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Phase behavior of model mixtures of colloidal disks and polymers
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~Received 29 February 2000; revised manuscript received 9 May 2000!

The phase behavior of model colloidal systems containing platelets and polymer is investigated using
computer simulation and perturbation theory. For polymer coils with a diametersP larger than 0.3sD , where
sD is the diameter of the platelets, isotropic fluid-fluid coexistence is observed, in addition to the usual
isotropic-nematic transition for hard disk systems. For very small polymer coils (sP,0.1sD), a nematic-
nematic demixing transition is observed, although this occurs at extremely high platelet density. The case of
colloidal platelets and thin stiff rods is also examined. Demixing is observed in the isotropic phase for long
rods and in the nematic phase for short rods, as for large and small polymer coils, respectively. However, the
nematic-nematic demixing transition for platelet-rod mixtures occurs at a much lower platelet density than in
the platelet-disk mixtures.

PACS number~s!: 82.70.Dd
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I. INTRODUCTION

It is well known that an effective attractive force can
induced in a suspension of hard body, colloidal particles
the addition of a smaller species@1–5#. The influence of this
attractive force on the phase behavior has been studied
perimentally using mixtures of spherical colloids@1,2# and
colloids plus nonadsorbing polymer@3–5# and it is found
that the nature of the phase diagram depends on the size
of the large and small particles. The range and depth of
depletion-induced attractions can be modified by chang
the size and concentration of the smaller species, res
tively, and so the phase diagram can be modified in a s
tematic way. In this paper, we will concentrate explicitly o
systems composed of colloids and polymer, in which
polymer coils act as a ‘‘soft’’ depleting agent.

The depletion interaction in colloid- and free polymer sy
tems was first described by Asakura and Oosawa@6#. The
depletion forces arise in these mixtures, since the sma
polymer coils are excluded from a narrow shell or deplet
zone of the order of their radius around the larger particle
two of the larger particles are in close proximity then th
depletion zones overlap. This leads to an increase in the
volume available for the polymer and so to an effective
traction between the larger particles@6#. Meijer and Frenkel
@7# have studied depletion interactions in a computer sim
lation study of colloids and polymers. Their results show
that the Asakura and Oosawa model@6# for colloid-polymer
suspensions, which approximates the free polymer coils
mutually interpenetrable spheres that cannot penetrate
colloid, gives a good approximation to the interaction b
tween the particles as long as the radius of gyration of
polymer is less than 70% of the radius of the colloid. Th
behavior had earlier been predicted on the basis of pertu
tion theories by Gast, Hall, and Russel@8# and the theoretica
approach was subsequently refined by Lekkerkerkeret al.
@9#. The depletion effect is not restricted to spherical p
ticles. Mixtures of rod-shaped particles and polymer ha
been studied experimentally and have been shown to ex
a rich phase behavior. For such mixtures, many possibili
occur since small particles can act as a depletion agen
PRE 621063-651X/2000/62~4!/5225~5!/$15.00
y

x-

tio
e
g
c-

s-

e

-

er
n
If
r
tal
-

-
d

y
he
-
e

a-

-
e
bit
s
or

large rods or small rods can induce effective attractions
tween large spheres. Especially in the latter case, a w
variety of complex morphologies can occur when the ro
are at a high enough concentration to exhibit liquid cryst
line phases@10#. Models for these systems have also be
studied by simulation and perturbation theory@11–14# but
the structures of the complex phases are still not comple
understood. Experiments on systems of pure colloidal di
have been reported only recently@15,16#, and the influence
of realistic features such as size polydispersity on the ph
behavior of these systems is also starting to be unders
@17,18#. The possibility of rich liquid crystalline behavio
exhibited by mixtures containing disks has yet to be fu
investigated although a start has been made@19#. In this pa-
per, we examine the phase behavior of platelet-polymer
platelet-rod mixtures using computer simulation and pert
bation theory.

II. SIMULATION OF COLLOIDAL PLATELETS
PLUS POLYMER

In our simulations, we model the colloidal platelets usi
infinitely thin disks. This model has previously been used
investigate the phase behavior of systems of monodisp
@17,20# and polydisperse@17# colloidal disks since it is par-
ticularly cheap to use in computer simulations. However
does have the drawback that only isotropic and nem
phases can be observed and that translationally ord
phases such as the columnar liquid crystalline phase are
present at finite densities. Since many of the colloidal disp
sions studied experimentally to date have rather low num
density, this is not necessarily a problem. The polymer c
are modeled in the spirit of Asakura and Oosawa@6#, using
spheres which cannot penetrate the disks but are mutu
interpenetrable. Simulations were performed at cons
polymer fugacity using an osmotic equilibrium model@14#,
in which a reservoir of polymer at chemical potentialmP is
in equilibrium with a platelet-polymer mixture. Within thi
approximation the fugacity of the polymer zP
5exp(bmP)/L3 in the system of platelets is equal to the pre
sure of the ideal polymer resevoir; hereb51/kT is the in-
5225 ©2000 The American Physical Society
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verse temperature andL is the thermal de Broglie wave
length @21#. For the low platelet density region of the pha
diagram, Gibbs ensemble simulations@21# were found to be
an efficient way determine the coexistence densities.
higher platelet densities in the vicinity of the nemat
isotropic ~NI! transition, the Gibbs ensemble method b
comes sluggish even for pure disk systems@18#. A more
efficient route to the coexistence densities is the determ
tion of the equation of state using grand canonical simu
tions, since these simulations avoid volume changes tha
much less efficient than particle insertions for this syst
@18#. Fortunately, hysteresis is minor at the NI transition a
so the coexistence densities can be determined within a
percent directly from the equation of state and further fr
energy calculations are not necessary. We therefore also
grand canonical ensemble simulations to determine the p
behavior of the model platelet plus polymer systems. T
equation of state is determined at fixedmP* while varying
mD* , the chemical potential of the disks. Simulation resu
are shown in Fig. 1 for polymer coils with diametersP
50.5sD , wheresD is the platelet diameter. For zero poly
mer fugacity, the system exhibits a weakly first-order
transition atrD* 5NsD

3 /V'4. Increasing the polymer fugac
ity has little effect on the phase behavior untilzP* '10, when
an isotropic fluid-fluid (I1I2) transition is induced, equivalen
to that observed in mixtures of spheres@1–5#. The width of
the NI transition broadens slightly with increasing polym
fugacity. This eventually ends in an I1I2N triple point, above
which there is coexistence between a very low-density
tropic phase I1 and the nematic. In principle, computer sim
lation could be used to determine the phase diagram
function of polymer diameter and thus the influence of
size of the polymer on the phase behavior. However,
would be computationally expensive and so in the next s

FIG. 1. Phase diagram for mixtures of colloidal disks~hard
platelets! and polymer coils~penetrable spheres! as a function of
platelet density,rD* , and polymer fugacity,zP* . ~d! Simulation
results obtained from Gibbs ensemble and grand canonical sim
tions for sP50.5sD ~Sec. II!. The coexistence regions obtaine
from the simulations are indicated by horizontal shading. T
dashed line indicates the results of the perturbation theory~Sec. III!
for coexistence between the I1 and I2 isotropic phases forsP

50.5sD . The solid lines indicate the location of the nemat
isotropic transition. The dotted line shows the nematic equation
statezP* 5P* 53rD* for a system of pure disks~Sec. III!.
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tion we seek an alternative route to this information.
We note that all quantities are quoted in reduced, dim

sionless units; these are, platelet densityrD* 5rDsD
3 , pres-

sure P* 5PsD
3 /kT, chemical potentialm* 5m/kT and

fugacity z* 5zsD
3 .

III. DETERMINATION OF THE PHASE DIAGRAM
BY PERTURBATION THEORY

The theoretical formalism used to determine the ph
diagram follows that developed by Lekkerkerkeret al. @9,12#
used to study the phase behavior of colloidal mixtures c
taining rods and spheres@11–14#. The perturbation theory is
based on the construction of the grand potential, which
function of the polymer fugacity, for the system of intere
Since this has been discussed in detail elsewhere@11–14#,
here we merely quote the result that the~osmotic! pressure
PD* and the chemical potentialmD* of the disks in the mixture
are

bPD* 5bP* 1zP* S a2rD*
]a

]rD*
D ~1!

and

bmD* 5bm* 2zP*
]a

]rD*
, ~2!

respectively, whereP* andm* are the pressure and chem
cal potential in the pure disk system anda is the free volume
fraction available to the polymer coils~interpenetrable
spheres!; we reserve the symbols with no subscripts to re
to data obtained in the pure disk system. In previous stud
of spheres in rod-based system@12#, scaled particle theory
was used to provide the required free volume fractiona. For
the disk system, this is not known analytically and so
have determined this, as a function of sphere diameter
platelet density, by simple insertion of spheres into a p
disk system. The results are shown in Fig. 2. At zero plate
density, the entire volume is accessible to polymer and
a51. As the density is increased,a drops as the available
space decreases; clearly this is more rapid for larger sph
than for smaller ones. We observe that there is essent

la-

e

f

FIG. 2. The free volume fraction,a(rD* ), for spheres of diam-
eter sP as a function of platelet density,rD* . The relative sphere
diameter (sP /sD) from top to bottom is 0.1 to 0.6 in steps of 0.1
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FIG. 3. Phase behavior of har
platelet and polymer~penetrable
spheres! mixtures as predicted by
perturbation theory as a functio
of platelet density,rD* , and poly-
mer fugacityzP* for various rela-
tive sphere diameters (sP /sD).
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very little available volume to insert spheres of diame
sP50.5sD at platelet densities in the vicinity of the NI tran
sition (rD* '4). For each polymer diameter, the free volum
fraction was found to possess a functional form very sim
to that arising from scaled particle theory for large and sm
spheres, and so for convenience thea used in Eqs.~1! and
~2! was fitted to

a5~12arD* !expS 2brD*

12arD*
D , ~3!

in which a andb were taken to be adjustable parameters u
to fit the curves in Fig. 2. The other input required for t
perturbation theory is the equation of state of the pure d
system. This has been determined in previous simula
studies@17,18,20# and so is known numerically to quite
high accuracy. However, rather than fit somewhat arbitr
functions to the numerical data, we use the five-term vi
expansion for the isotropic phase and the equationP*
53rD* for the nematic phase, both of which have be
shown to give very good agreement with the numerical d
except very close to the transition@20#. Figure 1 shows the
I1I2 coexistence densities for mixtures of platelets w
r

r
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spheres of diameter 0.4sD and 0.5sD , in addition to those
for the NI coexistence forsP50.5sD . Clearly, the NI tran-
sition is predicted to be too wide, even for the pure d
system in whichzP* 50. This occurs since the five-term viria
expansion and the equationP* 53rD* slightly over and un-
derpredict the pressure in the isotropic and nematic pha
respectively @20#. However, for simplicity we use thes
forms of the equation of state bearing in mind that the t
NI transition is not so strong. The predicted NI transition
seen to widen slightly with increasingzP* , in agreement with
the simulation data. The coexistence between the I1 and I2
isotropic phases is also predicted by the perturbation the
Although the agreement with the simulation data is not p
fect, the theory does give reasonable results; the predi
critical point for sP50.5sD occurs at lowerzP* than ob-
served in the simulation and at possibly very slightly low
rD* . The final part of the phase diagram is coexistence
tween the N and I1 phases at highzP* . At high densities in
the nematic phase, spheres of diameter 0.5sD are totally ex-
cluded and so the reservoir of spheres is in equilibrium w
a pure system of disks. This implies that the pressure of
nematic phase is equal to that of the sphere reservoir, an
above the triple point, the phase diagram follows the eq
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FIG. 4. Phase behavior of hard platelet a
infinitely thin rod mixtures as predicted by pe
turbation theory as a function of platelet densi
rD* , and rod fugacityzP* , for various length-to-
diameter ratios (L/sD).
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tion zP* 5P* 53rD* . While we cannot expect to obtain qua
titative results, we can expect to get at least a qualita
view of the influence of polymer size on the phase behav
since the major features of the phase diagram are pred
correctly using the perturbation theory. This will be exa
ined in the next section.

IV. DISCUSSION

The dependence of the phase behavior on polymer di
eter is shown in Fig. 3. As the diameter is lowered fro
0.6sD to 0.3sD , the I1I2 critical point occurs at increasingl
higher zP* , while the platelet density at the critical poin
shifts to very slightly higher values. The critical point disa
pears, or rather becomes metastable with respect to NI c
istence, for smaller spheres. Since the perturbation the
does not reproduce the simulation results exactly, we can
determine the exact size at which I1I2 coexistence is lost
However, from our previous observation that the theory p
dicts a critical point at too lowzP* ~see also Fig. 1!, we
expect that this will be in the region 0.3sD,sP,0.4sD .
Decreasing the polymer size also has a profound influenc
the width of the NI transition; this is dramatically widened
sP is reduced. This broadening has also been observe
experiments of mixtures of Gibbsite platelets with add
polymer @22#.

Bolhuis and Frenkel@23# have shown that hard sphere
with a sufficiently short-ranged square well attraction u
dergo an isostructural solid-solid transition at high densit
We may wonder if a similar transition can occur in th
platelet-polymer mixture for small polymer coils, since the
induce a depletion force with a smaller range. This is inde
the case, and we find that a nematic-nematic (N1N2) coex-
istence is predicted by the perturbation theory for small po
mer coils~see Fig. 3,sP /sD50.06 and 0.08!. However, this
occurs at very high densities, with the N2 phase at densitie
of rD* '30 and above, which is too high to be systematica
investigated in the present simulations, let alone in an exp
ment. Moreover, at these high densities, we may expect
the N1N2 coexistence in systems of real~finite thickness!
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platelets will become metastable with respect to other pha
such as the columnar or solid phases, which only appea
the phase diagram of infinitely thin disks at infinite dens
@24#.

While this appears to rule out nematic-nematic coex
ence in colloid plus polymer systems, it may be possible
observe an N1N2 transition if a nonspherical depleting age
is used. To investigate this we have determined the free
ume fractiona for infinitely thin rods of lengthL in a system
of infinitely thin disks. The phase behavior resulting from t
perturbation theory with this as input is shown in Fig. 4. F
long rods, behavior similar to large spheres is found. Th
I1I2 coexistence is observed with a critical point that shifts
higher zP* as the length of the rod is decreased until it b
comes metastable with respect to the NI transition; the
transition is also broadened with decreasingL. We also ob-
serve nematic-nematic coexistence for shorter rods~see Fig.
4, L50.2sD). However, while the N2 phase was observed a
extremely high platelet density for platelet-polymer mi
tures, for platelet-rod mixtures it can occur atrD* ,10, which
is just double the platelet density at the NI transition in t
pure system. This may mean that it is possible to find N1N2

coexistence in experimental systems, although this coex
ence may or may not be stable with respect to the transi
to a columnar phase. This could be investigated in a sim
tion by studying the cut-sphere model that does exhibi
columnar phase instead of infinitely thin platelets. We a
note that the present system could be thought of as a m
for the recent experiments of mixtures of colloidal disks a
rods @19#, in which demixing of the system into discoti
(N2) and calamitic (N1) nematic phases occurs. Howeve
since the rods have zero excluded volume and they do
interact, they cannot self order to form a nematic phase
so we do not reproduce the behavior observed in the exp
ments. Coexistence between the I1 and I2 isotropic phases
was not observed in the experiments of rods and plates.
is not surprising since the length of the rods was smaller t
the diameter of the platelets, and the I1I2 coexistence is pre-
dicted to disappear for values ofL below sD ~see Fig. 4!.
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V. CONCLUSIONS

In conclusion, we have studied the influence of free n
adsorbing polymer on the phase behavior of colloidal pla
lets using computer simulation and perturbation theory.
find evidence for an I1I2 demixing transition within the iso-
tropic phase for reasonably large polymer coils. As the po
mer size is reduced, the I1I2 critical point becomes meta
stable with respect to the NI transition. For very sm
polymers, demixing in the nematic phase is possible
though this occurs at extremely high densities. Similar
havior is observed for mixtures of very thin rods and pla
lets. However, in this case the N1N2 critical point occurs at
experimentally accessible densities. Recent experiment
platelet-rod and platelet-polymer systems show a rich var
-
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of ~liquid crystalline! phases, and so these should continue
provide a challenge for simulation and theory in the hig
density regime. We have made a start toward understan
the behavior of these systems and the results obtained in
paper should provide a guide for experiments and giv
useful testbed for future simulation and theoretical work.
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