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Can stacking faults in hard-sphere crystals anneal out spontaneously?
Sander Pronk and Daan Frenkela)

FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands

~Received 17 September 1998; accepted 30 November 1998!

We estimate the rate at which randomly stacked hard-sphere crystals transform into the
thermodynamically stable face-centered cubic phase. As an input for this estimate we need both the
free-energy difference between bulk face-centered cubic~fcc! and hexagonal close packed~hcp!
phases, and the hcp–fcc interfacial free energy. The latter quantity was computed using a
lattice-switch Monte Carlo~MC! simulation method. We find the interfacial free energy to be
nonzero but extremely small: 2666•1025kT/s2, wheres is the particle diameter. The free energy
difference between the bulk phases was calculated using two different techniques. On the basis of
our simulation results we estimate that in hard-sphere colloidal suspensions millimeter-sized
randomly stacked crystal will anneal to form essentially pure fcc crystal on a time scale of months
to years. ©1999 American Institute of Physics.@S0021-9606~99!51709-1#
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I. INTRODUCTION

The freezing of hard spheres is one of the most dram
illustrations that the emergence of crystalline order can
entropy driven. Ever since the early simulations of Ald
Wainwright1 and Wood and Jacobson,2 hard-sphere freezing
has been studied extensively, both theoretically3–6 and
experimentally.7,8 Hard spheres can occur in two differe
crystal structures, face-centered cubic~fcc! and hexagona
close packed~hcp!. These two phases differ in the stackin
of the hexagonal close-packed@111# layers. The fcc phase
has ABCABC••• stacking, while the hcp phase ha
ABABAB••• stacking. Of the two crystal structures, the f
phase is the most stable. Recent simulations suggest th
the melting density (r/r0'0.736, wherer0 is the density at
regular close packing! the fcc phase is more stable than h
by an amount of the order of 962•1024kBT per particle.9,10

As the free-energy difference between the two phases is
small, the spontaneous generation of stacking faults is q
common. In fact, recent experiments on the crystallizat
under micro-gravity conditions of suspensions of harshly
pulsive colloidal spheres~henceforth referred to as ‘‘hard
sphere colloids’’!, found that randomly stacked hexagon
close-packed~rhcp! crystallites were formed.11 Yet, there is
experimental evidence that, in slowly grown crystallites,
fcc phase is favored over the hcp phase, and fcc stackin
hexagonal close-packed planes occurs with a higher than
dom probability.12–14 The aim of the present paper is to e
timate the driving force for the formation of a pure fcc pha
from the randomly stacked phase. Using some simple
sumptions about the rate of crystal growth, we can then
rive at an estimate of the growth velocity of essentially pu
fcc crystals from a poly-crystalline mixture of random
stacked crystals. Our main conclusion is that the driv
force, although weak, is large enough to account fo
growth rate of fcc crystals that is of the order of A˚ ngstro”ms
per second, for colloids with a hard-core diameter in the 1

a!Electronic mail: frenkel@amolf.nl
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nm range. In other words, for a typical hard-sphere colloid
would take months to transform a one-millimeter crystall
from rhcp to fcc. For a 50–100m crystallite, the time would
be days, rather than months. However, fcc crystallites t
are found to form much faster, cannot be pure hard-sph
crystals.

To estimate the rate at which the fcc phase grows fr
the rhcp phase, we need to estimate the relative free en
of the latter. The free energy of the rhcp phase conta
several ingredients: First of all,D f 5 f hcp2 f fcc , the differ-
ence in bulk free energies per particle of the pure fcc and
phases. Secondly, the interfacial free energyghcp–fcc, which
is the measure of the additional free-energy cost to creat
fcc–hcp interface. And thirdly, the stacking entropy of t
rhcp phase (kB ln 2 per plane!. Although D f is known from
recent simulations,9,10 its value has been subject t
debate.5,6,9,10We, therefore, recomputed it using two diffe
ent techniques. We find that the different approaches do
deed yield the same answer. To computeghcp–fcc we used a
lattice-switch Monte Carlo technique that is described
some detail below. Finally, to estimate the actual grow
rate, we make use of the version of the Wilson–Fren
law,15 as applied to colloids by several authors.3,4,7,8

II. LATTICE-SWITCH MONTE CARLO

To compute the free energy of the fcc–hcp interface,
used the lattice-switch method proposed by Bruce a
Wilding.10 This method is particularly suited to compute th
free-energy difference between two different solid structur
provided they have the same number of degrees of freed
As a test, we used the same method to compute the f
energy difference between the bulk fcc and hcp phases
the lattice-switch simulations, we consider two realizatio
of the crystal structure that are related through a simple o
to-one particle mapping. The configuration of the system
denoted by an indexa. The particle positions in configura
tion a are denoted byXW i

a1dW i , whereXW i
a is the lattice posi-

tion for particlei in configurationa, anddW i is the displace-
9 © 1999 American Institute of Physics
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ment relative to its lattice position. The different crystallin
configurations differ in their lattice positionsXW i

a ,i 51•••N.
Below, we discuss two lattice switches. In the first, we co
sider a lattice switch from a pure fcc to a pure hcp phase
the second, the initial configuration corresponds to a cry
structure in which the first half of the hexagonal layers ha
fcc stacking and the second half in hcp, while the final co
figuration has the middle two quarters swapped, creatin
crystal which has four parts: fcc, hcp, fcc, and hcp~See Fig.
1!. In this case, the net result is that the initial configurat
has two interfaces between fcc and hcp, while the final
has four~with periodic boundary conditions!. Yet, the total
amount of fcc and hcp both configurations is the same.

We can define a global partition function,Z(N,V,T) as
the sum of the partial partition functions for the differe
configurationsa

Z~N,V,T!5(
a

Z~N,V,T,a!5(
a

E
V
ddW i )

i
e2F~d i

W ,a!, ~1!

whereF represents the configurational energy in unitskBT.
If the system can switch between different configurations

FIG. 1. To compute the fcc–hcp interfacial free energy, we used the lat
switch Monte Carlo method to evaluate the free-energy difference betw
structures„a… ~left! and „b… ~right!, shown in side view. Crystala contains
one fcc slab and an hcp slab of equal thickness. In structure„b…, the total
amount of fcc and hcp is the same, but now there are four crystal slabs
a consequence, the total area of the fcc–hcp interface in„b… is twice that in
„a….
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replacing the lattice positionsXW i but retaining the displace
mentsdW i , the probability of finding the system in configura
tion a is

P~auN,V,T!5
Z~N,V,T,a!

Z~N,V,T!
. ~2!

The Helmholtz free energy of configurationa is f a

[N21Fa[N21kT ln Z(N,V,T,a) and the free energy differ
ence between the initial and final configurations~denoted by
a i anda f) can be written as

D f 5
kT

N
ln

P~a f uN,V,T!

P~a i uN,V,T!
. ~3!

The probabilitiesP(auN,V,T) are sampled using the histo
gram method of Ref. 10.

For the calculations on the free-energy difference
tween fcc and hcp structures we have used an fcc crysta
configurationa i and an hcp crystal as configurationa f . To
calculate the interfacial free energy between fcc and hcp
have used a system where the layer stacking for config
tion a i is the structure denoted in Fig. 1~a!, while configu-
ration a f corresponds to Fig. 1~b! in the same figure. We
obtain the hcp–fcc interfacial free energy density by co
puting the free energy difference between Figs. 1~a! and
1~b!, and dividing this difference by the difference in inte
facial area of Figs. 1~a! and 1~b!.

III. RESULTS

Most simulations were performed at a reduced density
r/r050.7778, ~packing fraction h50.5760), a density
somewhat higher than the melting density. This density w
chosen because, at the melting density, mechanical insta
ties can occur for intermediate values of the lattice-swi
parametera –i.e., the various crystal stackings themselv
are mechanically stable, but the~unphysical! states in be-
tween may exhibit a shear instability. Another reason to
lect the reduced densityr/r050.7778 is that it allowed us to
compare our data with those of Ref. 10. In all simulation
periodic boundary conditions were used.

We first calculated the free energy difference per parti
between fcc and hcp stackings (D f hcp–fcc). In Table I we
present our results. In the same table, we also show the

e-
en

As

TABLE I. Simulation results for the free energy difference between fcc a
hcp structures of the hard-sphere crystal. The system size is denotedN.
EI stands for Einstein integration, and LS for the lattice-switch meth
Except for the last line, all data correspond to a reduced density ofr/r0

50.7778. The data in the bottom line are forr/r050.736.

N D f hcp–fcc(1025kBT) Method

216 10164 LS ~Ref. 10!
1728 8363 LS ~Ref. 10!
5832 8663 LS ~Ref. 10!
216 13264 LS ~this work!

1728 11264 LS ~this work!
1728 11364 EI ~this work!

12096 90620 EI ~Ref. 9!
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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energy difference at a reduced density of 0.736~the melting
density!, as computed by Bolhuiset al.,9 using the Einstein
integration method.5 Our results differ by a small but statis
tically significant amount from those of Bruce an
Wilding.10 This is troubling because the present simulatio
are only marginally longer than those of Ref. 10~the longest
runs in Ref. 10 sampled over 53107 MC cycles—all our
runs were about 30% longer!. We, therefore, felt it necessar
to check our results using a completely different numeri
technique. To this end, we performed an Einstein integra
on the 1728-particle system, using the same code that
employed for the calculations in Ref. 9.

The results of these simulations agreed to within
~small! statistical error with our lattice-switch MC results. I
Ref. 10 it was suggested that the lattice-switch techniqu
substantially more precise than the Einstein integrat
method—we find that, for simulations of comparable leng
the two methods are about equally accurate. We can use
results forN5216 andN51728 to estimateD f hcp– fcc in the
limit N→`. If we assume that finite-size corrections scale
1/N, then the results forN51728 are, to within the statistica
error, equal to the results for the infinite system.

The calculation of the interfacial free energy was p
formed on a 1231232453456 particle system at a reduce
densityr/r050.7778. The total length of the simulation wa
6•108 Monte Carlo cycles. The hcp–fcc interfacial free e
ergy was found to be 2666•1025kBT/s2, with s the par-
ticle diameter. In what follows, all free energies will be e
pressed in units ofkBT and all distances in units of th
particle diameters, unless otherwise noted.

IV. DISCUSSION

Using the numerical data presented above, we can
mate the free-energy difference between the stable fcc p
and the rhcp phase. If we assume that the stacking in the
phase is truly random, then the free-energy difference
particle is

D f rhcp–fcc50.5D f hcp–fcc10.25ghcp–fccs02 ln 2/Nlayer, ~4!

where s0 is the surface area per particle (s05(A3/2)
3(r0 /r)2/3s2'1.02s2, for r/r050.7778) andNlayer is the
number of particles in a single close-packed layer. In Eq.~4!,
we have assumed that the interfacial free energy does
depend on the density of stacking faults—in other words,
ignore the interaction between successive interfaces. M
over, we assume that all stacking faults~which are fcc–hcp,
fcc–fcc, or hcp–hcp! have the same interfacial free energ
This is, of course, an approximation. However, as
stacking-fault free energy itself is small, the resulting erro
probably negligible.

In a randomly stacked crystal, both fcc and hcp doma
will occur with equal probability. This explains the first ter
on the right-hand side of Eq.~4!:

f hcp1 f fcc

2
2 f fcc50.5D f hcp– fcc.

The minimum thickness of such a domain is three lay
~because it takes three layers to distinguishABC from ABA
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
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stacking!. In a randomly stacked crystal, there is a 50% pro
ability that the first stacking fault will appear at the ne
layer. 25% for the following, and so on. It is easy to veri
that the average domain thickness is four layers. The fa
0.25 in the second term on the right-hand side of Eq.~4!
accounts for the fact that there is, on average, one stac
fault per four layers. The factors0 appears because we hav
to convert form free energy per unit area (ghcp–fcc) to free
energy per particle. Our simulations suggest that for sm
crystals ~less than a thousand particles per plane! rhcp is
more stable than fcc. Hence, only after the crystallites h
grown beyond this size~corresponding to lateral dimension
of some ten microns for real colloidal crystals! can the slow
annealing towards the stable phase commence. Let us, th
fore, consider crystals that are sufficiently large, that we
ignore the stacking entropy. Then the driving force per p
ticle to convert from rhcp to fcc is

D f `[0.5D f hcp– fcc10.25ghcp–fccs0,

which, in the present case, is approximately equal
6•1024.

Let us now consider the growth of fcc crystallites at t
expense of rhcp crystallites. It is plausible to assume that
crystallites grow where a@111#-grain boundary of the fcc
crystal is in contact with an rhcp crystal. That is, we assu
that the rate of restacking that occurs in the bulk is ne
gible. We also ignore shear-induced transformation fr
rhcp to fcc.16 In the case of colloidal crystal growth from
solution, the velocity of the crystal front is, to a good a
proximation given by3,4,7,8,15

ncr5
zD

L
~eDm/kBT21!, ~5!

whereDm is the chemical-potential difference between li
uid and solid.D, the ~short-time! self-diffusion constant in
the dense colloidal suspension, is typically one to two ord
of magnitude smaller than the self-diffusion constant in
dilute suspension.L is a characteristic distance over which
particle should diffuse in order to be incorporated in t
crystal, andz is a factor of order unity. In order to arrive a
an estimate forncr , we assume that grain boundaries a
liquidlike, and the characteristic distanceL is of the order of
the particle diameters. Moreover, we replaceDm by
D f rhcp– fcc. For a 200 nm colloid, a typical value forD would
be D'2•10210 cm2 s21. The resulting estimate forncr is
ncr'6•1029 cm s21. Hence, this rough estimate sugges
that it would take several months to grow a 1 mm fcccrystal,
starting from a rhcp crystallite. It is, therefore, hardly su
prising that only random stacking was observed in the mic
gravity experiments of Zhuet al.11 However, many studies
of crystallization in colloidal suspensions last months
even years. The present analysis suggests that the fcc
tallites observed under those conditions could indeed
‘‘true’’ hard-sphere crystal fcc phases. A second conclus
is that small crystallites~containing less than 303'3•104

particles! will never become fcc-like~most likely, these will
eventually ‘‘evaporate’’ due to Ostwald ripening!.
Intermediate-sized crystallites~containing less than 1003

5106 particles! can be fcc-like, but will always have a
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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appreciable equilibrium concentration stacking faults.
practice, one would expect that a poly-crystalline sample w
contain crystallites of many different size. As Eq.~4! shows,
the driving force depends on the crystallite size. This is
causeNlayer, the number of particles per close-packed lay
is proportional to the cross section of the crystal. The sma
the linear dimensions of the crystal, the smaller the therm
dynamic driving force to convert from rhcp to fcc. On bas
of Eqs.~4! and~5!, we expect the following size dependen
of the rate at which crystallites convert from rhcp to fcc:

G~ l !5ncr~ l !/l 5~n`2c/l 2!/l ,

wherel is a measure for the linear dimension of a crystal
and the constantc is given by

c5
zDs0 ln 2

L
.

The maximum conversion rate occurs for

l m5A3c/n`5A3 ln 2s0

D f `
.

If we take a typical value of 200 nm for the diameter
hard-sphere colloids that are studied in experiments,
would correspond to a typical crystallite size of 12mm—in
other words, crystallites of this size will be the first to co
vert to the fcc phase. This prediction could be tested us
confocal scanning laser microscopy. In contrast, scatte
experiments probe the total amount of solid that is tra
formed from rhcp to fcc, rather than number of crystallite
In this case, the measured rate of transformation will initia
be dominated by the largest crystals. At longer times,
slower conversion of the smaller crystallites should show
Recent light-scattering experiments by Dux and Versmo14

on charge-stabilized latex suspensions suggest that the
version from random stacking to fcc follows a stretched
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
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ponential decay. Stretched exponentials often arise as a
perposition of simple exponentials with a wide distributio
of time constants. However, as we do not know t
crystallite-size distribution in these experiments, we can
make a direct comparison between theory and the exp
mental data.
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