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Fluid-fluid phase separation in a simple model for a colloid dispersed in a solution of stiff rodlike 
polymers is studied by means of Gibbs ensemble Monte Carlo simulations. The fluid-solid 
transition for this model is computed using first-order perturbation theory. The phase diagrams 
clearly show that a stable critical point is not possible for polymer lengths smaller than 30% of the 
colloidil particle diameter. At very large rod length, the fluid coexistence curve can be derived 
directly from the hard-sphere equation of state. 0 1994 American Institute of Physics. 

1. INTRODUCTION 

When a suspension of uncharged colloidal particles is 
mixed with a sufficiently concentrated solution of nonad- 
sorbing polymer, a phase separation occurs, resulting in a 
dense colloidal phase and a phase that contains mainly 
polymer. l-3 This transition takes place because the increase 
in free energy associated with the condensation of the colloi- 
dal particles is more than offset by the decrease in free en- 
ergy due to the gain of free volume accessible to the poly- 
mers. 

A simple, yet qualitatively correct model of polymer- 
colloid mixtures was first proposed by Asakura and Oosawa’ 
and subsequently analyzed by Vrij’ and Lekkerkerker et al.” 
In this model, the colloids are represented by hard spheres of 
radius R,=(r/2, while the polymers are assumed to be 
spheres of radius R, that are mutually interpenetrable, yet 
cannot penetrate the colloidal particles. As a consequence, 
every colloidal particle excludes a sphere of volume 
&fR,+ RJ3 to the polymers. When two colloidal particles 
are brought together, these spherical volumes will overlap 
and the volume accessible to the polymer will increase. It is 
this increase in free volume that causes an effective attrac- 
tion and the eventual phase separation of the colloids. Recent 
computer simulations of polymer-colloid mixtures” indicate 
that the Asakura-Oosawa model is quite realistic if R,< R, . 

Of course4 the above mechanism for polymer-colloid 
phase separation is more general: spherical colloids and 
globular poIymers are just the simplest example. In the 
present paper, we focus on another limiting example, namely 
a mixture of spherical colloids and thin rodlike polymers. In 
the limit that the polymers are infinitely thin, this mixture is 
expected to resemble the Asakura-Oosawa model, because 
the polymer-polymer excluded volume vanishes, while the 
polymer colloid excluded volume is a spherocylinder with a 
length to width ratio. 1 +Llo; where L is the length of the 
rodlike polymers, and u the diameter of the colloidal 
spheres. As in the case of the flexible polymer-colloid mix- 
ture the free volume for the rodlike polymer can be increased 
by clustering of the colloids. One would therefore expect to 
see phase separation in such mixtures. However, although a 
light scattering study of a mixture of colloids and fairly rigid 
rodlike polymers was recently reported by Tracy et al.,’ 
phase separation was not observed. 

In the present paper we report a systematic numerical 
study of mixtures of hard-sphere colloids with thin rodlike 
polymers of varying length. The aim of the paper is three- 
fold: first of all, we wish to establish if there is indeed a 
fluid-fluid phase separation in this mixture. This is not a 
priori obvious because both the spheres and the rodlike 
polymers are convex bodies. The existence of a fluid-fluid 
phase separation in the simplest mixture of convex bodies, 
viz. hard spheres, continues to be a matter of speculation.6.7 
For other mixtures of convex bodies, firm data is lacking. A 
second aim of the paper is to provide a guide for experi- 
ments: we intend to indicate under what conditions (colloid 
density, polymer fugacity, L/(T ratio) phase transitions are to 
be expected. We shall consider both the possibility of fluid- 
Huid and fluid-solid transitions. Finally, we wish to verify if 
the theoretical description of polymer-colloid mixtures dis- 
cussed in Ref. 3 can be generalized to rodlike polymers. 

In our numerical study of possible fluid-fluid coexist- 
ence, we have made use of the Gibbs ensemble method of 
Panagiotopolous.8,9 However, as will be explained below, a 
naive implementation of this scheme is extremely inefficient 
in the present case. We have therefore generalized the Gibbs 
ensemble method to perform multiparticle exchanges, where 
the configurational bias Monte Carlo method” is used to 
achieve a high acceptance probability of trial moves. .This 
simulation scheme is described in the Appendix. 

In Sec. II A we present the simulations of fluid-fluid 
demixing. The solid-liquid coexistence is discuss&d in Sec. 
II B. The application of first-order perturbation theory to the 
mixture is described in Sec. III A, followed by a discussion 
of the limiting case of infinitely long rods, L-w. In Sec. 
III C we compare the simulation results with the theory. 

II. SlMULATlONS 

A. Fluid-fluid coexistence 

In the model studied in our simulations the colloidal par- 
ticles are represented by hard spheres ‘with a diameter u 
while the rodlike particles are modeled by infinitely thin 
needles of length L. As these needles are infinitely thin, their 
mutual excluded volume vanishes. However, the needles 
cannot intersect with the hard core colloidal particles. 

In order to establish fluid-fluid phase separation we per- 
formed modified Gibbs ensemble Monte CArlo simulations 
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FIG. 1. Coexistence curves for mixtures of hard sphere and rods. On the n 
axis the number density of hard spheres is set out. The tigacity of the rods 
z is plotted vs the reduced number density of hard spheres, p,d. The data 
points refer to the Gibbs ensemble results. From top to bottom the sets of 
points denote the binodals for L/u=2,3,4, and 5. The dashed curves are fits 
to Eq. (1) with an exponent 113. 

for rod lengths L/(+=2,3,4,5,6 at different fugacities (see the 
Appendix). The overall starting density of colloidal particIes 
in the two boxes was pd=0.25 which located the system in 
a two phase region of the phase diagram. The total number of 
spheres in the system was 110. We did not fix the number of 
rod-like polymers, but rather kept their fugacity z fixed. Dur- 
ing the simulations the number of rods varied from 100 to 
1000. 

As a test, we measured the chemical potential of the 
needles and the spheres using Widoms particle insertion 
technique” during a simulation. The chemical potential ,u of 
the rods is directly related to the fugacity by z=exp p,u. We 
checked that the actual chemical potentials of the two species 
remained constant in both phases. 

For equilibration of every system 10 000 MC cycles 
were executed, whereas 20 000 cycles were performed for 
data collection. During a cycle every particle on average was 
moved once. In addition the average cycle contained 80 at- 
tempted particle exchanges and 1 volume exchange between 
the two phases. The maximum step sizes of the particle 
moves were adjusted in order to keep the acceptance prob- 
ability around 30%-40%. The acceptance probability of 
hard-sphere exchanges which involved the configurational 
bias Monte Carlo step was -5%. This means that on average 
during every cycle 2% of the total number of particles was 
exchanged. The acceptance probability for the exchange of 
the needles was -40%. 

Figure 1 shows the fluid-fluid coexistence curves ob- 
tained in the Gibbs ensemble simulations. As the length of 
the needles is increased, the coexistence curves shift to lower 
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fugacity. This is to be expected because the range of the 
depletion interaction increases with length. Therefore, fewer 
rods are needed to induce the phase separation. 

Because of the analogy between this phase separation 
and the liquid-vapor coexistence in simple fluids we expect 
that the shape of the coexistence curve in the neighborhood 
of the critical point is given by the scaling form 

Pl-Pg-(z-z,)p, (1) 
where pl- pg is the density difference between the dense and 
the dilute phase and we assumed p=O.33, the usual 3D Ising 
critical exponent. From these simulations it is not possible to 
obtain a good estimate of the actual critical exponent. The 
dashed curves shown in Fig. 1 are fits of the scaling form (1). 

The critical density shifts to lower values and the coex- 
istence curves become more asymmetrical with increasing 
needle length. For very long rods every sphere will be ex- 
pelled from the dilute vaporlike phase, which causes the 
critical density to go asymptotically to zero for L-w. This 
limit will be discussed in more detail in Sec. III B. 

B. Solid-fluid transition 

Although the Gibbs ensemble simulations described 
above indicate that a fluid-fluid-like demixing occurs in the 
sphere-needle mixture, it is not obvious that this phase equi- 
librium can indeed be observed in experiments. In particular, 
the fluid-solid transition might take place before the fluid- 
fluid two phase region is reached. It is therefore essential to 
study the stability of the fluid phase with respect to the solid. 
To locate the freezing transition we must compute the Helm- 
holtz free energy of both the fluid and solid phases. This free 
energy is best computed by thermodynamic integration, us- 
ing the hard-sphere system as a reference. The Helmholtz 
free energy of a sphere-needle mixture at volume fraction #J 
of spheres and fugacity z of the needles is given by 

‘: 
F(hd =FHS(+) + I o dz’ $ 

where FHs is the hard-sphere reference energy and (V,,,) the 
average free volume available to the rods. This free volume 
is a function of the fugacity. We performed simulations to 
obtain the free volume for a rod in the dense fluid and the 
solid phase at different fugacities. For the solid we assumed 
a face-centered-cubic (fee) crystal structure which is presum- 
ably the most stable solid phase of hard spheres. 

Figure 2 shows the measured average free volume frac- 
tion for one rod as a function of the hard-sphere volume 
fraction for several needle fugacities. The free volume avail- 
able to the needles is almost independent of the fugacity. The 
fluid structure is therefore only slightly effected by the addi- 
tion of needles. Because the free volume is effectively inde- 
pendent of fugacity we can use first-order perturbation 
theory to calculate the free energy at higher fugacities. 
Therefore Eq. (2) reduces to 

F(~,zj=F,s(~)-z(Vfree)HS, 
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LlG. 2. Simulated free volume fraction (Y for infinitely thin rods of length 
L/o=2 as a function of hard-sphere volume fraction 4. Simulation param- 
eters as given in the text. The main figure gives the free volume in the fluid 
phase, whereas in the inset the much smaller free volume of the solid phase 
is plotted. The symbols refer to different rod fugacity: 0 z=2.7; 0 2=7.4; 
a z=12.2; and c * -=20.1. The solid curve is the scaled particle theory 
approximation to the free volume for L/u=2. Note that the relative differ- 
ence of the simulated data and the SPT curve is larger in the solid phase. 

where (V,&, is the free volume for one rod in the hard- 
sphere reference system. From this equation the coexistence 
densities of both the fluid and the solid phases can be ob- 
tained by equating the pressure and chemical potentials in 
both phases. For the fluid hard-sphere equation of state we 
used the Carnahan-Starling expression12 whereas the solid 
hard-sphere equation of state and reference free energy were 
obtained from simulation data.t3*14 

Although (Vfree)HS could be obtained from simulation 
data, we found that in the fluid phase it could be approxi- 
mated quite well by scaled particle theory (SPT).15 In the 
solid phase the SPT considerably overestimates the free vol- 
ume. This is not surprising as the theory was derived for the 
fluid region. However, as the free volume in the solid is very 
small anyway, the overestimate will not alter the thermody- 
namic properties of the mixture unless one considers very 
high polymer fugacity.” 
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be used. As we are imposing the rod fugacity, the proper 
thermodynamic quantity is the grand canonical partition 
function 

B(N,,p,V)= -r: 5 1 drN, m=O . 
Xexpj-pUHs>Z(rN~,m,V), (41 

where Uus is the interaction energy between the hard spheres 
and Z(rNs,m, V) is the configurational partition function of 
m rods in a particular configuration of the hard spheres. Be- 
cause the rods are ideal this partition function is the mth 
power of the free volume available to one rod: 

Z( ryr,m, V) = [ Vfree( rN*)]“. (5) 
The grand canonical partition function becomes 

E(N,,p,V)= s drNr exp(-/3U&exp[zV,(~NS)]. 
(6) 

Using a van der Waals type mean-field approximation which 
replaces V,,(rNs) by its average value in the corresponding 
unperturbed hard-sphere reference system, we obtain the 
grand potential 

flR(N,,&V)=-In E(Ns,p,V> 

a - ln(exp( - P UHS) > - 4 vfree> 

=PFHs(Ns,V)-WV. i7 
Here the brackets stand for an ensemble average over the 
sphere configurations, FHS is the free energy of the hard 
spheres, which only depends on the density ps= N,lV, and (Y 
is the average fraction of the totat volume available for a rod. 
This recipe is equivalent to applying first-order perturbation 
theory. 

To calculate the phase equilibria, one needs the pressure 
and the chemical potential of the spheres 

N wT=~~,s+z( a-p, 2) W 
ST 3 

III. THEORY 

A. Perturbation theory 

For the pressure of the hard-sphere reference system PHs we 
use the Carnahan-Starling equation of state 

To compute the fluid-fluid coexistence curves of the 
rod-sphere mixture we use the perturbation theory approach 
developed by Lekkerkerker et ~1.~~~ Consider a system con- 
sisting of two phases with volume V’ and V” containing, 
respectively, N’, ,NF rods of length L and Nt ,Nf;’ spheres 
with diameter o. These phases are in osmotic equilibrium 
with a reservoir containing an ideal gas of rods at reduced 
pressure j3P” which is equal to the fugacity z=exp(-Pp), 
where ,u is the chemical potential of the rods and /3= IlkT is 
the inverse temperature. 

PPHS 1 -t-4+ +‘- 43 -= 
u-#d3 ’ 

00) 
PS 

where qb=p,$d is the volume fraction of hard spheres. The 
chemical potential of the hard-sphere fluid can be obtained 
from the standard thermodynamic relations. For the free vol- 
ume fraction a one can use the scaled particle theory for one 
rod in a solution of spheres:15 

3L + 

In order to simplify the notation in the following equa- 
tions: N, , N, , and V for a single not yet specified phase will 

ppeX=--ln a=-ln(l-+)+--- 
2 o- l-$’ (11) 

This is an underestimation of the chemical potential, there- 
fore an overestimation of the free volume as we already saw 
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in Fig. 2. Nevertheless, it turns out that this equation gives 
quite accurate results as we shall see in Sec. III C. Substitu- 
tion of Eq. (11) in Eqs. (8) and (9) yields explicit expressions 
for the pressure and chemical potentials in terms of the vol- 
ume fractions in phase I and phase II. The coexistence curves 
were obtained by equating the pressure and chemical poten- 
tials in both phases. 

B. The limit L-v= 

The liquid-vapor coexistence terminates in a critical 
point. If the rod length increases the critical density shifts to 
lower values. For L-+a this density is proportional to l/L, as 
can be derived from perturbation theory by setting the first 
and second derivative of the pressure [Eq. (S)] with respect 
to the density equal to zero. The critical volume fraction (6, 
then follows as a function of L: 

9c= 
10+3Lla-31/4+12Lla+(Lla)~ I.-+~ 2s =- 

16-12Llcr 3L’ 
(12) 

Using this result we can obtain the critical rod fugacity from 
Eq. (8) as well:’ 

4a’ 1+4+,+4&-4&+ I$$ 
“‘=s 1-A fJ.XP( &G$-) 

L-” 2cTe = - 
3L . (13) 

Another remarkable fact is that the theoretical coexistence 
curve has a simple asymptotic form for very long rod 
lengths. If the critical density becomes zero the hard-sphere 
vapor density also has to vanish, In this region the liquid 
vapor coexistence curve is easy to calculate by equating the 
pressures of the liquid and the vapor phase. The chemical 
potential is not important in the limit of long rods because 
the coexistence density of the vapor is effectively indepen- 
dent of the chemical potential. In the vapor phase the pres- 
sure is simply equal to the fugacity of the rods because there 
are no spheres present. The pressure in the fluid phase fol- 
lows from Eq. (8): 

PP=PP,sfz 
i i 

*-$h$ . (14) 

In the L--W limit the free volume fraction cy available to the 
rods in the liquid vanishes. The pressure of the fluid there- 
fore reduces to the hard-sphere equation of state. Equating 
the pressure in both phases gives 

pP=pPHs=z. W) 
This result provides an alternative route to measure the hard- 
sphere equation of state in experiments by measuring the rod 
concentration of the vapor phase as a function of the density 
of spheres in the liquid phase. 

C. Comparison with simulation results 

In Fig. 3 the binodal curves from first-order perturbation 
theory are compared with the Gibbs ensemble results. The 
critical points are well predicted for small lengths but be- 
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FIG. 3. Binodal curves obtained from perturbation theory compared with 
simulation results. The fugacity of the rods z is plotted vs the reduced 
number density of hard spheres, p,$. The upper curve and points corre- 
spond to L/u=?, the lower to L/a:3. 

come worse for longer rods. Because there is no adjustable 
parameter in the model, the accuracy of the theoretical 
curves is surprising. This good agreement is probably due to 
the accuracy of the SPT expression for the free volume [Eq. 
WI. 

In Sec. III we concluded that the free volume available 
to a rod is independent of fugacity. Therefore, the complete 
phase diagram for the needle-sphere mixtures including the 
fluid-solid transitions can be obtained using first-order per- 
turbation theory. The coexistence densities for the solid- 
liquid and solid-gas transitions are easily calculated from 
the chemical potentials and the pressures in Eqs. (8) and (9). 
The resulting phase diagrams for different rod lengths are 
shown in Fig. 4. The most obvious result is that a stable 
liquid-gas two phase region is indeed possible. If the rods 
get smaller than 0.3~ the vapor-liquid phase separation be- 
comes metastable. One can imagine that at this point the rods 
start to fit in the interstitial spaces of the solid phase. This 
causes the free energy of the solid-vapor equilibrium to be 
lower than that of the liquid-vapor equilibrium. 

As discussed above the coexistence curves shift to lower 
fugacities with increasing rod length. The interaction range 
between the particles becomes larger and the necessary depth 
of the effective potential to induce phase separation which is 
governed by the rod fugacity is smaller. The fluid-solid co- 
existence region becomes wider at high fugacity. This is a 
common phenomenon in fluid-solid transitions. If the fugac- 
ity increases, the free energy in the fluid decreases more than 
the free energy of the solid. To compensate this, the equihb- 
rium solid phase has to become denser and the fluid phase 
more dilute. 
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ETG. 4. Phase diagrams of hard-sphere rod mixtures. The fugacity of the 
rods z is plotted vs the volume fraction of hard spheres, $=i;n p$. The 
lines correspond to the phase boundaries and are obtained by first-order 
perturbation theory as given in the text. Left picture: solid line L=O.2, 
dotted line L=O.3, dashed line L=O.5. Right picture: solid line L= 1, dotted 
line L=2, dashed line-L=3, and dot dashed line L-+m. The solid curve in 
the left picture is the metastable fluid-fluid binodal for L/u= 1. 

IV. CONCLUSIONS 

When infinitely thin needles are added to a hard-sphere 
solution a phase separation will occur in a dense, hard- 
sphere-rich, liquidlike phase and a dilute vaporlike phase that 
contains few hard spheres. This is a pure entropic effect as 
only hard core interactions are involved. The phase separa- 
tion is caused by an increase in the available volume for the 
needles as the spheres cluster. This increase in entropy of the 
rods will outweigh the loss in entropy of the spheres at high 
rod fugacity. The fluid-solid transition will preempt this 
phase separation for a system with a rod length LlrCO.3 and 
a liquid phase will not be stable for these rod lengths. We 
expect that for very short rods the critical point will reappear 
in the solid phase. Recent simulations have shown that in 
systems with very short-range attraction a phase transition 
can occur between a dense packed crystal and a less dense 
crystal.16 This phase transition is first order, ends in a critical 
point, and is similar to the liquid-vapor transition. 

The features of the phase diagrams of the rodlike poly- 
mer are completely comparable with that of the fully flexible 
chains,” although in the latter case the disappearing of the 
liquid region is predicted .at a polymer radii of gyration 
2R,l(r<0.45. However, the latter estimate is quite crude. It is 
therefore not obvious that the difference with the value ob- 
tained here is significant. 

The liquid-gas separation in the rodlike polymer colloid 
mixture can be described by first-order perturbation theory. 
This theory predicts the location of the critical point well at 
rod lengths L/a<4 although this accuracy decreases for 
higher values of L/CT. The perturbation theory is accurate 
because the free volume for a rod in a dispersion of spheres 
is effectively independent of the concentration of rods. Of 
course this is only valid in the case of ideal polymers. If the 
polymers would interact with each other the free volume 
would decrease considerably with the fugacity. 

Jn the limit L-+m the critical point shifts to zero density 
and zero polymer fugacity. The binodal curve is in this limit 
equivalent to the equatioa of state for hard spheres. The 
fugacity of the rods is equal to the pressure of the coexisting 
hard-sphere fluid phase because in ‘the vapor phase no 
spheres are present and the liquid phase is free of needles. 
This fact may provide an alternative route to obtain the~equa- 
tion of state of hard spheres experimentally by measuring the 
concentration of rods in the vapor phase of a phase separated 
mixture of colloids and stiff polymers as a function of the 
volume fraction of spheres in the liquid phase. 

The simulations discussed in this paper show that for 
mixtures of hard spherical particles and’thin needles liquid- 
vapor phase separation will occur. However, one could ob- 
ject that the limiting case .of infinitely thin needles is unreal- 
istic. Hence, it is important to know whether the demixing 
transition discussed in this paper will still occur if the 
needles have a finite diameter D. In particular, one should 
consider the possibility that the rodlile particles will un- 
dergo a transition from the isotropic to nematic phase. This 
transition will take place when p,Bs=ci,(l), where B2 is the 
second virial coefficient of the rods. To see at what value of 
the rod osmotic pressure the isotropic-nematic transition oc- 
curs, we consider the Onsager limit of rods with high L/D 
ratio.i7 In this limit the osmotic pressure of the rods can be 
written as 

pP,=p, 

where we used the diameter of the spheres as a unit of 
length. The isotropic phase becomes unstable at a density of 
(71-/4)DL~p,=3.3,‘~ which corresponds to an osmotic pres- 
sure P,- I g/CDL’). To observe the liquid-gas phase sepa- 
ration, this pressure has to be larger than the critical pressure 
P, for the phase separation. 

In the limit that DLO while L remains finite, the I-N 
transition occurs at infinite pressure. For rods with a finite 
diameter, demixing can compete with the I-N transition. To 
be specific, on the basis of the perturbation theory and Eq. 
(13) we assume that for L/o-%-l, Pc=2tre/3L. If we equate 
P, to P,, we find that demixing is preempted by an I-N 
transition if LD/c?-2 10. This implies that for small D/a the 
liquid-gas phase separation occurs well before the Z-N tran- 
sition. 

Of course, the finite thickness of the rods will alter the 
simulated phase diagrams, especially for small L/D ratios. 
This will probably shift the phase separation region as well 
as the isotropic-nematic transition to higher fugacities. So 
we-expect that the liquid-gas phase separation still occurs at 
lower fugacities than the isotropic-nematic transition for 
reasonable LID ratios (L!D>5). 
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APPENDIX: CONFIGURATIONAL BIAS MONTE 
CARLO IN THE GIBBS ENSEMBLE 

To calculate the phase equilibria directly we use the 
Gibbs ensemble Monte Carlo simulation approach developed 
by Panagiotopou1os.s In this method, the coexisting phases 
are simulated in parallel. V’(V”) denotes the volume of the 
periodic box containing phase I(H). The total volume is de- 
noted by V. The number of spheres and rods in either box is 
denoted by Mi, NE, N,” , and NFr . 

During the simulation ordinary MC displacement steps 
are performed in both phases and occasionally particles and 
volume are exchanged between the boxes to maintain, re- 
spectively, chemical and mechanical equilibrium. The par- 
ticle moves inside a box are accepted according to the con- 
ventional Metropolis scheme. For trial moves to change the 
volume, we follow the procedure described in Ref. 9. 

The exchange rules are slightly more complicated. The 
rods can be exchanged without any difficulty and we can use 
the usual acceptance rule for moving a rod from box I to II: 

VW 
vI~N~; 1 ) exp( -PA W . 

r I 
(Al) 

However, the spheres cannot be exchanged directly because 
the insertion probability in both phases will be very low due 
to the presence of rods. Nearly always a sphere will overlap 
with one or more needles, To overcome this we can make use 
of the configurational bias Monte Carlo scheme originally 
derived by Biben18 who in turn based it on -a scheme sug- 
gested in Ref. 10. 

The procedure is as follows. First one tries to move a 
sphere from one box to the other. When the sphere overlaps 
with any other sphere the trial move is rejected. Otherwise, 
rods overlapping with the sphere in its new position are re- 
moved and are randomly inserted into the former box in such 
a way that they would have intersected the sphere in its origi- 
nal position. This procedure creates a bias in the sampling. In 
the following we show how to correct for this bias. Before 
discussing particle exchange between two boxes, we focus 
on a scheme for moving particles within the same box. Sup- 
pose we want to swap a sphere with the overlapping needles 
on the new position. The acceptance rule for this step is 
governed by detailed balance: 

Pgen Pa= 

b-m b-m 
(A21 

Here Pz2b is the probability to generate and Przb the prob- 
ability to accept the move from configuration a to configu- 
ration b. A U = Ub - U, is the potential energy difference be- 
tween a and b. To satisfy the detailed balance condition one 
can use the Metropolis scheme with the acceptance rule 

pf??a exp( - Pub> 

Pf”?$, exp(-flUaj I 
h43) 

In normal simulations Prt,, the chance of generating con- 
figuration a is equal to Prl,. In the present case the gener- 
ating probabilities depend on the volume, the number of par- 

titles, and the specific configuration. If we try to move n 
rods starting from configuration a, the probability to generate 
a certain configuration b is given by 

Prtb = (A4) 

where Ubi denotes the energy of the ith moved rod in con- 
figuration 6, the weight factor Zb,i = ~~=i exp( - pUbi) 
plays the role of the single rod partition function. Once we 
have moved a sphere, we try to move the overlapping rods 
into the old position of the sphere. For each of the n over- 
lapping rods the weight factor is calculated by inserting rods 
k times randomly in the overlap volume of the rod and the 
moved sphere. 

Using Eqs. (A2)-(A4) and the relation AU 
= x;=,( Ubi - Uai) + Ub,us - UaTHS the acceptance prob- 
ability becomes 

P ::,=min 1, g exp(-/?AU,,) , 
[ a I 

CM) 

where A UHS = Ub,$S - Ua,HS takes into account the interac- 
tion of the moved sphere with all other spheres and 
Z,- IIT= , Z,,i for configuration a. For convenience, it is as- 
sumed that the number of trial insertions k is the same in 
both Z, and Zb . The weight factors Z, and Z, of the old and 
the new situation, respectively, must be calculated. Notice 
that besides the moved sphere the only difference between a 
and b are the position of the n overlapping rods, so we only 
need to calculate the weight factors for those rods. 

The above scheme is valid for a move within one box. In 
the Gibbs ensemble scheme the situation is somewhat differ- 
ent. Suppose we want to move a sphere from box II to I. The 
overlapping pz needles in box I in situation a are moved to 
box II. The probability to generate the new- configuration b is 
now given by 

n 
p::b=$; F 

exp( - P Ubi) 

s g=l 
zj ’ (A6j 

where the factor l/N: is the probability to pick one of the 
spheres in box II and the volume factor is due to the random 
choice of the sphere position in box I. The product in Eq. 
(A6) gives the probability to move II rods between boxes and 
is the same as in Eq. (A4). For the reverse move, Pr:, can 
be written as 

1 1 n 
pge:,=- 

II 
ev( - Pu,J 

N;+l pi=, zi ’ L47) 

where the additional 1 in the first factor arises because in the 
reverse move one extra sphere can be chosen. 

using AU = xr=, Ubi - UQi + Ub&s - Ua,~S and the 
definition of the weight factor 2, the total probability of ac- 
cepting a sphere exchange from box II to I is 
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II 
P xc a-,b=min 1, $&$exp(-PAUHS) . 

I 
(A@ 

s a 

Note that the number of rods does not occur in this accep- 
tance rule, because the rods cannot be chosen freely once a 
particular sphere has been randomly selected. At first sight it 
seems strange that the acceptance rule does not contain the 
number of displaced rods. In the limit in which the rods 
shrink to ideal point particles, however, it is immediately 
clear that the thermodynamics of the hard-sphere fluid can- 
not depend on the configurations of an ideal gas: 

The calculation of the Z, and Zb is as follows. The ori- 
entation of the rod to be inserted is chosen randomly and it is 
placed within the overlap volume of the rod and the sphere. 
This is repeated k times. Z, and Z, are equal to the number 
of times the rod does not overlap with another sphere in the 
old configuration a and the new situation b, respectively. 

To check chemical equilibrium one may want to know 
the chemical potential of the rods. The chemical potential of 
the rods is measured by the Widom insertion method which 
is slightly altered due to the Gibbs ensemble:’ 

Pp=Pp”--In 
V’ 

(Nt+ 1) exp(-PAW 

With the above steps it is possible to calculate phase equi- 
libria in rod-sphere mixtures directly. 
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