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Chapter 1

Introduction

1.1 Climate change and sea level rise

Earth’s climate system has experienced continuous change from extremes of warmth
with ice-free poles to extremes of cold with massive continental ice-sheets and polar
ice caps. These major changes in the climate system have resulted primarily from
the Earth’s orbital variations causing changes in the amount and location of solar
radiation reaching the Earth [Milankovich, 1930]. Due to cyclical changes in Earth’s
orbit, global mean temperature undergoes cycles of 23, 41, 100 kyr. There are also
less transparent causes of global temperature change, such as greenhouse gases (e.g.
water vapour, carbon dioxide, and methane), solar reflectivity (due to clouds, vol-
canic dust, polar ice caps), and land mass distribution (continental drift). These and
other forcing mechanisms have changed the global mean temperature by significant
amounts on many time scales.

During the past 1000 years, Earth has known particular warmth during the Me-
dieval warm period (A.D. 1000-1400) and coolness during the Little Ice Age (A.D.
1400 to about 1850). The Little Ice Age period brought bitterly cold winters to many
parts of the world and is most thoroughly documented in Europe and North Amer-
ica. As a result of the lower temperature in the mid-17th century, glaciers in the Alps
advanced, gradually burying farms and villages. The canals and rivers of the north-
ern part of Europe often froze over during the winter and people could skate and
hold frost fairs on the ice. Around 1850, the world’s climate began to warm and the
Little Ice Age came to an end.

There is a major debate on whether natural variation in Earth’s climate or human-
induced warming is the reason for the end of the Little Ice Age. However, there is
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Table 1.1: IPCC estimates of the rate of sea level rise over the period 1910 to 1990 and some
physical characteristics of ice on Earth.

Component Rate of sea level rise Area Volume
(mm/yr) ( 106 km2) (106 km3)

Thermal expansion 0.5 ± 0.2
Glaciers and ice caps 0.3 ± 0.1 0.54 0.14
Greenland? 0.05 ± 0.05 1.71 2.85
Antarctica? -0.1 ± 0.1 12.37 25.71
Others† -0.05 ± 0.95
Totals 0.7 ± 1.5
Estimated from observations 1.5 ± 0.5

?Grounded ice only, including glaciers and ice caps on the margins of Greenland and the
Antarctic Peninsula.
† Including permafrost, sediment deposition, terrestrial storage.

evidence that rising global temperatures are associated with the human-induced in-
crease of atmospheric carbon dioxide. Since the start of the industrial revolution
(1850), the atmospheric carbon dioxide concentration has increased by about 35%
and the global mean temperature has risen by about 0.6 ◦C. The Intergovernmental
Panel on Climate Change (IPCC) states that the rate of temperature increase during
the 20th century is likely to have been greater than for any century in the past 1000
years. Continuing to add carbon dioxide and other greenhouse gases to the atmo-
sphere is projected to result in significant changes in climate and increase average
global temperature by 1.4 to 5.8 ◦C over the course of this century.

Higher global temperatures will raise sea level and result in adverse effects on
many people living in coastal areas. Sea level rise is chiefly caused by two mecha-
nisms: thermal expansion of sea water and melting of the world’s ice masses. Ac-
cording to the IPCC, thermal expansion was the main contributor to sea level rise
during the last century. Higher atmospheric temperatures induce an increased fresh
water flow into oceans by melting polar ice, sea ice, glaciers, and permanent snow
cover. In addition to an increase in melting, global warming would also be expected
to increase the amount of precipitation in the polar regions. Increased snowfall over
Greenland and Antarctica increases ice mass and tends to cause sea level to drop.
Considering all factors, the IPCC estimates that sea level will rise 9 to 88 cm by the
year 2100.

The estimated components of sea level rise during the 20th century are repre-
sented in Table 1.1. While the Antarctic and Greenland ice sheets make up the vast
majority of the Earth’s ice, their contributions to sea level rise over the last century
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were much smaller than the contributions from mountain glaciers and smaller ice
caps. Together, Greenland and Antarctica contain about 70% of the world’s fresh
water, enough to raise sea level by over 70 meters if all the ice were returned to the
oceans [IPCC 2001]. In the Antarctic, temperatures are far enough below freezing
that even with some global warming, temperatures could remain sufficiently low to
prevent extensive surface melting. Therefore, the Antarctic ice sheet might not con-
tribute significantly to sea-level rise over the next century. However, it is suggested
that a collapse of the West Antarctic ice sheet is possible and would raise global sea
level remarkably. The Greenland ice sheet exists at higher air temperatures and is ex-
pected, therefore, to show a more rapid response to climate change than Antarctica.
Presently, Greenland’s loss of ice contributes about 10 percent of global sea level
rise [Rignot and Kanagaratnam, 2006; Krabill et al., 2004]. That number is likely
to increase through a positive feedback loop; warmer temperatures cause melting,
which leads to faster flow, drawing more of the ice sheet down to lower altitudes
and warmer temperatures, which contributes to more melting, which leads to more
ice acceleration and thinning, and so on. This is of particular importance because of
the huge size of the ice sheet with its great potential for changing sea level.

The ice caps and mountain glaciers outside the Antarctic and Greenland ice sheets
account for only about 4% of the area and 0.5% of the volume of ice on land and
would yield a global rise in sea level of about 0.5 m if they were to melt completely
[Dyurgerov and Meier, 1997]. However, mountain glaciers and small ice caps are
mainly located in climates warmer than polar ice sheets and, therefore, react more
quickly to climate changes. They are more significant contributors than great ice
sheets to sea level rise today and may remain so over the next century [Meier, 1984;
Warrick et al., 1996; Church et al., 2001]. Therefore, these ice masses merit special
attention.

Over the past 60 to 100 years, most glaciers around the world have lost mass
dramatically. Alpine glaciers, which are typically small and less stable than larger
glaciers, seem particularly susceptible to glacial retreat. The rapid retreat of Alaskan
glaciers represents about half of the estimated loss of mass by glaciers worldwide
[ACIA, 2004]; this is the largest contribution by glacial melt to rising sea level yet
measured. The Patagonia Icefields of Chile and Argentina, the largest non-Antarctic
ice masses in the Southern Hemisphere, are thinning at an accelerating pace and now
account for nearly 10% of the global sea level change from mountain glaciers (NASA
and Chile’s Centro de Estudios Cientificos).

Mountain glaciers are not merely important study objects for their significant
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contribution to sea level rise. They are excellent climate recorders. The advance
and retreat of both alpine and continental glaciers for the past 100,000 years or more
have left lasting traces of past climates on the landscape of the Earth. Mountain
glaciers are also an important water resource. Understanding the relationship be-
tween climate change and glacier behaviour is vital for future water policy and wa-
ter management. To interpret the past, monitor the present and predict the future, a
comprehensive understanding of how glaciers response to climate change is needed.

1.2 Glaciers and their response to climate

Glaciers require specific climatic conditions to form. Best conditions are found in
regions of high winter snowfall and low summer temperatures. These conditions
ensure that the snow that accumulates in the winter is not lost by melt or sublimation
during the summer. Such conditions typically exist in polar and high alpine regions.
There are two main types of glaciers: alpine glaciers, which are found in mountain
terrains, and continental glaciers, which cover large areas of continents.

A glacier forms when snow accumulates over time. Over a period of years, lay-
ers of snow undergo compaction and become glacial ice. The grown glacier begins
moving outward under the pressure of its own weight and the forces of gravity. Two
main processes assist glacial flow: internal deformation and sliding at the base. In-
ternal deformation occurs when ice deforms under its own weight to release internal
stresses. Basal sliding occurs when the basal temperature reaches the melting tem-
perature and a lubricating water-saturated layer forms; the glacier can then move
over its bed.

As a glacier flows downwards, it impacts its surrounding environment by re-
shaping the underlying and surrounding landscape through both erosion and de-
position. A glacier erodes the earth underneath it and pushes the earth and rock
forward as it advances. Deposition occurs to the side along the way or at the termi-
nus. Figure 1.1 shows the massive lateral and terminal moraines of a valley glacier
at its maximum extent during the Little Ice Age.

A glacier may reach an equilibrium if accumulation, the amount of snow and
ice added to the glacier, is equal to ablation, the ice lost by melting, sublimation
and calving. Crucial to the survival of a glacier is its mass balance, the difference
between accumulation and ablation. As long as accumulation is equal to or greater
than ablation, glacier health is maintained.

Climate change may cause variations in both temperature and snowfall, causing
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Figure 1.1: Lateral and terminal moraines of a valley glacier, Bylot Island, Canada (Terrain
Sciences Division, Geological Survey of Canada).

changes in mass balance and long term behaviour of a glacier. That glaciers advance
and retreat in response to changes in climate is common knowledge, but the rela-
tionship is more complex. Glaciers move slowly, therefore, a significant time lag can
occur between the climatic conditions that caused the advance or retreat and the ac-
tual advance or retreat. This time lag may be several years or much longer and is
determined by the complicated and sometimes uncertain processes that control the
flow of a glacier. To address the response of glaciers to an imposed climate change,
it is necessary to translate weather conditions into net mass gain or loss at the glacier
surface.

A nice example of the complexity of glacier behaviour is visible in Figure 1.2. It
shows two adjacent glaciers originating from the same ice field which have a dif-
ferent surface character because they flow at different rates. The glacier on the left
terminates in water, therefore it flows faster than the glacier on the right. The dy-
namics of glaciers that end in the sea or in a lake is, beside changes in mass balance
or climate, additionally affected by the process of calving at the terminus. Calving
is the dominating ablation mechanism for the existing ice masses of the world and
it has been proposed as a major factor in the retreat of the Northern Hemispheric
ice sheets during the last deglaciation. Uncertainties in predicting future sea level
are very much affected by lack of knowledge of the behaviour of calving glaciers.
Given the importance of these glaciers, attention should be given to understand the
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Figure 1.2: Pair of outlet glaciers, Royal Society Fjord, Northeast Baffin Island, Canada (Ter-
rain Sciences Division, Geological Survey of Canada).

processes controlling the dynamics of calving glaciers.

1.3 Calving glaciers

Glaciers ending in bodies of water lose ice by calving (Fig. 1.3). Blocks of ice, ranging
in size from single ice crystals to hundreds of cubic meters break off from the termi-
nus of these glaciers and float away to melt in more distant places. Although only
a fraction of the world’s glaciers end in water, calving is an important, if not dom-
inant, mode of mass loss from glaciers. For all the glaciers and ice sheets around
the world, surface accumulation adds about 3000 Gton water equivalent annually;
surface melting and subsequent melt water runoff remove about one-third of this
amount, while iceberg calving may account for 2400 Gton lost [IPCC, 2001].

Iceberg calving from tidewater glaciers is a dominant ablation mechanism that
can allow much larger volumes of ice to be lost than would be possible through
surface ablation [Van der Veen , 1996]. It is estimated that nearly 50% of the ice loss
from Greenland is through calving from outlet glaciers that end in fjords [Reeh et
al., 1999; Zwally and Giovinetto, 2000]. In the Antarctic Peninsula, the break up
of ice shelves has been attributed to increased calving rates possibly due to climate
warming in the region [Vaughan and Doake, 1996]; this could dramatically alter the
discharge of inland ice. Despite its obvious importance, the calving mechanisms and
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Figure 1.3: Iceberg calving at the terminus of Columbia Glacier (Shad O’Neel, INSTAAR -
University of Colorado).

the dynamic interaction between calving at the glacier terminus and ice discharge
from up-glacier is not well understood.

There are two main factors that determine the type of calving, whether the glacier
is cold or temperate and whether the terminus is grounded or floating. This gives
four possible combinations. However, no temperate floating ice tongues are known
to exist and many, if not most, polar glaciers entering the sea have floating termini.
Thus, most calving glaciers are of just two types, temperate grounded glaciers and
polar and subpolar glaciers with floating termini.

A tidewater glacier is a calving glacier with grounded terminus from which ice-
bergs are discharged. These glaciers range mainly from those consisting of temperate
ice in regions of temperate-oceanic climate such as Alaska and Patagonia, to those
with polythermal ice in areas of sub-polar climates such as the Antarctic Peninsula,
Iceland, Svalbard, the Canadian and Russian Arctic and coastal Greenland.

Calving rate is defined as the volume of ice that breaks off per unit time and
per unit vertical area of the terminus [Paterson, 1981]. It has been observed that
water depth at the calving front strongly affects the rate of iceberg calving [e.g., Post,
1975; Meier and Post, 1987; Warren, 1992]. Calving rate is smaller when a glacier



8 Introduction

Figure 1.4: Calving glacier advance/retreat cycle [Post, 1975].

terminates into shallow water than when it terminates into deep water.

Tidewater glaciers in Alaska and some other parts of the world appear to go
through cycles of slow advance (typically ≈ 30 m a−1) followed by rapid retreat or
collapse (typically≈ 1000 m a−1) [Post, 1975; Meier and Post, 1987]. In Figure 1.4, the
life cycle of tidewater glaciers is illustrated starting with the terminus at the head of
a fjord. The glacier gradually builds a terminal moraine shoal. The terminal moraine
shoal provides a stable support for the glacier front by decreasing water depth. The
glacier can advance into deeper water only if the moraine moves forward to restrict
the calving flux. The rate of advance is slow, determined mainly by how fast material
is eroded from the up-glacier side and deposited on the down-glacier side. Glacier
advance is halted when the terminus reaches the end of the fjord, or a place where
the fjord widens.

As the glacier advances and becomes longer, the ablation area increases which
makes the glacier more sensitive to small perturbations in climate or ablation rate. If
surface melting during summer exceeds winter snowfall, the glacier becomes thin-
ner. While the glacier front cannot advance, a moderate thinning could cause the
terminus to retreat. A small retreat from such an extended position moves the termi-
nus into deeper water, the calving rate increases and retreat accelerates. This retreat
may continue until the calving front enters shallow water or becomes stable at a
constriction within the upper reaches of fjord.
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1.4 Controlling processes on advance and retreat of tide-

water glaciers

A glacier terminus advances or retreats if the speed of ice flow at the terminus is
greater or less than calving rate. Tidewater glaciers are inherently unstable, with
a cyclic advance and retreat that is not directly related to climate change [Clarke,
1987]. Furthermore, it has been shown that the advance/retreat behaviour of tide-
water glaciers is mainly a function of fjord geometry [Mercer, 1961], water depth
at the glacier terminus [Brown et al., 1982], and sedimentation at the glacier front
[Powell, 1991]. The different terminus behaviour of neighbouring glaciers (Yale and
Harvard glaciers, Alaska) which are derived from the same snow field shows that
their terminus advance or retreat is largely the result of internal dynamics rather
than climatic changes.

On the other hand, Viens [1995] (based on observations of Alaskan tidewater
glaciers) showed that climate acts as a first-order control on the advance/retreat cy-
cle by placing limitations on glacier advance and determining where the terminus
reaches an equilibrium state during retreat. It can be that tidewater glaciers become
sensitive to variations in climate at some stage of their evolution. Tangborn [1997]
suggests that the retreat of Columbia Glacier, Alaska, may have been triggered by
a period of warming (negative surface mass balance) while the glacier was at its
extended position at the end of its fjord.

A tidewater glacier is often insensitive to climate change during its retreat phase
because the calving flux is much larger than ice flux. The calving flux is so high
that even a large positive surface mass balance cannot compensate for the mass loss
through calving. During the advance phase, the termini of tidewater glaciers are in a
state of quasi-equilibrium between ice flux and calving flux. In this phase, a negative
climate change may halt the glacier advance and trigger a retreat even if it is not at its
fully extended position. A positive mass balance would cause a land-based glacier
to advance, but a tidewater glacier may not be able to advance due to an increase
in calving flux as it terminates in deep water. Therefore, the response of a tidewater
glacier may be controlled by the rate of growth and migration of a terminal moraine
shoal.

Catastrophic retreat of tidewater glaciers can occur when their terminus enters
deeper water [Post, 1975; Mann, 1986]. This pattern has occurred at several tidewater
glaciers in Alaska as water depth in their fjords increased by moving away from
a moraine shoal. In addition to water depth at the calving front, fjord geometry
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Figure 1.5: Hubbard Glacier, the largest tidewater glacier in Alaska with an open calving face
over ten kilometres wide. The glacier advances and pushes the terminal moraine ahead of its
face (US Forest Service Yakutat Ranger District).

also facilitates advance or retreat of tidewater glaciers. When a glacier enters into a
wider part of a fjord, its calving flux increases. Due to increased calving, the glacier
advances slowly or halts. But when a glacier gets into a narrowing fjord, the calving
flux decreases and glacier advance accelerates, even through times of unfavourable
climate.

Temperate glaciers transport large amounts of supra-glacial, englacial and sub-
glacial debris (Fig. 1.5). At the glacier front there is a continuous supply of sediments
from glacier hydraulic systems by glacial debris deposition, glaciofluvial sediment
deposition, bed deformation, calve dumping, etc. [Hunter et al., 1996a; Dowdeswell
and Murray, 1990]. If the location of the glacier front is more or less stationary,
moraine shoal can form relatively fast; sedimentation rates at such locations can eas-
ily be of the order of meters to tens of meters per year [e.g. Powell, 1990].

The importance of erosional and sedimentary processes for the dynamics of tide-
water glaciers has been recognised for some time [e.g. Boulton, 1970; Post, 1975; Al-
ley, 1991; Hunter et al., 1996a]. The frontal moraine shoal supports the glacier front
by reducing the calving rate and, therefore, allows the glacier to advance into deep
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Figure 1.6: Frontal part of Breidamerkurjökull, Iceland, covered with crevasses.
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water. This shoal also provides restraining forces against the glacier flow. During
glacier advance, restraining forces from the shoal continually increase; this results in
decreasing ice-flow rates, glacier thickening and, ultimately, the cessation of glacier
advance [Fisher and Powell, 1998].

If climate change or other physical processes cause the glacier terminus to retreat
from the underwater moraine into the deeper water toward the coast, iceberg calving
becomes extremely rapid once the terminus enters deeper water. During retreat,
restraining forces from the shoal decrease and allow glacier flow rate to increase.
Higher glacier flow results in glacier thinning and, possibly, sustained rapid retreat.

Rapid response of tidewater glaciers is a result of their fast flow, which is pri-
marily due to high sliding velocities [Clarke, 1987; Kamb et al., 1994]. It has been
observed that increased calving rates are associated with increased basal sliding in
the terminus region. An increase in basal sliding results in large along-flow extension
rates, which lead to a decrease in glacier thickness and an extreme surface crevass-
ing covering the entire lower glacier (Fig. 1.6). The thinning of the glacier front may
result in enhanced calving and retreat.

Temporal and spatial variability in water storage under the glacier dictate changes
in basal sliding and consequent ice-flow response. Observations on tidewater glaciers
suggest that the sliding velocity may increase after rain-fall events when the water
pressure under the glacier becomes large. High subglacial water pressure increases
the basal lubrication and consequent ice-flow response.

Clearly, several processes determine the behaviour of tidewater glaciers. To pre-
dict the future behaviour of tidewater glaciers in response to climate change and
to interpret their past and monitor their present behaviour, it is necessary to better
understand the processes controlling the dynamics of these glaciers.

1.5 Current knowledge on tidewater glaciers

One of the major tools used for the interpretation and understanding of the be-
haviour of tidewater glaciers is numerical modelling. Many modelling studies [e.g.,
Iken, 1977; Sikonia, 1982; Hughes, 1992; Van der Veen, 1996; Vieli et al., 2001] have
been carried out to obtain a better understanding of the calving process and to de-
termine a ‘ universal calving law ’ that can explain the non-linear behaviour of any
grounded calving glacier in the world. Nevertheless, the fundamental physical pro-
cesses that govern the calving rate are still poorly understood.

Statistical analysis of observed data from Alaskan tidewater glaciers [Brown et
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Figure 1.7: Columbia Glacier, Alaska, prior to its rapid retreat (left) in 1979 (Photo A. Post,
USGS). Since the early 1980s, its terminus has retreated over 14 km concurrent with rapid
thinning. Right photograph was taken in September 2003 (Photo W.T. Pfeffer, INSTAAR -
University of Colorado).

al., 1982] and additional data from Greenland and Svalbard [Pelto and Warren, 1991]
showed that calving rate is linearly related to water depth at the glacier terminus.
Brown et al. [1982] proposed the water depth model in which calving rate increases
linearly with water depth. Based on this model, Meier [1994, 1997] suggests that
calving is the driving mechanism for retreat. He argues that rapid retreat is driven
by increasing calving rates as the terminus retreats into deeper water.

The best documented tidewater glacier, Columbia Glacier, Alaska, has under-
gone rapid retreat since the early 1980s (Fig. 1.7). Several numerical models were
developed to simulate the retreat of Columbia Glacier at the beginning of its retreat.
Rasmussen and Meier [1982] applied a one-dimensional model based on mass con-
servation in which calving rate was specified by a linear function of frontal water
depth. Bindschadler and Rasmussen [1983] used a finite difference model based on
the continuity equation. They used a different parameterization for calving rate;
calving rate linearly related to water depth and frontal height. The results from all
these modelling works showed a retreat of Columbia Glacier much faster than the
observed retreat.

Others found that the water depth model cannot explain rapid retreat of Columbia
Glacier [Meier and Post, 1987; Van der Veen, 1996] and several other tidewater glaciers
in Patagonia [Venteris, 1999]. Meier and Post [1987] pointed out that the water depth
model is not valid for the fast retreat of the Columbia Glacier because the approach
to flotation may become the controlling factor. Van der Veen [1996] argued that the
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water depth model is relevant only for glaciers that are almost in steady state.
Based on the observations of the rapid retreat of the Columbia Glacier and sev-

eral other grounded glaciers, Van der Veen [1996] suggested that the position of the
calving front is controlled by water depth and ice thickness at the glacier terminus.
He presented the flotation model (height-above-buoyancy model) in which if the
frontal thickness gets thinner than a critical thickness, the glacier terminus breaks
off which leads to the frontal thickness exceeding the flotation. This model proposes
that calving is a secondary process that is imposed by the condition that the glacier
terminus can not become afloat. Therefore, glacier retreat is initiated and maintained
by thinning the glacier.

Vieli et al. [2001] combined a fairly sophisticated two-dimensional (vertical plane)
numerical ice-flow model with the modified flotation criterion suggested by Van der
Veen [1996]. The model simulates well both rapid retreat and slow advance of the
glacier terminus across overdeepenings in the bed. Vieli et al. [2001] also argue that
a linear relation between water depth and calving rate may hold for relatively slow
changes but not for very rapid retreat.

1.6 This thesis

The major aim of the research described here is to investigate the role of the dif-
ferent calving parameterizations and to improve our understanding of various pro-
cesses that may control the life-cycle of tidewater glaciers. To achieve this, models
are developed that simulate the advance and retreat of tidewater glaciers, including
processes such as iceberg calving, basal sliding, and formation and evolution of a
terminal moraine.

The work consists of of four chapters; in chapter 2, a simple, highly parameter-
ized model of a calving glacier, solely based on mass conservation, is introduced. The
minimal model study is performed to investigate the reaction of tidewater glaciers
and their sensitivity to bed geometry and changes in mass balance.

In chapter 3, a comparison between the minimal model (chapter 2) and two one-
dimensional numerical ice-flow models (the water depth model and the flotation
model) is carried out. The models simulate the full cycle of length variations and the
equilibrium states for a tidewater glacier using idealised bed geometry.

The numerical ice-flow models are applied to Breidamerkurjökull, Iceland (chap-
ter 4). The models simulate the advance of the glacier from no ice to its maximum
extent followed by a retreat into a tidal inlet, which was excavated entirely during
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the glacier advance. Measurements from aerial photographs are used to validate the
model simulations and to examine which calving criterion best explains the retreat
of this glacier.

In chapter 5, the numerical model includes a better treatment of basal sliding
and the formation and evolution of a moraine bank at the glacier terminus. A series
of simulations was carried out with various boundary conditions and parameteri-
zations of the annual mass balance. The advance of Columbia Glacier is simulated
by including conveyor-belt recycling of subglacial sediment and the formation of a
sediment bank at the glacier terminus.

This thesis is a compilation of four papers, two are already accepted or published
(chapter 2, 3) and two are undergoing the review process (chapter 4, 5). In each
chapter a detailed introduction to the considered topic is given. The references to all
chapters are presented at the end of the thesis.

Chapter 2: J. Oerlemans and F. M. Nick [2006]. A minimal model of tidewater
glacier. Annals of Glaciology, 42.

Chapter 3: F. M. Nick and J. Oerlemans [2006]. Dynamics of tidewater glaciers:
Comparison of three models. Journal of Glaciology, Vol. 52, No. 177.

Chapter 4: F. M. Nick and J. van der Kwast and J. Oerlemans [2006]. Simulation
of the evolution of Breidamerkurjökull in the late Holocene. Submitted to Journal of
Geophysical Research.

Chapter 5: F. M. Nick and C.J. van der Veen and J. Oerlemans [2006]. Con-
trols on advance of tidewater glaciers: Results from numerical modelling applied
to Columbia Glacier. Submitted to Journal of Geophysical Research.





Chapter 2

A minimal model of a tidewater
glacier

We propose a simple, highly parameterized model of a tidewater glacier. The mean ice thick-

ness and the ice thickness at the glacier front are parameterized in terms of glacier length

and, when the glacier is calving, water depth. We use a linear relation between calving rate

and water depth. The change in glacier length is determined by the total change in the mass

budget (surface balance and calving flux), but not by the details of the glacier profile and the

related velocity field. We show that this may still yield relatively rapid rates of retreat for an

idealised bed geometry with a smooth overdeepening. The model is able to simulate the full

cycle of ice-free conditions, glacier terminus on land, tidewater glaciers terminus, and back-

wards. We study two cases: (i) a glacier with a specific balance (accumulation) that is spatially

uniform, and (ii) a glacier in a warmer climate with the specific balance being a linear function

of altitude. Equilibrium states exhibit a double branching with respect to the climatic forcing

(equilibrium-line altitude). One bifurcation is related to the dependence of the calving process

on the bed profile, the other bifurcation is due to the height-mass-balance feedback. We dis-

cuss the structure of the solution diagram for different values of the calving-rate parameter.

The model results are similar to those of Vieli et al. [2001], who combined a fairly sophisti-

cated two-dimensional (vertical plane) numerical ice-flow model with the modified flotation

criterion suggested by Van der Veen [1996]. With regard to the global dynamics of a tidewater

glacier, we conclude that the details of the glacier profile or velocity field are less significant

than the bed profile and the relation between the water depth and the calving rate.
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2.1 Introduction

The dynamics of calving glaciers are poorly understood. A number of observational
and modelling studies have been done that focus on the details of the calving process
and the response of the glacier snout [e.g. Funk and Röthlisberger, 1989; Hughes,
1992; Van der Veen, 1996; Kirkbride and Warren, 1997; Fischer and Powell, 1998].
In these studies the discussion focuses on the importance of local mechanics and
interaction with the bed, as opposed to the role of glacier sliding and hydraulics.
There is no consensus about the factors that dominate the evolution of tidewater
glaciers. Van der Veen [1996] argues that processes acting at the glacier bed are most
important.

In the following we restrict the discussion to tidewater glaciers, which comprises
calving glaciers that are not floating. It has been stated many times that tidewa-
ter glaciers are inherently unstable and are able to exhibit self-sustained oscillations
which are not or only weakly coupled to climate change [e.g. Clarke, 1987; Meier
and Post, 1987; Warren, 1992]. Nevertheless, on longer time scales it must be the
climatic conditions that determine the fate of any glacier. It cannot be ignored that
during the last hundred years the number of retreating tidewater glaciers has been
significantly larger than the number of advancing tidewater glaciers. This can only
be attributed to glacier thinning associated with less favourable climatic conditions,
notably higher temperatures.

Very few modelling studies have been published in which the global (qualitative)
dynamics of tidewater glaciers are considered and a full cycle of retreat and advance
is simulated. Perhaps the most comprehensive study is the one by Vieli et al. [2001].
They combine a fairly sophisticated two-dimensional (vertical plane) numerical ice-
flow model with the modified flotation criterion suggested by Van der Veen [1996].
The model simulates well rapid retreat and slow advance of the glacier terminus
across overdeepenings in the bed. Vieli et al. [2001] also argue that a linear relation
between water depth and calving rate may hold for relatively slow changes, but not
for very rapid retreat.

Although the study of Vieli et al. [2001] shows very interesting results, a few
questions remain. First of all it is not clear if the detailed treatment of the ice flow is
needed to generate the typical behaviour of fast retreat/slow advance. In fact, one
may argue that any model in which the calving rate is somehow related to water
depth will produce this characteristic. Secondly, Vieli et al. [2001] did not carry
out a systematic study of the equilibrium states of their model, but focused on a
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few transient scenarios. It would be interesting to know if for a bed profile with
overdeepenings every terminus position could represent a steady state, or that there
is branching of the equilibrium solutions and hysteresis.

In this chapter we take a different approach and want to find a simple model that
exhibits the same dynamical behaviour as the model of Vieli et al. [2001]. Moreover,
we want to construct a model that mimics the full cycle of ice-free conditions, glacier
terminus on land, calving glaciers terminus, and backwards. We do not deal explic-
itly with ice mechanics but focus on the role of the bed geometry. The model glacier
has a steep front, also when it ends on land. The ice thickness at the glacier front
is parameterized in terms of glacier length and, when the glacier is calving, water
depth. We use a linear relation between calving rate and water depth [Brown et al.,
1982; Pelto and Warren, 1991; Björnsson et al., 2001]. We acknowledge that such a
relation is not generally applicable [Van der Veen, 1996], but it certainly provides a
first-order estimate of mass loss at the calving front.

The calving rate and the surface mass balance averaged over the glacier make up
the total mass change. In our model the change in glacier length is determined by
the total change in the mass budget and the shape of the bed, but not by the details of
the glacier profile and the related velocity field. We will show that this may still yield
relatively rapid rates of retreat. We regard the present model first of all as a learning
tool, which reveals that even for a simple mathematical representation of a glacier
the dynamics become strongly non-linear due to height-mass-balance feedback and
the water depth-calving rate feedback.

In this chapter we describe the model and investigate its properties for an ide-
alised bed geometry with a smooth overdeepening. We study two cases: (i) a glacier
with a specific balance (accumulation) that is spatially uniform, and (ii) a glacier in
a warmer climate with the specific balance a linear function of altitude. In case (i)
the role of the bed topography appears in a pure form. In case (ii) the dynamics are
richer, because a changing mean glacier thickness affects the surface mass balance.

2.2 Model

The geometry of the model is shown in Figure 2.1. The surface profile of the glacier
has been drawn in a rather arbitrary way, because the details of the profile do not
enter into the mathematical formulation of the model. The head of the glacier is
at x = 0, and here the horizontal flux of ice is zero (so this point could also be
regarded as the dome of an ice cap). One of the basic assumptions is that the mean
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ice thickness (Hm) and the ice thickness at the glacier front (H f ) can be related in a
simple way to the glacier length (L). The expressions used are:

Hm = αm
√

L (2.1)

H f = max(α f
√

L; εδd) (2.2)

In these equations, αm and α f are constants that are related to the bulk flow param-
eter of the glacier (involving deformation and sliding). The square-root dependence
of ice thickness on L is inspired by the theory of ice-sheet flow [Vialov, 1958; Weert-
man, 1961] and extensive calculations with a numerical glacier model [Oerlemans,
2001; p. 69]. In Equation (2.2), d is the water depth at the terminus and δ the ratio
of water density to ice density. So δd is the ice thickness at which the ice just starts
to float. A parameter ε is included to specify to what extent the frontal thickness is
above buoyancy. Altogether, Equation (2.2) states that the ice thickness at the glacier
front is determined by the water depth, unless this thickness drops below the frontal
thickness in case of a land-based glacier. This formulation allows a smooth transi-
tion from a glacier with the terminus on land to a tidewater glacier. It also implies
that the height above buoyancy at the glacier front may increase when the glacier
advances across a sufficiently shallow sill (see Fig. 2.1).

Adapting a linear relation between calving speed and water depth (with constant
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of proportionality c) now yields for the calving flux at the glacier front:

C = min(0;−cdH f ) (2.3)

We use two different formulations for the surface mass balance. In the first case
the mass balance is constant and equal to the accumulation rate a. Therefore the total
gain of ice at the surface simply is

B = aL (2.4)

In the second case we assume that the balance is a linear function of altitude with
respect to the equilibrium-line altitude E. Then we have

B = β(hm − E)L (2.5)

Here β is the balance gradient (with respect to altitude) and hm the mean altitude of
the glacier surface. Later we will discuss how hm is estimated. The evolution of the
glacier is calculated from the conservation of mass:

dV
dt

= B + C (2.6)

Since we want to calculate the change in glacier length, dL
dt has to be related to dV

dt . It
is easily verified that:

dV
dt

=
3
2

αm
√

L
dL
dt

(2.7)

From Equations (2.6) and (2.7) it follows that

dL
dt

=
2(B + C)

3αm
L−1/2 (2.8)

Equation (2.8) cannot be solved analytically, unless the glacier terminates on land
and the bed profile is linear (in that case the resulting equation for glacier length is
quadratic; Oerlemans, [2001]). However, it is very simple to integrate Equation (2.8)
numerically. The following bed profile is adopted for the calculations:

b(x) = b0 − sx + λe−[(x−xs)/σ]4 (2.9)
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This represents a bed sloping linearly downwards (s > 0) on which a Gaussian-
shaped bump of amplitude λ and width 2σ is superimposed (Fig. 2.1) The location
of the bump is determined by xs. Overdeepening of the bed occurs for a sufficiently
large value of λ.

2.3 The case of a uniform mass balance

We first consider the case in which the mass balance is independent of x. The accu-
mulation rate a is increased at a rate of 0.0005 m ice a−1 (Fig. 2.2a). Such a change in
a should be sufficiently slow to let the model glacier be in quasi-equilibrium most of
the time. The bed parameter values are b0 = 200 m, s = 0.014, λ = 300 m, xS = 40
km, σ = 10 km. The corresponding profile is shown in Figure 2.1. So we are actually
looking at a large valley glacier in cold conditions, flowing into a shallow sea with
an overdeepening of a moderate amplitude.

Other parameter values related to the physical characteristics of the model glacier
are: ε = 1, δ = 1.127, αm = 2 m1/2, α f = 0.7 m1/2, c = 2.4 a−1. These values should
be taken as having the right order of magnitude. Later we will consider the effect of
a change in some of these parameters.

The results for this case are summarised in Figure 2.2. As expected, the glacier
length does not show a steady increase. Until t = 1500 a the glacier is out of balance,
because there is no calving to compensate for the accumulation of mass. Then the
glacier length increases slowly, and the net mass budget is very small (B + C ≈ 0).
When the glacier front approaches the bump in the bed the mass loss by calving de-
creases drastically (Fig. 2.2c) and a rapid change results. The glacier front advances
by about 15 km in 200 a. Then the snout enters deeper water and the glacier is in
a state of quasi-equilibrium again. To judge the speed of advance in proper per-
spective, it is important to note that the the time scale for the transition to a larger
glacier covering the entire submarine bump is a volume time scale, i.e. determined
by the change in total ice volume due to the rapid decrease in the calving rate. The
present model is not able to simulate a similar advance that could perhaps be initi-
ated by changes in the mechanical properties of the glacier (e.g. enhanced flow due
to changing subglacial/hydraulic conditions).

It can be seen that for the particular choice of parameter values, at some point
the ice thickness at the front increases significantly above buoyancy because α f

√
L

becomes larger than εδd. The very rapid increase in glacier length at t = 3500 a and
the large mass imbalance (Fig. 2.2c) suggest that the model has no stable equilibrium
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states for a range of values of L. Equilibrium states have been calculated for many
parameter values and some of the results are shown in Figure 2.3. With a as con-
trol parameter there are two sets of equilibrium states, disappearing at critical points
(black dots in the figure). In fact, the critical points are connected by a set of unsta-
ble equilibrium states, which are not plotted. The solution diagram implies strong
hysteresis (arrows in Fig. 2.3). Once a large glacier extending into deeper water has
formed, a large change in the forcing is needed to jump back to the lower stable
branch.

Although the glacier front can advance or retreat over the part of the bed with
the reversed slope (db/dx > 0), it cannot attain a stable equilibrium state. This is
in agreement with results and inferences made in earlier studies, and gives cred-
ibility to the present model. Notably, the model behaviour seen here agrees in a
qualitative sense with the results of the comprehensive model of Vieli et al. [2001].
Unfortunately, Vieli et al. did not study solution diagrams of equilibrium states and
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therefore a detailed comparison cannot be made.

The non-linear behaviour stems from the dependence of the calving rate on the
water depth. Therefore, we expect a strong influence of the calving rate factor c. The
dashed curves in Figure 2.3 show the equilibrium states in the case that c is halved.
Clearly, the ’width’ of the hysteresis is much smaller now. A similar effect is seen
when the amplitude of the bump (λ in Equation (2.9)) is reduced.

2.4 The case of a mass balance depending on altitude

Many tidewater glaciers are in a warmer climatic environment and have large ab-
lation zones. In this case it is more appropriate to use Equation (2.5) as an approx-
imation for the mass balance. This implies that the mean surface elevation enters
the equation for mass conservation, and we have to express hm in terms of the other
quantities describing the geometry of the glacier. Since we do not want to calculate
or specify a surface profile of the glacier, we estimate hm as

hm =
1
2
(b0 + b f + Hm + H f ) (2.10)

Here b f is the water depth at the calving front. Equation (2.10) is easily incorpo-
rated in the model.

Glaciers in a warmer climate, in which significant melt and runoff takes place, are
generally thinner because the ice viscosity is larger and sliding more pronounced,
especially in the lower reaches. To mimic this in a primitive way we set α f = 0.5
m1/2 (instead of α f = 0.7 m1/2 as used in section 2.3 for the case with a constant
accumulation rate and no melting). The balance gradient β was set to 0.005 a−1.

First we consider a calculation with a periodic variation in the height of the equi-
librium line, according to

E = E0 + AEsin(2πt/PE) (2.11)

Figure 2.4 summarises results for E0 = 100 m, AE = 350 m and PE = 5000 a. These
values have been chosen in such a way that the full cycle of glacier initiation, exten-
sion across the submarine bump to a maximum length of about 46 km, and retreat is
simulated (Fig. 2.4a). Inspection of the mass-budget components (Fig. 2.4c) reveals
that the glacier is not close to equilibrium when it extends into the sea and crosses
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Figure 2.5: Glacier length L versus equilibrium-line altitude E for three values of the period
of forcing PE (labels in ka). The model follows a trajectory as indicated by the arrows.

the bump. Again, this is related to the inherent dynamics of the model glacier and
not to the period of the forcing. Figure 2.4b provides a further look at the geometry.
The ice thickness at the glacier front varies in much the same way as for the case with
constant accumulation, of course. The mean ice thickness is proportional to

√
L, and

therefore behaves more smoothly than the frontal thickness when the glacier crosses
the bump. There is a significant asymmetry between advance and retreat across the
bump, reflected in the rate at which the glacier length changes. This rate is smaller
for retreat than for advance (although still quite large: ∼5 km in 100 a). The dif-
ference is also illustrated by the peak values of the total mass budget (Btot). The
(positive) peak value during advance is about twice as large as the (negative) peak
value during retreat. Another set of calculations was done to study the dependence
of the solution on the period of the forcing, and to see how the equilibrium states
are approached when this period goes to very large values. Results are shown in
Figure 2.5. Glacier length is plotted as a trajectory in the (E,L)-plane. For a forcing
period of 50 ka the trajectory is close to the equilibrium states (compare with Fig.
2.2) and further increase of the period makes little change. Even when the glacier
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rate parameter c (labels in a−1). The model follows a trajectory as indicated by the arrows.
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terminates on land (L < 14 km), the path of advance and retreat in (E,L)-plane is
not the same for the different periods of forcing. This reflects the well-known non-
linearity associated with the height-mass-balance feedback (which is absent in the
case of constant accumulation). Therefore the full solution diagram contains two re-
gions of hysteresis, one due to the dependence of the calving rate on the water depth
(HYS1), the other one due to the fact that the mass balance increases with altitude
(HYS2). In the case of Figure 2.5, HYS2 is ’embedded’ in HYS1. However, as will be
demonstrated shortly, for a different bed profile HYS1 and HYS2 can appear as fully
separated features in the solution diagram.

The calving rate parameter c plays a very important role, of course. Figure 2.6
shows results for different values of c. As we expect, the ’width’ of HYS1 increases
with increasing c. The larger the value of c, the more difficult it is for the glacier front
to cross the overdeepening in the bed profile. We also observe a weak dependence
of the maximum glacier length on c (for a given value of E). The interpretation is
straightforward: for a smaller value of c a larger water depth is needed to obtain the
mass flux required for equilibrium. From Equations (2.2) and (2.3) it can be seen that
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a change in ε has the same effect as a change in c, so we do not elaborate further on
this. As mentioned above it is not difficult to change the bed profile in such a way
that HYS1 and HYS2 are separated. Figure 2.7 shows the stable equilibrium solutions
for slightly changed values of d0 (=320 m) and s (=0.019). So the bed is slightly
steeper now and it is somewhat higher at x = 0. For values of E between 180 and 320
m there is only one stable equilibrium state. The complexity of the solution diagram
depends to a large extent on the bed geometry. In principle, every overdeepening
of the bed can lead to branching of the equilibrium states. The response time of the
glacier varies enormously, depending on where exactly the glacier is located in the
solution diagram.

2.5 Conclusions

The model described in this chapter is simple, yet it has rich dynamics due to the
coupling of calving and water depth on the one hand, and the feedback between
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mean ice thickness and mass balance on the other hand. It appears that these two
processes dominate the global dynamics of glaciers on the longer time scales. In
spite of its schematic nature, our model reveals the first-order response of glaciers to
climate change.

Our approach is based on the belief that on the longer time scales it is the mass
budget that determines the dynamic behaviour of a glacier. We have therefore taken
the total mass budget as the starting point and have included the mechanical pro-
cesses in a strongly parameterized way. Here our investigation differs from the more
usual approach. Especially for tidewater glaciers, in many earlier studies the focus
has been on detailed mechanical processes. These are certainly important to under-
stand the often very rapid and catastrophic events seen at some glacier fronts, which
cannot be predicted by our simple model (but can they be predicted anyway?).

In the next chapter, we will make a comparison between the present simple
model and a numerical model in which different parameterization of the calving
process are incorporated.

The largest discrepancy between model and reality probably is the neglect of sed-
iment transfer and lodging during the phase of glacier advance. This shortcoming is
common to all models. There is ample evidence that deposition/erosion and transfer
of glacial sediments plays an important role and may facilitate greatly the advance
of a tidewater glacier [e.g. Alley, 1991; Van der Veen, 1996]. Including such effects in
modelling studies, simple or more comprehensive, represents a major challenge for
future studies.







Chapter 3

Dynamics of tidewater glaciers:
Comparison of three models

A minimal model of a tidewater glacier based solely on mass conservation is compared with

two one-dimensional numerical flowline models, one with the calving rate proportional to

water depth, and the other with the flotation criterion as a boundary condition at the glacier

terminus. The models were run with two simplified bed geometries and two mass-balance

formulations. The models simulate the full cycle of length variations and the equilibrium

states for a tidewater glacier. This study shows that the branching of the equilibrium states

depends significantly on the bed geometry. The similarity between the results of the three

models indicates that if there is a submarine undulation at the terminus of a tidewater glacier,

any model in which the frontal ice loss is related to the water depth yields qualitatively the

same non-linear behaviour. For large glaciers extending into deep water, the flotation model

causes unrealistic behaviour.
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3.1 Introduction

Their potential for dramatic retreats has made calving glaciers an important study
object in glaciology. Iceberg calving is an effective mechanism of ice loss, allowing
a glacier to lose a much larger amount of ice than would occur through melting in a
short period of time [Van der Veen, 1996]. Several studies have been carried out to
obtain a better understanding of the calving process and to determine a ‘ universal
calving law ’ that can explain the non-linear behaviour of any grounded calving
glacier [Brown et al., 1982]; nevertheless, the fundamental physical processes that
govern the calving rate are still poorly understood. Some numerical models have
been formulated for individual glaciers. The most common is the water-depth model
proposed by Brown et al. [1982], based on observations from 12 tidewater glaciers in
Alaska, USA, and by Pelto and Warren [1991] with additional data from Greenland
and Svalbard. These authors found an empirical linear relationship between the an-
nual width-averaged calving rate and the water depth at the glacier terminus. Meier
and Post [1987] pointed out that the water-depth model is not valid for the fast re-
treat of Columbia Glacier, Alaska, because the approach to flotation may become the
controlling factor. Van der Veen [1996] argued that the water-depth model is relevant
only for glaciers that are almost in steady state. Based on the observation of the rapid
retreat of Columbia Glacier and several other grounded glaciers, he suggested that
the position of the calving front is controlled by water depth and ice thickness at the
glacier terminus. Van der Veen [1996] presented the height-above-buoyancy model,
in which if the frontal thickness becomes less than a critical thickness Hc, the glacier
terminus breaks off, which leads to the frontal thickness xceeding the flotation by an
amount H0. The critical thickness is given by:

Hc =
ρw

ρi
d + H0 (3.1)

where ρw is the water density, ρi is the glacier ice density and d is the water depth
at the terminus. H0 represents the minimum thickness above the flotation thickness,
which is about 50 m on the Columbia Glacier. The minimum thickness may be less
for smaller glaciers [Van der Veen, 2002]. Vieli et al. [2001] proposed a modified
flotation criterion that defines the minimum thickness H0 as a small fraction q of the
flotation thickness. The critical thickness is:

Hc =
ρw

ρi
(1 + q)d (3.2)



3.1 Introduction 35

The factor q is smaller for glaciers that are thinner or have fewer crevasses. Vieli et al.
[2001] applied this modified flotation criterion in a time-dependent two-dimensional
(vertical plane) numerical flow model which includes a water-pressure-dependent
sliding law. The model is capable of simulating a cycle of slow advance and rapid
retreat across a basal depression. However, the modelling effort by Vieli et al. [2001]
was concentrated on only two transient scenarios of advance and retreat over a basal
depression. Therefore, a number of questions remain. First, is their model adequate
for a full cycle of glacier length variations? Secondly, is it necessary to use a detailed
treatment of ice flow to produce the characteristic non-linear behaviour of calving
glaciers or can any model with a calving rate related to water depth produce the
same behaviour? Lastly, because their study does not consider the equilibrium states
of their model, it is not clear whether any terminus position on a bed profile with a
basal depression can represent a steady state or not.

Neither the water-depth model nor the flotation model is supported convincingly
by theory and so of yet, interpretation of the data from different glaciers has been ap-
proving one or the other model. The current study was carried out to investigate the
role of the different calving parameterization in the model predictions and address
the questions mentioned above. For this purpose, we compared three models for a
full cycle of growth and decay. The cycle starts with an ice-free condition, where the
glacier terminates on land, extends with further calving into water and then retreats.
A minimal model based on mass conservation for the entire glacier was compared
with two numerical one-dimensional ice-flow models for calving glaciers. The two
ice-flow models predict the ice thickness distribution and the ice surface velocity
along the flowline in one-dimensional space and time. The first one is the water
depth model; here, calving is linearly related to water depth at the terminus and the
glacier terminus position changes in response to the balance between the ice velocity
and the calving rate [Meier, 1994, 1997]. The second ice-flow model is the flotation
model; it applies the modified flotation criterion, equation (3.2). In contrast to the
water-depth model, the calving rate in the flotation model is an output quantity of
the model [Van der Veen, 1996; Vieli et al, 2001]. In the minimal model, the mass
budget (surface mass balance minus calving flux) and the water depth at the glacier
terminus determine the variation of glacier length, irrespective of the ice surface pro-
file and the velocity field. In this model, calving rate is defined as a linear function of
the water depth [Brown et al., 1982; Funk and Rothlisberger, 1989; Pelto and Warren,
1991; Björnsson et al., 2001].

This chapter first describes the three models and their calving schemes and then
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compares them. We have performed a systematic study of the equilibrium states
of each model glacier for two different formulations of the mass balance. The first
is a uniform accumulation rate over the entire glacier. This simple formulation al-
lows the glacier to reflect the role of the bed topography without any surface mass-
balance feedback. The second formulation involves the application of a common
surface mass-balance function for temperate glaciers, which is a linear function of
altitude. Two idealised bed geometries are used in the model experiments. One is a
linear downward-sloping profile, which allows us to observe the difference between
the models for the simplest possible geometry. The other bed has a profile with a
Gaussian-shaped bump superimposed on a linear downward slope; this resembles a
typical bed geometry for tidewater glaciers. This chapter further presents an analysis
of the response of each model glacier to a sudden climate change.

3.2 Description of models

Three numerical models were constructed to examine the non-linear behaviour of
tidewater glaciers.

3.2.1 Minimal model

In this model, the evolution of the glacier is obtained from the conservation of mass
for the entire glacier. The glacier may gain mass as a result of precipitation in the
accumulation area or lose mass due to melting and frontal calving. If we assume a
constant ice density, mass conservation is equivalent to conservation of volume:

dV
dt

= Btot + C (3.3)

in which V is the ice volume, Btot is the surface mass balance, and C is the calving
flux. This model and its properties are described in more detail in chapter 2. The
model defines the mean altitude of the glacier surface hm instead of specifying any
surface profile:

hm =
1
2
(b0 + Hm + b f + H f ) (3.4)

in which b0 and b f are the bed elevations at top and terminus of the glacier respec-
tively. Hm and H f are the mean glacier thickness and the frontal thickness. A simple
assumption was adopted in this model, namely that the mean ice thickness Hm and
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the frontal thickness H f are proportional to the square root of the glacier length when
the glacier terminates on land or in shallow water. The dependence of the ice thick-
ness on the square root of the length L is based on Weertman′s theory for perfectly
plastic ice sheets [Weertman, 1961] and extensive numerical glacier model calcula-
tions [Oerlemans, 2001]. The frontal thickness of the glacier when it terminates in
deep water is defined by using the flotation criterion. The frontal thickness exceeds
the flotation thickness by a fraction q = 0.15 of the flotation thickness [Vieli et al,
2001]. Hm and H f are expressed as:

Hm = αm
√

L (3.5)

H f = Max(α f
√

L;
ρw

ρi
(1 + q)d) (3.6)

where αm and α f are constants evaluated from simulations with a numerical glacier
model including deformation and sliding [Oerlemans, 2001].

The calving rate is assumed to be a linear function of the water depth at the
glacier terminus, with a constant of proportionality c = 3.5 [Brown et al., 1982; Pelto
and Warren, 1991; Funk and Rothlisberger, 1989; Björnsson et al., 2001]. Although
such a relationship may not be applicable for rapid changes [Van der Veen, 1996],
it can provide a good first-order estimation of the calving mass loss. Therefore, we
described the calving flux as:

C = Min(0;−cdH f ) (3.7)

The ice volume V is expressed in the model as the mean ice thickness Hm times
the glacier length L:

dV
dt

= Hm
dL
dt

+ L
dHm

dt
(3.8)

From equations (3.3), (3.5) and (3.8), it follows that:

dL
dt

=
2(Btot + C)

3αm
√

L
(3.9)

which can be easily numerically integrated.

3.2.2 Flotation model

A one-dimensional numerical ice-flow model was used to calculate the surface evo-
lution and ice surface velocity along the flowline [Oerlemans, 2001]. For calculating
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the ice velocity, the shear stress is related to the strain rate according to Glen’s flow
law for plane shear [Glen, 1955]. The ice velocity is expressed as the vertical mean
velocity, which is governed by both basal sliding and ice deformation. A Weertman-
type sliding law, supported by the experimental work of Budd et al. [1979] is applied
in the model:

Us =
f ′sS3

b
ρigH − P

(3.10)

where H is the ice thickness, Sb is the basal stress, P is the basal water pressure, g
is the gravitational acceleration, and f ′s is an empirical parameter. By assuming that
P is proportional to the ice thickness and that the basal stress is equal to the driving
stress for plane shear, the vertical mean ice velocity U can be expressed as:

U = Ud + Us = fdHS3
d +

fsS3
d

H
(3.11)

in which fd and fs are the flow parameters [Oerlemans, 2001] and Sd is the driving
stress, which is proportional to the ice thickness and the slope of the ice surface ∂h

∂x :

Sd = −ρigH
∂h
∂x

(3.12)

The evolution of the ice surface can be determined by the vertically integrated con-
tinuity equation for incompressible ice [Van der Veen, 1999]:

∂H
∂t

= −∂(HU)
∂x

+ B (3.13)

where t is time, x is distance along the flowline, and B is the surface mass balance.
Substituting the ice velocity U into the continuity equation gives:

∂H
∂t

= − ∂

∂x
(D

∂(b + H)
∂x

) + B, (3.14)

where b is the basal elevation and D the diffusivity:

D = (ρg)3H3(
∂h
∂x

)2( fd H2 + fs) (3.15)

In this model, the continuity equation (3.14) is solved on a numerical grid along
the flowline. First, by using central differencing, the diffusivity is calculated at each
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Figure 3.1: Illustrating the downstream boundary condition in the flotation model. (a) glacier
terminus at time, t1, with frontal thickness Hc. (b) retreating; after one time step, the glacier
flows downward and thins (dashed profile). The terminus moves to the position where the
ice thickness is equal to Hc. (c) advancing; the glacier flows downward and thickens (dashed
profile). The terminus moves to the position with thickness Hc. New gridpoints (black dots)
are set for the new glacier length
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gridpoint. Then the ice flux HU is computed at intermediate gridpoints by interpo-
lating values for the diffusitivity and finally the new ice thickness is calculated by
using a forward scheme for the time derivative in the continuity equation [Van der
Veen, 1999]. There are 250 gridpoints along the flowline, initially with a uniform
distance of ∆x = 200 m apart. This distance changes with every time step as a new
grid is defined to fit the new glacier length (120 < ∆x < 240). The time step is 0.002
year, which is small enough to satisfy the numerical stability criterion [Smith, 1978]
for different values of ∆x.

The model domain contains boundaries at the upstream and downstream ends
of the glacier. There is no ice flux into the model from the upstream boundary; there-
fore, the ice velocity at the first gridpoint is zero and the ice thickness at this grid-
point is extrapolated from the neighbouring points. Two boundary conditions at the
downstream end are applied. First, the model assumes that the ice velocity increases
linearly at the last three gridpoints; hence, the ice velocity at the terminus is extrap-
olated from the adjacent calculated values. Second, the terminal thickness cannot
be less than a given limit Hc (Fig. 3.1). At each time step, the position of the termi-
nus is moved to the point where the ice thickness is equal to Hc. The terminus may
move backward (retreating, Fig. 3.1b) or forward (advancing, Fig. 3.1c) or stand still
(equilibrium state). The actual position of the terminus is computed by interpolating
between values of two neighbouring gridpoints with ice thickness larger and smaller
than Hc. Thereafter, new gridpoints are defined to fit the updated glacier length and
the ice thickness is calculated for the new gridpoints by using linear interpolation.
The modified flotation criterion [Vieli et al, 2001] is applied in the model if the glacier
terminates in water. The given thickness Hc is the same as the frontal thickness H f

that is prescribed in the minimal model.

In the flotation model, the glacier length variation is mainly a consequence of the
glacier thinning or thickening due to a surface mass-balance change. Calving rate,
Uc is defined as the volume of ice that breaks off per unit time unit vertical area from
the glacier terminus [Paterson, 1981]. Assuming that the calving rate includes all the
ice loss processes at the terminus, it is expressed as:

Uc = U f −
dL
dt

(3.16)

where U f is the ice velocity at the terminus. Thus, the calving rate is a result of the
glacier dynamics and the basal geometry [Van der Veen, 1996].
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3.2.3 Water depth model

The third model is the same numerical ice-flow model as described in the previous
section, but with different boundary conditions at the downstream end. The glacier
terminus advances (retreats) whenever the calving rate is less (greater) than the ice
velocity at the terminus. For a glacier that terminates in water, the calving rate is a
linear function of water depth; the calving rate is zero when the glacier terminates
on land:

Uc = Max(0, cd) (3.17)

Another boundary condition is imposed to avoid a frontal thickness lower than the
flotation thickness. At each time step, after determining the glacier length, the frontal
thickness is set to a prescribed value H f (Equation (3.6)).

In this model, the calving rate is the controlling process for the glacier length vari-
ation. The position of the terminus is obtained from the ice velocity at the terminus
U f minus the calving rate.

dL
dt

= U f −Uc (3.18)

This equation describes the effect that the flow of the glacier responds to increasing
calving rates as the glacier terminus advances into deeper water [Meier, 1994].

3.3 Model input

The model calculations were done for two idealised surface mass-balance formula-
tions and two simplified basal topographies. For simplicity, we assumed a constant
width for the entire glacier.

3.3.1 Surface mass balance

We simulated equilibrium states of a glacier for two different surface mass-balance
formulations. In the first case, we assumed that the accumulation rate a is uniform
over the entire glacier. Therefore, the annual mass gain at each point is the same, and
equal to the gridpoint spacing, ∆x, times the accumulation rate:

B(x) = a∆x. (3.19)
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Figure 3.2: Glacier bed geometries: the linear profile (solid line) and the non-linear profile
(dashed line) represent typical basal geometries for tidewater glaciers.

For the minimal model, in which no surface profile is specified, we defined an annual
surface mass gain for the entire glacier:

Btot = aL. (3.20)

In the second case, the mass balance depends linearly on height. The height
dependence of the mass balance was described as:

B(x) = β(h(x)− E)∆x (3.21)

where β is a constant balance gradient, h(x) is the surface height and E is the equilib-
rium line altitude. For very high locations on the glacier surface, a maximum value
for B was assumed. In the minimal model, the mean altitude of the glacier surface
was used to compute the total surface mass balance:

Btot = β(hm − E)L. (3.22)
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Different mass-balance forcing was imposed in the models by varying a and E as a
function of time.

3.3.2 Basal topography

The models were run for two different bed topographies. To investigate the proper-
ties of the model in absence of any effect of a non-linear basal geometry, we ran the
models first for a linear slope,

b(x) = b0 + sx, (3.23)

where b(x) is the bed elevation and x is the distance along the flowline. The bed
elevation at the upstream end was set at b0 = 220 m and the negative bed slope
s = −0.015 (the solid line in Fig. 3.2).

To represent a basal topography for a tidewater glacier with a submarine undu-
lation at its terminus, a Gaussian-shaped profile superimposed on the linear slope
profile was used in the models:

b(x) = b0 + sx + λe−[ (x−xs)
σ ]2 (3.24)

in which λ = 340 m, xs = 40 km and σ = 10 km are the amplitude, location and the
width of the bump respectively. The geometrical set-up is shown in Figure 3.2.

3.4 Results

3.4.1 Steady states

This section presents the model results for two types of the bed topography. With
each bed profile, the models were run for the two surface mass-balance formulations
as described in the previous section.

Linear bed

Figure 3.3 shows the equilibrium glacier length versus the accumulation rate for the
three models on the linear bed. The equilibrium glacier length is obtained by increas-
ing and decreasing the accumulation rate a very slowly (compared to the glacier re-
sponse time). Each model run started from the ice-free condition (a = 0). A small
increase in a forces the glacier to grow and reach a steady state. Since the surface
mass balance is always positive, the glacier can only reach a steady state in water
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Figure 3.3: Equilibrium glacier length versus the accumulation rate on the linear bed: solu-
tion diagrams of the minimal model, the flotation model and the water-depth model (solid,
dashed and dotted lines respectively).

where the additional surface mass is compensated by the calving flux at the glacier
front. The glacier tends to advance and obtains a larger equilibrium length as the
accumulation rate rises.

The minimal model (solid line) and the water-depth model (dotted line) behave
alike because the the formulation for the calving rate is the same in the two models.
In contrast, the flotation model (dashed line) shows a larger equilibrium length for
a < 0.8 ma−1. However, for larger values of a, the sensitivity of the equilibrium
length becomes much smaller than in the other two models. In the flotation model,
if the glacier front is in shallow water, the frontal thickness is enough to satisfy the
flotation criterion; therefore, calving hardly occurs and the glacier can grow further
and reaches a greater equilibrium length. In the minimal and the water-depth mod-
els, the calving rate is a linear function of the water depth and produces a calving
flux, even in shallow water, and this causes an equilibrium state at a shorter length.
On the linear bed, to become longer, a glacier must terminate in deeper water (Fig.
3.2). In the flotation model, when the glacier gets into deeper water, a larger frontal
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Figure 3.4: Equilibrium glacier length versus the equilibrium line altitude on the linear bed:
solution diagrams of the minimal model, the flotation model and the water-depth model
(solid, dashed and dotted lines respectively). Arrows illustrate the associated hysteresis by
the height-mass-balance feedback.

thickness is required to fulfil the flotation criterion. In other words, if the frontal
thickness is not sufficiently large to satisfy the flotation criterion, the terminus posi-
tion jumps back to the location where the thickness is large enough. In this way, a
glacier may lose a huge amount of ice and become unable to advance even for high
accumulation rates (the right end of the dashed line in Fig. 3.3). By decreasing a,
the glacier in all three models retreats and reaches the same equilibrium length as is
reached in the case of advance.

In the second experiment, the height-dependent surface mass balance (Equation
(3.21) or (3.22)) was applied in the models. By gradually varying the equilibrium-
line altitude E, the models simulate a full cycle of glacier initiation, advance into
deep water and retreat. Figure 3.4 depicts the equilibrium glacier length versus E for
each model. The glacier starts to grow and reaches steady state as soon as E becomes
lower than the bed elevation at the upstream end (E = 220 m). The equilibrium
terminus position depends on the basal slope and the frontal boundary condition
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(e.g., on a steeper bed slope, a glacier may reach steady state while terminating on
land). By lowering E, the glacier achieves a larger equilibrium length. In the flota-
tion model, the sensitivity of the glacier to climate change is too small. Therefore,
the flotation model may fail to simulate fast retreat of glaciers on a smooth basal to-
pography (Svalbard). Again, the glacier is not capable of growing into deeper water
as a result of the models flotation criterion (the right end of the dashed line in Fig.
3.4). Increasing E forces the glacier to retreat and reach a smaller equilibrium length.
Above a critical value E, slightly different for different models, the glacier gets into
the lower branch of the steady states and vanishes entirely. The hysteresis seen in
each diagram is the well-known non-linearity due to the height-mass-balance feed-
back.

Non-linear bed

Figure 3.5a shows the equilibrium glacier length versus the accumulation rate on the
non-linear bed profile (shown in Fig. 3.2). This experiment reveals the response of a
glacier to the existence of a basal depression excluding the non-linear height-mass-
balance feedback. For a range of values of a (∼ 0 < a < 1.5) a branch of equilibrium
states is produced by each model. This branch starts where the glacier terminus gets
into water and ends just before the glacier terminus reaches the deepest point of the
basal depression (Fig. 3.5b). For larger values of a, the glacier passes the deepest
point, and moves onto the upward bed slope. Here, the calving flux decreases sig-
nificantly as the frontal water depth becomes smaller. The increasing mass input and
decreasing calving flux allow the glacier to grow and pass the bump; consequently,
the glacier does not reach steady state while the bed slopes upward. After passing
the bump, the water depth at the calving face increases and results in a larger calv-
ing flux. This inhibits further growth of the glacier and a new balance is established.
Figure 3.5b presents the surface profiles of the flotation model (dashed line) and the
water-depth model (dotted line) for a given value of a in two equilibrium branches.
The horizontal dashed and dotted lines under the surface profile illustrate the pos-
sible equilibrium terminus positions for the flotation and the water-depth models,
respectively.

Once again, a larger value of a provides a longer equilibrium length in the min-
imal and water-depth models (solid and dotted lines in Fig. 3.5a), whereas in the
flotation model, the equilibrium length remains constant due to the model’s calving
criterion (dashed line). Figure 3.5a demonstrates that for a glacier that has advanced



3.4 Results 47

Figure 3.5: (a) The solution diagrams of each model on the non-linear bed; equilibrium length
versus the accumulation rate. Arrows A and B indicate the locations of the local minimum
and maximum of the basal undulation. (b) Surface profiles of the water-depth model (dotted
line) and the flotation model (dashed line) in two branches of the steady states (black dots in
(a)). The dashed and dotted lines below the bed surface show the possible terminus positions
of a glacier in equilibrium for the flotation and the water-depth model respectively.
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into deep water by passing over a basal depression and has reached a new branch
of steady state, a considerable lowering in the accumulation rate is required to move
the glacier back to the lower branch of steady states. This hysteresis seen for each
model is the direct result of the existence of a basal undulation and the dependence
of the calving flux on the water depth.

In the next experiment, the height-dependent mass-balance formulation was ap-
plied to the non-linear bed. Figure 3.6a represents the equilibrium glacier length
versus E. The solution for each model contains two regions of hysteresis (chapter 2).
For the non-linear bed profile, the dependence of calving rate on water depth pro-
duces one hysteresis which is embedded in another hysteresis caused by the height-
mass-balance feedback. There are two branches of equilibrium solutions, in which
the terminus of the glacier is always situated on the downward slopes of the bed
profile. The lower branch provides the terminus positions on the downward slope
just before the deepest part of the bed depression, and the higher branch covers the
downward slope after the bump into deeper water (Fig. 3.6b). Once more, the flota-
tion model fails to provide a glacier advancing into deeper water.

3.4.2 Response to sudden climate change

We studied the effect of a sudden climate change on the modelled glaciers by shifting
E after a steady state has been reached. This experiment was carried out only with
the height-dependent surface mass-balance formulation and the non-linear bed. A
decrease or increase in E causes an advance or retreat respectively (Fig. 3.7b).

Advancing scenario

In all three models, the glacier approaches a steady state for E = 220 m in the lower
branch of equilibrium solutions. A large increase in the mass input (E = 170 m)
forces the glacier to advance in deep water, to pass the basal depression and to reach
a new steady state (Fig. 3.7a). In the first phase of advance, before the deepest part of
the basal depression (point A in Fig. 3.2) is reached, the glacier advances slowly since
the calving rate increases when the terminus gets into deeper water. In this phase,
the glacier develops slower in the flotation model (dashed line) than in the water
depth model (dotted line) as the flotation criterion requires a large frontal thickness
when the glacier terminates in deeper water.

After passing the deepest part, the glacier moves into shallower water and the
calving rate decreases. This allows the glacier to advance rapidly and re-establish
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Figure 3.6: (a) Equilibrium glacier length versus the equilibrium line altitude on the non-
linear bed. Vertical arrows illustrate the associated hystereses by the height-mass-balance
feedback and the water-depth-related calving. Arrows A and B indicate the locations of the
local minimum and maximum of the basal undulation. (b) Surface profiles of the water depth
model (dotted line) and the flotation model (dashed line) in two branches of the steady states.
The dashed and dotted lines below the bed surface show the possible terminus positions of a
glacier in equilibrium for the flotation and the water depth model respectively.
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a balance on the other side of the bump. In this second phase, the glacier in the
flotation model becomes faster than the glacier in the water depth model because
the frontal thickness is already thick enough to satisfy the flotation criterion for shal-
lower water. After passing the highest part of the basal bump (point B), the glaciers
in the minimal model and the water depth model obtain approximately the same
equilibrium length, whereas in the flotation model, the glacier cannot advance into
very deep water and reaches a shorter equilibrium length.

The minimal model (solid line) produces the slowest advance because the length
variations in the model were calculated from the mean height of the glacier surface,
i.e. the length variation depends on the entire surface variation. In this model, the
glacier must obtain a sufficiently large mean thickness in order to be able to advance.
However, in the two ice-flow models, the glacier tongue can advance before the en-
tire glacier surface is influenced by the climate change.

Retreating scenario

Shifting E to a higher value of 440 m after 12, 000 years causes the glacier to re-
treat and disappear entirely. First, the glacier retreats slowly up the basal bump in
the shallow water. After passing point B and getting into deep water, the calving
rate increases, resulting in a rapid retreat. In the first phase, while retreating up the
bump, the glacier in the flotation model retreats slower than the glacier in the other
two models because the frontal thickness is still large enough to satisfy the flotation
criterion (Fig. 3.7a). The minimal model provides the fastest retreat in this phase, be-
cause in the flowline models it takes time before the perturbed mass balance higher
on the glacier affects the glacier front. In the minimal model, this happens very
quickly because a decrease of volume, no matter where this is generated, implies
that the glacier has to shorten immediately. After the glacier front passes the highest
point and retreats into deeper water, the calving rate increases and forces the glacier
to retreat rapidly and disappear in all three models.

3.5 Conclusion and discussion

We have compared three calving models with simplified geometries and made the
following observations. First, the results suggest that any model in which the loss
of ice at the glacier front increases with water depth shows qualitatively the same
behaviour when a submarine undulation is present in the basal topography. Sec-
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Figure 3.7: (a) Glacier length response to a sudden climate change, for the non-linear bed.
The solid, dashed and dotted lines present the minimal, the flotation and the water depth
model respectively. Arrows A and B indicate the locations of the local minimum and maxi-
mum of the basal undulation (Fig. 3.2) (b) Response time experiments: sudden change of the
equilibrium line altitude over time.
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ondly, in all three models, the branching of the steady states depends significantly
on the bed geometry, i.e. every basal depression can lead to a new hysteresis. The
equilibrium branches include only the terminus positions on the downward slopes
of the bed; no terminus position on the upward slope can represent a steady state.
Lastly, although the flotation model is capable of simulating retreat and advance
of the glacier across the bed depression, it does not allow development of a large
glacier terminating in very deep water, i.e. this model is not adequate for a full cycle
of glacier length variations. One possible explanation is that the calving criterion of
the flotation model causes the glacier to lose mass in an undesirable way when it
advances into deeper water.

We presented the minimal model, which is effective and computationally sim-
ple, as a learning tool. This model confirms the concept of rapid retreat and slow
advance of a grounded calving glacier across a basal depression which was shown
in the modelling study by Vieli et al. [2001]. In order to obtain better predictions
of tidewater glacier stability with the minimal model, we recommend taking into ac-
count glacier width as well as possible changes in the basal topography as the glacier
terminus retreats. The minimal model reacts too quickly to the perturbed mass bal-
ance higher on the glacier (Fig. 3.7a) because in this model, a decrease of volume, no
matter where this is generated, implies that the glacier has to shorten immediately.
In view of this, the minimal model cannot be realistic for very rapid changes in the
forcing.

Sediment yield is an important control on terminus fluctuation of tidewater glaci-
ers [Boulton, 1970; Alley, 1991; Powell, 1991]. Push-moraine banks at the glacier ter-
minus produce restraining forces, which may affect the ice flow [Van der Veen 1997,
Fischer and Powell 1998]. During the glacier advance, accumulated sediment at the
glacier terminus may decrease the relative water depth [Powell, 1981] which reduce
the calving flux and lead the glacier to advance into deeper water. For simplicity,
however, we have not considered the formation of submarine moraine shoal in our
models.

It should also be noted that we did not take up longitudinal stress gradients in
our models. We assumed that the flow is controlled by a balance between driv-
ing stress and basal drag. Van der Veen and Whillans [1993] showed that for the
Columbia Glacier, a tidewater glacier in Alaska, 80% of the flow resistance is due to
the basal drag (the rest is due to mainly lateral drag and slightly gradients in longitu-
dinal stress). Moreover, there is no evidence indicating that gradients in longitudinal
stress are important for the large-scale flow of a glacier [Van der Veen, 1997].
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The next step is to test the flowline models for real glaciers. The Columbia Glacier
is an obvious candidate because a unique data set is available for this glacier [Foun-
tain, 1983; Krimmel, 1987], but the models should also be tested with other tidewater
glaciers such as Hansbreen (Svalbard) and Breidamerkurjökull (Iceland).





Chapter 4

Simulation of the evolution of
Breidamerkurjökull in the late
Holocene

We have simulated the advance and retreat of Breidamerkurjökull, a tidewater glacier in Ice-

land, by means of a 1-D numerical ice-flow model. The calculations were done with two dif-

ferent schemes for iceberg calving, the flotation model and the water-depth model. The model

simulates the glacier history by an advance into a lake filled by unlithified sediments without

the occurrence of calving, followed by a retreat with calving into the excavated lake. The re-

sults indicate that the flotation model is not capable of producing the observed glacier retreat

into deep water well, whereas the water depth model provides a glacier evolution similar to

the observed retreat. The water-depth model predicts that Breidamerkurjökull will retreat out

of the lake after approximately 100 years under the present climatic conditions.
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4.1 Introduction

Iceberg calving from tidewater glaciers is a dominant ablation mechanism, which
can allow much larger volumes of ice to be lost in a short time than would be pos-
sible through surface ablation [Van der Veen, 1996]. Some attempts have been made
to find a general calving law for any grounded calving glacier in the world; never-
theless, the physical processes that control the calving rate have remained elusive.
Two empirical formulations have been proposed to describe calving. The first one is
the water-depth model, in which the averaged calving rate is linearly related to the
water depth at the terminus [Brown et al., 1982; Pelto and Warren, 1991]. Meier and
Post [1987] pointed out that the water-depth model is not valid for the fast retreat
of the Columbia Glacier since the approach to flotation may become the control-
ling factor. Van der Veen [1996] argued that the water-depth model is relevant only
for glaciers that are almost in steady state. He proposed the height-above-buoyancy
model in which the position of the calving front is controlled by local geometry. Vieli
et al. [2001] suggested a modified flotation criterion for this model, which requires
a frontal ice thickness exceeding the flotation thickness by a small fraction q. In this
case, the frontal ice thickness Hc is given by:

Hc = −ρw

ρi
(1 + q)d (4.1)

where ρw is the water density, ρi is the glacier ice density and d is the bed eleva-
tion at the terminus. Vieli et al. [2001] presented a two-dimensional ice-flow model,
including the flotation model. Their model simulates a cycle of slow advance and
rapid retreat across a basal depression on a synthetic bed with the deepest point at
100 m below sea level. In chapter 3, we carried out a comparison between two calv-
ing models, the water-depth model and the flotation model, by applying them to
two idealised basal profiles. Our study pointed out that the flotation model fails to
create a large glacier terminating in deep water. In this study, we make a further
contribution to the comparison of these two calving models. Instead of looking at
idealised bed profiles, we have tried to reproduce the late Holocene history of Brei-
damerkurjökull, Iceland (Fig. 4.1). We used a one-dimensional flow line model with
varying lateral geometry.

We simulated the advance of the glacier from no ice to its maximum length, fol-
lowed by a retreat into a tidal inlet, which was excavated entirely during the glacier
advance. The model assumes that there is no calving during the glacier advance as
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Figure 4.1: (a) MODIS satellite image of Vatnajökull, Iceland. The box indicates the location
of Breidamerkurjökull. (b) Four selected orthorectified aerial photographs of the glacier front,
showing the terminus variations of the glacier from 1982 to 1998.
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the inlet is filled by unlithified sediments [Evans and Twigg, 2002; Björnsson, 1996;
Boulton et al., 1982]; on the other hand, the simulated glacier retreat is accompanied
by calving into the inlet.

Retreat of Breidamerkurjökull has been well documented on maps since 1903
and by aerial photographs since 1945 (Fig. 4.1). A series of aerial photos covering
the glacier front exist for 11 dates from 1945 to 2003. We applied photogrammet-
ric analysis to these aerial photographs to obtain measurements of changes in the
length, speed and surface altitude at the glacier front. The results of this analysis
were then used to validate the simulations with the numerical model.

In this chapter, we first discuss the recent history of Breidamerkurjökull (section
4.2). In section 4.3, we describe the numerical ice-flow model and the model input,
followed by an overview of the methods applied to the aerial photographs. Section
4.4 presents the numerical model results, and a comparison between model results
and the data acquired from stereophotographs. We further discuss the model results
and predict the future behaviour of the glacier (section 4.5).

4.2 Breidamerkurjökull

Breidamerkurjökull is the most active outlet glacier of Vatnajökull, the largest ice cap
in Iceland. It began to retreat from its Little Ice Age maximum extent in 1890. The
glacier calves into a proglacial lake, Jökulsárlón, which is a tidal inlet and was exca-
vated during the glacier advance. During the Little Ice Age, the glacier ran over the
vegetation and farms and advanced about 15 km [Björnsson, 1996]. Prior to the ad-
vance, the inlet was filled with unlithified sediments. The glacier advance removed
the unlithified sediments from the inlet basin. Records of the glacier’s activity indi-
cate that the glacier has surged 11 times between 1794 and 1969, with 6 to 38 years
between the surges [Björnsson et al., 2003]. Since 1930, the glacier has retreated into
the lake a distance of about four kilometres. As the glacier is retreating into the lake,
most of the sediments are deposited in the lake instead of being transported by the
Jökulsá river to the coastline. Therefore, the sediment transport by the river is not
enough to compensate for erosion of the coastline (Fig. 4.2). Many of the studies
of the glacier and its proglacial lake are motivated by this coastline retreat and the
threat to the highway across Breidamerkursandur.

Björnsson et al. [2001] have done comprehensive work that describes the ice
fluxes and calving rate, and simulates the glacier retreat since the formation of the
lake in the 1930s.
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Figure 4.2: The glacier terminus of Breidamerkurjökull, the lake Jökulsárlón and the outlet
river Jökulsá. Photo by Loftmyndir, 22 August 2003.

4.3 Methods and materials

4.3.1 Model description

We used a one-dimensional numerical ice-flow model. This is a finite-difference,
time-dependent ice-flow model that calculates the surface evolution and ice velocity
along the central flow line [Oerlemans, 2001]. The three-dimensional geometry is
implicitly taken into account by the parameterization of the cross-sectional geometry
for each gridpoint. The evolution of the ice surface is determined by the vertically
and laterally integrated continuity equation for incompressible ice [Van der Veen,
1999]:

∂H
∂t

= − 1
W

∂(WHU)
∂x

+ B (4.2)

where t is time, x is distance along the flow line, and B is the surface mass balance. H,
W and U are the ice thickness, the glacier width and the ice velocity, respectively. The
ice velocity is expressed as a velocity averaged over the cross section and consists of
a deformational part Ud and a basal sliding part Us. The shear stress is related to
the strain rate according to Glen’s flow law for plane shear [Glen, 1955]. This yields
[Paterson, 1981]:

Ud = fd HS3
d (4.3)
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in which fd is a temperature-dependent flow parameter and Sd the driving stress,
which is defined as:

Sd = −ρigH
∂h
∂x

(4.4)

where h is the ice surface elevation and g = 9.8 ms−2 is the gravitational acceleration.
The flow parameter, fd = 0.75 × 10−16, suggested by Björnsson et al. [2001] for
Breidamerkurjökull, is used in this model.

A Weertman-type sliding law, supported by the experimental work of Budd et al.
[1979], is applied in the model:

Us =
f ′sS3

b
ρigH − P

(4.5)

where Sb is the basal stress, P is the basal water pressure, and f ′s is an empirical pa-
rameter. We do acknowledge that the basal water pressure affects the sliding veloc-
ities [Budd et al., 1979]; however, for simplicity, we neglected this contribution that
the basal water pressure makes to the effective basal stress. Making the assumption
that P is proportional to the ice thickness and that the basal stress equals the driving
stress, the vertical mean ice velocity U can then be expressed as:

U = Ud + Us = fdHS3
d +

fsS3
d

H
(4.6)

in which fs is the sliding parameter [Oerlemans, 2001].

Incorporating the longitudinal deviatoric stresses in the calculation of the defor-
mation velocity results in an increase of the basal sliding velocity and a concave sur-
face profile for ice sheets [Van der Veen, 1986]. These stresses have a negligible effect
on the evolution of grounded glaciers. Van der Veen and Whillans [1993] computed
stresses acting on Columbia Glacier, a grounded calving glacier in Alaska. Their cal-
culations showed that the basal stress opposes nearly all of the driving stress and the
lateral stresses and the gradients in longitudinal stress maintain a minor resistance
to the flow of the glacier. Moreover, there is no evidence indicating that longitudi-
nal deviatoric stresses are important in controlling the large-scale flow of any glacier
[Van der Veen, 1997]. Therefore we did not include these stresses in our model.

Equation (4.2) was solved on a grid along the flow line. There are 250 gridpoints
along the central flow line, initially at a uniform distance of ∆x = 200 m. This dis-
tance changes with every time step as a new grid is defined to fit the new glacier
(section 3.2.2). We used an explicit scheme for time integration. The time step is
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0.001 year, which is small enough to satisfy the stability criterion [Smith, 1978] for
different values of ∆x. The use of variable widths at each gridpoint parameterizes
the converging or diverging flow along the flow line. The boundary condition at the
downstream end of the glacier depends on the type of calving model used. For the
flotation model, the glacier thickness at the terminus cannot be less than a given limit
Hc. Vieli et al. [2001] defined the thickness Hc as a small fraction q of the flotation
thickness plus the flotation thickness:

Hc = −ρw

ρi
(1 + q)d. (4.7)

We estimated the fraction q = 0.09 from the observed frontal thickness along the
central flow line of Breidamerkurjökull. To satisfy this criterion in the model, the po-
sition of the terminus is shifted at each time step to the point where the ice thickness
is equal to Hc. The actual position of the terminus is determined by interpolating be-
tween values of two neighbouring gridpoints with ice thickness larger and smaller
than Hc. Thereafter, new gridpoints are defined to fit the updated glacier length and
the ice thickness is calculated for the new gridpoints using linear interpolation.

In the water-depth model the calving rate Uc is linearly related to the water depth
at the terminus.

Uc = αd. (4.8)

The coefficient α = 2.6 was suggested by Björnsson et al. [2001] for Breidamerkurjök-
ull. The terminus position changes in response to the imbalance between the ice
velocity and the calving rate [Meier, 1994, 1997], as follows:

dL
dt

= U f −Uc, (4.9)

where L is the glacier length. At each time step, the position of the terminus is
obtained from the ice velocity at the terminus U f minus the calving rate and the new
gridpoints are adjusted to fit the updated glacier length.

4.3.2 Model input

Figure 4.3a shows the basal elevation of the glacier along the central flow line (un-
published data, provided by H. Björnsson and F. Pálsson). Figure 4.3b depicts the
approximate glacier width along the central flow line. The glacier width was taken
from a topographic map in a way that conforms to the surface elevation distribution.
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Figure 4.3: (a) Basal elevation of Breidamerkurjökull along its central flow line from the
summit dome of Vatnajökull to its snout at its Little Ice Age maximum extent. Data from
radio echo sounding in 1991. (b) Glacier geometry, the dashed line indicates the central flow
line (data for both figures were provided by H. Björnsson and F. Pálsson)
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Figure 4.4: The simulated surface profiles along the central flow line of Breidamerkurjökull.
As the glacier grows, the sedimentation bank in front of the glacier (grey area in a and b) is
pushed forward. The glacier advance excavated the basin of the lake from unlithified sedi-
ments. (c) The glacier surface profile at its maximum extent
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During the advance scenario, the basal elevation at the glacier front does not get
below sea level. An assumed sedimentation bank levels off the ground with the sea
level in front of the glacier. Hence no calving occurred. This sedimentation bank
is pushed forward during each time step as the glacier advances (grey areas in Fig.
4.4).

We used a simplified mass-balance function for Breidamerkurjökull in which the
mass balance B depends linearly on altitude:

B(x) = β(h(x)− E)∆x (4.10)

where β is a constant balance gradient, and E is the equilibrium-line altitude. For
the advancing scenario, E was chosen so that in the model the glacier grows from
ice-free conditions to a length of 47 km, which represents the Little Ice Age max-
imum glacier extent in 1890. For the retreating phase, E was derived from the ob-
served mass-balance data. To define E for each year, the annual specific mass-balance
variation [De Ruyter de Wildt, 2002] is applied to a reference mass-balance function
of height [Björnsson et al., 1998; Dowdeswell et al., 1997; Björnsson et al., 2002].
De Ruyter de Wildt [2002] reconstructed the specific mass-balance variation of Vat-
najókull from 1825 until 1998, based on the temperature data from a site close to
Breidamerkurjökull (Fig. 4.5a). The observed surface mass balance in 1998 on Brei-
damerkurjökull is shown in Figure 4.5b. A smooth curve fit for the 1998 measure-
ments serves as a reference mass-balance function of height. The model uses the
constructed E (Fig. 4.5c) to simulate the glacier advance and to provide a proper ini-
tial surface profile for the retreating phase. The glacier retreat is forced by applying
the calculated E from 1890 until 1998 and the observed value of E from 1998 until
2004, provided by H. Björnsson and F. Pálsson (unpublished data, 2004, dotted line
in Fig. 4.5c). The mean value of E over 1998-2004, E = 1100 m, is then used to predict
the future behaviour of the glacier.

4.3.3 Aerial photography

Aerial photographs were used to validate our model results for the retreating glacier
from 1945 to 2003. Major changes in the length, surface altitude, and surface velocity
of glaciers can be derived using stereophotogrammetric techniques. The aerial pho-
tographs used in this study were acquired on 11 dates between 1945 and 2003 (see
Table 4.1).

To be able to compare the geometry of the glacier at the different acquisition
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Figure 4.5: (a) Simulated mean specific mass balance of Vatnajökull, 1825-1998. (b) Observed
annual mass balance on Breidamerkurjökull, 1998. (c) Estimated (<1890), Calculated (1890-
1998) and observed (1998-2004) values of E are used to reproduce the glacier advance and
retreat. Mean value of E over 1998-2004, E = 1100 m, is used to simulate the future behaviour
of the glacier
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Figure 4.6: Circles of 100 m radius are defined along the central flow line, the averaged ice
thickness is determined in each circle.
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Table 4.1: The properties of the aerial photographs covering the glacier front and the lake .

Year Date Type Focal length Number Resolution Scale Source Flight height
2003 Aug 22 Colour 153.00 mm 3 21 micron 1:30,000 Lofmyndeir 3870 m
1998 Aug 9 B/W 153.15 mm 6 1200 dpi 1:30,000 LMÍ 4600 m
1994 Aug 22 B/W 152.82 mm 6 1200 dpi 1:30,000 LMÍ 5500 m
1992 Aug 4 B/W 151.78 mm 2 1200 dpi 1:30,000 LMÍ 5500 m
1991 Aug 21 Infrared 151.78 mm 2 1200 dpi 1:30,000 LMÍ 6100 m
1990 Sep 4 B/W 151.78 mm 3 1200 dpi 1:30,000 LMÍ 6100 m
1982 Aug 20 B/W 151.78 mm 3 1200 dpi 1:30,000 LMÍ 6100 m
1964 Sep 9 B/W 115.06 mm 2 1200 dpi 1:30,000 LMÍ 4000 m
1961 Jul 4 B/W 153.55 mm 2 1200 dpi 1:30,000 LMÍ 5500 m
1954 Sep 15 B/W 115.02 mm 2 1200 dpi 1:30,000 LMÍ 3500 m
1945 Aug 30 B/W 153.04 mm 2 1200 dpi 1:30,000 LMÍ 7000 m

Table 4.2: The topographical maps of Breidamerkurjökull, south east Iceland.

Year Source Scale Projection
1998 Department of Geography, Univ. of Glasgow 1:30,000 UTM 28N,International ellipsoid, Hjörsey 1955
1965 Department of Geography, Univ. of Glasgow 1:30,000 Lambert conformal conic projection, Iceland grid
1945 Department of Geography, Univ. of Glasgow 1:30,000 Lambert conformal conic projection, Iceland grid

dates, the photographs needed to be orthorectified. Orthorectification corrects for
geometrical distortions caused by relief displacement and lens properties. In this
process also a Digital Elevation Model (DEM) is created for each stereo pair. Leica
Photogrammetry Suite (LPS, Leica Geosystems∗) was used for DEM extraction and
orthorectification. This technique provides orthophotos with a ground resolution of
0.70 m and DEMs with a resolution of 5.0 m. Ground Control Points were acquired
from scanned and rectified maps (Table 4.2) of approximately the same date as for
the stereo pair. All DEMs and orthophotos were projected into the same coordinate
system. Figure 4.1 shows four orthorectified aerial photographs from different years.

A curvilinear coordinate system along the flow line was used to ease interpreta-
tion. In a Geographical Information System (GIS), a node was placed every 200 m
along the flow line. Around this node, the average surface elevation for each data set
was calculated from the extracted DEMs within a circle with a radius of 100 m (Fig.
4.6). The same was done for the bedrock topography. The difference gives the ice
thickness (Fig. 4.7a). A mean value of q = 0.09 was obtained by applying the frontal
ice thickness and the water depth for different years in the flotation equation (5.8).

∗Use of trade and company names is for the benefit of the reader and does not imply any endorsement
by the Utrecht University
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Figure 4.7: The observed surface elevations (a) and the observed ice surface velocities (b)
along the central flow line at the glacier front from 1945 to 2003.

The surface velocity was calculated by correlating volcanic ash or debris layers at
the surface of the glacier between different years (Fig. 4.7b). The result barely shows
an increase in the surface velocity at the glacial front. The glacier length for different
dates can be measured from the orthophotographs by width-averaging it along the
glacier ice front (Fig. 4.8).

4.4 Results

4.4.1 Model results

Starting with ice-free conditions, the model simulates glacier growth at higher el-
evation, followed by advance to the coastline. Figure 4.4 (section 4.3) presents the
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Figure 4.8: (a) Selected Breidamerkurjökull terminus positions from 1982-2003. (b) Glacier
length variation in time (calculated by width averaging it along the terminus.)
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Figure 4.9: (a) The simulated evolution of the glacier length in time. (b) The equilibrium line
altitude used in the model to simulate advance and retreat of the glacier. The time that the
glacier reaches its maximum extent and the present time are indicated by T1 and T2, respec-
tively.
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evolution of the simulated glacier surface in time while the glacier advances. A pos-
itive net mass-balance forces the glacier to advance steadily during a period of 440
years (Fig. 4.9b) and constitutes a proper initial surface profile to start the retreating
scenario (Fig. 4.4c). Figure 4.9a represents the evolution of glacier length in time.
The glacier grows until it nears the sea, reaching a maximum length of 47 km at T1.
The terminal position is stable for the first three decades after reaching its maximum
extent; however, the glacier is thinning owing to the negative mass balance.

The glacier experiences calving once the terminal position moves backward. Dur-
ing the retreat, no sedimentation is considered in the model; therefore the glacier
calves into the lake. The mass-balance forcing during the retreat is modified in the
model by using E from the time of the maximum glacier extent (T1) until the present
time (T2) and a constant E = 1100 m for the future (Fig. 4.9b). The model calcula-
tions were carried out by applying the calving models discussed in section 4.3.1 (the
flotation and the water-depth model).

The glacier retreat as simulated with the water-depth model (a) and the flotation
model (b) are shown in Figure 4.10. The time interval between two surface profiles
is five years. In the flotation model, if the glacier terminates in shallow water, the
frontal thickness is large enough to satisfy the flotation criterion; therefore, calving
hardly occurs. In the water-depth model, however, the calving rate is a linear func-
tion of water depth and produces a calving flux, even in shallow water. Therefore, at
the beginning of the retreating scenario, the glacier modelled with the water-depth
criterion retreats faster than the glacier modeled with the flotation criterion (Fig.
4.9a). As the glacier terminus gets into deeper water, the frontal thickness becomes
too small to satisfy the flotation criterion, thus the terminus position must jump back
to the location where the thickness is large enough. In this way, the glacier in the
flotation model undergoes a rapid sudden retreat, whereas the water depth model
provides a gradual increase in retreat rate as the frontal water depth increases (Fig.
4.10).

Figure 4.11 shows the simulated and observed glacier length variation from 1920
until 2020. There is good agreement between the result of the water depth model
(solid line) and the observed glacier length from 1945 to 2003 (open circles), whereas
the flotation model (dashed line) produces a slower retreat, followed by an acceler-
ated retreat as the glacier gets into the deeper water (Fig. 4.10b).
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Figure 4.10: The evolution of the glacier surface during the phase of retreat for the water-
depth model (a) and the flotation model (b). The time interval between profiles is five years.
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Figure 4.11: Retreat of Breidamerkurjökull from 1920 until 2002, modelled length variation
with the flotation model (dashed line) and the water-depth model (solid line). The open circles
indicate the observed glacier length from the aerial photographs from 1945 to 2003.
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Figure 4.12: The simulated glacier surface at the glacier front with the water-depth model (a)
and the flotation model (b).

4.4.2 Comparison of the model results and observations

The simulated glacier surface profiles, with a time interval of five years between the
profiles, are depicted for the water-depth model and the flotation model in Figures
4.12a and 4.12b, respectively. The simulated ice thickness (Fig. 4.12a) corresponds
to the observed ice thickness (Fig. 4.7a) fairly well. Nevertheless, the concave shape
of the surface seen in the observed profiles is not reproduced by the model. The
different profile shape is a result of the simple treatment of the basal sliding in the
model. A more refined treatment of the basal sliding (considering the effect of the
basal water pressure) may provide higher sliding velocities at the glacier front and
the higher frontal velocities enable the model to maintain a concave profile at the
terminus. The evolution of the glacier surface for the flotation model (Fig. 4.12b)
does not accord with the observations since it has experienced a sudden jump to the
other side of the basal depression.
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Figure 4.13: The simulated (water-depth model) glacier velocity along the central flow line
at the glacier front.

Figure 4.13 shows the simulated ice surface velocities. The water-depth model
calculates an approximate terminus velocity of between 200− 400 m a−1, which is in
good agreement with the observed velocities derived from the aerial photography
(Fig. 4.7b). The simulation with the flotation model is not shown because of the
dramatic retreat in the vicinity of the basal depression. Two additional model runs
were performed to examine the sensitivity of the modelled retreat with the flotation
model to the choice of the critical height above buoyancy. From the observed frontal
thickness, a mean value of 0.09 for q in the flotation equation (4.1) was estimated.
Figure 4.14 shows the simulated glacier length for a slightly larger q = 0.11 and a
smaller q = 0.06. Although the smaller q leads to a smaller mass loss by calving,
and the larger q provides a larger mass loss, the differences are not significant. In all
runs, the glacier experienced an unrealistic rapid retreat, almost at the same location;
varying q only shifted the onset of the rapid retreat in time.

4.4.3 Future prediction

According to the comparison made above, the water-depth model produces a more
realistic retreat history than the flotation model. We therefore carried out model runs
with the water-depth model to predict the glacier’s future behaviour. We applied
three different values of E: E = 1100 m for the present climate, E = 1200 m for a
warmer climate, and E = 1000 m for a colder climate.

The results (Fig. 4.15) show that the retreat rate in all three scenarios decreases or
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Figure 4.14: Retreat phase simulated with the flotation model for different values of critical
thickness. The solid line represents the modelled glacier length for q = 0.09, presented in
Figure 4.10. The dashed and dotted lines show the modelled glacier length for a smaller
critical thickness (q = 0.06) and a larger critical thickness (q = 0.11), respectively.
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Figure 4.15: The predicted glacier length and equilibrium line altitude for the next 100 years,
for three scenarios: continuation of the present (solid line), a warmer climate (dotted line) and
a cooler climate (dashed line).
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increases as the frontal water depth becomes shallower or deeper, respectively. The
glacier would retreat out of the lake after 105 years assuming the present value of
E (L = 21600 m, Fig. 4.3a), after 125 years for E = 1200 m, and after 95 years for
E = 1000 m.

4.5 Discussion and conclusions

A series of aerial photos covering the front part of Breidamerkurjökull exists for 11
dates from 1945 to 2003. We used data acquired from these photographs to vali-
date our modelling results. These photogrammetric methods are suitable for obtain-
ing changes in length, surface altitude, and surface velocity. Nevertheless, several
inaccuracies may have been introduced during the process of DEM extraction and
orthorectification for the validation data set. Geometrical inaccuracies may have re-
sulted from distortions caused by the scanning device used for the topographical
maps and the aerial photographs. Collection of Ground Control Points (±40 points)
was restricted by the lack of features recognisable in both the maps and the aerial
photographs. As only the areas exposed by the retreating glacier could be used,
the GCPs were not evenly distributed over the photographs. This made accurate
triangulation difficult. Conversions between projections may also have caused in-
accuracies. As a rule, an accuracy of 10 m for both horizontal and vertical changes
can be expected, which is much smaller than changes in glacier length and glacier
surface altitude between dates of the photographs. The calculation of surface veloc-
ity by measuring vectors of corresponding ash layers in different years was not easy
as the geometry of the ash layers had changed due to shearing motion at the glacier
surface. Displacement of the observed layers on the photographs are also affected
by the three-dimensional structure of the layers and the amount of surface ablation.
A range of 30◦- 60◦ for the tilt angle of the layers with the glacier surface (unpub-
lished data, provided by D. Benn) and an average surface lowering of 5 m a−1 yield
an underestimation of 3− 9 m a−1 in the velocity measurements.

The frontal sedimentation is an important control on terminus fluctuation of tide-
water glaciers [Boulton, 1970; Alley, 1991; Powell, 1991]. Push-moraine banks at the
glacier terminus produce restraining forces, which may affect the ice flow [Van der
Veen, 1997; Fischer and Powell, 1998]. In the present model, during the glacier ad-
vance, we assumed a sedimentation bank in front of the glacier which levels off the
lake basin with the sea level. However, we left out the restraining forces associated
with this sedimentation bank in the model calculations. As a result, no calving cri-
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terion is taken up in the glacier advance simulation. The model simulation for the
glacier retreat does not consider any sedimentation or the formation of a submarine
moraine shoal as the glacier retreats fairly rapidly and becomes detached from any
support structure possibly created through sedimentation.

Van der Veen [1996] argued that the water-depth model is relevant only for a
glacier that is almost in steady state or moving slowly. Vieli et al. [2001] performed a
numerical study on a small and slowly flowing tidewater glacier, Hansbreen in Spits-
bergen. They suggested that the flotation model is able to simulate the rapid retreat
and slow advance of the glacier better than the water depth model. We have taken
a different approach and compared both calving schemes by applying a numerical
model to Breidamerkurjökull, which is a rather large and fast tidewater glacier with
a basal depression of 300 m. The results indicate that the flotation model fails to sim-
ulate the observed glacier retreat into very deep water (deeper than 100 m), whereas
the water-depth model is able to reproduce the observed glacier length variation dur-
ing the retreat into deep water. The calving criterion of the flotation model causes
the glacier to lose a huge amount of mass in an unrealistically short time when it
moves into very deep water.

Our findings thus do not support the hypothesis that the flotation model can
explain the behaviour of tidewater glaciers properly. We believe that the flotation
model is able to reproduce the glacier length variation better than the water-depth
model only for glaciers that terminate in shallow water, as was shown by Vieli et al.
[2001]. However, for glaciers terminating into very deep water, we recommend the
water-depth model as a tool to represent the glacier’s behaviour.

Björnsson et al. [2001] calculated a constant retreat rate for the next 70 years
and predicted that Breidamerkurjökull would retreat from the lake basin after ∼ 200
years. Our water-depth model calculations suggest that Breidamerkurjökull would
retreat out of the lake basin after ∼ 100 years in the present-day climate. Note that
our model calculations assume a constant mass-balance function of height and the
future variation in mass balance is not considered in the model prediction.
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Chapter 5

Controls on advance of
tidewater glaciers: Results from
numerical modeling applied to
Columbia Glacier

A one-dimensional numerical ice-flow model is used to study the advance of a tidewater

glacier into deep water. Starting with ice-free conditions, the model simulates glacier growth

at higher elevations, followed by advance on land to the head of the fjord. Once the terminus

reaches a bed below sea level, calving is initiated. A series of simulations was carried out

with various boundary conditions and parameterizations of the annual mass balance. The re-

sults suggest that irrespective of the calving criterion and accumulation rate in the catchment

area, it is impossible for the glacier terminus to advance into deeper water ( > 300 m water

depth) unless sedimentation at the glacier front is included. The advance of Columbia Glacier,

Alaska, is reproduced by the model by including ”conveyor-belt” recycling of subglacial sed-

iment and the formation of a sediment bank at the glacier terminus. Results indicate slow

advance through the deep fjord and faster advance in shallow waters approaching the termi-

nal moraine shoal and the mouth of the fjord.
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5.1 Introduction

Tidewater glaciers are observed to go through a cycle of slow advance followed by
rapid retreat [e.g., Post, 1975; Meier and Post, 1987]. The recent dramatic retreat of
many tidewater glaciers around the world has drawn major attention to the issue of
the stability of calving glaciers. Examples of recent significant changes include the
rapid thinning of many of the outlet glaciers in Greenland during the 1990s [Abdalati
et al., 2001], the dramatic retreat of Jakobshaven Isbræ to the head of its fjord in early
2002, and the significant retreat of Columbia Glacier in Alaska since the early 1980s
[Meier and Post, 1987; Pfeffer et al., 2000].

While some attempts have been made to develop theoretical models for calv-
ing [e.g., Reeh, 1968; Hughes, 1992; Van der Veen, 1996; Hughes and Fastook, 1997;
Hanson and Hooke, 2000, 2004] there is, at present, no theoretical model available
that can explain the observations. It has been noted on many glaciers that the calv-
ing rate (volume of ice that breaks off from the glacier terminus per unit time and
unit vertical area) increases with water depth at the terminus. Brown et al. [1982]
and Pelto and Warren [1991] therefore proposed the water-depth model, in which
the annual calving rate is linearly related to the water depth at the glacier termi-
nus. On the other hand, Meier and Post [1987] and Van der Veen [1996] argued that
the water-depth model is relevant only for glaciers that are almost in steady state.
Based on observations made during the rapid retreat of Columbia Glacier, Alaska,
as well as on several other grounded glaciers, Van der Veen [1996] suggested that
the position of the calving front is controlled by both water depth and ice thickness
at the glacier terminus and presented the flotation model. In the flotation model, if
the frontal thickness becomes less than a critical thickness, the glacier terminus re-
treats to where the frontal thickness exceeds the flotation thickness by an amount,
H0. Vieli et al. [2001] modified the flotation criterion and defined the thickness in ex-
cess of flotation, H0, as a fraction of the flotation thickness. A recent modelling study
compared both the water-depth and the flotation calving models, using a numerical
model to simulate retreat and advance of tidewater glaciers with simplified geome-
tries (chapter 3). We showed that, although the flotation model is capable of sim-
ulating retreat and advance of some tidewater glaciers better than the water-depth
model, it fails to simulate a full cycle of glacier length variations when the glacier
terminates into very deep water. Hence, it is still unresolved whether a universally
applicable calving model exists.

Understanding the interaction between calving glaciers and climate is essential
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to interpret the past, monitor the present, and predict the future. Clarke [1987] sug-
gested that calving glaciers are inherently unstable, with periodic cycles of advance
and retreat that may be nearly independent of climate. Further, it has been shown
that the advance/retreat behaviour of tidewater glaciers is mainly a function of fjord
geometry [Mercer, 1961], water depth at the glacier terminus [Brown et al., 1982], and
sedimentation at the glacier front [Powell, 1991]. The different terminus behaviour of
neighbouring glaciers, which are derived from the same snow field, shows that their
terminus advance or retreat is largely the result of internal dynamics rather than
climatic changes. However, Viens [1995] showed that climate acts as a first-order
control on the advance/retreat cycle by placing limitations on glacier advance and
determining where the terminus reaches an equilibrium state during retreat (based
on observations of Alaskan tidewater glaciers). The above reveals that the diverse
behaviour of tidewater glaciers is not only the result of internal dynamics or climate.
Therefore, a better understanding of the processes controlling dynamics of tidewa-
ter glaciers is needed to make any interpretation of the past or prediction of future
behaviour of these glaciers.

Tidewater glaciers may experience a continuous advance caused by a low-lying
ELA [Mercer, 1961] or because of the presence of a frontal sediment shoal which
reduces water depth at the terminus and lowers calving rates [Powell, 1991]. The
role of sediment deposition at the glacier terminus, allowing the glacier to advance,
has been recognised in many previous studies [e.g., Post, 1975; Alley, 1991; Powell,
1991; Hunter et al., 1996a; Fischer and Powell, 1998]. The extensive areas uncovered
by glacier retreat during the last hundred years demonstrate that many glaciers are
underlain by soft and poorly lithified sediments. Tidewater glaciers often advance
over their own sediments which are easily eroded and transported forward. Pow-
ell [1990] proposed that if the location of the glacier front is more or less stationary,
moraine banks can form relatively fast: sedimentation rates at such locations can
easily be of the order of meters to tens of meters per year. Later, Alley [1991] in-
troduced a model describing a moraine shoal that moves with the advancing glacier
front. Oerlemans and Nick [2006] presented a basic glacier-sediment model in which
the moraine shoal is forced to move with the advancing glacier front. Their model
demonstrated that the feedback between sediment shoal and calving rates leads to a
strongly non-linear response to climate forcing.

The objective of the present study is to identify processes most important in con-
trolling the advance of tidewater glaciers, focusing on the extensively-documented
Columbia Glacier. A numerical flow line model is used to investigate whether glacier
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Figure 5.1: Columbia Glacier prior to its rapid retreat, 1969 (National Snow and Ice Data
Center/World Data Center for Glaciology, Boulder).
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Figure 5.2: Glacier advance over trees on Heather Island, 1909 (National Snow and Ice Data
Center/World Data Center for Glaciology, Boulder).

advance into its deep fjord is primarily driven and sustained by changes in climate
forcing, or whether other mechanisms such as the internal dynamics are the main
controls on advance. To investigate the importance of sediment bank formation on
the stability of the glacier terminus, we combined the numerical flow line model with
a simple sedimentation model. Additionally, two calving formulations, the flotation
model and the water-depth model, are incorporated and their predictions compared.
Available data for the historical advance of Columbia Glacier are used to assess how
well the model applies to this glacier.

5.2 Columbia Glacier

Located in south-central Alaska, Columbia Glacier is the last of the major Alaskan
tidewater glaciers to retreat from an extended position at the seaward end of its fjord
(Fig. 5.1). The glacier is currently about 52 km long, extending from 3050 m eleva-
tion in the western Chugach Mountains down to sea level, discharging icebergs into
Columbia Bay in Prince William Sound. The glacier is grounded with a substantial
amount of ice in the lower reach below sea level.

A 1000-year advance of Columbia Glacier is documented by tree-ring calendar
dates from subfossil and living trees. During the past glacial advance the glacier
expanded into forest along its fjord margins, burying trees in glacial sediments (Fig.
5.2). These forests have been uncovered during the last two decades of retreat and
their tree-ring data provide records of earlier advance into Columbia Bay as well as
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records of past climate conditions. The chronology shows an average advance rate
of 36 m a−1 between AD 1060 and 1808 with a significant stand-still or minor retreat
ca AD 1450 [Kennedy, 2003]. Between 1800 and the early 1980’s, the position of the
terminus was relatively stable, but in 1981, retreat began and has continued at an
increasing rate [Krimmel, 1997; Pfeffer et al., 2000]. During the last 25 years, the
terminus has receded 14 km.

During the Little Ice Age (AD 1200-1900), the majority of Alaskan glaciers reached
their Holocene maximum extensions. ELAs were lowered 150 to 200 m below present
values [Calkin et al., 2001]. Barclay et al. [1999] developed a 1000 year tree-ring-
width chronology for the western Prince William Sound by using living and subfos-
sil trees from glacier forefields. They showed that multidecadal-length warm periods
occurred around AD 1300, 1440 and possibly 1820, with cool intervals centred on AD
1400, 1660, and 1870.

The rapid retreat of Columbia Glacier has been monitored on a regular basis since
1976 by aerial photogrammetry conducted by the U.S. Geological Survey [Krimmel,
1997, 2001]. Derived surface elevations and surface speeds are published [Foun-
tain, 1982; Krimmel, 1987, 1992, 2001] for the period of 1976 until 2001. The bed
topography of the lower reach is known from bathymetry, radio-echo sounding and
boreholes [Krimmel, 2001; Meier, 1994]; few data are available for the catchment area
of the glacier.

The climate of Prince William Sound is characterised by mild winters and cool
summers, with annual precipitation ranging from 1700 to 2400 mm. At higher alti-
tudes, above 2500 m above sea level, the temperature remains below freezing except
for a few days in mid-July [Tangborn, 1997]. The high precipitation rates, together
with the high mountainous area, provide a favourable situation for glaciers to form
and expand. The Columbia Glacier mass balance was measured, with stakes located
approximately at 100 m elevation intervals, in 1977-78 by the U.S. Geological Survey
[Mayo et al., 1979]. By using observed low-altitude temperature and precipitation,
Tangborn [1997] provided a 50 year (1949-96) modelled mass-balance as a function
of altitude and time.

5.3 Methods and materials

This section summarises the time-evolving model and the processes included in the
model.
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5.3.1 Model description

The flow line model calculates the change in ice thickness, H, and ice velocity, U,
along a central flow line [Oerlemans, 2001; Van der Veen and Payne, 2004]. Evo-
lution of the glacier thickness is described by the vertically and laterally integrated
continuity equation [Van der Veen, 1999]:

∂H
∂t

= − 1
W

∂(WHU)
∂x

+ B (5.1)

where t is time, x is distance along the central flow line, B is the surface mass balance,
and W is the glacier width. The equation is solved on a discrete grid using the finite-
difference method. A moving grid is used, which allows the position of the terminus
to be determined with high accuracy. At each time step a new grid is defined to fit
the new glacier length. For further details, see chapter 3.

5.3.2 Glacier Geometry

The model is essentially one-dimensional but three-dimensional geometry is implic-
itly taken into account through the parameterization of the cross-sectional geometry
along the flow line (heavy arrows in Fig. 5.3). This geometry is determined by two
parameters: the bed elevation and glacier width. The bed elevation is provided by
Krimmel [2001, figure 11]. For the last 20 km of the fjord, the bed elevation suggested
by O’Neel (preprint, 2005) is used (Fig. 5.4a). An approximate glacier width along
the central flow line was estimated from a topographic map of Columbia Glacier.
The tributaries are taken into account in such a way that the surface elevation distri-
bution is not distorted too much (Fig. 5.4b).

5.3.3 Ice velocities

The ice velocity is expressed as a velocity averaged over the cross section, and in-
cludes contributions from basal sliding, Us, and internal ice deformation, Ud. In this
model, the vertical shear stress is related to strain rate according to Glen’s flow law
[Glen, 1955], which yields [Paterson, 1981]:

Ud =
2A

n + 1
HSn

d . (5.2)
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Figure 5.3: Map of Columbia Glacier. Dark shading represents exposed rock and light shad-
ing indicates open water. The thick arrows show the central flow line and the thin ones denote
direction of the ice flow in side branches.

The typical value of the flow-law exponent n = 3 [Alley, 1992] and a rate factor
A = 1× 10−7 kPa−3 a−1, corresponding to ice near the freezing point [Van der Veen,
1999, figure 2.6], are used. The driving stress, Sd is defined as:

Sd = −ρigH
∂h
∂x

, (5.3)

where ∂h
∂x is surface slope and g = 9.8 m s−2 is the gravitational acceleration.

Van der Veen and Whillans [1993] showed that about 80% of the flow resistance
on the lower reach of Columbia Glacier is due to basal drag and the rest is mainly
due to lateral drag; gradients in longitudinal stress contribute little to the resistance
to flow. Lateral drag could be included in the model by introducing a shape factor
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Figure 5.4: Basal elevation (a) and glacier width (b) along the central flow line

[Nye, 1965; Bindschadler, 1983]. However, considering the geometry of Columbia
Glacier (with a large width-to-height ratio), these effects are too small to be crucial
for the large-scale flow of glacier and are therefore ignored in the present model.
Thus flow of the glacier is controlled by the balance between driving stress and basal
drag.

The fast flow of Columbia Glacier is primarily due to high sliding velocities
[Meier, 1994; Kamb et al., 1994]. It has been recognised that subglacial water pres-
sure plays an important role in sliding process [Weertman, 1964; Budd et al., 1979;
Iken, 1981; Bindschadler, 1983]. A modified Weertman-type sliding velocity [Budd
et al., 1979; Bindschadler, 1983] is adopted here:

Us = As
Sb

m

Ne f f
p . (5.4)

The effective pressure, Ne f f , is equal to the difference between ice-overburden, Pi,
and subglacial water pressure, Pw. A high subglacial water pressure or a thin glacier
front reduces the effective basal pressure which leads to enhanced sliding. Basal
drag, Sb, is set equal to driving stress, Sd. Bindschadler [1983] compared four basal
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sliding formulations of theoretical and experimental studies and concluded that the
equation (5.4) provides the best fit to field measurements. He estimated the empiri-
cal parameters, As = 84 m a−1 bar1−m, m ≈ 3 and p = 1, using the best fit between
inferred and predicted velocities along Variegated Glacier. In this study, we used
the observed surface and bed elevation and ice surface velocity of the lower reach
of Columbia Glacier (∼15 km) obtained from data collected by the U.S. Geological
Survey [Brown et al., 1982; Krimmel, 1997, 2001; Meier et al., 1985; Sikonia, 1982].
There are no available direct measurements of sliding velocity but the observed sur-
face velocity can be considered as an estimate of the sliding velocity since the flow
in the lower reach is predominantly associated with basal sliding. Using multivari-
ate regression, a best fit between calculated and observed velocities was found for
As = 9.2× 106 m a−1 Pa0.5, m = 3 and p = 3.5. The basal pressure cannot exceed the
ice overburden pressure as this would correspond to a net upward force and

(Pw)max = ρigH, (5.5)

where ρi is the ice density. At the glacier front, the terminus may be close to flotation
[Meier et al., 1994; Meier, 1994] which means that the effective pressure becomes very
small, leading to the sliding velocity becoming too large and resulting in numerical
instabilities. Therefore, a minimum effective pressure of 150 kPa is prescribed. This
limit is in the range measured at the lower reach of Columbia Glacier during its
retreat [Van der Veen, 1995]. Another model assumption is that there exists a full
and easy water connection between the glacier base and the adjoining sea [Lingle
and Brown, 1987], so that the subglacial water pressure can be estimated from

Pw = ρwgb, (5.6)

where ρw is the water density and b denotes height of the ice column below sea level.

5.3.4 Surface mass balance

The surface mass balance is prescribed as a linear function of elevation,

B = β(h− ELA), (5.7)

where β is a constant balance gradient, ELA is the Equilibrium Line Altitude and h
is the elevation of the glacier. Based on mass-balance measurements on Columbia
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Glacier made in 1977-78 by the U.S. Geological Survey [Mayo et al., 1979], a high
balance gradient β ∼ 0.01 a−1 was chosen for the model simulations. The modelled
1949-96 mass balance of Columbia Glacier suggests an ELA of ∼1000 m [Tangborn,
1997]. During the Little Ice Age glaciation in Alaska, ELAs were sometimes de-
pressed by 150 to 200 m below the present-day value of 1100 m [Calkin et al., 2001],
therefore the mean value of ELA=900 m was applied in the model to reproduce the
glacier advance.

5.3.5 Boundary conditions

The up-glacier model boundary is at the ice divide, so there is no ice flux into the
model domain; therefore, the ice velocity at the first gridpoint is set to zero and the
ice thickness at this gridpoint is extrapolated from the neighbouring points. At the
downstream end of the glacier, the calculated ice velocity at the terminus becomes
unrealistically high due to the large slope from the glacier surface to sea level. For
that reason, the terminus ice velocity was set equal to the ice velocity at the gridpoint
upstream from the last gridpoint.

To incorporate the two calving schemes into the model, two different boundary
conditions at the downstream end of the glacier are prescribed. For the flotation
model, the glacier thickness at the terminus cannot be less than a given limit Hc

which depends on the local water depth. Vieli et al. [2001] defined the critical thick-
ness Hc as a small fraction q0 of the flotation thickness plus the flotation thickness:

Hc = −ρw

ρi
(1 + q0)d, (5.8)

where d is the frontal water depth. For Columbia Glacier, q0 = 0.15 is suggested
by Vieli et al. [2001]. The position of the terminus, at each time step, is shifted to
the point where the ice thickness equals Hc. The actual position of the terminus is
determined by interpolating between values of two neighbouring gridpoints with
ice thickness larger and smaller than Hc. Thereafter, new gridpoints are defined to
fit the updated glacier length.

In the water-depth model the calving rate Uc is linearly related to the water depth
at the terminus.

Uc = αd. (5.9)

To simulate advance of Columbia Glacier, the coefficient α = 10 a−1 is used [Van der
Veen, 1995, figure 12]. The terminus position changes in response to the imbalance
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Figure 5.5: Forward movement of the growing moraine shoal in front of the glacier.

between the ice velocity and the calving rate [Meier, 1994, 1997], as follows:

dL
dt

= U f −Uc, (5.10)

where L is the glacier length. At each time step, the position of the terminus is
obtained from the ice velocity at the terminus, U f , minus the calving rate.

5.3.6 Sediment model

There are several processes which regulate the growth and collapse of the sedimen-
tation pile at the glacier front: glacial debris deposition, glaciofluvial sediment de-
position, bed deformation, calve dumping, etc. [Hunter et al., 1996a]. Considering
these processes, it is reasonable to assume that the deposition rate is largest at the
glacier front and drops off smoothly with distance away from the glacier front [Oer-
lemans and Nick, 2006]. A moraine shoal is assumed at the glacier front, which
moves forward with the advancing front. The sediment supply is continuous and
the volume of the shoal increases over time. The height of the shoal along the flow
line is described as:

s(x) =

[
0 x < L− a
x−(L−a)

a2 × e
(x−(L−a))

a Q(t) x > L− a
(5.11)

where a = 300 m determines the shoal width, chosen to provide a reasonable ge-
ometry for the moraine shoal (Fig. 5.5). Admittedly, this value is not supported by
any observational evidence or theoretical study. Q(t) is the total amount of sedi-
ment along the flow line supplied by the advancing glacier. This amount varies with



5.4 Model experiments 91

0

10

20

30

40

50

60

70

0 50 100 150 200 250 300

Water depth model
Flotation model

G
la

c
ie

r 
le

n
g
th

 (
k
m

)

Time (yr)

Coastline

Figure 5.6: Evolution of the glacier length with time. Formation of moraine shoal is not
considered in the model.

glacier length and time:

Q(t) =
∫ t

0
q× Ldt, (5.12)

in which q is the average erosion rate under the glacier; the value q = 4 mm a−1 is
used which is in the range of values obtained from moraine banks in Glacier Bay,
Alaska [Hunter et al., 1996b].

As the glacier front terminates into water, at each time step, a new bed profile is
determined by adding s(x) to the original bed profile (Fig. 5.4a). Taking into account
that the last part of the fjord is a moraine shoal which has been made during the
glacier advance, the modified bed elevation cannot become higher than the original
bed profile at the last part of the fjord where the water depth is less than 60 m.

5.4 Model experiments

A series of simulations was conducted to assess whether the formation of a proglacial
moraine bank is a necessary condition for advance of Columbia Glacier into its deep
fjord.
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Figure 5.7: Glacier surface profile at maximum extent, simulated by the flotation model
(dashed line) and the water-depth model (solid line). Sedimentation is not included.

5.4.1 Glacier advance without moraine bank

The simulation starts from ice-free conditions; a large surface mass balance, ELA =
100 m in Equation (5.7), forces the glacier to grow and advance into the fjord. This
unrealistic low value for ELA is chosen to provide an extreme positive mass balance
to produce the glacier’s greatest extent. Figure 5.6 presents the evolution of glacier
length over time simulated by the water-depth model (solid line) and the flotation
model (dashed line). For both model formulations, the glacier grows and reaches a
maximum extent. Corresponding surface profiles at maximum extent are depicted
in Figure 5.7. As the glacier terminus advances into deep water, the calving flux
increases and balances forward movement of the terminus associated with ice flow,
prohibiting further glacier advance. The maximum glacier extent is greater in the
water-depth model than the flotation model. In the flotation model, when the termi-
nus encounters deeper water, the frontal thickness is not large enough to satisfy the
flotation criterion and, therefore, the terminus retreats and does not advance as far
as in the water-depth model.

Neither of the model formulations allow the glacier to advance into water with
a depth greater than ∼ 300 m, and reach the end of the fjord. This suggests that
irrespective of the calving criterion and surface mass balance, to allow the terminus
of a tidewater glacier to advance the full length of the fjord, either the fjord must be
comparatively shallow (less than ∼ 300 m water depth), or sedimentary processes
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Figure 5.8: Evolution of the glacier surface, including sedimentation, during the advance for
the water-depth model (a) and the flotation model (b). The moraine shoal grows and moves
forward as the glacier advances. The time interval between profiles is 20 years.

must play a role.

5.4.2 Glacier advance with moraine bank

The next experiments are performed by incorporating sediment transport and de-
position into the ice-flow model. Glacier advance is initiated by applying a more
realistic ELA = 900 m (mean value during the Little Ice Age) in the surface mass-
balance function. An average erosion rate, q = 4 mm a−1, is used in the sediment
model. The evolution of the glacier surface during the advance phase for the water-
depth model and the flotation model, is shown in Figure 5.8a and 5.8b, respectively.
The time interval between profiles is 20 years. Advance into deeper water becomes
possible because the sediment shoal (grey outgrowths on the bed topography, Fig.
5.8) reduces water depth and restricts calving. The glacier starts advancing when
sedimentation at the terminus reduces the local water depth to around 250 to 300
m. Figure 5.9 illustrates the glacier length variation over time. While the glacier is
advancing, the calving front reaches deeper water, leading to higher calving flux and
slower advance. Where a basal depression (at 49 km and 51 km, Fig. 5.8) is present,
the glacier advances very slowly or remains in steady state until the depression is
filled with sediment and water depth decreases sufficiently to allow the terminus to
advance again. For the chosen α = 10 a−1 and q0 = 0.15, glacier advance in the
flotation model (dashed line) is slightly slower than in the water-depth model (solid
line) because a somewhat higher moraine bank (smaller water depth) is required to
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Figure 5.9: Simulated evolution of glacier length over time, assuming a moraine shoal in
front of the glacier.

satisfy the flotation criterion.

5.4.3 Sensitivity of the model results

Additional model runs with different average erosion rates are performed to exam-
ine the sensitivity of the modelled glacier to the amount of sedimentation (Fig. 5.10).
In all runs ELA=900 m is specified. Varying the sediment rate has a substantial effect
on advance rate, as would be expected: higher sedimentation (q=8 mm a−1) reduces
water depth in a shorter time, so calving rate decreases faster and the glacier can
advance more rapidly (dotted line), whereas a lower sedimentation rate (q=2 mm
a−1) leads to a slower advance (dashed line). In both cases, however, the terminus
reaches the end of the fjord.

To examine the sensitivity of the modelled glacier to climate change, the model
is run with a warmer climate (ELA=1100 m, corresponding to the present climate)
and a cooler climate (ELA=700 m). The same average erosion rate, q=4 mm a−1, is
used. Modelled advance for different runs is illustrated in Figure 5.11 and show that
advance rates during the rapid and slow phases are not changed significantly by
the ELA, but the onset of these phases is shifted in time. As the terminus advances
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Figure 5.10: Glacier length sensitivity to the average erosion rate.
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Figure 5.12: Position of the glacier front along its margins in Columbia Bay, obtained from
tree-ring data. The arrows show the location of the steady state.

into deeper water (> 250 m), the glacier becomes relatively insensitive to climate
change. From this we conclude that climate forcing had smaller effect on the advance
of Columbia Glacier than the formation of the moraine bank.

5.4.4 Simulating the observed advance

Figure 5.12 illustrates the terminus position reconstructed from tree ring data along
the west and east margins of Columbia Fjord [Kennedy, 2003]. Glacier advance
started in the mid AD 1000s, experienced a stand still at 61 km, or possibly retreat,
from ∼ AD 1450 to AD 1750 (arrows in Fig. 5.12), followed by another advance to
the maximum extent reached at ∼ AD 1800. At 61 km, the glacier advances over
a bed that shallows along the flow line, therefore decreased calving would be ex-
pected. Making a steady terminus position at this location, or even terminus retreat,
is rather unlikely (chapter 3). According to our model simulations, an external mech-
anism must have temporarily halted glacier advance at this location. The cause of
the inferred phase of steady terminus position is unknown but could be related to
climate forcing or to a change in proglacial sedimentation.
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Figure 5.13: (a) Columbia Bay tree-ring chronology through the last 1400 years. The bold
line is made by the weighted curve fitting method. The shaded bars indicate the cool in-
tervals around AD 1400, 1600, and 1870 (Wiles, personal communication, 2005). (b) Glacier
length simulated with the water-depth model. Mass balance forcing is proportional to tree-
ring width variation.
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Figure 5.14: Map of Columbia Fjord. Numbers indicate the distance from the head of the
glacier along the central flow line. Arrows show approximate directions of the sediment
movement.

First modelling attempts to produce the observed terminus behaviour involved
climate forcing. Maintaining a stationary terminus at 61 km for a period of 300 years
requires a substantial increases in ELA around AD 1400 followed by a lowering of
the ELA after about two centuries. This would indicate that the glacier experienced a
very warm climate starting around AD 1400. However, the available climate record
for this region spanning the last millennium indicates a cool period around AD 1400
[Barclay et al., 1999; Wiles et al., 2004]. Figure 5.13a represents the tree-ring chronol-
ogy of Columbia Bay; a large mean ring-width indicates high growth rate, and is
interpreted as favourable climate conditions. Therefore, a decrease in ring-width
is consistent with cooling conditions. The record shown in Figure 5.13a suggests
colder climate conditions during the 15th century, which is opposite to the warming
required to maintain the terminus at 61 km. The water-depth model is run by ap-
plying a climate forcing proportional to the tree-ring width. The experiment is done
for different constant of proportionality between ELA and the tree-ring width. The
simulated glacier length does not show any steady state around 61 km and is also
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Figure 5.15: Simulated glacier length with the water-depth model, The arrows mark the
steady state due to lateral diversion of sediments.

insensitive to the constant of proportionality (Fig. 5.13b). Consequently, observed
behaviour of the glacier terminus between AD 1400 and 1700 is unlikely a result of
climate change.

The observed steady state might occur due to a substantial change in height of
the moraine bank when the glacier reached a length of almost 60 km. Inspection of
the geometry of the fjord (Fig. 5.14) suggests that part of the sediment may initially
have been diverted into the open areas along both margins. Arrows in Figure 5.14
illustrate possible directions for the sediment transport. This lateral transport would
have resulted in a reduction of the shoal height and consequently an increase in calv-
ing rate, temporarily halting glacier advance. The terminus remained at this location
until the height of the sediment shoal increased sufficiently to reduces calving rate.

Figure 5.15 shows the modelled glacier length using the water-depth model with
ELA=900 m and q=4 mm a−1. Assuming the total amount of sediment, Q in Equa-
tion (5.11), decreases about 50% at 60 km due to lateral diversion, the glacier stops
advancing around AD 1400 (arrows in Fig. 5.15) and the terminus position remains
steady or retreats slightly until the shoal becomes high enough to reduce calving
and allow further glacier advance. The results qualitatively agree with the observed
terminus positions shown in Figure 5.12.
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Another possible explanation is that the glacier bed topography was different
during the glacier advance. Existence of any basal depression around 61 km would
provide a steady state phase until the glacier builds a large enough moraine bank to
decrease water depth and advance further. It is possible that a part of the moraine
bank, which filled the basal depression, was not excavated during the glacier ad-
vance, therefore the observed bed topography at this location shows an upward
slope instead of a basal over-deepening.

5.5 Discussion and Conclusions

The present model study indicates that the terminus of a tidewater glacier cannot
advance into water deeper than ∼ 300 m unless sedimentation at the glacier front is
included. This finding configures earlier suggestions concerning the importance of
proglacial sedimentation in allowing tidewater glaciers to advance down the fjord
[e.g., Post, 1975; Powell, 1991]. Irrespective of the accumulation rate and the calving
criteria (the water-depth model or the flotation model), it is impossible to reproduce
glacier advance into deeper water.

We incorporated a simple sediment transport scheme into the numerical ice-flow
model. As the glacier advances, the sediment bank at the calving front is pushed
forward in a conveyor-belt fashion, with the bank size continually increasing due to
addition of sediments eroded upglacier and transported to the terminus. The model
simulations show that the glacier can advance only if sedimentation at the glacier
front reduces the local water depth to around 250 to 300 m.

The observed advance of Columbia Glacier is qualitatively reproduced by pre-
scribing a constant mass balance and varying sediment bank height in front of the
terminus. Comparison of model experiments with the climate record for the last mil-
lennium indicates that major changes in glacier advance (300 years of near steady
terminus position halfway in the fjord) are unlikely related to climate change. The
advance of Columbia Glacier is largely the result of the formation and evolution of a
terminal moraine rather than changes in climate. These findings suggest that during
the prolonged phase of advance down the fjord, the response of a tidewater terminus
to climate change may be of secondary importance compared to the rate of growth
and migration of a terminal moraine. Therefore, it is important to understand and
consider these processes when interpreting glacier behaviour as indicator of climatic
fluctuations.

Van der Veen and Whillans [1993] showed that less than 20% of the flow resis-
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tance of Columbia Glacier is due to the lateral drag and gradients in longitudinal
stress. Therefore we did not include longitudinal stress gradients and lateral drag in
our model. It should also be noted that we did not account for potential restraining
forces associated with the sedimentation bank [Fischer and Powell, 1998]. For fur-
ther refinement it is necessary to obtain data which reveal the possible shape and size
of the moraine shoal, and how this shoal affects the forward motion of the glacier.

Two calving models were implemented into the ice-flow model as a lower bound-
ary condition, one based on the correlation between water depth and calving rate,
the other on the flotation criterion proposed by Van der Veen [1996] in which the
terminus retreats to where the frontal thickness is greater than the flotation thick-
ness by a prescribed amount. Both models yield similar glacier behaviour. With the
presently available data for the advance of Columbia Glacier, it is not possible to
decide unambiguously in favour of either of these models.

The detailed history of the terminus of Columbia Glacier terminus at the end of
the fjord is rather complex with small advances and retreats occurring in the late
1800s and early 1900s [Gilbert , 1904; Grant and Higgins, 1913]. The reason that the
advance of Columbia Glacier was prevented at Heather Island might be linked to
climate fluctuations or to the geometry of the bay behind the island. In this study
we did not investigate under what conditions the glacier stopped advancing and,
instead, assumed a rapid increase in water depth beyond the fjord (which effectively
prevents the terminus from advancing further). More detailed investigations con-
cerning processes that may have halted advance and initiated retreat requires more
complete data including high-resolution climate history, sedimentation rate, and the
bathymetry of Columbia Bay.
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Summary and Outlook

More than half of the annual mass transfer from whole cryosphere to the world’s
oceans occurs through calving [Church et al., 2001]. Uncertainties in predicting fu-
ture sea level are partly caused by a lack of knowledge of the behaviour of calving
glaciers. A better understanding of the factors that control the response of calving
glaciers to climate change is needed to interpret the past or predict the future be-
haviour of these glaciers in a warmer climate.

Over the past years, interest in the response of calving glaciers to climate change
has increased considarably. Many observational and modelling studies have been
carried out to investigate the dynamics of the calving process and the associated re-
sponse of the glacier terminus [e.g., Iken, 1977; Sikonia, 1982; Hughes, 1992; Van
der Veen, 1996; Vieli et al., 2001]. It has been suggested that calving glaciers are
inherently unstable showing a periodic advance and retreat that may be nearly inde-
pendent of climate. The cycle of slow advance and rapid retreat of calving glaciers
is mainly a function of fjord geometry [Mercer, 1961], water depth at the glacier ter-
minus [Brown et al., 1982], and sedimentation at the glacier front [Powell, 1991].
The observed differences in behaviour of neighbouring glaciers show that their ter-
minus behaviour is basically the result of internal dynamics rather than climatic
changes. However, Viens [1995] shows that climate acts as a first-order control on
the advance/retreat cycle by placing limitations on glacier advance and determining
where the terminus reaches an equilibrium state during retreat. Hence, the diverse
behaviour of calving glaciers is a result of both internal dynamics and climate.

In this thesis the dynamics of tidewater glaciers (temperate grounded calving
glaciers) and the involved processes such as iceberg calving, basal sliding, and progl-
acial moraine bank are investigated. A numerical ice-flow model is developed, which
simulates the rapid retreat and slow advance of tidewater glaciers very well.

In chapter 2, we propose a simple, highly parameterized model of a calving
glacier; the minimal model. The change in glacier length is determined by the to-
tal change in the mass budget (surface balance and calving flux) only and not by
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the details of the glacier profile and the related velocity field. We conclude that the
details of the glacier profile or velocity field are less important than the bed profile
and the relation between the water depth and the calving rate.

To construct a time-evolving numerical model that simulates the behaviour of
calving glaciers, it is necessary to formulate realistic calving boundary conditions.
Empirical studies provide two different calving schemes, the flotation and the water-
depth model. In chapter 3, we introduce two numerical ice-flow models using the
water-depth and the flotation scheme. The two ice-flow models are compared with
the minimal model by simulating advance and retreat of tidewater glaciers using an
idealised bed geometry. The results show that any model in which the loss of ice at
the glacier front increases with water depth shows qualitatively the same behaviour
when a submarine undulation is present in the basal topography. In all three models
the presence of steady states depends significantly on the bed geometry. The equi-
librium branches include only the terminus positions on the downward slopes of the
bed only. Steady states are not found for upward slopes. We show that although the
flotation model is capable of simulating retreat and advance of the glacier across a
bed depression, it does not allow development of a large glacier terminating in very
deep water. Thus, this model is not capable of simulating a full cycle of glacier length
variations.

In chapter 4, the water-depth and the flotation models are applied to Breidamerk-
urjökull, a large tidewater glacier in Iceland. We simulate the advance of the glacier
from no ice to its maximum length, followed by a retreat into a tidal inlet, which was
excavated during the glacier advance. The results indicate that the flotation model
is not capable of producing the observed glacier retreat into deep water very well,
whereas the water-depth model reproduces a glacier evolution identical to obser-
vation. We conclude that the flotation model may be able to reproduce the glacier
length variations better than the water-depth model but only for glaciers that termi-
nate in shallow water, corresponding with results from Vieli et al. [2001]. For glaciers
terminating into very deep water, we recommend the water-depth model as a tool
to represent the glacier’s behaviour.

A major new contribution of our modelling study is the construction of a glacier
model including sediment dynamics (chapter 5). This model simulates the advance
of Columbia Glacier assuming a growing moraine shoal at the terminus. A series of
simulations is carried out with various boundary conditions and parameterizations
of the annual mass balance. The results indicate that the sedimentation recycling
and the formation of a proglacial moraine bank is a necessary condition for advance
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of the terminus of a tidewater glacier. Modelling results on Columbia Glacier sug-
gest that during the prolonged phase of advance down its fjord, the response of the
glacier terminus to climate change may be a secondary importance compared to the
rate of growth and migration of a terminal moraine.

To draw robust conclusions about effect of climate on the behaviour of tidewa-
ter glaciers and the importance of sediment recycling in the life-cycle of tidewater
glaciers, the model should be applied to different tidewater glaciers. Modelling and
observations should be combined to further improve our understanding of these
glaciers. In the following paragraphs a few aspects are discussed to improve the
model performance to simulate the behaviour of tidewater glaciers.

Our model can be further improved by incorporating longitudinal stress gradi-
ents and lateral drag. For glaciers that are laterally bounded by rock walls, lateral
drag may partially balance the driving stress. This effect can be taken into account
by introducing a shape factor [e.g., Nye, 1965; Bindschadler, 1983]. So far no attempt
has been made to illustrate how gradients in longitudinal stress may affect the large-
scale flow of a glacier. These stresses can be incorporated in the model [Van der Veen,
1986]. Applying this model to existing glaciers and comparing the model predictions
with observations can determine the skill of the model and will guide further model
improvement.

Sediment recycling and proglacial deposition occur on many tidewater glaciers.
In this study, we incorporated a simple sediment transport scheme into the numer-
ical ice-flow model. The model experiments demonstrated that the feedback be-
tween the proglacial sediment bank and calving rates leads to a strongly non-linear
response to climate forcing. Further investigation requires a more realistic repre-
sentation of subglacial sediment and sediment transport. To incorporate this in the
model, particular observations are required of for example:

• Subglacial and marginal sediment fluxes.

• A survey of past moraine banks and ice marginal configurations.

• Characterisation of the bed by conducting a ground-penetrating radar survey.

• Sediment cores in fjords and sea to identify past basal characterisation.

These measurements will yield useful constraints for glacier-sediment modelling.
Validation of the glacier-sediment model calls for more data sets on histories of calv-
ing glaciers and records of past climate. Moreover, accurate measurements of the
ice velocity and elevation of the glacier surface and the glacier bed, and of glacier
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geometry are necessary to identify the controlling processes and enhance the model
prediction.

Applying the modified model to tidewater glaciers for which wealth of data are
available, such as Columbia Glacier, will provide substantial information about the
dynamical properties of tidewater glaciers. The data set for Columbia Glacier doc-
uments the period prior to initiation of retreat as well as the retreat. These obser-
vations can be used in the model to investigate the possible causes for the recent
glacier retreat. Accordingly, it can be determined whether the rapid retreat of these
glaciers has been initiated by a period of negative mass balance or whether was ini-
tiated internally. The lessons learned from studying these glaciers can be extended
and applied to other glaciers.
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Samenvatting

Meer dan de helft van het massatransport van de gletsjers en ijskappen naar de
oceanen wereldwijd gebeurt door middel van kalven. Dit proces is het afbrokkelen
van kleine tot tientallen kilometers grote stukken ijs van gletsjers die uitmonden in
het water. Over kalven en de bijdrage ervan aan de huidige zeespiegelstijging is nog
relatief weinig bekend. Een betere kennis van de factoren die belangrijk zijn voor
kalvende gletsjers in een variabel klimaat is genoodzaakt om inzicht te krijgen in
het gedrag van deze gletsjers. Hierdoor kunnen we de waargenomen veranderin-
gen uit het verleden beter interpreteren en bovendien toekomstige veranderingen
nauwkeuriger voorspellen.

De aandacht voor het effect van klimaatverandering op kalvende gletsjers is de
laatste jaren aanzienlijk toegenomen. Een redelijk aantal recente waarnemingen en
modelstudies zijn gericht op bijvoorbeeld de dynamica van het kalven en de ve-
randerende positie van de gletsjertong. Karakteristiek aan kalvende gletsjers is de
cyclus in lengteverandering, waarin een langzame groei wordt gevolgd door het re-
latief snel terugtrekken van de gletsjertong. Enkele studies suggereren dat kalvende
gletsjers instabiel zijn, waardoor ze in lengte kunnen variren onafhankelijk van ve-
randeringen in het klimaat. Belangrijk voor de cyclus in lengte zijn de vorm van
het fjord, de waterdiepte en de mate van sedimentatie aan het einde van de glet-
sjer. Deze processen verklaren voor een belangrijk deel de waargenomen verschillen
tussen naburige gletsjers die uitmonden in water. Andere studies daarentegen laten
zien dat het lokale klimaat een grote invloed op een kalvende gletsjer uitoefent door
beperkingen te leggen op de groeisnelheid en bepalend te zijn tot waar de gletsjer
zich terugtrekt. Uit deze argumenten concluderen we dat het complexe gedrag van
kalvende gletsjers het gevolg is van zowel de interne dynamica als van het klimaat.

Dit proefschrift beschrijft de dynamica van kalvende gletsjers als gevolg van
de bovengenoemde factoren. Er wordt voornamelijk gebruik gemaakt van een nu-
meriek ijsstromingsmodel dat rekening houdt met onder andere het glijden van het
ijs over de bodem, de vorming van morenes (wallen) van sediment, de geometrie
van het gletsjerdal en klimaatveranderingen.
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In eerste instantie gebruiken we een veel eenvoudiger model om meer inzicht te
krijgen in de dynamica van kalvende gletsjers. We vinden in deze modelsimulaties
dat het bodemprofiel van de gletsjer cruciaal is voor een nauwkeurige weergave van
de werkelijkheid, evenals de relatie tussen de waterdiepte en de mate van kalven.
Het bodemprofiel van specifieke gletsjers kan worden gevonden door metingen,
maar voor de relatie tussen de waterdiepte en het kalven moet gebruik gemaakt
worden van empirisch gevonden relaties. Een test van twee van deze relaties de
water-depth en flotation criteria in het numerieke ijsstromingsmodel geeft aan dat
de onderlinge kwalitatieve verschillen niet groot zijn voor een typisch bodemprofiel,
doordat ze beide de kalfsnelheid laten toenemen met de waterdiepte. Zelfs als ge-
bruik wordt gemaakt van het eenvoudige model blijkt dat het plaatsvinden van
steady states (evenwichtstoestanden) met name afhankelijk is van het bodemprofiel.
Hoewel beide kalfcriteria in staat zijn een gemodelleerde gletsjer te laten groeien
en terugtrekken over een dal in de zeebodem blijkt alleen de water-depth relatie in
staat te zijn de gletsjer in diep water te laten eindigen. Hierdoor is deze relatie beter
geschikt om een realistische cyclus van lengteverandering te kunnen produceren van
een gletsjer die in diep water eindigt. We hebben het model met beide kalfrelaties
toegepast op de Breidamerkurjkull, een grote kalvende gletsjer in IJsland waarvan
de meest recente lengteveranderingen bekend zijn. Deze simulatie bevestigt dat de
water-depth relatie beter geschikt is voor diep water dan de flotation relatie.

Een belangrijk nieuw aspect van onze modelstudie is het toevoegen van een sedi-
mentparametrisatie. Hierdoor vormt er voor de gletsjer een sedimentwal van opges-
tuwd verpulverd gesteente die de effectieve waterdiepte verkleint en hierdoor het
kalven vertraagt. Deze toevoeging is een vereiste in het nauwkeurig modelleren
van de groei van sommige kalvende gletsjers. Dit is gebleken uit het toepassen
van het model op de Columbia gletsjer in Alaska, gebruik makend van verschei-
dene randvoorwaarden en klimaat-afhankelijke parametrisaties van de oppervlakte-
massabalans. De modelsimulaties laten tevens zien dat gedurende de groeiperiode
van de gletsjer de groei en beweging van een morene van groter belang kunnen zijn
voor de gletsjerlengte dan klimaatverandering.
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