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Abstract 

We present simulations of a purely athermal model for surfactant solutions. Using semi-grand- 
ensemble simulations, we determine the (excess) free energy of micelles as a function of the 
cluster size. From this information, we compute the critical micelle concentration. Subsequently, 
we use the information of the dilute micellar system as input for a coarse-grained polydisperse 
hard-sphere simulation. The aim of this simulation is to study the effect of inter-micellar in- 
teractions on the size distribution. We find that, to a first approximation, the effect of these 
interactions can be accounted for by a mean-field theory - the size distribution of interacting 
micelles is equal to that of non-interacting micelles at a lower chemical potential. The techniques 
used in this paper can be used to simplify the numerical study of realistic models of surfactant 
solutions. 

I. Introduction 

There are two ways to use computers in the study of  many-body systems. The first 

approach, computer simulation, aims to reproduce or predict the properties of  real 

materials. The role o f  the second approach, performing computer experiments to test 

theoretical concepts, is less obvious. In fact, whereas the potential use o f  computer 

simulation was quickly and widely appreciated [1], it took several decades for the 

initially uneasy relation between simulation and theory to transform into an almost 

perfect symbiosis. Ben Widom played an important role in this transformation through 

the introduction of  a variety of  simple models for complex systems. Examples are 
the Widom-Rowlinson model for binary mixtures [2] and lattice models for surfactant 
solutions [3,4]. These models and their offspring are simple but far from trivial, and a 

combination of  theoretical analysis and numerical simulation is needed to explore their 

behavior. 

* Corresponding author. 
I Present address: Department of Chemistry, University of California, Berkeley, CA 94720, USA. 

0378-4371/97/$17.00 Copyright (~ 1997 Elsevier Science B.V. All rights reserved 
Pll S0378-4371  ( 9 7 ) 0 0 2 4 0 - 9  



46 P.G. Bolhuis, D. Frenkel/Physica A 244 (1997) 4 ~ 5 8  

In the present paper, we consider a model for surfactant solutions. We are interested 
in micelle formation. Our first aim is to determine the free energy of surfactant n-mers 

in solution, with n ranging from one to the maximum number that is mechanically sta- 

ble. We do this by performing semi-grand canonical Monte Carlo simulations [5]. For 

dilute surfactant solutions, i.e. when interactions between different surfactant n-mers 
can be ignored, knowledge of this free energy allows us to predict the cluster-size 

distribution as a function of the surfactant fugacity. It also allows us to compute the 
critical micelle concentration (CMC). At higher surfactant concentration interactions 

between micelles become important and change the size distribution. We use our nu- 

merical information about the radius and free-energy of isolated micelles to perform a 

"coarse-grained" grand-canonical Monte Carlo simulation to study the effect of micelle 
interactions on the cluster-size distribution. 

The work described in the present paper differs in several respects from earlier 

numerical studies of  micelle formation [6-9] .  Partly, the differences are technical (but 

important): the use of  semi-grand and grand-canonical simulations greatly speeds up 
the equilibration of the system and allows us to determine the micelle free energy with 

high accuracy. To our knowledge, earlier attempts to measure the size distribution 
of micelles, follow the opposite route: the total surfactant concentration is fixed and 

the free-energy of the surfactant n-mers is deduced from the size distribution [6-9] .  

Such an approach makes it difficult to separate inter- and intra-micellar contributions 
to the free energy, and a time-consuming extrapolation procedure to low surfactant 

concentrations [7] is required to determine the free energy of isolated micelles. For 
off-lattice models [6,8] the approach has been to simply assume that inter-micellar 
interactions can be ignored at low (but not very low) surfactant concentrations. Below, 

we show that it is relatively simple to determine the micelle size-distribution from a 
semi-grand canonical simulation. 

The model that we study shares some features with the Widom-Rowlinson model [2]. 

The solvent is modeled by hard spheres with diameter D. The surfactants are linear 
molecules with a head-group that is identical to the solvent particles. In addition, the 
surfactants have a sphero-cylindrical tail that has the same diameter as the head group. 
The length of the cylindrical part is denoted by L. For L = 0, the surfactants would be 

dumbbells. To make this molecule behave like a surfactant, we assume that the sphero- 
cylindrical sections of  surfactant molecules do not interact with each other. Clearly, this 
property makes it very advantageous for the surfactant molecules to aggregate. As we 
were interested in the aggregation of pure surfactants, we did not introduce a second 
solvent phase ("oil"). We stress that this model is not unique. Hence, we have to justify 
our choice for the different ingredients. First of all, we choose hard spheres to model 
the solvent: we do this because hard spheres are a good model for simple liquids. 
Secondly, we choose hard spheres for the head-groups of the surfactants. This we 
do because repulsion between head-groups is an important feature in real surfactants. 
Finally, we ignore all interactions between the surfactants tails. This is clearly an over- 
simplification. However, in certain limits it is correct - for instance, if the surfactants 
consist of  a spherical head-group and an infinitely thin, rigid tail. We stress that, in the 
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present model, surfactants tend to aggregate for entropic rather than energetic reasons. 

In fact, like the hard-sphere model and the Widom-Rowlinson model, the present model 
is completely athermal. 

2. Semi-grand ensemble simulations 

Most published simulations of micelle formation in surfactant solutions were per- 
formed in the constant-NVT ensemble, with the total surfactant concentration fixed. In 

those studies, the free energy of micelles containing n surfactant molecules, is deduced 
from the probability to observe such an n-particle cluster. This analysis is not simple 

because it is necessary to extrapolate the probability distribution to infinite dilution. 
Yet, even at fairly low surfactant concentrations, several micelles may form and inter- 

micellar interactions have a noticeable effect on the free energy. Hence, in order to 
measure the free energy of formation of individual micelles in the canonical ensemble 

one needs to simulate at extremely low surfactant concentration. This requires very 
large system sizes to obtain reasonable statistics. The alternative is to study a rela- 

tively small system with a single micelle in equilibrium with a reservoir of an (ideal) 

solution at very low surfactant concentration. In principle, we could have performed 
grand-canonical ensemble simulations to maintain chemical equilibrium between the 

single micelle and the surfactant reservoir. In such a grand canonical simulation the 
surfactant chemical potential of the micellar system is imposed by inserting and cx- 

tracting surfactant molecules. However, a naive implementation of the grand-canonical 

Monte Carlo method is also inefficient because this scheme involves attempts to insert 
a (large) surfactant molecule at a random position in the dense liquid - the probabil- 

ity that such a trial move is accepted is very low. The acceptance probability can be 
greatly improved by working in the semi-grand ensemble [5] where instead of trying 
to insert a surfactant molecule, attempts are made to change a solvent molecule into a 

surfactant or vice versa. This corresponds to imposing the chemical potential d~i 'rence 

between a surfactant and a solvent molecule instead of the absolute chemical potential 
of the surfactants. The acceptance rule for randomly selecting a particle and changing 
its species from a to b is simply: 

/?ace = min[1, exp(-flA U,~t, + [JA~,, ~t,)], ( l )  

where f l=  1/kT is the inverse temperature, AU,,--b is the energy difference involved 
in changing the species of  the particle and Apc,~t, is the imposed chemical potential 
difference between the two species. As we wish to study a single micelle in a large 
reservoir, the semi-grand simulations are best carried out at constant pressure [10]. 
In what follows, we shall use kT as our unit of energy and D, the diameter of the 
surfactant head-group, as our unit of length. Hence, instead of It/kT we write p, instead 
of pD3/kT, we write P and instead of pD 3, we write p. 
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3. Results 

We performed several isobaric semi-grand simulations on a 504 particle system of a 
single micelle in a hard sphere solvent with an imposed chemical potential difference 

between surfactant and solvent of  A/~ = 4.0,4.2,4.4,4.6,4.8, 5.0, 5.2 and 5.4. The length 
of the cylindrical surfactant tail was taken to be L = 2. The pressure was fixed at P = 8, 

which corresponds to a hard sphere volume fraction of ~b ~ 0.35. About 4 × 105 Monte 
Carlo cycles were used for data collection. On average, during a cycle, a translational 

(and rotational) move as well as an identity change was attempted for every particle. In 

addition, volume changes were attempted on average once every cycle. The acceptance 

ratio for volume changes was kept at 40-50%. For translational and rotational moves, 
the acceptance probability was kept between 20% and 30%. At the imposed pressure of  
P = 8, the acceptance probability of an identity swap was around 0.001 and appeared 

almost independent of  the micelte size. At this stage of the simulation, we did not allow 
the number of  surfactant molecules in a cluster to become smaller than 10 or larger 

than 70, to avoid micelle "evaporation" on the one hand and unlimited growth of the 

micelle on the other. The simulations showed that when the size of  a micelle is larger 

than approximately 70 it becomes unstable and splits into two separate clusters. Those 
clusters will move apart and grow independently further until they become unstable 

again. I f  the chemical potential difference of the surfactant is high enough this process 
will continue until a large fraction of the total volume of the system is filled with 

surfactant. On the other hand, if a micelle becomes smaller than 10 it rapidly shrinks 

and disappears, because changing a solvent into a surfactant becomes highly improbable 
for small clusters, while the reverse move is always feasible. Fig. 1 shows a typical 
snapshot of  a micellar configuration obtained in the semi-grand-canonical simulations. 

The free energy of a micelle of  a certain size n is related to the size probability 
distribution P(n)  by 

Fn = - logP(n)  + nA# + const. (2) 

The free energy of a micelle that we are interested in is actually the excess free 
energy of the micelle with respect to the free energy of unclustered surfactants. To 
compute this excess free energy, we need to sample micelles of  sizes smaller than 10. 

In order to cover the micellar size range from 1 to 15 we used an umbrella sampling 
technique [11,10]. In these simulations, we bias the sampling in such a way that we 
get good statistics on number of  micelles in this size range. To get good statistics 
throughout this range, it is best if every micelle size in this range occurs with about 
the same probability. To achieve this, we chose the biasing potential in the umbrella 

to be approximately equal to -Fn. Of  course, we do not know/~  a priori. Therefore, 
the umbrella simulation was performed in an iterative way. First, a simulation was 
performed without using a biasing potential, at an imposed chemical potential difference 
of A/~ = 4.8. Subsequently, the free energy Fn was calculated from the size distribution 
using equation 2. The negative of  this free energy function was used as a biasing 
potential in the next iteration of the umbrella sampling. The new free energy Fn was 
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Fig. 1. Snapshot of a typical micelle generated during the semi-grand canonical simulations. This particular 
micelle contains 53 surfactants. In the figure, the (hard-sphere) solvent is not shown. The spheres on the 
outside denote the micelle head-groups. The surfactant tails inter-penetrate and their sphero-cylindrical shape 
is therefore not easily recognized. Clearly, the resulting micelle is fairly spherical. Note that the head groups 
on the surface of the micelle are not very densely packed. 

calculated from the size distribution added with the biasing potential. This procedure 

was iterated until the distribution was almost flat. 
From the size distributions at different chemical potential differences we can deduce 

the micellar free energy as a function of  cluster-size, using Eq. (2). In this way, we 
obtain a number of partial free-energy curves that will, in general, differ by additive 
constants that remain to be determined. To combine the simulation results for different 
values of  the imposed chemical potential, we fitted all data-sets to the same sixth order 
polynomial. The unknown additive constants are treated as additional fitting parameters. 
The resulting free energy curve is plotted in Fig. 2 for Ag=4 . 8 .  Clearly, there is a 
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Fig. 2. Free energy of a single micelle as a function of the size (number of surfactant molecules in the 
micelle) for a chemical potential difference of A/~ = 4.8 and at P = 8. 

large barrier between the single surfactant and the formation of  a single micelle. In 

most theories of  micelle formation, the quantity o f  central interest is the (excess) 

free energy per surfactant molecule, as a function o f  micelle size [12]. This function 

decreases initially quite steeply with n and then slowly approaches its asymptotic value. 

This can be seen in Fig. 3, where we plotted the free energy per surfactant molecule as 

a function o f  micelle size for a single micelle at a chemical potential difference Art = 0. 

Note that the free energy goes through a minimum before it levels off. As explained 

in Ref. [12], the precise way in which the asymptote is approached determines if a 

micellar solution has a broad or narrow size distribution and even whether micelles will 

form, or aggregates of  infinite extent in one or more dimensions (cylinders, bilayers). 

In the present case, it is not meaningful to discuss the asymptotic behavior, because 
micelles containing more than 70 surfactants are found to be mechanically unstable. 

In principle, the size dependence o f  the free energy could be analyzed in terms of  
macroscopic concepts (surface and curvature free energy). However, as the present 

simulations are limited to one type o f  surfactant and one state point of  the solvent, 
such an analysis would be o f  limited interest. 

We can use the free energy curve o f  Fig. 2 to recalculate the ideal size distribution. 
The distributions for different chemical potential difference are shown in Fig. 4. At low 

chemical potential difference A/~<4.5 there will only be clusters o f  a few surfactant 
molecules in the solution whereas at higher A/~ the solution is dominated by micelles 



P.G. Bolhuis D. Frenkel/Physica A 244 (1997) 45 58 51 

10.0 

t -  -...= 
i i  

8.0 
\ 

6 . 0  

\ 

. . . . . . . .  _ r 

4 . 0  I 

o o 200 400 600 ~ o  
n 

Fig. 3. Free energy per surfactant molecule of  a single micelle as a function of the size (number of surfactant 

molecules in the micel le)  for a chemical potential difference of Ap = 0 and at P = 8. Note that the curve 

goes through a minimum. 

with a size larger than 30. Increasing the chemical potential difference results in a 

shift of the average micellar size. The most likely size is determined by the chemical 

potential of the surfactants. However, in practice, the micelle sizes are restricted to 

a narrow window because the total amount of surfactant increases quite rapidly with 

chemical potential, once the critical micelle concentration is exceeded. Hence, dilute 

micellar solutions can only exist for a narrow range of chemical potentials. Only a 

small increase in the surfactant chemical potential beyond the CMC-point, results in a 

situation where we can no longer ignore inter-micellar interactions. As we shall show 

in the next section, the effect of inter-micellar interactions is only to narrow the range 

of observable micelle sizes even more, 

Knowledge of the micelle free energy allows us to locate the critical micelle con- 

centration (CMC). The definition of the CMC is slightly arbitrary. We define it as the 

concentration where half of the dissolved surfactants is in micellar clusters and the 
other half still exists as monomeric surfactants. We calculate the chemical potential 

difference at the CMC, by equating the weighted sum of the number of surfactant 
molecules in a micelle of size i to the number of free surfactant molecules. 

70 

iP(i, AI~) = P(1, A/~). 
i = 2  

(3) 
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Fig. 4. Size distribution of  an ideal solution of micelles. From left to right the curves correspond to a chem- 
ical potential difference of A,u=4.2,4.4,4.6,4.8,5.0,5.2 and 5.4. The average size of  the micelles in the 
solution clearly increases with the chemical potential difference. Below the critical micelle concentration 
(corresponding to Ap = 4.50), the size distribution peaks at n = 1. However, for Ap = 4.6, a second peak 
around n = 30 is already visible. The increase in surfactant concentration with A/t is very rapid: the surfactant 
concentration increases by a factor 1011 when A# is changed from 4.6 to 5.2. In Section 4, we show that 
inter-micellar interactions change the size distribution for AFt ~> 5.2. 

Solving Eq. (3) for A#, we find (d/~)CMC =4.50.  To express this in terms of  surfactant 
concentrations we need to know the absolute excess chemical potential o f  the surfac- 

tant molecules. The most direct way to measure this would be by using a version 

o f  Widom's  particle insertion scheme [13] in which one computes the probability of  

accepting a trial move in which a solvent molecule is transformed into a surfactant. 

However, the acceptance o f  such trial moves is very small. We therefore use an in- 

cremental growth scheme (which is more like thermodynamic integration) - we start 

with the monomer, and grow the surfactant tail incrementally. Every step yields a par- 
tial (incremental) chemical potential difference. In this way, we estimated the excess 
chemical potential difference o f  a surfactant molecule with respect to a solvent particle 

to be A/~ex ~ 32. The (ideal) number density o f  the surfactant Psurf can be written as 

log (Psurf'~ = A / t -  A/rex • (4) 
\ Pns / 

The density of  the solvent at the imposed pressure of  P = 8 is PHS = 0.66. Substitut- 
ing this density and the values for the chemical potential difference at the CMC and 
the excess difference in Eq. (4) results in a surfactant concentration at the CMC of  
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Psurf = 7.5 X 10 -13 (in units D-3).  With present day computers, such an extremely low 

concentration cannot be studied in a canonical simulation. 

4. Finite density simulations 

In the previous section we showed how to obtain the size distribution of ideal so- 
lutions of micelles. However, the inter-micellar interactions become more important at 

higher surfactant concentration and will influence the size distribution in the system. 
In this section we study the effects of higher concentration on the size distributions. In 

principle, we could study inter-micellar interactions by performing semi-grand simula- 
tions on a large system and measure the size distribution from the simulations. How- 

ever, this would require systems containing hundreds of  micelles, which corresponds 

to tens of  thousands of surfactants and even more solvent molecules. Our approach 
is therefore to use the information obtained in the simulation of dilute micellar solu- 

tions as input for a coarse-grained description of the dense micellar system. To this 
end we approximate the micelles by hard spheres of different radii and use these in 

a grand-canonical simulation. In doing so, we make the following assumptions: 

• The micelles are effectively spherical. Snapshots of individual micelles at low 
concentration (see Fig. 1) show that this is a reasonable first-order approximation. 

• The inter-micellar interaction is hard-sphere like. This ignores the potential of 
mean force due to the solvent and the effect of the deformability of  micelles. There is 

considerable experimental evidence that, at least some, (uncharged) micelles behave as 
hard spheres up to quite high densities [14] - at higher densities they may still retain 

their identity, but the deformability becomes important [15]. 
For the effective hard-sphere radius of  the micelles we take the average distance of the 

center of the head-group to the center-of-mass of  the micelle, plus the radius of  the 
head-group. We stress that all the above assumptions can easily be improved upon - we 

could have taken shape-polydispersity into account, and we could have measured the 
potential of mean force. But our primary aim is to show how we can systematically go 

from a molecular description of ideal micelles to a coarse-grained description of dense 
suspensions. If, in such a simulation, we impose a particular excess chemical potential, 
while ignoring the inter-micellar interactions, then we recover the size distributions of 

Fig. 4. If we take the inter-micellar interactions into account then we still recover the 
ideal size distributions at low surfactant density. In fact, it is no problem to perform 
a grand canonical simulation at the CMC where the total surfactant concentration is 
of order 10 -13. It only requires a very large simulation box (of order 1015D 3 ). Such 
a large simulation box (in fact, if we assume that D = 1 rim, it would correspond to 
a system that would even be visible with the naked eye) is computationally no problem, 
because the number of  micelles is still low (hundreds), but clearly a "brute-force" 
simulation that included the solvent, would be utterly infeasible. 

In order to be able to perform such semi-grand hard-sphere micelle simulations we 
measured the radius of  the micelles as a function of the number of surfactants in 
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Fig. 5. Average radius of a single micelle as a function of size as obtained from the semi-grand simulations. 
Every open circle denotes an average over configurations of micelles containing n surfactants at a particular 
All. The solid curve is a least squares fit to a function of the form f ( n ) = a  + bv~. This fit was used in 
the polydisperse hard sphere grand canonical simulations. 

the micelle from the single micelle simulations described in the previous section. In 

Fig. 5, the measured radius is plotted. A striking feature o f  this figure is that the 

radius changes only slowly with size. This is probably due to the fact that we use a 

rigid surfactant tail. Even in small clusters the head groups are forced to be separated 

by at least a tail length. When more surfactant molecules are added, the shell of  head 

groups will fill up, without appreciably increasing the radius of  the cluster significantly. 

However,  at high packing fraction of  head-groups in the shell, there is a tendency o f  

the micelle to increase its surface. I f  the micelle would remain spherical, this would 

result in an increase in volume. The simulations suggest that this expansion becomes 

appreciable around n = 64. However,  large spherical micelles are apparently not stable 

and for n ~ 70, the micelle breaks up into two separate clusters. We stress, however, 

that the details o f  this scenario depend on the model  used. 

Fig. 6 shows the size distributions that we measured in the grand-canonical simu- 

lations, together with the corresponding ideal distributions. At  high concentrations, the 

influence of  inter-micellar interactions is clearly visible. The interactions between the 

micelles, shift the size distributions to lower average sizes. 

In fact, the size distributions o f  the interacting system closely resemble those of  

the non-interacting system at a lower chemical potential. We can therefore fit the size 

distribution o f  interacting micelles to that of  ideal micelles at a different chemical 
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Fig. 6. Influence of inter-micellar interaction on the size distribution in a micellar solution. For comparison 
the ideal size distribution is also plotted. The size distribution of  the interacting micellar solution is always 
shifted to the left. The different curves correspond to a chemical potential difference of  Al; = 5.1 (solid), 5.2 
(dotted), 5.3 (dashed), 5.4 (long dashed) and 5.45 (dot-dashed). In every case, the effect of  interactions is 
to shift the maximum of the distribution to smaller particle sizes. 

potential. We refer to the chemical potential that yields the best fit as the "'effective 
ideal" chemical potential. In Fig. 7 we have plotted the difference between the real 
surfactant chemical potential and the effective ideal chemical potential, as a function 
of  the total volume fraction occupied by the micelles. 

This behavior is to be expected as long as the excess chemical potential depends 
linearly on the number of  particles in a cluster. We can expand the excess chemical po-- 
tential in a Taylor series around the average cluster size, For moderate polydispersities, 
the linear term in this Taylor series will dominate. 

In order to estimate the shift in the effective chemical potential (Fig. 7), we need 
to know how the excess free energy of  a (polydisperse) hard-sphere fluid depends 
on the number of  surfactants in the spheres. It is straightforward to estimate how the 
excess free energy of  hard spheres varies with an infinitesimal change in the radius. We 
combine this with the observed relation between the micellar radius and the number of  
surfactants (Fig. 5). If we ignore polydispersity, the relation between F~, and n then 
becomes: 

(?&, _ ( ~ )  (o4,) (~r) Jlnr (5) an ~ ~ =3(Z(~b)- 1) dn 
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Fig. 7. The size distribution of interacting micelles can be described by the size distribution of ideal 
(non-interacting) micelles at a slightly lower value of the chemical potential. The figure shows this dif- 
ference #real- #err, as a function of the volume fraction of micelles. The filled squares denote the simulation 
results. The drawn curve was obtained using the "mean-field" prediction (Eq. (6)) described in the text. 
This curve was obtained using the average value of dlnr/dn for 30~<n~<70. To show the sensitivity of 
the results to d In r/dn, we have also plotted the predictions for a value of d In r/dn that is 10% too high 
(dashed curve) and 10% too low (dotted curve). 

where Zcs is the compressibility factor P/(pkT).  We assume that the equation of  state 

o f  the suspension is adequately described by the Carnahan-Starling equation o f  state 

for hard spheres (which is reasonable if we can ignore polydispersity). The derivative 

o f  Fex with respect to n is then given by: 

~3Fex ( 1  +~11+ ~b2- q~3 ) ( d l n r ' ]  
~n = 3  -_--~]~ - 1  \ dn J ' (6) 

where Zcs is the Camahan-Starling compressibility factor. In Fig. 7 we show the 

resulting estimate o f  the shift in effective chemical potential. In view of  the extreme 
simplicity o f  this theory, the agreement is gratifying. Its success indicates that the 

influence o f  inter-micellar interactions on the particle-size distribution can, to a first 

approximation, be thought o f  as a mean-field effect. In fact, the present approach can 

easily be extended to the more general situation that the effective inter-mieellar potential 
is o f  the form u(r)= ef(r/~r). For hard micelles, it is possible to improve on Eq. (6) 

by employing the Mansoori equation o f  state for polydisperse hard spheres [16]. We 
have done this and find that the agreement between a mean-field theory based on 
the Mansoori equation-of-state and the simulation results is essentially quantitative. 
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However, the predictive power of  this more sophisticated theory is limited because it 

requires the computed micellar size-distribution as input. 

5. Conclusions 

This paper illustrates that semi-grand ensemble simulations are very convenient for 

an accurate determination of the free energy of isolated micelles. Use of the semi-grand 
ensemble results in a much faster equilibration of the micelle distribution than can be 

achieved in canonical simulations. The measured free energy as a function of micelle 
size shows a distinct barrier for the formation and a minimum at the average size. 

This average size of the micelles depends on the surfactant concentration (chemical 

potential difference of the reservoir). Once the micelle free-energy function is known, 
it is straightforward to locate the CMC. 

By approximating the micelle solution as a polydisperse hard sphere system, the 

effect of inter-micellar interactions on the size distributions could be efficiently studied 

by means of a grand-canonical simulation. At high surfactant concentrations, inter- 
micellar interactions have a pronounced effect on the size distribution. However, for 
the present system, even at fairly high packing fractions, the particle size distribution is 

well reproduced by a distribution of ideal (non-interacting) micelles at a lower chemical 
potential. 

We note that micelles become unstable for n>~70. This is interesting, because it 

suggests that there are two possible scenarios for the kinetics of micelle formation. The 

first is that micelles simply form by aggregation of monomers. But the second scenario, 
that becomes more likely at higher surfactant concentrations, is that an existing micelle 

grows beyond the critical size and breaks up to form two micelles. The ratio of  the 
heights of the free energy barriers for these two processes depends on the surfactant 

chemical potential. 

The techniques described in this paper can be extended to describe micelles with 
pair-interactions that are not hard-sphere like. This would make it possible to perform 

"coarse-grained" simulations of  dense suspensions of realistic models for micelles. 
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