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We report a numerical study of the structure and phase behavior of a model for a triblock-copolymer
solution. The aim of this study is to investigate the nature of the dense micellar phase that can form
in such systems. The simulations were performed on a lattice model for PEO
~poly~ethylene-oxide!!–PPO~poly~propylene-oxide!!–PEO polymers. At high volume fractions, the
structure factor of the amphiphile–solvent system can be mapped onto that of a monodisperse
hard-sphere fluid. Yet, a low-density hard-sphere model cannot account for the properties of the
dilute micellar solution. Moreover, direct inspection of the snapshots of the suspension show that
these model triblock-copolymer micelles are neither hard, nor spherical, nor monodisperse.
© 2004 American Institute of Physics.@DOI: 10.1063/1.1649730#

I. INTRODUCTION

When a block copolymer is mixed with a liquid that is a
good solvent for one of its constituent monomers, but not for
the other, the polymer can assemble into mesoscopic struc-
tures, such as micelles, lamellae, or hexagonal phases. Be-
cause of this ability to self-assemble into nanoscale struc-
tures, block copolymers are used as an ingredient in a variety
of industrial and pharmaceutical compounds. A particularly
interesting class of block copolymers are the PEO–PPO–
PEO triblock copolymers~better known under the commer-
cial name of ‘‘Pluronics’’!. These molecules owe their am-
phiphilic character to the fact that the central
poly~propylene-oxide! @PPO# block is more hydrophobic
than the terminal poly~ethylene-oxide! @PEO# blocks. And,
unlike short surfactant molecules, the hydrophobicity of the
middle block increases continuously as the temperature is
increased. As a consequence, the phase diagram of the aque-
ous solution of Pluronics shows a stronger dependence on
temperature than on concentration. This is one of the reasons
why Pluronics solutions have been studied extensively with a
variety of experimental techniques.1–3

Mortensen6 has reported systematic small-angle neutron-
scattering experiments of a number of pluronics, including
an aqueous solution ofEO25PO40EO25 ~commercial acro-
nym ‘‘P85’’ !. With increasing concentration and temperature,
this system forms spherical micelles. The experiments
clearly show that these micelles are dynamical objects~they
can exchange polymer chains with the solvent!, yet the struc-
tural properties appear to be those of a hard-sphere fluid. In
fact, the micellar solution even appears to undergo a hard-
sphere freezing transition at a micellar volume fraction of
47%. The volume fraction of the coexisting micellar crystal
is 53%. These numbers are quite close to those of pure hard
spheres~respectively, 49.4% and 54.5%!. This finding is sur-
prising because, on a microscopic scale, the micelles do not

resemble hard spheres. The experiments suggest that, while
the micellar liquid is structurally identical to a hard-sphere
liquid, the crystalline phase that forms is qualitatively differ-
ent from a hard-sphere crystal. In fact, the scattering experi-
ments suggest that the ‘‘crystal’’ phase has long-ranged bond
order, but no long-ranged translational order. The ordered
phase should therefore be called cubatic, rather than
cubic.4,5,7The behavior observed for P85 is, presumably, rep-
resentative for a larger number of PEO–PPO–PEO triblock
copolymers~be it that the structure of the ordered phase can
be either fcc-like or bcc-like, depending on the length of the
PEO tails!.

The aim of the present paper is to gain a better under-
standing of the nature of dense micellar solutions of triblock
copolymers. In particular, we wish to investigate to what
extent the micelles are hard-sphere-like in their individual
and collective behavior.

As a fully atomistic simulation of the phase behavior of
a system consisting of hundreds of micelles in aqueous so-
lution is ~at present! prohibitively expensive, one of our aims
is to develop a simple, coarse-grained lattice model that can
reproduce the structural properties of a micellar liquid of
triblock copolymers.

II. COARSE-GRAINED MODELS

Several authors have used self-consistent-field~SCF!
theory to model pluronics–water mixtures.8–12 In this ap-
proach it is assumed that the polymer self-assembles into an
aggregate with a fixed geometry~e.g., spherical or cylindri-
cal!. The free energy of the aggregate and its structural prop-
erties can then be calculated within the mean-field approxi-
mation. Predictions of the phase behavior can be made using
the SCF model. A disadvantage of this method is that the
calculations are based on an equilibrium between an isolated
aggregate and a homogeneous polymer–solvent mixture.
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Fluctuations of the individual micelles are not considered
and interactions between aggregates are accounted for in a
rather crude manner. The method is therefore less suited to
study the collective behavior of systems containing many
fluctuating micelles.

In order to proceed beyond the mean-field approxima-
tion, one can make use of several direct simulation
techniques.13,14 A variety of coarse-grained models have
been developed to simulate surfactant and block copolymer
systems on length scales that are far larger than can be simu-
lated using atomistic models. Among these coarse-grained
models, lattice models have the advantage that they are suf-
ficiently cheap to allow the modeling of systems, containing
many hundreds, or even thousands, of chains. For this rea-
son, there is an extensive literature on simulations of lattice
models for copolymer systems. The majority of these papers
deal with AB diblock chains, where theA block is hydro-
philic ~or, more generally, ‘‘solvophilic’’! while interactions
between the solvent and theB block are less favorable.15–32

Triblock copolymer–solvent systems~either ABA or BAB!,
have been the subject of a smaller number of simulation
studies.33–36

In the context of the present study, the simulations by
Kim and Jo of anABA system35 are of direct relevance.
Using grand canonical Monte Carlo simulations in combina-
tion with a multiple histogram method these authors investi-
gated the micellization process ofABA and BAB block co-
polymers. In particular they showed that the block length of
the less solubleB block determines the critical micelle con-
centration of the system, and the shape and aggregation num-
ber of the micelles. Our study is largely complementary to
that of Kim and Jo, as we are primarily interested in the
high-density behavior well above the critical micelle concen-
tration ~CMC!.

The remainder of this paper is organized as follows: in
the next section, we describe in some detail the choice of the
model parameters and simulation method that we used. Next,
we present the simulation results for a modelABAchain, first
of all concentrating on the low concentration regime, where
the system consists of noninteracting micellar aggregates.
Subsequently, we consider the behavior at higher concentra-
tions. As in the experiments, we attempt to analyze the struc-
tural properties of these dense micellar systems in terms of
the hard-sphere structure factor.

III. SIMULATION METHODS

A. Model

In our simulations, we considered a coarse-grained
model forABA triblock copolymers. The polymer consisted
of a central block ofNB B segments and two endA blocks of
NA segments. In the present simulations, we choseNA5NB

56. Clearly, this number of segments is much less than the
number of monomers in a real PEO–PPO–PEO chain, in
other words: a segment represents a Kuhn length, rather than
a monomer. We chose this model~and the interaction param-
eters described below! because it is one of the simplest sys-
tems that gives rise to the formation of multichain micelles at
concentrations similar to those used in experiments. More-

over, Milchev and Binder37 have shown that diblock copoly-
mer systems can be modeled by lattice polymers that contain
as few as four segments.

In the model, the chain segments only interact with their
nearest-neighbor lattice sites~lattice coordination numberz
56). The total energy of the system is defined by the three
contact energieseAS, eBS, and eAB . As default values for
these interaction parameters we use the following set of val-
ues:eAS50, eBS5eAB5e50.8. All interaction energies are
expressed in units of the thermal energykBT. Hence the
interaction energies given actually correspond toe/kBT.
These values were chosen after conducting some test runs
with different interaction values. The valuee50.8 leads to a
critical micelle volume fraction of the order of 1022, which
is comparable to values for nonionic triblock copolymer
systems.38 In the results section, we discuss in some detail
the effect of different interaction parameters on the proper-
ties of the system.

The simulations were performed on a cubic lattice con-
sisting ofL3 lattice sites. Periodic boundary conditions were
applied in all three directions. No two segments could oc-
cupy the same lattice site. Empty lattice sites represented the
solventS ~i.e., the solvent was assumed to be incompress-
ible!. The total number of~polymer! segmentsNs is given by
Ns5NP3(2NA1NB) and the overall polymer volume frac-
tion f is f5Ns /L3.

B. Monte Carlo moves

The simulations were initiated by placing the chains on
the lattice in random conformations. The system was then
allowed to equilibrate, using standard Monte Carlo moves
for lattice chains.30,32,39 We used five different kinds of
moves to generate new configurations with the following
typical weights: end segment kink flip~7%!, middle segment
kink flip ~23%!, reptation ~40%!, crankshaft move~25%!,
Brownian move ~5%!. These frequencies were changed
slightly as a function of volume fraction to ensure optimal
efficiency. At high volume fraction especially the Brownian
motion move becomes very inefficient. The acceptance or
rejection of a new configuration was determined using the
standard Metropolis acceptance criterion.40

In order to keep track of the relaxation ‘‘dynamics’’ of
the system we introduce, somewhat arbitrarily, a Monte
Carlo ‘‘time scale.’’ We chose our Monte Carlo time unit to
correspond to ten trial moves per polymer segment.

C. Structural analysis

In order to identify aggregates, such as micelles, we as-
sume that two chains belong to the same aggregate if at least
one~hydrophobic! B segment on one chain is adjacent to aB
segment on the other chain. Using this criterion, we can de-
termine the ~normalized! aggregate-size distribution
P(Nagg), whereNagg is the aggregation number.

In addition, we locate the center of mass of each aggre-
gate, and we compute the principal moments of inertiaI 1 ,
I 2 , and I 3 with respect to this center of mass. In what fol-
lows, we order the components of the inertia tensor such that
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I 1<I 2<I 3 . Following Ref. 32, we introduce a single param-
eter as ~the asphericity parameter! to quantify the shape of
an aggregate:

as5
~ I 12I 2!21~ I 12I 3!21~ I 22I 3!2

1

2
~ I 11I 21I 3!2

. ~1!

In order to gain insight in the average structure of the aggre-
gate, we can compute the radial density distribution of seg-
ments within an aggregate.

When simulating equilibrium properties of a system, the
computed properties should be averaged over many fluctua-
tion ‘‘times.’’ We therefore need to estimate a characteristic
relaxation time of the system. In order to do this we intro-
duce two probabilities:Pc(t,t) andPu(t) ~the superscriptsc
andu stand for conditional and unconditional!. Pu(t) is de-
fined as the probability that, at timet, two randomly chosen
chains belong to the same aggregate.Pc(t,t) is defined as
the probability that two chains that were in the same aggre-
gate at timet2t still belong to the same aggregate at timet.
This allows us to define a relaxation functionf (t) as

f ~ t !5 K Pc~t,t !2Pu~t!

12Pu~t! L
t

. ~2!

Clearly, f (t)51 for t50, andf (t)50 for t→`. The decay
time of the functionf (t) is a measure of the time scale on
which exchange takes place of chains between aggregates.

D. Radial distribution functions

At high volume fractions the analysis based on indi-
vidual aggregates is less informative. Experimentally, the
structure of the dense micellar systems is usually studied
using scattering techniques. The measured scattering intensi-
ties are directly related to the Fourier transform of the radial
distribution function of the scattering density. This distribu-
tion function measures both intra- and intermolecular corre-
lations. To disentangle both contributions, it is usually nec-
essary to make an assumption about the shape~more
precisely, the form factor! of the scatterers. For instance, it is
often assumed that the form factor of micelles that is mea-
sured at low densities is unchanged as the density is in-
creased. In contrast, in simulations no such assumptions are
needed. Thus simulations allow us to test some of the as-
sumptions that are used to extract information about the mi-
cellar structure factor from experimental scattering data.

E. Chemical potential

All simulations presented here were performed at con-
stantNs , V, andT. To determine the chemical potential of
the amphiphile chains we used a test chain insertion method
~the Widom method!.41,42 Random conformations of a~non-
self-avoiding! chain are generated and inserted into the sys-
tem. However, at higher volume fractions, this method fails
because of the low probability of accepting a trial insertion.
As an alternative, we use a test-particle insertion method
based on the Rosenbluth algorithm45 to generate trial
conformations.42–44 In this algorithm, the Rosenbluth factor

W is computed for a large number of trial conformations. The
excess chemical potentialmex is related to the average value
of W:42

mex52 ln^W&. ~3!

The total chemical of the amphiphile chains is the sum of
this excess term and the ideal gas termm id5 ln NP /V, where
NP is the number of polymers in volumeV.

IV. RESULTS AND DISCUSSION

A. Aggregate size and shape

Using the interaction parameters discussed above (eAS

50, eBS5eAB5e50.8), we performed a series of simula-
tions. Figure 1 shows how the size distribution of the aggre-
gates changes with the polymer concentration. The different
curves represent different volume fractionsf ranging from
0.009 to 0.576. The number of chainsNP in the simulations
ranged from 500 to 4000. The smallest system size wasL
550 and the largestL5100.

In our analysis, we implicitly assume that the system
does not undergo a liquid-liquid demixing transition with
increasing density. This assumption is not completely obvi-
ous. In fact, Panagiotopouloset al.36 have studied the phase
behavior of a number lattice models for di- and triblock sur-
factant systems. They observed that these systems would ei-
ther phase separate or undergo a micellization transition, but
never both. The model that we use differs from the ones used
in Ref. 36~different coordination number! but, as we argued
above, this does not lead to qualitative differences in the
phase behavior. If this assumption is correct, then the results
of Ref. 36 suggest that the present system should undergo
micellization only. Indeed, even in the largest systems that
we studied, we never saw evidence for spontaneous demix-
ing. Moreover, the density dependence of the chemical po-
tential ~see Fig. 9 below! also suggests that the system does
not undergo a first-order phase transition.

At the lowest volume fraction considered in Fig. 1 the
aggregate size distributionP(Nagg) is a monotonically de-
creasing function ofNagg. There exist several ways to define
the critical micelle concentration~CMC!.31 We will use the
definition of Ruckenstein and Nagarajan46 who identify the

FIG. 1. Aggregate size distribution curves for anA6B6A6 triblock chain
with interaction parameterseAS50, eBS5eAB50.8. The amphiphile volume
fraction f for the various curves is:f50.009 ~a!; 0.021 ~b!; 0.072 ~c!;
0.288~d!; 0.432~e!; 0.576~f!.
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CMC with the concentration where the aggregate size distri-
bution exhibits a point of inflection. We find that the CMC
occurs aroundf'0.02. Above this CMC, the size distribu-
tion is approximately symmetric around the most probable
aggregation number. As the volume fraction increases, the
average aggregate size increases. This behavior is different
from that observed in most systems containing micelles of
small surfactants. There the number of micelles increases
above the CMC, but the~average! aggregation number re-
mains nearly constant. The strong dependence of the aggre-
gate size on the surfactant volume fraction that we observe is
surprising. It is tempting to speculate that other triblock co-
polymers may exhibit similar behavior. However, we did not
investigate this.

Figure 1 shows that, at higher concentrations, the distri-
bution function develops a tail. Abovef'0.5 an appreciable
fraction of the amphiphiles are incorporated in far larger
structures than the aggregates that are formed at low concen-
trations. The assumption that one can describe the system as
an assembly of polydisperse~small! micelles in equilibrium
with a low concentration of unimers, dimers, etc., breaks
down at these high volume fractions. Forf50.576~the larg-
est volume fraction shown in Fig. 1! the aggregate size dis-
tribution decays slowly to zero, with a few aggregates con-
taining more than 200 chains. Despite the presence of such
large aggregates, the aggregate-size distribution curve atf
50.576 still shows a~small! maximum at an aggregation
number of 23. At higher volume fractions (f50.7) one finds
a continuous distribution of sizes up to the maximum size
Nagg5NP , where all chains in the system belong to a single
aggregate~not shown in the graph!. Clearly, in this limit, the
system cannot be described as a collection of discrete aggre-
gates.

Figure 2 shows the relaxation functionf (t) defined by
Eq. ~2! for several of the volume fractions plotted in Fig. 1.
In principle, the Monte Carlo technique that we use to solve
the simulation model, provides only equilibrium information.
We have therefore not attempted to extract information about
the kinetics of our system. It is, however, necessary to check
whether the simulation runs are sufficiently long to provide a
representative sampling of the available configuration space.
As the amphiphile volume fraction increases beyond the
CMC, longer simulation times are needed for individual

chains to move from one aggregate to another. Simulation
runs of 33105 ‘‘time’’ steps were used to compute the data
presented in Fig. 1. This is significantly longer than the cor-
responding relaxation times of these systems.

Figure 1 provides information on the size~aggregation
number! of the aggregates only. Any two chains whoseB
blocks are direct neighbors of each other are assumed to
belong to the same aggregate. No further assumptions are
made about the shape of these aggregates. Information on the
~average! shape of the aggregates is given in Fig. 3. This
figure was obtained by analyzing the aggregates formed at a
volume fractionf50.576. At this high amphiphile concen-
tration aggregates exist over a wide size range. Their shapes
may, however, differ from the shapes of aggregates of similar
size at lower volume fractions. This will be studied below.
The rather large fluctuations that are seen at high aggregation
numbers are due to the fact that one is averaging over a
relatively small number of aggregates. In Fig. 3 the ratios
^I 1 /I 2& and^I 2 /I 3& of the principal moments of inertia have
been averaged for each aggregation number. We could also
have plotted the ratios of the average moments of inertia,
^I 1&/^I 2& and^I 2&/^I 3&, but this does not result in a qualita-
tively different picture. At low aggregation numbers the ra-
tios of the moments of inertia are only slightly larger than
unity. This indicates that the micelles are fairly spherical
micelles. At higher aggregation numbersI 2 /I 1 increases
strongly. A similar trend has been observed in amphiphilic
diblock chains.25

Figure 4 shows the shape of the aggregates~represented
by the asphericity parameteras @Eq. ~1!# for a range of vol-
ume fractions. We use the rule of thumb that aggregates are
effectively spherical ifas,0.1. This is the case for aggre-
gates with aggregation numbers up to approximately 20 or
30. For f50.072 ~curve c! the most prevalent aggregates
@i.e., those corresponding to the peak in the distribution
curve P(Nagg)], are effectively spherical (as'0.05). How-
ever, in the tail of the distribution (Nagg up to 20! the value
of as doubles. As the amphiphile volume fraction increases,
the peak in the distribution curve shifts to higher aggregation
numbers. Interestingly, the aggregates remain spherical up to
larger aggregation numbers. In other words: the shape of
aggregates of a fixed size depends on concentration. In the
analysis of experiments on real triblock copolymers, it is

FIG. 2. Relaxation functionf (t) @see Eq.~2!# for three of the curves in Fig.
1 ~c: f50.072; d:f50.288; f:f50.576).

FIG. 3. The average ratios of the principal moments of inertia,^I 1 /I 2& and
^I 2 /I 3&, of the aggregates of curve f (f50.576) in Fig. 1.
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common practice to obtain the structure factor by dividing
the ~high-concentration! scattering intensity by the form fac-
tor obtained at low concentrations. If the behavior of our
model system is representative of real triblock copolymer
solutions, this procedure is clearly questionable because we
find that both the average size~Fig. 1! and the average shape
~Fig. 4! of the micelles do depend on concentration.

For f50.576 very large aggregates are formed in addi-
tion to the small ones that exist at lower volume fraction.
These large aggregates are highly nonspherical.

Figure 5 shows the~average! radial density profiles of
two aggregates. In Fig. 5~A! the aggregation number is
Nagg510 and the aggregates were simulated at an overall
volume fractionf50.072. In Fig. 5~B! Nagg524 and f
50.576. In both cases the asphericity parameter is small, so
that it makes sense to plot the radial density with respect to
the center of mass~of the B core! of the aggregates. As
expected for a micellar aggregate, we observe a radial den-
sity profiles that shows a rather diffuse ‘‘corona’’ ofA seg-
ments around a compact core ofB segments.

B. Changing the interaction parameters

The parameter values that were used for the simulations
were chosen after a series of trial simulations in which the
effect of the block lengths and interaction parameters were
explored. We settled on these parameter values because they
lead to a CMC at a volume fraction that is in the range of

what one finds experimentally for nonionic triblock copoly-
mers. Furthermore, above the CMC aggregates are formed
with a fairly narrow size distribution.

The A segments have a zero interaction energy with the
solvent, which is the behavior expected if the hydrophilic
segments are chemically similar to the solvent. However,
when the hydrophilic block consists of polyethylene-oxide,
its interaction with water is temperature dependent: PEO is
less hydrophilic at higher temperatures. Figure 6 shows the
effect of a repulsive interaction (eAS.0) between theA seg-
ments and the solvent on the aggregation behavior in the
lattice model. Figure 6~A! shows, for three different volume
fractions, the aggregate-size distribution curves of Fig. 1
(eAS50). When eAS50.05 @Fig. 6~B!# the amphiphilic
chains clearly have a stronger tendency to aggregate. This is
demonstrated by the peak in the curve forf50.021. As the
repulsion increases further, we see that foreAS50.15 the
amphiphile aggregates even at the lowest volume fraction
considered. This tendency of the CMC to shift to lower den-
sity as the PEO becomes more hydrophobic, is also observed
in experiment.6 In addition, the cluster-size distribution starts
to develop a prominent tail at large aggregation numbers. At
the highest repulsion@eAS50.2, Fig. 6~D!# the chains are
mainly found in very large clusters rather than in small mi-
cellar aggregates. This is presumably the finite-system
equivalent of the phase separation observed in experiments
at high temperatures.

In what follows, we focus our attention on the system
with a zero interaction between the end-block segments and

FIG. 4. The asphericity parameteras @see Eq.~1!# as a function of aggre-
gation number for curves c (f50.072), d (f50.288), and f (f50.576) in
Fig. 1.

FIG. 5. Density profiles of two micellar aggregates. The length scaler
denotes the distance to the center of mass of the core ofB segments. Ag-
gregation numberNagg510 ~A! and Nagg524 ~B!; volume fraction f
50.072~A! andf50.576~B!.

FIG. 6. Aggregate size distribution curves for anA6B6A6 triblock chain
with interaction parameterseBS5eAB50.8. The value ofeAS increases from
~A! to ~D!: eAS50 ~A!, eAS50.05 ~B!, eAS50.15 ~C!, and eAS50.2 ~D!.
Curves have been plotted for three volume fractionsf50.009, 0.021, and
0.288. The arrows indicate the direction in whichf increases.
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the solvent (eAS50). In Fig. 7 we have used a valuee
51.2 to characterize the repulsive hydrophobic interaction.
All other parameters are the same as in Fig. 1. This larger
value fore enhances the tendency of theB segments to seg-
regate from the solvent. As a result, micelles form at far
lower concentrations. We denote this as the ‘‘strong segrega-
tion regime’’ in contrast to the ‘‘weak segregation regime’’ of
Fig. 1. The lowest volume fraction shown in Fig. 7 (f
54.231025, curve a! lies below the CMC. At the twice
higher volume fractionf58.431025 ~curve b! the distribu-
tion has become bimodal, indicating the presence of mi-
celles. The large value ofe increases the relaxation time in
the Monte Carlo simulations strongly. This increases the sta-
tistical noise in the calculations. To obtain the relatively
smooth curves in Fig. 7, we applied noise-filtering to the raw
histograms. When the volume fraction increases from 8.4
31025 to 2.131024 ~curve c! the micellar peak increases
but it remains at the same location (Nagg'14). The growth
of the peak indicates that an increasing fraction of the chains
occur in aggregates larger than unimers or dimers. A further
increase tof50.021 ~curve d! has no detectable effect on
the aggregate size distribution at all. Only forf.0.07
~curves e and f! do we again see a clear increase in the
~average! aggregation number.

These results show that, in the strong segregation re-
gime, the micellar composition remains constant over a wide
concentration range~nearly three orders of magnitude in Fig.
7!. This is the kind of behavior one expects for ‘‘classic’’
surfactants with a tail that typically consists of CH2 seg-
ments. In contrast, in the weak segregation regime the aver-
age micelle size increases with the concentration.

Although the simulations were conducted for triblock
chains only, one would expect to find similar results for
diblock chains. A large number of lattice simulation studies
of amphiphilic diblock copolymer chains have been pub-
lished. However, we have not been able to find a systematic
investigation of this issue in the literature dealing with simu-
lations of diblock chains. Nevertheless, one can find results
that look similar to those for our triblock chains. For ex-
ample, Desplat and Care23 show results for a system where at
a volume fraction of 0.02~just above the CMC! the average
aggregation number is significantly smaller than forf

50.1. On the other hand, Mackieet al. present simulations
results, where the aggregate size seems to be independent of
the amphiphile volume fraction.25 However, it is not easy to
compare simulations that are based on models with different
interaction parameters.

C. Lattice effects

Of course, the use of a lattice model may lead to artifacts
in the simulation results. In our simulations, we employed a
cubic lattice with coordination number 6. In the literature a
large number of simulation studies can be found, using a
lattice of either coordination number 6 or coordination num-
ber 26. In the latter case segments interact not only with their
direct-nearest neighbors but also with their diagonally near-
est neighbors. The advantage of this is that the interactions
are more isotropic, and a lattice of coordination number 26
may provide a better description of continuous space. Aggre-
gation numbers of micelles tend to be larger in the higher
coordination number model.25

We conducted a small number of tests using a lattice
with coordination number 26. As the number of contacts in
the z526 models is higher than in thez56 model, we
should decrease the interaction parameters accordingly:e
50.8 for z56 corresponds toe50.133 forz526. We find
that for e50.133 the cmc lies significantly higher than the
value we find from Fig. 1. For values in the rangee
50.14– 0.15 we find roughly the same CMC value. In Fig. 8
aggregate size distribution curves are shown fore50.15.
These results are very similar to those obtained in simula-
tions of the low-z model. This suggests that the choice of
lattice model has little effect on the qualitative features of
our simulations results.

D. Chemical potential and thermodynamics

Figure 9 shows the dependence of the chemical potential
m of the triblock copolymers as a function of volume frac-
tion. The corresponding aggregate-size distribution are
shown in Fig. 1. The dots in the graph were obtained using a
naive particle-insertion method. The circles correspond to the
Rosenbluth scheme. For both cases, on the order of 109 test

FIG. 7. Aggregate size distribution curves for anA6B6A6 triblock chain
with interaction parameterseAS50, eBS5eAB51.2. The amphiphile volume
fraction f for the various curves isf54.231025 ~a!; 8.431025 ~b!; 2.1
31024 ~c!; 0.021~d!; 0.072~e!; 0.288~f!.

FIG. 8. Aggregate size distribution curves for anA6B6A6 triblock chain on
a cubic lattice of coordination number 26. The following interaction param-
eters were used:eBS5eAB50.15 andeAS50. The amphiphile volume frac-
tionsf for the curves are:f50.009~curve a!; f50.021~b!; f50.072~c!;
f50.288~d!; f50.432~e!; f50.576~f!.
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chains were generated for each data point. At high volume
fractions the uncertainty in the measured value form in-
creases. However, for the Rosenbluth method, the standard
deviation remains about as large as the symbols used in the
graph. At low volume fractions both methods predict the
same value form. As is to be expected, the direct insertion
method fails at high densities, as the insertion probability
becomes very small.

The graph in Fig. 9 is linear at low densities. Then a
change in slope occurs around the CMC. Then a second lin-
ear regime starts, until we get to a concentration where in-
termicellar interactions become dominant. In the low-
concentration micellar regime~i.e., the middle regime! the
slope of the curve is small, but it clearly remains positive. In
the strong segregation regime one expects this slope to be-
come ~nearly! zero. We tried to computem for the e51.2
system, but above the cmc the statistical errors become too
large for this system. The probability that a test chain fits
exactly into an existing micelle is small, but such a chain
does give a very large contribution tom. This leads to large
fluctuations in the measurements. It would be possible to
computem using a more gradual insertion scheme, but we
did not attempt that.

For a system at equilibrium, the chemical potentialm of
the monomers is constant throughout the system. If micelles
do not interact, we can expressNn , the number of micelles
of sizen on a lattice containingM lattice sites as

Nn5M exp@2b~ f n2nm!#, ~4!

whereb51/kBT and f n is the nonideal part of the free en-
ergy of the micelle. We can then write

b f n

n
5bm2

kBT

n
lnS Nn

M D . ~5!

Using the data in Figs. 1 and 9, we compute the nonideal free
energy per amphiphile (f n /n), as a function of aggregate
size. This is shown in Fig. 10 for three different amphiphile
volume fractions. The most striking feature of this figure is
that, for largen, f n /n is effectively constant, though weakly
dependent on the overall amphiphile concentration. Note that

it then follows from Eq.~4! that, oncem exceedsf n /n, the
micelles should grow without bound. This may explain why
very large aggregates form at highf. Moreover, the pro-
nounced dependence of the average micelle size onf can be
attributed to the rather shallow minimum inf n /n.

E. High volume fractions

Figure 11 shows a two-dimensional cross section
through a simulation snapshot at high volume fraction (f
50.576). At this volume fraction the aggregate size distri-
bution P(Nagg) is dominated by clusters that are far larger
than those formed just above the CMC~see Fig. 1!. Never-
theless, the snapshot shows that relatively small domains are
formed with typical length scales on the order of several
lattice spacings. For the sake of clarity, only theB segments
have been drawn in Fig. 12. The structure formed by these
domains can be studied by calculating the radial distribution
function gB(r ) of the B segments.

FIG. 9. Chemical potential as a function of amphiphile volume fraction for
the system of Fig. 1. The filled small circles were obtained using the direct
test chain insertion method. The open circles were computed from the
Rosenbluth factor of test chains. The dashed lines are given as guides to the
eye only.

FIG. 10. The intrinsic contributionmn
* to the amphiphile chemical potential

@as defined by Eq.~5!# as a function of the aggregation number. The curves
were calculated by combining the data of Figs. 1 and 9. The three curves
refer to the following volume fractions:f50.072 ~a!; f50.144 ~b!; and
f50.288~c!.

FIG. 11. Two-dimensional cross section through a simulation snapshot of an
amphiphile solution at a volume fractionf50.576. For the sake of clarity,
only theB segments have been drawn. The snapshot is taken from a simu-
lation run using a box sizeV510031003100. In order to give a better
visual impression of the structure of the system, four periodic images of the
cross section are shown.
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Figure 12 showsgB(r ) for volume fractions in the range
0.072–0.576. The curve forf50.072 @Fig. 12~A!# is for a
system just above the CMC. In this case, the micellar aggre-
gates barely interact. Indeed, the curve in Fig. 12~A! shows
that there is little intermicellar ordering at this volume frac-
tion. Strong density correlations exist at short distancesr
(r ,4.7), but this is due to intramicellar correlations. Al-
though the distribution functions in Fig. 12 have been drawn
as continuous curves, the functiongB(r ) is only defined for a
finite number ofr values which correspond to the distances
that exist between any pair of lattice sites on a cubic lattice.
As a consequence, some of the apparent features in Fig.
12~A! ~e.g., the small shoulder atr 51.7) are lattice artifacts.

Figure 12~B! shows the radial distribution function for a
dense system (f50.576). The behavior ofg(r ) indicates
significant long-range ordering of theB segments. In fact, the
correlations have not died down atr 5L/2, the maximum
length at whichg(r ) can be measured in a periodic box of
diameterL. We therefore increased the linear size of the sys-
tem by a factor 2 (L550). In the range where they could be
compared, we found no differences between theg(r ) for the
large and the small system.

The radial distribution function forf50.576 has been
drawn again. In Fig. 13 we show thatgB(r ) can be fitted to
a function of the form

g~r !51.01A exp~2lr !cosS 2p

S
r 2dD . ~6!

The figure shows an example of such a fit forf50.576. This
equation gives a good description of the simulatedg(r ) from
the first peak~at r 59.6) onwards, using the following fitting
parameters:A50.62,l50.135,S58.15, andd51.3. How-
ever, for very small values ofr the fit is poor.

In experiments, it is not the radial distribution function
of the B segments that is measured directly. Rather, by iso-
topic labeling and contrasting, it is possible to measure in
neutron-scattering experiments the partial structure factor
due to the hydrophobic polymer segments. We define a cor-
responding structure factorS(q) for our system as

S~q!511
4pr

q E
0

`

r sin~qr !@gB~r !21#dr. ~7!

This expression was used to obtain the structure factor
shown in Fig. 14. Forr ,26 the simulated values forgB(r )
were used. For largerr we used an extrapolation based on the
analytic fit. In this way, we minimize artifacts due to finite-
size effects. The dominant feature ofS(q) is the peak atq
50.78. This peaks compares well with a spacing of 8.15
~lattice units! between the oscillations in the radial distribu-
tion function.

F. Composite hard-sphere model

Let us next consider to what extent the micellar system
can be described by a hard-sphere model. We consider hard
spheres with a diameterd equal to unity. To represent the
distinction betweenA andB segments, we divide the sphere
into an inner core with a diameterdcore(,d) and an outer
corona. The core is supposed to consist ofB, the corona ofA.
Note that this distinction betweenA and B parts does not
affect the interactions between the particles.

We performed Monte Carlo simulations of this hard-
sphere model and computed the radial distribution function
gcore(r ) of theB particles. We denote the hard-sphere number
density by r[N/V, and the volume fraction byf[p/6
3r.

Figure 15 shows the results of a simulation at a number
density r50.95 and a core diameterdcore50.75 ~using a
volumeV5103). We fit our simulation data to an expression

FIG. 12. Radial distribution functions of theB segmentsgB(r ) for f
50.072~graph A! andf50.576~graph B!.

FIG. 13. Radial distribution function forf50.576. The curve gives the
simulated results. The symbols show the fit of Eq.~6!.

FIG. 14. Structure factorS(q) according to Eq.~7! for f50.576.
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of the form given by Eq.~6!, yielding A50.80,l50.14,S
50.92, andd51.4. Beyond the first maximum atr'1, Eq.
~6! provides a good fit to the simulated curve.

The values forr anddcore used in the simulation of Fig.
15 were chosen after several trial runs to find the parameters
that gave the best agreement with the lattice model simula-
tions. Figure 16 shows a direct comparison between both
models. The radial distribution curvesgB andgcoreare drawn
as a function of the scaled distancer /S. In both casesS is the
period of the oscillation ofg(r ) @Eq. ~6!#. The agreement
between both models in Fig. 16 is surprisingly good, even at
distances smaller than the hard-sphere diameter. Such an
agreement between the micellar and hard-sphere models is
by no means intuitively obvious, in particular as Figs. 1 and
11 show that the micelles are really quite different from
monodisperse hard spheres. In fact, to address this last point,
we performed simulations on a polydisperse hard-sphere
model with a log-normal47,48 distribution that corresponded
to the distribution of micelle sizes. Surprisingly, such a poly-
disperse hard-sphere model gave worse agreement with the
lattice simulations than the monodisperse model.

Experimentally, bcc and fcc ordering has been observed
for binary mixtures of several kinds of pluronics and water.
The question arises if such a crystallization can be found in
the lattice model. It seems likely that this is not the case for

the concentrations that we studied. In fact, the highest den-
sity that we considered (f50.576) maps onto a hard sphere
fluid with a densityr50.95 (fHS50.497). This density is
marginally higher than the freezing density.49 So, strictly
speaking, our hard-sphere reference fluid is metastable with
respect to the solid. However, hard-sphere reference systems
at slightly lower densities described the micellar system al-
most as well. Hence we can only state that the hard-sphere
system that models our densest micellar solution, is very
close to freezing.

Mortensen6 analyzed small-angle neutron-scattering data
of PEO–PPO–PEO triblock copolymers by extracting the
micellar form factor from the scattering function at low con-
centrations. Subsequently, the scattering at high concentra-
tion was modeled as the product of this form factor and the
structure factor of a hard-sphere dispersion. This analysis
assumes that the size and shape of the micelles do not change
with copolymer concentration. In our simulations, this as-
sumption clearly does not hold. This becomes apparent by
comparing the radial distribution functions at smallr ~deter-
mined by the intra-aggregate structure! for low and high vol-
ume fractions@Figs. 12~A! and~B!#. As an additional test, we
used the hard-sphere model that fitted the high-density lattice
model to simulate the micellar solution atf50.072. To this
end, we changed the hard-sphere density tor50.072/0.576
30.9550.12. This procedure yielded very poor agreement
with the lattice simulations forf50.072. By treatingr,
dcore, and the scaling parameterSas fitting parameters in the
hard-sphere model one can get a slightly better fit of the
lattice model results. Nevertheless, for low amphiphile con-
centrations it is not possible to achieve a reasonable agree-
ment between the radial distribution functionsgB(r /S) ~lat-
tice model! andgcore(r /S) ~hard-sphere model!.

Still, at high densities, the~monodisperse! hard-sphere
model appears to work well. We therefore assumed that the
structure factor of theB segments in the lattice model can be
expressed as the product of a hard-sphere structure factor and
a micellar form factor. To this end, we divided the~B! seg-
mental structure factor by the structure factor of hard spheres
~we used Baxter’s analytical solution of the hard-sphere
Percus–Yevick equation50!. Figure 17 shows the resulting
ratio, which can be considered as the form factor of the ef-
fective composite hard spheres that represent our micellar
model system.

FIG. 15. The core radial distribution functiongcore(r ) for the composite
hard-sphere model withr50.95 anddcore50.75. The full curve shows
the simulated data and the symbols are calculated using the analytic fit
of Eq. ~6!.

FIG. 16. Comparison of the~scaled! radial distribution functions from the
lattice model and the hard-sphere model.

FIG. 17. Form factorF(q) ~as defined in the text! for thef50.576 system.
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V. CONCLUSIONS

The present study shows that a simple~lattice! model of
a triblock copolymer can, at least qualitatively, account for
the experimentally observed density dependence of the struc-
tural properties of such systems. In particular, we find that
for ‘‘weakly segregating’’ triblock copolymers, the size of
the micelles depends noticeably on the amphiphile concen-
tration.

At high volume fractions we find that the structure of the
amphiphilic system can be mapped onto that of a high den-
sity, monodisperse hard-sphere fluid. This is rather surpris-
ing, as the micellar system itself is quite polydisperse. Even
though a hard-sphere model allows us to describe the dense
micellar system, the same model fails at low densities. Hence
it is incorrect to assume that the scattering intensity of such
micellar systems can be represented by the product of a
density-dependent hard-sphere structure factor and a density-
independent form factor.
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