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Non-Fickian diffusion in colloidal glasses
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FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands

C. P. Lowe
Computational Physics, Delft University of Technology, Lorentzweg 1, 2628 CJ Delft, The Netherlands
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We have studied numerically the decay of the self-dynamic structure factor~SDSF! for a small
particle diffusing in a colloidal glass. We show that, in line with theoretical predictions, the
super-Burnett coefficient~characterizing the deviation of the fourth moment of the single particle
distribution from its Gaussian value! is finite. However, our results also show that large scale
deviations from Fick’s law of diffusion should still be easy to detect experimentally. These
deviations take the form of the SDSF decaying algebraically rather than exponentially as Fick’s law
would predict. © 1998 American Institute of Physics.@S0021-9606~98!50924-5#
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I. INTRODUCTION

Most theoretical treatments for problems involving ma
transport are based on the classical diffusion equation

]

]t
p~r ,t !5D¹2p~r ,t !. ~1!

It describes the temporal evolution of the probability dens
at a positionr , p(r ,t), in terms of a single coefficient, th
diffusion constantD. Two steps are required to arrive at th
result. First there is anexact relation between the micro
scopic current densityj (r ,t) and the probability density

]

]t
p~r ,t !52“• j ~r ,t !. ~2!

This is the continuity equation and follows directly from th
microscopic equations of motion. Second, there is the c
stitutive relation betweenj (r ,t) andp(r ,t) which, according
to Fick’s law, is

j ~r ,t !52D“p~r ,t !. ~3!

Whereas the continuity equation, Eq.~2!, is exact, the con-
stitutive equation, Eq.~3!, is phenomenological. In case
where the diffusion equation applies, the diffusion coe
cient itself can be related to the mean squared displacem
of a single ‘‘tagged’’ particleD(t) as follows

D5 lim
t→`

D~ t !

2dt
, ~4!

whered is the dimensionality. This is the Einstein definitio
of the diffusion coefficient. The mean squared displacem
of a tagged particle can also be related to a correlation fu
tion of the microscopic particle velocity,v(t), namely the
velocity autocorrelation function,Cv(t)

D~ t !

2dt
5E

0

t

Cv~ t8!dt82
1

t E0

t

t8Cv~ t8!dt8. ~5!

The velocity autocorrelation function~VCF! is defined as
2750021-9606/98/109(1)/275/6/$15.00
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Cv~ t !5
1

d
^v~0!•v~ t !& ~6!

and, comparing Eqs.~4! and ~5!, can be directly related to
the diffusion coefficient

D5 lim
t→`

D~ t !

2dt
5E

0

`

Cv~ t8!dt8. ~7!

This gives a definition of the diffusion coefficient of a tagg
particle in terms of its microscopic dynamics.

When the VCF in a hard sphere fluid was studied
computer simulation,1 it was found to decay with an alge
braic ‘‘long-time tail’’ of the form Cv(t);1/t3/2. This con-
tradicted theories current at the time and new mode-coup
and kinetic theories were required to explain the origin of
long-time tail.2,3 These theories showed, furthermore, th
Fick’s law was valid in a more limited sense than had be
thought. One can consider the constitutive relation betw
flux and gradient@Eq. ~3!# as being the first term in an ex
pansion involving higher derivatives of the gradient. The
higher order terms represent corrections to Fick’s law. Ho
ever, the same mode-coupling theories which explain the
istence of long-time tails also predict that at some point
the expansion the coefficients which precede the higher o
terms ~the Burnett coefficients! diverge. Similar behavior
was predicted for a system even simpler than a hard sp
fluid, namely the Lorentz gas.4 Lorentz gases are models i
which a point particle moves through a fixed array of objec
As such they can be considered as generic models for d
sion in random static media. For Lorentz gases the expe
tion was for the VCF to decay asCv(t);21/td/211, which
has been confirmed by computer simulation.5

If one is addressing higher order corrections to Fic
law it is convenient to consider the single particle probabil
density,P(r ,t). The functionP(r ,t) is defined as the prob
ability that a particle, initially located at the origin, is a
position r at some later timet. Furthermore, rather than
studyingP(r ,t) itself, it is advantageous to consider its Fo
rier transformF(k,t), known as the self-dynamic structur
© 1998 American Institute of Physics
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factor ~SDSF!. The reasons for this are twofold. First it ca
be measured experimentally by several techniques. Seco
is possible to express the SDSF in terms of the moment
P(r ,t). This is most conveniently done by means of a cum
lant expansion about a Gaussian. In terms of Cartesian c
ponentsk and r , the first two terms in the expansion are

F~k,t !5 exp S 2
k2

2!
^r ~ t !2&1

k4

4!
„^r ~ t !4&

23^r ~ t !2&2
…1O~k6! D . ~8!

The solution to the diffusion equation@Eq. ~1!#, for a particle
starting from the origin att50 is a Gaussian centered on th
origin so, for a Fickian process, only the first term is no
zero and thusF(k,t)5exp(2k2Dt). Higher order terms in
Eq. ~8! reflect deviations ofP(r ,t) from a Gaussian or
equivalently, deviations from Fick’s law. A general for
which accounts for the deviations of the first and seco
term in the cumulant expansion from Fickian behavior is

F~k,t !5 exp S 2k2E
0

t

D~ t8!dt81k4

3E
0

t

B~ t8!dt81O~k6! D , ~9!

from which it is convenient to define a ‘‘time and wav
vector dependent’’ diffusion coefficient,D(k,t),

D~k,t !52
d

dtS lnF~k,t !

k2 D 5D~ t !2B~ t !k21O~k4!.

~10!

If a process is Fickian thenD(k,t) reduces to the diffusion
coefficient. By definition the functionsD(t) and B(t), the
time dependent diffusion and super-Burnett coefficients,
spectively, are given by

D~ t !5
1

2!

d

dt
^r ~ t !2&, ~11!

B~ t !5
1

4!

d

dt
~^r ~ t !4&23^r ~ t !2&2!. ~12!

Mode-coupling theory predicts that for a three dimensio
Lorentz gas both converge. Only when we consider the n
(k4) term in Eq.~10! should we find a divergence.6 One of
our aims here is to examine the super-Burnett coefficien
this type of system. According to Eq.~9! deviations from
Fick’s law should be negligible ifk2!D(t)/B(t). So if B(t)
and D(t) both approach constant values, deviations fr
Fick’s law should be limited to wave vectors larger th
some fixed value, or, equivalently, to a short period of tim
Here we argue that this is not necessarily true.

If we assume that the diffusion and super-Burnett co
ficients do converge as a function of time, then we expec
find an exponentially decaying self-dynamic structure fac
However, the fact that the higher Burnett coefficients dive
means that at any given value ofk the decay at long times i
more complex. In fact, a numerical study of the self-dynam
structure factor for a Lorentz gas~in which the fixed objects
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excluded volume!, showed that it too decayed algebraically7

In three-dimensions the decay had the formF(k,t);1/t3/2.
Although this seemed surprising, the mode-coupling the
contained in Ref. 6 actually predicted such an effect,
though this was not appreciated at the time. Obviously, s
a decay is not consistent with Eq.~8! meaning that the cu-
mulant expansion forF(k,t) in this type of system does no
exist. This in turn implies that there are additional, nona
lytic terms in the expansion of the flux in terms of conce
tration gradients.

For the simulations reported in Ref. 7, systems conta
ing a low volume fraction of fixed obstacles~10%! were
studied and the amplitude of the long-time tail was found
be independent of the magnitude of the wave vectork. This
is in agreement with a theoretical prediction based on solv
the random walk problem in the presence of a single fix
object.8 Based on these simulations one would have c
cluded that the algebraic decay of the SDSF was unlikely
be observed experimentally. The reasons for this are twof
First the magnitude of the long-time tail was very small,
could only be observed with the aid of a very accurate co
putational technique. Second, because the amplitude of
tail was independent ofk, the effect became proportionate
smaller for smaller wave vectors or, equivalently, at long
times. To see why, one must consider which wave vec
are relevant as time increases. By ‘‘relevant’’ we mean wa
vectors which could in practice be observed decaying. If
examine Eq.~9! it is clear that, for a given wave vecto
F(k,t) decays over times of the order 1/(k2D). At shorter
times the SDSF will hardly have decayed, at longer time
will be very small. Consequently it only makes sense to c
sider the problem in terms of a reduced timet5k2Dt, which
takes the shift to smaller wave vectors at longer times i
account. In terms of the reduced time the asymptotic de
reported in Ref. 7 has the form

F~k,t!;
k3

t3/2
~13!

and so the long-time tail rapidly becomes~proportionately!
smaller ask decreases. The system studied in Ref. 7 is, ho
ever, atypical. Random media found in nature, or stud
experimentally, are typically much more dense.

In this article we describe calculations ofF(k,t) for a
particle diffusing in a more realistic system, namely, a mo
of a glass composed of impenetrable colloidal spheres. Th
spheres are, we imagine, surrounded by solvent but are th
selves much larger than the solvent particles. The dynam
of the colloidal particles composing the glass is so slow t
we can consider the structure to be fixed. In contrast,
diffusing particle, which we consider to be very muc
smaller than the colloidal spheres, diffuses through the
vent in the voids between the spheres. It could, for instan
be a smaller colloidal particle or a tracer molecule in t
solvent. The VCF for the mobile particles will decay on tim
scales that are very short compared to the time it takes
particles to diffuse a distance comparable with the size of
particles composing the glass. The integral of the VCF o
this short time scale gives the so-called ‘‘short-time’’ diffu
sion coefficient. At longer times, when particles have mov
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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over distances comparable with the size of the colloidal p
ticles composing the glass, diffusion is hindered by the pr
ence of the glassy matrix and the particle will diffuse with
diffusion coefficient which is smaller than the short-time d
fusion coefficient. This is the true, asymptotic, ‘‘long-time
diffusion coefficient. In our simulations we focus on th
long-time diffusive motion of the mobile particle. We wi
not attempt to resolve the very short time scale, rather,
will input a value for the short-time diffusion coefficient,D0,
then see how this value is subsequently modified to its l
time value as the particle moves through the glass. For v
small diffusing particles, hydrodynamic interactions betwe
the mobile particles and the particles composing the glass
negligible. Thus the short-time diffusion coefficient is equ
to the diffusion coefficient in the pure solvent, i.e., the va
it would take were the colloidal glass not present. In pr
ciple it is possible to ease this restriction, that the mob
particles are small compared to the characteristic size of
pores in the glassy matrix. To do so we would have to c
culate the modification to the short-time diffusion coefficie
due to hydrodynamic interactions, and we should take i
account the reduced volume accessible to the diffusing
ticles because of their finite size. However, to a first appro
mation, a model in which the mobile particle is described
a point particle is adequate to describe the diffusion of tra
colloids in packed bed of larger colloids. In rece
experiments9 the size ratio between the stationary and mob
colloids could be made as large as 71.

The question that we address is whether the algeb
decay of the SDSF should be experimentally observabl
such systems.

II. DESCRIPTION OF THE MODEL

We consider a point particle performing a random wa
on a three dimensional lattice. Certain sites on the lattice
excluded by the presence of impenetrable colloidal sphe
The VCF for a particle performing a random walk, in th
absence of the spheres, decays to zero in one time step
enforce the condition that the short-time part of the VC
decays rapidly to zero we therefore need one step of
random walk to correspond to a distance much less than
radius of the colloidal spheres. The particular lattice we u
was the face-centered hypercubic lattice projected onto t
dimensions. A cubic lattice would formally suffice, but th
face-centered hypercube has better symmetry properties
non-Gaussian effects intrinsic to the lattice are much sma
For a given configuration of colloidal spheres we determ
whether each site on the lattice is inside or outside a sph
From this we construct a list of lattice links which conne
sites outside spheres to sites inside spheres. These we re
as boundary links. Any random walker which is travelin
along such a link has its velocity reversed at half a time s
This ensures that the correct boundary conditions are
posed on the diffusing particle at the surface of the~impen-
etrable! spheres, i.e., the flux and the equilibrium dens
gradient are zero. The configurations of spheres we used
sisted of 1000 nonoverlapping spheres at a volume frac
of f50.59. This is typical for a colloidal glass. The config
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
r-
s-

e

g
ry
n
re
l

-
e
e

l-
t
o
r-

i-
s
er

e

ic
in

re
s.

To

e
he
d
ee

nd
r.
e
re.
t
r to

p.
-

n-
n

rations were generated by the slow compression of an
tially random distribution, using standard Monte Carlo tec
niques.

For a given configuration of the colloidal glass, the be
possible statistics we could obtain would come from aver
ing over all possible random walks in the system. To do t
explicitly would be prohibitively time consuming but fortu
nately, by taking a given wave vector, the moment propa
tion method10 allows us to do this in one simulation. A de
tailed description of the application of the method to t
calculation of the SDSF is described in Ref. 7 but, in su
mary, we proceed as follows. The lattice is initialized with
quantity we denote byPtr(r ,t),

Ptr~r ,0!5
1

n(inb

exp ~2 ik•r !1
1

n(ib
exp ~2 ik•r !.

~14!

This quantity is then propagated in time according to

Ptr~r ,t11!5
1

n(inb

Ptr~r1 i,t !1
1

n(ib
Ptr~r ,t !, ~15!

where the summation is over all then lattice vectorsi. The
subscriptb refers to vectors that are boundary links and t
subscriptnb to those which are not. At any given time th
SDSF, averaged over all possible random walks, is given

F~k,t !5
1

N(
r

Ptr~r ,t ! exp ~ ik•r !. ~16!

The summation overr consists of theN sites on the lattice
which lie outside the spheres.

III. RESULTS

We consider the results of simulations performed on
lattice consisting of up toL351443 lattice sites. Applying
periodic boundary conditions we used the scheme descr
above to calculateF(k,t). We only performed the simula
tions for times less than the minimum time it takes a parti
to cross the simulation box. Thus there are no finite-s
effects to consider. The units for the simulation were cho
such that the time step and lattice spacing were both un
giving a ~short time! diffusion coefficient,D0, equal to 1/4.
The wave vector was chosen to lie along one of the Carte
axes, and will be treated as a scalar,k. The product of the
wave vectork and the particle radiusR was used to define a
dimensionless wave vector,k* [kR/2p. In these units wave
vectors which probe length scales of the order of a colloi
particle radius correspond tok* ;1. Non-Gaussian effects
intrinsic to the lattice~which occur even in the absence of th
colloidal spheres and take the form of the SDSF decay
exponentially but with a modified exponent!, are limited to
wave vectors greater than 2p divided by the lattice spacing
i.e., k* .R.7 We therefore restrict our analysis to reduc
wave vectors much less thanR. There are errors associate
both with representing the sphere on a lattice, and with r
resenting the decay time for the short time component of
VCF by one step of a random walk. To ensure that th
errors do not effect our conclusions we repeated the sim
tions using an increasing number of lattice sites to repres
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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a particle radius~keeping the volume fraction constant!. This
also has the effect of~proportionately! reducing the decay
time for the short-time component of the VCF. Quanti
tively, the difference between the values we obtained by r
resenting a sphere radius with 7.5 lattice sites and repres
ing a sphere radius with 9.5 lattice sites, for both the SD
and the value of the long-time diffusion coefficient, were
the same magnitude as the errors associated with avera
over a number of configurations~a few percent!. We there-
fore concluded that a sphere radius of 7.5 was adequate
the results we show were obtained for this system. Th
independent configurations of spheres were used and
each configuration, the calculation was repeated with
wave vector oriented parallel to each of the three Carte
axes, effectively giving a total of nine runs.

We start our analysis by looking at small (t!1) values
of the reduced timet. Here we are looking at the very ear
stages of the decay of the SDSF where we expect Eq.~10! to
be valid and any deviations from Fick’s law to be small. W
computedD(t) andB(t) by fitting our results forF(k,t) to
an equation with the form of Eq.~10!. The results we ob-
tained forD(t) @which is directly related to the mean squar
displacement by Eq.~11!# are plotted in Fig. 1 as a functio
of a reduced timet* , defined ast6D0 /R2. In these units a
value of t* equal to unity represents the time it takes t
diffusing particle to move a distance equal to the radius
the particles composing the glass. The time dependent d
sion coefficient,D(t* ), reached an asymptotic value o
D/D050.5960.01 after a timet* ;4, i.e., once the particle
has diffused a distance equivalent to a few radii of the gl
particles. This value forD/D0 is in line with values mea-
sured experimentally for packed beds of spherical particle
roughly the same density11. We stress that in order to calcu
lateD(t) it was essential to restrict ourselves tot!1, i.e., to
the initial decay of the SDSF. We performed an independ
check that theD(t) curve was correct by also calculating th
VCF for the diffusing particles. From the VCF we can ca
culate the mean squared displacement directly, and henc
time dependent diffusion coefficient@from Eq. ~5!#. The two

FIG. 1. The time dependent diffusion coefficientD(t) divided by its short
time value, D0, and plotted as a function of a reduced timet*
(5t6D0 /R2). A value of t* equal to unity corresponds to the time it typ
cally takes the diffusing particle to displace a distance equal to the radiu
the particles composing the glass.
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approaches@extracting D(t) from the initial decay of the
SDSF and from the time integral of the VCF# gave identical
results, as they should. From the time dependent su
Burnett coefficient, B(t), we can obtain CB(t)
5 (d/dt) B(t), the correlation function associated with th
super-Burnett coefficient. In Fig. 2 we have plottedCB(t),
which clearly decays asymptotically faster than 1/t. The time
dependent super-Burnett coefficient must therefore be c
verging as predicted in Ref. 6. The simulation results w
not, however, sufficiently accurate to allow us to establ
the long-time behavior ofCB(t).

We now focus on the results for the self-dynamic stru
ture factor at larger (t.1) values of the reduced time. I
Fig. 3 the self-dynamic structure factor is plotted in a line
log form. Clearly the SDSF isnot decaying exponentially a
longer times, otherwise the data in Fig. 3 would fall on
straight lines. Note that the apparent slowing down of
decay of the SDSF has nothing to do with the diffusion c
efficient of the particle decreasing with time. As a speci
example consider the wave vectork* 50.885, the lowest
curve shown in Fig. 3. For this wave vector the timet55 is
equivalent to a reduced timet* 50.97 in Fig. 1 and the value

of

FIG. 2. The correlation function for the super-Burnett coefficientCB(t)
~solid line!. The dashed line has a slope21 and is provided for comparison

FIG. 3. Linear-log plot ofF(k,t) for different values ofk* , k* 50.052,
0.156, 0.260, 0.365, 0.496, 0.573, 0.677, 0.781, and 0.885. The open c
denote the end of the simulation for increasing values ofk* ~from left to
right!. The errors are of the order of the circle size.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



e

%
e
f

i

b

e
u

rd
al
e

f.
io
hi
e
tru
b

th
th

o
a
rr
th

og
y
re
o
re
he

t
e

ure
eau

hed
we

nt

with
e of

me
-
ase
gh

lts
s the
ing
e
le
ne

me
a

sity
de-

ss
uld
we

r a

en enote

279J. Chem. Phys., Vol. 109, No. 1, 1 July 1998 Hagen, Frenkel, and Lowe
t515 is equivalent tot* 52.91. If we now examine Fig. 1
then clearly the change inD(t) from t* 50.97 tot* 52.91 is
rather small. In factD(t) decreases by just 2.5%. On th
other hand, the apparent decay of the SDSF@defined as the
slope of the curves shown in Fig. 3, i.e.,dlnF(k,t)/dt] de-
creases, over the identical time range, by a factor of 400
As we mentioned above,D(t) has to be calculated from th
initial rate of decay, i.e., fort!1. The subsequent decay o
the SDSF does not reflect a change in the value ofD(t),
rather, the deviations from exponential behavior shown
Fig. 3 reflect deviations ofP(r ,t) from a Gaussian. It is
somewhat surprising that such large deviations show up
cause we have restricted ourselves to times for whichF(k,t)
is at least 1% of its initial value. If one were to look at th
SDSF experimentally the decay could only be measured
until the time where its magnitude became of the same o
as the statistical noise. If we assume a level of noise equ
about one-hundredth of the initial value of the SDSF th
Fig. 3 shows roughly the range of values oft that would be
experimentally accessible. The simulations reported in Re
required much longer times before any significant deviat
from exponential behavior was observed. Clearly, for t
range ofk* , deviations from Fick’s law should indeed b
observable. The remaining questions are, could the
asymptotic decay be observed? And would the effect still
observable at even smaller values ofk* ? The reason for
addressing the latter point is that the only length scale in
system is the size of the particles. If we can establish
behavior of the SDSF fork* !1, i.e., over spatial length
scales much longer than a particle radius, it would theref
be reasonable to assume that this represents the true smk
behavior. This is the most interesting case because it co
sponds to particles undergoing large displacements in
colloidal glass. In Fig. 4 we have plotted the SDSF in log-l
form. For comparison we also show the asymptotic deca
F(k,t);1/t3/2 that we expect based on the simulations
ported in Ref. 7 and on the theory reported in Ref. 6. F
sufficiently long times, the data are reasonably well rep
sented by a power law decay. In fact, a linear fit to t

FIG. 4. Log-log plot ofF(k,t) for different values ofk* , k* 50.052, 0.156,
0.260, 0.365, 0.496, 0.573, 0.677, 0.781, and 0.885. The open circles d
the end of the simulation for increasing values ofk* ~from left to right!. The
errors are of the order of the circle size. The dashed line has a slope21.5
and is provided for comparison.
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long-time decay atk* 50.885 yields a power law exponen
of 21.3860.02. A more accurate way of analyzing th
simulation data is to plott3/2F(k,t) and see if this function
reaches a constant value. This we show in Fig. 5. The fig
strongly suggests that the function is reaching a plat
value, indicating that asymptotically 1/t3/2 decay is ap-
proached. However, the asymptote is not quite reac
within the simulation time even at the largest wave vector
have plotted (k* 50.885). This is why the linear fit to the
log-log plot yielded a value for the algebraic expone
slightly greater than the expected value of21.5. We now
turn to our second question; does the effect decrease
decreasing wave vector? Figure 5 suggests not. The valu
the coefficient characterizing the magnitude of the long-ti
tail ~the plateau value in Fig. 5! does not appear to be de
creasing. On the contrary, it appears if anything to incre
slightly ~although the data does not extend to long enou
times for us to establish the precise form of the scaling!. This
is in contrast to the behavior at very low densities7 where the
coefficient is proportional tok3 and scales rapidly away with
decreasingk. There is no reason to expect that the resu
obtained for these dense packings should be the same a
low density results. The analysis which predicts the scal
of the tail coefficient withk is based on a single particl
analysis. There will also be contributions from many partic
interactions which this analysis neglects and which o
would expect to become more important at higher volu
fractions. Indeed, this is true of the VCF which displays
preasymptotic decay which strongly depends on the den
and a asymptotic decay with an amplitude which also
pends strongly on the density.5 Perhaps the most striking
observation from Fig. 5 is just how little the dimensionle
SDSF changes as a function of wave vector. This wo
suggest that, even for wave vectors smaller than those
have studied, the long-time tail inF(k,t) should still make
an experimentally observable contribution to the SDSF fo
tracer particle in a colloidal glass.

ote
FIG. 5. Plot of t3/2F(k,t) for different values ofk* , k* 50.052, 0.156,
0.260, 0.365, 0.496, 0.573, 0.677, 0.781, and 0.885. The open circles d
the end of the simulation for increasing values ofk* ~from left to right!. The
errors are of the order of the circle size.
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IV. CONCLUSIONS

We studied the diffusion of a small particle in a colloid
glass and found numerical evidence that the super-Bur
coefficient converges, in line with theoretical expectatio
Since the super-Burnett coefficient should characterize
lowest order correction to Fick’s law this might suggest th
any deviations from an exponential decay of the SD
should be small and not relevant to the analysis of exp
mental results. However, we found that this was not the c
because the long-time tail in SDSF is a large effect
densely packed systems and its influence should be cle
observable in an experiment. In contrast to earlier work,
also find that the magnitude of the tail does not decre
~proportionately! as the wave vector decreases. This sugg
that the effect should be observable, not just for the relativ
large values of the wave vector we have studied, but also
the much smaller values accessible to experiment but no
simulation.
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