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Abstract 

The numerical study of complex fluids offers a challenge to numerical simulation as the systems under 
consideration are too large to be treated by conventional atomistic models, yet too small to be treated macroscopi- 
cally. This paper sketches some of the recent trends in the numerical study of phase behavior of complex liquids. 
The importance of the entropy for the phase-behavior is illustrated. 
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1. In t roduc t ion  

Computer  simulations can be used to predict 
the mechanical and thermal properties of existing 
or novel materials. Although many of the tech- 
niques to perform such calculations have been 
around for several decades, most simulations were 
limited to relatively simple atomic and molecular 
substances. In recent years, we have witnessed a 
move towards the numerical simulation of materi- 
als that are, in some sense, complex. This move 
was facilitated by two factors: on the one hand, 
the development of novel simulation techniques, 
such as the Car-Parrinello 'ab-initio' MD scheme 
[1] and, on the other hand, the ever increasing 
power of the available computers. 

In this paper, I wish to discuss one particular 
class of materials with 'complex' properties, 
namely macro-molecular or colloidal systems. The 
building blocks of such materials are 'mesoscopic' 

rather than microscopic, and special simulation 
techniques are required to study their phase be- 
haviour. 

In this context, it is necessary to discuss the 
role of entropy in phase transitions. At first sight, 
there is little need for such a discussion. The 
second law of thermodynamics tells us that, in a 
closed system at equilibrium, the entropy, S, is at 
a maximum. One could therefore argue that any 
spontaneous phase transformation in a closed 
system occurs simply because it results in an 
increase of the entropy. However, it is more 
common to consider the equilibrium behavior of 
a system that is not isolated, but can exchange 
energy with its surroundings. In that case, the 
second law of thermodynamics implies that the 
system will tend to minimize its Helmholtz free 
energy F = E -  TS, where E is the internal en- 
ergy of the system and T the temperature.  Clearly, 
a system at constant temperature can lower its 
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free energy in two ways: either by increasing the 
entropy S, or by decreasing the internal energy E. 
In order to gain a better understanding of the 
factors that influence phase transitions, we must 
look at the statistical mechanical expressions for 
entropy. The simplest starting point is to use 
Boltzmann's expression for the entropy of an 
isolated system of N particles in volume V at an 
energy E, 

S = k B In O (1) 

where ks ,  the Boltzmann constant, is simply a 
constant of proportionality. O is the total number 
of (quantum) states that is accessible to the sys- 
tem. In the remainder of this paper, I shall choose 
my units such that k B = 1. The usual interpreta- 
tion of Eq. 1 is that O, the number of accessible 
states of a system, is a measure for the 'disorder' 
in that system. The larger the disorder, the larger 
the entropy. This interpretation of entropy sug- 
gests that a phase transition from a disordered to 
a more ordered phase can only take place if the 
loss in entropy is compensated by the decrease in 
internal energy. This statement is completely cor- 
rect, provided that we use Eq. 1 to define the 
amount of disorder in a system. However, we also 
have an intuitive idea of order and disorder: 
crystalline solids are 'ordered' ,  while isotropic 
liquids are 'disordered'. This suggests that a 
spontaneous phase transition from the fluid to 
the crystalline state can only take place if the 
freezing lowers the internal energy of the system 
sufficiently to outweigh the loss in entropy: i.e. 
the ordering transition is 'energy driven'. In many 
cases, this is precisely what happens. It would, 
however, be a mistake to assume that our intu- 
itive definition of order always coincides with the 
one based on Eq. 1. In fact, the aim of this paper 
is precisely to show that many 'ordering'-transi- 
tions that are usually considered to be energy- 
driven may, in fact, be entropy driven. At the 
outset, I should stress that the idea of entropy- 
driven phase transitions is an old one. However, 
it has only become clear during the past few years 
that such phase transformations may not be inter- 
esting exceptions, but the rule! 

The question that I wish to address is there- 
fore: what classes of phase transitions can be 

driven by entropy alone? In order to answer this 
question, we must consider systems in which the 
internal energy is a function of temperature alone. 
If a first-order phase transformation takes place a 
constant temperature,  the internal energy must 
remain the same. Hence the change in Helmholtz 
free energy is determined exclusively by the 
change in entropy of the system. In general, it is 
not obvious how to devise model systems for 
which the internal energy depends only on tem- 
perature. In order for this condition to hold, the 
partition function Z of the system should factor- 
ize into a part that depends only on the tempera- 
ture, T, and a part that depends on the density, 
p. For a classical N-body system, we can write Z 
a s  

1 
Z hSNN ! f . . .  fdpNdq N e x p [ - / 3 H ( p  N, qN)], 

(2) 

where/3 = (kBT)-1, while H(p N, qN) denotes the 
Hamiltonian of the system, expressed as a func- 
tion of the momenta pN and the coordinates qN. 
For convenience, I have assumed that we are 
dealing with an atomic system. The Hamiltonian 
H is the sum of the kinetic energy K(p N) and the 
potential energy U(qN). For classical systems, we 
can perform the integration over momenta in Eq. 
2 analytically. It yields a factor in the partition 
function that depends on T only. The remaining, 
configurational, part of the partition function is: 

1 
a = f . . .  fdq N exp[--/3U(qN)].  (3) 

In general, Q will be a function of N, V and T. 
We are interested in the case that Q does not 
depend on T. It would seem that this is not 
possible, because Q depends on /3. However, if 
we limit our attention to hard-core potentials, i.e. 
potential energy functions that are (depending on 
the value of qN) either 0 or 0% then Q is indeed 
independent o f /3 .  It is easy to see that, in that 
case, the average potential energy of the system 

0In  Q 
( U )  - O. (4) 8/3 
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The average energy of a hard-core system is 
therefore simply equal to the average kinetic en- 
ergy (K) ,  which is a function of the temperature 
only. As the internal energy of a hard-core system 
is constant at constant temperature, any phase 
transformation in such a system takes place only 
because this results in an increase in entropy. 

Now that we have defined a class of model 
systems for which entropy is the only driving 
force behind spontaneous phase transformations, 
we wish to find out what kinds of phase such a 
model system can exhibit. 

2. (LiquidJ c~stais 

In this section, I shall briefly review what we 
now know about the effect of entropy on the 
formation of partially ordered liquids ('liquid 
crystals') and crystalline solids. The earliest exam- 
ple of an entropy-driven ordering transition is 
described in a classic paper of Onsager [2], on the 
isotropic-nematic transition in a (three-dimen- 
sional) system of thin hard rods. Onsager showed 
that, on compression, a fluid of thin hard rods of 
length L and diameter D must undergo a transi- 
tion from the isotropic fluid phase, where the 
molecules are translationally and orientationally 
disordered, to the nematic phase. In the latter 
phase, the molecules are translationally disor- 
dered, but their orientations are, on average, 
aligned. This transitions takes place at a density 
such that ( N / V ) L 2 D  = ~'(1). Onsager considered 
the limit L I D  ~ oo. In this case, the phase transi- 
tion of the hard-rod model can be found exactly 
(see e.g. [3]). At first sight it may seem strange 
that the hard rod system can increase its entropy 
by going from a disordered fluid phase to an 
orientationally ordered phase. Indeed, due to the 
orientational ordering of the system, the orienta- 
tional entropy of the system decreases. However, 
this loss in entropy is more than offset by the 
increase in translational entropy of the system: 
the available space for any one rod increases as 
the rods become more aligned. In fact, we shall 
see this mechanism returning time-and-again in 
ordering transitions of hard-core systems: the en- 
tropy decreases because the density is no longer 

uniform in orientation or position, but the en- 
tropy increases because the free-volume per par- 
ticle is larger in the ordered than in the disor- 
dered phase. 

The most famous, and for a long time contro- 
versial, example of an entropy-driven ordering 
transition is the freezing transition in a system of 
hard spheres. This transition had been predicted 
by Kirkwood in the early fifties [4] on basis of an 
approximate theoretical description of the hard- 
sphere model. As this prediction was quite 
counter-intuitive and not based on any rigorous 
theoretical results, it met with wide-spread skep- 
ticism until Alder and Wainwright [5] and Wood 
and Jacobson [6] performed numerical simula- 
tions of the hard-sphere system that showed di- 
rect evidence for this freezing transition. Even 
then, the acceptance of the idea that freezing 
could be an entropy driven transition, came only 
slowly [7]. However, by now, the idea that hard 
spheres undergo a first-order freezing transition 
is generally accepted. And, although the hard- 
sphere model was originally devised as an ideal- 
ized and highly unrealistic model of an atomic 
fluid, it is now realized that this model provides a 
good description of certain classes of colloidal 
systems. 

The next step in this sequence came in the 
mid-eighties when computer simulations [8] 
showed that hard-core interactions alone could 
also explain the formation of more complex liquid 
crystals. In particular, it was found that a system 
of hard sphero-cylinders (i.e. cylinders with 
hemi-spherical caps) can form a smectic liquid 
crystal, in addition to the isotropic liquid, the 
nematic phase the crystalline solid. In the smectic 
(A) phase, the molecules are orientationally or- 
dered but, in addition, the translational symmetry 
is broken: the system exhibits a one-dimensional 
density-modulation. Subsequently, it was found 
that some hard-core models could also exhibit 
columnar ordering [9]. In the latter case, the 
molecules assemble in liquid-like stacks, but these 
stacks order to form a two-dimensional crystal. In 
summary, hard-core interaction can induce orien- 
rational ordering and one-, two- and three-di- 
mensional positional ordering. This is rather sur- 
prising because, in particular for the smectic and 
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the columnar phase, it was generally believed that 
their formation required specific energetic inter- 
actions. 

3. Depletion flocculation 

Let us next consider a slightly more complex 
example of an entropy-driven phase separation in 
a binary mixture, namely polymer-induced floccu- 
lation of colloids. Experimentally, it is well known 
that the addition of a small amount of free, 
non-adsorbing polymer to a colloidal suspension 
induces an effective attraction between the col- 
loidal particles and may even lead to coagulation. 
This effect has been studied extensively [11] and 
is well understood, at least qualitatively. As in the 
example discussed above, the polymer-induced 
attraction between colloids is an entropic effect: 
when the colloidal particles are close together, 
the total number of accessible polymer conforma- 
tions is larger than when the colloidal particles 
are far apart. However, although the physical 
mechanism responsible for polymer-induced co- 
agulation is understood qualitatively, a quantita- 
tive description of this phenomenon is difficult. 
This is so because the polymer-induced attraction 
between the colloidal particles is non-pairwise 
additive. Moreover, it depends both on the os- 
motic pressure of the polymer and on the concen- 
tration of the colloid. Yet, in the theoretical 
description of polymer-induced clustering [12], 
the effect of the polymer is usually replaced by an 
effective, density-independent, pair-wise additive 
attraction between the colloidal particles. How- 
ever, in this case, no analytical evaluation of the 
(grand-canonical) partition function is possible, 
even when one considers only the very simplest 
model, v/z. that of a mixture of hard-core col- 
loidal particles with ideal chain molecules with 
conformations that are restricted to a lattice. In 
this case, it would clearly be desirable to carry 
out 'exact' numerical simulations to investigate 
the phase behavior. Yet, the computational prob- 
lems are still formidable. What is required is a 
numerical scheme that samples the positions of 
the colloidal particles while averaging over all 

possible conformations of a large (and fluctuat- 
ing) number of chain molecules. The 'conven- 
tional' Monte Carlo schemes to simulate lattice 
models of polymer systems [10] would be woefully 
inadequate for such a calculation. 

Fortunately, it is possible to construct a rigor- 
ous and efficient Monte Carlo scheme to study 
this model. Our approach relies on the fact that 
we can recursively compute the partition function 
of an ideal (non-self avoiding) chain on a lattice 
in an arbitrary external potential [13,14]. This is 
most easily seen by considering a chain of length 
l -  1 on a lattice. For convenience, we assume 
that the external potential is either zero or infi- 
nite. The total number of accessible ideal chain 
conformations that terminate on lattice site i is 
denoted by ~Ot_l(i). The total partition function 
~'~l--1 is equal to  ~itOl_l(i),  where the sum runs 
over all lattice sites. The total number of chains 
of length I that terminate on site i is clearly equal 
to the sum of the total number of chains of length 
l - 1 that terminate on any of the neighbors of i, 
multiplied by the Boltzmann factor associated 
with site i. Using such a recursive scheme, we can 
compute exactly Or, the partition function of a 
single ideal polymer or arbitrary length 1 on a 
lattice, in an arbitrary external potential. This 
scheme can be used as a starting point to study 
self-avoiding polymers [15,16], but for the present 
purpose we limit ourselves to ideal polymers. Up 
to this point we have not specified the nature of 
the 'external' potential. We now assume that this 
potential is due to the presence of N hard, 
spherical colloidal particles each of which occu- 
pies many lattice sites. The polymer partition 
function clearly depends on the coordinates r N of 
the colloidal particles: Ot(rN). The configura- 
tional part of the partition function of the system 
of N colloids plus one polymer of length ! in 
volume V is then given by: 

Z(V, N, 1) = f/rNe--Uh~(rN)(~t(rN)), (5) 

where Uhs(r N) denotes the hard-sphere interac- 
tion. Next, we make use of the fact that we are 
considering ideal polymers. In that case we can 
immediately write down the corresponding parti- 
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tion function for N colloids and M ideal poly- 
mers: 

Z(V,  N, M) = ~ -JdrNe-Vh"rN)(12t(rN) )M/M!, 

(6) 

where the factor l /M!  accounts for the fact that 
the polymers are indistinguishable. Using Eq. 6 it 
is straightforward to transform to an ensemble 
where the polymer chemical potential (i.e. the 
osmotic pressure) is kept fixed. The correspond- 
ing grand-canonical partition function is given by: 

~ (V,  N, /z)  

= ~_, eM~chZ(V, N, M ) / M !  
M=O 

o o  

= f/rNe-Uhs(rN) E eM"ch(Ot(rN))M/M! 
M=O 

= f / r N e -  Vhs~rN)e~a'<rN). (7) 

In the last line of Eq. 7, we have introduced the 
polymer fugacity z = e~h, where I~ch denotes the 
chemical potential of the chain molecules. 

The important point to note is that Eq. 7 
allows us to evaluate the properties of the col- 
loidal particles in osmotic equilibrium with a 
polymer reservoir. In particular, it shows that we 
can perform Monte Carlo sampling of the col- 
loidal particles. The polymers only affect Ueff(rN), 
the effective interaction between the colloidal 
particles: 

Ueff(r N) =- Uhs(r N) - ZOt(rN). (8) 

zI21(r N) measures the entropic interaction be- 
tween the colloids due to all possible polymer 
conformations. This entropic interaction is, in 
principle, not pairwise additive. In fact, it is shown 
in [14], that for all but the shortest chain 
molecules, this non-additivity of the polymer-in- 
duced interaction between the colloids, has a 
pronounced effect on the structure and stability 
of the mixture. For more details, we refer the 
reader to [14]. 

4. 'Entropy' in quantum phase-transitions 

Finally, I wish to discuss a more speculative, 
and somewhat exotic, example of an entropy- 
driven phase transition, namely the demixing of a 
system of ideal point fermions ('non-interacting 
electrons') and classical fluid particles. The anal- 
ogy between this system and the previous ones 
rests on the fact that, in Feynman's path-integral 
formulation of quantum mechanics, there is an 
isomorphism between the partition-function of a 
d-dimensional quantum-mechanical system, and 
that of d + 1-dimensional, 'polymer' system. Ideal 
quantum particles in d dimensions can be de- 
scribed by ideal, directed polymers in d + 1 di- 
mensions. This suggests that we may expect that 
mixtures of ideal quantum particles and atoms 
(effectively, hard spheres) behave much like a 
mixture of ideal polymers and colloids. In fact, 
the situation in the quantum case is complicated 
by the fact that one must take exchange into 
account. This is relatively straightforward in the 
case of numerical simulations of bosons [18], but 
it creates serious problems for fermions (the 
'sign'-problem). However, in [19], it is shown how, 
at least for a mixture of atoms and ideal fermions, 
these problems may be overcome. Alavi and 
Frenkel [19] show that it is, in fact, possible to 
evaluate numerically (but exactly) the grand- 
canonical partition function of ideal fermions in 
the presence of arbitrary 'obstacles' (in particu- 
lar, atoms). This makes it possible to perform 
Monte Carlo sampling of the atomic positions in 
the presence of the fermion 'bath'. Here, I will 
not discuss the technical aspects of these simula- 
tions. Rather, I will summarize the main conclu- 
sion, which is that there is indeed strong evidence 
for a demixing transition as the chemical poten- 
tial of the fermions is increased beyond a certain 
critical value. Again, there are no attractive forces 
in this system. Hence, this fermion-induced phase 
separation appears to be yet another example of 
'attraction through repulsion'. For more details, 
the reader is referred to [19]. It is amusing to 
note that the phase-separation in a mixture of 
ideal fermions and hard-spherical 'atoms' may 
have an intriguing counterpart in planetary as- 
tronomy, namely in the structure of the interior 
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of Saturn. It is thought that the core of Saturn, 
which is a hydrogen-helium planet, consists of 
nearly pure helium [20], whilst at the conditions 
relevant to the interior of Saturn ( T ~  10 4 K, 
P = 1 - 10 Mbar) the hydrogen probably is metal- 
lic. If we view the helium as consisting of 'hard- 
spheres', and the metallic hydrogen as a nearly 
free electron gas (in which the hydrogen nuclei 
play the role of a neutralising background), we 
might expect on the basis of the calculations in 
[19] that such a mixture would phase-separate. 
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