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We presentMonteCarlosimulationsof thehoppingmotionof aparticlein atwo-dimensionalsquarelatticeLorentzgas.The
long timetail of thevelocityautocorrelationfunctionin this systemis computedwith anaccuracyof 1:5x I0~.At low densities
theMonteCarloresultsagreequantitativelyatall timeswith thepredictionsof kinetictheory.Thetheoreticalpredictionsfor the
secondorderdensitycorrectionsto thediffusion constantandtheasymptoticbehaviorof thevelocityautocorrelationfunction
arefoundto becompatiblewith theMonteCarloresults.To ourknowledge,this is thefirst exampleof quantitativeagreement
betweenkinetictheoryandcomputersimulationfor thelong timetail of thevelocityACF in aLorentzgas.

Modernkinetic theorywasborn with the discov- sufficientaccuracyin this regime. To comparethe-
eryby Alder andWainwright [1] of a longtime tail ory and simulationsfor higherconcentrations,the
in the velocity autocorrelationfunction (ACF) of effect of higherorder densitycorrectionsmust be
hardspheres.Sincethen, long time tails havebeen estimated[7]. Whenthis is done,thereremainsa
observedin a wide varietyof correlationfunctions. discrepancyof a factortwo betweentheoryandthe
However,notall tailshavethesameorigin [21.Some mostaccuratecomputersimulationdata.This sug-
arehydrodynamicinnature,suchastheoneobserved gestseitherthat the asymptoticregimehasnotbeen
by AlderandWainwright.Hydrodynamictailsareat reachedin the simulations,or that the theoretical
presentreasonablywell understood(seee.g.ref. [31). descriptionis not valid (or both).
Othertails (the so-called“molassestail”) appearto In thepresentpaperwecomparekinetic theoryand
beassociatedwith slowstructuralrelaxationindense computersimulationsforaparticularlysimplemodel,
fluids. A third type of long time tail is observedin viz. a stochastichoppingmodel on a squarelattice
the velocity ACF of a Lorentzgas. Unlike the pre- with excludedsites(hardscatterers).In thismodel,
vioustwo this tail is not due to collectivemotions, a testparticleperformsa randomwalkon thelattice.
becausein a Lorentz gasthe moving particlesonly The waitingtimesbetweensuccessivetrial movesare
collidewithstaticscatterers.Becauseoftheirrelative Poissondistributed.At everymove, the mobiletest
simplicity, Lorentzgas modelshavebeena favorite particleattemptstojump to oneof four neighboring
playgroundto comparekinetic theorieswith corn- lattice sites,selectedat random.If this latticesiteis
putersimulations[4—6].The resultsof thesecorn- not excluded,the trial move is accepted,otherwise
parisons have, thus far, been somewhat thetestparticleremainsat its original location.This
disappointing.The. reasonis that the kinetic theory modeliswell suitedforacomparisonbetweenkinetic
predictionswere valid only for low concentrations theory andnumericalsimulation for the following
andlong times. However, for the modelsstudied, reasons:first of all, the lowestorder (linear) density
computersimulationscould notbecarriedout with expansionof the velocity ACF for this model is

known analyticallyat a//times[8], ratherthanjust
I . . asymptotically. Secondly,the asymptoticbehavior
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lendsitself tosimulationona vectorcomputer,which length,all particlevelocitiesat a giventime stepare
impliesthat wecancomputethe velocity ACF with either0 or ±1. This enablesus to representall par-
a much higher accuracy, and thereforeto longer tide velocitiesby bit-vectors.The time consuming
times,thancouldbe achievedin earliersimulations. floating point multiplications are replacedby the

In order to testthe rangeof validity of the theo- much faster bit-vector operations.Once we have
reticalexpressionsderivedin ref. [8], wecarriedout obtainedthe velocity ACF for the discrete-timelat-
Monte Carlo (MC) simulationson a square2D lat- tice Lorentzgas,~ wecancomputethe continuous
ticeLorentzgas,atlow concentrationsoftheexcluded timeACF, ~, usingthefollowing relation,derived
sites. At these low concentrations (typically, by Nieuwenhuizenet al. [11]:
c = 1.0—5.0%)the expectedamplitudeof the ~ 2 tail
ofthevelocity ACF issmall.E.g. after100 attempted i’~(1)=e’ ~ —~

4~d(S+1) (t> 0) . (2)
jumps,theabsolutevalueofthevelocityACF should s~OS.

be of order 10—6. Clearly, in numericalsimulations All the simulation resultsobtainedfor the discrete-
of long timetails, the statisticalerrorsshouldbe of timemodel havebeenconvertedto the correspond-
this orderof magnitude,or less.Thisseemsdifficult ing continuous-timeexpressionusing eq. (2). In
to achievewithoutexcessivelylongcalculations.The principle, this proceduremight entail a truncation
reasonis thefollowing: let usassumethatwewishto errorbecauseoneneedsto know ‘1~d at all timesin
computethevelocityACF <v(0) v(t)> for 0<t< 100 orderto compute~P,.with eq. (2). However,for the
with an accuracyof 1:106. UsingZwanzigandAil- simulationresultsreportedbelow,we only consider
awadi’s estimatefor therelativestatisticalerrorin a the behaviorof ~, for timesthat are abouta factor
correlationfunction C( t) [10], of two shorterthan theinterval overwhich the ed’S

4 weresampled.We checkedthat our computed~‘s

<~C2(t)>/C2(0)~_Jc2(t) dr/c2(0) were insensitiveto the preciseasymptoticbehavior
T of ~‘~d at timesoutsidethe interval sampled.

Thesecondtrick is designedto reducethe Zwan-

~2/N (1) zig—Ailawadi error estimate(eq. (1)). To seehowsamples this is achieved, it is instructive to considerthe

we find that some l012 independentsamplesof velocity ACFof aparticleperforminga randomwalk
v(0) v( t) for everyvalueoft areneededin orderto on alatticewithoutexcludedsites.As successivesteps
achievethedesiredaccuracy.For 100 different t val- in suchan ideal randomwalk are uncorrelated,the
ues,thisimpliesthatsucha calculationwould require velocity ACF reducesto a delta function at t = 0.
l0’~multiplicationsand additionsjust to compute Next, considerexactly the same sequenceof trial
the velocity ACF (i.e. excludingthe actualMonte moves,but nowwith excludedsitespresent.As long
Carlo simulation).Assumingthat the computation asthetestparticleis nothittinganexcludedsite,the
ofthevelocity ACFis a completelyvectorizablepoint velocityis thesameasin thepreviouscase.But par-
operation,it would take acomputerlike the Cyber tide movesthat would result in the particle occu-
205 some500 hoursto carry outthis taskfor every pyinganexcludedsitearerejected.Hence,for those
.density. trial moves,the actualdisplacementandhencethe

We employedtwo tricks to reducethe amountof “velocity” (definedasdisplacementper time step)
computingby morethan two ordersof magnitude. is not equalto the velocity of the underlyingideal
The first trick is basedon the fact thatwe perform randomwalk. Let us denotethe differencein veloc-
the actualsimulationon a lattice Lorentz gaswith ity of a test particlefor the samesequenceof trial
discreteratherthatcontinuoustimesteps.In thedis- moveswithandwithoutexcludedsitesby 8 v. Clearly,
creteLorentz gas,trial movesare attemptedat con- the averagemagnitudeof 6 v is proportionalto the
stanttime intervals(i.e. the distribution of waiting densityof suchsites.Let us write the total velocity
timesis a ô-function, ratherthan a Poissondistri- of a particlein the presenceof hardobstaclesas
bution). Choosingthis time interval as our unit of 6 3
time, andthe spacingof the lattice as our unit of v,

05(t) = Vran (0 + v( t) )
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wherev~~(t)is thevelocityofthe idealrandomwalk, orderto facilitatecomparisonwith thekinetictheory
The expressionfor the velocity ACF now becomes ofref. [8], wetransformedthediscretetimevelocity

ACF, ed(S), to the correspondingcontinuoustime
= <v(0)’ [t’ran(t)+6V(t)]> , (4)

expression,~ usingeq. (2)
As the randomvelocity Vran at timet> 0 containsno Fig. 1 showsthe tail of the velocity ACF, ~, for
memoryof theprevioushistoryof theparticle, it is impurity concentrationsbetween1 and5%.Theesti-
not correlatedto v(0). Hence, matederror (obtainedfrom thevariancein thedata

for 500 independentconfigurationsof scatterers)is
<v(0)v(t) > = <v(0) 8v(t)> (t>0). (5) indicatedin the samefigure. The drawn lines rep-

Theadvantageof rewriting <v(0)’ v(t)) in thisway resentthepredictionsofkinetictheory,tolinearorder
is that the Zwanzig—Ailawadiestimatefor the mean in the density. The agreementbetweentheory and
squareerror in the quantityon the right-handside simulationis quite satisfactory,especiallyat short
of eq. (5) is a factorc lowerthanfor thequantityon times.However, thediscrepancybetweenthe theo-
the right-handside,wherec is the concentrationof reticalcurveandthe MC datais significant.TheMC
excludedsites. valuesfor the tail of thevelocity ACF appearto be

By combing the two tricks describedabove, we systematicallylarger(in absolutevalue)thanthe low
wereableto computevelocity ACFs with an accu- densitykinetic theoryexpression.The differenceis
racyof (2—3)x 1 0_6 in simulationsthat tøokabout largerfor the higherconcentrationresults.Thissug-
1.5 h on a Cyber205 computer.Thisaccuracyis suf- geststhat,evenat thesefairly low densitiescorrec-
ficient to determinethe tail of the velocity ACF for tionsto 0(c2) in the velocity ACF shouldbe taken
timesup to 100 meancollision times.As a testpar- into account. If this is indeedthe reason for the
tide canmove at most 100 lattice spacingsin 100 observeddifferencebetweenthe Monte Carlo data,
time steps (and in the overwhelmingmajority of ~MC, and~ the 0(c) kinetic theoryexpression,
casesmuch less ), it wassufficient to studythe dif- then the scaleddifference ~2) = (~MC — ~ 1))/c2
fusion processon relativelysmall(128x 128) square shouldsuperimpose,at leastfor low densities.This
attices.It shouldbe stressedthat finite sizeeffects comparisonis shown in fig. 2. As canbe seen,the

canonlyshowup at timeslongenoughthataparticle curves almostcoincide for short times. At longer
has a reasonablechangeto -move over the linear timesthe curvesappearto go througha maximum,
dimensionsof the box. In our casethis would typi- although,dueto thestatisticalnoise,its preciseloca-
cally happenaftersome 1 0~(= 1282) time steps. tion is uncertain.Theeffect of thisnoise is worstat

We carriedout simulationson squarelatticescon- low concentrations.Thefiguresuggeststhat themax-
taming1, 2.5, 5, 10 and 15%hardscatters~. At the imum is morepronouncedat higherconcentrations.
higherdensitiessignificantdeviationsfrom the (low- Thisimplies that, at theseconcentrations,third and
density)kinetic theoryare tobe expected.Forevery higherorderdensitycorrectionsplay a role. In fig. 2
runwegenerated500differentconfigurationsof the wehavealsoindicatedthetheoreticalpredictionfor
squarelatticewith randomlydistributedimpurities, the secondorder densitycorrectionto the asymp-
Foreveryconfigurationwelet 256 independent(i.e. totic tailof thevelocityACF. Clearly,theasymptotic
noninteracting)testparticlesperform randomwalks regimeis not yet reachedafter some 50 collision
during12800timesteps.All in all thisamountsto 1.5 times. Moreover, the approachto the asymptotic
billion trial movespersimulation.Thevelocity ACF valueis not monotonic.
wasaccumulatedduringtherun.As a checkwecorn- Wecancomparethetheoreticalpredictionsfor the
paredtheMC resultsfor ed(S) fors= 1, 2 and3 with density-dependenceof the diffusion constantD(c)
the exactresultswhich caneasilybe workedout. ~ with the Monte Carlo results,writing
all caseswefound that the MC datareproducedthe D( c) =D ~ + D ~ c+D (2) c2 +....

exactresultsto within the estimatederror.Next, in
For convenience, we have expressed D(c)

~1 WeusedaMonteCarloproceduresimilar to theonedescribed (~f~0dt~( t)) in unitsof D( c= 0). Wecanestimate
by Pandeyetal. [121. D2 from our Monte Carlo databy determiningthe
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Fig. 1. The (negative)tail of thevelocity autocorrelationfunctionof thetwo-dimensional“lattice Lorentzgas” for 1% (A), 2.5%(B)
and5% (C) occupiedsites.TheMonteCarlodatapointsaredenotedby opencircles.Theestimatederrorsin theMonteCarloresults
areshownasopentriangles.Thedrawnlines arethekinetic theorypredictionsof ref. [8] for thevelocityACF to lowestorderin the
densityof scatterers.Notethatonly thosesimulationdatapointsareshownthatareat leastafactor2—3 abovethestatisticalnoise.
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Fig. 2. Comparisonbetweenthekinetic theory predictionsfor Fig. 3. Estimateof thesecondorderdensitydependenceof the
thesecondorderdensitycorrectionto theasymptoticpartof the diffusion constant.The points shownin thefigure were corn-
tail of thevelocity ACFofthetwo-dimensional“lattice Lorentz puted from the Monte Carlo data using:
gas” [8] andthecorrespondingMonteCarlodata.In thefigure, D121= [DMC(c)—D10> —D9’ ~c}/c2.The estimatederrors (one
thedifferencebetweenthefull MonteCarlovelocityACFandthe standarddeviation)areindicatedin thefigure,for thetwo high-
lowest(linear) orderkinetictheorypredictionfor this quantity estdensitiestheerrorbarsaresmallerthanthedots.Thedrawn
hasbeenmultipliedby t2 anddivided byc2. Thedashedhorizon- line is a leastsquaresfit to thedatapoints.Theinterceptof this
tat line correspondsto thesecondorderdensitycorrectionto the line at c= 0 (D (2) = 0.76±0.05) shouldbe comparedwith the
asymptoteof the velocityACF asgivenin ref. [8]. Simulation theoreticalprediction (D12~= 0.85571, indicatedby a filled tri-

data:1% scatterers(—), 2.5% (— — —), 5% (- - - -), 10% (— - — angle).Note that the theoreticalvalueis within two standard
- —), 15% (—.—.—). At long timesthe simulationdataare over- deviationsoftheMC results.
whelmedby noise,this problemis mostseriousfor thelowercon-
centrations.In thefigure we do not plot thedatabeyondtimes zero-concentrationintercept of (D(c) — D (0) —
wheretheestimatedstatisticalerrorbecomes100%. D ~~c)Ic2. This comparisonis shownin fig. 3. The

estimatedinterceptis within two standarddevia-
tionsof thetheoreticalvalueD~2~=0.85571.Thedata
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arenotsufficientlyaccuratetodeterminethesign(let scatterersarevisited in 20 collisions.For thedilute
alonethe magnitude)of D (3), latticemodel only a fewhardscatteresare visitedin

It is importantto notethat knowledgeof the full this numberof jumps.
timedependenceof the lowest orderdensityexpres-
sion for the velocity ACF hasbeencrucial for the The simulationsreportedin this paperwerecar-
comparisonbetweentheory and simulation. If, in riedoutfollowingmanystimulatingdiscussionswith
contrast,we hadattemptedto compareour Monte MatthieuErnst,TheoNieuwenhuizenandPetervan
Carlodatadirectlywith thepresumedasymptotewe Velthoven.I gratefullyacknowledgetheircontinuous
might havebeenled to erroneousconclusionsabout interestandsupport.Computertime on theAmster-
theamplitudeand/orexponentoftheasymptotictail. damCyber205 waskindly madeavailableby the
It is instructiveto considerwhat would havehap- UniversityofUtrechtandControlDataCorporation.
penedif we had tried to “measure” the apparent
amplitudeorexponentofthetail ofthevelocityACF
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