialogue game that provides
the meaning of communicative acts that would allow agents to communicate about
the meaning of propositions.

1Dictionary definition of modus vivendi on Answers.com. The American Heritage c© Dictionary of
the English Language, Fourth Edition Copyright c© 2004 by Houghton Mifflin Company. Published by
Houghton Mifflin Company.
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9.1 Conclusions

9.1.1 Our design of a multiagent system

We have designed a multiagent system in which agents have a set of dialogue rules
that allow them to communicate. Agents communicate with the aim of changing their
own and other agents’ mental state structures such that they become justified to make
decisions. Additionally, agents have a set of decision rules that allow them to change
their mental state structures with the aim of balancing their unbalanced mental state
structures. That is to say, our agents apply dialogue and decision rules, as described
by the deliberation cycle, to become explicitly justified to believe propositions they
desire to believe, or to become explicitly justified to be ignorant about propositions
they desire to be ignorant about.

An agent’s knowledge base can be used to customise the agent such that she
will represent one domain of interest or one medical expert. By providing an agent
with specific desires, the multiagent system is ‘instructed’ to derive specific beliefs
from the knowledge that is distributed over the agents’ knowledge bases. In this
design, the agents’ dialogue and decision games cannot be changed easily without
the need to reengineer other dialogue and decision games. However, both games can
be programmed by providing the knowledge bases of agents with generic inference
rules that allow the agent to make generic decisions. As described in Chapter 8,
by providing our agents with a small set of inference rules, they are programmed
to agree to disagree. It is a topic for future research to investigate whether sets
of inference rules can be defined that allow agents to communicate the grounds of
justification (Section 9.2) or to communicate the sets of inference rules that allow
them to communicate about the meaning of propositions (Section 9.3).

9.1.2 Justified beliefs only

The software program that is being developed by Emotional Brain should assist
physicians in their decision-making processes by proposing decisions and providing
accompanying justifications. A physician needs to be aware of the grounds that
the program has used to construct and justify the proposed decision. That is, the
program will need the agents’ justifications for having certain beliefs that contributed
to the decision. The physician needs these justifications to become confident that,
for example, the decision to prescribe a certain medication is indeed justified. If the
physician is to agree with the program’s proposed decision, she has to be confident
that she can convince other physicians that her decision, which is based on the
program’s decision, is justified. If the program provides no insight into the reasons
why the physician’s community would agree on the proposed decision, the physician
can only accept the decision at face value. Lacking justifying grounds makes it
impossible, by definition, to convince a physician that the proposed decision is
justified.

176 digital v1.0



9.1 Conclusions

Next, we will conclude that the beliefs that our agents can have are justified in the
experts’ community. That is to say, if Sarah comes to believe a certain proposition,
then she comes to have the belief in accordance with the practices of her expert’s
community. Because our agents’ decision-making and communication behaviour is
governed by decision and dialogue rules that (are assumed to) reflect shared use
by the medical experts, the effects of decision-making and communication are in
accordance with the experts’ practices. Furthermore, we assume that if an agent has
performed steps that are justifiable separately, then the combined result is also justi-
fiable. Thus, if an agent was justified to update her beliefs after communication, and
then was justified to update her beliefs after decision-making, then the composition
of both update actions also yields a justified belief state. In our design, the following
three situations for establishing new beliefs have been described.

1. Sarah can establish her beliefs based on her personal knowledge that is part
of her knowledge base Ks. A medical expert has compiled this knowledge
base and fully approves and supports its contents. The decision rule d2a1, that
allows Sarah to draw conclusions if antecedents have been met in her mental
state structure, reflects shared use in the expert’s community. Together with
this rule, Sarah’s knowledge base provides her with domain specific knowledge
that allows her to become explicitly justified to believe, for example, that the
patient suffers from a certain disease. If Sarah were to be blamed for incorrectly
believing that a patient has a certain disease, she can defend herself by stating
that she has acted in accordance with the practices of her expert’s community
and according to the knowledge of her expert.

2. Sarah can establish beliefs based on the meaning of being in a state of believing
a proposition that is described by her epistemology Es. Medical experts that
represent their community have compiled this epistemology, and consequently,
we may assume that all experts of the community will support its contents.
Similar to the decision rule that allows Sarah to derive epistemic properties
with inference rules from her knowledge base, the decision rule d2a2 allows
her to derive epistemic properties with inference rules from her epistemology.
Because the meaning of believing, as described in the epistemology, is shared in
the community, Sarah may become explicitly justified to believe a proposition if
its criterion holds in her mental state structure. Additionally, if Sarah is aware
that the criterion holds in John’s mental state structure, then she may come
explicitly justified to believe that John is justified to believe the proposition. If
Sarah were to be blamed for incorrectly believing that John has a certain belief,
then she can defend herself by stating that she has acted in accordance with
the meaning of a decision, and the meaning of believing the proposition, i.e. in
accordance with the practices of her expert’s community.

3. Sarah can establish beliefs based on her beliefs about other agents’ beliefs. Sarah
is explicitly justified to have beliefs about other agents’ properties of mental
states as defined by the perlocutions of speech acts. Because the meaning of
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speech acts is shared, the perlocutions of speech acts are also shared. This
shared meaning not only allows agents to communicate, but also provides
them with explicit justification to believe properties about other agents’ mental
states in accordance with the experts’ conventions. Thus, agents may conform
to other agents’ beliefs based on their beliefs about other agents’ beliefs. The
decision processes in which an agent conforms to another agent’s beliefs are
constrained to conform to those beliefs that the agent desires to believe. Stated
differently, an agent’s desires guide her decision processes, see the definition
of the decision d2a4. If Sarah were to be blamed for incorrectly believing that a
patient has a certain disease, then she can defend herself by stating that she has
acted in accordance with her decision rules. Additionally, she can state that her
beliefs about other agents’ beliefs are also established in accordance with the
shared use of speech acts, i.e. she has acted in accordance with the practices of
her expert’s community.

Practically, by making the medical experts agree, firstly, that decision and dialogue
rules are conform their uses in their community, secondly, that Sarah’s epistemology
reflects the standards set by her community, and thirdly, that the domain knowledge
of Sarah is the responsibility of certain human experts from the community, then the
community should agree that the beliefs that Sarah can come to have are justified
in the community. If Sarah’s behaviour is governed by conventions and is based on
justified beliefs, then Sarah and experts could not have acted differently.

9.1.3 Software providing decision support

Sarah’s ability to propose justified decisions is independent of her ability to commu-
nicate why her proposed decisions are indeed justified. Sarah can test whether her
proposed decision is justified by testing whether the separate steps, which make her
propose the decision, are justifiable. Sarah will not be able to explain why these steps
are justified; she only regards these steps justified because a (human) medical expert
regards the steps justifiable.

To convince a physician that the proposed decisions are justified, the program
has to provide the physician with information such that the physician will become
convinced the decisions are indeed justified. It still has to be investigated how
the different steps that contributed to the decision can be communicated to the
physician. We assume that if the physician is informed about the grounds that justify
the steps, then she will acknowledge that the decision is used conform the criteria
set by her community. If all steps are justified, then it is unreasonable not to call the
decision justified. Given the grounds that justify the steps to construct the program’s
proposed decision, the physician can, in principle, come to make the same decision.
The program will not claim to make a decision, but will provide a proposed decision,
and will thus be a decision support system.

Experts can be perfectly justified to believe that their contribution to Sarah’s
knowledge base constitutes undisputed knowledge. However, it is very well con-
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ceivable that other experts do not share this belief. An expert may believe that a
certain piece of information constitutes knowledge, while another expert believes
that a contradicting piece of information constitutes knowledge. These two experts
may justify the knowledge bases of two agents, and these knowledge bases may
provide the agents with justification to have contradictory beliefs. If human experts
become aware that they have conflicting views on when they may call something
a truth, or for example, when they may administer some drug, they have to re-
solve their disagreement, and change their knowledge. Consequently, agents can
encounter irresolvable disagreements on their beliefs, and if they do, they should
inform their responsible experts, because, unlike the experts, the agents are not al-
lowed to change their knowledge that resulted in the disagreement. In this respect,
an agreement to disagree between two agents is a temporary agreement pending
a final settlement that will be provided by the experts who are responsible for the
agents’ knowledge. The responsible experts should resolve their disagreement and
change the agent’s knowledge bases such that the agent’s irresolvable disagreements
will become resolvable.

What does it mean for Emotional Brain if two agents have agreed to disagree? If
John and Fred have agreed to disagree about the truth value of a formula, then, as de-
scribed in Section 3.1, Sarah could be justified to believe a paraconsistent proposition.
Sarah is justified in doing so, because the meaning of believing the proposition, as
described by either her decision rules, epistemology or knowledge base, is supplied
by the medical expert she represents. An agent who has a paraconsistent belief is
in a state that needs investigation by the medical experts who supplied knowledge
that led to the belief’s justification. Because the agent is justified to have the belief,
as described in Section 3.3, as long as the situation is not resolved, the agent should
cope with the paraconsistency.

Because agents’ beliefs are justified by different games that represent shared
agreements between experts, the beliefs will have meaning for the experts. If Sarah’s
belief were grounded in the application of some set of rules that are not grounded
in the practices of the medical experts, a physician may doubt the validity of Sarah’s
beliefs, and may think that her beliefs do not express authority. Sarah’s behaviour
is governed exclusively by her decision and dialogue games, her knowledge base
and epistemology. Ultimately, this behaviour changes her beliefs and lack of beliefs.
Because these beliefs are obtained by behaviour that reflects the shared agreement
of medical experts, the beliefs will have a meaning for these medical experts. These
beliefs with a meaning for humans are the ‘products’ of our multiagent system.

9.2 Dialogues about Grounds of Justification

A useful extension to the five dialogue games from Chapter 7 would be the game that
allows agents to ask other agents why they believe or are ignorant about propositions.
Such communicative acts would provide agents with questions to ask for the grounds
that other agents have used to justify their beliefs and lack of beliefs.
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Conclusions and Future Research

As said in Section 7.1.3, persuasion dialogues are dialogues in which a speaker
seeks to convince a listener to accept to believe a particular proposition (McBurney
and Parsons, [MP01a]; Dignum et al. [DDKV00] and Prakken [Pra00]). Dialogue
games in Law have similar objectives, for example, disputes in which participants
have conflicting arguments (see Prakken and Sartor [PS98, PS96]). Agent can use
their grounds for justification as arguments that may persuade other agents to adopt
beliefs. In addition to multiagent systems, in the domain of Artificial Intelligence
and Law, computational and logical models of argumentation and of reasoning with
conflicting information have been proposed (see Prakken and Vreeswijk [PV02],
Bench-capon et al. [JBCP03]). An argumentation system essentially includes a logical
language, a definition of the argument concept, a definition of the attack relation
between arguments and finally a definition of acceptability (see Vreeswijk [Vre97]).
In an argumentation models, a proof of a formula takes the form of a dialogue tree,
in which each branch of the tree is a dialogue and the root of the tree is an argument
for the formula. Every move in a dialogue or argumentation system consists of an
argument.

Next, we sketch two communicative acts that may be classified as belonging to
information seeking dialogues.

• A communicative act why(s, j, ψ ∈ Bs) could be interpreted by receiver John that
speaker Sarah desires to believe on what grounds he has justified his belief in
ψ. Sarah may utter it with the intention that the act will be responded by John
with the justifications that John has for believing ψ.

• A communicative act ground(s, j, ψ ∈ Bs, φ ∈ BsB j) could be interpreted by
receiver John that speaker Sarah has justified her belief in ψ on her belief that
John believes φ. Analogously, communicative act ground(s, j, ψ ∈ Bs, φ ∈ Bs)
could be interpreted by John that Sarah has justified her belief inψ on her belief
in φ.

Another approach that would allow our agents to communicate the grounds of
beliefs is by introducing special purpose propositions and inference rules as part
of the agent’s knowledge base. These special purpose propositions can be derived
with inference rules, and can be communicated with the existing dialogue games.
This approach of equipping our agents with such inference rules has the advantage
over introducing new dialogue games that the agent architecture does not have to
be changed. Whether adding dialogue rules or adding inference rules is feasible, is
part of future research.

This functionality is imperative for the end users of the system, i.e. the physician
who enters patient data, from which the multiagent system will provide the physician
with support to diagnose the patient. The physician will take it for granted to have
access to explanations why the system proposes, for example, that a patient suffers
from a depression. Without this functionality, the software program would not likely
gain acceptance by its users, particularly if potential harmful consequences for people
are involved.
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9.3 Dialogues about Meaning

9.3 Dialogues about Meaning

Another extension to the dialogue game is one in which agents enquire about the
meaning of propositions.

As discussed in Section 2.4, our agents are said to grasp the meaning of proposi-
tions if they use the propositions according to the criteria that have been agreed upon
by their community. In such situations, our agents are said to know that a criterion is
part of a criterion rule that defines the correct use of the proposition. For our agents,
we have implemented these criterion rules with inference rules, and the antecedent
of the inference rule represents the criterion that the agent’s community has tacitly
agreed upon. Although agents may be justified to know that the use of a proposition
is common knowledge in a community, i.e. to know the meaning of a proposition,
other agents from that community may still be justified to know a different meaning.
As long as an agent does not observe differences in the way she and others use a
proposition, she need not doubt her knowledge of the proposition’s meaning.

If Sarah has agreed to disagree with John about the truth value of a proposition,
then she has a motive to doubt her knowledge of the proposition’s meaning. If Sarah
doubts whether she knows the meaning of a particular proposition, she may ask
John whether she is correct to predicate to know that her use of the proposition is
shared. She may also ask John whether he is correct to predicate to know that his
use of the proposition is shared. In such a dialogue, the agents communicate about
the content of their epistemology E. For our agents, who represent medical experts,
contemplating the meaning of propositions is beyond their jurisdiction. Only experts
are entitled to change the agents’ knowledge and epistemology.

If agents agree to disagree about a proposition, then they cannot resolve their
disagreement with their current dialogue games. The agents agree about their dis-
agreement, and they still desire to resolve their disagreement; it is only because they
cannot resolve it that they have made an agreement. As said before, an agreement
to disagree is a temporary agreement between contending parties pending a final
settlement. Future research would include the dialogue about changing the agent’s
knowledge that resulted in the disagreement such that the disagreement may become
resolvable.
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Appendix A
Proofs

A.1 Useful Propositions

Proposition A.1. For any complete bilattice B, with any θ1, θ2, θ3 ∈ B we have:

1. θ1 ≤k (θ2 ⊗k θ3)⇒ θ1 ≤k θ2

2. θ1 ≤k θ2 ⇒ θ1 ≤k (θ2 ⊕k θ3) and θ1 ≤k θ2 ⇒ (θ1 ⊕k θ3) ≤k (θ2 ⊕k θ3)

3. θ1 ≤k (θ2 ⊕k θ1)

4. θ1 ≤k θ2 ⇒ θ2 = (θ1 ⊕k θ2)

Proposition A.2. If T is a complete theory and p : θ1 ∈ maxk(T ), then p : (θ1 ⊕k θ2) ∈
maxk(add(p : θ2,T )) .

Proof of proposition A.2, page 195. Suppose two complete theories: T with p : θ1 ∈

maxk(T ) and T ′ = add(p : θ2,T ) with p : θ′1 ∈ maxk(T ′). To prove: θ′1 = (θ1 ⊕k θ2).
From p : θ1 ∈ maxk(T ) and definition of maxk follows p : θ1 ∈ T . From the definition
of addition (def. 4.11) follows p :θ1, p :θ2 ∈ T

′. From p :θ1, p :θ2 ∈ T
′ and Cn is closed

under rule R3 follows p : (θ1 ⊕k θ2) ∈ T ′. From p :θ′1 ∈ maxk(T ′) and p : (θ1 ⊕k θ2) ∈ T ′

follows (θ1 ⊕k θ2) ≤k θ′1. From p : θ1 ∈ maxk(T ) and T ′ = add(p : θ2,T ) follows
θ′1 ≤k (θ1⊕k θ2). From (θ1⊕k θ2) ≤k θ′1 and θ′1 ≤k (θ1⊕k θ2) follows θ′1 = (θ1⊕k θ2). o

A.2 Proofs from Chapter 4

Proof of proposition 4.1(1), page 44. Let R = {R1,R2}. Suppose: T = Cn(T ,R). To
prove: T = Cn(maxk(T ),R). From remark 4.2 follows maxk(T ) ⊆ T . Because Cn
is monotone (def. 4.5) and maxk(T ) ⊆ T , it follows that Cn(maxk(T ),R) ⊆ Cn(T ,R).
From Cn(maxk(T ),R) ⊆ Cn(T ,R) and T = Cn(T ,R) follows Cn(maxk(T ),R) ⊆ T .
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Proof by way of contradiction; assume T * Cn(maxk(T ),R). From T * Cn(maxk(T ),
R) follows that a p : θ exists with p : θ ∈ T and p : θ < Cn(maxk(T ),R). From the
definition of maxk (def. 4.8) and p : θ ∈ T follows p : θ′ ∈ maxk(T ) with θ ≤k θ′. From
T ⊆ Cn(T ,R) and p:θ′ ∈ maxk(T ) follows p:θ′ ∈ Cn(maxk(T ),R). Fromθ ≤k θ′, p:θ′ ∈
Cn(maxk(T ),R) and Cn is closed under rule R2 follows p:θ ∈ Cn(maxk(T ),R). From p:
θ ∈ Cn(maxk(T ,R) and p:θ < Cn(maxk(T ),R) follows a contradiction, thus assumption
T * Cn(maxk(T ),R) is not valid, thusT ⊆ Cn(maxk(T ),R). From Cn(maxk(T ),R) ⊆ T
and T ⊆ Cn(maxk(T ),R) follows T = Cn(maxk(T ),R). o

Proof of proposition 4.1(2), page 44. Let R = {R1,R2,R3}, we assume T = Cn(T ,R) and
then prove T = Cn(maxk(T ),R). The proof is equal with R = {R1,R2}. o

Proof of proposition 4.1(3), page 44. Let R = {R1d,R2d}. Suppose: T = Cn(T ,R). To
prove: T = Cn(mink(T ),R). From remark 4.2 follows mink(T ) ⊆ T . Because Cn
is monotone (def. 4.5) and mink(T ) ⊆ T , it follows that Cn(mink(T ),R) ⊆ Cn(T ,R).
From Cn(mink(T ),R) ⊆ Cn(T ,R) and T = Cn(T ,R) follows Cn(mink(T ),R) ⊆ T .
Proof by way of contradiction; assume T * Cn(mink(T ),R). From T * Cn(mink(T ),
R) follows that a p : θ exists with p : θ ∈ T and p : θ < Cn(mink(T ),R). From the
definition of mink (def. 4.9) and p : θ ∈ T follows p : θ′ ∈ mink(T ) with θ′ ≤k θ. From
T ⊆ Cn(T ,R) and p:θ′ ∈ mink(T ) follows p:θ′ ∈ Cn(mink(T ),R). From θ′ ≤k θ, p:θ′ ∈
Cn(mink(T ),R) and Cn is closed under rule R2d follows p:θ ∈ Cn(mink(T ),R). From p:
θ ∈ Cn(mink(T ,R) and p:θ < Cn(mink(T ),R) follows a contradiction, thus assumption
T * Cn(mink(T ),R) is not valid, thus T ⊆ Cn(mink(T ),R). From Cn(mink(T ),R) ⊆ T
and T ⊆ Cn(mink(T ),R) follows T = Cn(mink(T ),R). o

Proof of proposition 4.2, page 46. To prove: add(Ψ1, add(Ψ2,Ψ3)) = add(add(Ψ1,Ψ2),
Ψ3), i.e. addition is commutative. Instead of Cn(Ψ,R) we will write Cn(Ψ). (Special
thanks to Albert Visser for his help on this proof.) From (Ψ1 ∪Ψ2) ⊆ (Ψ1 ∪Ψ2 ∪Ψ3)
and Cn is monotone follows Cn(Ψ1 ∪ Ψ2) ⊆ Cn(Ψ1 ∪ Ψ2 ∪ Ψ3), and from the def-
inition of addition (def. 4.11) follows add(Ψ1 ∪ Ψ2) ⊆ Cn(Ψ1 ∪ Ψ2 ∪ Ψ3). From
Ψ3 ⊆ (Ψ1 ∪ Ψ2 ∪ Ψ3) and Cn is increasing follows Ψ3 ⊆ Cn(Ψ1 ∪ Ψ2 ∪ Ψ3).
From add(Ψ1 ∪ Ψ2) ⊆ Cn(Ψ1 ∪ Ψ2 ∪ Ψ3) and Ψ3 ⊆ Cn(Ψ1 ∪ Ψ2 ∪ Ψ3) follows
(add(Ψ1,Ψ2)∪Ψ3) ⊆ Cn(Ψ1∪Ψ2∪Ψ3). From (add(Ψ1,Ψ2)∪Ψ3) ⊆ Cn(Ψ1∪Ψ2∪Ψ3)
and Cn is monotone follows Cn(add(Ψ1,Ψ2) ∪Ψ3) ⊆ Cn(Cn(Ψ1 ∪Ψ2 ∪Ψ3)). From
Cn(add(Ψ1,Ψ2) ∪ Ψ3) ⊆ Cn(Cn(Ψ1 ∪ Ψ2 ∪ Ψ3)) and Cn is idempotent follows
Cn(add(Ψ1,Ψ2)∪Ψ3) ⊆ Cn(Ψ1∪Ψ2∪Ψ3). From Cn(add(Ψ1,Ψ2)∪Ψ3) ⊆ Cn(Ψ1∪Ψ2∪

Ψ3) and definition of addition follows add(add(Ψ1,Ψ2),Ψ3) ⊆ Cn(Ψ1∪Ψ2∪Ψ3). From
Cn is increasing follows (Ψ1 ∪Ψ2) ⊆ Cn(Ψ1 ∪Ψ2). From (Ψ1 ∪Ψ2) ⊆ Cn(Ψ1 ∪Ψ2)
and definition of addition follows Cn(Ψ1,Ψ2) = add(Ψ1,Ψ2) follows (Ψ1 ∪ Ψ2) ⊆
add(Ψ1,Ψ2). From (Ψ1∪Ψ2) ⊆ add(Ψ1,Ψ2) follows (Ψ1∪Ψ2∪Ψ3) ⊆ (add(Ψ1,Ψ2)∪Ψ3).
From Cn is monotone and (Ψ1 ∪Ψ2 ∪Ψ3) ⊆ (add(Ψ1,Ψ2)∪Ψ3) follows Cn(Ψ1 ∪Ψ2 ∪

Ψ3) ⊆ Cn(add(Ψ1,Ψ2) ∪Ψ3). From definition of addition follows Cn(add(Ψ1,Ψ2) ∪
Ψ3) = add(add(Ψ1,Ψ2),Ψ3). From Cn(Ψ1 ∪ Ψ2 ∪ Ψ3) ⊆ Cn(add(Ψ1,Ψ2) ∪ Ψ3) and
Cn(add(Ψ1,Ψ2)∪Ψ3) = add(add(Ψ1,Ψ2),Ψ3) follows Cn(Ψ1∪Ψ2∪Ψ3) ⊆ add(add(Ψ1,
Ψ2),Ψ3). From add(add(Ψ1,Ψ2),Ψ3) ⊆ Cn(Ψ1 ∪Ψ2 ∪Ψ3) and Cn(Ψ1 ∪Ψ2 ∪Ψ3) ⊆
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add(add(Ψ1,Ψ2),Ψ3) follows add(add(Ψ1,Ψ2),Ψ3) = Cn(Ψ1∪Ψ2∪Ψ3). Thus we have:
add(add(Ψ1,Ψ2),Ψ3) = Cn(Ψ1∪Ψ2∪Ψ3) = Cn(Ψ2∪Ψ3∪Ψ1) = add(add(Ψ2,Ψ3),Ψ1) =
add(Ψ1, add(Ψ2,Ψ3)). o

Proof of proposition 4.3, page 48. To prove: retr(Ψ1, retr(Ψ2,Ψ3)) = retr(retr(Ψ1,Ψ2),
Ψ3), i.e. retraction is commutative. (Special thanks to Albert Visser for his help
on this proof.) Define θ1 	k θ2 =

⊕
k({θ′ ∈ B | (θ′ ≤k θ1) ∧ (θ2 �k θ′)}. This def-

inition corresponds to the definition of retraction for complete theories on page 47
(with as difference that we ignore ‘p’ and that we allow infinite suprema). We have⊕

k({θ′ ∈ B | (θ′ ≤k θ1)∧ (θ2 �k θ′)} =
⊕

k({θ1 ⊗θ′ ∈ B | θ2 �k θ′}). With distributiv-
ity (remark 4.1) we have:

⊕
k({θ1⊗kθ′ ∈ B | θ2 �k θ′}) = θ1⊗k

⊕
k({θ′ ∈ B | θ2 �k θ′}),

i.e. θ1 	k θ2 = θ1 ⊗k
⊕

k({θ′ ∈ B | θ2 �k θ′}). With definition of 	k we
have: θ1 	k (θ2 	k θ3) = θ1 	k (θ2 ⊗k

⊕
k({θ′′ | (θ3 �k θ′′})) = θ1 ⊗k

⊕
k({θ′ ∈

B | (θ2 ⊗k
⊕

k({θ′′ ∈ B | (θ3 �k θ′′})) �k θ′}). With distributivity we have:
θ1 	k (θ2 ⊗k

⊕
k({θ′′ ∈ B | (θ3 �k θ′′})) = θ1 ⊗k

⊕
k({θ′ ∈ B | (θ2 ⊗k

⊕
k({θ′′ |

(θ3 �k θ′′})) �k θ′})) = θ1 ⊗k
⊕

k({θ′ ∈ B | θ2 �k θ′}) ⊗k
⊕

k({θ′′ ∈ B | θ3 �k θ′′})).
With definition of 	k we have: (θ1 ⊗k

⊕
k({θ′ ∈ B | θ2 �k θ′})) ⊗k

⊕
k({θ′′ ∈ B | θ3 �k

θ′′}) = (θ1 	k θ2) ⊗k
⊕

k({θ′′ ∈ B | θ3 �k θ′′}) = (θ1 	k θ2) 	k θ3. Thus we have:
(θ1 	k θ2) 	k θ3 = θ1 	k (θ2 	k θ3). o

A.3 Proofs from Chapter 5

Proof of proposition 5.1, page 75. If M is a coherent mental state structure (def. 5.10),
then addms(ψ,T )(M) (def. 5.13) yields a coherent mental state structure, for any
T ∈MSN.

1. addms(ψ,T )(M) yields aM′ in which equation (5.8) holds:

• If T = BsB j thenM′
|= ψ ∈ BsB j ∧ ψ < BsB̃ j (def. 5.13(1)).

• If T = BsB̃ j thenM′
|= ψ ∈ BsB̃ j ∧ ψ < BsB j (def. 5.13(1)).

• If T = BsD jBa thenM′
|= ψ ∈ BsD jBa ∧ ψ < BsD̃ jBa (def. 5.13(5)).

• If T = BsD jB̃a thenM′
|= ψ ∈ BsD jB̃a ∧ ψ < BsD̃ jB̃a (def. 5.13(5)).

• If T = BsD̃ jBa thenM′
|= ψ ∈ BsD̃ jBa ∧ ψ < BsD jBa (def. 5.13(6)).

• If T = BsD̃ jB̃a thenM′
|= ψ ∈ BsD̃ jB̃a ∧ ψ < BsD jB̃a (def. 5.13(6)).

2. addms(ψ,T )(M) yields aM′ in which equation (5.9) holds:

• If T = BsB jBs thenM′
|= ψ ∈ BsB jBs ∧ ψ ∈ BsB̃ jB̃s (def. 5.13(2)).

• If T = BsB jDsBa thenM′
|= ψ ∈ BsB jDsBa ∧ ψ ∈ BsB̃ jD̃sBa (def. 5.13(9)).

• If T = BsB jDsB̃a thenM′
|= ψ ∈ BsB jDsB̃a ∧ ψ ∈ BsB̃ jD̃sB̃a (def. 5.13(10)).

3. addms(ψ,T )(M) yields aM′ in which equation (5.10) holds:
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• If T = BsB jB̃s thenM′
|= ψ ∈ BsB jB̃s ∧ ψ ∈ BsB̃ jBs (def. 5.13(3)).

• If T = BsB jD̃sBa thenM′
|= ψ ∈ BsB jD̃sBa ∧ ψ ∈ BsB̃ jDsBa (def. 5.13(11)).

• If T = BsB jD̃sB̃a thenM′
|= ψ ∈ BsB jD̃sB̃a ∧ ψ ∈ BsB̃ jDsB̃a (def. 5.13(11)).

4. addms(ψ,T )(M) yields aM′ in which equation (5.11) holds:

• If T = BsB̃ jB̃s thenM′
|= ψ ∈ BsB̃ jB̃s ∧ ψ < BsB jB̃s (def. 5.13(7)).

• If T = BsB jB̃s thenM′
|= ψ ∈ BsB jB̃s ∧ ψ < BsB̃ jB̃s (def. 5.13(3)).

• If T = BsB̃ jD̃sBa thenM′
|= ψ ∈ BsB̃ jD̃sBa ∧ ψ < BsB jD̃sBa (def. 5.13(7)).

• If T = BsB jD̃sBa thenM′
|= ψ ∈ BsB jD̃sBa ∧ ψ < BsB̃ jD̃sBa (def. 5.13(11)).

• If T = BsB̃ jD̃sB̃a thenM′
|= ψ ∈ BsB̃ jD̃sB̃a ∧ ψ < BsB jD̃sB̃a (def. 5.13(7)).

• If T = BsB jD̃sB̃a thenM′
|= ψ ∈ BsB jD̃sB̃a ∧ ψ < BsB̃ jD̃sB̃a (def. 5.13(11)).

5. addms(ψ,T )(M) yields aM′ in which equation (5.12) holds:

• If T = BsB̃ jBs thenM′
|= ψ ∈ BsB̃ jBs ∧ ψ < BsB jBs (def. 5.13(8)).

• If T = BsB jBs thenM′
|= ψ ∈ BsB jBs ∧ ψ < BsB̃ jBs (def. 5.13(2)).

• If T = BsB̃ jDsBa thenM′
|= ψ ∈ BsB̃ jDsBa ∧ ψ < BsB jDsBa (def. 5.13(8)).

• If T = BsB jDsBa thenM′
|= ψ ∈ BsB jDsBa ∧ ψ < BsB̃ jDsBa (def. 5.13(9)).

• If T = BsB̃ jDsB̃a thenM′
|= ψ ∈ BsB̃ jDsB̃a ∧ ψ < BsB jDsB̃a (def. 5.13(8)).

• If T = BsB jDsB̃a thenM′
|= ψ ∈ BsB jDsB̃a ∧ ψ < BsB̃ jDsB̃a (def. 5.13(10)).

6. addms(ψ,T )(M) yields aM′ in which assumption 5.1 holds:

• If T = DsB̃a thenM′
|= ψ ∈ DsB̃a ∧ ψ < DsBa (def. 5.13(4)).

• If T = DsBa thenM′
|= ψ ∈ DsBa ∧ ψ < DsB̃a (def. 5.13(4)).

7. addms(ψ,T )(M) yields aM′ in which equation (5.13) holds:

• If T = BsD jBa thenM′
|= ψ ∈ BsD jBa ∧ ψ < BsD jB̃a (def. 5.13(5)).

• If T = BsD jB̃a thenM′
|= ψ ∈ BsD jB̃a ∧ ψ < BsD jBa (def. 5.13(5)).

8. addms(ψ,T )(M) yields aM′ in which equation (5.14) holds:

• If T = BsB jDsBa thenM′
|= ψ ∈ BsB jDsBa ∧ ψ ∈ BsB̃ jDsB̃a (def. 5.13(9)).

9. addms(ψ,T )(M) yields aM′ in which equation (5.15) holds:

• If T = BsB jDsB̃a thenM′
|= ψ ∈ BsB jDsB̃a ∧ ψ ∈ BsB̃ jDsBa (def. 5.13(10)).

From 1 to 9 follows thatM′ is a coherent mental state structure. o

Proof of proposition 5.2, page 75. If M is a coherent mental state structure (def. 5.10),
then retrms(ψ,T )(M) (def. 5.14) yields a coherent mental state structure, for any
T ∈MSN.
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1. retrms(ψ,T )(M) yields aM′ in which equation (5.9) holds:

• if T = BsB̃ jB̃s thenM′
|= ψ < BsB̃ jB̃s ∧ ψ < BsB jBs (def. 5.14(1)).

• if T = BsB̃ jD̃sBa thenM′
|= ψ < BsB̃ jD̃sBa ∧ ψ < BsB jDsBa (def. 5.14(1)).

• if T = BsB̃ jD̃sB̃a thenM′
|= ψ < BsB̃ jD̃sB̃a ∧ ψ < BsB jDsB̃a (def. 5.14(1)).

2. retrms(ψ,T )(M) yields aM′ in which equation (5.10) holds:

• if T = BsB̃ jBs thenM′
|= ψ < BsB̃ jBs ∧ ψ < BsB jB̃s (def. 5.14(2)).

• if T = BsB̃ jDsBa thenM′
|= ψ < BsB̃ jDsBa ∧ ψ < BsB jD̃sBa (def. 5.14(4)).

• if T = BsB̃ jDsB̃a thenM′
|= ψ < BsB̃ jDsB̃a ∧ ψ < BsB jD̃sB̃a (def. 5.14(3)).

3. retrms(ψ,T )(M) yields aM′ in which equation (5.14) holds:

• if T = BsB̃ jDsB̃a thenM′
|= ψ < BsB̃ jDsB̃a ∧ ψ < BsB jDsBa (def. 5.14(3)).

4. retrms(ψ,T )(M) yields aM′ in which equation (5.15) holds:

• if T = BsB̃ jDsBa thenM′
|= ψ < BsB̃ jDsBa ∧ ψ < BsB jDsB̃a (def. 5.14(4)).

From 1 to 4 follows thatM′ is a coherent mental state structure. o

Proof of proposition 5.3, page 76. If M is a coherent mental state structure (def. 5.10),
then updates(Π,M) yields a coherent mental state structure, for any coherent subset
of L′MS Π. For all π ∈ Π we have: either π = ψ ∈ T with T ∈ MSN and ψ ∈ LB,F ,
then addms(ψ,T )(M) yields a coherent mental state structure (proposition 5.1), or
π = ψ < T with T ∈ MSN and ψ ∈ LB,F , then retrms(ψ,T )(M) yields a coherent
mental state structure (proposition 5.2). o

A.4 Proofs from Chapter 7

Proof of proposition 7.1, page 144. Suppose: Ms andM j with BsB jBs ∈ Ms and B jBs ∈

M j with p : θ4 ∈ maxk(BsB jBs) and p : θ5 ∈ maxk(B jBs). Also suppose that Sarah
has uttered λ(s, j, p : θ′), then, after update of both Sarah’s and John’s mental state
structures, we have M′

s and M′

j with BsB jB′s ∈ M′
s and B jB′s ∈ M′

j with p : θ′4 ∈
maxk(BsB jB′s) and p : θ′5 ∈ maxk(B jB′s). Assume: θ5 ≤k θ4, i.e. BsB jBs ⊆ B jBs. To prove:
θ′5 ≤k θ′4, i.e. BsB jB′s ⊆ B jB′s.

1. λ = qba1. From post(λ(s, j, p : θ′)) follows p : θ′ ∈ B jB̃s, i.e. M′

j = addms(p :
θ′,B jB̃s)(M j). From definition 5.13(2) follows p : θ′ < B jBs, thus θ′ �k θ′5.
Because nothing is added to B jBs, it follows that θ′5 ≤k θ5. From θ′5 ≤k θ5 and
θ5 ≤k θ4 follows θ′5 ≤k θ4. Because BsB jBs is unaltered, θ4 = θ′4. From θ′5 ≤k θ4
and θ4 = θ′4 follows θ′5 ≤k θ′4.

2. λ = qba2. Proof is equal to 1.
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3. λ = gqba1. From post(λ(s, j, p : θ′)) follows M′

j = addms(p : θ′,B jBs)(M j) and
M
′
s = addms(p : θ′,BsB jBs)(Ms). From proposition A.2 follows θ′4 = (θ4 ⊕k θ′).

From proposition A.2 follows θ′5 = (θ5 ⊕k θ′). From proposition A.1(2) and
θ5 ≤k θ4 follows (θ5⊕kθ′) ≤k (θ4⊕kθ′). From (θ5⊕kθ′) ≤k (θ4⊕kθ′),θ′4 = (θ4⊕kθ′)
and θ′5 = (θ5 ⊕k θ′) follows θ′5 ≤k θ′4.

For other λ, the proof goes analogously. o

Proof of proposition 7.2, page 145. Suppose: Ms with Bs,BsB jBs ∈ Ms with p : θ1 ∈

maxk(Bs) and p : θ4 ∈ maxk(BsB jBs). Assume: Ms |, pre(is(s, j, p : θ′, B̃s)). To prove:
Ms |= p : θ′ ∈ BsB jBs ⇒Ms |= p : θ′ ∈ Bs, i.e. θ′ ≤k θ4 ⇒ θ′ ≤k θ1, i.e. θ4 ≤k θ1. From
Ms |, pre(is(s, j, ψ, B̃s)) follows that θ4 ≤k θ1. o

Proof of proposition 7.3, page 145. From proposition 7.1 follows M j |= ψ ∈ B jBs ⇒

Ms |= BsB jBs. From proposition 7.2 followsMs |= ψ ∈ BsB jBs ⇒Ms |= ψ ∈ Bs. From
M j |= ψ ∈ B jBs ⇒ Ms |= BsB jBs and Ms |= ψ ∈ BsB jBs ⇒ Ms |= ψ ∈ Bs follows
M j |= ψ ∈ B jBs ⇒Ms |= ψ ∈ Bs. o

Proof of proposition 7.4, page 145. Suppose: Ms andM j with BsB jB̃s ∈ Ms and B jB̃s ∈

M j. Also suppose that Sarah has uttered λ(s, j, p : θ′), then, after update of both
Sarah’s and John’s mental state structures, we have M′

s and M′

j with BsB jB̃′s ∈ M′
s

and B jB̃′s ∈ M′

j. Assume: for all p : τ3 ∈ BsB jB̃s follows p : τ3 ∈ B jB̃s, i.e. BsB jB̃s ⊆ B jB̃s.
To prove: for all p : τ′3 ∈ BsB jB̃′s follows p : τ′3 ∈ B jB̃′s, i.e. BsB jB̃′s ⊆ B jB̃′s. For all λ, the
proof goes analogously to the proof of proposition 7.1. o

Proof of proposition 7.5, page 145. Suppose: Ms with Bs,BsB jB̃s ∈ Ms with p : θ1 ∈

maxk(Bs) and p : τ3 ∈ BsB jBs. Assume: Ms |, pre(is(s, j, p : θ′,Bs)). To prove: Ms |=
p : θ′ ∈ BsB jB̃s ⇒ Ms |= p : θ′ < Bs, i.e. τ3 ≤k θ′ ⇒ θ′ �k θ1, i.e. τ3 �k θ1. From
Ms |, pre(is(s, j, ψ,Bs)) follows that τ3 �k θ1. o

Proof of proposition 7.6, page 145. From proposition 7.4 follows M j |= ψ ∈ B jB̃s ⇒

Ms |= BsB jB̃s. From proposition 7.5 followsMs |= ψ ∈ BsB jB̃s ⇒Ms |= ψ < Bs. From
M j |= ψ ∈ B jB̃s ⇒ Ms |= BsB jB̃s and Ms |= ψ ∈ BsB jB̃s ⇒ Ms |= ψ < Bs follows
M j |= ψ ∈ B jB̃s ⇒Ms |= ψ < Bs. o

A.5 Proofs from Chapter 8

Proof of proposition 8.1, page 152. Suppose: Ms and M j with Bs ∈ Ms and B j ∈ M j
with p : θ1 ∈ maxk(Bs) and p : θ2 ∈ maxk(B j). Also suppose: M′

s = addms(p : ξ1,Bs)(Ms)
with B′s ∈ M′

s with p:θ′1 ∈ maxk(B′s). To prove: θ′1 ≷k θ2. From proposition A.2 follows
θ′1 = (θ1 ⊕k ξ1). Proof by way of contradiction; assume θ2 �k (θ1 ⊕k ξ1). By definition
of ξ1 (eq. (8.2)), ξ1 ≡ ⊗k({θ′ ∈ B | (θ1⊕kθ′) = (θ1⊕kθ2)}) follows (θ1⊕k ξ1) = (θ1⊕kθ2).
From θ2 �k (θ1 ⊕k ξ1) and (θ1 ⊕k ξ1) = (θ1 ⊕k θ2) follows θ2 �k (θ1 ⊕k θ2). From
proposition A.1(3) and θ2 �k (θ1 ⊕k θ2) follows a contradiction, thus assumption
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θ2 �k (θ1 ⊕k ξ1) is not valid, thus θ2 ≤k (θ1 ⊕k ξ1). From θ2 ≤k (θ1 ⊕k ξ1) and
θ′1 = (θ1 ⊕k ξ1) follows θ2 ≤k θ′1. From θ2 ≤k θ′1 follows θ′1 ≷k θ2. o

Proof of proposition 8.2, page 153. Suppose: Ms and M j with Bs ∈ Ms and B j ∈ M j
with p : θ1 ∈ maxk(Bs) and p : θ2 ∈ maxk(B j). Also suppose: M′

j = addms(p : ξ2,B j)(M j)
with B′j ∈ M

′

j with p : θ′2 ∈ maxk(B′j). To prove: θ′2 ≷k θ1. From proposition A.2
follows θ′2 = (θ2 ⊕k ξ2). Proof by way of contradiction; assume θ1 �k (θ2 ⊕k ξ2).
By definition of ξ2 (eq. (8.3)), ξ2 ≡

⊗
k({θ′ ∈ B | (θ2 ⊕k θ′) = (θ1 ⊕k θ2)}) follows

(θ2 ⊕k ξ2) = (θ1 ⊕k θ2). From θ1 �k (θ2 ⊕k ξ2) and (θ2 ⊕k ξ2) = (θ1 ⊕k θ2) follows
θ1 �k (θ1⊕kθ2). From proposition A.1(3) and θ1 �k (θ1⊕kθ2) follows a contradiction,
thus assumptionθ1 �k (θ2⊕kξ2) is not valid, thusθ1 ≤k (θ2⊕kξ2). Fromθ1 ≤k (θ2⊕kξ2)
and θ′2 = (θ2 ⊕k ξ2) follows θ1 ≤k θ′2. From θ1 ≤k θ′2 follows θ′2 ≷k θ1. o

Proof of proposition 8.3, page 153. Suppose: Ms and M j with Bs ∈ Ms and B j ∈ M j
with p : θ1 ∈ maxk(Bs) and p : θ2 ∈ maxk(B j). Also suppose: M′

s = retrms(p : η1,Bs)(Ms)
with B′s ∈ M′

s with p : θ′1 ∈ maxk(B′s). To prove: θ′1 ≷k θ2. From the definition
of retraction follows p : η1 < B′s, thus η1 �k θ′1. Because nothing is added to Bs,
it follows that θ′1 ≤k θ1. Proof by way of contradiction; assume θ′1 �k θ2. From
the contraposition of proposition A.1(1) follows that from θ′1 �k θ2 follows θ′1 �k
(θ1 ⊗k θ2). From θ′1 ≤k θ1 and θ′1 �k (θ1 ⊗k θ2), and the definition of η1 (eq. (8.4)),
η1 ≡

⊗
k({θ′ ∈ B | (θ′ ≤k θ1) ∧ (θ′ �k (θ1 ⊗k θ2))}), it follows that η1 = (η1 ⊗k θ′1),

i.e. η1 ≤k θ′1. From η1 ≤k θ′1 and η1 �k θ′1 follows a contradiction, thus assumption
θ′1 �k θ2 is not valid, thus θ′1 ≤k θ2. From θ′1 ≤k θ2 follows θ′1 ≷k θ2. o

Proof of proposition 8.4, page 154. Suppose: Ms and M j with Bs ∈ Ms and B j ∈ M j
with p : θ1 ∈ maxk(Bs) and p : θ2 ∈ maxk(B j). Also suppose: M′

j = retrms(p : η2,B j)(M j)
with B′j ∈ M

′

j with p : θ′2 ∈ maxk(B′j). To prove: θ′2 ≷k θ1. From the definition
of retraction follows p : η2 < B′j, thus η2 �k θ′2. Because nothing is added to B j,
it follows that θ′2 ≤k θ2. Proof by way of contradiction; assume θ′2 �k θ1. From
the contraposition of proposition A.1(1) follows that from θ′2 �k θ1 follows θ′2 �k
(θ1 ⊗k θ2). From θ′2 ≤k θ2 and θ′2 �k (θ1 ⊗k θ2), and the definition of η2 (eq. (8.4)),
η2 ≡

⊗
k({θ′ ∈ B | (θ′ ≤k θ2) ∧ (θ′ �k (θ1 ⊗k θ2))}), it follows that η2 = (η2 ⊗k θ′2),

i.e. η2 ≤k θ′2. From η2 ≤k θ′2 and η2 �k θ′2 follows a contradiction, thus assumption
θ′2 �k θ1 is not valid, thus θ′2 ≤k θ1. From θ′2 ≤k θ1 follows θ′2 ≷k θ1. o

Proof of proposition 8.5, page 155. Suppose: Ms and M j with Bs,BsB j,BsB̃s ∈ Ms and
B j ∈ M j with p : θ1 ∈ maxk(Bs), p : θ2 ∈ maxk(B j), p : θ3 ∈ maxk(BsB j) and p : τ2 ∈ BsB̃ j.
Assume: θ1 'k θ3 and τ2 ≤k (θ1 ⊕k θ3), i.e.Ms |= equation (8.6). To prove: θ1 'k θ2,
i.e. Sarah and John disagree about the truth value of p. From proposition 7.1 follows
θ3 ≤k θ2. From proposition 7.4 follows τ2 �k θ2. Proof by way of contradiction;
assumeθ1 ≤k θ2. From proposition A.1(2) andθ1 ≤k θ2 follows (θ1⊕kθ3) ≤k (θ2⊕kθ3).
From τ2 ≤k (θ1 ⊕k θ3) and (θ1 ⊕k θ3) ≤k (θ2 ⊕k θ3) follows τ2 ≤k (θ2 ⊕k θ3). From
proposition A.1(4) and θ3 ≤k θ2 follows θ2 = (θ2 ⊕k θ3). From τ2 ≤k (θ2 ⊕k θ3) and
θ2 = (θ2 ⊕k θ3) follows τ2 ≤k θ2. From τ2 ≤k θ2 and τ2 �k θ2 follows a contradiction,
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thus assumption θ1 ≤k θ2 is not valid, thus θ1 �k θ2. Proof by way of contradiction;
assume θ2 ≤k θ1. From θ3 ≤k θ2 and θ2 ≤k θ1 follows θ3 ≤k θ1. From θ1 'k θ3 follows
θ3 �k θ1. From θ3 ≤k θ1 and θ3 �k θ1 follows a contradiction, thus assumption
θ2 ≤k θ1 is not valid, thus θ2 �k θ1. From θ1 �k θ2 and θ2 �k θ1 follows θ1 'k θ2. o

Proof of proposition 8.6, page 157. Suppose: Ms with Bs,BsB j,BsB̃s,BsB jBs,BsB jB̃s ∈ Ms
with p : θ1 ∈ maxk(Bs), p : θ3 ∈ maxk(BsB j), p : θ4 ∈ maxk(BsB jBs), p : τ2 ∈ BsB̃ j and
p : τ3 ∈ BsB jB̃s. Assume: θ3 'k θ4, τ2 ≤k (θ3 ⊕k θ4) and τ3 ≤k (θ3 ⊕k θ4), i.e.
Ms |= equation (8.7). To prove: θ1 'k θ3 and τ2 ≤k (θ3⊕kθ1), i.e.Ms |= equation (8.6).
From proposition 7.2 follows θ4 ≤k θ1. From proposition 7.5 follows τ3 �k θ1. From
the coherence relation as given in equation (5.3) follows τ2 �k θ3. Proof by way
of contradiction; assume θ1 ≤k θ3. From θ4 ≤k θ1 and θ1 ≤k θ3 follows θ4 ≤k θ3.
From proposition A.1(4) and θ4 ≤k θ3 follows θ3 = (θ3 ⊕k θ4). From τ2 ≤k (θ3 ⊕k θ4)
and θ3 = (θ3 ⊕k θ4) follows τ2 ≤k θ3. From τ2 ≤k θ3 and τ2 �k θ3 follows a
contradiction, thus assumption θ1 ≤k θ3 is not valid, thus θ1 �k θ3. Proof by way of
contradiction; assume θ3 ≤k θ1. From θ3 ≤k θ1 follows (θ3 ⊕k θ4) ≤k (θ1 ⊕k θ4). From
τ3 ≤k (θ3 ⊕k θ4) and (θ3 ⊕k θ4) ≤k (θ1 ⊕k θ4) follows τ3 ≤k (θ1 ⊕k θ4). From θ4 ≤k θ1
follows θ1 = (θ1 ⊕k θ4). From τ3 ≤k (θ1 ⊕k θ4) and θ1 = (θ1 ⊕k θ4) follows τ3 ≤k θ1.
From τ3 ≤k θ1 and τ3 �k θ1 follows a contradiction, thus assumption θ3 ≤k θ1 is
not valid, thus θ3 �k θ1. From θ1 �k θ3 and θ3 �k θ1 follows θ1 'k θ3. Proof
τ2 ≤k (θ3⊕k θ1). From proposition A.1(2) and θ4 ≤k θ1 follows (θ3⊕k θ4) ≤k (θ3⊕k θ1).
From τ2 ≤k (θ3 ⊕k θ4) and (θ3 ⊕k θ4) ≤k (θ3 ⊕k θ1) follows τ2 ≤k (θ3 ⊕k θ1). o

Proof of proposition 8.7, page 158. Suppose: Ms with Bs,BsB j ∈ Ms with p : θ1 ∈

maxk(Bs) and p : θ3 ∈ maxk(BsB j). Also suppose M′
s = addms(p : ξ3,Bs)(Ms) with

B′s ∈ M′
s with p : θ′1 ∈ maxk(B′s). To prove: θ′1 ≷k θ3. From proposition A.2 follows

θ′1 = (θ1⊕kξ3). Proof by way of contradiction; assumeθ3 �k (θ1⊕kξ3). By definition of
ξ3 (eq. (8.8)), ξ3 ≡

⊗
k({θ′ ∈ B | (θ1 ⊕k θ′) = (θ1 ⊕k θ3)}) follows (θ1 ⊕k ξ3) = (θ1 ⊕k θ3).

From θ3 �k (θ1 ⊕k ξ3) and (θ1 ⊕k ξ3) = (θ1 ⊕k θ3) follows θ3 �k (θ1 ⊕k θ3). From
proposition A.1(3) and θ3 �k (θ1 ⊕k θ3) follows a contradiction, thus assumption
θ3 �k (θ1 ⊕k ξ3) is not valid, thus θ3 ≤k (θ1 ⊕k ξ3). From (θ1 ⊕k ξ3) = (θ1 ⊕k θ3) and
θ3 ≤k (θ1 ⊕k ξ3) follows θ3 ≤k (θ1 ⊕k θ3). From θ3 ≤k (θ1 ⊕k θ3) and θ′1 = (θ1 ⊕k ξ3)
follows θ3 ≤k θ′1. From θ3 ≤k θ′1 follows θ′1 ≷k θ3. o

Proof of proposition 8.8, page 158. Suppose: Ms with Bs,BsB j,BsB jBs ∈ Ms with p : θ1 ∈

maxk(Bs), p : θ3 ∈ maxk(BsB j) and p : θ4 ∈ maxk(BsB jBs). Also supposeM′
s = addms(p :

ξ3,BsB jBs)(Ms) with BsB jB′s ∈ M′
s with p : θ′4 ∈ maxk(BsB jB′s). To prove: θ′4 ≷k θ3.

From proposition 7.2 follows θ4 ≤k θ1. From proposition A.2 follows θ′4 = (θ4 ⊕k ξ3).
By definition of ξ3 (eq. (8.8)), ξ3 ≡

⊗
k({θ′ ∈ B | (θ1 ⊕k θ′) = (θ1 ⊕k θ3)}) follows

(θ1 ⊕k ξ3) = (θ1 ⊕k θ3). From proposition A.1(2) and θ4 ≤k θ1 follows (θ4 ⊕k ξ3) ≤k
(θ1 ⊕k ξ3). Proof by way of contradiction; assume θ3 �k (θ4 ⊕k ξ3). From θ3 �k
(θ4 ⊕k ξ3) and (θ4 ⊕k ξ3) ≤k (θ1 ⊕k ξ3) follows θ3 �k (θ1 ⊕k ξ3). From θ3 �k (θ1 ⊕k ξ3)
and (θ1 ⊕k ξ3) = (θ1 ⊕k θ3) follows θ3 �k (θ1 ⊕k θ3). From proposition A.1(3) and
θ3 �k (θ1 ⊕k θ3) follows a contradiction, thus assumption θ3 �k (θ4 ⊕k ξ3) is not valid,
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thus θ3 ≤k (θ4⊕k ξ3). From θ3 ≤k (θ4⊕k ξ3) and θ′4 = (θ4⊕k ξ3) follows θ3 ≤k θ′4. From
θ3 ≤k θ′4 follows θ′4 ≷k θ3. o

Proof of proposition 8.9, page 158. Suppose: Ms with Bs,BsB j,BsB̃ j ∈ Ms with p : θ1 ∈

maxk(Bs), p:θ3 ∈ maxk(BsB j) and p:τ2 ∈ BsB̃ j. Also supposeM′
s = addms(p:ξ2,BsB j)(Ms)

with BsB′j ∈ M
′
s with p : θ′3 ∈ maxk(BsB′j). Assume: θ1 'k θ3 and τ2 ≤k (θ1 ⊕k θ3),

i.e. Ms |= equation (8.6). To prove: θ1 ≷k θ′3. Suppose θ1 = b1 ] d1, θ2 = b2 ] d2,
θ3 = b3]d3, θ′3 = b′3]d′3 and ξ2 = bξ]dξ. From proposition A.2 follows θ′3 = (θ3⊕k ξ2).
From equation 4.6 follows (θ3 ⊕k ξ2) = (b3 tb bξ ] d3 td dξ). From θ1 'k θ3, i.e.
θ1 �k θ3 and θ3 �k θ1, follows θ1 ≤t θ3 or θ3 ≤t θ1. From θ1 ≤t θ3 or θ3 ≤t θ1
and equation 4.2 follows (b1 ≤b b3 and d3 ≤d d1) or (b3 ≤b b1 and d1 ≤d d3). Assume
b1 ≤b b3 and d3 ≤d d1. From proposition 7.6 follows θ3 ≤k θ2. From equation 4.1
and θ3 ≤k θ2 follows b3 ≤b b2 and d3 ≤d d2. From definition of ξ2 (eq. (8.3)),
ξ2 ≡

⊗
k({θ′ ∈ B | (θ2 ⊕k θ′) = (θ1 ⊕k θ2)}) follows (θ2 ⊕k ξ2) = (θ1 ⊕k θ2). From

(θ2⊕k ξ2) = (θ1⊕kθ2) and equation 4.6 follows (b2tb bξ]d2td dξ) = (b1tb b2]d1td d2).
From (b2 tb bξ]d2 td dξ) = (b1 tb b2]d1 td d2) follows b2 tb bξ = b2 tb b1 and d2 td dξ =
d2 td d1. Proof by way of contradiction; assume d2 �d dξ. From d2 td dξ = d2 td d1
and d2 �d dξ follows d2 = d2 td d1. From d2 = d2 td d1 follows d1 ≤d d2. From b1 ≤b b3
and b3 ≤b b2 follows b1 ≤b b2. From b1 ≤b b2 and d1 ≤d d2 follows b1 ] d1 ≤k b2 ] d2, i.e.
θ1 ≤k θ2. From θ1 ≤k θ2, θ3 ≤k θ2, and equation 4.1 follows (θ1 ⊕k θ3) ≤k θ2. From
τ2 ≤k (θ1 ⊕k θ3) and (θ1 ⊕k θ3) ≤k θ2 follows τ2 ≤k θ2. From proposition 7.4 follows
τ2 �k θ2. From τ2 �k θ2 and τ2 ≤k θ2 follows a contradiction, thus assumption
d2 �d dξ is not valid, thus d2 ≤d dξ. From d2 td dξ = d2 td d1 and d2 ≤d dξ follows
dξ = d1. From dξ = d1 follows d1 ≤d dξ. From d1 ≤d dξ follows d1 ≤d d3 td dξ. From
b1 ≤b b3 follows b1 ≤b b3 tb bξ. From b1 ≤b b3 tb bξ, d1 ≤d d3 td dξ and equation 4.1
follows b1]d1 ≤k (b3tb bξ]d3td dξ), i.e. θ1 ≤k θ3. From θ1 ≤k θ3 follows θ1 ≷k θ3. o

Proof of proposition 8.10, page 159. Suppose: Ms with Bs,BsB j,BsB jBs ∈ Ms with p :
θ1 ∈ maxk(Bs), p : θ3 ∈ maxk(BsB j) and p : θ4 ∈ maxk(BsB jBs). Also suppose M′

s =
addms(p : ξ4,BsB j)(Ms) with BsB′j ∈ M

′
s with p : θ′3 ∈ maxk(BsB′j). To prove: θ4 ≷k θ′3.

From proposition A.2 follows θ′3 = (θ3 ⊕k ξ4). Proof by way of contradiction; assume
θ4 �k (θ3⊕kξ4). By definition of ξ4 (eq. (8.9)), ξ4 ≡

⊗
k({θ′ ∈ B | (θ3⊕kθ′) = (θ4⊕kθ3)})

follows (θ3⊕k ξ4) = (θ4⊕kθ3). From θ4 �k (θ3⊕k ξ4) and (θ3⊕k ξ4) = (θ4⊕kθ3) follows
θ4 �k (θ4⊕kθ3). From proposition A.1(3) and θ4 �k (θ4⊕kθ3) follows a contradiction,
thus assumptionθ4 �k (θ3⊕kξ4) is not valid, thusθ4 ≤k (θ3⊕kξ4). Fromθ′3 = (θ3⊕kξ4)
and θ4 ≤k (θ3 ⊕k ξ4) follows θ4 ≤k θ′3. From θ4 ≤k θ′3 follows θ4 ≷k θ′3. o

Proof of proposition 8.11, page 160. Suppose: Ms with Bs,BsB j ∈ Ms with p : θ1 ∈

maxk(Bs) and p : θ3 ∈ maxk(BsB j). Also suppose M′
s = retrms(p : η3,Bs)(Ms) with

B′s ∈ M′
s with p : θ′1 ∈ maxk(B′s). To prove: θ′1 ≷k θ3. From the definition

of retraction follows p : η3 < B′s, thus η3 �k θ′1. Because nothing is added to
B′s, it follows that θ′1 ≤k θ1. Proof by way of contradiction; assume θ′1 �k θ3.
From the contraposition of proposition A.1(1) follows that from θ′1 �k θ3 follows
θ′1 �k (θ1 ⊗k θ3). From θ′1 ≤k θ1 and θ′1 �k (θ1 ⊗k θ3), and the definition of η3
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(eq. (8.10)), η3 ≡
⊗

k({θ′ ∈ B | (θ′ ≤k θ1) ∧ (θ′ �k (θ1 ⊗k θ3))}), it follows that
η3 = (η3 ⊗k θ′1), i.e. η3 ≤k θ′1. From η3 ≤k θ′1 and η3 �k θ′1 follows a contradiction, thus
assumption θ′1 �k θ3 is not valid, thus θ′1 ≤k θ3. From θ′1 ≤k θ3 follows θ′1 ≷k θ3. o

Proof of proposition 8.12, page 160. Suppose: Ms with Bs,BsB j,BsB jBs ∈ Ms with p:θ1 ∈

maxk(Bs), p : θ3 ∈ maxk(BsB j) and p : θ4 ∈ maxk(BsB jBs). Also supposeM′
s = retrms(p :

η3,BsB jBs)(Ms) with BsB jB′s ∈ M′
s with p:θ′4 ∈ maxk(BsB jB′s). To prove: θ′4 ≷k θ3. From

the definition of retraction follows p : η3 < BsB jB′s, thus η3 �k θ′4. Because nothing
is added to BsB jB′s, it follows that θ′4 ≤k θ4. From proposition 7.2 follows θ4 ≤k θ1.
From θ′4 ≤k θ4 and θ4 ≤k θ1 follows θ′4 ≤k θ1. Proof by way of contradiction; assume
θ′4 �k θ3. From the contraposition of proposition A.1(1) follows that from θ′4 �k θ3
follows θ′4 �k (θ1 ⊗k θ3). From θ′4 ≤k θ1 and θ′4 �k (θ1 ⊗k θ3), and the definition of
η3 (eq. (8.10)), η3 ≡

⊗
k({θ′ ∈ B | (θ′ ≤k θ1) ∧ (θ′ �k (θ1 ⊗k θ3))}), it follows that

η3 = (η3 ⊗k θ′4), i.e. η3 ≤k θ′4. From η3 ≤k θ′4 and η3 �k θ′4 follows a contradiction, thus
assumption θ′4 �k θ3 is not valid, thus θ′4 ≤k θ3. From θ′4 ≤k θ3 follows θ′4 ≷k θ3. o

Proof of proposition 8.13, page 161. Suppose: Ms with Bs,BsB j ∈ Ms with p : θ1 ∈

maxk(Bs) and p : θ3 ∈ maxk(BsB j). Also suppose M′
s = retrms(p : η2,BsB j)(Ms) with

BsB′j ∈ M
′
s with p : θ′3 ∈ maxk(BsB′j). To prove: θ1 ≷k θ′3. From the definition of

retraction follows p : η2 < BsB j, thus η2 �k θ′3. Because nothing is added to BsB′j,
it follows that θ′3 ≤k θ3. From proposition 7.1 follows θ3 ≤k θ2. From θ′3 ≤k θ3
and θ3 ≤k θ2 follows θ′3 ≤k θ2. Proof by way of contradiction; assume θ′3 �k θ1.
From the contraposition of proposition A.1(1) follows that from θ′3 �k θ1 follows
θ′3 �k (θ1⊗kθ2). From θ′3 ≤k θ2 and θ′3 �k (θ1⊗kθ2), and the definition of η2 (eq. (8.5)),
η2 ≡

⊗
k({θ′ ∈ B | (θ′ ≤k θ2) ∧ (θ′ �k (θ1 ⊗k θ2))}), it follows that η2 = (η2 ⊗k θ′3),

i.e. η2 ≤k θ′3. From η2 ≤k θ′3 and η2 �k θ′3 follows a contradiction, thus assumption
θ′3 �k θ1 is not valid, thus θ′3 ≤k θ1. From θ1 ≤k θ′3 follows θ1 ≷k θ′3. o

Proof of proposition 8.14, page 161. Suppose: Ms with Bs,BsB j,BsB jBs ∈ Ms with p :
θ1 ∈ maxk(Bs), p : θ3 ∈ maxk(BsB j) and p : θ4 ∈ maxk(BsB jBs). Also suppose M′

s =
retrms(p : η4,BsB j)(Ms) with B′j ∈ M

′
s with p : θ′3 ∈ maxk(BsB′j). To prove: θ4 ≷k θ′3.

From the definition of retraction follows p : η4 < BsB′j, thus η4 �k θ′3. Because nothing
is added to BsB′j, it follows that θ′3 ≤k θ3. Proof by way of contradiction; assume
θ′3 �k θ4. From the contraposition of proposition A.1(1) follows that from θ′3 �k θ4
follows θ′3 �k (θ3 ⊗k θ4). From θ′3 ≤k θ3 and θ′3 �k (θ3 ⊗k θ4), and the definition of
η4 (eq. (8.11)), η4 ≡

⊗
k({θ′ ∈ B | (θ′ ≤k θ3) ∧ (θ′ �k (θ3 ⊗k θ4))}), it follows that

η4 = (η4 ⊗k θ′3), i.e. η4 ≤k θ′3. From η4 ≤k θ′3 and η4 �k θ′3 follows a contradiction, thus
assumption θ′3 �k θ4 is not valid, thus θ′3 ≤k θ4. From θ′3 ≤k θ4 follows θ′3 ≷k θ4. o
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In dit proefschrift stellen we ons het doel de besluitvorming van agenten en de
communicatie tussen deze agenten te beschrijven en te formaliseren opdat de agen-
ten rechtvaardigbare opvattingen hebben en houden. Om deze beschrijvingen en
formaliseringen te verkrijgen, behandelen we de volgende onderwerpen.

• In Hoofdstuk 2 beschrijven we dat een bewering de waarheid is voor onze
agenten als aan de criteria is voldaan die volgens de subjectieve ervaring van
de agenten normatief zijn voor het toetsen van de bewering. Met andere woor-
den, agenten kennen regels waarvan ze denken dat deze regels de conventies
beschrijven wanneer ze mogen zeggen dat iets de waarheid is. Deze conven-
ties gelden alleen binnen de gemeenschap van de agenten, de waarheid is dus
subjectief voor een agent en intersubjectief voor een gemeenschap.

We spreken over beweringen in plaats van uitspraken omdat agenten alleen
beweringen kunnen uitdrukken met talige uitspraken. De beweringen die
agenten kunnen uiten over cognitieve toestanden noemen we epistemische
beweringen (Sectie 2.1). We bespreken vier verschillende waarheidstheorieën
(Sectie 2.2). Als eerste bespreken we de correspondentietheorie. In deze theorie
is de waarheid van een bewering afhankelijk van het bestaan van een feit in
the wereld waarnaar de bewering refereert. Als tweede bespreken we de cohe-
rentietheorie. In deze theorie is de waarheid van een bewering afhankelijk van
het bestaan van andere beweringen die coherent zijn met deze bewering. Als
derde de consensustheorie. In deze theorie is de waarheid van een bewering af-
hankelijk van de overeenstemming van een groep. Als laatste bespreken we de
waarheidstheorie volgens de interpretatie van Ellenbogen van Wittgenstein’s
meaning is use theorie. In deze theorie is de waarheid voor een agent een bewe-
ring die net als alle andere beweringen criteria heeft die het correcte gebruik
beschrijven. De betekenis van beweringen is gelijk aan de conventies voor hun
gebruik dat overeengekomen is door de agenten uit een gemeenschap.
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De opvatting van een agent is een voorbeeld van een epistemische bewering.
Net als alle andere beweringen heeft een epistemische bewering een betekenis
die gelijk is aan de gebruiksconventies (Sectie 2.3). De kennis van onze agenten
is gebaseerd op hun acceptatie van de talige conventies van hun gemeenschap.
Omdat agenten de criteria van beweringen kennen om ze te kunnen gebruiken,
kunnen ze de waarheidscondities van de beweringen toetsen aan hun cognitie-
ve toestanden. Agenten kunnen over kennis beschikken, wetende dat als het
gebruik van de beweringen verandert, ze hun kennis herzien.

In dit proefschrift beschrijven we, onafhankelijk van een domein, de criteria
wanneer wij veronderstellen dat agenten gerechtvaardigde opvattingen heb-
ben. Met andere woorden, we beschrijven de situaties waarin de cognitieve
toestand van agenten expliciete rechtvaardiging geeft voor epistemische bewe-
ringen. De criteria zijn gebaseerd op de betekenis van beweringen. Dat wil
zeggen, de gebruiksconventies beschrijven de specifieke criteria die moeten
gelden voor een agent om gerechtvaardigd te zijn een epistemische bewering
te hebben (Sectie 2.4).

• In Hoofdstuk 3 beschrijven we de notie van paraconsistentie in relatie tot de
opvattingen van agenten. De samenvoeging van een bewering en de ontken-
ning van de bewering resulteert in een strijdige bewering. Eerst beschrijven we
dat onze agenten die een op gebruik gebaseerde notie van betekenis hanteren
in situaties kunnen komen waarin een strijdig wereldbeeld onafwendbaar is
(Sectie 3.1). Andere bronnen van strijdigheid zijn bijvoorbeeld de leugenaars-
zin of sensorfouten (Sectie 3.2). Als een agent geconfronteerd wordt met een
strijdige bewering, dan geeft de gebruiksinterpretatie van betekenis een samen-
hangende semantiek. In tegenstelling tot de correspondentie en de coherentie
theorie, deze theorieën geven die geen samenhangende semantiek aan strijdige
beweringen.

Een logische theorie die een bewering en tegelijkertijd de ontkenning van de
bewering waar maakt, is een onsamenhangende theorie (Sectie 3.4). Een on-
samenhangende theorie maakt een strijdige bewering waar. Als de logische
theorie toch het gebrek aan samenhang wil beschrijven, moet de theorie strijdi-
ge beweringen betekenis geven op een samenhangende manier. Deze theorieën
worden paraconsistente theorieën genoemd.

• In Hoofdstuk 4 definiëren we een meerwaardige logica die we in Hoofdstuk 5
gebruiken bij de definitie van de cognitieve toestand van een agent. Voor onze
meerwaardige logica gebruiken we bilattice structuren die in de literatuur wor-
den beschreven als een gegeneraliseerde ruimte met waarheidswaarden met
twee ordeningen. Deze ordeningen beschrijven de relaties tussen de waarheid
en informatie van de waarheidswaarden (Sectie 4.1). De waarheidswaarden die
wij gebruiken beschrijven informatie met een component die positieve steun
symboliseert, en een component die negatieve steun symboliseert. De kleinste
bilattice structuur heeft vier waarheidswaarden, te weten: waar, onwaar, in-
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consistent en ‘geen informatie’. De waarheidswaarden waar en onwaar komen
qua intuïtie overeen met de klassieke waarheidswaarden. De waarheidswaar-
de inconsistent komt overeen met een strijdige opvatting, en ‘geen informatie’
komt overeen met de afwezigheid van een klassieke waarheidswaarde. Bilatti-
ce structuren kunnen naast deze vier ook de tussenliggende waarheidswaarden
hebben: de waarden die neigen naar waar of waarden die neigen naar onwaar.

Een beweringen van onze meerwaardige logica bestaan uit een formule uit een
verzameling formules en een waarheidswaarde van een bilattice structuur (Sec-
tie 4.2). Een meerwaardige theorie is een verzameling van deze beweringen die
afgesloten is onder verschillende regels (Sectie 4.3). De meerwaardigheid uit
zich dat een formule in deze theorieën meerdere waarheidswaarden kan heb-
ben. We onderscheiden drie verschillende typen theorieën: normale, complete
en inverse theorieën. We definiëren theoriebeschrijvingen die een compac-
te en eenduidige waargave geven van theorieën, deze beschrijvingen kunnen
eenvoudig worden geprogrammeerd met computertalen (Sectie 4.4). Voor de
verschillende typen theorieën worden twee acties gedefinieerd: het toevoegen
en het verwijderen van beweringen. Daarnaast geven we procedures voor het
uitvoeren van deze acties op theoriebeschrijvingen (Sectie 4.5).

• In Hoofdstuk 5 definiëren we onze cognitieve agenten. De cognitieve toe-
stand van een agent bestaat uit een mentale toestand, een kennisbank en een
epistemologie (Sectie 5.1). De mentale toestand bestaat uit een eindig aan-
tal meerwaardige theorieën die de verschillende opvattingen van een agent
beschrijven zoals overtuigingen, wensen en opvattingen die betrekking heb-
ben op de opvattingen en wensen van andere agenten. De kennisbank is een
verzameling van kennisregels die de kennis beschrijft die een agent als niet
gemeenschappelijk beschouwt. De epistemologie is net als de kennisbank een
verzameling kennisregels, maar met het verschil dat de agent de kennis wel als
gemeenschappelijk beschouwt. De kennisregels beschrijven kennis die afkom-
stig is van een bepaalde menselijke expert of van een bepaald expertisedomein.
Niet alle mogelijkheden van verschillende mentale toestanden zijn samenhan-
gend; we beschrijven daarom de eigenschappen tussen verschillende mentale
toestanden van een agent. Een agent kan niet de opvatting hebben dat een
andere agent een bepaalde opvatting heeft, en tegelijkertijd de opvatting heb-
ben dat deze agent niet deze opvatting heeft (Sectie 5.2). De twee acties voor
het veranderen van meerwaardige theorieën worden uitgebreid met acties voor
het veranderen van de mentale toestanden zodat de cognitieve toestand waarin
deze mentale toestanden zich bevinden samenhangend blijft.

In Hoofdstuk 6 en 7 worden beslis- en dialoogregels beschreven. De uitvoering
van deze regels heeft naast het maken van een beslissing of het uiten van
verbale communicatie het beoogde effect dat de mentale toestand van de agent
verandert. De volgorde waarin de verschillende beslis- en dialoogregels de
mentale toestanden kunnen veranderen is vastgelegd in de deliberation cycle
van de agent (Sectie 5.3). In vogelvlucht: als een agent geen beslissingen meer
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kan maken, dan zal ze de binnengekomen communicatie afhandelen, als ook
alle binnengekomen communicatie is afgehandeld, dan mag de agent uitgaande
communicatie starten.

• In Hoofdstuk 6 beschrijven we beslisspellen als verzamelingen beslisregels. De
situaties waarin correct beslissingen worden gemaakt worden beschreven door
de criteria die agenten rechtvaardigt de conclusies van beslissingen te accepte-
ren (Sectie 6.1). We gebruiken de criteria waarmee een agent gerechtvaardigd is
een bepaalde cognitieve toestand te hebben, zoals het hebben van opvattingen,
als de preconditie van een beslisregel waarmee de agent beslist deze cognitieve
toestand te hebben. Daarnaast beschrijft de beslisregel welke condities gelden
in de cognitieve toestand van de agent nadat ze een beslissing heeft genomen
(Sectie 6.2). We definiëren twee verschillende beslisspellen. Het spel voor het
aannemen van opvattingen, dat wil zeggen, het beslisspel beweringen aan de
mentale toestand voor opvattingen toe te voegen. Het tweede spel is het du-
ale spel voor het verwerpen van opvattingen, dat wil zeggen, het beslisspel
dat beweringen uit de mentale toestand voor opvattingen verwijdert. Beide
beslisspellen beschrijven het gebruik van verschillende beslissingen. Met een
beslisregel definiëren we het gebruik, dat wil zeggen, de betekenis van aflei-
dingsregels die deel uitmaken van de kennisbank van de agent (Sectie 6.3). Met
een andere beslisregel definiëren we wanneer agenten zich mogen conformeren
aan de opvattingen van andere agenten (Sectie 6.4). Met de laatste beslisregel
definiëren we dat een agent alleen haar opvattingen mag veranderen als ze dat
wenselijk acht (Sectie 6.5).

• In Hoofdstuk 7 beschrijven we dialoogspellen (dialogue games) als verzame-
lingen dialoogregels. Op dezelfde manier dat beslisspellen betekenis geven aan
beslissingen, geven dialoogspellen betekenis aan communicatie tussen agen-
ten. Wij beschrijven de criteria wanneer wij veronderstellen dat agenten correct,
volgens hun conventies, speech acts mogen uiten (Sectie 7.1). We definiëren vijf
dialoogspellen. Een spel met vragen voor rechtvaardigingen voor het hebben
van een opvatting (Sectie 7.2). Een spel met vragen voor rechtvaardigingen
voor het niet hebben van een opvatting (Sectie 7.3). Een spel met verzoeken
dat de geadresseerde een opvatting aanneemt (Sectie 7.4). Een spel met ver-
zoeken dat de geadresseerde een opvatting verwerpt (Sectie 7.6). Het laatste
dialoogspel beschrijft de betekenis van communicatie waarin agenten elkaar
informeren over veranderde opvattingen (Sectie 7.6).

• In Hoofdstuk 8 beschrijven we wanneer onze agenten gerechtvaardigd zijn het
met elkaar eens te zijn dat ze het oneens zijn. Twee agenten zijn het oneens
over een bewering als de waarheidswaarden van hun opvattingen niet over-
eenkomen (Sectie 8.1). Als agenten zich bewust worden dat ze het oneens zijn,
kunnen ze de vier dialoogspellen uit Hoofdstuk 7 gebruiken om zichzelf en de
ander te overtuigen van nieuwe informatie opdat hun opvattingen veranderen
en ze het eens worden over de bewering (Sectie 8.2). Als de dialoogspellen
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niet geholpen hebben, rest de agenten niets anders dan te accepteren dat hun
meningsverschil onoplosbaar is. Als agenten zich bewust worden dat hun
meningsverschil onoplosbaar is, dan kunnen ze elkaar een voorstel doen het
eens te worden dat ze het oneens zijn (Sectie 8.3). De interpretatie van een
dergelijke acceptatie van een onoplosbaar meningsverschil is dat de agenten
hun opvattingen hebben gebaseerd op informatie die ze gemeenschappelijk
noemen, maar dat niet is (Sectie 8.4).

• In Hoofdstuk 9 beschrijven we onze eindconclusie en mogelijke onderwerpen
voor vervolg onderzoek. Omdat onze beslisspellen definiëren wanneer agenten
correcte beslissingen nemen die conform de conventies van hun gemeenschap
zijn, zullen onze agenten alleen nieuwe opvattingen kunnen afleiden op basis
van het gangbare handelen.

Agenten uit bijvoorbeeld de medische wetenschappen kunnen alleen nieuwe
opvattingen verkrijgen volgens de conventies van de medische wetenschap-
pen. Hetzelfde geldt voor dialoogspellen: agenten communiceren volgens de
gangbare gebruiken van de gemeenschap van medische wetenschappen. Als
een agent kennis heeft die rechtstreeks afkomstig is van een medische expert,
dan kan de agent alleen een nieuwe opvatting verkrijgen die conform de ge-
bruiken van de medische gemeenschap is. In het geval dat deze gemeenschap
niet de opvattingen van een agent deelt, dan is, in principe, de gemeenschap
te overtuigen. Dit omdat de agent heeft gehandeld conform de heersende
opvattingen.

Een bruikbare uitbreiding op de vijf dialoogspellen zou het spel zijn waarin be-
tekenis wordt gegeven wanneer een agent mag vragen waarom andere agenten
een bepaalde opvatting wel of niet hebben. Met dergelijke uitingen kan een
agent informeren naar de rechtvaardigingen die andere agenten hebben ge-
bruikt om bepaalde opvattingen te hebben. Een andere bruikbare uitbreiding
zou het dialoogspel zijn waarin de agent vraagt naar de criteria die een andere
agent hanteert voor het rechtvaardigen van opvattingen. Met andere woorden,
een dialoogspel waarin agenten informeren naar de betekenis, dat wil zeggen,
het gebruik van opvattingen.

De besluitvorming van onze agenten en de communicatie tussen deze agenten zijn
een afspiegeling van de mogelijke conventies zoals die heersen in de gemeenschap
die de agenten vertegenwoordigen. We zijn erin geslaagd een multiagent systeem
te beschrijven waarin de opvattingen van agenten conform de conventies zijn en
blijven.
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Dankwoord

Soms heb je het druk en blijven er klussen liggen. Even tijd inruimen voor de afwas
of de plinten in mijn huis doe ik niet meer. Wellicht doen gezegdes uit grootmoeders
tijd nog steeds opgeld. Van uitstel komt afstel bijvoorbeeld. Toch hangt dit tegeltje
hier niet, en dat gaan we even bewijzen. Een dankwoord is net een afwasmachine,
maar wel met tenminste één groot verschil. Welnu, als ik het voor het zeggen had,
dan wordt afwas verboden. Nu wil het feit dat ik hierover niet zoveel te zeggen
heb, dus heb ik een afwasmachine aangeschaft. Geen uitstel noch afstel. Nu had
ik natuurlijk kunnen weten dat een afwasvoorbeeld nooit een tegenvoorbeeld voor
een tegeltje geeft. Daar is groter geschut voor nodig. Ja, jij! De ingrediënten zijn de
volgende: een computer, een idee, steun en vier jaar. De combinatie steun en vier jaar
typen achter een computer met een-of-ander idee creëren de ideale voedingsbodem
voor een proefschrift, maar ook voor uitstel—vier jaar uitstel van een dankbetuiging.
Zonder jullie steun geen tegenvoorbeeld en geen proefschrift! Nu de inhaalslag.

Onder de bevlogen leiding van Adriaan Tuiten heb ik de afgelopen vier jaar met
plezier bij Emotional Brain gewerkt en ik hoop dat nog lang te doen. Adriaan heeft
de buitengewone gave om achter de horizon te kijken; met veel passie deelt hij deze
vergezichten met zijn collega’s. Samen met Caren Wolferink, Maartje van der Veen en
Robert Voorn hebben we ons vaak afgevraagd wat hij precies probeert te beschrijven.
Meestal kwamen we er wel uit, maar soms ook niet, dan werd het niet concreter dan
een the A-team busje. Zeker een leuk vergezicht! Ik hoop er nog een boel te zien.
Caren, Maartje en Robert wil ik bedanken voor het zijn van leuke collega’s. Dit klinkt
wellicht als een afscheid, maar dat is het niet. Casper van Waveren en Jos Bloemers
kan ik natuurlijk niet vergeten voor de broodnodige zin en onzin, thanx! Verder
natuurlijk Brenda, Cor, Dymph, Ed, Els, Flip, Gert, Inge, Janske, Karen, Liesbeth,
Lyna, Mathij, Mazin, Milly, Natascha, Pia en Saskia. Als laatste, maar zeker niet als
minste, wil ik Rick Schermer bedanken voor de commerciële injecties en alle andere
facetten van technologie, maar vooral voor de prettige samenwerking.

Daarnaast was ik in de luxueuze situatie om over een tweede bureau te be-
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schikken: eentje bij de onderzoeksgroep Diagnostic Decision Making van de Radboud
Universiteit Nijmegen. Er zijn ongetwijfeld maar weinig promovendi die zoveel
uren overleg met hun begeleiders mochten genieten als ik. Met Cilia Witteman heb
ik ontelbare NS-reisuren gemaakt. Naast onze artikelen, bespraken we horoscopen,
de definities van betekenis, de betekenis van definities, de definities van humor, de
humor van onzin, de onzin van definities, etc. Voor al deze creativiteit en het enge-
lengeduld bij het zorgvuldig lezen en corrigeren, heel erg bedankt! Daarnaast wil ik
mijn kamergenote, Leontien de Kwaadsteniet, samen met de andere collega’s John
van den Bercken, Edward van Aarle, Nicole Krol, en Marieke de Vries bedanken voor
de prettige tijd die ik Nijmegen had. Omdat ik niet zoveel wist van diagnostiek, was
het altijd een mentale uitdaging jullie discussies onder de wekelijkse besprekingen
te volgen. Ik heb er iets van opgestoken. Bedankt mensen!

Over een luxueuze situatie gesproken—ik had een derde bureau: eentje bij de
vakgroep Intelligent Systems van de Universiteit Utrecht. Samen met andere promo-
vendi hadden we veel constructieve en minder constructieve discussies over agenten,
ontologieën en de relativiteit van de waarheid. Maar ook hartstochtelijke discussies
over volstrekt verwerpelijke zaken zoals Coca Cola en McDonald’s. Birna van Riems-
dijk, Bob van der Vecht, Cees Pierik, Davide Grossi, Geert Jonker, Huib Aldewereld,
Jurriaan van Diggelen en Paul Harrenstein bedankt hiervoor. Wat wij gezamenlijk
hadden is John-Jules Meyer. Hij is de hoogleraar met waarschijnlijk 36 begelei-
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